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Thermodynamics of accelerating and supersymmetric AdS, black holes
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We study the thermodynamics of AdS, black hole solutions of Einstein-Maxwell theory that are

accelerating, rotating, and carry electric and magnetic charges. We focus on the class for which the black
hole horizon is a spindle and can be uplifted on regular Sasaki-Einstein spaces to give solutions of D = 11
supergravity that are free from conical singularities. We use holography to calculate the Euclidean on-shell
action and to define a set of conserved charges which give rise to a first law. We identify a complex locus of
supersymmetric and nonextremal solutions, defined through an analytic continuation of the parameters,
upon which we obtain a simple expression for the on-shell action. A Legendre transform of this action
combined with a reality constraint then leads to the Bekenstein-Hawking entropy for the class of

supersymmetric and extremal black holes.
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I. INTRODUCTION

The study of black hole thermodynamics in the context
of the AdS/CFT correspondence continues to be a very
active area of research. Focusing on the class of super-
symmetric black holes in AdS spacetime with dimension
D > 3, there has been significant progress in quantitatively
recovering the Bekenstein-Hawking entropy by analysing
appropriate statistical ensembles of the dual superconfor-
mal field theory (SCFT), starting with [1,2] for D = 4 and
[3-5] for D = 5. In this context, the problem of microstate
counting via holography is conveniently reformulated in
terms of a supersymmetric field theory path integral in a
background with sources. This takes the form of a super-
symmetric index that can then be computed using a variety
of methods and then compared with the black hole entropy;
for example in the case of D = 4, which is the focus of this
paper, see [6—18]. On the gravity side, the same partition
function is obtained from a suitably defined on-shell action,
regularized so that the supersymmetric and extremal limit
is well defined, see, e.g., [19-22] for static black holes in
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AdS, and [3,23] for the rotating case, where it was
necessary to identify a novel complex locus of super-
symmetric solutions.

In this paper we study various aspects of the thermo-
dynamics of a class of AdS, black holes with nonzero
acceleration. The black holes are solutions of D =4
minimal gauged supergravity, whose bosonic content is
simply Einstein-Maxwell theory with a negative cosmo-
logical constant. The solutions of interest lie within the
Plebanski-Demianski (PD) family of solutions [24] and are
also rotating as well as carrying both electric and magnetic
charge. A consequence of the acceleration is that the black
hole event horizon has conical singularities which stretch
all the way out to the AdS, boundary. From a physical point
of view these singularities can be interpreted as the tensions
of “cosmic strings” which pierce the horizon and give rise
to the acceleration.

Remarkably, these conical singularities can be completely
removed after imposing suitable restrictions on the physical
parameters and then embedding the solutions into D = 11
supergravity [25]. Recall that any solution of D = 4 minimal
gauged supergravity can be uplifted on a seven-dimensional
Sasaki-Einstein space to obtain a local solution of D = 11
supergravity. One key ingredient in the construction of [25]
is that the Sasaki-Einstein manifold should be taken to lie in
the regular class, meaning it is a U(1) fibration over a six-
dimensional Kéhler-Einstein base; the simplest examples are
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S7, as well as the discrete quotients S7/Z,, S7/Z,, all of
which are U(1) fibrations over CP3. A second key ingre-
dient is to impose suitable restrictions on the parameters of
the D = 4 black hole solution and, in particular, the conical
deficits are assumed to be quantized so that the black hole
horizon is a “spindle.” Topologically the spindle is a two-
sphere but there are orbifold singularities at both poles
specified by two integers ny € N or, in other words,
the spindle is the weighted projective space WCP!

[n_n.]”
It is also the case that the magnetic charge of the black
hole is fixed by the spindle data and given by G4)Q,, =
(n_—n,)/(4n_n,) and is always nonvanishing since we
must have n_ # n_. By combining these ingredients, it was
shown in [25] that for a spindle with given n., together
with a suitably chosen regular Sasaki-Einstein manifold,
the D = 11 solution is free from any conical singularities.'
Furthermore, the D = 11 solutions preserve supersymmetry
when the D = 4 solutions do.

While we are principally interested in this regular class
of black hole solutions in D = 11, we will analyze their
thermodynamics in D = 4 and the details of the internal
Sasaki-Einstein space will not be important. The regular
D = 4 black hole solutions, by which we mean the D = 4
solutions which can be uplifted to give regular D = 11
solutions, can be specified by three physical parameters,
the mass, M, angular momentum, J, and electric charge Q,,
along with the spindle data, n.. For a fixed spindle, by
varying the parameters appearing in the solution, we will
show that this three-parameter family of black holes
satisfies a first law which takes the standard form. An
interesting feature is that the conformal boundary of these
black hole solutions is not conformally flat. Our first law
involves varying the conformal class of the boundary and
also involves a specific rescaling of the time coordinate,” as
also seen in the derivation of the first law for accelerating
black holes with vanishing magnetic charge given in [33].
By calculating the Euclidean on-shell action we also derive
a quantum statistical relation for the dual CFT at finite
temperature.

The three-parameter family of regular D = 4 black hole
solutions includes a locus of supersymmetric solutions
which satisfy the BPS relation

2

M=-J , 1.1
p + 0, (1.1)

where y = (n, +n_)/(n, n_) is the Euler character of the
spindle. Our analysis will assume nonzero acceleration

'The construction is essentially the same as that used for a
class of AdS; x WC[P’[‘n ,.1 solutions of minimal D = 5 gauged
supergravity which are dplf%ted on SE5 to obtain solutions of type
I1IB supergravity and describe D3-branes wrapping a spindle [26].
Related work on spindles appears in [27-31].

*It would be interesting to see how our derivation of the first
law fits into the approach of [32].

throughout, but many of our main results can be seen as
generalizations of the well-studied electrically charged,
AdS Kerr-Newman black holes with spherical horizons
[34-36], provided that we formally set n_ =n, =1, so
that y = 2, the Euler character of the two-sphere, and
Q,, = 0. For example, the relation (1.1) is then identical to
that of the Kerr-Newman black holes. For the Kerr-
Newman black holes it is well known that the condition
for supersymmetry does not coincide with the condition
that the black holes are extremal and the same is true for the
accelerating black holes. The regular, supersymmetric and
extremal accelerating black holes are specified by a single
parameter which can be taken to be the electric charge Q,.
The angular momentum J and Bekenstein-Hawking
entropy, Sgy, are then given by [25],

7 =2 (<t P+ (G (02 + 23).

r J
Shpy = —— —. 1.2
) (12)

Notice that these expressions again formally reduce to
the corresponding relation for the supersymmetric and
extremal Kerr-Newman black holes.

In this paper we will focus on black holes with non-
vanishing rotation, J # 0, with the associated supersym-
metric and extremal black holes then having Q, # 0. This
is partly because the case with J = 0 was analyzed in some
detail in [25] and also because the J = 0 solutions have
some specific features which are not present when J # 0.
For example, with J = 0 the supersymmetric and extremal
black holes, which arise when Q, = M =0, have an
acceleration horizon that splits the conformal boundary
into two halves and, furthermore, supersymmetry of the
boundary is then preserved as a result of two different
topological twists, one on each half. By contrast when
J # 0 the conformal boundary is always regular and the
boundary supersymmetry is not preserved as a result of a
topological twist. In fact, here we will clarify how super-
symmetry is preserved on the boundary when J # 0 by
explicitly constructing the boundary spinors that solve
the conformal Killing spinor equation, as expected on
general grounds [37].

At finite temperature the Euclidean on-shell action,
I(T,®,,Q), of the black hole solutions can be identified
with minus the logarithm of the partition function of the
dual field theory. The action is a function of the temperature
T and the electric and rotational chemical potentials, @,
and Q, respectively, and the partition function is in a grand
canonical ensemble. At finite temperature we can obtain
the entropy of the black holes as a function of the mass M
and charges J, O, in a microcanonical ensemble via a
Legendre transformation using the quantum statistical
relation. For extremal black holes at zero temperature this
prescription breaks down because the on-shell action
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becomes ill-defined. However, motivated by recent
progress for the Kerr-Newman and other black holes
[3,23], we can develop an analogous prescription for
supersymmetric and extremal black holes.

To do this we first introduce a complex locus of super-
symmetric solutions that is obtained by an analytic con-
tinuation of some of the parameters appearing in the black
hole solutions. The one-parameter family of supersymmet-
ric and extremal black holes, which are of course real, are
then obtained on a special slice of this complex locus. By
analyzing various thermodynamic quantities, analytically
continued to this complex locus, we are able to derive an
expression for the on-shell Euclidean action I = I(w, @),
expressed as a function of rotational and electric chemical
potentials, @ and ¢, respectively, both of which are
complex and defined on the supersymmetric locus.
Specifically, we find that the on-shell action can be written
in the form

2
H0.0) = £ 55— |2+ Gy (1)

2iG )
with @ and ¢ satisfying the constraint

(p—%(a)::l:iﬂ. (1.4)
By carrying out a Legendre transform, or more precisely
extremizing the quantity, —I(w, ) — oJ — pQ,, which is
sometimes called an entropy function, subject to the
constraint (1.4), we obtain an expression for the entropy
Sgu(J, Q,) and charges J, Q,. By imposing the condition
that Sy, Q. and J are all real, we then precisely recover the
expressions for the entropy and angular momentum for the
supersymmetric and extremal black holes given in (1.2).
Our result extends the extremization principles that have
been formulated for D = 4 rotating and dyonically charged
black holes in [38,39] (see also [40,41] for earlier results in
different dimensions) and in this context it is worth high-
lighting again that our magnetically charged black holes are
not preserving supersymmetry via a topological twist.

In a separate calculation, we show that the expression
(1.3) for the on-shell action defined on the complex locus
of solutions can also be obtained from a suitable analytic
continuation of the result of [42], which calculates the
action using the fixed point data of the supersymmetric
Killing vector obtained as a bi-linear of the bulk Killing
spinors. It would be of much interest to derive our result
for the on-shell action, I = I(w, ¢), directly from the dual
SCFT using localization techniques.

The plan of the paper is as follows. In Sec. II, we
introduce the class of accelerating black holes of interest as
well as present the supersymmetric and extremal limits. We
also summarize the conditions required in order to get a
regular solution after uplifting to D = 11. In Sec. III, we
discuss the thermodynamics of the accelerating black holes.

Our analysis, which generalizes that of [33] to include
magnetic charge, actually covers the general class of
accelerating black holes, without imposing the conditions
required for regularity. In particular, by varying the
parameters appearing in the solution, we derive a first
law which involves introducing the tensions of the cosmic
strings as extensive variables, along with their associated
chemical potentials. In addition, we also show that the first
law can be formally extended to allow for variations of the
cosmological constant, again generalising [33]. In Sec. 1V,
we introduce and study the complex locus of supersym-
metric black hole solutions that includes the real super-
symmetric and extremal black hole solution as a special
case. This section also derives the entropy function on this
complex locus. In Sec. V, we obtain the boundary Killing
spinors by directly solving the conformal Killing spinor
equation. We construct the boundary supersymmetric
Killing vector as a spinor bilinear and make contact with
the results of [42]. We conclude with some discussion in
Sec. VI. Finally, in the Appendix we show that for
supersymmetric solutions, the boundary metric and gauge
field can be recast in a canonical form as studied in [37].

II. THE BLACK HOLE SOLUTIONS

A. The solutions

We consider solutions to minimal D = 4, N' = 2 gauged
supergravity, which has a bulk action given by

1 6
S a4 R+——F2 2.1
bulk = 162G )/ X/~ < + > (2.1)

Here F = dA, and the cosmological constant is —3/£% < 0.
Our starting point is the black hole solution to the
corresponding equations of motion, given by [24,43] and
discussed in [25]

1 0/l ) 2 X
ds? = ——<{—=(~-dt— 20d —dr?
s 2{ Z<K asin ¢> —|—Q r

z P 2
+ Fdﬁz + Esin@(%dt -(r+ az)dqﬁ) } (2.2)
where

2
P(0) =1—-2amcosf + (a2(a2 +e*+4%) —%) cos?0),

Q(r)=(r»=2mr+a>+ e+ @) (1 —a?r?)
2

+f2

H(r,0) =1—arcos0,

2(r,0) = r* + a’cos’6,

(a*>+r?),

(2.3)

and the gauge field is given by
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|
A=—el <— dr — asin29d¢>
2 \k

cosf (a 5 5
+g9 > <Kdt—(r +a)d¢>

= A,dt + A,dg. (2.4)
The solution depends on five free parameters m, e, g, a, and
a, loosely corresponding to mass, electric charge, magnetic
charge, angular momentum, and acceleration, respectively,
together with the AdS radius £ > 0 and the constant x > 0.
The latter, which at this stage is a trivial constant that can be
absorbed in a rescaling of the time coordinate, will be fixed
later so that the Killing vector 0, is appropriately normal-
ized in order to obtain a first law of thermodynamics.
We will focus on the case m > 0. By utilizing discrete
isometries, as discussed in [25], without loss of generality
in the physical Lorentzian solution we can consider

m>0, and a,e,g.a>0, (2.5)
and for the most part we will take
a> 0. (2.6)

The range of the € coordinate is taken to be 0 < § < z. The
black hole horizon is located at r = r, with Q(r,) =0,
where r, is the largest root of O, and we demand
0<ry<l/a. (2.7)
The first inequality ensures that we avoid the black hole
singularity at r = 0 and the second that the horizon does
not touch the conformal boundary, as we will see later. For
convenience, we now continue with
=1, (2.8)
although we will briefly reinstate the AdS radius £ when
we discuss the first law of thermodynamics in Sec. III C.
This may be done via dimensional analysis, noting that
the parameters m, e, g, a, and 1/« all have dimensions of
length.

The metric has two Killing vectors, d, and J,.
Furthermore, the gauge we are using is such that
LyA=Ly,A=0. As in [25] we will discuss residual
gauge transformations of the form

A e d A = A + (lldt + azd(b (29)
There is no choice of a;, a, which makes A globally well
defined when the magnetic charge is nonvanishing, g # 0.
As we will discuss later there is a natural choice of «;

which, after setting g = 0, does make A globally defined in
the Euclidean solution.

B. Regularity

When am # 0, it is not possible to choose the period,
A, of ¢ so that we obtain a smooth metric on a two-sphere
S? on the surfaces of constant ¢ and r. Instead, there is
always a conical deficit at one or both of the poles 8 = 6.,
where it is convenient to define

0_=0, 0, =nm. (2.10)
To see this, we introduce
P, =P(0y) =E +£2am, (2.11)
where
E=1+a*(a®+e*+ ) —a’ (2.12)
We then take the period A¢ of ¢ to be [25]
A9 = L1 . (2.13)

27 n,P, n_P_

The constant 7, r surfaces, which we call Y, are then
topologically two-spheres but with conical deficit angles
27(1 — i) at the poles @ = 6. If n,. are coprime positive
integers, then Y = WCP!

[n_.n.]
which is an orbifold also commonly known as a spindle.

It will also be convenient to define the tensions of the
associated “cosmic strings”

is a weighted projective space,

1 A¢
= 1-(E+2 —1, 2.14
pom g |1-EE2m 5t @
so that
_am Ay
R Gu 21
1 Ag
_ =—|(1-E—), 2.15
ot = (1-232). i)
and
1
—=1-4G . 2.16
" (4)H+ ( )

The first equation in (2.15) shows immediately that we
cannot take n_ =n, = 1, toobtain ¥ = S2, when am # 0.
The orbifold Euler characteristic of Y is

1 1

x=x) :_+_:2—4G(4)(/¢_ +uy).
n_  n,

(2.17)

Regarding p. (or equivalently n_ ) as fixed, one can regard
the first equation in (2.15) as fixing A¢ in terms of the
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parameters, while the second equation in (2.15) is then a
constraint on the parameters.

Any solution of minimal D=4, N =2 gauged
supergravity automatically uplifts locally to a solution of
D = 11 supergravity on an arbitrary Sasaki-Einstein seven-
manifold Y, [44]. In [25] it was shown that, starting from
one of the black hole solutions with ¥ = WCP! a

[n_.ny]
spindle with coprime positive integers n_ > n,, one can

uplift to a completely smooth® solution of D = 11 super-
gravity, free from conical deficit singularities, provided two
conditions hold. First, we require

g = am. (2.18)
Strictly speaking this is a sufficient condition, rather than
necessary, but we shall see in the next subsection that it is
also required for supersymmetry. Second, the internal
Sasaki-Einstein manifold Y, needs to be in the so-called
regular class, i.e., Y is the total space of a principal circle
bundle over a positively curved Kéhler-Einstein six-
manifold. The precise circle fibration is in turn determined
by the integers n, and the Fano index of the Kihler-
Einstein base, as discussed in detail in [25]. We will not
need any of the details of this uplift in the remainder of the
paper, and will work entirely in four dimensions.

C. Supersymmetry and extremality

In this section we summarize the additional conditions on
the parameters required for the solution to be supersym-
metric, and also for the black hole solution to be extremal,
i.e., to have zero surface gravity. We follow [25,45].

A solution to the equations of motion resulting from the
action (2.1) is supersymmetric if there is a Dirac spinor €
satisfying the Killing spinor equation

. 1 i
V,e= <1A” - EF" - ZFWI“”"F”> €. (2.19)
Here V, is the spin connection and {I',,I,} = 2g,,.
Substituting the solutions of section Il A into the integra-
bility condition for the Killing spinor equation (2.19) leads
to the following constraints when a # 0:

g = am,

0=0a’(e®+¢)(E+a*) - (g—aae)’. (2.20)
We refer to these as the supersymmetry equations, the first
of which was discussed in a quite different context at the
end of the previous subsection.

A supersymmetric solution is also extremal provided the
following relation also holds [25]

3 Apart from the black hole singularity.

ag®(aae — g)(e + aag) + a*e*(e* + ¢*)*> = 0. (2.21)
The first equation in (2.20) is of course straightforward
to implement, although imposing the second equation
together with (2.21) is at best cumbersome. We shall see
later in Sec. IV that these equations, and indeed also various
physical quantities of interest, significantly simplify if one
first introduces a different set of variables.

III. THERMODYNAMICS

In this section, we use holography to determine the
thermodynamics of the black holes. Our results generalize
those given in [33] to also include nonvanishing magnetic
charge, g # 0, which is essential for supersymmetry.

A. Boundary stress tensor, current,
and conserved charges

As discussed in [25,33], the conformal boundary of the
metric (2.2) is located at H(r,6) = 0. It is then convenient
to introduce a new radial coordinate z via*

(3.1)

1
—=aqacosf + z,
,

so that the conformal boundary is located at z = 0. We thus
introduce a small cutoff ¢ > 0 and study the near-boundary
hypersurfaces of constant z in the limit z = ¢ — 0. Notice
then that the condition (2.7) ensures that the black hole
horizon does not touch the conformal boundary at 8 = 0.
In this parametrization, the four-dimensional coordinates
are x* = (1,60, ¢, z), while the coordinates on the hyper-
surfaces are x' = (t,6, ¢). The ADM decomposition of the
bulk metric is

ds* = N?dz* + h;;(dx’ + N'dz)(dx/ + N7dz), (3.2

where the induced metric A; o the lapse function N, and the
shift vector N' = (0, N?,0) depend both on z and . The
outward-pointing unit vector normal to the hypersurfaces of
constant z is given by

1 .
n = —(Nlai - 32)

5 (3.3)

The extrinsic curvature of the hypersurfaces, as a tensor on
the hypersurface, is given by

1 1

K :_['ngij = _ﬁ

ij 2 (8Zh

~VN, -VVIN), (3.4

ij

where here ng is the Levi-Civita connection of A;;.

Lotz in

R — . .
It would be less convenient to write r = ~cosD

particular at 6 = x/2.
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The metric on the conformal boundary is defined to be

dspgy = lggezhij|zzedxidxj
__p <1dt _a(l- aiP)Sin26d¢)2
K P
(1+ a*a’cost0)?
P(P + d*a*cos*)
202c0s40
+ Psin’6 <1 + “a;os) dg?, (3.5)
and we have defined
P =P(9) =1-a?P(6)sin’6. (3.6)

In the @ = 0 limit we recover the boundary metric studied
in some detail in Sec. 6 of [25], up to a conformal factor.
We emphasize that the Cotton tensor of the boundary
metric (3.5) is, generically, nonvanishing, and hence the
boundary is not conformally flat. This is in contrast to the
case when the acceleration parameter vanishes, a =0,
when the Cotton tensor vanishes and the boundary is
conformally flat.’ The boundary gauge field is defined
to be

Abdy = ll_l’)%Al | zzedxi

cos @ a
=TT ¥ a2aPeosd [; (e ~ gaacos*d)dr

b A

Note that in the gauge we are using, while A™ = A" (@),
we have [7dOAYY = 0.

To calculate the stress tensor of the boundary theory we
need to consider the total action given by

S = Spuik + Sbay- (3.8)

Here the bulk action is given in (2.1), while the boundary
action, which includes the Gibbons-Hawking term as well
as the counterterms, is given by

1
Soay = 7/ ExvV/—h(2K —4—R(h)). (3.9)
167[G(4) bdy
Here K = h'/K;; is the trace of the extrinsic curvature, and
R(h) is the Ricci scalar of the metric /.

The renormalized energy-momentum tensor is given
by [46]

T

1

1

hin(h)}

-3 (3.10)

=€

The explicit expression is lengthy and so we will not report
it here. Similarly the electric current of the dual field theory
is defined by

=

. 1 1 .
[ P RN 3.1

/ 477,'G(4) 6'1—138 |:€3 n” :|z=€ ( )

+ (g + ga*a’cos’6 — eaasinze)dqﬁ] . (3.7)
and explicitly we have
!
e[l +3a%a’x? — a*a®x*(3 + a?a*x?)] + gaa[l = 3x* — a*ax*(3 — x?)]
472G (4 (1 + a*a*x*)? '
aleaax*(3 — a?a’x*) + g(1 — 3a?a’x*)] ’ (3.12)

472G 4)(1 + a*a’x*)?

where we are using the variable

(3.13)

X =cos0,

and we have j¥ = 0.
One can check directly that j* and T; ; satisfy the Ward
identities

Diji = Ov

DT =~jF;".

(3.14)

>The Cotton tensor also vanishes when m = g=e=0.

|
where D; is the Levi-Civita connection of the boundary
metric (3.5) (i.e., the limit € — 0 of the metric &;; rescaled
by €?), which is also used to raise and lower indices, and
Fyqy = dAygy. Furthermore, we have checked that T, =0,
as expected. It is useful to also recall that if the boundary
metric has a Killing vector field , satisfying £;h;; = 0 and
LApgy = 0, then we obtain a conserved boundary current:

D;[(T'; + j/AT™)k/] = 0. (3.15)

Note that the current (7"; + jiA';dy)kj changes under gauge
transformations that maintain £;Ayq, = 0, a point we
return to below.
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We are now in a position to compute the total mass and
angular momentum in the boundary theory. These are
conserved charges associated with Killing vectors of the
boundary metric, and given by integrals at the boundary
over a two-dimensional spatial hypersurface ., of
constant time. However, some care is required in choos-
ing these constant time hypersurfaces. To proceed,
we first introduce new coordinates on the boundary
defined by

Ap

t=1, d=¢+—-——Q.% (3.16)
2w

with

A¢

0; = 0; + Qu — 0y,

1 t + oo 0 ¢

and Q, is a constant which will be chosen momentarily.

We denote the surfaces of constant 7 on the conformal

boundary by ¥ .. The associated ADM decomposition of
the boundary metric (3.5) can be written

dsﬁdy = =127 + y;;(dx + 1d7) (dx? +7d7),  (3.18)

where 35,1, ] = 1, 2, is the induced metric on 2 ,, and the

future-directed unit vector normal to the hypersurfaces of
constant 7 is

u:mazi@—ﬁ@. (3.19)

For a Killing vector k, with associated conserved
current as in (3.15), we can then define the conserved
charge Q; as

O E/ dxy/ruy (T + AT, (3.20)

0

We now fix the choice of time coordinate 7 by defining

2z a(l — a’E)
Q, =— - 2 2N
kAP E(1 + a*a*)

(3.21)

The total energy or mass M is associated with the boundary
Killing vector k = 0;. We define

M= Q, Eé a2y fru (T + jIATY) :é d*xy/yu; T’

mA¢ (E+ a*)(1 — a*E)
E(1 + a?a?)

= 3.22
271'KG(4> ( )

where the last equality in the first line is a feature of the
gauge we are using.6 Our definition of M depends on the
choice Q. ; we will later see that this definition of M
appears in the first law, with M a function of the entropy
Sgy and the charges J, Q,, defined below. In the special
case that a =0, it is the definition of mass that has
appeared in previous discussions of the Kerr-Newman
AdS,; black holes (e.g., see [32]). When a #0 and
g = 0, this choice was also used in [47]. Finally, we will
later see that this definition of M leads to a simple form for
the BPS relation between M and J, Q, for supersymmetric
solutions.

The total angular momentum J is associated with the

boundary Killing vector k = —é—i’@,ﬁ, and we define it as
Ad . i abd
J=- d? (T ALY
0 [ ey )

A¢ ) : am [(Ap\?
e (TH)=—(=—) . 2
2z J5 Exy/rui(T'y) G <2ﬂ) (3:23)

Note that J is independent of Q, since d, = 8(;5. In [25],
following [32], it was emphasized that J is a kind of Page
charge, and in particular using Stokes’ theorem, it was also
explained how J can be obtained as an integral over the
horizon, which is a copy Yy of the two-dimensional
surface 2.

The definition of the conserved electric and magnetic
charges is more straightforward, and in particular are gauge
invariant. The total electric charge, Q,, is obtained by
integrating the charge density over ) ., and we have

: 1 eAg
Qe__/ d*xy/yuij' = /*F— ;
Yoo 4JTG<4) Yoo 4 27ZG(4)

(3.24)
while the total magnetic charge, Q,,, is given by
1 A
47[G<4) Yoo 27ZG(4)

Both Q, and Q,, are independent of Q. Furthermore,
like J, they can also be obtained as horizon integrals over
Yy, as discussed in [25].

B. Black hole entropy and on-shell action

The black hole horizon is located at r = r,. The null
generator of the black hole horizon, V, is given by

SThis is not true, for example, for the special case of g = 0 if
we used a gauge transformation of the form (2.9) with a; chosen
so that A was globally defined; in fact one would find
Qp =M —-,0,, with ®, and Q, the chemical potential and

electric charge appearing in the first law.
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A¢

V=0 +Qy—
, + Ho o

9y, (3.26)

where the angular velocity of the horizon, Qp, is

2w a

Qy=—"-—-"—"—-. 3.27
"7 kA 2 + d (3.27)
If we introduce new coordinates
A
t="7, ¢:¢’+QH2—¢t’, (3.28)
V4

then the generator is V = J, and furthermore they are the
natural coordinates to show that the Euclidean metric,
discussed below, is regular at the horizon.

The Bekenstein-Hawking entropy of the black hole is
given by

Ap i +a
SpH = . 3.29
BH 2G<4) 1 - azri ( )
The surface gravity, K, is obtained viakZ, = —3V,V, V¥V*,

evaluated at the horizon. Identifying the temperature via
T =p~' =352 we have

Q'(ry)

= 3.30
drx(a* + k) (3.30)

To evaluate the on-shell action we perform the Wick
rotation

(3.31)

To get a real solution we should also take a =iag
and e =ieg. Moving to new coordinates 7 =17 and

p=q¢ —iQy %—"51’ so that V = i0,, we find that the metric
T
is smooth at r = r, provided that we identify

(7. ¢') ~ (' + pmy. ¢ + Admy), (3.32)

where m; € Z. Equivalently, in the unprimed Euclidean
coordinates we have the twisted identification

(z,0) ~ <T+ﬂm1,¢—iﬁé—fﬁm1 —|—A¢m2>, m; €Z.

(3.33)

While 7 is not a periodic coordinate, it is useful to note
that we have f dzd¢ = fA¢p. We note that the Euclidean
solution has topology R? x ¥, where the horizon r = r_ is
at the origin of R?, and the Euclidean time 7’ plays the role

of a polar coordinate on R?. Indeed, it will sometimes be
convenient to use the canonically normalized coordinates
defined by

[\

T, _ 2z,
V=T o=4 ¢¢,
so that y is (2x)-period polar coordinate on the R?
normal to the horizon, and ¢ is a (2x)-period coordinate
on the surface 2. We would also like to highlight that
the gauge field is not regular at the black hole horizon;
indeed, in general, there is no gauge in which this is
the case. In the special case that g = 0, it is possible if
we make a gauge transformation of the form (2.9) with
ay = (ery)/k(a® +r2)].

After some calculation we find that the Euclidean on-
shell action [see Eq. (3.31)] is

(3.34)

A 2., 2 2_ 2
- P —4ry 621 2+r+ 7T ez gz
167kG (4 (°ri =1 a*+r;
2a*(e* + &)
2
We next define the electrostatic potential, @, via
b, =D, — Dy, (3.36)

with @ = V - Al,_, , which is necessarily a constant, and
@, to be the #-independent component of V - Ayq, (i.e.,

the zero mode). In the gauge we are using, as noted
below (3.7), we have @, = 0 and so

er,

O, =t
© k(rk +d%)

(3.37)

We then we immediately find that the following quantum
statistical relation is satisfied:

I = _SBH +ﬂ(M - QJ - ¢€Q€)’ (338)
where we have defined
Q=Q,—Q. (3.39)

A number of comments are now in order. First, a
derivation of the expression for @, in (3.37) was given
in appendix E of [25], following [33]; the factor of k here
arises because of the normalization of the time coordinate
in (2.2). Second, to discuss the gauge transformations (2.9)
it is illuminating to rewrite (3.38) in the form /=
—Spu+pM+QJ—D,0,)—QyJ+DPyQ,, where as
we noted above in the current gauge @, = 0. In particular
we notice that M + QJ — @ Q, is the conserved charge
associated with the Killing vector d,, i.e., Q. We first
consider the gauge transformations as in (2.9) that are
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parametrized by a,: as shown in [25] this takes
J—->J+ a0, and Oy - Oy + a,Qy, with @ invariant
(and, of course, Q, also). Furthermore, it is clear that
M+ Q. J — D0, is invariant because it is the conserved
charge associated with the Killing vector 9, and the A,
component is unchanged for this gauge transformation.
Thus, we see that / is invariant, as it had to be. For the
gauge transformations parametrized by «@;, we have
M+ QJ — D0, will transform to the same thing plus
—a;0, while &y — &y + a;, again leaving / invariant.
Importantly, as we show in the next section, within the
gauge we are using, there is a standard first law for
M = M(Sgy,J, Q,), for a suitably chosen x, and, with
the quantum statistical relation we can then deduce
I =1(T,Q,®,) and hence W =TI can be identified as
the Gibbs free energy of the dual field theory. Finally, we
emphasize that we have not yet used the regularity
constraints of Sec. II B, nor those for supersymmetry as
in Sec. IIC.

C. The first law

Elsewhere we have set the AdS radius £ = 1. We now
briefly restore £, so it can temporarily be varied. We first
collect formulas that we have derived so far:

mA¢ (E+a*/e*)(1 — a**E)

- 27K G 4) 2(1 + a?a?) '
_ Ap A+ d
BH ™ 2G(4) 1- azri ’
_ eAg _ gAg
© 2aGy’ " 272Gy
er gry
O, =—5 | o, =—"—, 3.40
© k(rl+ad%) k(rk + a?) (3.40)
as well as
am [Ag\?2 2r  a
J:G<2>’ Q= A T
@) \ 27 kKApri +a

_ 2z a(l — ?¢°E)
KAPEC (1 + a*a?)’

1 A Q'(ry)
= 1-(E£2 — T=—"F5"<
Hae 4G ) [ ( am) 271] ' dnk(ri +a*)’

(3.41)

Qoo: Q:QH—QOO,

where =1 — %ﬁ + a?(a*> + e* + ¢*). Here we have also
added the magnetic potential ®,,, which may in principle
be derived in a similar manner to the electrostatic potential
®, discussed in the previous subsection. Alternatively,
electric-magnetic duality simply exchanges the parameters
e and g, which leads to the form for ®,, given in (3.40). It is
interesting to note that

?,0,—0,0, =0. (3.42)

To state the most general form of the first law we also
introduce the variables 1, conjugate to the cosmic string
tensions ., together with the cosmological constant
parameter p, its conjugate variable » and the function &:

oy m[E+ a*/¢? + a* /(1 — a*£*E))
k(1 tary) B k22 (1 + aa?)

al?(E+ a*/?)

k(1 + a*a?)
B 3
N 87Zl/ﬂ2G(4) '
dzAp [ (rh +d?)

V=——

3k2x | T(1-a?r2)?
a*(1 — a*?2) + P?*E(E + a?/£?)

(1 + a*a?)

E=M-TSgy — 0.0, —9,,0,, —QJ

Ay

P

+m

9’

+ Ay +Apu_— po. (3.43)
See, e.g., [48-50] for a discussion of p, v in black hole
thermodynamics with a cosmological constant. In addition
to the quantum statistical relation (3.38), we find that the
following Smarr relation holds:

M = 2(TSBH +QJ - pU) + (I)eQe + (I)QO, (344)
which generalizes the result of [33] to include magnetic
charge. Similarly to [33], we now find that provided
we choose the normalization of the time coordinate by
setting

VE+a /) (1 - 2°E)

K= T 2 , (3.45)
then the following first law holds:
dM = TdSgy + ®,dQ, + ®,d0,, +QdJ — A du,
—_du_+vdp - 5‘52‘)‘) , (3.46)

where we vary with respect to all seven parameters
m,a,e,qg,a,A¢,¢ and we have also entertained the pos-
sibility of also allowing for variations of the Newton’s
constant Gy as in [51,52].

Turning now to a standard holographic perspective we
want to keep ¢, G4 fixed, and from now on we will again
continue with

£=1. (3.47)
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In addition, we would like to keep u, fixed, as these
determine the conical deficit angles and thus the topology
of the surfaces Y. If we also keep the magnetic charge Q,,
fixed, so as to fix all topological data at the boundary, then
we recover a more standard first law
dM = TdSgy + ®,dQ, + QdJ, (3.48)
where this now holds for a three-parameter family of
solutions. In practice, recalling the explicit expressions
of Q,,, pu+ in (3.40), we see that holding these quantities
fixed means that we are fixing the following products of
parameters: gA¢, amAgp, EAP.
Using the version (3.48) of the first law in the variation of
the quantum statistical relation (3.38), one obtains the
variation of the on-shell action

Al = dp(M — QJ — ®,0,) + p(—dQJ — d®,0,)

= dpM — d(pQ)J — d(5®,)Q.. (3.49)

expressing the fact that the on-shell action can be viewed
as a function of the chemical potentials, I = (3, Q, ®,),
such that

oy, 1o
' ﬁagﬁ,(be ’

1 01

:B 8(1)2 p.Q

- =Q,.
op BQPD,

(3.50)

Equivalently, one can express the variation of the free
energy W =1/p as

dW = —SgudT — JdQ - Q,dD,, (3.51)
and so W = W(T,Q,®,).

We emphasize the versions of the first law given in
(3.48), (3.49) or (3.51) all utilize the expression for k given
in (3.48). Notice that when there is no acceleration, a = 0,
we have k = 1 and hence the role of « in the first law is
intrinsically connected with the acceleration. It would be
interesting to have a better understanding of x and the
following observation may be useful: if we vary the
boundary metric components appearing’ in (3.5) with
respect to the parameters (with fixed spindle data) then
we have [, &Pxv/=hTsh;; = 0.

Finally, we note that we can choose the fixed boundary
data py, Q,, so that the surface Y is a spindle, ¥ =
WCP! and the D = 11 solution is regular on and

[T
outside the horizon. To achieve this, we need to demand
that u, are chosen so that n given by (2.16) are integer.
We also need to impose the condition (2.18), i.e., g = am;

"Note that the coordinates used in (3.5) are subject to the
identifications given in (3.33).

using the first equation in (2.15) this is equivalent to the
following relation between our fixed quantities,

n_—n,

GO = Gay(p-—py) = (3.52)

4n_n,

This is a balancing condition between the magnetic charge
Q,, and the relative conical deficit angles between the poles
of Y. With this choice of boundary data, we obtain a black
hole with spindle horizon depending on three continuous
parameters and satisfying the thermodynamics discussed
in this section, in particular the quantum statistical
relation (3.38) and the first law (3.48).

IV. SUPERSYMMETRIC AND EXTREMAL
BLACK HOLES

We now turn to examine the supersymmetry (2.20)
and extremality (2.21) conditions in detail. Some of the
thermodynamic quantities of interest were computed in
[25] for supersymmetric and extremal solutions, although
this involved first going to the near horizon limit, where the
solution simplifies. This indirect method was used due to
the unwieldy nature of imposing (2.20) and (2.21), which
depend on the original set of parameters m, e, g, a, a (but
not A¢). We begin in this section by introducing a new set
of parameters, in which both these equations and the
physical quantities of interest take a much simpler form.
As we shall see, imposing only supersymmetry leads
naturally to complex parameters, which then describe an
analytic continuation of the solutions, and the parameters
become real for extremal solutions.

For this supersymmetric and complex family of solutions
we will derive an explicit expression for the action, which is
complex, and show that it can be expressed in terms of
suitably defined complex chemical potentials. Moreover,
we show that after a Legendre transform we obtain an
expression for the entropy in terms of the conserved
charges and furthermore that we obtain the correct expres-
sion for the entropy of the (real) extremal and super-
symmetric black holes by demanding that the resulting
expression is real.

A. New variables

We begin by defining

1=2Gy(p- +py) _n-+ny
2G(4) (h- —py)

H ENCRY

n_—l’l+

in terms of the cosmic string tensions . introduced
in (2.14), or equivalently spindle parameters n in (2.16).
Egs. (2.15) together with the condition (2.18) then imply
(4.2)

E=2gu, g = am,
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where recall that the second equation is related to regularity
of the uplifted solution in D = 11, but is also the first
supersymmetry condition in (2.20). Using (2.16) we may
also rewrite (3.52) as

n_—n;, 1
dnon_ 2n. (1 +p)

Note that expressions containing (n,,n_) can also equiv-
alently be expressed in terms of (n,u) or (Gu)Qu.x),
where y is the orbifold Euler characteristic of the spindle
given in (2.17).

Next it is convenient to make a change of parameters
which will allow us to parametrize the three-parameter
family of solutions in terms of three independent variables
(b, c,s). This is achieved via

bs S s
e = —— :—’ a:—’
a*c 9= ¢ a
e
s h=-—, c=—), s = aa. (4.4)
g ga

Notice that this is valid only if the rotation parameter a is
nonzero, and so we will continue with assuming
a#0. (4.5)
The case a = 0 should be examined separately, although
we note that this nonrotating solution was studied in some
detail in [25]. Recall also that in (2.5) we initially took all
parameters to be non-negative, and moreover we are most
interested in having a nonzero acceleration parameter
a > 0. This then implies that b > 0, ¢, s > 0 for physical
solutions, although we shall shortly relax the requirement
that all parameters are real. In what follows we shall
therefore be careful to state what reality properties are
being assumed when stating any given equation.
We may then proceed by expressing things in terms of
the three parameters (b, ¢, s). From the definition (2.12)
of B, the first equation in (4.2) is equivalent to

2:2g,u—l—l—az:s[2c,u—|—s(cz—1—172)]

(4.6)

We next move to the thermodynamic quantities that do not
depend explicitly on the horizon radius r. We find that the
mass M is given by

1 (es+2u)(c—2su)

GyM =— . 4.7
@ ak4n pu(1+ p)c(l + 5?) (4.7)
Using (3.45) we then also compute
2 -2
e — V/sles +2u)(c Sﬂ), (4.8)

c(1+ %)

where there is inherently a sign ambiguity in this equation
due to the square root. For physical solutions we have
k>0 and M > 0, and hence ¢ > 2su, and we take the
positive square root in (4.8). The mass M, angular
momentum J and electric charge Q, are given by

G(4)Qm \/(266(4)Qm —)(S)(ZCSG(4) O +)()

GyM = ,
@ xV's

Gy = c(GayQum)*.

Gu)Q, = b(G4)Qu). (4.9)
where here we have replaced (n,,u) with (y,G4)Q,)
using (2.17), (4.3). Note that given the magnetic charge Q,,
(which is part of our fixed boundary data), the parameters
b and c directly provide the electric charge Q, and the
angular momentum J, respectively.

B. Supersymmetry condition
We now turn to imposing the second supersymmetry
equation in (2.20). In the new variables this reads

52

ppe [—c(1 =2bs —5%) +2su(1 + %)) =0. (4.10)
This is then immediately solved via
2(1+ b*)sp
=T F 4.11
T 2bs— s (*.11)

where the denominator is assumed to be nonzero. The
supersymmetry locus is thus parametrized by the two
parameters (b, s). From (4.6) we now have

) 4> (1 = bs)? — (1 = 2bs — 5%)?
4(1 4 b*)(1 + s?)p?

. (4.12)

and from (4.8)

(b4 s)(1—bs)
ak—m. (4.13)

Focusing on the case where all parameters are non-negative,
from ¢ > 0 we see from (4.11) that on the supersymmetry
locus we must have 1 —2bs—s*>0. We also have,
trivially, ¢+ 2bu > 0, and after substituting (4.11) we
can also conclude that 1 — bs > 0 on the supersymmetry
locus. Again, we shall shortly relax these conditions.

Substituting the supersymmetry condition (4.11) into the
mass M in (4.9), one finds the perfect square

(cs 4 2u)(c — 2spu) _ (Z(b +5)(1 = bs),u>2 @14
s 1 —2bs — 52 ' '

086005-11



CASSANI, GAUNTLETT, MARTELLI, and SPARKS

PHYS. REV. D 104, 086005 (2021)

Taking the square root that gives the quantity inside the
bracket on the right hand side, one finds that the corre-
sponding conserved charges in (4.9) satisfy the relation

2

where recall that y = y(Y) is the Euler characteristic of the
surface Y introduced in (2.17). This relation is expected to
be a direct consequence of the supersymmetry algebra
evaluated on the solution.

C. Horizon radius and extremal solutions

A number of the thermodynamic quantities of interest in
(3.40), (3.43) depend on the horizon radius r, , which recall
is the largest root of the metric function Q(r) in (2.3).

|

On the other hand, by definition an extremal solution has a
double root of Q(r) at r = r . To examine this further it is
convenient to define

N

r+E&p,

(4.16)

and regard p as a new parameter. Imposing the supersym-
metry and regularity conditions from the previous sub-
sections, the condition Q(r,) = 0 reads

(1+0°)(1 + %)’
[(1 =2bs — 5%)? — 4u>(1 — bs)?)?

Q(p) =0,

where we have introduced

Qp) = [(1 —2bs — s2)* + 44> (b + 5)*]s*p* + 4u(1 + 5%)(1 = 2bs — s2)s°p’
+ 2[2u%(2b%s* + 2b(s* — 1)s + s* + 1) — (1 = 2bs — 52)?]s%p?

—4u(1 4 s2)(1 = 2bs — s?)sp + 1 + s(4b>s + 4bs* + 4u®s(1 — bs)? — 4b + s — 2s).

Setting Q(p) = 0is a quartic in p, as expected, but it is also
a quadratic in b. Solving for the latter gives

b b = 2P (1 =% £ 2ius)B(p. s)
T -1 (PP = D)2 = L Fius(p* + 1))
(4.19)
where
B(p,s)=(1=p*)(1=p*s*) +2u(1 + p*)ps.  (4.20)

From (4.19) we see that after imposing supersymmetry,
generically we cannot demand that p, s, b are all real
parameters, and as a consequence the physical charges and
the entropy are complex quantities. From now on, in the
remainder of this section, we will assume that

pER, (4.21)
while we will allow the parameters s and b to be complex,8
and related by (4.19). Notice that b is real precisely when
B(p, s) = 0 (the parameter y was introduced in (4.1), and is
necessarily real due to its relation to the conical deficit
angles on .).

An extremal solution has a double root at r =r,.
We compute

*In the following analysis it is also possible to assume that
s € R, but we shall not do so.

(4.18)

[
Q(p) = 4521 (1 + 5% (p F 1) (Hips® + ulp Fi)s — 1)
= (1 =p%s? £iu(1 + p?)s)?

x B(p,s),

(4.22)

where we have substituted for » using (4.19) with the
= signs correlated with that in (4.19). We are interested in a
supersymmetric complexified solution that at extremality
matches the Lorentzian supersymmetric and extremal
solution, which is necessarily real. Hence at extremality
the parameters p and s should both be real. Setting
Q'(p) =0 to obtain a double root and demanding that
both p and s # 0 are real implies either ps = 1 and y = 1
[which is not possible from (4.1)] or else B(p,s) =0,
which gives

_ 2w
pr=1

(4.23)

where we will denote the supersymmetric and extremal
values of all quantities with a subscript x. Equation (4.20)
may then be viewed as a quadratic for s, and with s =
s, > 0 [from (4.4), (4.5)] the solution is

g TP V(L (P 1) (4.24)

p(p* —1)

which is manifestly real. From (2.7), for the physical, real
Lorentzian solution we have 0 < ar, = sp < 1, and hence
0 <s, < 1andp > 1. We can thus parametrize the super-
symmetric and extremal solutions, for fixed values of
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G 4Oy (or equivalently fixed n.) by the parameter p,
with
p> 1 (4.25)

Clearly, from (4.23) we have b, > 0 and one can check
from (4.11) that we also have ¢ = ¢, > 0. We can also

directly check that the extremality condition for super-
symmetric solutions given in (2.21), which in the new
variables’ reads b?(1 + b2)2s = c2(1 — bs)(b +5), is
indeed satisfied after substituting (4.11), (4.23), and (4.24).
It is straightforward to now compute the thermodynamic
quantities of Sec. III C in the supersymmetric and extremal
case as a function of p for fixed y, G4)Q,, and we find

R

+16(Gw Q0 = 1 +2( ~ 1)

p*—1)? ’

GuyQu)*(p* = 1) )(P2+)()

4
xp(\/x p*+1)2+16
Guaylv = A
P
G =4
(4)(Qe>* 2(,02 _ 1)

These satisfy10 the supersymmetry relation (4.15)

M, :)%J* +(0.),» (4.27)

as well as the following nonlinear relation between the
charges [25]

J, :% (—)(4- \/)(2 +(4Gw)*[(Q.)i + Q%J) - (428)

We may also compute the chemical potentials in the
supersymmetric extremal case:

pr—1)? ’

(4.26)

1

—. (429
5o (429
The first equation, namely the black hole having zero
temperature 7, = 0, was of course expected as it character-

izes extremality. The supersymmetry relation (4.27) may
thus also be written as

=(QJ), +

(©.0.),- (4.30)

We also find that the extremal value of Bekenstein-
Hawking entropy is given by

S, — \/x PP+ 12+ 16(Gy Q) (p* — 1)?
BH/x — 4G(4) p -1
x J
7 J 431
G 4) (Qe)* ( )

The range of p is given by p € (1,00). As p — oo the
supersymmetric and extremal solutions approach the non-
rotating black hole solutions. Although we have been
considering the case a > 0, the case of a =0 was con-
sidered in some detail in Sec. 6 of [25]. In particular, it was
shown there that the supersymmetric and extremal limit is
then achieved when e = 0. As a consequence these black

Note that if one just substitutes (4.11) into this extremality
condition, one obtains the equivalent extremality condition
b*(b? + 1) = c(c + 2bu).

"Notice that if we compare the expression or J, in (4.26) and
(4.9) we deduce that ¢ = ¢, > 0, as noted above.

holes have J, = (Q,), = 0. Furthermore, using (6.6) of
[25] and the expression for the mass given in (3.40) we find
that these black holes also have M, = 0. Taking the limit
p — o in (4.26) precisely gives these values. Moreover, the
p — oo limit of the first expression in (4.31) gives the
correct expression for the black hole entropy.

As p— 1, from (4.24) we have s, — 0 and hence
ar, — 0, which is excluded from our analysis, since we
have focused on a > 0. It is worth noting however, that the
correct thermodynamic expressions can be obtained for the
nonaccelerating, supersymmetric and extremal, electrically
charged Kerr-Newman black holes by setting y = 2,
0, =0 (obtained by formally setting n, =n_=1)
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in (4.26)—(4.31), along with setting b, = oo, as suggested
by (4.23), so that ®@,, = 0.

D. Complex supersymmetric locus

In the last subsection we have seen that we may para-
metrize solutions to the supersymmetry equations, for fixed
X>G(4)Qp» in terms of the two variables p € R, s € C and
generically there are two branches of complex solutions
with the parameter b € C given by (4.19), and the
parameter ¢ € C then determined from (4.11). The param-
eter b is real if and only if the solution is extremal, for
which we then require

s=s,>0, p>1, (4.32)
with s, € R, given in (4.24). In this section we study the
family of complex supersymmetric but nonextremal sol-
utions for which the second inequality in (4.32) also holds.

For this complex supersymmetric locus we continue with
the positive square root in (4.8). We first find that the
supersymmetry relation (4.15) between charges continues
to hold. We also find that the chemical potentials satisfy

ﬂ(l +g9 - 2(1)6) —=F 2ui, (4.33)

where f = 1/T, and in what follows the signs are corre-
lated with those of the two complex branches with b = b .
We may then define the following complex chemical
potentials:

w=pQ-Q,),

@Y= ﬁ(q)e - (q)e)*>’ (434)

where the extremal values of the chemical potentials €Q,,
(®,), are given in (4.29). We find

w dr(p Fi)s
x(=1 Fip)s + 4G4 Q, (£i + ps?)’
¢ = Lin +§w, (4.35)
and in particular the combination
P —%a) = iz (4.36)

is independent of the parameters.

Combining the supersymmetry relation (4.15) with the
first law (3.48), we arrive at the following supersymmetric
form of the first law [23]

dSgy + @dQ, + wdJ = 0. (4.37)

Using (4.36) this can equivalently be written in either of the
following two forms:

d(Sgy = i70,) + wd (J +%’ Qe> -0,
4 4
or d(SBH F —iﬂJ) +—qd (J —|—)—(Qe> =0. (4.38)
X X 4

In particular, from either of the last two equations, it
follows that @ = w(J +%0,), ¢ = @(J +40,). As we
will see in the next section, the combination of charges
J +%0Q, commutes with the boundary supercharge.

Recall that in Sec. Il C we showed that the on-shell
action I = I(f3, Q, ®,) may be viewed as a function only of
the chemical potentials. We have not found an explicit
expression for this in general. However, for the complex
supersymmetric solutions one can verify that we can write
the action as a complex function of the complex chemical
potentials ¢, @:

I =-Sgp—w) -0, =%

[502 + (G Qm)za)] .

2iGy | @

(4.39)
Here all quantities are complex functions of s and p:

_ 220, (1 + p)(1+ D)ps

S - b
B (1= p282) (1 = 2bs — §2)
2(14 b?)us
J = G(4)Q%nms Q. = 0ub, (4-40)

where one should substitute for b given in (4.19).

The formulas (4.33), (4.36), (4.39) correctly reduce to
those derived for the supersymmetric Kerr-Newman black
holes in [23]. Specifically, as noted above, one should
(formally) set n_ =n, =1 to obtain an S? horizon,
which sets the Euler number y =2 and the magnetic
charge Q,, = 0 in the above formulas.

The extremal limit of this complex locus of super-
symmetric solutions is obtained using (4.23), (4.24). In
this limit we obtain the extremal “starred” values for the
conserved charges given in the previous subsection, all of
which are real."' We also obtain complex limiting expres-
sions for (w,, ¢, ), still satisfying ¢, =%w, + iz, and by
substituting into (4.39) we obtain an expression /, for the
action, which is complex. When we take the extremal limit
we recover the real supersymmetric and extremal solutions
of interest and it may seem strange that the action is
complex in this limit. However, we should recall that the
action is not defined for the real extremal solutions since
this involves, in the Euclidean section, taking  — oo. Thus
I, can be viewed as a definition. Of more interest is that
after a Legendre transform we can obtain an expression
for the black hole entropy along the supersymmetric and

11 . .
We prove a converse result in the next subsection.
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complex locus, which recovers the entropy of the real
supersymmetric and extremal black holes, as we dis-
cuss next.

E. Legendre transform

Let us start from the supersymmetric on-shell action
from the last subsection:

2
R [‘p— + (G Qm)za)} . (441)

This is minus the logarithm of a supersymmetric grand-
canonical partition function, depending on ¢, @, where the
electrostatic and rotational chemical potentials are subject
to the constraint

o —Lw=tai. (4.42)

4
The action also depends on the magnetic charge Q,,, that is
always held fixed in the problem under study. The entropy,
for given (G(4> O.msx), is given by the Legendre transform

SBH(Ja Qe) = eXt{m,(p,A} |:_I(a)’ (p) —wJ — (er

—A(qo—%(a) F 7Ti>:|,

where A is a Lagrange multiplier enforcing the constraint
(4.42); here we are following the method of Appendix B
in [3]. The entropy is the logarithm of the micro-canonical
partition function and thus depends on the charges, that is J
and Q, (for given (G(4)Q,,,x), both of which are fixed by
the spindle horizon).

The extremization equations are given by

(4.43)

(4.44)

together with the constraint (4.42). Substituting for the
derivatives using (4.41) we deduce

iy

A=-Q,+

in

o 1+ (4G 0,) £ 8iGiy (10, +4J),

4G,
4rin
o= ,
V2 + (4G ) & 8iGry) (Q, +4)

=20t (4.45)

where 7 = +1. At the extremum we then have

SBH = Zl:ﬂ'iA, (446)
with A as in (4.45). To see this, note that since [/
is homogeneous of degree one in ¢,», we have I =
(pg—;—i— a)% and then one can use (4.44) in (4.43). Note
that from the expression for @ in (4.45) it is clear that this
depends on the charges that are being varied in the
extremization, only through the combination J+%0Q,,
consistent with (4.38).

If we now assume that Sgy, O, and J are real then we
recover the supersymmetric extremal limit, as we now
argue. We first note that from (4.45), (4.46) we can deduce

J= —Q; (=x+ /77 + (46w + 03)).
r J
Spy = ———, 4.47
G0 447

which are precisely the extremal values (4.28), (4.31),
where we have chosen the sign to ensure that J > 0.
To complete the argument, we next observe from (4.9)
that b, ¢ must be real and s is constrained via (4.11).
Proceeding, the second condition in (4.47) expressed in
1—p2s2
S(li[)z)
substituting this into the first condition in (4.47) implies
[(1=p*)(1 = p?s?) = 2u(1 + p*)ps]B(p, s) = 0. We now
find that with s >0, p > 1 the only possibility is the
extremal solution we found in Sec. IV C with, in particu-
lar, B(p,s) = 0.

terms of the parameters implies b = and after

V. EUCLIDEAN SUPERSYMMETRIC ACTION
FROM A FIXED POINT FORMULA

In this section we will recover our expression for the on-
shell Euclidean supersymmetric action (4.41) using a
general fixed point formula for gravitational solutions that
was presented in [42]. In order to do this, we have to
compute a canonical Killing vector possessed by the family
of supersymmetric solutions, which we will extract, slightly
indirectly, from a corresponding supersymmetric Killing
vector of the boundary geometry. To obtain the latter we
first obtain the boundary Killing spinor, which solves the
conformal Killing spinor equation, and then use it to
construct the boundary Killing vector as a suitable bilinear.
By continuity, this boundary Killing vector can then be
extended into the bulk.

AdS/CFT implies that we should be able to identify
the on-shell action (4.41) with minus the logarithm of an
appropriate supersymmetric index of the boundary field
theory. For such a comparison with field theory, the uplift
to D = 11, briefly summarized at the end of Sec. II B, is
certainly important. Furthermore, we anticipate that the
boundary Killing vector will play a key role in a direct
evaluation of the corresponding supersymmetric partition
function of the dual field theories.
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A. Boundary Killing spinor and Killing vector

In order to perform the computations of the present
section, we have found it technically more convenient to
start by working in Lorentzian signature, assuming that all
the parameters are real. In practice, this means that we treat
the Killing spinors as spinors in Lorentzian signature, with
the usual rules for charge conjugation. We then Wick rotate
and analytically continue any results of interest to complex
parameters at the end, in particular once we have computed
the Killing vector bilinear.

We begin by introducing the following orthonormal
frame for the boundary metric (3.5):

e =+/Gdg,

(5.1)

0= \/TDGdr—aqub), ' =—/Fdx,

where as in (3.13) it is convenient to use the variable
x = cos 6. (5.2)

In a slight abuse of notation we write the metric functions
(2.3), (3.6) as

ax

bdy _ >

AT = T ) (€ 9
My X [+ ga’a®x* — eaa(1 — x*)].  (5.6)
¢ 1 + a*a?x*

We eliminate the parameter m by using the first super-
symmetry condition m = g/a, then change variables from
(e,g,a)to (b, c,s) via (4.4), and finally impose the second
supersymmetry condition by imposing the Eq. (4.11) for
the parameter c¢. As we explained at the beginning of
the section, this leads to a two-parameter family of real
supersymmetric Lorentzian solutions, parametrized by
the real constants b, s, together with the parameters
(G4)Qm>x), or equivalently n., which determine the
conical deficits of the spindle horizon surface ». The
parameter « is given in terms of (b, s, u) by (4.12), where
u is defined in (4.1), and ax is given in (4.13).

The bulk Killing spinor equation (2.19) for minimal
D =4, N =2 gauged supergravity induces [37,53] the
following conformal Killing spinor equation (CKSE) on
the conformal boundary

|
Vil =2rir’ViC,

: (5.7)

2 2u

P=P(x)=1-2amx + (a*(a> + €* + ¢*) — a®)x?, where the covariant derivative is V, =9, + 1o/ —iA?®
p— P(x) —1_ (1- x2> P(x). (5.3) We u.se] the gamzma matrix .conventions of .[25], .namely
Yo =10, y| = 6, yo = o¢”, in terms of Pauli matrices ¢,
. 0 1 2 _ . .
and we have introduced the functions with 4 yl y~ = +1. After a lengthy calculation we find the
solution
_1-0a’P(x) )
f=iw =gy =5 g:e—umww( Z) (58)
1 22,412 -
PSR (KX . -
P(x)(P(x) + a*ax*)(1 = x7) where 8 = 8(x) is a complex function, and y;, y, are real
2,2 4 constants given by
G = G(x) Ep(x)<1 +a13‘z ))C >(1 —x2). (5.4)
* 1 +a*a? 1+ s?
M == p— 5
The boundary gauge field (3.7) is : 2(1 —aae/g)  2(1 - bs)
2u(1 + 52)(1 = 2bs — s?)
p— = . 5-9
Apgy = A dr + A5 d, (5.5) =M= T - (=2 =y O
where The complex function 8(x) is
|
1[(1=2bs—s?
:\/— {w(l—x2)+(1+s2)x+ia(b+s)\/5, (5.10)

or, in terms of just the original variables,

12Recall that for these real Lorentzian supersymmetric solutions, discussed in Sec. IV B, we had 1 — bs > 0, in particular due to
Eq. (4.13). More generally sign(1 — bs) appears as a factor in the lower component of (5.8).
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3= \/% {%Z(é +@)(1=x)+(1 +a2a2)x+ia<§+aa>\/5],

where the metric parameters (e, g, a, @) should be sub-
stituted for their supersymmetric values, parametrized by
(b, s, u), as described just below (5.6).

Next defining the usual Dirac adjoint of the Lorentzian
spinor { as

¢ =Ty = —ielmtHind) (3 — g*), (5.12)
we may introduce the vector bilinear
K =K'd, = Z}/”Caﬂ. (5.13)

Substituting in for the metric functions and the solution
for the Killing spinor, remarkably we find the simple
expression

K =«(1+ 50, + a(b+s)d,

= k(1 + a*a?)0, + a(g + aa) 0p.  (5.14)

This is manifestly a Killing vector of the boundary metric,
preserving also the gauge field.

B. Analytic continuation and fixed point formula

Recall that in Sec. IIIB we introduced the primed
coordinates (3.28)

p=¢ 1+, 200

t="7,
2w

(5.15)
where Qy is the angular velocity of the horizon (3.27). The
null generator of the latter is then V = 0,, and furthermore
these are the natural coordinates to show that the Euclidean
metric is regular at the horizon. This involves the Wick
rotation

¢ = —ir, (5.16)

where recall that the Euclidean black hole then has top-
ology R? x Y. It is then convenient to introduce 2z-period
angular coordinates

2w 2w

=7 g 5.
5 ¢ (5.17)

= T, o=
U4 Ad
Here v is a polar angular coordinate on the R* normal to
the horizon, while ¢ is an azimuthal coordinate on the
spindle horizon .

(5.11)

Having performed this Wick rotation to a Euclidean
signature solution with topology R? x ¥, we would next
like to analytically continue to complex values of the
parameters, as discussed in Sec. IV. In principle we could
have started directly with these complex solutions, with the
Lorentzian presentation above adapted with relatively little
change. In that case the boundary spinors ¢ and ()" should
be regarded as independent spinors with opposite charge
under Apgy, €ach solving the corresponding conformal
Killing spinor equation. The supersymmetric Killing
vector is still given by (5.14), with 1 - —iz and with the
parameters appearing there now taking complex values.
Since the Killing vector is complex, notice that this back-
ground is not immediately included in the classification of
[54] (not even when the spindle is a regular two-sphere).
However, rather than taking this approach, we instead
simply analytically continue the real solutions we have
constructed. It is straightforward to compute the Killing
vector field (5.14) under the above change of coordinates
(5.15) and Wick rotation (5.16).

With this perspective in mind and imposing also the
complex supersymmetric locus, with b = b given by (4.19),

we find that
a0
<o, 7i(2)a)

Here @ = w,. is given by (4.35), and the overall normali-
zation factor is N = 27ix(1 + s%)/f, although the latter
may be rescaled by simply rescaling the Killing spinor {
by an overall constant. Notice that (5.18) is generically
complex.

Geometrically 0, and 9, rotate the two factors in the

(5.18)

product R? x ¥ with weight one, and the angular velocity
iw then appears as the relative weight between these
generators in the supersymmetric Killing vector in (5.18)
in a natural way. We note that in Ref. [42] a general formula
for the holographically renormalized action / of Euclidean
supersymmetric asymptotically locally AdS solutions of
minimal gauged supergravity was presented. This formula
depends only on the fixed points of the supersymmetric
Killing vector field K in the bulk. Although we have only
computed the restriction of this Killing vector to the
conformal boundary, since J, and 0, are generically the
only Killing vectors of the solution, it follows by continuity
that (5.18) must coincide with the bulk Killing vector. The
formula in [42] was derived for real Euclidean solutions,
although since our complex solutions arise from an analytic
continuation of real Lorentzian supersymmetric solutions,
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we expect the result of [42] to still hold. For nonzero w the
fixed points of K in (5.18) are at the north and south poles
of the spindle ¥ located at the black hole horizon, which is
at the origin of the R? factor. Writing

K= alﬁw +0260-, where a; :N’ a, =F 1./\/'(22) ,
T
(5.19)

the general formula for the Euclidean action in [42] reads

1 G +a) 1 (Eta)
= |- 16 01) T (520
ny 4a1ﬁ no dap: ] 2Gg

Notice here that 9, has weight 1 on the normal R? to the
horizon, while d,; has weights 1/n.. on the tangent spaces
to the poles of spindle horizon ¥, which are R?/ Zy,,
respectively. The overall factors of 1/n, in each of the two
terms in (5.20) similarly arise because of the orbifold
singularities. Substituting in for the values of a;, a, in
(5.19), we precisely recover our Euclidean supersymmetric
action (4.41) from the fixed point formula (5.20).

We can also examine the phase of the Killing spinor (5.8)
in the above Euclidean continuation. As discussed already
in Sec. Il B, our original gauge field is not regular at
the black hole horizon, and indeed in general there is no
gauge in which this is the case, due to the magnetic flux
through . However, in the case when g = 0 the gauge field
becomes completely regular if we make a gauge trans-
formation of the form (2.9) with a; = (er,)/[x(a* + r3)].
When g # 0 this gauge transformation makes the gauge
field regular everywhere, except at the poles of the horizon
Y. In this gauge, and evaluating on the complex super-
symmetric locus with b = b given by (4.19) we find that
the Killing spinor (5.8) reads

; , 3
_ at(w—4o)
—e2 2 .
: < —3" )

In particular we see that this is antiperiodic around the
Euclidean time circle y, which has period 2z. This is
necessary in order that the bulk Killing spinor is smooth at
the horizon, as only the antiperiodic spin structure extends
smoothly to the origin of R?. Of course this is a slightly
delicate statement, as these are complex solutions.
However, before imposing the complex supersymmetric
locus we have real, nonextremal Euclidean solutions. The
thermal circle and radial direction together form a “cigar”
geometry, and any spinor field must be antiperiodic around
the thermal circle in order to be nonsingular at the horizon
(in a gauge that is regular at the tip of the cigar, for a fixed
point on the spindle). We then complexified the solutions
and imposed supersymmetry, and (5.21) shows that the
resulting Killing spinor is antiperiodic. This is a very
reasonable regularity condition to maintain for these

(5.21)

complex solutions, where a priori the precise regularity
conditions one wants to impose are perhaps not clear.
Finally, notice that the Killing spinor ¢ in (5.21) has
charge —y/4 under J, which is generated by 0,. It also has
R-charge 1 under the R-symmetry gauge field Ayqy, as one
sees from the Killing spinor equation (2.19). It follows that
¢ has charge zero under J +4£Q, = —%£+% =0, and the
corresponding supercharge Q in field theory should then
commute with the operator J 44 Q,. It is also interesting to
point out that J +4Q, is precisely the same quantity as
J ags,» the angular momentum of the near horizon solution
that was defined in [25]. In particular, recalling that the
angular momentum is gauge dependent, J,qs, i defined
with a gauge field that is invariant under the symmetries
of AdS,. The new observation here is that the relation
Jags, =J +%0Q, of [25] shows that the charge J s, is the
one that commutes with the field theory supercharge.

VI. DISCUSSION

Using holographic techniques we have carried out a
detailed analysis of the thermodynamics for a general
class of accelerating black hole solutions of D =4
minimal gauged supergravity. The black holes are rotating
and carry electric and magnetic charges and lie within the
family13 constructed in [24]. Of particular interest is that
by taking the horizon to be a spindle and suitably
constraining the parameters, one can uplift on regular
Sasaki-Einstein manifolds to obtain D = 11 solutions
that are free from conical singularities [25]. In particular,
this construction requires that the magnetic charge,
which is specified by the spindle data, is nonvanishing.
Furthermore, the D = 11 solutions preserve supersym-
metry when the D = 4 solutions do.

After holographically defining a set of conserved
charges, we presented a first law which generalizes the
result of [33] to include magnetic charge. To obtain the first
law, as in [33], when the acceleration is nonvanishing,
a # 0, it was necessary to choose a specific, constant
scaling, x, of the time coordinate with, crucially, x depend-
ing on the parameters of the solution. While a constant and
parameter independent scaling of the time coordinate
corresponds to a simple scaling of dimensionful quantities
in the dual field theory, the full significance of the
parameter dependence of « for the accelerating black holes
warrants further study. In [33] some justification of the
specific form of k¥ was given by considering the limit of
vanishing black hole mass and string tensions, when the
spacetime is then AdS, spacetime written in Rindler
coordinates. However, these considerations do not fully
fix x and, in fact, we found the precise form of x that gives

We did not consider the possibility of NUT charge, which is
included in the solutions of [24], since we did not want to include
closed timelike curves.

086005-18



THERMODYNAMICS OF ACCELERATING AND SUPERSYMMETRIC ...

PHYS. REV. D 104, 086005 (2021)

the first law by trial and error. It would certainly be
interesting to have a better understanding of «; the fact
that the conformal boundary is not conformally flat, along
with the fact that the variations entering the first law change
the local conformal class of the boundary, appear to be
significant features. It would also be interesting to make a
direct connection with the approach of [32].

We have also studied in some detail the one-parameter
family of supersymmetric and extremal black holes, which
is the class where we hope to make precise contact with the
dual field theory in future work, as we discuss below.
Adopting the approach of [3,23], we relaxed the extrem-
ality condition and analytically continued some of the
parameters appearing in the black hole solutions so as to
identify a locus of complex supersymmetric solutions. On
this complex locus we showed that the on-shell Euclidean
action can be expressed as a function of complex rotational
and electric chemical potentials which satisfy a constraint,
and, moreover, the black hole entropy of the supersym-
metric and extremal black holes can be recovered via a
Legendre transformation and then imposing a reality
constraint. The expression of this supersymmetric on-shell
action generalizes the one given in [16,23] to the accel-
erating case. It seems likely that this complex action can be
suitably identified with minus the logarithm of the super-
symmetric partition function of the dual field theory. From
the gravitational point of view, we are considering a class of
complex saddle points of the gravitational path integral. In
our formulation the underlying Euclidean manifold is real,
but we are considering complex metrics and spinors that are
obtained by analytic continuation of the parameters appear-
ing in the solutions. Another interesting topic for future
research is to elucidate more intrinsic criteria for determin-
ing which complex metrics should be considered along
with which precise notions of spinors and supersymmetry
one should use.

The results of our paper imply that the geometry of the
conformal boundary provides a supersymmetric back-
ground where one can define three-dimensional A = 2
supersymmetric field theories. It is then natural to con-
jecture that the supersymmetric partition function in this
background will define a generalized index of the field
theory. Specifically, after Wick rotating and compactifying
the time direction on a circle, the background is Stx Y,
together with a background R-symmetry gauge field

AR = Apgy, such that 5- [ dAg = ;;;Z:. On general grounds,

we expect this partition function to take the form

Z(n+, n_, qﬂ, w)S] <y = TrtWiSte_ﬂ{Q,Q} ewj+[/}Qe

= TrtwisteiiﬂQeC_/}{Q’Q}+m(l+%Qe)7

(6.1)

where to go from the first to the second line we used the
constraint

P —%‘w — +ir. (6.2)
Here Q is the supercharge of the theory compactified on ¥,
and recall that the combination J +%Q, is the operator
commuting with 9, as discussed at the end of Sec. V. The
subscript “twist” on the trace indicates the twisting that we
are performing is different from the topological twist for

. o 1 __ X __ n_+ny
which a corollary is 5- J5 dAg = 5= T whereas we

have 5- [ dAg = 2G4)Q,, = 5-—=. Notice that since Q, is

2nyn_

the R-charge, the bosons and fermions within a multiplet
have Q, values differing by 1, and the expression (6.1) is
hence indeed an index.* In the large N limit this should
reproduce the entropy function (4.41) for (¢, ®), but it will
be of independent interest as an exact field theory object.

It is interesting to note that the expression (4.41) for
I(p,w) makes sense even in the nonrotating limit, that
corresponds to p — oo in our parametrization of the super-
symmetric bulk solution. Indeed in this limit, before impos-
ing extremality, there is still a (complex) one-parameter
family of solutions, parametrized by s. This implies that the
above index in fact will also capture the entropy of the static
accelerating black holes. In order to define this index, the
main technical issue that will need to be addressed is what
are the appropriate choices of boundary conditions on the
fields at the orbifold singularities.

In [25] it was shown that uplifting the accelerating black
hole solutions on Sasaki-Einstein spaces in the regular class
can give rise to regular solutions in D = 11. There are other
ways to uplift the D = 4 solutions to D =11 or D = 10
[44,55,56] (in fact, locally this is possible whenever there is
a supersymmetric AdS, solution [44,57]), but generically
they will be singular. It would be interesting to explore
these uplifted solutions in more detail, and investigate
whether or not it is still possible to make precise compar-
isons with the associated dual field theories. In fact, it has
recently been shown [30] that wrapping M5-branes on a
spindle and then uplifting to D = 11 on a four-sphere
gives rise to solutions with orbifold singularities and yet a
holographic computation of the central charge of the
d =4 SCFT was found to precisely agree with a field
theory computation.
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14Fur’[hermore, notice that shifting w=od F 47”‘, the
partition  function

expression (6.1) for the becomes
4ri A ~ .

Tryige’ « e MS+0U+0:)  Setting n_ =n, =1, so that

x = 2, the first factor is eT>%/ = (=1)F, and since Q,, = 0 there

is no magnetic flux and hence no twist. This is then the same

index computed in [15].
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APPENDIX: SUPERSYMMETRIC BOUNDARY
IN CANONICAL FORM

For supersymmetric solutions, the boundary metric
and gauge field, given in (3.5), (3.7), can be recast in a
canonical form. Specifically, we show that they lie within
the timelike class of three-dimensional supersymmetric
rigid Lorentzian geometries which solve the charged
conformal Killing spinor equation, as studied in [37].
This class is associated with the Killing vector bilinear,
K, being timelike. Choosing coordinates such that

0

K:—.,, Al
5 (A1)

the three-dimensional metric and gauge field can be written

ds2,, = Y?[=(d7 + @)? + ds3],

Acan = _f(d; + (b) + A(2)7 (AZ)

where T, f are functions and @, A(z) are one-forms on the

locally defined 2d base transverse to K with metric ds3,
and thus all independent of 7. These quantities have to
satisfy [37]

d@ = 2fvol,,

1

dA(2) = —ZRzVolz, (A3)
where vol, and R, are the volume form and the Ricci scalar
for ds3, respectively.15 Notice that the 3d metric is the most
general one that admits a timelike Killing vector and the
gauge field is then determined in terms of the metric.

We now consider the boundary metric (3.5) together
with the gauge field (3.7) and impose the super-
symmetry conditions. This is most conveniently done
using the variables introduced in Sec. IVA and imposing
|

m = g/a = s/(a’c) together with the expression for ¢ in
(4.11) and the one for a in (4.12). The following analysis
focuses on the conformal boundary of the bulk solution and
we will not impose the extremality condition. Thus, the
analysis applies to the conformal boundary for the class of
supersymmetric bulk solutions for which, when all param-
eters are real, only the extremal case does not have a
naked singularity.
Next we make the coordinate transformation

t=k(1+ 5% p=d+alb+s)i.  (Ad)
so that the supersymmetric Killing vector, given in (5.14),
takes the form (A1). Then matching the metric with (A2)

we find

(Z(1 = x%) + 2u(s* + 1)x]?

12— = : (A5)
and
@ = (1 —x*)[4a(b? + )12}
X [4u? (b + s)(bs — 1)(s2x* + 1)
+4bu(s®> +1)Zx + b(1 — x*)Z%]dp.  (A6)

Here x =cosf as before, and to slightly simplify the
formula we denoted
Z=1-2bs— s (A7)

We also find that the two-dimensional metric reads

G2 = (B2 + 1)(s2 + 1)(2x* + 1)A(Z% = 42(bs — 1)?)
X {Y2[(sx?(bs = 1) + b + $)> + Y [(x = 1)Z = 2u(sx(b + s) — bs + 1)]

X 2u(sx(b+s)+bs—1) + (x + 1)Z](x> = 1)},

and

?) @ _ (82 + 1)2(s2x4 + 1)2
Gxx P o .

(A10)

"In [37] coordinates (X,y) on the 2d base are used so that the
two-dimensional metric is conformally flat, ds3 =e? (dx* +dy?),
and the volume form is vol, = e?dx A dy. In this case one
can write A ) = § (Oywdy — dyydx), since this satisfies dA ;) =
(03w + O5w)dx A dy = — Ryvol,.

ds3 = glldx® + ¢ dg?, (A8)
with
(A9)
[
It follows that
2 1 2,4 1 5
voly = = FDEF D 4 ah (Al

TP

the minus sign being due to the fact that the positive
orientation induced on the two-dimensional base is given
by sin0dé A dg = —dx A dép.

For the boundary gauge field (3.7), we would like to
extract f and A(,) and check the differential relations (A3).

In the coordinates given in (A4) we can write
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Apgy = Adi + A dg, (A12)

with

A; = k(14 sH)A, + a(b + 5s)A,, Ay = Ay, (A13)

where A;, A, can be read from (3.7). After imposing
supersymmetry we obtain

Z[s(1 = 2bs — b*)x> + b(bs — 2) — s]x
2au(b? + 1) (s%x* + 1)

 2uZ(s* + 1)[1 = bs + (b + 5)x°|x

P (24 1) [Z2 -4 (bs — 1)

A; =

’

A

(A14)

Since the gauge potential needs to match the canonical
form only up to a gauge transformation, we also allow
for a shift

Abdy e d Abdy + kd‘i, (AIS)

with k a constant. Matching the resulting expression with
(A2) gives

f=—A—k
_Z[s(1-2bs — b*)x* + b(bs —2) — s]x

e —_ k’
2apu(b* + 1)(s%x* 4+ 1)

(A16)

and

Ay = (s + D{4p? T (b? + 1) Zx(sx*(b + 5) — bs + 1) 4 (xZ(sx*(b* + 2bs — 1) + b(2 — bs) + 5)
— 2kau(b* + 1) (s2x* + 1)) (1 = x2) (4> (b + 5) (1 — bs)(s*x? + 1) — 4buZ (s> + 1)x + bZ*(x* — 1))}

x 2uY?(b* 4+ 1)(s2x* +1)(Z% — 4% (bs — 1)?)] ' dép.

(A17)

We have checked that with the above ingredients both equations in (A3) are satisfied, provided that we make the gauge

choice (A15) with k given by

k:

(b + 5)(1 = bs)
a(b?> +1)

(A18)
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