
25 April 2024

AperTO - Archivio Istituzionale Open Access dell'Università di Torino

Original Citation:

Blow-ups and Fano manifolds of large pseudoindex

Published version:

DOI:10.7146/math.scand.a-109996

Terms of use:

Open Access

(Article begins on next page)

Anyone can freely access the full text of works made available as "Open Access". Works made available
under a Creative Commons license can be used according to the terms and conditions of said license. Use
of all other works requires consent of the right holder (author or publisher) if not exempted from copyright
protection by the applicable law.

Availability:

This is the author's manuscript

This version is available http://hdl.handle.net/2318/1847899 since 2022-04-05T16:26:41Z



BLOW-UPS AND FANO MANIFOLDS OF LARGE PSEUDOINDEX

CARLA NOVELLI

Abstract

We describe the Kleiman–Mori cones of Fano manifolds of large pseudoindex that admit a
structure of smooth blow-up.

1. Introduction

Let X be a Fano manifold, i.e. smooth complex projective variety whose anti-
canonical bundle −KX is ample. A Fano manifold is naturally associated with
two invariants: the index, rX , defined as the largest integer dividing −KX in the
Picard group of X, and the pseudoindex, iX , defined as the minimum anticanon-
ical degree of rational curves on X. It is known that these invariants satisfy the
relations 1 ≤ rX ≤ iX ≤ dimX + 1 ([10] and [9]). Moreover, the index is related
with both the dimension and the Picard number, ρX , of X by a conjecture of
Mukai ([14]) that states: ρX(rX − 1) ≤ dimX, with equality if and only if X =
(PrX−1)ρX . However, when dealing with Fano manifolds of Picard number grater
than one it can happen that the index is equal to one even for simple varieties
such as Ps × Ps+1, so it seems that in studying these varieties the pseudoin-
dex could be a more useful invariant than the index. In particular, the above
conjecture has been restated ([5]) by replacing the index with the pseudoindex,
and this generalization, under the assumption iX > dimX

3 , has been proved ([18,
Theorem 3], [15, Theorem 5.1]; see also [21, Theorem A] and [20, Corollary 4.3]
for iX ≥ dimX+2

2 ). Building on this, a first step to the actual classification of

Fano manifolds with iX ≥ dimX+1
3 and ρX ≥ 3 has been treated in [16], where

the complete classification of Fano manifolds of pseudoindex iX ≥ dimX+2
3 and

Picard number ρX ≥ 3 is given.
In general when the Picard number of the variety is large, namely ρX ≥ 4,

the setting is quite easy to be understood; as to next case, namely ρX = 3, these
varieties are more difficult to classify. However, by looking at the proofs in [18]
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2 CARLA NOVELLI

and [15], one can see that X is rationally connected with respect to some families
of rational curves and that these families have “good” properties. So we can make
use of such families of rational curves to study the manifolds we are interested
in. Though for iX ≥ dimX+2

3 the classification has been achieved, when iX =
dimX+1

3 things are quite complicated. However, the complete classification both
in case ρX ≥ 4, and in case ρX = 3 if X is rationally connected with respect to
three unsplit families of rational curves, one of them having anticanonical degree
greater than iX , is settled in [16].

In this paper we reconsider Fano manifods with iX ≥ dimX+1
3 and ρX ≥ 3.

Since a natural question coming from the study of Fano manifolds is to investigate
Fano manifolds with a “special” extremal contraction, we assume that X admits
a structure of smooth blow-up. We prove the following

Theorem 1.1. Let X be a Fano manifold of pseudoindex iX ≥ dimX+1
3 ≥ 2

and Picard number ρX ≥ 3. Assume that X has an extremal ray Rσ associated
with a smooth blow-up. Then one of the following holds:

(1) ρX = 4, dimX = 5, iX = dimX+1
3 and NE(X) = 〈Rσ, R1, R2, R3〉,

where R1, R2 and R3 are associated with contractions of fiber type.
(2) ρX = 3 and NE(X) = 〈Rσ, R1, R2〉, where R1 and R2 are associated

with contractions of fiber type.
(3) ρX = 3, iX = dimX+1

3 and NE(X) = 〈Rσ, R1, R2〉, where R1 is associ-
ated with a contraction of fiber type and R2 is associated with a smooth
blow-up.

The paper is organized as follows.
In Section 2 we collect basic material concerning definitions and results on ex-
tremal contractions, on families of rational curves and on chains of rational curves
on projective manifolds.
In Section 3 we describe the Kleiman–Mori cones of Fano manifolds with iX ≥
dimX+1

3 ≥ 2 and ρX ≥ 3 that admit a structure of smooth blow-up. We
start by recalling in Remark 3.1 that if X is a Fano manifold of pseudoindex
iX ≥ dimX+1

3 ≥ 2 and Picard number ρX ≥ 4, then case (1) in the statement of
Theorem 1.1 is achieved by combining [16, Proposition 4.1 and Proposition 5.1].
Therefore in the rest of the section we deal with ρX = 3. We split the proof in
two main cases, according to the existence on X of an unsplit dominating family
of rational curves which is positive with respect to the exceptional locus of the
given blow-up. If X admits such a family of rational curves, say V , we first prove
in Lemma 3.2 that X cannot admit an extremal ray associated with a small con-
traction and that [V ] belongs to an extremal ray associated with a contraction of
fiber type; then we use these facts to describe the possible Kleiman–Mori cones
of X in Theorem 3.3. If otherwise X does not admit such a family of rational
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curve, we prove that X admits an extremal ray associated with another blow-up,
and we get the description of the Kleiman–Mori of X in Theorem 3.7
Finally, in Section 4 we give examples, from which we see that the result is
effective.

2. Background material

Let X be a smooth complex projective variety.

Definition 2.1. A contraction ϕ : X → Y is a proper surjective map with
connected fibers onto a normal variety Y . If the canonical bundle KX is not
nef, then the negative part of the closure NE(X) of the cone of effective 1-cycles
into the R-vector space of 1-cycles modulo numerical equivalence is polyhedral,
by the Cone Theorem. By the Contraction Theorem, every face in this part of
the cone, called extremal face, is associated with a contraction, called extremal
contraction or Fano–Mori contraction.
An extremal contraction associated with an extremal face of dimension one, i.e.
with an extremal ray, is called an elementary contraction; if dimY < dimX then
it is called of fiber type, otherwise it is called birational. If the codimension of
the exceptional locus of an elementary birational contraction is equal to one,
the contraction is called divisorial, otherwise it is called small. The length of an
extremal ray is defined as the minimum anticanonical degree of rational curves
whose numerical equivalence class belongs to the ray; a rational curve attaining
the length of the ray is called minimal curve of the ray.

Remark 2.2. Fibers of contractions associated with different extremal rays
can meet at most at points.

Notation. The exceptional locus of a contraction associated with an extremal
ray R will be denoted by Exc(R).

Definition 2.3. A family of rational curves V on X is an irreducible com-
ponent of the scheme Ratcurvesn(X) (see [11, Definition II.2.11]).
Given a rational curve we will call a family of deformations of that curve any ir-
reducible component of Ratcurvesn(X) containing the point parameterizing that
curve.
We define Locus(V ) to be the set of points of X through which there is a
curve among those parameterized by V ; we say that V is a covering family
if Locus(V ) = X and that V is a dominating family if Locus(V ) = X.
By abuse of notation, given a line bundle L ∈ Pic(X), we will denote by L ·V the
intersection number L · C, with C any curve among those parameterized by V .
We will say that V is unsplit if it is proper; clearly, an unsplit dominating family
is covering.
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We denote by Vx the subscheme of V parameterizing rational curves passing
through a point x and by Locus(Vx) the set of points of X through which there
is a curve among those parameterized by Vx. If, for a general point x ∈ Locus(V ),
Vx is proper, then we will say that the family is locally unsplit; by Mori’s Bend
and Break arguments, if V is a locally unsplit family, then −KX ·V ≤ dimX+1.
If X admits dominating families, we can choose among them one with minimal
degree with respect to a fixed ample line bundle A, and we call it a minimal
dominating family. Such a family is locally unsplit.

Definition 2.4. Let U be an open dense subset of X and π : U → Z a
proper surjective morphism to a quasi-projective variety; we say that a family of
rational curves V is a horizontal dominating family with respect to π if Locus(V )
dominates Z and curves parameterized by V are not contracted by π. If such
families exist, we can choose among them one with minimal degree with respect
to a fixed ample line bundle and we call it a minimal horizontal dominating
family with respect to π; such a family is locally unsplit.

Remark 2.5. By fundamental results in [13], a Fano manifold admits dom-
inating families of rational curves; also horizontal dominating families with re-
spect to proper morphisms defined on an open set exist, as proved in [12]. In
the case of Fano manifolds with “minimal” we will mean minimal with respect
to −KX , unless otherwise stated.

Definition 2.6. We define a Chow family of rational 1-cycles W to be an
irreducible component of Chow(X) parameterizing rational and connected 1-
cycles.
We define Locus(W) to be the set of points of X through which there is a cycle
among those parameterized by W; notice that Locus(W) is a closed subset of X
([11, II.2.3]). We say that W is a covering family if Locus(W) = X.
If V is a family of rational curves, the closure of the image of V in Chow(X),
denoted by V, is called the Chow family associated with V .

Remark 2.7. If V is proper, i.e. if the family is unsplit, then V corresponds
to the normalization of the associated Chow family V.

Definition 2.8. Let V be a family of rational curves and let V be the associ-
ated Chow family. We say that V (and also V) is quasi-unsplit if every component
of any reducible cycle parameterized by V has numerical class proportional to
the numerical class of a curve parameterized by V .

Definition 2.9. Let V 1, . . . , V k be families of rational curves on X and
Y ⊂ X.
We define Locus(V 1)Y to be the set of points x ∈ X such that there exists a
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curve C among those parameterized by V 1 with C ∩ Y 6= ∅ and x ∈ C. We
inductively define Locus(V 1, . . . , V k)Y := Locus(V 2, . . . , V k)Locus(V 1)Y . Notice
that, by this definition, we have Locus(V )x = Locus(Vx). Analogously we define
Locus(W1, . . . ,Wk)Y for Chow families W1, . . . ,Wk of rational 1-cycles.

Notation. We denote by ρX the Picard number of X, i.e. the dimension of
the R-vector space N1(X) of 1-cycles modulo numerical equivalence. If Γ is a
1-cycle, then we will denote by [Γ] its numerical equivalence class in N1(X); if
V is a family of rational curves, we will denote by [V ] the numerical equivalence
class of any curve among those parameterized by V .
If Y ⊂ X, we will denote by N1(Y,X) ⊆ N1(X) the vector subspace generated
by numerical classes of curves of X contained in Y ; moreover, we will denote by
NE (Y,X) ⊆ NE(X) the subcone generated by numerical classes of curves of X
contained in Y .

We will make frequent use of the following dimensional estimates:

Proposition 2.10. ([11, IV.2.6]) Let V be a family of rational curves on X
and x ∈ Locus(V ) a point such that every component of Vx is proper. Then

(a) dim Locus(V ) + dim Locus(Vx) ≥ dimX −KX · V − 1;
(b) dim Locus(Vx) ≥ −KX · V − 1.

Definition 2.11. We say that k quasi-unsplit families V 1, . . . , V k of rational
curves are numerically independent if, in N1(X), we have dim〈[V 1], . . . , [V k]〉 =
k.

Lemma 2.12. (Cf. [1, Lemma 5.4]) Let Y ⊂ X be a closed subset and
V 1, . . . , V k numerically independent unsplit families of rational curves such that
〈[V 1], . . . , [V k]〉 ∩NE (Y,X) = 0. Then either Locus(V 1, . . . , V k)Y = ∅ or

dim Locus(V 1, . . . , V k)Y ≥ dimY +
∑
−KX · V i − k.

Definition 2.13. Let Y ⊂ X be a closed subset, let V be a dominating
family of rational curves on X and denote by V be the associated Chow family;
define ChLocus(V)Y to be the set of points x ∈ X such that there exist cycles
Γ1, . . . ,Γm with the following properties:

• Γi belongs to the family V;
• Γi ∩ Γi+1 6= ∅;
• Γ1 ∩ Y 6= ∅ and x ∈ Γm,

i.e. ChLocus(V)Y is the set of points that can be joined to Y by a connected
chain of at most m cycles belonging to the family V.
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We will use the description of the numerical expression of curves in ChLocus(V)Z ,
with Z ⊂ X a closed subset and V a quasi-unsplit family of rational curves, as
stated in [19, Lemma 1.10].

Lemma 2.14. (Cf. [4, Proof of Lemma 1.4.5] and [20, Lemma 3.2 and Re-
mark 3.3]) Let Z ⊂ X be a closed subset and let V be a quasi-unsplit family
of rational curves. Then every curve contained in ChLocus(V)Z is numerically
equivalent to a linear combination with rational coefficients

λV CV + λZCZ ,

with CV a curve among those parameterized by V , CZ a curve in Z and λZ ≥ 0.

Define a relation of rational connectedness with respect to V on X in the
following way: two points x and y of X are in rc(V)-relation if there exists a
chain of cycles in V which joins x and y, i.e. if y ∈ ChLocus(V)x. In particular,
X is rc(V)-connected if we have X = ChLocus(V)x.

The family V defines a proper prerelation in the sense of [11, Definition IV.4.6].
This prerelation is associated with a fibration, which we will call the rc(V)-
fibration:

Theorem 2.15. ([11, IV.4.16], Cf. [6]) Let X be a normal and proper variety
and V a proper prerelation; then there exists an open subvariety X0 ⊂ X and a
proper morphism with connected fibers π : X0 → Z0 such that

• 〈U 〉 restricts to an equivalence relation on X0;
• π−1(z) is a 〈U 〉-equivalence class for every z ∈ Z0;

• ∀ z ∈ Z0 and ∀x, y ∈ π−1(z), x ∈ ChLocus(V)y with m ≤ 2dimX−dimZ0−
1.

Clearly X is rc(V)-connected if and only if dimZ0 = 0.

Given V1, . . . ,Vk Chow families of rational 1-cycles, it is possible to define a re-
lation of rc(V1, . . . ,Vk)-connectedness, which is associated with a fibration, that
we will call rc(V1, . . . ,Vk)-fibration. The variety X will be called rc(V1, . . . ,Vk)-
connected if the target of the fibration is a point.

Notation. In the next sections for simplicity we will write Locus(V )x to
mean Locus(V )x for a general point x ∈ Locus(V ), and Locus(V α, . . . , V β)xα to
mean Locus(V α, . . . , V β)xα for a general point xα ∈ Locus(V α), unless otherwise
stated.

We end this section by recalling the following general construction.
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Construction 2.16. ([18, Construction 1]) Let X be a Fano manifold; let
V 1 be a minimal dominating family of rational curves on X and consider the as-
sociated Chow family V1. If X is not rc(V1)-connected, let V 2 be a minimal hori-
zontal dominating family with respect to the rc(V1)-fibration, π1 : X // Z1.
If X is not rc(V1,V2)-connected, we denote by V 3 a minimal horizontal dominat-
ing family with respect to the rc(V1,V2)-fibration, π2 : X // Z2, and so on.
Since dimZi+1 < dimZi, for some integer k we have that X is rc(V1, . . . ,Vk)-
connected.

By abuse of notation, we will write V i instead of Vi if the family is unsplit.

Remark 2.17. Examples of the above construction are given in [15, Examples
4.2]. Note that at each step the dimension drops at least by dim Locus(V i)xi .

Remark 2.18. Let X be a Fano manifold of dimension dimX ≥ 3, pseu-
doindex iX ≥ dimX+1

3 and Picard number ρX ≥ 3. By looking at the proofs
of [15, Theorem 5.1] and [18, Theorem 5], we see that, if one of the families
V j as in Construction 2.16 is not unsplit, then dimX = 5, iX = 2 and X is
rc(V 1, V 2,V3)-connected.

3. Description of the Kleiman–Mori cone of X

In this section we describe the Kleiman–Mori cone of a Fano manifold X of pseu-
doindex iX ≥ dimX+1

3 ≥ 2 and Picard number ρX ≥ 3 admitting an extremal
ray associated with a smooth blow-up and we show Theorem 1.1.

Remark 3.1. Let X be a Fano manifold of pseudoindex iX ≥ dimX+1
3 ≥ 2

and Picard number ρX ≥ 4. Then we have case (1) in the statement of Theorem
1.1 by combining [16, Proposition 4.1 and Proposition 5.1].

Therefore we are left to deal with ρX = 3.

We start by assuming that X admits an unsplit dominating family of rational
curves which is positive with respect to the exceptional locus of the blow-up.

Lemma 3.2. Let X be a Fano manifold of pseudoindex iX ≥ dimX+1
3 ≥ 2 and

Picard number ρX = 3. Assume that X has an extremal ray Rσ associated with
a smooth blow-up. If X admits an unsplit dominating family of rational curves
V such that Exc(Rσ) · V > 0, then [V ] is contained in an extremal ray of X.

Moreover, any other extremal ray of X is associated either with a contraction
of fiber type, or with a smooth blow-up. In the last case, iX = dimX+1

3 and the
non-trivial fibers of each blow-up are iX-dimensional.



8 CARLA NOVELLI

Proof. Let R be an extremal ray of X different from Rσ and such that
[V ] 6∈ R. Denote by FR any non-trivial fiber of the contraction associated with
R. Since V is a dominating family and Exc(Rσ) · V > 0, we have

Exc(Rσ) ∩ Locus(V )FR 6= ∅,

hence there exists a fiber Fσ of the blow-up associated with Rσ such that

Fσ ∩ Locus(V )FR 6= ∅. (3.2.1)

Now, the numerical equivalence class of any curve in Fσ belongs to Rσ, while
every curve contained in Locus(V )FR is numerically equivalent to a linear com-
bination of a curve among those parameterized by V and a curve in FR; it thus
follows that the intersection (3.2.1) is 0-dimensional. So we get

dimX ≥ dimFσ + dim Locus(V )FR ≥ dimFσ + dimFR −KX · V − 1, (3.2.2)

where the last inequality follows by Lemma 2.12. By taking into account [22,
Theorem 1.1] applied to Rσ, from (3.2.2) we derive dimFR ≤ iX . So, by [22,
Theorem 1.1] applied to R, we get that R is associated either with a contraction
of fiber type, or with a divisorial contraction.

In the last case by (3.2.2) we have dimX = 3iX −1 and dimFR = iX = `(R),
the length of R, so the contraction associated with R is a smooth blow-up by
[2, Theorem 5.1]; moreover, both Rσ and R are associted with blow-ups with
iX -dimensional non-trivial fibers.

To prove the existence of an extremal ray containing [V ], we consider the
rc(V )-fibration π : X 99K Z. Let V σ a family of deformations of a minimal curve
in Rσ. As Exc(Rσ) · V > 0, the family V σ is horizontal and dominating with
respect to π. Moreover, X is not rc(V, V σ)-connected, being ρX = 3. So [V ]
and [V σ] lie in an extremal face 〈Rσ, R1〉 by [7, Lemma 2.4], as we have proved
above that X has no small contractions.

Now, let H be the pullback of a very ample line bundle on Z. The curves
parameterized by V are contracted by π, so H · V = 0; moreover, H is positive
outside the indeterminacy locus of π, so H · Rσ > 0, since V σ is horizontal and
dominating with respect to π; finally, either [V ] ∈ R1, or the exceptional locus of
R1 is contained in the indeterminacy locus of π. However, the last case cannot
occur since R1 is not associated with a small contraction and the indeterminacy
locus of π has codimension at least 2 in X.

Theorem 3.3. Let X be a Fano manifold of pseudoindex iX ≥ dimX+1
3 ≥ 2

and Picard number ρX = 3. Assume that X has an extremal ray Rσ associated
with a smooth blow-up. If X admits an unsplit dominating family of rational
curves V such that Exc(Rσ) · V > 0, then one of the following holds:
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(1) NE(X) = 〈Rσ, R1, R2〉, where R1 and R2 are associated with contrac-
tions of fiber type;

(2) NE(X) = 〈Rσ, R1, R2〉, where R1 is associated with a contraction of fiber
type and R2 is associated with a smooth blow-up.

Moreover, [V ] ∈ R1.

Proof. In view of Lemma 3.2 we know that X has no small contractions and
that it admits an extremal ray R1 such that [V ] ∈ R1, so that the contraction
associated with R1 is of fiber type. Moreover, since Exc(Rσ) · V > 0, the rays
Rσ and R1 span an extremal face in NE(X) by [7, Lemma 2.4]. Now, let R2

be an extremal ray of X which does not belong to 〈Rσ, R1〉; by Lemma 3.2 the
contraction associated with R2 is either of fiber type, or a smooth blow-up.

We first assume that the contraction associated with R2 is of fiber type and
we prove that we are in case (1) of the statement.

Since X has no small contractions, by [7, Lemma 2.4] we have that R1 and
R2 are contained in an extremal face of NE(X). Now, it is enough to show that
Rσ and R2 lie in an extremal face of NE(X).

If Exc(Rσ) · R2 > 0, a family of deformations V σ of a minimal curve in
Rσ is horizontal and dominating with respect to the fibration associated with
a family of deformations V R2 of a minimal curve whose numerical equivalence
class belongs to R2. Moreover, X is not rc(V R2 , V σ)-connected since ρX = 3. So
Rσ and R2 lie in an extremal face of NE(X), again by [7, Lemma 2.4]. Therefore
NE(X) = 〈Rσ, R1, R2〉.

If otherwise Exc(Rσ) ·R2 = 0, assume to get a contradiction that there exists
an extremal ray, say R3, in the halfspace of NE(X) which is bounded by 〈Rσ, R2〉
and does not contain R1. Then Exc(Rσ) ·R3 < 0, so the exceptional locus of R3

is contained in Exc(Rσ), hence R3 is associated with a blow-up by Lemma 3.2.
Now, let Fσ, F1, F2 and F3 be the fibers of the contractions associated with Rσ,
R1, R2 and R3, respectively, which contain a point x ∈ Exc(R3). Since fibers of
different extremal rays can meet at most at points, we get

3iX − 1 ≥ dimX ≥ dimFσ + dimF1 + dimF2 + dimF3 ≥ 4iX − 2,

where the last inequality is due to [22, Theorem 1.1] applied to each extremal
ray; it follows that iX = 1, a contradiction. Therefore NE(X) = 〈Rσ, R1, R2〉.

We can now assume that the contraction associated with R2 is birational and
that R1 is the only extremal ray of X whose associated contraction is of fiber
type; we prove that we are in case (2) of the statement.

Notice that by Lemma 3.2 we know that the contractions associated with R2

and with any other extremal ray different from R1 are smooth blow-ups.
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We show that R1 and R2 lie on an extremal face.

If Exc(R2) ·R1 > 0, recalling that X has no small contraction by Lemma 3.2,
by [7, Lemma 2.4] we get that R1 and R2 are contained in an extremal face of
NE(X).

So we are left to assume that Exc(R2) · R1 = 0. Clearly we have Exc(R2) ·
R2 < 0. We can argue as in the proof of [8, Theorem 5.7], so we claim that
Exc(R2) ·Rσ > 0 and that NE(Exc(R2)) = 〈Rσ, R1, R2〉.
Let V σ a family of deformations of a minimal curve in Rσ. Since Exc(Rσ)·V > 0,
the family V σ is horizontal and dominating with respect to the rc(V )-fibration,
so we can consider the rc(V, V σ)-fibration, whose general fiber F has dimension
≥ 2iX − 1 by Lemma 2.12. Let V R2 a family of deformations of a minimal curve
in R2. Now, by computing the dimension of Locus(V R2)F with Lemma 2.12,
we derive Exc(R2) = Locus(V R2)F , so NE(Exc(R2)) = 〈Rσ, R1, R2〉. Since an
effective divisor cannot be non-positive on the whole NE(X), the claim follows.

Now, assume by contradiction thatR1 andR2 are not contained in an extremal
face of NE(X). Then there exists an extremal ray, say R3, in the halfspace
of NE(X) which is bounded by 〈R1, R2〉 and does not contain Rσ. It follows
that Exc(R2) · R3 < 0, so the exceptional locus of R3 is contained in Exc(R2),
contradicting NE(Exc(R2)) = 〈Rσ, R1, R2〉.

Notice that the same argument as forR2 applies to every extremal ray different
form R1 and Rσ; it follows that the only possibility for the Kleiman–Mori cone
of X is NE(X) = 〈Rσ, R1, R2〉, so we are in case (2) of the statement.

Remark 3.4. Notice that, in view of Lemma 3.2, the second case in Theo-
rem 3.3 can happen only for Fano manifolds X of Picard number ρX = 3 and
pseudoindex iX = n+1

3 .

Next we assume that X does not admit any unsplit dominating family of ratio-
nal curves which is positive with respect to the exceptional locus of the blow-up.

We will make use of the following remark.

Remark 3.5. Let X be a Fano manifold of dimension dimX ≥ 3, pseudoindex
iX ≥ dimX+1

3 and Picard number ρX = 3. By looking at the proofs of [15,

Theorem 5.1] and [18, Theorem 5], we see that, X is rc(V1,V2,V3)-connected
with respect to three families as in Construction 2.16 which turn out to be
unsplit, unless dimX = 5, iX = 2 and only the first two families are unsplit, or
X is rc(V1,V2)-connected with respect to two families and only the first family
is unsplit.

However, the description of the Kleiman–Mori cone of Fano fivefolds with
pseudoindex 2 is given in [7, Theorem 1.1], so we could confine to manifolds of
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dimension at least six that we know to be rc(V 1, V 2, V 3)-connected with respect
to three unsplit families of rational curves. This will be done in Theorem 3.7.

Lemma 3.6. Let X be a Fano manifold of pseudoindex iX ≥ dimX+1
3 ≥ 2.

Assume that X is rc(V 1, V 2, V 3)-connected with respect to three unsplit families
as in Construction 2.16 and that X has an extremal ray Rσ associated with a
smooth blow-up.
If X does not admit any unsplit dominating family of rational curves V such that
Exc(Rσ)·V > 0, then V 2 is not dominating, X is rc(V 1, V 2, V σ)-connected, with
V σ a family of deformations of a minimal curve in Rσ, 〈[V 1], [V 2]〉 is extremal
and −KX · V 1 = −KX · V 2 = −KX · V σ = iX = dimX+1

3 .

Proof. By construction V 1 is dominating, so Exc(Rσ) · V 1 = 0. Therefore
Exc(Rσ) does not dominate the target of the rc(V 1)-fibration π1 : X 99K Z1. It
follows that Exc(Rσ) does not contain Locus(V 2), hence Exc(Rσ) · V 2 ≥ 0.

Let H1 be the pullback of a very ample line bundle on Z1. The curves param-
eterized by V 1 are contracted by π1, so H1 · V 1 = 0; moreover, H1 is positive
outside the indeterminacy locus of π1, so H1 · V 2 > 0, since V 2 is horizontal
with respect to π1, and H1 · Rσ > 0, since the indeterminacy locus of π1 has
codimension at least 2 in X while Exc(Rσ) is a divisor.

Now denote by V σ a family of deformations of a minimal rational curve in
Rσ. We claim that [V 1], [V 2] and [V σ] are numerically independent. Assume
to get a contradiction that [V σ] ∈ 〈[V 1], [V 2]〉, so that there exist a, b ∈ R such
that [V σ] = a[V 1] + b[V 2]. Now, by intersecting with Exc(Rσ) we obtain b < 0,
while we have b > 0 by intersecting with H1, so we reach a contradiction.

In particular, it follows that the curves of Rσ are not contracted by the
rc(V 1, V 2)-fibration π2 : X 99K Z2.

Now we show that V 2 is not a dominating family. Assume to get a con-
tradiction that V 2 is a dominating family. We can consider Locus(V a, V b)Fσ ,
{a, b} = {1, 2} for a general non-trivial fiber Fσ of the contraction associ-
ated with Rσ. Notice that, since Exc(Rσ) · V 1 = Exc(Rσ) · V 2 = 0, any
curve in Locus(V a, V b)Fσ has negative intersection with respect to Exc(Rσ),
so Locus(V a, V b)Fσ ⊆ Exc(Rσ). So by computing its dimension with Lemma
2.12, we get Locus(V a, V b)Fσ = Exc(Rσ).
By repeated applications of Lemma 2.14 the numerical equivalence class of any
curve in Exc(Rσ) can be written as a linear combination with nonnegative coef-
ficients of [V 1], [V 2] and [V σ], hence NE(Exc(Rσ)) = 〈[V 1], [V 2], [V σ]〉.
Therefore the contraction associated with an extremal ray which is positive with
respect to Exc(Rσ) is a P1-bundle by [17, Corollary 2.15], hence a family of de-
formations of a minimal curve in this ray is dominating, unsplit and has positive
intersection with respect to Exc(Rσ), a contradiction.
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Therefore V 2 is not a dominating family. So, for a general point x2 ∈
Locus(V 2), we have dim Locus(V 2, V 1)x2

≥ 2iX − 1, hence dimZ2 ≤ iX . There-
fore a general non-trivial fiber Fσ of the blow-up associated with Rσ domi-
nates Z2 and iX = dimX+1

3 . It follows that X is rc(V 1, V 2, V σ)-connected and

X = Locus(V 2, V 1)Fσ , so 〈[V 1], [V 2]〉 is extremal by [16, Lemma 3.5]. Moreover,
−KX · V 1 = −KX · V 2 = −KX · V σ = iX .

Theorem 3.7. Let X be a Fano manifold of pseudoindex iX ≥ dimX+1
3 > 2

and Picard number ρX = 3. Assume that X has an extremal ray Rσ associ-
ated with a smooth blow-up. If X does not admit any unsplit dominating fam-
ily of rational curves V such that Exc(Rσ) · V > 0, then iX = dimX+1

3 and
NE(X) = 〈Rσ, R1, R2〉, where Rσ and R2 are associated with smooth blow-ups
with nontrivial iX-dimensional fibers and R1 is associated with a contraction of
fiber type. Moreover, Exc(R2) ·R1 > 0.

Proof. In view of Remark 3.5 we know that X is rc(V 1, V 2, V 3)-connected
with respect to three unsplit families as in Construction 2.16, so by Lemma 3.6 X
is rc(V 1, V 2, V σ)-connected, where V σ is a family of deformations of a minimal
curve in Rσ.

Let R be an extremal ray which is positive on Exc(Rσ) and let FR be any
nontrivial fiber of the contraction associated with R. Then R 6∈ 〈[V 1], Rσ〉 and
there exists a nontrivial fiber FRσ of the contraction associated with Rσ which
intersects FR. It follows that FR ∩ Locus(V 1)FRσ 6= ∅. On the other hand this
intersection cannot have positive dimension since the numerical equivalence class
of any curve in FR belongs to R, while every curve contained in Locus(V 1)FRσ
is numerically equivalent to a linear combination of a curve among those param-
eterized by V 1 and a curve in FRσ . It follows that

dimFR ≤ dimX − dim Locus(V 1)FRσ ≤ iX (3.7.1)

where the last inequality follows by Lemma 2.12. Notice that R cannot be
associated with a contraction of fiber type, otherwise Exc(Rσ) ·R would be zero.
By taking into account [22, Theorem 1.1] applied to Rσ, we derive dimFR = iX
and iX = dimX+1

3 . So, by [22, Theorem 1.1] applied to R, we get that R is
associated with a divisorial contraction. In particular, dimFR = iX = `(R), so
the contraction associated with R is a smooth blow-up by [2, Theorem 5.1].

Note that, in view of (3.7.1), this implies dimFRσ = iX .

Now, if Exc(R) · V 1 = 0, then Exc(R) · V 2 < 0, since X is rc(V 1, V 2, V σ)-
connected and Exc(R) · V σ > 0. On the other hand, we can argue as in the first
lines of the proof of Lemma 3.6 by replacing Rσ with R; then we get Exc(R)·V 2 ≥
0. So we have a contradiction.
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Therefore Exc(R)·V 1 > 0, so we can conclude by Lemma 3.2 and Theorem 3.3.

4. Examples

Let X be a Fano manifold of pseudoindex iX ≥ dimX+1
3 ≥ 2 and Picard number

ρX = 3. We know from [22, Theorem 1.1] that, if X has an extremal ray
associated with a smooth blow-up, the dimension of the non-trivial fibers is
greater than or equal to the pseudoindex of X.

We start this section with an example of X of pseudoindex iX > dimX+1
3

admitting an extremal ray associated with a smooth blow-up.

Example 4.1. Consider X = PiX−1 × BlPiX−2 P2iX−1. This is a Fano man-
ifold of pseudoindex iX = dimX+2

3 ≥ 2, Picard number ρX = 3 that admits a
blow-up structure.

Remark 4.2. Notice that, in view of [16, Theorem], the variety in Example 4.1
is the only Fano manifold of pseudoindex greater than dimX+1

3 , Picard number
ρX = 3 that admits a blow-up structure.

Now we give an example of X admitting an extremal ray associated with a
smooth blow-up whose non-trivial fibers have dimension greater than the pseu-
doindex of X.

Example 4.3. Consider X = PiX−1×BlPiX−2 P2iX . This is a Fano manifold
of pseudoindex iX = dimX+1

3 > 2, Picard number ρX = 3 that admits a blow-up
structure with fibers of dimension equal to iX + 1.

We remark that the variety in Example 4.3 is the only Fano manifold of
dimension 3iX − 1, Picard number ρX = 3 admitting an extremal ray associated
with a smooth blow-up whose fibers have dimension greater than the pseudoindex
of X. This is proved in the following

Proposition 4.4. Let X be a Fano manifold of pseudoindex iX ≥ dimX+1
3 >

2 and Picard number ρX = 3. Assume that X has an extremal ray Rσ associated
with a smooth blow-up. Then the non-trivial fibers of the contraction associated
with Rσ are iX-dimensional unless X = PiX−1 × BlPiX−2 P2iX .

Proof. By [22, Theorem 1.1] we know that the dimension of each non-trivial
fiber of the contraction associated with Rσ has dimension greater than or equal
to iX . Assume that these fibers have dimension greater than iX . By Theorem 1.1
we know that NE(X) = 〈Rσ, R1, R2〉, where R1 is associated with a contraction
of fiber type and R2 is associated either with a contraction of fiber type or with
a smooth blow-up. However, the last case is ruled out by taking into account
Lemma 3.2 and Theorem 3.7.
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With no loss of generality we can now assume that Exc(Rσ) · R1 > 0 and
we can argue as in the proof of Lemma 3.2. Denote by F2 any fiber of the
contraction associated with R2 and denote by V 1 a family of deformations of a
minimal curve in R1. Since V 1 is a dominating family and Exc(Rσ) ·V 1 > 0, we
have

Exc(Rσ) ∩ Locus(V 1)F2
6= ∅,

hence there exists a fiber Fσ of the blow-up associated with Rσ such that

Fσ ∩ Locus(V 1)F2
6= ∅. (4.4.2)

Now, the numerical equivalence class of any curve in Fσ belongs to Rσ, while
every curve contained in Locus(V 1)F2 is numerically equivalent to a linear com-
bination of a curve among those parameterized by V 1 and a curve in F2; it thus
follows that the intersection (4.4.2) is 0-dimensional. So we get

dimX ≥ dimFσ + dim Locus(V 1)F2
≥ dimFσ + dimF2 −KX · V 1 − 1, (4.4.3)

where the last inequality follows by Lemma 2.12. By taking into account [22,
Theorem 1.1] applied to Rσ, from (4.4.3) we derive dimF2 ≤ iX − 1. So, by
[22, Theorem 1.1] applied to R2, we get that dimF2 = iX − 1. Therefore a
general fiber of the contraction associated with R2 dominates the target of the
rc(V 1, V σ)-fibration, hence X is rc(V 1, V σ, V 2)-connected, where V 2 is a family
of deformations of a minimal curve of the contraction associated with R2. Notice
that −KX · V 1 = −KX · V 2 = iX and −KX · V σ = iX + 1, so we get X =
PiX−1 × BlPiX−2 P2iX by [16, Proposition 5.2].

Next we consider Fano manifolds with two blow-ups structures.

Example 4.5. Consider X = BlP2iX−2(BlPiX−2P3iX−1). This is a Fano man-
ifold of pseudoindex iX = dimX+1

3 > 2, Picard number ρX = 3 that admits two
blow-up structures.

Moreover, we show that

Proposition 4.6. Let X be a Fano manifold of pseudoindex iX = dimX+1
3 >

2 and Picard number ρX = 3. Assume that X admits two extremal rays associ-
ated with smooth blow-ups onto Fano manifolds. Then X = BlP2iX−2(BlPiX−2P3iX−1).

Proof. In view of Theorem 1.1, we know that NE(X) = 〈R,Rσ, Rσ′〉, where
Rσ and Rσ′ are associated with smooth blow-ups and R is associated with a
contraction of fiber type. Moreover, the intersection of the exceptional loci of
the two blow-ups is not empty. In fact, if Exc(Rσ)·R = 0 (resp., Exc(Rσ′)·R = 0)
then Exc(Rσ) · Rσ′ > 0 (resp., Exc(Rσ′) · Rσ > 0) since an effective divisor is
positive on an extremal ray, while if Exc(Rσ) ·R > 0 and Exc(Rσ′) ·R > 0 then
Exc(Rσ) ·Rσ′ > 0 in view of the proof of Theorem 3.3.
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Moreover, in view of Theorem 3.7, with no loss of generality we can assume
that Exc(Rσ) ·R > 0.

Denote by V R, resp. V σ, resp. V σ
′
, a family of deformations of a minimal

curve in R, resp. Rσ, resp. Rσ′ . Then V σ is horizontal and dominating with
respect to the rc(V R)-fibration and V σ

′
is horizontal and dominating with re-

spect to the rc(V R, V σ)-fibration. By computing the dimensions with Lemma
2.12, we derive dim Locus(V R)Fσ = 2iX − 1, where Fσ is any non-trivial fiber of
the contraction associated with Rσ.

Let Φ be the contraction associated with the extremal face 〈R,Rσ〉 and denote
by F a general fiber of Φ. We have the following diagram:

X

Φ   

σ // X ′

ψ

��
Y,

where σ is the blow-up associated with Rσ. Then F contains Locus(V R)Fσ ,
so it has positive intersection with a nontrivial fiber of Rσ′ . It follows that
dimF = 2iX − 1, so F is a Fano manifold of pseudoindex equal to iX with two
extremal rays, one of which is associated with a blow-up with iX -dimensional
nontrivial fibers. Therefore F = BlPiX−2P2iX−1 by [3, Theorem 1.1]. Then ψ
is a contraction of fiber type with P2iX−1 as general fiber. Therefore X ′ =
BlPiX−2P3iX−1 by [3, Theorem 5.1], so X = BlP2iX−2(BlPiX−2P3iX−1).

Remark 4.7. For examples of Fano manifolds of pseudoindex iX = dimX+1
3 =

2 (hence Fano manifolds of dimension 5) we refer to the classification table in
[17, Appendix] and to the examples in [7, Section 3].

Next we consider Fano manifolds with two elemetary contractions of fiber
type, one of them being associated with an extremal ray of length greater than
iX .

Example 4.8. Consider X1 = PiX−1×BlPiX−1 P2iX and X2 = PiX×BlPiX−2 P2iX−1.
These are Fano manifolds of pseudoindex iX = dimX+1

3 ≥ 2, Picard number
ρX = 3 that admits a blow-up structure with fibers of dimension equal to iX and
two elemetary contractions of fiber type, one of which being associated with an
extremal ray of length greater than iX .

Remark 4.9. Notice that, in view of [16, Proposition 5.2 and Proposition
5.4], the varieties in Example 4.8 are the only Fano manifolds of pseudoindex
equal to dimX+1

3 ≥ 2, Picard number ρX = 3 that admit a blow-up structure
with fibers of dimension equal to iX and two elemetary contractions of fiber type,
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one of them being associated with an extremal ray of length greater than iX .
Notice also that, if the extremal ray of length greater than iX is Rσ, we have
X = PiX−1 × BlPiX−2 P2iX by Proposition 4.4.

An example in which all the extremal rays of X have length equal to iX is
the following:

Example 4.10. Consider X = QiX ×BlPiX−2 P2iX−1. These is a Fano man-
ifolds of pseudoindex iX = dimX+1

3 ≥ 2, Picard number ρX = 3 that admits a
blow-up structure with fibers of dimension equal to iX and two elemetary con-
tractions of fiber type, all of them being associated with extremal rays of length
equal to iX .

Finally, we consider a Fano manifold X admitting an extremal ray associated
with a smooth blow-up and Picard number ρX ≥ 4.

Example 4.11. Consider X = P1×P1×Blp(P3). This is a Fano manifold of

pseudoindex iX = dimX+1
3 = 2, Picard number ρX = 4 that admits an extremal

ray associated wit a blow-up and 3 extremal rays associated with contractions of
fiber type.

Remark 4.12. Notice that, in view of [16, Proposition 4.1 and Proposition
5.1], the variety in Example 4.11 is the only Fano manifold of pseudoindex greater
than or equal to dimX+1

3 ≥ 2, Picard number ρX ≥ 4 that admits a blow-up
structure.
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rieties with many lines and their applications to adjunction theory. In Complex algebraic

varieties (Bayreuth, 1990), volume 1507 of Lecture Notes in Math., pages 16–38. Springer,
Berlin, 1992.

5. Laurent Bonavero, Cinzia Casagrande, Olivier Debarre and Stéphane Druel: Sur une con-
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21. Jaros law A. Wísniewski: On a conjecture of Mukai. Manuscripta Math. 68(2), 135–141

(1990).
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