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Abstract

Consider the ringR := Q[τ, τ−1] of Laurent polynomials in the variableτ . The Artin’s pure braid
groups (or generalized pure braid groups) act overR, where the action of every standard generato
the multiplication byτ . In this paper we consider the cohomology of such groups with coeffic
in the moduleR (it is well known that such cohomology is strictly related to the untwisted inte
cohomology of the Milnor fibration naturally associated to the reflection arrangement). We
sort of stability theorem for the cohomologies of the infinite seriesA, B andD, finding that these
cohomologies stabilize, with respectto the natural inclusion, at some number of copies of the trivia
R-moduleQ. We also give a formula which computes this number of copies.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Let (W, S) be a finite Coxeter system realized as a reflection group inRn, A(W) the
arrangement inCn obtained by complexifying the reflection hyperplanes ofW. Let

Y(W) = Y
(
A(W)

) = Cn \
⋃

H∈A(W)

H.

be the complement to the arrangement, thenW acts freely onY(W) and the fundamenta
groupGW of the orbit spaceY(W)/W is the so-calledArtin groupassociated toW (see
[2]). Likewise the fundamental groupPW of Y(W) is thePure Artin groupor the pure
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braid group of the seriesW. It is well known [3] that these spacesY(W) (Y(W)/W) are

ger
.

finite

o

in

using

n
l

of typeK(π,1), so there cohomologies equal that ofPW (GW ).
The integer cohomology ofY(W) is well known (see [3,14,1,10]) and so is the inte

cohomology of the Artin groups associated to finite Coxeter groups (see [19,11,17])
Let R = Q[τ, τ−1] be the ring of rational Laurent polynomials. TheR can be given a

structure of module over the Artin groupGW , where standard generators ofGW act as
τ -multiplication.

In [4,5] the authors compute the cohomology of all Artin groups associated to
Coxeter groups with coefficients in the previous module.

In a similar way we define aPW -moduleRτ , where standard generators ofPW act over
the ringR asτ -multiplication.

Equivalently, one defines an Abelian local system (also calledRτ ) over Y(W) with
fiberR and local monodromy around each hyperplane given byτ -multiplication (for local
systems onY(W) see [12,15]).

In this paper we are going to consider the cohomology ofY(W) with local coefficients
Rτ , for the finite Coxeter groups of the seriesA, B andD (see [2]) (that is equivalent t
the cohomology ofPW with coefficients inRτ ).

Our aim is to give a sort of “stability” theorem for these cohomologies (for stability
the case of Artin groups see [7]).

Denote byϕi theith cyclotomic polynomial and let be

{ϕi} := Q
[
τ, τ−1]/(ϕi) = Q[τ ]/(ϕi)

thought asR-module. By its definition{ϕ1} = 1− τ so that{ϕ1} = Q.
Notice that by identificationQ[τ, τ−1] ∼= Q[Z], the sums of copies of{ϕ1} are the

unique trivialZ-modules. We obtain

Theorem 1.1.Let W be a Coxeter group of typeAn, then forn � 3k − 2 the cohomology
groupHk(Y(An),Rτ ) is a trivial Z-module.

Analog statement holds forW of typeBn in the rangn � 2k − 1 and forW of typeDn

in the rangn � 3k − 1.

The proof of this theorem is obtained extending the methods developed in [4] and
some known results about the global Milnor fibreF(W) of the complementY(W).

We recall briefly that ifH ∈ A = A(W) andαH ∈ C[x1, . . . , xn] is a linear form s.t.
H = ker(αH ), then the global Milnor fibreF(W) is a complex manifold of dimensio
n−1 given byF(W) = Q−1(1) whereQ = Q(A) = ∏

H∈A αH is thedefining polynomia
for A.

It is well known (see also [9]) that, overR, there is a decomposition

H ∗(F(W),Q
) �

⊕
i|�(A(W))

(
R/(ϕi)

)αi =
⊕

i|�(A(W))

{ϕi}αi ,

the action on the left being that induced by monodromy.
SinceF(W) is homotopy-equivalent to an infinite cyclic cover ofY(W), there is an

isomorphism ofR-modules

H ∗(F(W),Q
) � H ∗(Y(W),Rτ

)
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and then
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H ∗(Y(W),Rτ

) �
⊕

i|�(A(W))

{ϕi}αi . (1)

The other tool we use is a suitable filtration by subcomplexes of the algebraic Sal
CW-complex (C(W), δ) coming from [16] (see also [6,17]), which we recall in the n
paragraph.

Finally we use the universal coefficients theorem to compute the dimensions
above cohomologies as vector spaces over the rationals.

Theorem 1.2.In the range specified in Theorem1.1one has:

rkHk+1(Y (W),Rτ

) =
k∑

i=0

(−1)(k−i) rkHi
(
Y (W),Z

)
.

So one reduces to compute the dimensions of the Orlik–Solomon algebras ofA(An),
A(Bn) andA(Dn) (see [13]).

2. Salvetti’s complex

Let W be a finite group generated by reflections in the affine spaceAn(R). Let
A(W) = {Hj }j∈J be the arrangement inAn defined by the reflection hyperplanes ofW.
We need to recall briefly some notations and results from [16] for the particular case
Coxeter arrangements.A(W) induces a stratificationS = S(W) of An into facets (see [2])
The setS is partially ordered byF > F ′ iff F ′ ⊂ cl(F ). We shall indicate byQ = Q(W)

the cellular complex which isdual to S. In a standard way, this can be realized insideAn

by barycentrical subdivision of the facets: inside each codimensionj facetFj of S choose
one pointv(F j ) and consider the simplexes

s
(
F i0, . . . ,F ij

) =
{

j∑
k=0

λkv
(
F ik

)
:

j∑
k=0

λk = 1, λk ∈ [0,1]
}
,

whereF ik+1 < Fik , k = 0, . . . , j − 1. The dimensionj cell ej (F j ) which is dual toFj is
obtained by taking the union⋃

s
(
F 0, . . . ,F j−1, F j

)
,

over all chainsFj < Fj1 < · · · < F 0. SoQ = ⋃
ej (F j ), the union being over all face

of S.
One can think of the 1-skeletonQ1 as a graph (with vertex-set the 0-skeletonQ0) and

can define the combinatorial distance between two verticesv, v′ as the minimum numbe
of edges in an edge-path connectingv andv′.

For each cellej of Q one indicates byV (ej ) = Q0 ∩ ej the 0-skeletonof ej . One has
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Proposition 2.1. Given a vertex v∈ Q0 and a cell ei ∈ Q, there is a unique vertex

e

et

the

oming
gical

ane

ices of

g

w(v, ei) ∈ V (ei) with the lowest combinatorial distance fromv, i.e.:

d
(
v,w

(
v, ei

))
< d(v, v′) if v′ ∈ V

(
ei

) \ {
w

(
v, ei

)}
.

If ej ⊂ ei thenw(v, ej ) = w(w(v, ei), ej ).

Let nowA(W) denote thecomplexificationof A(W), andY(W) = Cn \⋃
j∈J Hj,C the

complement of the complexified arrangement. ThenY(W) is homotopy equivalent to th
complexX(W) which is constructed as follows (see [16]).

Take a cellej = ej (F j ) = ⋃
s(F 0, . . . ,F j−1,F j ) of Q as defined above and l

v ∈ V (ej ). Embed each simplexs(F 0, . . . ,F j ) into Cn by the formula

φv,ej

(
j∑

k=0

λkv
(
Fk

)) =
j∑

k=0

λkv
(
Fk

) + i

j∑
k=0

λk

(
w

(
v, ek

) − v
(
Fk

))
. (2)

It is shown in [16] (see also [17]):

(i) the preceding formula defines an embedding ofej into Y(W);
(ii) if Ej = Ej(v, ej ) is its image, then varyingej andv one obtains a cellular complex

X(W) =
⋃

Ej

which is homotopy equivalent toY(W).

The previous result allows us to make cohomological computations overY(W) by using
the complexX(W).

In [17] (see also [8]) the authors give a new combinatorial description of
stratificationS where the action ofW is more explicit. They prove that ifS is the set
of reflections with respect to the walls of the fixed base chamberC0, then a cell inX(W)

is of the formE = E(w,Γ ) with Γ ⊂ S andw ∈ W. The action ofW is written as

σ.E(w,Γ ) = E(σw,Γ ), (3)

where the factorσ.w is just multiplication inW.
We prefer at the moment to deal with chain complexes and boundary operator c

from X(W) instead of cochain and coboundary. Then we will deduce cohomolo
results by standard methods.

We define a rank-1 local system onY(W) with coefficients in an unitary ringA by
assigning an unitτj = τ (Hj ) (thought as a multiplicative operator) to each hyperpl
Hj ∈A. Call τ the collection ofτj andLτ the corresponding local system. LetC(W,Lτ )

be the free graduatedA-module with basis allE(w,Γ ).
We use the natural identification between the elements of the group and the vert

Q0, given byw ↔ w.v0. Herevo ∈ Q0 is contained in the fixed base chamberC0.
Then u(w,w′) will denote the“minimal positive path” joining the correspondin

verticesv andv′ in the 1-skeletonX(W)1 of X(W) (see [16]).
The local systemLτ defines for each edge-pathc in X(W)1, c :w → w′ an isomorphism

c∗ :A → A such that for alld :w → w′ homotopic toc, c∗ = d∗ and for allf :w′′ → w,
(cf )∗ = c∗f∗.
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Then the set{s0(w).E(w,Γ )}|Γ |=k , wheres0(w) := u(1,w)∗(1), is a linear basis of

e

Ck(W,Lτ ).
Let nowT = {wsw−1 | s ∈ S, w ∈ W}, the set of reflections inW and

W = {
s(w) = (si1, . . . , siq ) | w = si1 · · · siq ∈ W

}
,

then for eachs(w) ∈ W andt ∈ T , we set

(i) Ψ (s(w)) = (ti1, . . . , tiq ) with tij = (si1 · · · sij−1)sij (si1 · · · sij−1)
−1 ∈ T ;

(ii) Ψ (s(w)) = {ti1, . . . , tiq };
(iii) η(w, t) = (−1)n(s(w),t) with n(s(w), t) = �{j | 1 � j � q andtij = t}.

Moreover if t ∈ T is the reflection relative to the hyperplaneH , then we setτ (t) = τ (H).
We define

∂k

(
s0(w).E(w,Γ )

)
=

∑
σ∈Γ

∑
β∈WΓ \{σ }

Γ

(−1)l(β)+µ(Γ,σ )τ (w,β)s0(wβ).E
(
wβ,Γ \ {σ }), (4)

whereτ (w,β) = ∏
t∈Ψ(s(w)), η(w,t)=1τ (t), andµ(Γ,σ) = �{i ∈ Γ | i � σ }.

We have the following (see [8,18]).

Theorem 2.1.H∗(C(W),Lτ ) ∼= H∗(C(W,Lτ ), ∂).

We have a similar result for the cohomology.

3. A filtration for the complex (C(W), ∂)

Let (W, S) be a finite Coxeter system withS = {s1, . . . , sn}. We are interested in th
cohomology ofC(W) (equivalentlyY(W)) with coefficients inRτ (see introduction).

In this case the boundary operator defined in (4) becomes

∂
(
E(w,Γ )

) =
∑
σ∈Γ

∑
β∈WΓ \{σ }

Γ

(−1)l(β)+µ(Γ,σ )τ
l(β)+l(w)−l(wβ)

2 E
(
wβ,Γ \ {σ }), (5)

whereτ is the variable in the ringR.
From (1) and universal coefficients theorem it follows that

H ∗(C(W),Rτ

) = H∗−1
(
C(W),Rτ

)
. (6)

For each integer 0� k � n denote bySk = {s1, . . . , sk} ⊂ S andSk = S \ Sk . We define
the graduatedR-submodules ofC(W):

Gk
n(W) :=

∑
w∈W
Γ ⊂Sk

R.E(w,Γ ), F k
n (W) :=

∑
w∈W

Γ ⊃Sn−k

R.E(w,Γ ).
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There is an obvious inclusion

n by

ic

e

s

set
in,h :Gn−h
n (W) → Gn

n(W) = C(W). (7)

EachGk
n(W) is preserved by the induced boundary map and we get a filtratio

subcomplexes ofC(W):

C(W) = Gn
n(W) ⊃ Gn−1

n (W) ⊃ · · · ⊃ G1
n(W) ⊃ G0

n(W).

The quotient moduleGn
n(W)/Gn−1

n (W) is exactlyF 1
n (W) which becomes an algebra

complex with the induced boundary map.
We give iteratively toFk

n (W), k � 2, a structure of complex by identifying it with th
cokernel of the map:

in[k] :Gn−(k+1)
n (W)[k] → Fk

n (W), i
(
E(w,Γ )

) = E
(
w,Γ ∪ Sn−k

)
.

Here M[k] denotes, as usual,k-augmentation of a complexM; so in[k] is degree
preserving.

By constructionin[k] gives rise to the exact sequence of complexes

0 → Gn−(k+1)
n (W)[k] → Fk

n (W) → Fk+1
n (W) → 0. (8)

Let Γ ⊂ S and letWΓ be theparabolic subgroupof W generated byΓ . Recall from
[2] the following

Proposition 3.1.Let (W, S) be a Coxeter system. LetΓ ⊂ S. The following statement
hold:

(i) (WΓ ,Γ ) is a Coxeter system.
(ii) ViewingWΓ as a Coxeter group with length function�Γ , �S = �Γ on WΓ .

(iii) Define WΓ def= {w ∈ W | �(ws) > �(w) for all s ∈ Γ }. Given w ∈ W, there is a
unique u ∈ WΓ and a uniquev ∈ WΓ such thatw = uv. Their lengths satisfy
�(w) = �(u) + �(v). Moreover,u is the unique element of shortest length in the co
wWΓ .

For allw ∈ W we setw = wΓ wΓ with wΓ ∈ WΓ andwΓ ∈ WΓ . Then ifβ ∈ WΓ one
hasl(wβ) = l(wΓ ) + l(wΓ β).

From (5) it follows:

∂
(
E(w,Γ )

) = wΓ .∂
(
E(wΓ ,Γ )

)
(9)

where the action (3) is extended toC(W) by linearity.
As a consequence we have a direct sum decomposition into isomorphic factors:

Hq

(
Gk

n,Rτ

) �
|WSk |⊕
j=1

Hq

(
C(WSk ),Rτ

)
. (10)
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4. Preparation for the main theorem

rise

), the

is
Let mk := |WSk | andWk := WSk ; the exact sequences (8) with relations (10) give
to the corresponding long exact sequences in homology

· · · → Hq+1
(
Fk+1

n (W),Rτ

) →
mn−k−1⊕

j=1

Hq−k

(
C(WSn−k−1),Rτ

)
→ Hq

(
Fk

n (W),Rτ

) → Hq

(
Fk+1

n (W),Rτ

) → ·· · . (11)

We have the following:

Lemma 4.1.If Hq−h(C(Wn−h−1),Rτ ) are trivial Z-modules for all h such thatk � h � q ,
thenHq(F k

n (W),Rτ ) is also trivial.

Proof. From (8) and (10) one has the exact sequences of complexes

0 →
mn−k−1⊕

j=1

C(Wn−k−1)[k] → Fk
n (W) → Fk+1

n (W) → 0,

0 →
mn−k−2⊕

j=1

C(Wn−k−2)[k + 1] → Fk+1
n (W) → Fk+2

n (W) → 0,

...

0 →
mn−q−1⊕

j=1

C(Wn−q−1)[q] → F
q
n (W) → F

q+1
n (W) → 0.

(12)

The last sequence gives rise to the long exact sequence in homology:

· · · →
mn−q−1⊕

j=1

H0
(
C(Wn−q−1),Rτ

) → Hq

(
F

q
n (W),Rτ

) → 0. (13)

By hypothesisH0(C(Wn−q−1),Rτ ) is a trivial Z-module thenHq(F
q
n ,Rτ ) is also

trivial.
We get the thesis going backwards in (12) and considering, in a similar way of (13

long exact sequences induced.�
Recall (see (1)) the decomposition:

H∗
(
C(W),Rτ

) =
⊕

r |�(A(W))

[
R/(ϕr)

]αr .

It follows that if �(A(W)) and �(A(Wn−h)) are coprimes, the mapsin,h of (7) give
rise to homology maps with images sums of copies of{ϕ1} ({ϕ1}0 means that the map
identically 0).

We have that�(A(An)) = n(n + 1)/2 and�(A(Bn)) = n2 (see [2]). If we fix

(n,h) = (3q + 1,2) for An,

(n,h) = (n,1) for Bn
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then

es

to
of

f

(
�
(
A(A3q+1)

)
, �

(
A(A3q−1)

)) = 1,
(
�
(
A(Bn)

)
, �

(
A(Bn−1)

)) = 1.

Since in,h are injective, we can complete (7) to short exact sequences of complex
which give, by the above remark:

0 →
⊕

{ϕ1} → Hq

(
C(A3q+1),Rτ

) → Hq

(
C(A3q+1)/

m3q−1⊕
j=1

C(A3q−1),Rτ

)

→
m3q−1⊕
j=1

Hq−1
(
C(A3q−1),Rτ

) →
⊕

{ϕ1} → · · · (14)

in caseAn and

0 →
⊕

{ϕ1} → Hq

(
C(Bn),Rτ

) → Hq

(
C(Bn)/

mn−1⊕
j=1

C(Bn−1),Rτ

)

→
mn−1⊕
j=1

Hq−1
(
C(Bn−1),Rτ

) →
⊕

{ϕ1} → · · · (15)

in caseBn.
In order to prove Theorem 1.1, we need to study the complexesC(A3q+1)/⊕m3q−1
j=1 C(A3q−1) andC(Bn)/

⊕mn−1
j=1 C(Bn−1).

The latter is exactly the complexF 1
n (Bn).

The farmer is the complex with basis overR:

ET := {
E(w,Γ ∪ T ) | w ∈ A3q+1 andΓ ⊂ S3q−1

}
,

for ∅ � T ⊂ S3q−1. We remark thatE{s3q } is the basis of a complex isomorphic
(3q + 2) copies ofF 1

3q(A3q), E{s3q+1} generates the subcomplex given by the image

G
3q−1
3q+1(A3q+1) by the mapi3q+1[1] and the elements ofE{s3q+1,s3q } are the generators o

the moduleF 2
3q+1(A3q+1).

Now we set(
Fk

n (W)
)
h

:= {
E(w,Γ ) ∈ Fk

n (W) | |Γ | = h
}

and∂k
n,h : (F k

n (W))h → (F k
n (W))h−1 thehth boundary map inFk

n (W) (∂n,h := ∂0
n,h is the

boundary map inC(W)h).
Then thehth boundary matrix ofC(A3q+1)/

⊕m3q−1
j=1 C(A3q−1) is of the form

∂h =




⊕3q+2
i=1 ∂1

3q,h 0 A1

0
⊕ (3q+1)(3q+2)

2
i=1 ∂3q−1,h−1 A2

0 0 ∂2
3q+1,h


 ,

whereA1 andA2 are the matrices of the image of the generators inE{s3q ,s3q+1} restricted to
E{s3q } andE{s3q+1}, respectively.
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Moreover all homology groups of the complexesFk
n (W) are torsion groups so the rank

for

)),

-

s

of ∂k
n,h equals the rank of ker(∂k

n,h−1). Then it is not difficult to see that the rank of∂h is

exactly the sum of(3q+2) times the rank of∂1
3q,h, (3q+1)(3q+2)

2 times the rank of∂3q−1,h−1

and the rank of∂2
3q+1,h.

Remark 4.1.It follows that in order to prove thatHk(C(A3q+1)/
⊕m3q−1

j=1 C(A3q−1),Rτ )

is sum of copies of{ϕ1}, i.e., a trivialZ-module, it is sufficient to prove the same result
Hk(F

1
3q(A3q),Rτ ), Hk−1(C(A3q−1),Rτ ) andHk(F

2
3q+1(A3q+1),Rτ ).

5. Proof of the main theorem

In this section we prove Theorem 1.1. This is equivalent to prove thatHk(C(An),Rτ )

is a trivial Z-module for n � 3k + 1, Hk(C(Bn),Rτ ) is trivial for n � 2k + 1 and
Hk(C(Dn),Rτ ) is trivial for n � 3k + 2 (see relation (6)).

For casesAn andBn we use induction on the degree of homology. CaseDn will follow
from An.

By standard methods (see also [18]) one gets the first step of induction, which is

H0
(
C(An),Rτ

) � H0
(
C(Bn),Rτ

) � {ϕ1} (16)

for all n � 1.
One supposes thatHk−1(C(An),Rτ ) and Hk−1(C(Bn),Rτ ) are trivial Z-modules,

respectively, for alln � 3(k − 1) + 1 andn � 2(k − 1) + 1.
We have to prove thatHk(C(An),Rτ ) and Hk(C(Bn),Rτ ) are trivial Z-modules,

respectively, for alln � 3k + 1 andn � 2k + 1.
First we consider the casen = 3k + 1 (n = 2k + 1); using the sequence (14) (Eq. (15

one needs only to prove thatHk(C(A3k+1)/
⊕m3k−1

j=1 C(A3k−1),Rτ ) (Hk(C(B2k+1)/⊕m2k

j=1 C(B2k),Rτ )) is trivial.
The assertion in caseB2k+1 follows from Lemma 4.1 since

H∗

(
C(B2k+1)/

m2k⊕
j=1

C(B2k),Rτ

)
= H∗

(
F 1

2k+1(B2k+1),Rτ

)

andHk−h(C(B2k−h),Rτ ) is trivial for all 1 � h � k by inductive hypothesis.
The proof in caseA3k+1 is a consequence of Remark 4.1.
One has thatHk−1(C(A3k−1),Rτ ) is a trivial Z-module by induction and, from Lem

ma 4.1,Hk(F
1
3k(A3k),Rτ ) andHk(F

2
3k+1(A3k+1),Rτ ) are trivial sinceHk−h(C(A3k−h−1),

Rτ ) andHk−h(C(A3k−h),Rτ ) are trivial by hypothesis, respectively, for 1� h � k and
2 � h � k.

Let nown > 3k + 1, we conclude the proof forAn using induction onn. One suppose
thatHk(C(An−1),Rτ ) is trivial asZ-module. MoreoverHk−h(C(An−h−1),Rτ ) are trivial
by inductive hypothesis on the degree of homology, since(n − h − 1) � 3(k − h) + 1 for
all 1 � h � k. ThenHk−h(C(An−h−1),Rτ ) are trivial for 0� h � k and the thesis follows
from Lemma 4.1.
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The proof in caseBn, for n > 2k + 1, is exactly the same.
exes

m

ove a

er

ee
CaseDn is a consequence of Lemma 4.1 applied to the exact sequence of compl

0 →
mn−1⊕
j=1

C(DSn−1) → C(Dn) → F 1
n (Dn) → 0

sinceC(DSk ) = C(Ak) for all 0 � k � n − 1 (we use the standard Dynking diagra
of Dn). �

The last step is the

Proof of Theorem 1.2. From the universal coefficients theorem it follows

Hk

(
C(W), {ϕ1}

) � Hk

(
C(W),Rτ

) ⊗ {ϕ1} ⊕ Tor
(
Hk−1

(
C(W),Rτ

)
, {ϕ1}

)
. (17)

If we set

rkQ

(
Hk

(
C(W),Rτ

) ⊗ {ϕ1}
) =: ak+1

then, in the range specified in Theorem 1.1

rkQ

[
Tor

(
Hk−1

(
C(W),Rτ

)
, {ϕ1}

)] =: ak.

We recall, also, that{ϕ1} = Q, then

Hk

(
C(W), {ϕ1}

) = Hk

(
C(W),Q

)
,

moreover the rank ofHk(C(W),Q) equals the rank ofHk(C(W),Z).
It follows that relation (17) gives

rk
[
Hk

(
C(W),Z

)] = ak+1 + ak

and from a simple induction

ak+1 =
k∑

i=0

(−1)(k−i) rkHi
(
C(W),Z

)
. �

Remark 5.1.With the same technique used to prove Theorem 1.1, it is possible to pr
more general result.

Let (W, S) be a finite Coxeter system with|S| = n andm ∈ N s.t. m | o(A(W)). If
there exists an integerh s.t.m � o(A(Wk)) for all h < k < n, then there exists an integ
p s.t., for allr < p, Hr(C(Wh),Rτ ) is annihilated by a squarefree element(1 − τ s) with
s | o(A(W)), s < m, and, for allq < p + (n − h − 1), Hq(C(W),Rτ ) is annihilated by
a squarefree element(1− τa) with a | o(A(W)), a < m.

As corollaries we obtain:

• Hq+1(C(A3q),Rτ ) and Hq+1(C(A3q−1),Rτ ) are annihilated by the squarefr
element(1− τ3);

• if m | o(A(W)) andm � o(A(Wk)) for all k < n then, forh < n, Hh(C(W),Rτ ) is
annihilated by a squarefree element(1− τ s) with s | o(A(W)), s < m.
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