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1 Introduction

More and more aspects of four-dimensional N'=4 SYM in the planar limit have been re-
vealed to be deeply connected to physics in two dimensions. On the one hand the AdS/CFT
correspondence [1] relates its strong coupling limit to a superstring theory defined on a two-
dimensional worldsheet. On the other hand an increasing number of quantities of N' = 4
SYM have been shown to be computable at any coupling via a description in terms of an
integrable spin chain [2, 3].

A corner of this big picture which we will focus on in this paper is the integrability
of the twist-two operators of planar A’ = 4 SYM. They belong to the sl(2) sector of the
single trace operators of the theory and in the large spin limit their anomalous dimensions
are fully determined by a set of asymptotic Bethe Ansatz (ABA) equations [4, 5]. In the
strong coupling regime, via the AdS/CFT correspondence, such twist-two operators are
conjectured to be dual to a folded string spinning around its center of mass in AdSs C
AdSs [6, 7], whose large spin limit is a fairly simple string solution, amenable of detailed
analyses.

One equivalent and fruitful way of describing this system is the light-cone gauge-fixed
Lagrangian of the AdSs x S° string sigma model [8, 9] expanded around the null cusp
background [10]. From the quadratic part of the Lagriangian it is possible to read out
the spectrum of the excitations of the model at infinite coupling. These are a mass /2
complex scalar x, a mass 2 scalar ¢, 8 mass 1 fermions and five massless scalars. This
spectrum is in partial agreement with the degrees of freedom of the Bethe equations valid
at any coupling, with discrepancies connected to the nonperturbative dynamics of the O(6)
sigma model emerging at strong coupling in the Alday-Maldacena limit [11]. Nevertheless,
the light-cone gauge-fixed Lagrangian can be taken as the starting point for performing
perturbation theory and computing quantities of interest at strong coupling. In particular,
the light-cone gauge choice makes the Feynman rules fairly simple, so that this Lagrangian
is suitable for computing quantum corrections. This approach has been applied to the study
of the free energy of the theory [10] which is dual to the anomalous dimension of a cusped
light-like Wilson line in planar N = 4 SYM at strong coupling. Such a computation has
been pushed to two-loop order and agrees with the ABA prediction [12] providing one of
the most spectacular mutual tests of integrability at strong coupling and of the AdS/CFT
correspondence (see also [13-15]).

The ABA also allows to compute the momentum of the excitations of the GKP string,
and consequently determine their dispersion relations to all orders. Again, these predictions
from integrability were compared at next-to-leading order at strong coupling by computing
the two-point functions of the worldsheet excitations. Interestingly, as mentioned above,
the agreement in this case is only partial and the reasons for the mismatches were clarified
in [16]. In particular it was shown that perturbation theory within this model can fail
to produce sensible results for particular quantities, due to the onset of nonperturbative
effects.

We flash that a similar ABA description also exists for the AdS, x CP? GKP string [17,
18], dual to the large spin limit of twist-one operators of the ABJM superconformal model



in three dimensions [19]. In this context, starting from the AdSs x CP? light-cone gauge-
fixed Lagrangian [20-22], a parallel computation of the cusp anomalous dimension at two-
loops [23], and of the two-point functions at one loop [24] has been carried out.

Integrability is able to provide further fundamental data for solving the GKP string,
namely the exact S-matrix for its excitations [18, 25, 26]. This object is interesting per
se, since it encloses the dynamics of the model, and additional relevance comes from its
remarkable relation to scattering amplitudes of planar N' = 4 SYM. The starting point
for building this bridge is a light-like Wilson loop in a conformal gauge theory. One can
perform an OPE decomposition of it by selecting two light-like edges, cutting the Wilson
loop across them into a bottom and a top part and inserting a basis of eigenstates in the
cut [27, 28]. The latter are interpreted as the excitations of the color flux-tube stretching
between two null lines. The OPE expansion is then taken by sending to infinity the flux-
tube time conjugate to the energy of the excitations. In space-time, this corresponds to
flattening the bottom side of the loop, which is in turn equivalent to a multicollinear
limit in dual kinematics [27, 28]. A generic polygon is fully reconstructed from the OPE
decomposition by repeatedly performing the procedure sketched above. This is achieved by
dividing the polygon into elementary squares and considering how excitations propagate
between two adjacent squares, forming a pentagon, from the bottom to the top edge [29].
The central object enclosing the dynamics of this process has been dubbed the pentagon
transition. The remarkable feature of planar N’ = 4 SYM is two-fold. On the one hand
in this theory the flux-tube excitations are the same as those of the GKP string and their
dynamics is completely determined at any coupling by integrability. In particular, the
pentagon transitions emerge as ratios of GKP string S-matrix elements. On the other
hand null Wilson loops in /' =4 SYM are dual to scattering amplitudes [30-33], offering
the unprecedented possibility of evaluating the S-matrix of an interacting four dimensional
theory at any coupling. In fact this approach has been applied to and tested against a
variety of scattering processes, both at weak and strong coupling [34-40]. In conclusion
there exists a tight interplay between the (flux-tube) S-matrix of the GKP string two-
dimensional model and that of the four-dimensional planar A/ = 4 SYM.

Recently, the S-matrix for the GKP string has been thoroughly studied using the
ABA in [25, 26]. This allows to write expressions for its elements, valid at any order. In
particular their expansion at strong coupling in the perturbative regime has been spelled
out, which is amenable of perturbative checks. The aim of this paper is to perform such tests
by comparing these integrability based results to the amplitudes which can be computed
perturbatively from the light-cone gauge AdSs; x S° sigma model lagrangian. We start by
reviewing the action expanded around the cusp background and its Feynman rules. Next
we detail the computation of several S-matrix elements between the particles of the model.
We find that, as long as massless modes do not enter the computation, the results are
trustworthy and exhibit perfect agreement with the integrability predictions. In order to
make this manifest we express both results in terms of hyperbolic rapidities to allow for
comparison.

All other amplitudes, namely that for two fermions and all those with massless scalars
as external states, turn out to be troublesome, as might have been expected from the
findings of [16, 41]. In section 6 we comment more extensively on fermion-fermion scattering



and propose a trick (though biased by rather strong assumptions) to compute the scalar
factor evading the problematic part of the perturbative computation.

In the last section, as a further check of integrability, we analyse some processes in-
volving six particles in the massive scalar sector of the excitations, namely the scattering
of gluons of same helicity and mesons. These are four possible processes and we verify in
all cases that there is no particle production and the S-matrix factorizes. Here we antici-
pate that the cancellation of the various diagrams in a generic kinematic configuration is
considerably more intricate and stunning than the BMN case [42] due to the presence of

cubic and quintic interactions.

2 The light-cone gauge action

We work with the light-cone gauge euclidean action of the AdSs x S® sigma model expanded
around the cusp background of [41]. We use the version with fermions cast into the Dirac

=T fa [ e /s o)
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where T is the string tension in terms of the N' = 4 ’t Hooft coupling A and
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and Ag = 0s — 1. The pf-\;[ matrices are the off-diagonal blocks of 6d gamma matrices in
chiral representation (see appendix A). (pMN)ij = (p[MpTN})ij and (pMN)ij = (pﬂMpN])ij
are the SO(6) Lorentz matrices.

The Dirac form [16] is achieved from the action of [41], by packaging the n and 6
fermions appearing in the latter into Dirac two-component spinors as follows

v ((p*)ijy) ol = (.67 (°)50) i=1,...4 (24)
6) Y
The gamma matrices are
W =—o ~v* = o3 (2.5)
and 1) = 1T+t as usual. The projectors appearing in the Lagrangian are defined as I =
3 (¥ £7%), where J is the 2 x 2 identity matrix.



Expanding in the fields at second order
Lo = 000000 +4¢° + 001 0ar™ + 223" + 0oy Oay® + 2i1h; (J + ) o' (2.6)
the spectrum of excitations of the model is inferred, which consists of:

e a mass v/2 complex scalar x, which together with its complex conjugate represents
the insertion of a positive and negative helicity gluon on the GKP vacuum.

e a mass 2 scalar ¢ which from the point of view of the GKP integrable model does
not represent an elementary excitation at finite coupling, but is rather interpreted
as a composite two-fermion virtual state [35, 43]. The fact that this object is not a
proper asymptotic state of the theory renders the computation of matrix elements
thereof rather meaningless. Nevertheless, it was argued in [26] that at strictly infinite
coupling the ¢ scalars ought to be interpreted as real physical bosons, which were
baptised mesons by the authors. We adopt here this interpretation and nomenclature
and compute their S-matrix elements at first order at strong coupling.

e 5 massless scalars y*, a = 1,...5, which are the would-be Goldstone bosons orig-
inating from spontaneously breaking the original SO(6) invariance of the action to
SO(5), which in turn is due to selecting a particular point in S® for the cusp vac-
uum. As already clarified in the literature, the SO(6) symmetry is restored by the
onset of nonperturbative effects, which consequently provide an exponentially small
mass for these scalars. This is captured by the full description of the excitations of
the GKP string from integrability, where these scalars represent holes in the GKP
vacuum. However these phenomena are not visible in a perturbative approach from
the action (2.1). Moreover the interactions of the massless scalars in (2.1) trigger the
emergence of IR divergences in loop computations (or even unphysical 1/0 singular-
ities for amplitudes at tree level) which make the perturbative expansion ill-defined
and cast doubts on its validity. As a consequence, we anticipate that amplitudes in-
volving massless scalars are likely to produce incorrect results. At best the S-matrix
elements are just not comparable to those of the ABA approach and violate its un-
derlying SU(4) symmetry, in the worst case scenario they are ill-defined. We discuss
this point further in section 6.

e 4 mass 1 Dirac fermions 1’ (1#;[), i =1,...4, transforming in the 4 (4) representation
of SU(4), which are mapped to insertions of fermionic excitations on the GKP vac-
uum. The fermions are in perfect correspondence with the degrees of freedom of the
ABA description. In particular they form multiplets of its SU(4) symmetry. However,
it is clear that the interaction terms in the Lagrangian (2.2) break this symmetry.t
This occurs for instance in the coupling with the massless scalars. Therefore one
can foresee that problems might occur computing amplitudes of fermions whenever
SU(4) breaking interactions undermine the invariance of scattering processes under
this expected symmetry.

!Notice that the Lagrangian (2.2) is SU(4) invariant, however it does not admit a trivial vacuum and
one has to break the SU(4) symmetry as in (2.3) to obtain a well defined perturbative expansion.



In this paper we analyse the 2 — 2 tree level scattering of such particles, by computing
them with Feynman diagrams. The Feynman rules are as follows. From the quadratic
action (2.6) we derive the propagators

@ (p) = — — = — L
(Bp)$(~p)) = . SRR

(W ()Y’ (—p)) = o _ 22(;:21’

(W' (p)s(—p)) = > _ 219227;1“; :

with the notation we use for drawing Feynman diagrams throughout the article. Interaction
vertices are given by —% those appearing in the Lagrangian giving rise to a consistent
expansion in the effective coupling 1. They are listed in appendix B for completeness.

We assign momenta p; and ps to the incoming scattering particles and p} and p), to
the outgoing ones. Their components are

pi = (€i; py) (2.7)

with imaginary energy in the euclidean. On-shell, we parameterize the momenta of massive
particles with hyperbolic rapidities as

pi = my (i cosh 0;,sinh 6;) (2.8)

There are in general two solutions to the momentum conservation constraints with rela-
tivistic particles: the first is forward scattering pj = p1, p), = p2, the second is backward
scattering which for particles of equal mass reads p| = pa, p) = pi1, and for different
masses has a complicated solution. Integrability predicts that backward scattering should
be absent, which is a statement we also want to verify directly.

Solving the momentum conservation § functions produces a Jacobian

1
J=—— 2.9
4 (€2p1 - €1p2) ( )

which we have to add to the amplitude. Fermionic external states yield the polarization

1 e
U(p)zﬁ (p_i> (2.10)

Since we will not scatter antifermions, u(p) and its conjugate

Dirac spinors

I~

(p) =—F4=(+i,—e) (2.11)
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z(p1) z(py) z(p1) z(ph)

> T e a

— —~ — \

z(p2) (ph) z(p2) (ph)
Figure 1. Tree-level diagrams for xax — xx scattering. The exchanged particle is the ¢ scalar.

are the only polarization spinors needed. Note that the sign of e changes, according to its
imaginary nature. The normalization comes in such a way that

a(p)u(p) = 2im = 2i (2.12)
The action we use contains an overall factor % = % = ¢.2 In order to have a standard

form for the kinetic terms, we normalize each particle in the initial and final states with
a factor N = 1/4/2g, apart from the z, x* scalars whose kinetic terms is off by an extra
factor of 2 and are thus normalized with N, = 1/,/g.

Therefore the S-matrix elements read

NPN3
4 (eapy — e1pg)

and we compute A(pi,p2) with Feynman diagrams. With the Feynman rules outlined

S(p1,p2) =1 — A(p1,p2) +O0(g7?) (2.13)

above each interaction vertex has a power of the coupling, whereas propagators introduce
an inverse power. Then it is straightforward to see that at tree level A is of order g and

therefore S scales as g~ !.

3 Scattering of gluons

3.1 Same helicity scattering

We start considering scattering of two transverse gauge excitations of the same helicity
xx — xx. Since the particles are identical, we can restrict to, e.g., the forward solution to
the momentum conservation conditions, and sum the diagrams in figure 1, which correspond
to the t- and w-channel exchange of a mass 2 scalar. Using our euclidean action, the
amplitude evaluates

1 1

A% (py1,p2) =8g (pT+1) (p3+1) <4 + (]'%—292)24-4> +0(g%) (3.1)

where the two terms in the parenthesis come from the ¢- and u-channels of the diagrams
in figure 1, respectively. Hence the total S-matrix element reads
2 (pf+1) (P8 +1) (1 —p2)* +8

S99 (p1,p2) =1~ ~
( ) g 4(e2py —e1py) (p1—p2)* +4

+0(g7 % (3.2)

N
227"

*Note the different convention for the coupling with respect to [26], where g =



z(p1) z(py) z(p1) z(ph)
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z*(p2) z*(ph) z*(p2) z*(ps)

Figure 2. Tree-level diagrams for za* — xa™ scattering. The exchanged particle is the ¢ scalar.

which can be written in terms of hyperbolic rapidities as

i cosh 20, cosh 26, cosh? @

99 =1 -2 :
59961, 02) +5 b 206 —6y) +0(g77) (3.3)

3.2 Opposite helicity scattering

We now turn to the scattering of two transverse gauge excitations with opposite helicity
xx® — xat.

The tree-level amplitude is given by the sum of the diagrams in figure 2.

We begin considering forward scattering, where the particles do not exchange their
momenta. This gives the tree level amplitude

. 1 1
A% (p1,paip1.p2) =8¢ (pi +1) (p3 +1) ( +

0
) HO 0

where the notation stresses the forward kinematic configuration. In hyperbolic rapidities
this leads to the expression

* i cosh 26, cosh 20, tanh 1592 -
S99 (01,02;01,02) =1+ — 2 Ofa-2 5=
(01,0001, 02) + p cosh (6 — ) +0(g7) (3.5)

In the backward scattering kinematic configuration, interestingly, the two tree-level
diagrams of figure 2 cancel exactly leaving a vanishing result

* 1 1
A9 (p1,pa; o, p1) = 8g (p? +1) (p3 +1 ( + ):0 3.6
(p1,p2; P2, 1) 9 (P1 ) (p2 ) (pr+p2)2+4  (pr—p2)?+4 (3.6)

where the last equality follows from the identity
(p1+p2)’+4=—(p1 —p2)> —4 (3.7)
which holds for mass v/2 particles.

3.3 Comparison to integrability results

We compare the results obtained for gluon scattering from the string sigma model with
the predictions from the ABA. For the same helicity process, to lowest order in the strong



coupling expansion, the integrability result reads

1 1
1 1/1+ur 1—u2\4 1 /14w 1—-ug\ 4
S99(uy, lig) = 14 ———— <1+ ( + Uy uz) Lt ( + Uy m) —1—(’)(972)

2¢g(uy — ug) 2\1—a; 1+ 1o 2 \1—u; 1+ us
(3.8)
in terms of (rescaled: w; = 12‘—;) Bethe rapidities, which can be mapped to hyperbolic
ones using
i; = tanh 26; (3.9)

to lowest order in the strong perturbative regime. This gives [25]

; < 1 cosh 26 cosh 204

99 _ ! )
S%(01,62) =1+ J/2¢ \tanh 26, — tanh 20, | 2sinh (6, — 6y) >+O(g ) (310)

which coincides with the perturbative result (3.3).
For opposite helicities, the result (3.5) for forward kinematics can be directly compared
to that quoted in [26]

n 1 1 n cosh 201 cosh 265
V2¢ tanh 207 — tanh 260, 2sinh (61 — 6)

599°(01,60) = 1 ) +0(g7?)  (3.11)

showing agreement. In addition, we remark that integrability predicts the ratio between
the S-matrices for same helicity and opposite helicity in terms of Bethe rapidities [34]

Sgg(ul,uQ) Ul — U2 +1

* - . 3.12
S99% (uy,uz)  up —ug — i (3.12)
This statement holds non-trivially at all orders. Rescaling rapidities as u; — 2gu; and
expanding it at first order in perturbation theory for large g, we can appreciate that it has
the simple translation in terms of external momenta

Sgg(ﬂl,ﬂg) 8 1

— -+ 0O(g? 3.13
S99" (1, Ug) ch(pl +p2)? 44 (97) (3.13)

which comes precisely from subtracting the dynamical factors of the amplitudes (3.1)
and (3.4), using again the kinematic identity (3.7).

The integrability results also predict that backward scattering is absent in this process,
to all orders. With (3.6) we are able to test this prediction at lowest order in perturbation
theory at strong coupling.

4 Scattering of gluons with other particles

In this section we compute the amplitudes for scattering of a gluon with a different particle,
which might be a fermion, a massless scalar or a meson which, as mentioned, we identify
with the mass 2 scalar ¢ in the spectrum of the string excitations. Anticipating that
amplitudes involving the massless scalars are troublesome, we restrict our attention here
to scattering of massive excitations only and defer the discussion on y scalars to section 6.
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N \ / Ve
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z(p1) z(ph) z(p1) z(ph)
\ /

\ {
(p2) B(ps)

B(p2) o(ph)

Figure 3. Tree-level diagrams for x¢ — x¢ scattering.

4.1 Gluon-meson scattering

This process can be computed through the Feynman diagrams shown in figure 3.
The amplitude evaluates in general
(ip; + 1)(=ipy +1)

AM (py, pa; ph, ph) = — 4 o ,)2+4 (—eaeh + €5 + €5 + paph — p3 — D) +

8

Epﬁl : p‘; " 21] (ipy + 1)(—ip} + 1)+
[
(

L8 (P1

T +21] (ipy+1)(—ip) +1) —8(ip; + 1) (—ip) +1)+ O(¢")

(4.1)

For forward scattering the amplitude takes the form

81+ (p1 —py)?]  8[L+ (py +Dy)?]
AIM (1 po) =29 (14p3) [ -8 — €3 + p3 + +0(g"
(pl p2) g( pl) ( €9 P2 2+ (pl _p2)2 2+ (pl +p2)2 (g )

(4.2)
leading to the S-matrix element

o cosh 260 sinh 2605 cosh (0, — 03)
V24 cosh 2(6, — 62)

The second solution to the momentum conservation § functions has an unpleasant form

SIM(9y,0,) =1 +0(97?) (4.3)

which produces a nasty expression for the amplitude (4.1) in this regime. Nevertheless this
simplifies to 0, showing that the scattering is reflectionless.

,10,
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z(p2) z(ph) x(p2) z(ph)

Figure 4. Tree-level diagrams for Yx — 1z scattering.

N

* *

z*(p2) z*(ph) z*(p2) ¥ (ph)

Figure 5. Tree-level diagrams for ¢¥x* — 1zx* scattering.

4.2 Gluon-fermion

We turn to scattering between a gluon of positive /negative helicity with a fermion. We start
with the process Yz — 1z, whose relevant Feynman diagrams are displayed in figure 4.
The algebra of the two diagrams gives (each line comes from a different graph)

(ipy — 1)(—ipy — 1)
(p1 —p))?2+4
u(py) (ipa — 1)(—ipy — 1) + O(g°)
(4.4)

_l’_

AT9(py, pas ph, ph) = — 8igu(p) [(—ip) — )Ty + (ipy — 1)II-] u(p1)

Hjm*ﬁ>%

.y
_8Zgu(pl) (p1+p2)2+1 H"r

which summed and evaluated for forward kinematics with hyperbolic rapidities gives the

simple result

; h 20, sinh 260
S79(0y,05) =1 — L SO L 0?2 45
(61,62) 49 14 /2 cosh (6; — ) &™) (4:5)

As before, the evaluation of the expression for the amplitude in backward kinematics is

more complicated but eventually vanishes.

Considering the process Ya* — yYz*, we evaluate the Feynamn diagrams of figure 5.
The first gives the same contribution as for the first diagram of figure 4, spelled out in the
first line of (4.4), whereas the second differs and is given by the expression

U] — K

Tpr =gy + 1 [ ulpy) lip2 = D(=ipy —1) (4.6)

— 8igu(p)

— 11 —



The combination of the two terms in forward kinematics is such that only a relative sign
changes with respect to the previous result (4.5)
i cosh 2605 sinh 20,

S579(0,,605) =1 — — +0(g7? 4.7
(1 2) 49 —1+\/§C08h(91—92) <g ) ( )

Backward scattering is vanishing.

Comparison to integrability. Following [26], the ABA predicts that the meson-gluon
scattering phase has the strong coupling expansion

i cosh (0 — 62)
V2 g coth 26, — tanh 26,

SIM(61,60,) =1 — +0(g7?) (4.8)
which is easily seen to be equivalent to our perturbative result (4.3).
Turning to gluon-fermion scattering, we have to compare our results (4.5) and (4.7)
with the integrability predictions
i 2cosh (0 —62) — V2

f9 =1 - ”
579(61,62) +4g tanh 265 — coth 26, +Ol™)

i 2cosh (61 —62) + V2
4 g tanh 20y — coth 260,

ST97(01,605) =1 + +0(g7?) (4.9)

which show perfect agreement (upon apparently identifying x — ¢* and z* — g, which
is just a matter of conventions). In addition, we have ascertained that these scattering
processes are reflectionless, which is a general feature of integrable scattering matrices
involving excitations with different masses.

5 Scattering of mesons

5.1 Meson-meson scattering

We study the scattering of two mass 2 mesons ¢. The relevant Feynman diagrams, shown
in figure 6, evaluate to

A¢¢>(p1 p2) =8¢ ((6% + eg —e1e9 — P% - Pg + plpz)2 N (e% — p%)(e% — p%)) N
7 (p1 —p2)?2+4 4
e? 4+ e2 +ejeg —p? — ps —
+ 8¢ ( 1T €712 7 Py 7 P) 131132)+
(p1 +p2)2+4
— 8¢ (447 +p3) +O(4") (5.1)

where we have already selected, e.g., forward kinematics since the particles are identical.
In particular, the first contribution arises from the sum of the first and third diagrams
which are equal to each other. The last diagram just gives a number, on-shell. Summing
them up and turning to hyperbolic rapidities, we obtain the expression

7 sinh 291 sinh 292

MM -1 v -2 2
S (91792) + 29 sinh (91 — 02) + O(g ) (5 )

— 12 —



B(p1) o(ph) B(p1) o(ph)

d(p2) o(ph) d(p2) d(ph)
o(p1) o(ph) o(p1) o(ph)
d(p2) B(ps) B(p2) o(ph)

Figure 6. Tree-level diagrams for ¢¢ — ¢¢ scattering.

5.2 Meson-fermion scattering

This process involves the diagrams of figure 7, which read respectively

ATM (p1 pospl, ph) = 8i g a(p)) [(—ip} — DILs + (ipy; — DII_] u(p1) %

. €3+ (€))” — eaeh — p3 — (ph)” + Paph

_l’_
(p1 —p})?+4

= St h) (00}~ DIL 4 (i(py + pa) — DIL] 20 2
X [(=i(py + p2) = DIy + (ipy — DIL-Ju(pr)+
ZM — W

—8iga(p)) [(—ip) — DILy + (i(p; — py) — 1)IL_] x

X [(_i(Pl —py) — DIy + (ipy — 1)H—] u(p1)+

+8igu(py) [(—ipy — DI + (ip; — DI_u(p1)] u(p1) + O(g°)
(5.3)

(p1 —ph)2 +1

From these we compute the forward scattering phase

1 sinh 26, sinh 260,

dg sinh (0, —03) O(g?) (5.4)

SIM(G,,0,) =1 +

The solution to backward kinematics generates as usual a cumbersome output, which nev-

ertheless can be shown to vanish.
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d(p2) o(ph) d(p2) d(ph)
Y(p1) vy Y Y(p))
d(p2) B(ps) B(p2) o(ph)

Figure 7. Tree-level diagrams for ¥)¢ — ¢ scattering.

5.3 Comparison to integrability results

The amplitude computed above for meson-meson scattering is found to be in perfect agree-
ment with that quoted in [26], formula (C.45). For fermion-meson scattering the pertur-
bative result also matches the ABA prediction which can be extracted from formulae in
section 9 of [26], precisely producing (5.4). Again, absence of backward scattering has been
verified for these processes at lowest order in perturbation theory.

6 Amplitudes involving massless scalars

We have left aside all amplitudes with scalars as external particles as well as the fermion-
fermion scattering, whose tree-level computation involves a massless scalar exchange. In
this section we comment on these processes, which appear problematic to compute using
perturbation theory from the action (2.2), similarly to what was shown to happen for
two-point functions [16, 24, 41]. On the one hand the massless scalars cannot even be
identified with the degrees of freedom of the integrable model describing the GKP string
as their number differs. Hence it would be quite meaningless to compare their scattering
matrices. On the other hand the massless scalars can cause problems even when they do
not appear as external states, but as exchanged particles. This happens for instance when
trying to compute fermion-fermion scattering. The massless scalars introduce interactions
which break the SU(4) symmetry of the Lagrangian and hence produce a violation of the
SU(4) structure expected for fermion-fermion scattering. Moreover, if treated as massless,
an exchange of y scalars in the ¢-channel is plagued by an unphysical 1/0 singular term
caused by the propagator, which signals an inconsistency of the perturbative approach.
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V' (p1) U (p1) Ui (p1) UH(p1) Ui (p1) UM (p1)

Y (pa) V! (ps) VI (pa) ¢ (pa) U (p2) V! (ps)

V'(p1) U (py) V' (p1) VH(py) V(p1) Y (p1)

W (p2) Vi) i) W) )
(¢) (d)

Figure 8. Tree-level diagrams for 1;1; — 151y scattering.

Finally, the exponentially suppressed mass gap of the theory combined with the logarithimic
dependence on the IR cutoff appearing in IR divergent higher loops contributions would
invalidate the perturbative result even at tree level [16]. We verify and address these issues,
where possible, studying the aforementioned amplitudes.

6.1 Fermion-fermion scattering

First we tackle the amplitude between a pair of fermions. These particles transform in
the 4 representation of SU(4), hence the 2 — 2 amplitude is a 4-indices tensor of SU(4).
Following [35] we define it as

[ (p1)¢ (p2)) = Sff(Pl,pz)zwl(pQWk(pl» (6.1)

One could also consider the fermion-antifermion amplitude, but its computation involves a
higher number of Feynman diagrams, therefore we focus on (6.1) and evaluate the relevant
graphs of figure 8. The computation of the first four are straightforward and yield separately

(al) =8¢ cosh? 01 cosh? 6, 5};5{ =aq 6};5{
01 + 62
2

(b) = ~2g cosh 0y cosh B (5367 — 0757 + (o) (), = () (6™)', )
= b (5}0] — 6107 + (0" ("), = () (p7Y,)

2sinh 0 sinh ¢ y iy
(¢) = 8g cosh 6, cosh 02 (cosh (01 + 02) + M) (p5)4 (pg)kl = ¢ (p%)¥ (pz;)kz
(6.2)

(a2) = —8g cosh 6y cosh Oy cosh? 6}6i = a9y 5;5%
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in terms of hyperbolic rapidities. We note that the diagrams contribute to different tensor
structures. In particular, those with a mass 2 meson exchange are proportional to 5};5{ and
6}5%, respectively, that triggered by a gluon exchange is proportional to (pG)ij(pZ;)kl and
the quartic vertex diagram is proportional to 8367 — /67 and (p*®), (p*0)7, — (p“©)%,(p*%),..
The diagrams featuring a massless scalar exchange remain to be evaluated. The first is
proportional to the tensor structure (p“G)ik(pa6)j ; and its algebra is troublesome: mo-
mentum conservation in two-dimensional kinematics forces the internal propagator to be
singular. This unphysical phenomenon signals that something wrong is happening in the
perturbative expansion. One may regulate the propagator with a small mass, which sounds
reasonable since the scalars acquire a small nonperturbative mass, after all. With such a
regulator the diagram is found to vanish, on-shell, since the numerator is proportional to
the fermion on-shell condition. The diagram with a scalar exchange in the u-channel, which
contributes to the (pa6)il(p“6)j & structure, is not singular but vanishes on-shell as well. The
result of such a naive computation is certainly far from the prediction of integrability. In
particular the tensor structure of the result is violating the expected SU(4) symmetry of
the integrable model. The tensor structures appearing in it are not independent, on the
contrary they are related by the tensor identities (see appendix A)

(0% (™), — (00)!y (p2%), — 3 (00] — 6160) — 4 (p%) (p

(0™ (p™), — (6467 — 26767) — 2 (p°) (Pl = O (6.3)

Still, if one tries, e.g., to eliminate the p® tensors from the result, it is clear from the
very different expressions of the contributions, that there is no chance the pﬁp;g piece can-
cels, which would leave SU(4) invariant tensors only. At this point we conclude that the
perturbative approach fails to compute this amplitude and blame the massless scalars for
this, along the lines of [16]. Nevertheless, we can still try to make use of the computation
of the diagrams (al), (a2), (b) and (c) in figure 8, which looks legitimate, with some ex-
perimental physics. Let’s say that the interactions between massless scalars and fermions
are not suitable for this computation because of the onset of nonperturbative phenomena
which are not accessible via our analysis. As explained in [16], the massless scalars cause
infrared divergences in loop computations, which can be thought of as logarithms of their
exponentially small mass. Therefore these logarithms produce positive powers of the cou-
pling, mixing perturbative orders and invalidating perturbation theory. We can imagine
that an infinite tower of leading logarithms can be resummed and produce a nonvanish-
ing contribution to the tree level result for the fermion amplitude. We can also suppose
that the tensor structure of this contribution is proportional to the tree level structures
(p™0)", (paG)j , and (paG)il(pw)j x> thought we admittedly do not have any solid argument to
justify this. To parameterize our ignorance on the form of these interactions we introduce
the two undetermined functions x and y as order ¢ coefficients of the p® tensors

(") (") + 5 ()1 (") (6.4)
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Next we assume that the scattering process occurs in an SU(4) invariant and integrable
fashion and borrow the general expression for such an S-matrix [35, 44]
2 510] - 5161

L= R — ) (6.5)
UL —uUu2 —1 U —uUu2 —1

Sff(ul,’le)ZJl = Sff(ul,uQ) <
in terms of Bethe rapidities. The scalar factor S//(uj,uz) encloses the dynamics of the
particular integrable model, that is the GKP string in the case at hand. This assumption
is putting some extra crucial ingredient at this point, but let us go ahead with this working
hypothesis and see if we get some mileage. First we expand (6.5) at strong coupling by first
rescaling the Bethe rapidities u; = 2gu;, expanding to first order at ¢ — oo and mapping
the Bethe rapidities to hyperbolic, u; = coth 26; for fermions. This gives

g 1
1701, 02, = (14 1 577(61,0) + 057
1 1

isj_ Y
t 2 g coth 201 —coth 26,

X 1+L ! 0
2 g coth 20, —coth 26, k

35407
(6.6)
On the other hand, using (6.4) and (6.2), the amplitude reads

7

16 92 sinh (491 — 92)

+ 2 (0°) W (0™, 4y (%) (0", + Olg72) (6.7)

STH(01,00)7 =1+ ((a1 +b) 0467 + (az — b) 607, + c(pG)ij(pg)kl) +

If we insists that it has to respect the form (6.6), we can plug (6.3) into the equation above

in order to eliminate the p% structure and impose that the p6pg tensors also drop out.

This leaves us with a linear system in three unknowns, where that we are aiming at is the
scalar factor S7f(6;,65)

_ 8gsinh (6, — 6s) o If (1)
al+b+x—2y= coth 20, — coth 26, 164 g sinh (67 — 02)S77 (61, 02)
8 gsinh (61 — 6) (6.8)
—b—2 =— )
@2 TrY coth 201 — coth 2605
c+2x—2y=0

Solving the system we obtain

| cosh (61 — 0,) — 1 .
IT(01,05) =1+ —— — UL~ 72 2 .
577(01,62) +4g Coth291—coth202+0(g ) (6.9)

which is in precise agreement with the prediction of [26]. We want to stress that the
derivation above is highly speculative and already assumes integrability as an input. Still,
we find interesting that the perturbative computation of a subset of safe graphs is able to
reproduce the correct result of the fermion scalar factor, which arises from the complicated
nonperturbative dynamics of the GKP string.

,17,



6.2 Scattering of massless scalars

We turn to scattering involving massless scalars as external particles. As mentioned above,
although it is possible to construct Feynman diagrams for them starting from the ac-
tion (2.2), it is not clear what to compare the objects computed this way to. Indeed the
five massless scalars present in the model are not directly mapped to the holes of the in-
tegrable GKP string model and the dynamics of the latter is highly nonperturbative. For
instance, from the point of view of the string sigma model (2.2), the scattering amplitude
of a scalar off a gluon vanishes identically at tree level, since there are simply no interac-
tion vertices to construct it. On the other hand integrability predicts that the amplitude

is finite and possesses a contribution of order ¢—!.

Clearly there is a clash between the
two approaches. For other processes there are in principle Feynman diagrams one can
construct, but we are skeptical on the possibility of extracting any interesting information
from them, given the known shortcomings of the model when addressing quantities that

are not SU(4) invariant.

7 Particle production and factorization

In this section we provide evidence for the absence of particle production and the factor-
ization of the 3 — 3 particle S-matrix in terms of two-body ones [45]. Let us first recall
which structure the factorization constraint assumes when expanded perturbatively. We
start from the basic factorization equation

S123 = S12 513 S23 (7.1)

where the operators act on a three-particle state and the indices label the scattering par-
ticles. In this notation the product of S-matrices is not commutative and the consistency
of factorization is provided by the Yang-Baxter equation

S12 513 S23 = S23 513 S12 (7.2)

Expanding (7.1) perturbatively as S = ¥ — éT(O) + O(g~2) one obtains the tree-level
identity

0 0) (0 0) (0 0) (0
T1(2:)3 = T1(2)T1(3) + T1(2)T2(3) + T1(3)T2(3) (7.3)
In the following we show that this identity holds for the 3 — 3 scattering processes involving
bosonic GKP massive excitations.
7.1 Scattering of three gluons

Let us start from the simplest case, i.e. the zxx — zzx S-matrix. The contributing
diagrams are shown in figure 9, with all possible permutations of external momenta. These
contributions, with the choice of momenta in the figure and using the shorthand notation
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(a) (b) (c)

Figure 9. Tree-level diagrams for xxx — xzx scattering.

Dij = pi — pj, evaluate to

(ipy — 1)(ipy — 1)(ipg — 1)(—ipy — 1)(—ips — 1)(—ips — 1)
[pls + 4] [p36 + 4]

(ip; — 1)(ipg — 1)(ipg — 1)(—ipy — 1)(—ips — 1)(—ips — 1)

A3 = — 64g

dm$$:64g P14 +pP 2—|—l
? (P2, + 4] [(p1a + p2)? + 2] [P + 4] ((Pra +p2) )
[—e14e25 — €a5e36 — €36€14 — (€ <> D)]
2= = 32¢
[P} +4] [P35 + 4] [p36 +4]
x (ipy — 1)(ipy — 1)(ip3 — 1)(—ipy — 1)(—ips — 1)(—ipg — 1) (7.4)

The total amplitude is given by the sum of the diagrams above, summed over the 36
permutations of the incoming and outgoing external momenta separately and weighted by
the following symmetry factors

1

1
X 9 1 + 2 + 6

d5* 4+ perms = 0 (7.5)
and is found to vanish for generic kinematics. Care has to be taken for special kinematics,
for instance whenever p; = p4. This automatically forces the other momenta to be equal
pairwise, namely ps = ps, ps = pg or pa = pg, p3 = ps. In such a situation, and all permuta-
tions thereof, the first diagram develops a singularity because of the on-shell intermediate
x propagator. The other diagrams are regular since they do not possess any propagators
going on-shell. With the Feynman prescription the singular propagator splits as usual into
a finite, principal value, part and a § function. The finite part cancels among the three
diagrams as in the non-singular case, whereas the § function part produces the only non-
vanishing contribution. In figure 10 we provide an example of such a situation with the
blue dashed line indicating a cut propagator, i.e. an on-shell § function. The four singular
configurations involving an on-shell propagator with momentum p; group themselves in
such a way that they can be explicitly interpreted as the product of the ¢- and u-channel
contributions in figure 2 for the tree-level S-matrices T%*(p1, p2) and T%*(py, p3). A similar
picture arises for internal propagators with momenta ps and ps leading to a factorization
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Figure 10. Diagrammatic interpretation of the S-matrix factorization for the scattering of three
gluons. A similar picture can be derived also for the internal propagator with momentum ps and
p3. The blue dashed line indicates that the propagator has to be replaced by an on-shell § function
2imé(p? — 2).

of the form

T (p1,p2,p3) = T (p1,p2) T (p1, p3) + T (p1, p2)T** (P2, p3) + T (1, 3)T"" (P2, P3)
(7.6)
predicted by the Yang-Baxter equation (7.3).

7.2 Scattering of three mesons

A slightly more involved computation can be carried out to ascertain factorization for the
3 — 3 scattering of mesons. There are seven relevant topologies of Feynman diagrams
contributing to this process, drawn in figure 11, with all possible permutations of external
legs. For the choice of external momenta shown in the picture the diagrams read, using
the shorthand notation p;; = p; — p;

[e% +e2 —ereqy — (e & p)]
(P34 + 4] [(p1a + p2)? + 4] [pds + 4

X [e% + 8%4 + egeqq — (e < p)] [e% + 6%6 — esez — (e <> p)]

d(fw =32¢g ] [e% + eg —egeq — (e < p)] X

e? +e2 —ejeq — (e<—>p)]
[p1, +4] [p36 + 4]
X [4 —p2 - pia — P14 - P36 + D5 - D14 — D2 - P36 + D5 - P36 + D2 - Ds)

4% = — 3 3+ € —eaeo— (e )]

[ef + e — ereq — (e > p)]
[Py + 4] [p3; + 4] [p3s + 4

X [e% + 8% — eg3€e5 — (6 < p)] [—614625 — €95€36 — €36€14 — (6 < p)]

d§” =329 ] [€3 + €5 — eses — (e & )] x

[e% + 6(25 —e3zeq — (e < p)]
[(p14 + p2)? + 4] [ + 4]
X [4—p1-(p1a+p2) —p2- (pra+p2)+pa-(pra+p2) —p1-p2+ D2 pa+pa-pil

4% = — 329 [€3 + €36 — esess — (e 2 p)] x

1996 _ y
° g [(p1a + p2)? +4]

X [4—p1-(p1a+p2) —p2- (p1a +p2) +pa- (p1a+Dp2) —p1- P2+ D2 pa+pa-p1] ¥
X [4—p3-(p1a+p2)+p6- (Pra+p2)+ps- (p1a+p2) + D03 D6 — D - P5 + 5 - P3|
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o(p1) b(pa) d(p1) B(pa) d(p1) B(p4) o(p1) o(ps)

\ /
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o(p2) (ps) o(p2) (ps)
&(ps) ¢(ps)
/\
o(p3) &(po) d(ps) B(ps) é(ps) ) &(ps) #(ps)
d(p1) &(ps) o(p1) d(pa) B(p1) d(ps)
-
d(p2) So2) Sos)
&(p2 @(ps
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/\
d(ps) B(ps) &(ps) b(ps) B(p3) é(po)

Figure 11. Tree-level diagrams for ¢pop¢p — pp¢ scattering.

[e? + ef — eres — (e > )]
[p%y + 4]

X [ese1q + ege14 — €2e14 — €3€14 — €263 + €366 — €ges + esez — (€ <> D)

42 — 32

d2® = —32g [4—p1-pa—p1-ps+p1-pa+ PP+ D1 P — D2 D3+ P2 patpr Pt
+p2 - p6 + P2 - pa+ P35+ D3 D6 — Pa - Ps — Pa - Pe — D5 - De) (7.7)

For the last two diagrams we have used the ¢ quintic and sextic vertices (B.3). Summing
over all 720 permutations of the external legs and combining the diagrams with the following
symmetry factors

1
A909 o Lgoss L goss L g d¢¢¢ Lo gpooy L geoo L goss -
X = 3 +16 +48 + +72 +48 +720 +perms=0 (7.8)

it is straightforward to ascertain, e.g. numerically, that the amplitude vanishes for generic
external momenta.

As before the only non-vanishing contribution comes from the kinematically singular
configurations. In particular the first, fourth and fifth diagrams contain a propagator
which goes on-shell for forward kinematics. As for the gluons case one can group these
three contributions and interpret them in terms of products of the diagrams in figure 6.
In particular the first diagram receives contributions only from the first three diagrams of
figure 6. The fourth diagram produces the products of the four-vertex interactions in the
two-body amplitudes and the fifth diagram generates the mixed terms. For instance, we
can select the singular diagrams contributing to the structure T127%3. We dub Jf¢¢({pj})
the diagrams listed above after removing the singular propagator and with the momenta
ordered as in its argument and p; = p; the outgoing momenta after enforcing the ¢ function
from the singular propagator. Then the total contribution with momentum po flowing in
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S o

Figure 12. Tree-level diagrams for xx¢ — xx¢ scattering.

the singular propagator is proportional to the combination
15 _ 1 - _
bod o Pod _
T15Ts o< 4 di ({pLPQ, {pg,Pl},p%ps}) + 5 5 ({plypz, {p3,p1},p27p3}> +

1 - _ _ A _
+ E d?d)d) <{p2’p3a {p17p3}’p2,]31}) + d?f(b(b (p17p2>p37p1ap27p3) (79)

where brackets stand for symmetrization and apply to separate groups of momenta in a self-
explanatory notation. The symmetry factors take into account equivalent configurations.
Dividing by them as in the above formula we see that there is one contribution from
diagram 4, corresponding to the product of the four-vertex diagrams of figure 6 contributing
to Tho and Ths, respectively. Diagram 1 produces 9 terms which emerge from the product
of the three diagrams of figure 6 with cubic vertices only. Finally diagram 5 gives 6 terms
from the mixed products. Altogether these combine to give the 4 x 4 = 16 terms from the
product of two-body amplitudes. Inserting the Jacobians from the momentum conservation
¢ functions and properly normalizing, we have ascertained that this combination gives
precisely T127Tb3, as it can be obtained from formula (5.2). Summing the contributions to
T19T13 and T13T53, altogether they combine to give the full factorization (7.3).

7.3 Scattering of two gluons and one meson

Next we can consider the mixed process z(p1)x(p2)d(p3) — x(ps)x(ps)d(pe). In this case
there are 23 topologies of diagram contributing, shown schematically in figure 12, with
possible permutations of the external legs. In order to show factorization we evaluate
this process numerically for generic configurations of external momenta satisfying the on-
shell and momentum conservation conditions. We use the expression for the diagrams
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Figure 13. Tree-level diagrams for x¢¢ — z¢¢ scattering.

in appendix C and sum over the eight momentum permutations p; <> ps, ps < ps and
p3 <> pg. For some diagrams these permutations are overcounting the contribution, which
we take into account with the following symmetry factors

2 12 23
1 1
1) - LT P - TP TXP o
ATT 1 ;1 d;"" + 5 ]23 d;"" + ;13 d,,”" + perms = 0 (7.10)

Remarkably, such a large combination of diagrams can be straightforwardly seen to vanish
for generic choices of external momenta, with a marvellous cancellations spreading over
132 terms. Therefore only singular configurations corresponding to factorization of the
amplitude eventually contribute. In this case the amplitude factorises in the contributions
T 23 , TH m¢ and TwT *?  We have verified both diagrammatically and analytically
that the first and second terms arise when combining diagrams 7, 8, 9, 10, 15 and 16 in
the singular momentum configurations. Finally we have ascertained that the last product
of two-body amplitudes emerges from diagrams 2, 5, 11, 12, 17, 18, 19, 20, 21 and 22.

7.4 Scattering of one gluon and two mesons

Scattering of a gluon and two mesons receives contributions from 29 topologies of Feynman
diagrams, depicted in figure 13. In each there are up to 4! factorial permutations of the
external momenta of the mesons. We take them into account by summing all diagrams
over these permutations of momenta and dividing by the symmetry factors

] 11 k 17
(7.11)

following the order in the figure. The contributions d*?? are collected in appendix D. These
are 236 contributions and we verified they sum to 0 for generic momenta configurations,
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providing a strong test of absence of particle production of the model. The singular mo-
mentum configurations affecting diagrams 5, 8, 9, 10, 21, 22, 27 and 28 and 11, 14, 15, 16,
18, 19, 25, 26 and 29 combine to give the contributions T T5y and T¥T, and T T |
respectively. This proves that the amplitude factorises.

8 Conclusions

In this paper we have computed S-matrix elements for the excitations of the GKP string at
first order in 1/g from perturbation theory of the light-cone gauge-fixed AdSs x S® sigma
model. The outcome of our analysis is that, as long as massless scalars do not enter the
computation, the scattering phases are in agreement with the ABA predictions. This safe
sector includes all amplitudes without massless scalars on the external legs, apart from
the fermion-fermion scattering process where massless scalar exchanges contribute. In the
latter case the result of a naive perturbative computation is found to violate the SU(4)
symmetry of the integrability based result, since its tensor structure does not consist of
invariant tensors only. A possible interpretation of this fact is that IR singularities appear-
ing at higher orders in the perturbative expansion spoil the predictivity of perturbation
theory at tree level. Nevertheless, by comparing the perturbative results for the two SU(4)
invariant tensor structures and imposing that the spurious ones vanish, it is possible to
correctly reproduce the scalar factor predicted by integrability. This hints at the fact that
IR divergent contributions at higher loops should contribute only to the spurious tensor
structures. It would be interesting to check this fact explicitly.

In an integrable theory 2 — 2 processes are the fundamental building blocks for any
higher point scattering amplitude thanks to the factorization of the S-matrix and the
absence of particle production. We have explicitly checked these properties to hold for
three-body S-matrices involving gluons and mesons. The structure of the computation
turned out to be more involved than the BMN case [42], where only quartic and sextic
interactions are present. Here, also three- and five-point vertices need to be included and
this considerably increases the number of diagrams. Therefore, the precise cancellation of
the three-body S-matrix provides a further stringent check of the integrability of the model.

We conclude remarking that a similar analysis could be performed for the analogous
AdS, x CP? model dual to the ABJM theory. Again it is expected that only a subset of
these amplitudes is safely computable and comparable to the integrability predictions. In
particular the latter model includes a massless Dirac fermion as well, whose dynamics is
expected to be deeply nonperturbative, as for the massless scalars. Finally, we point out
that the tree level scattering elements we have computed (or the more comprehensive list
from the ABA) could be used as the starting point of a unitarity based computation of the
scattering phases at next order, in order to perform more precise checks of integrability of
the S-matrix at the quantum level. This program has been already applied to the BMN
string in several AdS backgrounds [46-50] and it would be interesting to extend it to the
GKP string as well.
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A p-matrices
The p-matrices are defined, as usual, by the algebra
(MYl + (p)ilpt = 26MN ! (A1)

A possible explicit representation for the matrices with upper indices is given by

0100 0i00 0 001
L l-1000 , | -ioo0o0 s o o010
P=1o0o00 1|’ = 1o000-i]|" =10 —100]|"
00-10 00i0 1000
000 —i 00i0 0010
0010 0 00i 000-—1
4 5 6 _ A2
P 0-ioo0 |’ P 1000l p 100 0 (A-2)
i 000 0 -i00 0100

The SU(4) fundamental indices are lowered with the following convention
(0™ = (i) (A3)

which, combined with the antisymmetry of the matrices, assures that lowering indices is
equivalent to taking the hermitian conjugate of the matrix with upper indices. For this
reason in the main text we add a dagger in the notation (pg)ij.

B Expanded Lagrangian to fourth order

In this appendix we spell out the interaction terms of the Lagriangin (2.2), up to quartic
order in the fields. Cubic vertices read

L3 = —4¢|0sx — x| + 2¢[(0:0)* — (0s0)°] + 20 [(Dpy®)* — (Osy™)?]+
+ 44 ¢[(Bsthi — V)L )" 4 T (950" — ")+
+ 20 y*[(Osths — s )Ty (p0) 5007 — b1 (p%0) "5 (D5t — b7 )]+ 24 Dpy sy TL (p%°) b7 +

+2(05w — @) (%) T ()i — 2(Dsa™ — YTl (o) ()" (B.1)
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and quartic interactions
Lo=862 (00 — af? + 262 [(%Qﬁﬁaqﬁ + gﬂ + 26200y Dny” — %yaya D0+
—i(40” —yy*) (05 — Pi) T tp’ + BTl (D))" — ¢")]+
— 4i (Db — i) Ty (p°0) 17 — BT (p°0)'; (D5 — o)+
— 60 [(Dsz — ) (V') Ty (0) 1597 — (™ — &™) BTl ()" ()" )+
+2(05m — ) (V1) T (p")ijy 97 — 2052 — )bl (pf) Ty ()" +
= 20y Oy” iy Ty (0™) 07 + (i T (%) 107)? — (Diy L") (B.2)

In the computation of scattering of three mesons quintic and sextic vertices are needed,
which can be obtained expanding (2.2)

E;’g = —333 ¢3 \asx—xf—k% <z>4 ]é)sx—a:f—i—% ((3t¢)2 _ (38¢)2) ¢3+ <485 ¢2 + ; ((9a¢)2> ¢4
(B.3)

C Computation of xx¢p — xxr¢ diagrams

In this section we spell out the expressions of the diagrams contributing to the xx¢ — zx¢d
scattering process. We label external momenta as x(p1)x(p2)¢(ps) — x(pa)z(ps)d(—ps)
and give the expression for the diagrams of figure 12, following their order. The diagrams
have an overall factor 2¢g(ip; —1)(ipa—1)(—ips—1)(—ips —1) which we omit in the following.
The remaining expressions read

govo 16 [4 — (P14 P25 + P3 - P14+ P3 - P14 + P6 - P25 + P6 - P25 + P3 " Pe)]
1 == 2 2
[(p1 — pa)* + 4] [(p2 — p5)* + 4]

16 [614625 + 6%5 +e2, — (e p)} [63(63 +e6) + e?,) + e% — (e <> p)]

TTH
S (1~ P2 T 4] [s + 52 + 4 [02 — p)? + 4
T 16 [63614 + e% +e2, — (e p)] [66625 + e% + e%5 — (e + p)]
[(p1 — pa)? + 4] [(p1 + 3 — pa)? + 4] [(p2 — p5)? + 4]
£ 32 [6366 +e3+e— (e p)]
Y [(p1 — pa)? + 4] [(p3 + pe)? + 4]
dmw - 64
> (p14p3—pa)?+4]
dm,(z, - 64
6 (p2—p5)2+4]
oo _ 32[—eses — €5 —ef — (e & p)] [(P1+Po —pa)® +1]
(1 = pa)? + 4] [(p3 +p6)* + 4] [(p1 +p2 —pa)? + 2]
qwo _ 32[—esec — €3 —ef — (e < p)] [(P2 +ps +s)* + 1]
®  [(p1 — pa)® + 4] [(p3 + p6)? + 4] [(p2 + p3 + p6)? + 2]
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daca:¢ _ [ P1 + P2 — )2 + 1]
K (pr —pa)® + 4] [(p1 + p2 — pa)? + 2]
groo ____ 64[(py 43 +pp)* +1]
10 [(p1 — pa)? + 4] [(p2 + p3 + p6)* + 2]
om0 _ 64 [(p4 — P3)* + 1] [(P5 — pg)* +1]
H [(p1 4 p3 — pa)? + 4] [(pa — 3)* + 2] [(p5 — p6)? + 2]
o6 _ 64 [(py +p3)* + 1] [(P2 + p)* +1]
2 {(p1 43— pa)? + 4] [(pl +p3)? + 2] [(p2 + p6)? + 2]
a6 _ 64 [(ps +1]
B (o —pa)* + ] [(p5 —p6)? + 2]
dmz¢ _ 64 [ p2 + p6 + 1]
M (o — pa)? + 4] [(p2 + ps)? + 2]
da:a:¢ 64 [( - )2 + 1] [( — P3 — pﬁ)2 + 1]
o [(p1 — pa)? + 4] [(P5 —p3 —p6)? + 2] [(p5 — pe)* + 2
goao __ 64[(2+ps)? + 1] [(P2 + P3 + ) + 1]
10 [(p1 — pa)? + 4] [(p2 + p3 + p6)® + 2] [(p2 + p6)? + 2]
e 32 [(e1 — ea)es + (e1 —eq)? + €3 — (e <> )] [(p2 + pg)* + 1]
1 [(p1 — pa)? + 4] [(p1 + p3 — pa)? + 4] [(p2 + p6)? + 2]
F — 32 [(e1 — ea)es + (e — ea)® + € — (e & p)] [(p5 — Pg)* +1]
S [(p1 — pa)? + 4] [(p1 + p3 — pa)? + 4] [(p5 — ps)? + 2]
dmz¢ _ 64 [(p3 - p5)2 + 1}
e [(P1 +p6 — pa)? + 4] [(p5 — p3)* + 2]
dmmqﬁ _ 64 [(pQ + p6) ]
20 [(p1 + p3 — pa)? + 4] [(p2 + p6)* + 2]
o _ 64 [(py — p3)* + 1] (o + P)* +1]

[(p1 4 p3 — pa)? + 4] [(pa — p3)? + 2] [(p2 + p6)? + 2]

4550 — 32[—(e1 —es +e3)(ea —e5) — (e1 —es +e3)eq — (e2 — e5)eg — (e <> D)
> [(p1 + p3 — pa)* + 4] [(p2 — p5)* + 4]

o _ 04 [(p1+96)* +1] [(Dy — pa)* +1]
23 [(p2 — p5)2 + 4] [(p1 + p6)2 + 2] [(p3 — pa)2 + 2]

D Computation of x¢p¢p — xp¢ diagrams

In this section we give the expressions for the contributions d*®? relevant for z¢¢p — xdo
scattering. The corresponding diagrams are shown in figure 13. The incoming x particle
has momentum p; and the outgoing ps. An overall common factor 2g(ip; — 1)(—ip, — 1)
is understood in the following formulae. The ¢ particles have momenta ps, p3, ps and pg
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and we take them as all ingoing for simplicity. The following formulae hold for a sample
configuration of momenta for the mesons and have to be symmetrised in the corresponding
momentum indices. These are 24 permutations which, for all but the last contribution,
overcount the diagram by a symmetry factor which we divide by in (7.11).

di? = — 64

JE0 — 16 [e1ae2+€14e3+€1465+ €146+ €263+ €265+ €266 +e365+ €366 +e586— (€ <+ D))
2 (p1 —pa)? +4

9P _ 16 [—eja(e2 + €5) — e14(e3 + e) — (e2 + e5)(e3 + e) — (€ <> p)]
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[e% + e% + ege5 — (e & p)} [e% + e% + eseq — (e <> p)]

32 [e3 + €2 + eze5 — (e > p)]

40 = — e2 4 €2+ eseq — (e <> p

B (s o (e o)

A2 = i 5 [4 — ((p1 +p2 —pa) - p3+ (p1 + P2 — pa) - P5+
[(p1 + p2 — pa)? + 4]
+(p1 +p2 —pa) -6 + D3 - Ps + D3 Pe+ D5 - Do)
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[(p1 + p2)? + 2]
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—(ps +ps +p6) - v5 — (3 + s +p6) - P6 + D3 - D5 + D3 - D6 + D5 - Pe)]
32 [(py — pa)? + 1]
dvee = — 4 — (—(p3 +p5+ps) - p3+
0= " a2+ A [os t o5+ P 4] )

—(ps +ps +p6) - p5 — (3 + s +p6) - P6 + D3 - D5 + D3 - D6 + D5 - Pe)]
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df;f’¢ o 64 [e% + eg + eseg — (e < p)}

[(p3 + p6)? + 4]

— 28 —



woi  32[(D1 + D2+ D5)2 + 1] [€3 + €2 + ezes — (e < p)] [
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