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Abstract

In their foundational work, List and Pettit formalized the judgment aggre-
gation framework and showed that the preference aggregation framework from
social choice theory can be mapped into it, arguing that the reverse was not
possible. We show that a natural extension of a graph-theoretic representation
of the preference aggregation framework indeed allows us to embed also the
judgment aggregation framework. Moreover we show that many concepts from
the two original frameworks match up under the new one, show that it is pos-
sible to detect “logical consistency” with graph-theoretical properties, and give
a new nuanced comparison between the doctrinal paradox and the Condorcet
paradox.
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1 Introduction

Preference aggregation (or social choice theory) and judgment aggregation are re-
search areas that relate to many disciplines such as economics, law, political sciences,
philosophy, and computer science. The former studies the aggregation of individual
preferences into a collective preference, the latter the aggregation of individual judg-
ments into a collective judgment. While the “paradox” that aggregating “rational”
preferences can lead to “irrational” outcomes has been known at least since the 17th
century (de Caritat marquis de Condorcet, 1785), the “doctrinal paradox” or dis-
cursive dilemma has been formulated much more recently by Kornhauser and Sager
(1993) (though it is possible to find some partial antecedents). Despite being so
young, a lot of research has been carried out on the subject in recent years, start-
ing from Pettit (2001),Brennan (2001) and List and Pettit (2002) which gave to the
work of Kornhauser and Sager its present interpretation as a general problem of
inconsistent majority judgment.

List and Pettit (2002) formalized the doctrinal paradox using mathematical logic
and proved an analogous result to the famous Arrow’s impossibility Theorem. In a
subsequent paper (List and Pettit, 2004), List and Pettit showed that the preference
aggregation framework can be presented as a particular case of the judgment ag-
gregation framework. They also conjectured that the latter is strictly more general
than the former. After many papers in the following years in the field of judgment
aggregation (see, among others, Dietrich (2006); Pauly and van Hees (2006); Mongin
(2008); Nehring and Puppe (2008, 2010); Dietrich and Mongin (2010); Dokow and
Holzman (2010); Grossi and Pigozzi (2014); Dietrich and List (2017) and Mongin
(2018) for a quite exhaustive review on the subject), this conjecture has not been
proven formally, though the consensus seems to be that judgment aggregation is in-
deed strictly richer than preference aggregation, as claimed for instance by Mongin
(2018): “A judgment, as the acceptance or rejection of a proposition, is more general
than a preference between two things.”

After the above quote, Mongin (2018) states “Against this reassuring evidence
[that judgment aggregation is more general than preference aggregation], two reser-
vations are in order. For one thing, the derivations from judgment aggregation the-
orems are often complex, which may discourage social choice theorists to use them
despite the powerful generality of these theorems... for another thing, the canonical
theorem [in judgment aggregation] is an impossibility theorem... these results should
clearly be complemented with others, which will directly axiomatize judgment ag-
gregation rules that are neither dictatorial nor oligarchical”, implying that the two
frameworks should be treated somewhat differently.

While these intuitions provide very valuable insight, in this paper we go in a
slightly different direction, focusing on the common ground between the two frame-
works. Thinking in terms of graphs is very natural in the social choice literature,
and we show that a natural extension of this perspective, which we call the graph-
theoretic framework, is enough to represent both the original frameworks as special
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cases. The key point which enables the graph approach to model judgments is the
introduction of what we call the proposition-wise consistency ( see Section 3 ). We
show that both the Condorcet and the doctrinal paradoxes arise from existence of
cycles in graphs (the similarity itself is not the novelty; the added value here is a more
mathematically explicit relationship under the same unifying framework) and make
some new observations on the two paradoxes. In particular, while List and Pettit
(2004) concludes the doctrinal and Condorcet paradoxes are “incomparable,” in our
framework we argue that the doctrinal paradox always causes a Condorcet paradox,
but not the other way around. While we think that List and Pettit’s conclusions are
correct within their analytical framework, ours offers a new perspective.

We are not advocating for one framework over another, or that one should start
reframing all problems under our framework; rather, our main motivation is to offer
to judgment aggregation researchers the idea that thinking in terms of graphs may
provide additional insight. Ideally, we should be able to carry results both ways
between preference aggregation and judgment aggregation, even though judgment
aggregation is commonly thought of as a richer theory. We give a modest but non-
trivial proof-of-concept with Theorem 5.1, which shows that logical consistency in
judgments can be “detected” in our framework by the graph-theoretical concept of
global optima. This result leads to a careful examination of both the similarities and
the differences between the Condorcet and doctrinal paradoxes in Section 5.2, which
sheds new insight on one of List and Pettit (2004)’s observations. An additional
feature of our framework is that the very intuitive conceptual analogies between the
two frameworks can be rigorously formalized, as we point out in Section 4.4.

The paper is organized as follows: in Section 2, we present the preference aggre-
gation (or social choice) framework with its Condorcet paradox and the judgment
aggregation framework with its doctrinal paradox. In Section 3 we illustrate the main
motivation of this paper. In Section 4, we introduce our graph-theoretic framework
and show that we can incorporate the judgment aggregation framework inside the
graph-theoretic framework, giving our applications in Section 5. We conclude with
some discussion and directions for further research in Section 6.

2 Preliminaries

2.1 The Preference Aggregation / Social Choice Framework

There are n voters {1, 2, . . . , n} voting on a set of m alternatives X = {1, 2, . . . ,m}
according to individual preferences. We define each voter’s preference to be an
element o ∈ O≥, the set of partial orders on X. This is defined to be a function
o : X ×X \∆→ {1,−1, 0}, ∆ = {(i, i) | i ∈ X}, such that:

• (Anti-symmetric) o(i, j) = −o(j, i) for all i 6= j.

• (Transitive) If o(i, j) = o(j, k) = 1, then o(i, k) = 1.

3



In this formulation, o(i, j) = 1,−1, or 0 is to be interpreted as the voter preferring i
to j, j to i, or is indifferent between i and j respectively; these pairwise preferences
build up the voter’s overall preference o.

The social choice literature studies social preference functions, i.e. functions
f : On

≥ → O≥ which aggregate n preferences into a single collective preference. Typ-
ically, each problem being studied requires the social preference function to satisfy
some additional properties, such as Pareto and indifference of irrelevant alternatives.
These concepts will resurface in Section 4.4.

There are different variations of this setup which use different domains and
codomains. A common one is studying functions f : On

> → O>, where O> is the
set of total orders on X, defined by the subset of partial orders allowing only strict
preferences and disallowing indifference. One of the benefits of our framework is we
have a mathematically clean way of representing these different cases, which we will
see in Section 4.4.

A common, more visually intuitive reformulation of the preference aggregation
framework is to represent each preference O≥ as a directed graph on |X| = m vertices
corresponding to the alternatives, where we draw a directed edge y → x if and only if
o(x, y) = 1. Not all directed graphs of m alternatives appear as potential preferences;
we define partial order graphs to be the strict subset of graphs that do correspond
to preferences. It is easy to see that partial order graphs are exactly the graphs with
no cycles: any sequence of directed edges of the form

v1 ← v2 ← · · · ← vk ← v1

corresponds to a sequence of pairwise preferences

o(v1, v2) = · · · = o(vk−1, vk) = o(vk, v1) = 1

which violates the transitive property. Thus, one can also think of social preference
functions as aggregating n partial order graphs into another partial order graph. In
the case we only allow strict preferences, we can define total order graphs which are
the subset of partial order graphs that have underlying complete graphs, in which
case social preference functions aggregate n total order graphs into another total
order graph.

The driving force behind our paper is that while the “sets of pairwise prefer-
ences” representation of the preference aggregation framework seems a lot less ex-
pressive than judgment aggregation, this equivalent graphical representation can be
easily generalized to include judgment aggregation. Our proposed generalization in
Section 4 maintains this formulation of the preference aggregation framework; in
Section 4.4 we generalize this idea to cover other frameworks as well.

2.2 The Condorcet paradox

One particular candidate for a social preference function is the followingmajority rule
function: given preferences o1, . . . , on, for all (j, k) ∈ X ×X \∆, define o(j, k) ∈ O>
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to be the majority of oi(j, k) over all i. Then define o to be our aggregate social
preference. Note that usually the number n is considered to be odd to avoid ties.
Thus, o(j, k) are “majority rule” pairwise preferences between alternatives j and k.

Recall here that the Condorcet paradox states that in a given set of votes a
Condorcet winner, i.e. a person who would win a two-candidate election against each
of the other candidates in a plurality vote, will not always exist. This is equivalent to
the fact that, when |X| > 2, a Condorcet cycle, i.e. a cycle involving the people who
would win a two-candidate election against each of the other candidates but some
of the ones involved in the cycle, appears1. That is under majority rule o(j, k) may
not come from a total order o ∈ O>. Formally, this means that the “majority rule”
is not, in general, a valid social preference function, always capable of producing a
rationally consistent “consensus preference”.

Example 2.1. Table 1 shows an example of the Condorcet paradox on 3 alterna-
tives {A,B,C} with 3 voters; note that it suffices to describe 3 out of 6 pairwise
preferences for each voter because the others are determined by anti-symmetry. The

o(A,B) o(B,C) o(C,A)
Voter 1 -1 1 1
Voter 2 1 -1 1
Voter 3 1 1 -1
Majority 1 1 1

Table 1: Table of preferences for the Condorcet paradox.

“majority rule” aggregation then fails transitivity, because o(A,C) should equal 1
from o(A,B) = o(B,C) = 1, but o(C,A) = 1, a contradiction. We can transform
the above into the graphs in Figure 1.

Voter 1 Voter 2 Voter 3 Aggregate

A

BC

A

BC

A

BC

A

BC

Figure 1: Graphical representation of Table 1. Note the aggregate graph contains a
cycle (Condorcet paradox).

1Notice that a cycle is not necessarily a Condorcet cycle, except when only 3 preferences are
given as in the historical example made by Condorcet himself. Indeed a Condorcet winner can exits
even if there is a cycle.
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2.3 The Judgment Aggregation Framework

In the judgment aggregation framework, we have n judges J = {j1, j2, . . . , jn} who
are called to express judgments on a set Ξ = Ξa ∪Ξc of (m+ s) logical propositions,
which is the (disjoint) union of the set Ξa = {P1, . . . , Pm} of atomic propositions
and the set Ξc = {C1, . . . , Cs} of compound propositions. We define a compound
proposition to be a nontrivial (that is, not a constant or atomic) element in the
Boolean algebra generated by logical operations on atomic propositions, such as
P ∧Q, P ∨Q, ¬P → Q, etc. One consequence of a proposition being compound is
that since it is not constant, it is possible to be either True or False, depending on
the atomic propositions’ values.

Atomic propositions generally represent basic facts (i.e. P : the suspect is guilty of
“breaking”; Q: the suspect is guilty of “entering”), compound propositions represent
laws or rules (e.g. P ∧Q: the suspect is guilty of “breaking and entering” when (the
suspect is guilty of “breaking”) and (the suspect is guilty of “entering”) ). A judgment
is logical if and only if given the judgment’s atomic propositions, the value of the
judgment’s compound propositions agrees with the respective rules.

Each judge judges each proposition to be 1 (True) or 0 (False). Formally, each
judge’s judgment is a function2 Ξ→ {0, 1} that assigns a truth value to each propo-
sition. Equivalently, we can think of

J = (Ja||Jc) = (J(P1), . . . , J(Pm), J(C1), . . . , J(Cs))

(the || denotes concatenation) as a vector of length (m + s), with the first m co-
ordinates forming a vector Ja corresponding to atomic propositions and the last s
coordinates forming a vector Jc corresponding to compound propositions.

Similarly to voters aggregating individual “rational” preferences into a societal
choice, we want judges to aggregate individual “logical” judgments into a jury de-
cision. Given a set Ξ of propositions, let UΞ, the logical judgments, be the set of
judgments J where for each 1 ≤ i ≤ s, if Ci ∈ Ξc is determined by the function
Ĉ(P1, . . . , Pm), then J(Ci) = Ĉ(J(P1), J(P2), . . . , J(Pm)) where J(Pi) ∈ {0, 1} de-
note the value of J on proposition Pi. List and Pettit call this property “deductive
closure” as it ensures that the judge’s opinions are internally consistent.

Example 2.2. Suppose we have m = 2 atomic propositions P1 = P and P2 = Q and
s = 1 compound proposition C1 = P∧Q. Let a judge ji have judgment Ji. In order to
simplify notation, we will denote (Ji)a and (Ji)c by Ja,i and Jc,i respectively. Suppose
Ja,i = (0, 0) and Ji is logical, then its value on the unique compound proposition C1

assigned by ji must be Jc,i = (0 ∧ 0) = (0). Thus, the final logical judgment is
Ji = (0, 0, 0).

We remark that, since for any Ja ∈ {0, 1}m there exists one and only one element
Jc ∈ UΞc such that J = (Ja||Jc) ∈ UΞ, this implies that UΞ is isomorphic to {0, 1}m,

2List and Pettit encode judgments using sets of propositions while we use a functions to preserve
coherence with the rest of the paper. The two encodings are equally expressive.
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and can be thought of as vertices of the m-dimensional Hamming cube (as defined
in Section 2.5).

We now define judgment aggregation functions to be functions f : Un
Ξ → UΞ.

These play a similar role to social preference functions in the preference aggregation
framework. Like social preference functions, judgment aggregation functions are also
frequently studied under stronger assumptions (like unanimity). In Section 4.4 we
will explicitly compare the two frameworks.

2.4 The Doctrinal Paradox

Like in preference aggregation, a majority rule seems a natural candidate for ag-
gregation also in the domain of judgments. Majority judgment simply states that
the jury’s judgment on a proposition (either atomic or compound) corresponds to
the judgment held by the majority of judges (juries with an odd number of judges
are often used to avoid ties). The doctrinal paradox was presented in Kornhauser
and Sager (1986) and has some important real life examples such as the famous US
Supreme Court case Arizona vs. Fulminante. It describes the possibility that ma-
jority aggregation on either atomic or derived compound propositions may lead to
different results.

Example 2.3. Consider the following simple example (List, 2012): suppose there
are three judges, N = {1, 2, 3}, and three propositions, Ξ = {P,Q,R}, where P
stands for “the defendant was contractually obliged not to do action W”, Q for “the
defendant did action W”, and R for “the defendant is liable for breach of contract”.
Assume legal doctrine requires that the premises P and Q are jointly necessary and
sufficient for the conclusion R. Suppose that the individual judgments are given
by Table 2. We can immediately notice that majority aggregation on P and Q
produces True for both, and therefore would lead logically to the conclusion that
also R is True. But majority aggregation on R produces False. There is therefore an
inconsistency between the premise-based aggregation and the conclusion-based
aggregation, which is why this phenomenon is called the doctrinal paradox.

P (obligation) Q (action) R (liability)(:⇐⇒ (P ∧Q))
Judge 1 True True True
Judge 2 False True False
Judge 3 True False False
Majority True True False

Table 2: Judgments leading to a doctrinal paradox.
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2.5 Hamming Cube

The preference aggregation framework works on the data of graphs and the judgment
aggregation framework works on the boolean data of logical propositions. As we will
bridge these two ideas, it is useful to recall the Hamming cube, which is a ubiquitous
graph-theoretical object that embeds boolean data.

The (m-dimensional) Hamming cube, also called “binary cube” or “hypercube” in
different contexts, is a graph with 2m vertices where each vertex corresponds to one
of the 2m length-m strings of 0’s and/or 1’s. It has an edge between u and v if and
only if u and v’s labels differ in exactly one index, in which case we say that u and
v have Hamming distance 1.

The general idea is that when we have some preferences in the judgment ag-
gregation framework between judgments of m different propositions, we can think
of that as having preferences between the 2m ways where we simultaneously assign
Truth/False values to all m propositions. We will go into more details on this process
in Section 4.

3 Motivation for a Common Framework

List and Pettit addressed the question of whether the preference aggregation and
the judgment aggregation frameworks can be mapped into each other (List and
Pettit, 2004, pp. 215–220), suggesting some philosophical barriers to embed the
judgment aggregation framework inside the preference aggregation framework. We
argue that adding to the judgment aggregation framework the plausible assumption
of proposition-wise consistency (which List and Pettit discard because it may lead to
incomplete preferences), we avoid the problems they discuss. In this section, we give
motivating examples and the sketch of our framework without too much technical
detail. In Section 4, we formalize our framework mathematically.

3.1 List and Pettit’s Points

List and Pettit compare the judgment aggregation and preference aggregation frame-
works on two different topics. For their first topic, they argued that, when trying to
express judgments as preferences, “each individual’s set of judgments induces only an
incomplete preference ordering over all logically possible sets of judgments... the or-
dering... would be silent on the relative rankings of all other alternatives.” They then
go on to say that “This observation does not imply that a problem of determining
a collective set of judgments can never be interpreted as an appropriate problem of
preference aggregation... But this [a hypothetical attempt] strategy clearly requires
a richer informational basis than the one used by the theorem on the aggregation
of sets of judgments and is therefore unsuitable for mapping the framework of this
theorem into the framework of preferences.” They conclude “We will argue that
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the latter [judgments] is the more promising approach towards connecting the two
frameworks.”

This objection is technically correct for strict preferences, but as we (and much
of social choice theory) work with partial orders, it does not apply to our framework.
In particular, since we allow for indifference between pairs of alternatives, we do
not need to guess too much about the relative rankings of all other alternatives.
In Section 4, we show that judgments can indeed be expressed as (partial order)
preferences, using the language of graphs and only minimal assumptions about the
judge’s “hidden” preferences.

List and Pettit’s second topic is on contrasting the Condorcet and doctrinal para-
doxes. They argue that the two paradoxes are fundamentally different with the
following example:

Example 3.1. In List and Pettit’s model, the underlying assumption is that a
judge with judgment J has some internal total order preference on all the possible
judgments, and any of these are possible as long as the highest choice equals J .
Consider the judgment aggregation problem represented in Table 2. Suppose that
the (total order) preferences of the judges over the possible pairs of judgments on
the questions P and Q are as follows:

1. Judge 1: True-True > False-True > True-False > False-False

2. Judge 2: False-True > True-True > True-False > False-False

3. Judge 3: True-False > False-True > True-True > False-False

Aggregating with majority rule, we get a doctrinal paradox (in the original judg-
ments) but no Condorcet paradox.

Now, suppose the judgments were False-False, False-True, and True-False instead,
and the preferences are:

1. Judge 1: False-False > True-False > False-True > True-True

2. Judge 2: False-True > False-False > True-False > True-True

3. Judge 3: True-False > False-True > False-False > True-True

Again aggregating with majority rule, we get a Condorcet paradox (False-False,
True-False, False-True) but no doctrinal paradox.

We do agree that the two paradoxes are somewhat different, however our proposed
model also addresses this example; our partial orders indeed produce Condorcet
cycles every time we have a doctrinal paradox, as we see in Section 5.2.
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3.2 Multidimensional Preferences

Our graphical approach is inspired by social choice over multidimensional objects,
which has been studied in several papers (see, among others, Kramer (1972),Shepsle
(1979),Denzau and Mackay (1981),Enelow and Hinich (1983)). In more recent years
Marengo and Settepanella (2014) and Amendola and Settepanella (2012) described a
graph based model of a decision process introduced in Marengo and Pasquali (2011)
which resembles the judgment aggregation framework.

Take, for example, the textbook case of a group of 3 friends deciding “what to do
tonight”. The classical social choice / preference aggregation approach would give a
single list of alternatives, such as “restaurant, movies, concert”, but in reality these
are “complex” objects made of several interacting dimensions. Thus, another way to
represent the preferences may be as a vector of “type of food,” “price range,” “time,”
“with whom,” etc. Such elements typically involve non-trivial interdependencies:
for instance, we may have cinematographically-aligned but culinarily-incompatible
friends with whom we like to go to the movies but not to the restaurant.

For this example, define 2 dimensions: “time” and “place.” For each dimension, we
encode our values in {0, 1} (for more complicated examples we can use more choices):
let 0 and 1 encode respectively “8pm” and “10pm” for “time” and let 0 and 1 encode
respectively “restaurant” and “movies” for “place.” This gives us 4 possible choices,
which we can encode as length-2 bitstrings with “time” coming before “place.” If the
friends exclude the 11 option, which is “(10pm, restaurant),” they are left with 3
alternatives {00, 11, 10}. If we give the 3 friends preferences analogous to Example
2.1 then we get Table 3 which is graphically represented in Figure 2, where the rows
correspond to different times and columns correspond to different places.

preferred of {00, 11} preferred of {11, 10} preferred of {00, 10}
Friend 1 11 11 10
Friend 2 00 10 10
Friend 3 00 11 00
Majority 00 11 10

Table 3: Table of preferences for the Condorcet paradox in a multi-dimensional
decision.

3.3 Seeing Judgments Graphically: an Example

Inspired by this approach, we now show an example of how we might want to take
the judgments in Table 2 and convert them into graphs on alternatives encoded by
vertices of the Hamming cube {0, 1}2. This means we must make some choices of
directed edges encoding pairwise preferences between pairs of these vertices. We will
give a more formal definition in Section 4.2; for now, we give a motivating example
of the kind of graph we want to build.
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Voter 1 Voter 2 Voter 3 Aggregate

00

1110

00

1110

00

1110

00

1110

Figure 2: Graphical representation of Table 3. Note we constructed this example to
be similar to Figure 1.

We call the main principle we follow in our construction proposition-wise consis-
tency, i.e. we require that each judge consistently prefers their own choice on each
atomic or compound propositions when the values of the other propositions are fixed3

as in the following example.

Example 3.2. If the judge’s judgment on the atomic propositions (P,Q) were 11
(True-True), then, when choosing between two judgments which differ only by a
single atomic proposition, we assume that the atomic proposition gives the judge a
preference for the judgment which assigns True to it. Thus we want the judge to
have directed edges 01→P 11, 00→P 10, 10→Q 11, 00→Q 01, where the subscripts
denote the edge labels. Moreover, given the value of the compound proposition
R = P ∧ Q, which is True on 11 and False on the other judgments 10, 01, 00, the
judge has directed edges 10 →R 11, 01 →R 11, 00 →R 11. Notice that none of these
propositions give preferences between 10 and 01. Furthermore, notice that there are
2 edges 10 → 11, since both Q and R give “reasons” to prefer 11 to 10. This is one
motivation for having labeled edges.

We stress that these pairwise preferences may clash with each other or create
cycles. For example, if R = P ⊕ Q instead and the judge believes 11, then they
will have edges 00 →P 10 and 10 →R 00. This is fine for us, as what we define
to be “rational” will not be defined by the lack of cycles, rather graphs obtainable
from logical judgments. In our interpretation, we think it is perfectly fine to have
some cognitive dissonance between 10 and 00 as long as we have no such cognitive
dissonance involving 11, our “true” belief; indeed, all directed edges involving 11
point to 11, so 11 is consistently preferred to all other alternatives.

One of List and Pettit’s original objections to the idea of embedding the judgment
framework into the social choice framework is that they found it impossible to get a
total order from the judgment framework. While we do agree on this, the key point
of our objection is that a total order is actually not necessary to get a Condorcet
paradox. We will use a graph-theoretic framework to show this.

3Notice that this has different meaning on atomic and compound propositions. Indeed while
for the atomic ones the values of all other propositions are fixed if and only if we are comparing
vertices with Humming distance 1, for compound propositions this is not necessarily true.
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Judge 1 Judge 2 Judge 3 Aggregate
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R
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Figure 3: The graphs Gi of preferences of judges ji, i = 1, 2, 3 in Table 2 and their ag-
gregated graph (under majority rule). Recall that True and False are encoded by 1 and 0
respectively, so e.g. 01 corresponds to False-True for P and Q. Curved edges labeled R
represent preferences on the compound proposition R = P ∧Q.

Using our principle of proposition-wise consistency, the judgments of judges 1, 2
and 3 in Table 2 corresponds to graphs in Figure 3, that is, for example, 11 > 10
translates in to the edges 10 →Q 11 and 10 →R 11, 10 > 00 becomes the edge
00→P 10 and so on. Aggregation by majority judgment gives rise to a cycle involving
vertices 00, 01 and 11 (False-False, False-True and True-True respectively). This is a
Condorcet cycle which corresponds to the doctrinal paradox in Table 2. In Section 5.2
we will give a more detailed analysis. Our next goal is to show how to build these
graphs formally.

Remark 3.3. Our definition of proposition-wise consistency sounds similar with the
well-known definition of (proposition-wise) independence from judgment aggregation
theory, but they are very different: we are making a choice of how to convert a
single judge’s judgments to preferences so we can embed judgments into a more gen-
eral graph-theoretical framework, whereas proposition-wise independence is a (very
strong) assumption about a judgment aggregation function that says the judgments
corresponding to each proposition must be aggregated the same way. In particular,
our definition makes no assumptions about the existence of a judgment aggregation
function at all. We will revisit independence in Section 4.4 in a different context.

4 The Graph-theoretic Framework
We now present the details of our graph-theoretic framework which allows us to
model both preferences and judgments as graphs:

• Assume that we have n individuals (e.g. voters or judges) and a set of N
alternatives.

• We create a finite set of labels ; the choice of labels depends on context, as we
demonstrate later.
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C //BC
B

A

OO
AC

??

AB

Figure 4: Embedding a preference between 3 alternatives into the graphical frame-
work; note that it is basically identical to the normal visualization, except that the
edges are labeled by the pair of alternatives they represent.

• Each individual’s desires are characterized by a single preference graph, which
is a directed graph.

• The preference graph will have N vertices, one for each alternative.

• Every edge in the preference graph will have exactly one label.

We now show that preferences and judgments can both be embedded within this
framework.

4.1 Embedding Preferences

Our construction is an easy extension of the preference aggregation framework. Given
a preference, we turn it into a preference graph as follows:

1. Recall from Section 2.1 that a preference in the preference aggregation frame-
work with m alternatives corresponds to a partial order graph P (defined in
Section 2.1) with m vertices, which is a directed graph.

2. LetN = m; that is, the vertices in our preference graph are just the alternatives
in the preference aggregation framework setup.

3. Define
(
N
2

)
labels, one for each (unordered) pair of vertices.

4. Label each edge of P with the label corresponding to the pair of vertices.

See Figure 4 for an example. The labels here are not very important, but they do
make a correspondence between the two frameworks explicit; we will see this later
in Section 4.4.

4.2 Embedding Judgments

Recall that Ξ contains atomic propositions Pj, j = 1, . . . ,m and compound propo-
sitions Cj, j = 1, . . . , s. We call the set of all graphs on 2m vertices Gr(m). Given
a (not necessarily logical) judgment J = (Ja||Jc) ∈ {0, 1}m+s, we build a preference
graph GP (J) = (V (J), E(J)) ∈ Gr(m) as follows:

13



1. N = 2m; the alternatives in our preference graph are judgments on the m
propositions. Specifically, V (J) consists of the 2m vertices v ∈ {0, 1}m of
the m-dimensional Hamming cube as defined in Section 2.5. As discussed in
Section 2.3, these correspond to the 2m potential choices of Ja.

2. Define m + s labels, one for each proposition, so the label set is exactly
{P1, . . . , Pm, C1, . . . , Cs}.

3. An edge (v, w) from v to w, v 6= w, is in E(J) if and only if one of the following
occurs:

i) v and w differ only for the value of one entry (in other words, v, w have
Hamming distance 1 in the Hamming cube) i, with Pi(w) = (Ja)i and
Pi(v) 6= (Ja)i.This captures the idea of proposition-wise consistency from
Section 3.3. We call such an edge an atomic edge, and we label it by the
proposition Pi.

ii) Ci(w) = (Jc)i and Ci(v) 6= (Jc)i. We call such an edge a compound edge,
labeled by the proposition Ci.

Remark 4.1. We treat the atomic edges and compound edges differently, which is
mostly a question of taste. We can, for example, make the rules consistent between
the two types by just using rule (ii), though we would get many more edges. The
atomic edges and the associated idea of proposition-wise consistency are meant to
make minimal assumptions about judge preferences between two alternatives which
differ on more than one dimension, so it is less aggressive than, e.g. putting an
atomic edge between two vertices for every dimension in which they differ.

Example 4.2. Reconsider Example 2.3 from Table 2. We have 2 atomic propositions
and 1 compound proposition, for a total of 3 labels. Our map recovers Figure 3.

Example 4.3. Consider now the case where we have two atomic propositions P
and Q and two compound propositions, C1 = P ∧ Q and C2 = P ⊕ Q (recall that
P ⊕ Q is XOR/exclusive-OR; that is, it is true if and only if P or Q are true, but
not both). We still use majority judgment as aggregation, which shows that the
aggregated judgments (for both propositions) are again not logical. The graphical
version of this example can be seen in Figure 5.

In Section 5.1, we will prove that logical judgments must have a “most-preferred
choice” (which we will call global optimum) with no outgoing edges. It is easy to
check that the aggregated graph in Figure 5 have no such vertex.

4.3 Main Structural Theorem

We now give the main structural theorem that formally achieves our original goal
of embedding the judgment framework into the graph-theoretic framework. We de-
note by Gr(m)G = GP ({0, 1}m+s) ⊂ Gr(m) the set of graphs obtainable from any
judgment (even non-logical ones) in {0, 1}m+s via GP .
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Figure 5: Example 4.3, with 2 atomic propositions and 2 compound propositions. For the
sake of simplicity, the labels of the atomic propositions are omitted.

Theorem 4.4. The function GP gives a bijection between {0, 1}m+s and Gr(m)G.

Proof. Suppose G(Ja||Jc) = G1 and G(J ′a||J ′c) = G2. Suppose Ja 6= J ′a, then it is
clear that the set of atomic edges in the graphs are also different. If Jc 6= J ′c, then
there exists some i such that (Jc)i 6= (J ′c)i. Because Ci is nontrivial, we also know
there exist v 6= w ∈ {0, 1}m such that Ci(v) = (Jc)i and Ci(w) = (J ′c)i. Consider
vertices labeled v and w. By the definition of G, we have a Ci-labeled compound
edge w → v in G1 and a Ci-labeled compound edge v → w in G2. Thus the two
graphs must be different if Jc 6= J ′c. We now conclude that if G1 = G2, we must have
Ja = J ′a and Jc = J ′c. Equivalently, GP is one-to-one. Thus, GP gives a bijection
from the domain {0, 1}m+s to its range, which is just Gr(m)G.

Even though we already showed that judgments can be embedded into graphs,
this result is necessary to show that the map from judgments to graphs must be
one-to-one. Otherwise, we may lose information when we convert judgments to
graphs. We have now shown that we can translate judgments completely into graphs
and vice-versa, meaning that we have formally embedded the judgment aggregation
framework into the graph-theoretical framework, which in turn is a slight extension
of the preference aggregation framework.

Remark 4.5. This plain-looking Theorem is very subtly important in the context
of our motivation from Section 3! Recall List and Pettit’s example; the preferences
they extracted from the judgments have very few edges, so few that the cycles were
undetectable (and thus the Condorcet paradox was not visible). This is precisely
a problem that arises when the embedding function is not bijective. List
and Pettit’s translations from judgments to preferences contain too few edges and
thus lost too much information, which makes them not one-to-one. Strictly speaking,
their translations are not even functions, because their approach allows them to pick
among many potential preferences given an input judgment.
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4.4 Unifying Rationality and Other Concepts

We now propose a conceptually clean way of thinking about different sub-frameworks
that formally connects many analogous concepts together. In our proposed model,
each time we study a sub-framework, we choose a specific subset of our graphs to be
called rational, as in the following table:

framework graphs to be defined rational
preferences partial order graphs
judgments GP (UΞ)

strict preferences total order graphs
multidimensional preferences partial order graphs on product set of preferences

This is a simple formalism, but it is conceptually powerful and very flexible. We
can make the set of “rational” graphs as large or as small as we want, depending on
the real-life context. The moment we fix the set of graphs to be called “rational,” we
simply define rational aggregation functions to be functions that aggregate rational
graphs to rational graphs. Thus, social preference functions and judgment aggrega-
tion functions are just rational aggregation functions, under two different choices of
rational graphs. Now that we are working under the same underlying set of functions,
we can see explicitly that certain pairs of concepts between preference aggregations
and judgment aggregations are equivalent. In social choice theory, some commonly
used subsets of social preference functions are:

• (Pareto) A social preference function f is Pareto if the following holds: if for
all 1 ≤ i ≤ n and some x, y we have oi(x, y) = 1, we must also have o(x, y) = 1
where o = f(o1, . . . , on).

• (IIA / Indifference of Irrelevant Alternatives) A social preference function f
has IIA if the following holds: if (o1, . . . , on) and (o∗1, . . . , o

∗
n) are two lists of

preferences in the domain of f and there exist x and y such that for all i,
oi(x, y) = o∗i (x, y), then if o = f(o1, . . . , on) and o∗ = f(o∗1, . . . , o

∗
n), we must

have o(x, y) = o∗(x, y).

In judgment aggregation, we have:

• (Unanimity) A judgment aggregation function f is unanimous if whenever
every judge holds the same judgment, then the latter is also be the aggregate
judgment. Formally: if Ji(P ) = x for all Ji with x ∈ {0, 1}, then J(P ) = x.
Notice that unanimity implies f(J, . . . , J) = J .

• (Propositionwise Independence) As in Dietrich and List (2013), a judgment ag-
gregation function f is propositionwise independent if there exist (m+ s) func-
tions fi : {0, 1}n → {0, 1}, 1 ≤ i ≤ (m+s), such that whenever f(J1, . . . , Jn) =
J , for each i we have

(J)i = fi((J1)i, . . . , (Jn)i).
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This property captures the notion that if judges want to judge whether a de-
fendant committed a specific crime, it suffices to ask all the judges whether the
defendant committed that specific crime (as opposed to also needing judgment
regarding other crimes).

• (Systematicity) As defined in List and Pettit (2002), a judgment aggregation
function f has systematicity if there exists a single function f̃ : {0, 1}n → {0, 1}
such that whenever f(J1, . . . , Jn) = J , for each i we have

(J)i = f̃((J1)i, . . . , (Jn)i).

In particular, note that systematicity is a special case of propositionwise inde-
pendence.

It is not difficult to check that in each row in the following table, the left prop-
erty (from the social choice framework) and the right property (from the judgment
aggregation framework) correspond to the same property under the graph-theoretic
framework (on the corresponding different notions of rational graphs).

social choice judgment aggregation
Pareto unanimity
IIA propositionwise-independence

majority rule majority judgment

Of particular interest is the correspondence between majority rule vs. majority
judgment, which we make more explicit in Section 5.2.

Finally, we can generalize concepts from one of the frameworks to the general
framework; we give a couple of short examples, using the judgment aggregation
framework. For a label L and an edge-labeled graph G, let l(G,L) be the subgraph
of G consisting of edges of label L. We then obtain two more corollaries that translate
the judgment aggregation concepts of propositionwise independence and systematicity
into our more general framework, so we can apply them to e.g. preference aggregation
or any other subframework after we choose the rational graphs. We have the two
following Corollaries of Theorem 4.4

Corollary 4.6. A rational aggregation function f is propositionwise independent
if and only if there exist functions {fL}, one for each label L, such that whenever
f(G1

P , . . . , G
n
P ) = GP for preference graphs G1

P , . . . G
n
P , for each label L,

fL(l(G1
P , L), . . . , l(Gn

P , L)) = l(GP , L).

Corollary 4.7. A rational aggregation function f is systematic if and only if is
propositionwise independent and there exists a function f̃ such that fL = f̃ for any
label L.

The proofs of these observations are rather trivial (which is a positive sign for
the naturality of the framework), so we omit them.
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5 Further Applications

5.1 Visualizing Logical Consistency with Graphs

One of our original goals is showing that we can apply ideas from social choice theory
to judgment aggregation, even though judgment aggregation is typically considered
more general. We now show another way to use our core idea that is much less intu-
itive than our analogies so far. In particular, we are using the idea behind some recent
results concerning local and global optima in social choice among multi-dimensional
alternatives (Marengo and Settepanella, 2014; Amendola and Settepanella, 2012;
Amendola et al., 2015).

A global optimum of a graph G = (V,E) is a vertex v ∈ V such that:

i) for all w ∈ V there exists a path w → v, i.e. a sequence of edges
(w, v1), (v1, v2), . . . , (vn, v) ∈ E, and

ii) for all w ∈ V , (v, w) /∈ E.

Note that property ii) implies that a global optimum, if it exists, is unique.
Now, it turns out that the above purely graph-theoretical notion of global opti-

mum can be used to check logical consistency of judgments:

Theorem 5.1. A judgment J = (Ja||Jc) ∈ {0, 1}m+s is logical (that is, J ∈ UΞ) if
and only if its associated graph GP (J) has a global optimum (in which case it must
be the vertex Ja).

Proof. Assume J is logical. Let v = Ja be the vertex corresponding to the atomic
judgment part Ja of J = (Ja, Jc). For any other vertex w, by the construction of
the graph, if we have an edge from v into w, by the rules of the graph construction
we must have w disagree with v (resp. Ci(w) disagree with Ci(v)) on an atomic
(resp. compound) proposition on which w agrees with Ja (resp. Ci(w) agrees with
Jc), which is impossible because v corresponds to Ja (resp. Ci(v) agrees with (Jc)i
because J is logical). Furthermore, at least one path will always exist from any
w 6= v to v via atomic edges: simply change the atomic propositions one at a time.
Thus, v = Ja is a global optimum.

Now, suppose J is not logical. This means that there is some i such that Ci(Ja) 6=
(Jc)i. Suppose GP has a global optimum v. By the atomic edges, we must have
v = Ja. This means Ci(v) 6= (Jc)i. Because Ci is nontrivial, there must be some
w ∈ {0, 1}m such that Ci(w) = (Jc)i. Thus, we have a Ci-labeled compound edge
from v to w, which gives a contradiction. Therefore, GP has no global optimum.

Theorem 4.4 allows us to visualize judgment aggregation over graphs instead of
over tables of True/False values. Theorem 5.1 makes such a perspective even more
useful, because we are showing that the visually intuitive idea of global optima can
be used to check the “algebraic” idea of logical consistency.
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5.2 Doctrinal vs Condorcet Paradoxes

We finish by comparing the Condorcet and the doctrinal paradoxes. List and Pettit
(2004) contrast the two paradoxes under the lens of May’s Theorem (May, 1952);
they present both the Condorcet and the doctrinal paradoxes as violations of May’s
Theorem when extended beyond its assumptions. In particular, they present the
Condorcet paradox as deriving from violations of May’s Theorem when we allow
for more than two alternatives, and the doctrinal paradox when we allow for com-
pound propositions. To add to this very interesting perspective, we now examine the
paradoxes through the lens of our framework and make some new observations.

First, we formally define the majority graph-aggregation rule as the following
function on n-tuples of preference graphs: f(G1, . . . , Gn) = G, where:

• We assume that n is odd (for the sake of avoiding the tie case in judgment
aggregation);

• V (G) = V (G1) = · · · = V (Gn);

• for every pair of vertices (v, w) and label L, count the number of times x that
(v, w) appears as an L-labeled edge among the n graphs Gi and the number of
times y that (w, v) appears as an L-labeled edge among the Gi. Then place an
L-labeled edge (v, w) in G if x > y, (w, v) if x < y, and no edge otherwise.

We now show that this rule specializes to the majority aggregation functions in
both frameworks:

• for majority rule in the preference aggregation framework, recall that it is
essentially just the special case of the graph-theoretic framework where rational
preference graphs are total order graphs. Thus, the majority rule simply checks
if there are more directed edges (v, w) or (w, v), which makes it a special case
of the majority graph-aggregation rule;

• for majority rule in the judgment aggregation framework, when translated to
preference graphs as explained in Section 4, we see that for each (either atomic
or compound) proposition P , there are exactly two cases for all the P -labeled
edges, with all the edges pointing in one direction if the judgment is P =
True and in the other direction if the judgment is P = False. The majority
judgment then labels all such edges in the direction which appears more than
n/2 times (with ties not possible since n is odd). This is also exactly what the
majority graph-aggregation rule does.

We see that both paradoxes indeed happen through the majority graph-aggregation
rule. See Figure 6:

• In the preference aggregation framework, recall Example 2.1, where 3 prefer-
ences form a cycle when aggregated under majority rule. The rational (total
order graphs) preference graphs in this framework cannot contain Condorcet
cycles, so the Condorcet paradox happens.
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• In the judgment aggregation framework, recall Example 2.3, recast in our
graph-theoretic framework. Note that the (resp. atomic, compound) edges be-
tween (resp.) {00, 01}, {01, 11}, and {00, 11} from the judgment-aggregation
example have the same orientations as the edges between (resp.) {A,C},
{C,B}, and {A,B} from the preference aggregation example, meaning the
aggregated graph has a cycle there as well. Thus, {00, 01, 11} cannot be global
optima. Since 10 is not a global optimum either, we have no global optima. The
rational (judgments) preference graphs in this framework must have a global
optimum, so the doctrinal paradox happens.
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Figure 6: Combining the graphs from Example 2.1 (above) and Example 2.3 (below).
Contrast the edges between A,B,C in the top graphs and the double-arrowed edges between
00, 11, 01 in the bottom graphs. To make the graph more readable, we omitted all labels
except those of compound propositions.

We are of course not proposing that “both paradoxes involve cycles” is a new
insight; that is a natural intuition for practitioners of both frameworks to have. The
main idea here is that the paradoxes appear with the same explicit graph-aggregation
rule on the same type (graphs) of objects, for “mostly” identical reasons.

We now more explicitly contrast the two paradoxes in search for a bit more of
insight. First, recall that “rationality” corresponds to different conditions for the
two frameworks. This is why we had to explicitly check vertex 10 in the judgment
aggregation case above, as having a cycle (the preference framework’s “rationality”)
only rules out the vertices in that specific cycle being global optima, and so does
not immediately give logical inconsistency (the judgment framework’s “rationality”).
Then, if we intend the Condorcet paradox for judgments as the fact that in a judg-
ment a Condorcet winner will not always exist, there’s a sense in which the doctrinal
paradox is “stronger” than the Condorcet paradox for judgments, in the following
manner:
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Theorem 5.2. Suppose we use the majority graph-aggregation rule on judgments
inside the graph-theoretical framework. Then if we get a doctrinal paradox, we must
have a Condorcet paradox as well.

Proof. Since G is not logical, Theorem 5.1 tells us it has no global optimum. On the
other hand, by definition ( see Subsection 2.2 ), a Condorcet winner v is a global
optimum since for any vertex w there is an edge (w, v) ( and hence a path ) and no
edges of the form (v, w). Hence if no global optimum exists, no Condorcet winner
exists.

This is a somewhat “obvious” theorem mathematically, though it gives us a sat-
isfactory philosophical resolution to one of our original motivating puzzles: if we are
saying that a doctrinal paradox is a strictly stronger requirement than a Condorcet
paradox, then how come List-Pettit had a pair of “incomparable” examples in Ex-
ample 3.1? Let us end with observations on both examples through our perspective:

• for the example with Condorcet but no doctrinal paradox, our interpretation
is: “there is a cycle, but that does not imply irrationality of judgments because
the rationality of judgments have a looser requirement.”

• for the example with doctrinal but no Condorcet paradox, our interpretation
is: “this example must fail proposition-wise consistency, because otherwise all
doctrinal paradoxes should lead to the existence of cycles.” Indeed, the original
example does not assume proposition-wise consistency; Judge 2, for example,
prefers True-False to False-False, even though they actually believe the first
proposition to be False, and switching their first judgment to False gains noth-
ing else (the compound proposition remains False). So while this example is
technically possible in a framework more general than ours, it seems fairly
irrational.

It is a good sign that our framework allows us to notice nuances like this!

6 Conclusions

In this work, we have presented a graph-theoretic framework as a simple generaliza-
tion of the classical preference aggregation (social choice) framework; namely, we just
define different subsets of graphs to be “rational” and label the edges. We stress that
using graph theory to analyze preference aggregation is not new, but our additions
make the framework expressive enough to include judgment aggregation, which is
usually considered to be a richer framework than preference aggregation. In order to
include judgment aggregation in a graph-theoretic framework, we used proposition-
wise consistency. This intuition allowed us to perform such inclusion without any
assumption on judgment aggregation functions and hence keeping intact all the main
results and conclusions of judgment aggregation theory.
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As one of our main applications, we show in Theorem 5.1 that we can apply
the preference aggregation framework concept of global optima to thinking about
judgment aggregation, which is a new way of looking at judgments. This allows an
improvement upon a vague intuition that “cycles” from the preference aggregation
framework are analogous to “logical inconsistency” from the judgment aggregation
framework, because in our framework the doctrinal and the Condorcet paradoxes ex-
plicitly come from the application of the same (graph-theoretic) majority aggregation
rule. Furthermore, we were able to offer a much more careful comparison between
the two paradoxes that produced new perspectives including a different conclusion
of their “comparability” from List and Pettit (2004), though we think that both
perspectives offer valuable insights.

Our simple idea that these frameworks come down to (a priori arbitrarily) picking
which graphs are “rational” is surprisingly useful. One clear example is the classical
idea of changing between partial orders and total orders to account for indifference
(or not). The other, more novel, example is the perspective that we can think
of judgments as a preference with a “relaxed” concept of rationality to
possibly even allow cycles, as long as we are in GP (UΞ) and thus have a
global optimum. This subtle difference allows us to pin down our nagging feeling
of “similar but not quite the same” idea that is always present when comparing the
two fields, thanks to our framework. In fact, we think this is the very feeling that
motivated not just us, but also List and Pettit and many others, to compare the two
frameworks.

The main takeaway is that we think it is very valuable to think of judg-
ments graphically, like preferences. As both the preference aggregation and
judgment aggregation frameworks have been developing largely separately, we hope
that this unified view leads to applications going in both directions. Some ideas
include:

• Impossibility Theorems in Judgment Aggregation: following up on List and
Pettit’s impossibility theorem (List and Pettit, 2002), a series of work by Di-
etrich and List (Dietrich and List, 2007a,b, 2013) have proved an increasingly
strong list of impossibility theorems about propositionwise independent judg-
ment aggregation. Are there obvious generalizations to the graph-theoretic
framework? If so, what do they mean for the classical preference aggregation
framework?

• Arrow’s Theorem: List and Pettit compare and contrast their impossibility the-
orem in the judgment aggregation framework with Arrow’s Theorem in social
choice (List and Pettit, 2004). The third author of this paper has an upcoming
work (Zhang, 2018) on an analogue of Arrow’s Theorem under the doctrinal
framework. Possibly the correct generalization of both theorems would be a
visually intuitive one in the graph-theoretic framework.

• Social choice on complex multidimensional objects: as already mentioned, one
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of the interesting properties of our graph-theoretic framework is that it nat-
urally deals with choices on multidimensional alternatives and this enables to
encompass the judgment aggregation problem which is inherently multidimen-
sional. Multidimensional social choice has been studied both in many contexts
and with different methods (Kramer, 1972) and recently has been analyzed
with a graph-theoretic model similar to the one presented in this paper (Amen-
dola and Settepanella, 2012; Marengo and Settepanella, 2014; Amendola et al.,
2015), which has produced a series of analytical results on the properties of
aggregation and, in particular, on the likelihood to find (and avoid) cycles and
on the existence of multiple or unique equilibria. The extension of such results
to judgment aggregation seems particularly promising.
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