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second order variation of the Rényi entropy arising from small deformations of a spherical

entangling surface, extending Mezei’s results for the entanglement entropy.

Keywords: Conformal and W Symmetry, Space-Time Symmetries, Spacetime Singulari-

ties, Anomalies in Field and String Theories

ArXiv ePrint: 1511.06713

Open Access, c© The Authors.

Article funded by SCOAP3.
doi:10.1007/JHEP07(2016)076

mailto:lorenzo.bianchi@desy.de
mailto:marco.meineri@sns.it
mailto:rmyers@perimeterinstitute.ca
mailto:smolkinm@berkeley.edu
http://arxiv.org/abs/1511.06713
http://dx.doi.org/10.1007/JHEP07(2016)076


J
H
E
P
0
7
(
2
0
1
6
)
0
7
6

Contents

1 Introduction 1

2 Twist operators as conformal defects 3
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1 Introduction

There has been a growing interest in entanglement and Rényi entropies as probes of complex

interacting quantum systems in a variety of areas ranging from condensed matter physics,

e.g. [1–3] to quantum gravity, e.g. [4–7]. While commonly regarded as a useful theoretical

diagnostic, the past year has seen remarkable experimental advances where the Rényi

entropy, as well as quantum purity and mutual information, of a system of delocalized

interacting particles can be measured in the laboratory [8]. This experimental breakthrough

strengthens the motivation to develop further theoretical insight into these entanglement

measures, particularly in the framework of quantum field theory (QFT). In this paper, we

focus our attention on Rényi entropies [9, 10] in the context of conformal field theories

(CFTs). Conformal symmetry obviously introduces additional constraints on the Rényi

entropy beyond those in a general QFT, however, CFTs are still a very important class of

QFTs since they describe physics at the quantum critical points and also shed light on the

structure of gravity through the AdS/CFT duality.
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In the case of holographic CFTs with a gravitational dual, the Ryu-Takayanagi pre-

scription [11, 12] — and its generalizations [13–17] — provides an elegant and practical

tool to evaluate the entanglement entropy across an arbitrary entangling surface. While the

recent derivation [18] of this prescription presents a generalization to holographic Rényi en-

tropies in principle, explicit holographic calculations of the Rényi entropy have been largely

restricted to a spherical entangling surface [19, 20] — however, see recent progress in [21].

Similarly, efficient computational tools to study the Rényi entropies for more general CFTs

are rare. Numerical techniques have been developed to evaluate the Rényi entropy in lat-

tice models describing critical theories, e.g. [22–24] but these are demanding and must be

adapted for the specifics of a given model. Beyond these numerical studies, the existing

literature considers primarily the Rényi entropy across a spherical entangling surface for a

CFT living in flat space, e.g. [19, 25–29].

In this paper, we build on conformal defect techniques to develop a field theoretic

framework which allows for quantitative studies of the Rényi entropy. Conformal defects

have a long history, both in two and higher dimensions — see e.g. [30–32]. In section 2, we

begin from the basic definitions to draw a parallel between conformal defects and the twist

operators, which enter the calculation of the Rényi entropy. This perspective demonstrates

that the Rényi entropy readily lends itself to the application of defect CFT techniques.

In particular, we define the so-called displacement operator for the twist operators, which

then implements small deformations of the entangling surface.

Hence the displacement operator can be used for perturbative calculations of the Rényi

entropy when small modifications are made in the geometry of the entangling surface.

Our focus on the displacement operator in the following arises because recently there

has been a great deal of interest in the shape dependence of Rényi and entanglement

entropies, e.g. [33–40]. First, we show below for a planar or spherical entangling surface

that the second order variation of the Rényi entropy is fixed by the two-point function of

the displacement operator. Given this framework, one of our key results is then to identify

a simple relation between the coefficient defining the two-point function of the displacement

operator and the conformal weight of the twist operator, which unifies a number of distinct

conjectures with regards to the shape dependence of the Rényi entropy. In particular, in

section 3, we apply this approach to evaluate the second order variation of the Rényi entropy

for a spherical region. In the limit that the Rényi index goes to one, using the new relation,

we precisely recover Mezei’s conjecture for variations of the entanglement entropy [33] —

see also [34]. Further the displacement operator can also be used to examine the variation

of the Rényi entropy for small but ‘singular’ deformations of the entangling surface. In

section 4, we consider the case of a planar entangling surface which undergoes a singular

deformation to create a small conical singularity. With the previous relation, our result

for the change in the Rényi entropy matches previous conjectures with regards to cusp

and cone geometries in the limit that the entangling surface is almost smooth [35–38]. In

section 5, we focus on the Rényi entropy across an arbitrary entangling surface in four

spacetime dimensions. We are able to relate two coefficients in the universal contribution

to the Rényi entropy to the conformal weight of the twist operator and to the coefficient in

the two-point function of the displacement operator, respectively. Our relation between the
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latter two quantities then yields the equality of these coefficients, as was conjectured for all

four-dimensional CFTs in [39]. Hence, interestingly, the relation between the coefficient of

the two-point function of the displacement and the conformal weight of the twist operator

underlies a number of existing conjectures in the literature about the Rényi entropy.

However, at this point, we must add that recent holographic calculations [41] imply

that the proposed relation does not hold for general values of the Rényi index in four-

dimensional holographic CFTs dual to Einstein gravity. Hence it becomes an interesting

question to ask for precisely which CFTs does such a constraint hold. For example, our

calculations in appendix C confirm that it does in fact hold for free massless scalars in

four dimensions.

In section 6, we pose the question whether it may be possible to define the twist

operator through the operator product expansion generically available in the presence of

defects, and we point out an intriguing universal feature of the fusion of the stress-tensor

with this specific extended operator. We conclude with a discussion of our results and

possible future directions in section 7. We also have a number appendices where we present

various technical calculations whose results are used in the main text. In appendix A, we

derive a set of Ward identities in the presence of a twist operator. In appendix B, we list

some useful formulas which describe variation of various geometrical objects around the flat

space. We devote appendix C to the example of a four-dimensional free scalar field, where

the displacement operator can be given a precise identity in terms of the elementary field.

In particular, our discussion there provides an analytic proof of a certain equality first found

numerically in [39], i.e. we show fb(n) = fc(n) for free massless scalars in four dimensions.

Finally, let us add that while this paper was in the final stages of preparation, ref. [42]

appeared. Although their discussion only considers the entanglement entropy, some of the

results overlap with aspects of the present paper.

2 Twist operators as conformal defects

A central object for our discussion will be the twist operator which naturally arises in

evaluating Rényi entropies in quantum field theory [27, 43, 44].1 Therefore, let us start

by recalling the definition of our main player. We begin with a generic QFT in flat d-

dimensional spacetime. On a given time slice, the QFT is in a global state described by

the density matrix ρ — in fact, shortly we will restrict our attention to the vacuum state.

We consider the density matrix ρA obtained when the state is restricted to a particular

region A, i.e. obtained by tracing over the degrees of freedom in the complementary region

Ā of the time slice:

ρA = TrĀ(ρ) . (2.1)

The one-parameter family of Rényi entropies associated to the reduced density matrix ρA
is defined as follows [9, 10]:

Sn =
1

1− n
log Tr(ρnA). (2.2)

1In two-dimensional CFTs, twist fields associated to branch points were first introduced in [45, 46].
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The entanglement entropy, i.e. the von Neumann entropy, is recovered with the limit:

lim
n→1

Sn = SEE = −Tr(ρA log ρA) . (2.3)

Here we have implicitly considered the Rényi index n in (2.2) to be a real number. However,

specifically for integer n (with n > 1), a path integral construction, which is widely known

as the replica trick, allows us to evaluate the Rényi entropies for a QFT. An analytic

continuation is then required to make contact with the entanglement entropy but we will

have nothing to add about the conditions under which the continuation is reliable.

The replica trick begins by evaluating the reduced density matrix ρA in terms of a

(Euclidean) path integral on Rd but with independent boundary conditions fixed over the

region A as it is approached from above and below in Euclidean time, e.g. with tE → 0±.

The expression Tr(ρnA) is then evaluated by extending the above to a path integral on a n-

sheeted geometry [43, 44], where the consecutive sheets are sewn together on cuts running

over A. Denoting the corresponding partition function as Zn, we can write the Rényi

entropy (2.2) as

Sn =
1

1− n
log

Zn
Zn1

, (2.4)

where the denominator Zn1 is introduced here to ensure the correct normalization, i.e.

Tr[ρA] = 1. The partition function Zn has an important symmetry. That is, even if in

the above construction we chose to glue the copies together along the codimension-one

submanifold A on the tE = 0 slice, the precise location of the cut between different sheets

is meaningless — see for instance section 3.1 of [47]. Hence the only source of breaking

of translational invariance on each sheet is at the location of the entangling surface, i.e.

the boundary of A. Since the modification is local in this sense, it can be reinterpreted

as the insertion of a twist operator τn. In defining τn, the above construction is replaced

by a path integral over n copies of the underlying QFT on a single copy of the flat space

geometry. The twist operator is then defined as a codimension-two surface operator in this

n-fold replicated QFT, which extends over the entangling surface and whose expectation

value yields

〈τn〉 ≡
Zn
Zn1

= e(1−n)Sn . (2.5)

Hence eq. (2.5) implies that τn opens a branch cut over the region A which then connects

consecutive copies of the QFT in the n-fold replicated theory. Note that here and in the

following, we omit the A dependence of τn to alleviate the notation.

In proceeding, we restrict our attention to the case where the QFT of interest is a

conformal field theory and the state is simply the flat space vacuum state. Now let us

take a closer look at the residual symmetry group in the presence of the twist operator.

In doing so, we restrict ourselves to a very symmetric situation where we choose A to be

half of the space. That is, we choose τn to lie on a flat (d−2)-dimensional plane, which

we denote as Σ. For concreteness, we parametrize Rd with coordinates (x1, . . . , xd), and

we locate the twist operator at x1 = 0 = x2. In the following, we will denote directions

orthogonal to Σ with Latin indices from the beginning of the alphabet (a, b, . . . ) and
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parallel directions with Latin indices from the middle of the alphabet (i, j, . . . ), while

µ = (i, a). Let us explicitly notice that since a spherical entangling surface can be obtained

from the planar one by means of a conformal transformation, the following applies equally

well to the spherical case.

Now, the stabilizer of a (d−2)-dimensional plane within the d-dimensional conformal

algebra is the subalgebra so(d − 1, 1) × u(1). The first factor comprises the conformal

transformations in (d−2) dimensions, while the second consists of rotations in the transverse

space. Let us choose the cut to lie along a half-plane in Rd, e.g. x1 < 0 (and x2 = 0), then

a moment’s thought is sufficient to realize that the gluing condition is preserved only if the

same conformal transformation is applied to all the copies at the same time.2 The rotations

in the transverse plane, on the other hand, move the cut, which can be brought back to

the original position through the symmetry of the partition function which we referred to

above. This leads to a remark on the structure of the symmetry group. A rotation of an

angle 2π has the net effect of shifting by one the labeling of the replicas: in a correlation

function, an operator inserted in the i-th copy ends up in the (i + 1)-th one. Therefore,

the u(1) algebra exponentiates in the n-fold cover of the group O(2). Up to this subtlety,

we see that the symmetry group preserved by the twist operator is the same as the one

preserved by a flat conformally invariant extended operator, i.e. a conformal defect.

The symmetry algebra places constraints on observables, which in many cases have

been worked out in the context of defect CFTs. In particular, this is the case for correlation

functions of local operators [32]. The twist operator is a conformal defect placed in the

tensor product (CFT)n rather than in the original conformal field theory. Therefore, it is

especially interesting to consider the consequences of interactions among replicas, which

distinguish this setup from a mere local modification of a CFT on Rd: these are probed

by correlation functions of operators belonging to different copies of the theory. Such

correlators do not escape the defect CFT framework and in particular can be handled

with the classical tool available in any conformal field theory: the existence of an operator

product expansion (OPE), which converges inside correlation functions. In the presence of

a defect, bulk excitations can be brought close to the extended operator, and be expressed

as a sum over local operators on the defect. This corresponds to a new OPE channel,

usually referred to as the defect OPE. If we denote defect operators with a hat, the defect

OPE of a bulk scalar of scaling dimension ∆ takes the following form:

O(xa, xi) ∼ b
Ô0
r∆̂0−∆Ô0(xi) + . . . , r ≡ |xa|. (2.6)

The meaning of the label 0 given to the defect operator will become clear in a moment.

Let us stress that operators in our formulae will always be thought of as inserted on a

single copy of the CFT and when present, sums over replicas will be written explicitly.

Now consider a correlator of bulk primaries which belong to different factors of the n-fold

replicated CFT. We can substitute to each of them the respective defect OPE, and since

the latter converges inside correlation functions, the resulting sum over two-point functions

2In the density matrix language, this is rephrased in the statement that the transformation UρAU
−1 is

a symmetry of Zn only if applied to the n factors of ρA appearing in the trace (2.2).
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of defect operators must reproduce the original correlator. In particular, we see that the

expression on the right hand side of eq. (2.6) must retain the information about the copy in

which the primary on the left hand side was inserted. This is possible thanks to the global

structure of the symmetry group — that is, the fact that rotations around the defect are

combined non-trivially with the Zn replica symmetry. The rotational symmetry around

an extended operator is a global symmetry from the point of view of the theory on the

defect. As a consequence, defect operators carry a u(1) quantum number s. In our case,

this transverse spin is rational: s = k/n, k being an integer. We see that the defect OPE

of a bulk scalar contains in general terms of the form

O(xa, xi) ∼ b
Ôs
|xa|∆̂s−∆eisφÔs(x

i) + . . . (2.7)

where φ ∈ [0, 2πn) is the angle in a plane orthogonal to the defect and provides the infor-

mation about the replica on which the bulk primary has been inserted. In appendix C, we

shall see explicit examples of OPEs of the form (2.7) in the free scalar theory, and how they

allow us to decompose correlation functions of bulk primaries placed in arbitrary positions.

The breaking of translational invariance in the directions transverse to the entangling

surface gives rise to an operator of transverse spin s = 1, which is always present on

defects in local theories. Indeed, the Noether current which generates translations fails to

be conserved only at the position of the defect, so that a new contact term should be present

in the Ward identities of the stress-tensor. This defines the displacement operator Da:

n∑
m=1

∂µT
µa
(m)(x

ν) = δΣ(x) Da(xi), (2.8)

where the index m runs over the replicas3 and δΣ denotes the delta function in the transverse

space with support on the Σ. The sum over replicas appears because, as mentioned,

symmetry transformations should be applied to all the sheets in the same way, resulting

in a sum over insertions of the stress-tensor. Eq. (2.8) is written in a somewhat loose

notation, which highlights the properties of the displacement. The right hand side should

be intended as an additional contribution arising when the left hand side is inserted in a

correlation function. We refer to appendix A for a derivation, and we content ourselves

here with a few remarks: it is important that the quantum numbers of Da are fixed by the

Ward identity, i.e. its scaling dimension is ∆ = d− 1 and it carries one unit of spin under

rotations around the defect. Notice that its normalization is also fixed by (2.8). Therefore,

its Zamolodchikov norm CD(n) is a property of the defect under consideration:

〈Da(xi)Db(0)〉n = CD(n)
δab

|xi|2(d−1)
. (2.9)

3We stress again that in general, our calculations will refer to bulk operators in a single copy of the

replicated CFT. Hence Tµν(m) here denotes the stress tensor in the m’th copy of the CFT and the total stress

tensor for the full theory would be given by Tµνtot =
∑n

m=1 T
µν
(m). However, in order to reduce clutter in

expressions below, we will drop the subscript (m) but Tµν still denotes the single-copy stress tensor. The

total stress tensor will always be denoted as Tµνtot .
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Here and in the following the subscript n applied to expectation values implies the presence

of the twist operator:

〈O〉n ≡
〈τnO〉
〈τn〉

. (2.10)

Let us finally mention that generic defects might have a more complicated structure of

contact terms showing up in the divergence of the stress-tensor: more operators might

be present, associated with derivatives of δ-functions appearing in eq. (2.8). They can be

written down systematically [32] but we will not need this information here.

A consequence of the Ward identity (2.8) is that a small deformation δxa(xi) of the

defect, is obtained by integrating the displacement operator in the action. The first order

variation under such a deformation can be written

δ 〈X〉n = −
∫
dd−2x δxa(xi) 〈Da(xi)X〉n , (2.11)

where X is an arbitrary product of local operators. As already pointed out, a flat twist

operator preserves a subgroup of the conformal transformations which includes dilatations.

As an immediate consequence, scale invariance prevents defect operators from acquiring an

expectation value in this particular case. Hence, the first order variation of the partition

function (2.5) vanishes for a flat (or spherical) entangling surface, or more precisely, it is

non-universal (i.e. it explicitly depends on the regulator and therefore can be tuned to zero

with appropriate counterterms). The second order variation is then related directly to CD.

Indeed, denoting the variation as ε δxa, we find

1

〈τn〉
d2

dε2
〈τn〉

∣∣∣∣
ε=0

=

∫
dd−2x

∫
dd−2x′ 〈Da(x)Db(x′)〉n δxaδx

′
b. (2.12)

The double integration will contain divergences which must be regulated. However, power-

law divergences can be unambiguously tuned away, and finite or logarithmically divergent

parts are universal well defined quantities, proportional to CD.

Hence eq. (2.12) shows very explicitly that the displacement operator is the essential

element of the defect CFT living on the twist operator, which governs the shape depen-

dence of the Rényi entropy, which has been extensively studied in the recent literature

e.g. [33]–[40]. A key result of this paper is the unification of a variety of conjectures re-

lated to this shape dependence in terms of a constraint on CD, the coefficient defining

the two-point function (2.9) of the displacement operator. In particular, these conjectures

imply that the value of CD is entirely determined by the one-point function of the stress

tensor in presence of the defect, also called the conformal dimension of the twist opera-

tor. The latter, dubbed hn, is defined by the leading singularity of the one-point function

〈Tµν〉n ≡ 〈Tµν τn〉 / 〈τn〉. For a planar conformal defect in Euclidean flat geometry, this

leading singularity is easily identified as it is completely fixed by symmetry

〈Tij〉n = − hn
2πn

δij
rd
, 〈Taj〉n = 0 , 〈Tab〉n =

hn
2πn

(d− 1) δab − dnanb
rd

. (2.13)

Here na is a unit normalized vector normal to the entangling surface and r = |xa| the

transverse distance. The factor n in the denominator appears so that hn is the coefficient
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in the one-point function for the total stress tensor (summed over all of the replicas), e.g.

as defined in [27]. In the following, we demonstrate that if, in a d-dimensional CFT, the

values of CD(n) and hn are constrained to obey the following equality

CD(n) = dΓ

(
d+ 1

2

) (
2√
π

)d−1

hn, (2.14)

then the Rényi entropy satisfies a number of interesting properties, outlined below, with

regards to shape dependence.

One immediate consequence of this relation is CD(1) = 0, which must hold since the

defect disappears for n = 1. Further, if we analytically continue (2.14) to real n, we can

consider the first order variation around n = 1:

∂nCD|n=1 = dΓ

(
d+ 1

2

) (
2√
π

)d−1

∂nhn|n=1 =
2π2

d+ 1
CT , (2.15)

where we used the relation

∂nh|n=1 = 2π
d
2

+1 Γ(d2)

Γ(d+ 2)
CT , (2.16)

first observed in [20] for holographic theories and then proven in [27] for general CFTs.

Implicity, the recent results of [42] imply that eq. (2.15) holds for generic CFTs.

Moving away from n = 1, the constraint in eq. (2.14) produces an number of interesting

properties for the shape dependence of the Rényi entropy, which have appeared previously

in the literature as conjectures:

• In section 3, we calculate the second order correction to the Rényi entropy induced by

small perturbations of a perfect sphere. In the limit n→ 1, the formula (2.15) repro-

duces the variation of the entanglement entropy across a deformed sphere conjectured

in [33] for arbitrary dimensions, which was recently proven in [42].

• Eq. (2.15) also allows one to compute the universal contribution to the Rényi entropy

for an entangling surface with a (hyper)conical singularity of opening angle Ω. The

leading coefficient in an expansion around the smooth entangling surface has been

conjectured to be related to the conformal weight hn [38] — see also [35–37]. In

section 4, we prove the equivalence of that conjecture and formula (2.15).

• With d = 4, eq. (2.14) implies the equivalence of the coefficients fb(n) and fc(n)

in the universal part of the four-dimensional Rényi entropy for general n, as dis-

cussed in [29, 39]. This is demonstrated in section 5 by relating fb to CD, and fc
to hn. However, we re-iterate that [41] recently showed that the proposed equiva-

lence fb(n) = fc(n) does not hold for four-dimensional holographic CFTs dual to

Einstein gravity.

The latter result demonstrates that eq. (2.14) is not a universal relation that holds in all

CFTs (for general values of n). However, it is then interesting to ask for precisely which
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CFTs does such a constraint hold. It seems that free field theories are a good candidate

for such a theory. Certainly, the results of [37, 48, 49] imply that eq. (2.14) holds for free

scalars and fermions in three dimensions. Further, our calculations in appendix C confirm

that it also holds for free massless scalars in four dimensions. We hope to return to this

question in future work [50].

3 Rényi and entanglement entropy across a deformed sphere

In this section, we study shape dependence of the Rényi entropy for a generic CFT in flat

space. In particular, we calculate the second order correction to the Rényi entropy induced

by small perturbations of a perfect sphere. In the limit n→ 1, our findings agree with the

holographic results previously found in [33].

Starting from (2.12), we note that upon slightly deforming a spherical entangling

surface with ε δxa, the leading correction to Sn appears at second order and is given by

δSn =
ε2

2(1− n)

∫
Σ

∫
Σ′
〈Da(x)Db(x′)〉n δxa δx′b +O(δx3) . (3.1)

Here, the two integrals run over the original spherical entangling surface of radius R. We

will restrict the deformation to the tE = 0 time slice and denote δ~x = f(x) r̂ where r̂ is a

unit vector in the radial direction. The relevant correlator (2.9) then beomes

〈Dr(x)Dr(x′)〉n =
CD

(x− x′)2(d−1)
=

CD
(2R2)d−1

1

(1− cos γ)d−1
, (3.2)

with γ being the angle between x, x′ ∈ Sd−2.

Let us now represent the two-point correlator (3.2) in the basis of spherical harmonics

on SN (N ≡ d− 2)

Y`N ...`1(θN . . . θ1) =
1√
2π

ei`1θ1
N∏
n=2

nc
`n−1

`n
(sin θn)

2−n
2 P

−(`n−1+n−2
2 )

`n+n−2
2

(cos θn) (3.3)

where `N ≥ `N−1 ≥ . . . ≥ |`1| are integers and

ds2
N = dθ2

N + sin2 θNds
2
N−1 , ds2

1 = dθ2
1 , (3.4)

√
g = sinN−1 θN sinN−2 θN−1 · · · sin θ2 , (3.5)

P−µν (x) =
1

Γ(1 + µ)

(
1− x
1 + x

)µ/2
2F1

(
−ν , ν + 1 ; 1 + µ ;

1− x
2

)
, (3.6)

nc
l
L =

[
2L+ n− 1

2

(L+ l + n− 2)!

(L− l)!

]1/2

. (3.7)

For simplicity, we assume that one of the points is sitting at the north pole, in which

case only spherical harmonics with `N−1 = `N−2 = . . . = `1 = 0 contribute

Y`N0...0(θN ) =

√
Γ
(
N
2

)
2π

N
2

Nc
0
`N

(sin θN )
2−N

2 P
−N−2

2

`N+N−2
2

(cos θN ) . (3.8)
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Hence, by assumption γ = θN in (3.2), and the following identity holds

〈D(x)D(x′)〉n =
CD

(2R2)d−1

∑
`N

A`NY`N0...0(γ) ,

A`N =

√√√√ 2π
N
2

Γ
(
N
2

) Nc
0
`N

∫ 1

−1
dz

(1− z2)
N−2

4

(1− z)N+1
P
−N−2

2

`N+N−2
2

(z) (3.9)

where we introduced a new variable z = cos γ.

The above integral diverges at z = 1. This is not surprising given that the coefficients

A`N correspond to a spherical harmonic representation of a singular function (3.2). To

regulate these coefficients let us modify the power of (1 − cos γ) in (3.2) by introducing a

new parameter α such that A`N takes the form

A`N =
π
N
4 Nc

0
`N

2
N+1

2 Γ
3
2

(
N
2

) lim
α→0

∫ 1

0
dy yα−

N+4
2 2F1

(
− `N −

N

2
+ 1 , `N +

N

2
;
N

2
; y
)
, (3.10)

where y = (1 − z)/2 and we used (3.7) to express the associated Legendre polynomial in

terms of the hypergeometric function. Now the integral can be readily evaluated assuming

that α is large enough4

A`N =
π
N
4 Nc

0
`N

2
N+1

2 Γ
3
2

(
N
2

) lim
α→0

3F2

(
α− N

2 − 1 , −`N − N
2 + 1 , `N + N

2 ; α− N
2 ,

N
2 ; 1

)
α− N

2 − 1
.

(3.11)

For odd N (odd d) the limit α → 0 is finite. However, it diverges for even N (even d).

Therefore we analyze these cases separately.

Odd d. For odd d, we have

A`N = −
π
N
4 Nc

0
`N

2
N−1

2 Γ
3
2

(
N
2

) 3F2

(
− N

2 − 1 , −`N − N
2 + 1 , `N + N

2 ; −N
2 ,

N
2 ; 1

)
N + 2

= (−1)
N−1

2

π
N+4

4 Nc
0
`N

2
N−3

2 N(N + 2) Γ
3
2

(
N
2

)
Γ(N + 1)

∏
k=1,...,N+2

(`N + k − 2) . (3.12)

Using now the addition theorem for spherical harmonics

Y`N0...0(γ) =
1

Nc0
`N

√
(4π)

N
2 Γ
(
N
2

)
2

∑
`N−1,...,`1

Y ∗`N ...`1(x)Y`N ...`1(x′) , (3.13)

we obtain from (3.9)

〈D(x)D(x′)〉 = CD
(−1)

N−1
2 π

N+2
2

2(2R2)N+1Γ(N + 1)Γ
(
N
2 + 2

)
×

∑
`N ,...,`1

Y ∗`N ...`1(x)Y`N ...`1(x′)
∏

k=1,...,N+2

(`N + k − 2) . (3.14)

4As usual, small values of α are treated by analytic continuation.
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Substituting this result into (3.1), yields

δSn = ε2
CD

(n− 1)

(−1)
d−1

2 π
d
2

2d+1 Γ(d− 1)Γ
(
d
2 + 1

) ∑
`N ,...,`1

|a`N ...`1 |
2
∏

k=1,...,d

(`N+k−2)+O(ε3) , (3.15)

where a`N ...`1 are the coefficients of f(x) in a spherical harmonics representation. This

result agrees with [33] for any odd d provided that (2.15) holds.

Even d. For even d, the limit α→ 0 in (3.11) is singular due to logarithmic divergence.

To extract the numerical coefficient of this divergence, we expand the integrand in (3.9)

around z = 1 and keep only the logarithmically divergent term:

(1− z2)
N−2

4

(1− z)N+1
P
−N−2

2

`N+N−2
2

(z) =
(−1)

N
2
∏
k=1,...,N+2(`N + k − 2)

2
N+2

2 Γ(N + 1)Γ
(
N
2 + 2

) 1

z − 1
+ . . . . (3.16)

The ellipsis denotes terms which do not generate logarithms upon integration. Hence,

A`N = (−1)
N+2

2

√√√√ 2π
N
2

Γ
(
N
2

) Nc
0
`N

∏
k=1,...,N+2(`N + k − 2)

2
N
2 Γ(N + 1)Γ

(
N
2 + 2

) log(R/δ) + . . . , (3.17)

with δ = R · δγ being the short-distance cut-off. Using now (3.13), we obtain

〈D(x)D(x′)〉n = log(R/δ)CD
(−1)

N+2
2 π

N
2

(2R2)N+1Γ(N + 1)Γ
(
N
2 + 2

)
×

∑
`N ,...,`1

Y ∗`N ...`1(x)Y`N ...`1(x′)
∏

k=1,...,N+2

(`N + k − 2) + . . . . (3.18)

Substituting this result into (3.1), yields

δSn = ε2
CD

(n− 1)

(−π)
d−2

2

2d Γ(d− 1)Γ
(
d
2 + 1

) log(R/δ)

×
∑

`N ,...,`1

|a`N ...`1 |
2
∏

k=1,...,d

(`N + k − 2) + . . . , (3.19)

where a`N ...`1 are coefficients of f(x) in a spherical harmonics representation. Combined

with (2.15), this result is again in full agreement with [33].

4 The cone conjecture

In this section, we consider the relation of the proposed constraint (2.14) to various con-

jectures about the universal contribution to the Rényi entropy coming from singular de-

formations of entangling surfaces. In particular, [35, 36] proposed a conjecture for the

universal corner contribution to the entanglement entropy in three-dimensional CFTs, and

this conjecture was then extended to Rényi entropy in [37]. Finally, the discussion was

extended to higher dimensions in [38]. In order to introduce the claim of these conjectures,
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we consider a deformation of a flat entangling surface which consists in creating a coni-

cal singularity. The three- and four-dimensional cases are shown in figure 1 of ref. [38].

The universal contribution to the Rényi (and consequently the entanglement) entropy is

affected by this modification. In particular, if the twist operator is smooth, the universal

contribution would be logarithmically divergent in even dimensions and constant (i.e. reg-

ulator independent) in odd dimensions. When a conical singularity is present an additional

logarithm emerges and the universal contribution to the Rényi entropy takes the form

Suniv
n (A) =

{
(−1)

d−1
2 a

(d)
n (Ω) log(`/δ) d odd

(−1)
d−2

2 a
(d)
n (Ω) log2(`/δ) d even

(4.1)

Here Ω is the opening angle of the cone, varying in the interval [0, π2 ] and approaching
π
2 in the limit of smooth surface.5 The function a

(d)
n is the universal contribution to the

Rényi entropy and depends on the angle Ω only. Further ` and δ are the IR and UV

regulators, respectively. The former can be thought of as a (macroscopic) length scale

characterizing the geometry of the entangling region A (i.e. the region enclosed by the

twist operator), whereas the latter can be taken to be a short-distance cut-off originating

from the infinite number of short-distance correlations in proximity of the twist-operator.

The cusp conjecture, in the most general formulation of [38], states that, for an arbitrary

conformal field theory, the leading contribution to a
(d)
n for Ω → π

2 is controlled by the

constant hn introduced in (2.13). Explicitly,

a(d)
n (Ω)

Ω→π/2∼ 4σ(d)
n

(
Ω−π

2

)2
, σ(d)

n =
hn

n(n−1)

(d−1)(d−2)π
d−4

2 Γ
[
d−1

2

]2
16 Γ[d/2]3

×

{
π d odd ,

1 d even .

(4.2)

Restricting to the case n = 1 and using (2.16), one finds the following relation between the

small angle contribution to the entanglement entropy and the central charge CT of a CFT

σ
(d)
1 ≡ σ(d) = CT

πd−1(d− 1)(d− 2)Γ[d−1
2 ]2

8 Γ[d/2]2 Γ[d+ 2]
×

{
π d odd ,

1 d even .
(4.3)

In the following, we will apply the theoretical framework introduced in section 2 to this

particular deformation and find a connection between σn and CD. This allows us to prove

the equivalence of the cusp conjecture and eq. (2.14).

4.1 Conical deformation from the displacement operator

One of the appealing features of the displacement operator is that equation (2.12) is valid

for any kind of deformation of the defect, regardless of whether or not it is smooth. It

is then clear that the response (4.1) of the Rényi entropy to a conical singularity in the

limit Ω → π
2 can be related to the two-point function of the displacement operator (2.12)

5The angle Ω actually varies over the full range [0, π], but, since the Rényi entropy evaluated for a pure

state is equal for the region A or for its complement Ā, the function a
(d)
n is symmetric for reflections with

respect to Ω = π
2

, i.e. a
(d)
n (Ω) = a

(d)
n (π − Ω) and we can consistently focus on the interval [0, π

2
].
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integrated over a planar defect with the appropriate profile. In particular combining (2.5)

and (4.2), we obtain

1

2
Σ(d) ≡ 1

2

1

〈τn〉
d2

dε2
〈τn〉

∣∣∣∣
ε=0

= 4(n− 1)σ(d)
n ×

{
(−1)

d+1
2 log(`/δ) d odd

(−1)
d
2 log2 (`/δ) d even

(4.4)

where the first equality is just the definition of Σ(d). In the following, we will compute

Σ(d) in terms of CD using (2.12). Then, exploiting the conjectured relation (2.14), we will

reproduce the cusp conjecture (4.2).

Consider a planar defect, parametrized by parallel coordinates xi with i = 3, . . . , d,

and its deformation into a configuration with a conical singularity at the origin. The two

coordinates for the orthogonal directions are xa with a = 1, 2. To deform the plane into a

cone, we introduce spherical coordinates {r, θ1, . . . , θd−3} in the directions parallel to the

entangling surface and we consider a variation ε δxa in the direction 2 proportional to the

radius r, i.e.

δxa = δa2 r . (4.5)

Plugging this expression into (2.12) combined with (2.9) and using the symmetries of the

problem to perform the angular integrations, we are left with

Σ(d) = CD Ωd−3Ωd−4

∫
dr1 dr2

∫ 2π

0
dθ12

rd−2
1 rd−2

2 sind−4 θ12

(r2
1 + r2

2 − 2r1r2 cos θ12)d−1
. (4.6)

where θ12 is the angle described by the position of the two displacement operators in the

plane defined by them and the origin. Further Ωm = 2π
m+1

2 /Γ(m+1
2 ) is the volume of a

unit m-sphere. The integration over θ12 yields

Σ(d) = CD
2d−3Γ

(
d−3

2

)
Γ
(
d−1

2

)
Γ(d− 1)

×
∫
dr1 dr2

[ ∣∣r2
1 − r2

2

∣∣−d−1
rd−2

1 rd−2
2

(
(d− 2)r4

1 + 2d r2
1r

2
2 + (d− 2)r4

2

)]
. (4.7)

One has to be particularly careful in the integration over r1 and r2 since we expect a

singularity along the line r1 = r2. Therefore it is useful to note the symmetry of the

integral under the exchange r1 ↔ r2 and restrict the integration contour to the region

r1 > r2. We then regulate the divergences for r1 → r2 and for r1, r2 → 0 with a UV

cut-off δ, and the divergence for r1, r2 →∞ with an IR cut-off `. Introducing the variables

x = r1 + r2 and y = r1 − r2, the integral takes the form

Σ(d) = CD
23−2dπd−2

Γ
(
d
2 − 1

)
Γ
(
d
2

) ∫ `

δ
dx

×
∫ x

δ
dy

[ (
x2−y2

)d−2
(xy)−d−1

(
(d− 1)x4 + 2(d− 3)x2y2 + (d− 1)y4

)]
. (4.8)
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An additional change of variables w = (y/x)2 yields

Σ(d) = CD
22−2dπd−2

Γ
(
d
2 − 1

)
Γ
(
d
2

)
×
∫ `

δ

dx

x

∫ 1

( δx)
2
dw

[
(1− w)d−2w−1− d

2
(
(d− 1)w2+2(d− 3)w+d− 1

)]
. (4.9)

Since the treatment of this integral differs substantially in even and odd dimensions, it is

convenient to analyze the two cases separately.

Even dimension. It is useful to note that, for integer d, the binomial (1 − w)d−2 can

be converted in a finite sum over powers of w. Furthermore, if d is even also the exponent

of w1−d/2 is an integer, which implies that the integral over w contains a first logarithmic

divergence for small w. We focus on that contribution and we perform the first integration,

which yields

Σ(d)
even = CD

(−1)
d
2 25−2dπd−2Γ (d)

d(d− 1)Γ
(
d
2 − 1

)
Γ
(
d
2

)3 ∫ `

δ

dx

x
log

x

δ
+ · · · (4.10)

where the missing terms contain power-law divergences. The last integration can be triv-

ially carried out and the final result is

Σ(d)
even = CD

(−1)
d
2 2−dπd−

5
2dΓ

(
d−1

2

)
Γ
(
d
2 − 1

)
Γ
(
d
2 + 1

)2 log2(`/δ) + · · · . (4.11)

Comparing this result with eqs. (4.3) and (4.4), we find perfect agreement when using (2.14)

for CD.

One aspect of the computation deserves a comment: each of the integrations in eq. (4.9)

contribute one of the logarithmic factors to the final expression (4.11). We can see then

that one of the logarithmic singularities arises from x ∼ 0, which corresponds to the region

near the tip of the cone (since x = r1 + r2). Further, the second comes from w ∼ 0,

which corresponds to the collision of the two displacement operators (since w ∼ r1 − r2).

Implicitly then, the latter appears everywhere along the entangling surface and is sensitive

to the geometry far from the tip of the cone. Of course, this fits in nicely with the lore

that in even dimensions, the Rényi entropy contains a (universal) logarithmic factor that

is geometric in nature, e.g. see eq. (5.1) below. In a certain sense then, the presence of the

cone is completely encoded in the logarithm coming from the integration over x in eq. (4.9),

while the second logarithm is sensitive to the smooth geometry far from the tip of the cone

and is largely unaware of this singular feature. We also note that Sn may also contain

contributions with a single logarithmic factor but these are no longer universal in the

presence of the conical singularity [51], e.g. they will be modified when the cut-off changed

because of the logarithm-squared term. As we shall see below, similar comments apply for

odd dimensions as well. However, the ‘universal’ factor coming from the w integration is

simply a constant (independent of δ) and also receives contributions from configurations

in which the two displacement operators are separated by a finite distance.
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Odd dimension. In odd dimensions, it is still true that the binomial (1−w)d−2 can be

expanded as a finite sum but 1 − d
2 is not an integer anymore. Hence (4.9) becomes an

integral of the form

Σ
(d)
odd = CD

22−2dπd−2

Γ
(
d
2 − 1

)
Γ
(
d
2

) ∫ `

δ

dx

x

d−2∑
k=0

(
d− 2

k

)
(−1)k

×
∫ 1

( δx)
1
2

dw
(

(d− 1)wk−1− d
2 + 2(d− 3)wk−

d
2 + (d− 1)wk+1− d

2

)
. (4.12)

For odd d, all the exponents in the last bracket are half-integers, and the integration over w

only leads to power-like divergences. The only logarithmic term comes from the integration

over x, combined with the finite part of the integration over w, i.e.

Σ
(d)
odd = CD

22−2dπd−2

Γ
(
d
2 − 1

)
Γ
(
d
2

) log(`/δ) (4.13)

×
d−2∑
k=0

(
d− 2

k

)
(−1)k

(
d− 1

k − d
2

+ 2
d− 3

k + 1− d
2

+
d− 1

k + 2− d
2

)
+ · · · . (4.14)

Performing the finite sums, we find

Σ
(d)
odd = CD

(−1)
d+1

2 2−dπd−
3
2dΓ

(
d−1

2

)
Γ
(
d
2 − 1

)
Γ
(
d
2 + 1

)2 log(`/δ) + · · · . (4.15)

Again, substituting for CD using (2.14) produces precise agreement with eqs. (4.3) and (4.4).

4.2 Wilson lines in supersymmetric theories and entanglement in d = 3

The relation between the expectation value of the stress tensor and the two-point function

of the displacement operator has been explored, in fact, at least in one other example

of a defect CFT, i.e. for Wilson lines [52]. In that context, CD is better known as the

Bremsstrahlung function. Indeed, a sudden acceleration of a charged source creates a cusp

in the Wilson line that describes its trajectory, and it can be shown that the coefficient of

the two-point function of the displacement operator measures the energy emitted in the

process [53]. The precise relation between the two quantities is

CWL
D = 12B , (4.16)

where B is the Bremsstrahlung function. The authors of [52] observed that the ratio

between B and h (the conformal dimension of the Wilson line) is theory dependent. How-

ever, a restricted form of universality is valid within a certain class of conformal gauge

theories, whose Bremsstrahlung function is related to the one-point function of the stress

tensor through a coefficient that only depends on the dimension of spacetime. This class

includes theories with N = 4 [52] and four-dimensional N = 2 [54, 55] supersymmetry. In

particular, in three dimensions, the general formula conjectured in [52] yields

CWL
D = 24hWL, (4.17)
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where hWL is the constant entering the one-point function of the stress-tensor in the pres-

ence of a Wilson line.

Now the three-dimensional case is especially interesting for us, because twist operators

become one-dimensional line operators as well. Furthermore, if we consider holographic

CFTs, the calculation of the Wilson line [56, 57] and the Ryu-Takayanagi prescription [11,

12] for holographic entanglement entropy both reduce to evaluating the area of extremal

surfaces anchored on the AdS boundary. The only difference in the two calculations is the

overall factor multiplying the extremal area in evaluating the final physical quantity, but

this constant factor will cancel out in the ratio between CD and h. Hence for theories which

possess a holographic dual and belong to the class for which (4.17) is valid, e.g. ABJM

theory [58], the relation between ∂nCD|n=1 and ∂nhn|n=1 has to coincide with (4.17) —

at strong coupling. Hence it is a nontrivial check that, indeed, formula (2.14) reduces

to (4.17) for d = 3. Let us make two additional remarks: this agreement is better than

required in that CD(n) = 24hn for all n whereas our argument only indicated a match in

the n → 1 limit. Notice, furthermore, that both eqs. (2.14) and (4.17) are independent

of the coupling. Hence this special relation between the CFT data for the two separate

physical observables, i.e. Wilson lines and Rényi entropies, which are apparently unrelated,

not only agree at strong coupling but also at any coupling.

5 Entanglement entropy and anomalies in 4d Defect CFTs

In any even number of dimensions, the universal contribution to the Rényi entropy (2.2)

depends only on the shape of the spatial region A through local geometric quantities. In

four dimensions, in particular, when the theory is conformal, Weyl invariance fixes the

universal contribution up to three functions of n. If we denote by ` a characteristic length

scale of the entangling surface Σ, then the Renyi entropy takes the form6

Sn =

(
−fa(n)

2π

∫
Σ
RΣ −

fb(n)

2π

∫
Σ
K̃a
ijK̃

a
ij +

fc(n)

2π

∫
Σ
γijγklCikjl

)
log(µ`) + λn , (5.1)

where γij is the inverse of the induced metric on the entangling surface, µ is an arbitrary

mass scale typically chosen to be of order of the inverse cut-off, and λn is a non-universal

constant. Further, K̃a
ij is a traceless part of the extrinsic curvature of Σ

K̃a
ij = Ka

ij −
Ka

2
γij , (5.2)

with Ka = γklKa
kl. Now, two of the coefficients appearing in (5.1) are conjectured to be

equal to each other [39]:

fb(n) = fc(n) . (5.3)

This relation has been proven for n = 1, but remains an open question in general. On

the other hand, from our defect CFT point of view, the expression (5.1) has the form of

6In what follows we suppress the well-known ‘area law’ ∼ (µ`)2. Its coefficient is scheme dependent and

thus non-universal. In particular, it vanishes within dimensional regularization scheme which we employ

throughout this paper.
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a conformal anomaly, which simply arises because the presence of a defect in the vacuum

provides additional ways to violate Weyl invariance. Since the a and c coefficients of the

trace anomalies in a generic even dimensional CFT appear in correlation functions of the

stress tensor, one might wonder if the same happens in a defect CFT. In this section we

show that this is indeed the case, in the sense that fb and fc are directly related to CD
and h, respectively, i.e.

fc(n) =
3π

2

hn
n− 1

, fb(n) =
π2

16

CD(n)

n− 1
. (5.4)

The relation between fc and hn was recently found in the context of entanglement en-

tropy [40], but both equalities turn out to be true in a generic defect CFT.7 In the case

of the replica defect, they also establish the equivalence of the conjecture (5.3) with the

four-dimensional version of eq. (2.14). As a first step towards eq. (5.4), we notice that by

dimensional analysis (or direct calculation), we have

µ
∂

∂µ
Sn − `

∂

∂`
Sn = 0 ⇔ µ

∂

∂µ
Sn = Suniv

n , (5.5)

where Suniv
n denotes the universal Renyi entropy

Suniv
n = −fa(n)

2π

∫
Σ
RΣ −

fb(n)

2π

∫
Σ
K̃a
ijK̃

a
ij +

fc(n)

2π

∫
Σ
γijγklCikjl . (5.6)

Varying both sides of (5.5) with respect to the metric and using (2.4), yields

1

1− n
µ
∂

∂µ

∑
m

(
〈Tµν(m)(x)〉n − 〈Tµν(x)〉1

)
=
−2√
g(x)

δSuniv
n

δgµν(x)
, (5.7)

1

1− n
µ
∂

∂µ

(∑
l,m

〈Tµν(l) (x)Tαβ(m)(y)〉n − n〈Tµν(x)Tαβ(y)〉1
)

=
4√
g(y)

δ

δgαβ(y)

1√
g(x)

δSuniv
n

δgµν(x)
,

(5.8)

where indices m and n run over the replicas. In the next subsection, we build on eq. (5.7)

to prove that fc appears in the one-point function of the stress-tensor, while eq. (5.8) will

be needed in subsection 5.2 to match fb with the two-point function of the displacement

operator.

5.1 fc and the expectation value of the stress tensor

Substituting d = 4 into eq. (2.13), the nontrivial terms in the one-point function of the

stress tensor become8

〈T ijtot〉n = −hn
2π

δij

r4
+ . . . ,

〈T abtot〉n =
hn
2π

3 δac r2 − 4xaxc

r6
+ . . . , (5.9)

7See for instance [59] for a discussion of anomalies in the context of surface operators in N = 4 SYM.

The relations reported in eq. (5.4) clearly apply for those defects as well.
8For convenience in this section, we work with the total energy-momentum tensor of the replicated CFT:

Tµνtot =
∑n

m=1 T
µν
(m).
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where as usual the indices a, c and i, j denote the two transverse directions and two parallel

directions to the entangling surface, respectively. Further, r denotes the transverse distance

from the defect with r2 = δac x
axc. Note that hn in the above expression is a constant, i.e.

we are in the regime when the surface and the background are flat and thus all curvatures

can be ignored. While eq. (2.13) was written for a planar twist operator, this expression also

coincides with the leading singularity for general entangling surfaces if x is sufficiently close

to Σ. In particular, the same constant appears for the conformal weight hn independently

of the geometry of the entangling surface.

Of course, (5.9) is independent of µ, and thus one might think that we reached a

contradiction with (5.7). However, this conclusion is too fast. The right hand side of (5.7)

vanishes unless r = 0, but r = 0 corresponds to a singular point of (5.9). This singularity

should be carefully defined as distribution. As we will see, this results in a dependence on

a mass scale µ.

In what follows we use dimensional regularization and expand all the results around

d = 4. In particular, we start from the analog of (5.9) with dimension of the entangling

surface being fixed (i.e. two in our case), while the transverse space to the entangling surface

is assumed to have dimension d − 2 (rather than two, as in four dimensions). Hence, the

analog of (5.9) reads

〈T ijtot〉n = −hn
2π

δij

rd
, (5.10)

〈T abtot〉n =
hn
2π

1

d− 3

3δac r2 − d xaxc

rd+2
=

hn
2π(d− 2)(d− 3)

(
δac∂2

⊥ − ∂a∂c
) 1

rd−2
,

where ∂2
⊥ = δac∂a∂c is Laplace operator in the transverse space.

Now using the standard Fourier integral∫
dd−2k

(2π)d−2

eik·x

(k2)α
=

Γ(d/2− α− 1)

(4π)(d−2)/2Γ(α)

(
4

x2

)d/2−α−1

, (5.11)

we deduce
1

(r2)d/2−α−1
=

4απ(d−2)/2Γ(α)

Γ(d/2− α− 1)
(−∂2

⊥)−αδΣ , (5.12)

where equality holds between the distributions and we recall that δΣ denotes the delta

function in the transverse space with support on Σ. Now examining the cases α = −1 + ε

and α = 0 + ε with ε� 1, and replacing (−∂2
⊥)ε → µ2ε yields

1

rd−2
= −Ωd−3

(
1

2ε
+ log(µ r) + . . .

)
δΣ ,

1

rd
= −Ωd−1

4π

(
1

2ε
+ log(µ r) + . . .

)
∂2
⊥δΣ . (5.13)

where Ωd−1 = 2πd/2/Γ(d/2) and ellipses correspond to a finite µ-independent constant as

ε → 0. Consequently, r−d and r−(d−2) although defined by analytic continuation in d are
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singular when d = 4. Hence, to define (5.10) as a sensible distribution, one has to subtract

the singular part,

R 1

rd−2
= −Ωd−3 (log(µ r) + a) δΣ ,

R 1

rd
= −Ωd−1

4π
(log(µ r) + a) ∂2

⊥δΣ , (5.14)

with a an arbitrary constant (which may be absorbed into µ). Note that such a subtraction

modifies (5.10) in the limit of coincident points only. Furthermore, the details of this

subtraction are not important as long as the result is used in (5.7)

− hn
4(n− 1)

δij∂2
⊥δΣ = −2

δSuniv
n

δgij(x)

∣∣∣
gµν=δµν

,

hn
2(n− 1)

(
δac∂2

⊥ − ∂a∂c
)
δΣ = −2

δSuniv
n

δgab(x)

∣∣∣
gµν=δµν

. (5.15)

Next we use (5.6) to evaluate the variation on the right hand side. We start from noting

that the term proportional to fa(n) is topological, and therefore its variation vanishes.

Hence, in general we need only vary fb(n) and fc(n) terms. Now in four dimensions, the

following relations hold

Cλµσν = Rλµσν −
(
gλ[σRν]µ − gµ[σR

λ
ν]

)
+

1

3
Rgλ[σgν]µ ,

γijγklCikjl = γijγklRikjl − γijRij +
1

3
R

=
1

3

(
γijγklRikjl − γijg⊥µνRiµjν + g⊥µνg

⊥
αβR

µανβ
)
, (5.16)

where g⊥µν = naµn
c
νδac is the metric in the transverse space to Σ, i.e. gµν = γµν + g⊥µν . One

can use the Gauss-Codazzi relation

γijγklRikjl = RΣ +Ka
ijK

ij
a −KaKa , (5.17)

where RΣ is the intrinsic curvature of the entangling surface, to write

γijγklCikjl =
1

3

(
RΣ +Ka

ijK
ij
a −KaKa − γijg⊥µνRiµjν + g⊥µνg

⊥
αβR

µανβ
)
. (5.18)

Now recall that (5.10) is valid in the limit when all curvatures (extrinsic, intrinsic and

background) are negligibly small. Hence, we expand the relevant curvature components

around the flat space, gµν = δµν + hµν ,

δRiaia =
1

2

(
2 ∂a∂ihai − ∂2

⊥h
i
i − ∂i∂ihaa

)
+O(h2) ,

δRabab = ∂a∂bhab − ∂2
⊥h

a
a +O(h2) , (5.19)

where we used the results listed in appendix B and summation over the repeated indices

is assumed.
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Next we again use the fact that the integral of the intrinsic curvature over a two-

dimensional manifold is a topological invariant, and therefore its variation vanishes. As a

result, we obtain9

−2
δSuniv

n

δgij(x)

∣∣∣
gµν=δµν

= −fc(n)

6π
δij∂2

⊥δΣ ,

−2
δSuniv

n

δgab(x)

∣∣∣
gµν=δµν

= −fc(n)

3π

(
∂a∂b − δab∂2

⊥

)
δΣ , (5.20)

where we have used the following identities

δgαβ(y)

δgµν(x)
= δµ(αδ

ν
β)δ(x− y) ,

∫
Σ
δ(x− y) = δΣ(xa) for y ∈ Σ . (5.21)

Comparing (5.15) and (5.20), yields

fc(n) =
3π

2

hn
n− 1

. (5.22)

In full agreement with the existing results for free fields [39]. As we mentioned above, this

result was also found with a complementary argument in [40].

5.2 fb and the two-point function of the displacement operator

We now turn to the second equality in eq. (5.4). Since we like to find the appearance of

CD, we begin by considering the following Ward identity derived in appendix A

〈Da(x)Dc(y)〉nδΣ(x) δΣ(y) = −〈∇µTµatot (x)∇νT νctot(y)〉n for x 6= y ∈ Σ . (5.23)

Of course, when either x or y are away from Σ, the correlator on the right hand side

vanishes identically. However, as we will see, it does not vanish when x and y hit the

entangling surface Σ. This is why the δΣ’s are explicitly included on the left hand side

of the above identity. In particular, we are interested in the leading order singularity of

〈Da(x)Dc(y)〉n when x approaches y. In this limit curvature corrections are subleading,

i.e. both the entangling surface and the background can be regarded as flat. From (5.8),

we have

1

1−n
µ
∂

∂µ
〈∂µTµatot (x) ∂νT

νc
tot(y)〉n

∣∣∣
gµν=δµν

=
∂2

∂yν ∂xµ

(
4

δ2Suniv
n

δgνc(y)δgµa(x)

∣∣∣
gµν=δµν

− 2 δνc δ(x− y)
δSuniv

n

δgµa(x)

∣∣∣
gµν=δµν

)
. (5.24)

9Note that the third term in (5.19) is a total derivative.
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The results of appendix B yield10

δ2Riaia =
1

4

(
2∂ahiµ∂

ihaµ + ∂ahiµ∂
ahiµ − 2∂ahiµ∂

µhai + ∂ihaµ∂
ihaµ

−2∂ihaµ∂
µhai + ∂µhai∂

µhai
)

− 1

4

(
4∂ahaµ∂ih

iµ − 2∂ah
aµ∂µh

i
i − 2∂µh

a
a∂ih

iµ + ∂µh
a
a∂

µhii
)

+
1

2
hab
(
∂a∂bh

i
i − 2∂i∂bh

i
a + ∂i∂

ihab
)

+
1

2
hij
(
∂a∂ahij − 2∂a∂jh

i
a + ∂i∂jh

a
a

)
+ hai

(
∂a∂ih

j
j − ∂a∂jh

j
i − ∂i∂jh

j
a + ∂j∂jhai

)
.

(5.25)

Similarly,

δ2Rabab =
1

2

(
∂ahbµ∂

bhaµ + ∂ahbµ∂
ahbµ − ∂ahbµ∂µhab − ∂bhaµ∂µhab +

1

2
∂µhab∂

µhab
)

− ∂ahaµ∂bhbµ + ∂ah
aµ∂µh

b
b −

1

4
∂µh

a
a∂

µhbb

+ hab (∂a∂bh
c
c − 2∂b∂ch

c
a + ∂c∂

chab)

− 2hai
(
∂a∂bh

b
i − ∂b∂bhai − ∂a∂ihbb + ∂i∂bh

b
a

)
. (5.26)

and

δ2
(
Ka
ijK

ij
a

) ∣∣∣
gµν=δµν

=
1

2
∂ihaj∂

ihaj +
1

2
∂jhai∂

ihaj − ∂ahij∂ihaj +
1

4
∂ahij∂

ahij ,

δ2 (KaKa)
∣∣∣
gµν=δµν

= ∂ih
ai∂jh

j
a − ∂ihai∂ah

j
j +

1

4
∂ah

i
i ∂

ahjj . (5.27)

These expansions together with (5.19) are sufficient to evaluate the variation on the

right hand side of (5.24). There is, however, a significant simplification if we notice that

the general term of this variation contains: two delta functions, δΣ, which restrict the final

answer to the entangling surface, one delta function intrinsic to the entangling surface and 4

derivatives, ∂a and ∂i, which act on these delta functions. Among all such terms only those

with four derivatives parallel to the entangling surface will contribute to the leading singu-

larity of 〈Da(x)Db(y)〉n as x approaches y. Hence, the relevant part of the variations are

δ2Riaia =
1

2

(
∂ihaj∂

ihaj − ∂ihaj∂jhai
)

+ hai
(
−∂i∂jhja + ∂j∂jhai

)
+ . . .

δ2
(
Ka
ijK

ij
a

) ∣∣∣
gµν=δµν

=
1

2

(
∂ihaj∂

ihaj + ∂jhai∂
ihaj

)
+ . . . ,

δ2 (KaKa)
∣∣∣
gµν=δµν

= ∂ih
ai∂jh

j
a + . . . (5.28)

where the ellipses encode terms which do not contribute to the leading singularity of

〈Da(x)Db(y)〉n as x approaches y.

10As before summation over the repeated indices is assumed.
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Now it follows from (5.18) that the term proportional to fc(n) in (5.6) does not con-

tribute to the leading singularity of 〈Da(x)Db(y)〉n while fb(n) gives

4
∂2

∂yν ∂xµ
δ2Suniv

n

δgνc(y)δgµa(x)

∣∣∣
gµν=δµν

= −fb(n)

2π
δac (∂i∂

i)2δ‖(x− y) δΣ(x) δΣ(y) , (5.29)

where δ‖(x−y) is the delta function intrinsic to Σ. Substituting into (5.24) and using (5.23),

yields11

1

1− n
µ
∂

∂µ
〈Da(x)Db(y)〉n =

fb(n)

2π
δab (∂i∂

i)2δ‖(x− y) for x, y ∈ Σ . (5.30)

Now let us recall that the leading singularity of 〈Da(x)Db(y)〉n is entirely fixed based

on translation invariance along the flat entangling plane and scaling dimension of ∂µT
µa,

i.e. up to a constant CD, we have

〈Da(x)Db(y)〉n = CD
δab

|x− y|6
= CD

δab

(x− y)2(d−1)
for x, y ∈ Σ . (5.31)

In particular, we should use the analog of (5.12) to interpret this correlator in the limit

x→ y.12 The final answer takes the form

1

r6
= − π

32

(
1

2ε
+ log(µ r) + . . .

)
(∂i∂

i)2 δ‖(r) . (5.32)

Combining altogether, yields
CD
n− 1

=
16

π2
fb(n) . (5.33)

Further, let us note that this result is in full agreement with (2.15) since fb(1)=c=π4CT /40.

6 Twist operators and the defect CFT data

In the most general sense, a conformal field theory is defined by a set of data, whose

knowledge is sufficient to compute all the observables in the theory. A minimal definition

of the CFT data includes the spectrum of scaling dimensions of local operators and the OPE

coefficients which regulate their fusion. Knowledge of such a set of numbers is sufficient to

compute correlation functions with any number of points. However, one might argue that

a more complete definition of the CFT data should include those associated to non-local

probes, i.e. defects: certainly, they are part of the observables of a theory. A possible

objection is that the set of defects that can be inserted in a higher dimensional conformal

field theory may be very large, even nearly as large as the set of lower dimensional conformal

field theories. We may point out that in two dimensions the study of boundaries and

interfaces has uncovered a beautiful and simple picture — see e.g. [60–64]. However, even

in d = 2, a complete classification of the defect lines which can be placed in a given CFT is

11It follows from (5.20) that the first variation of Suniv
n does not have the same singularity structure as

〈DaDb〉, and therefore it does not contribute.
12The analog is obtained by replacing δΣ and ∂2

⊥ with δ‖ and ∂i∂i respectively.
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a difficult problem, without a solution for the generic case. The situation is better in the

special case of topological defects [65], which have been classified for the Virasoro minimal

models [66] and for the free boson [67]. In higher dimensions, it is perhaps better to think

of a theory with a defect as a separate problem, more similar in spirit to the question of

which new fixed points can be obtained by coupling two CFTs together. The CFT data

that describes a defect CFT are then again associated to correlation functions of local

operators in this system, and therefore to the spectrum of primaries and their fusion rules.

As we mentioned in section 2, the main news in the defect CFT setup are given by the

spectrum of defect operators, and by the existence of a defect OPE, again regulated by a

set of OPE coefficients.13

It is then natural to ask what is the set of CFT data which characterizes the twist

operator. This question is not only a simple curiosity. The definition of the replica defect

is through a boundary condition in the path-integral. This is often sufficient, but a new

definition in terms of CFT data would apply to any conformal field theory, irrespectively

of the availability of a path-integral description.14 Again, some care is needed in setting

up this question. The large majority of the OPE coefficients appearing in formulae such

as (2.7) will depend on the theory in which the twist operator is inserted. However, if

an unambiguous characterization exists, it should be possible to single out some universal

pattern, unique to this defect and independent of the CFT. In fact, in the present paper,

we highlighted the presence of two interesting features. First, the CFT data associated

to a flat twist operator always includes a spectrum of defect primaries with rational spin

under rotations around the defect. Second, we have the suggestion that the coefficient

of the two-point function of the displacement and the one of the expectation value of

the stress-tensor might be constrained to obey eq. (2.14). Both these facts are theory

independent, but both of them are not unique to the twist operator. Codimension-two

defects supporting operators with non-integer transverse spin can be easily constructed —

see for instance [69] — while the relation (2.14) is shared by Wilson lines in a class of

three-dimensional supersymmetric gauge theories, as we discussed in section 4.

Of course, we also understand that the latter constraint will only be obeyed within

a special class of CFTs. Eq. (2.14) is nevertheless remarkable, and one might wonder

whether it is possible to understand it from the abstract perspective that we are adopting

here. In fact, something special does happen in the defect OPE of the stress tensor, when

this relation is fulfilled: a certain number of singular contributions to this OPE disappear,

as we now show. The appearance of the displacement operator in the defect OPE of the

stress tensor is constrained by Lorentz and scale invariance to take the following form:

T ij(x) ∼ · · ·+ α
xbD

b δij

r2
+ β xb ∂i∂jD

b + γ xb δ
ij ∂k∂

kDb + . . . (6.1a)

T bi(x) ∼ · · ·+ δ
xbxc ∂

iDc

r2
+ ε ∂iDb + . . . (6.1b)

T bc(x) ∼ · · ·+ ζ
xbxcxaD

a

r4
+ η

δbcxaD
a

r2
+ λ

Dbxc +Dcxb

r2
+ . . . (6.1c)

13A related discussion for the two-dimensional entanglement entropy can be found in [68].
14We thank Davide Gaiotto for a discussion on this point.
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where r denotes the transverse distance from the defect, as usual. The first ellipsis in each

line alludes to the identity and to operators which might be lighter than the displacement,

and the second ellipsis indicates less-singular contributions, including higher descendants

of the displacement itself. Conformal invariance and conservation of the energy-momentum

tensor place constraints on the coefficients in eq. (6.1), and only two of them are indepen-

dent. More interestingly, these two numbers are in fact fixed in terms of the conformal

weight h and the coefficient CD. A proof of these statements appears in [32], but it is not

difficult to understand how they may come about. The form of the OPE is determined by

the two-point function of the displacement operator with the stress-tensor, which is fixed

by conformal symmetry up to three coefficients:15

〈Da(x1)T ij(x2)〉 =
xa2

(x2
12)d−1r2

1

d

{
b1DT

(
4d r2 xi12x

j
12

x4
12

− δij
)

+ b2DT δ
ij

}
,

〈Da(x1)T ib(x2)〉 =
xi12

(x2
12)d

{
2b1DT

xa2x
b
2

r2

(
1− 2r2

x2
12

)
+ b3DT

(
δab − xa2x

b
2

r2

)}
,

〈Da(x1)T bc(x2)〉 =
1

(x2
12)d−1r

{
b1DT

xa2
r

[
xb2x

c
2

r2

(
x2

12 − 2r2
)2

x4
12

− 1

d
δbc

]

+ b2DT
xa2
r

(
xb2x

c
2

r2
− d− 1

d
δbc
)

+ b3DT

(
1− 2r2

x2
12

)(
δabxc2 + δacxb2

2r
− xa2x

b
2x
c
2

r3

)}
. (6.2)

Here x1 is, of course, confined to the defect while r denotes the transverse distance of

Tµν from the defect, and xµ12 = xµ1 − x
µ
2 . Now imagine integrating the displacement along

the defect: this is equivalent to an infinitesimal translation in the direction labeled by a.

We see that the integrated two-point function is proportional to the derivative ∂a 〈Tµν〉,
whence two linear relations follow:

b2DT =
1

d− 1

(
d

2
b3DT − b1DT

)
, (6.3a)

b3DT = 2dd π−
d−1

2 Γ

(
d+ 1

2

)
h

2π
. (6.3b)

The first of the (6.3) reduces to two the independent coefficients and is compatible with

conservation. On the other hand, if we contract the same two-point function with a deriva-

tive, we obtain the two-point function of the displacement via eq. (2.8), and this provides

the relation involving CD:

b2DT =
1

d− 2

(
d

2
b3DT − 2

CD
2π

)
. (6.4)

We see that the two-point function, and so the relative contribution to the defect OPE of

the stress-tensor, are fixed in terms of CD and h.

15Our conventions differ from the ones in [32] in the following way: the displacement has opposite sign

— and with it the constants biDT — and the conformal weight of the twist operator is denoted there as

aT = −d h/2π.

– 24 –



J
H
E
P
0
7
(
2
0
1
6
)
0
7
6

Let us now consider the most singular contributions in every component in (6.1).

In Euclidean signature, all terms in the the OPE of T bi and T bc have the same degree

of singularity. We can still define the most singular terms in Lorentzian signature, by

considering a spacelike defect — this is especially natural when talking about Rényi entropy.

Now as the insertion approaches the null cone, the individual xa may remain finite while

r approaches zero. In this circumstance, the most singular terms are those multiplied by

α, δ and ζ. Comparing eqs. (6.1) and (6.2), we easily find

α =
1

dCD
(b2DT − b1DT ), δ =

1

2(d− 1)CD
(2b1DT − b3DT ), ζ =

1

CD
(b1DT + b2DT − b3DT ).

(6.5)

Remarkably, the three constants vanish when eq. (2.14) holds, i.e.

α = δ = ζ = 0 ⇐⇒ CD(n) = dΓ

(
d+ 1

2

) (
2√
π

)d−1

hn . (6.6)

This observation is appealing, even if its meaning remains somewhat obscure. One may

speculate that the twist operator is a “mild” defect, in some sense. It is obtained through

a modification of the geometry, rather than the addition of local degrees of freedom, and

now we see that the OPE of the stress-tensor is less singular than for a generic defect.

However, this idea should not be taken too literally. The identity appears in the same

defect OPE, with a more severe singularity. Moreover, lighter defect operators with respect

to the displacement might exist — in fact, they do in a free scalar theory, as discussed

in appendix C. Some of them may also appear in the defect OPE of the stress tensor.

Whatever the right interpretation may be, it is worth emphasizing that it would have been

probably difficult to recognize the special character of the relation (2.14), without adopting

the defect CFT perspective.

7 Discussion

Twist operators were originally defined in examining Rényi entropies in two-dimensional

CFTs [43, 44] and they are easily understood in this context since they are local primary

operators. As discussed in section 2, twist operators are formally defined for general QFTs

through the replica trick, as in eq. (2.5). In higher dimensions then, they become nonlocal

surface operators and their properties are less well understood. In the present paper, we

have begun to explore twist operators for CFTs in higher dimensions from the perspec-

tive of conformal defects. This approach naturally introduces a number of tools that are

unfamiliar in typical discussions of Rényi entropies. In particular, our discussion has fo-

cused on the displacement operator Da, which appears with the new contact term in the

Ward identity (2.8).

A key role of the displacement operator is to implement small local deformations of

the entangling surface, as in eq. (2.11). As shown in eq. (2.12), the expectation value

of the twist operator itself only varies at second order for such deformations of a planar

(or spherical) entangling surfaces and is determined by the two-point function (2.9) of the
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displacement operator. This behaviour was previously seen in holographic studies of the so-

called entanglement density [70] and more recently in [42]. These results correspond to the

special case of the n→ 1 limit in eq. (2.12). We might also like to note that the connection

with Wilson lines in holographic conformal gauge theories discussed in section 4.2 would

also relate these entanglement variations to the wavy-line behaviour of Wilson lines [71].

Our main result was to unify a variety of distinct conjectures, summarized at the end of

section 2, about the shape dependence of Rényi entropy to a constraint (2.14) relating the

coefficient defining the two-point function of the displacement operator and the conformal

weight of the twist operator. While the connections between these conjectures, were already

considered in [38] — see also discussion in [42] — eq. (2.14) appears to provide the root

source with a relation between two pieces of CFT data characterizing the twist operators.

One of these conjectures was the equivalence of the coefficients fb(n) and fc(n) ap-

pearing in the universal part of the four-dimensional Rényi entropy for general n [29, 39].

However, it was very recently shown that this equivalence does not hold for four-dimensional

holographic CFTs dual to Einstein gravity [41]. As a consequence, it follows that eq. (2.14)

does not hold for general n in these holographic CFTs either. On the other hand, this rela-

tion does hold in the vicinity of n = 1 for general CFTs. That is, the recent results of [42]

demonstrate that the first order expansion of eq. (2.14) about n = 1 is a constraint which

holds for generic CFTs. Despite the fact that this relation does not hold for all values of

n for all CFTs, it is still interesting to ask for precisely which CFTs does this constraint

hold. It seems that free field theories are a good candidate for such a theory. The results

of [37, 48, 49] for the universal corner contribution to the Rényi entropy in three dimensions

imply that eq. (2.14) holds for free scalars and fermions in this dimension. Further, our

calculations in appendix C confirm that it holds for free massless scalars in four dimensions.

We hope to return to this question in future work [50].

While eq. (2.14), and hence the related conjectures, are not completely universal, it is

nevertheless a remarkable relation. It may still be interesting to explore other implications

which this relation has for Rényi entropies in other geometries and other dimensions. For

example, it would connect different coefficients appearing in the universal contribution

to the Rényi entropy in d = 6 or higher even dimensions, along the lines of our four-

dimensional discussion in section 5. Such a relation would probably not hold for general

CFTs, but it is an interesting challenge to find theories for which it works (for instance, one

may wonder whether all free theories respect the relation and in which way interactions

would spoil it).

Recalling that the twist operator is a local primary in two-dimensional CFTs, we

might ask how the displacement operator appears in this context. Here, the natural object

is the first descendant, i.e. derivative, of the twist operator which would be analogous

to the combination of the displacement and twist operators together. This matches the

appropriate contact term in the two-dimensional version of the Ward identity (2.8). Here

we refer to an analogy (rather than a precise match) keeping in mind that as a local

operator, the two-dimensional twist operator can be moved but not deformed. Still one

might make sense of the two-point correlator (2.9) by considering a “spherical” entangling

surface. In two dimensions, the (zero-dimensional) sphere would correspond to two points
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whose separation defines the diameter of the sphere. Hence eq. (2.9) would be given by

taking derivatives of the correlator of two twist operators and hence one finds that the

corresponding CD is indeed proportional to the conformal weight hn.

Our discussion has highlighted hn and CD as two pieces of CFT data which characterize

twist operators. With this perspective of regarding the twist operator as a conformal defect,

we began in section 6 to consider the question of what are the defining characteristics of the

twist operator? Certainly the relation (2.14) would be an important feature since, as we

noted there, it has an interesting impact on the defect OPE with the stress tensor. However,

this relation is not completely universal and, as described in section 2, this property is

also shared by Wilson line operators in certain superconformal gauge theories. Another

important property discussed in section 2 is that the spectrum of defect operators can

contain operators with fractional spins k/n. Certainly, our analysis of the free scalar theory

in appendix C explicitly reveals the presence of such operators. But again twist operators

are not unique in this regard. Another interesting point that arises in our discussion is

that the twist operators are naturally defined for integer n but in discussing hn and CD,

as well as the Rényi entropy, one continues the results to real n almost immediately. Here

derivatives of correlators with respect to the Rényi entropy index are naturally defined in

terms of the modular Hamiltonian [27, 72]. This seems to point to a unique characteristic

of twist operators in higher dimensions. In any event, better understanding the definition

of the twist operator as a conformal defect remains an open question. Undoubtedly it is a

question whose answer will produce a better understanding of the entanglement properties

of CFTs, and perhaps QFTs more generally.
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A Ward identities in the presence of a twist operator

This appendix is devoted to the Ward identities obeyed by the stress tensor in the presence

of a twist operator. We shall focus on the displacement operator and opt for a streamlined

derivation. We refer to [32] for a more detailed account. Let us consider a q-point correlator

of the scalar fields on an arbitrary replicated manifold Mn

Γ(x1, x2, . . . xq,Σ, gµν) ≡ 〈φ(x1)φ(x2) · · ·φ(xq)〉n ≡ 〈φ(x1)φ(x2) · · ·φ(xq) τn(Σ)〉 , (A.1)
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where n is the replica parameter and τn(Σ) is the twist operator associated with the

entangling surface Σ. By definition Γ(x1, x2, . . . xq,Σ, gµν) transforms as a scalar under

diffeomorphisms of the manifold. This means it will be unchanged if we simultaneously

make the following infinitesimal replacements

δxµi = ξµ|xi for i = 1, . . . q ,

δxµ = (ξα n
α
ĉ )nµĉ for xµ ∈ Σ ,

δgµν = −∇µξν −∇νξµ , (A.2)

where nµâ with a = 1, 2 denotes an orthonormal basis of vectors in the transverse space to

Σ. Thus to leading order in ξµ we have

0 = −
q∑
i=1

ξµ|xi〈φ(x1) · · · ∂µφ(xi) · · ·φ(xq)〉n + 〈φ(x1)φ(x2) · · ·φ(xq)

∫
Σ
ξαDα〉n

+ 〈φ(x1)φ(x2) · · ·φ(xq)

∫
Mn

Tµν∇µξν〉n , (A.3)

where Dα(y) = nαĉDĉ(y) is a local operator which implements displacement of the surface

operator, ΦΣ, at yµ ∈ Σ (analog of ∂µ for a scalar operator φ(x)). Now recall that ξµ is

arbitrary, but must be the same vector on all the sheets in the replicated geometry. With

this in mind, we arrive at the following Ward identity

0 = −
q∑
i=1

δ(x− xi)〈φ(x1) · · · ∂νφ(xi) · · ·φ(xq)〉n + δΣ(x) 〈φ(x1)φ(x2) · · ·φ(xq)Dν(x)〉n

−
n∑

m=1

〈φ(x1)φ(x2) · · ·φ(xq)∇µTµν (xm)〉n , (A.4)

where xm is a point on the m-th replica. Of course, this is a more precise expression of

the identity ‘loosely’ introduced in eq. (2.8). This Ward identity defines the displacement

operator by specifying its matrix elements: the only additional input is the one of locality

of the theory and of the defect, which guarantees that the displacement is a local operator.

Next we assume that there are no scalar field insertions and consider a special case

when ξµ is peaked around the two given disjoint points x and y, but otherwise is arbitrary.

Then expanding to linear order in ξµ around x and y and using the above Ward identity,

results in (from the cross term ξµ(x)ξν(y))16

δΣ(x) δΣ(y) 〈Da(x)Dc(y)〉n + 〈∇µTµatot (x)∇νT νctot(y)〉n = 0 for x 6= y . (A.5)

16Note that there are two cross terms of the form δΣ(y)〈∇µTµatot(x)Dc(y)〉n. They vanish identically since

only one stress tensor hits the defect, whereas the correlator 〈Tµatot(x)Dc(y)〉n for x /∈ Σ is conserved.
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B Small variations of the metric

Consider a small perturbation of the flat metric gµν = δµν +hµν , then we find the following

variations:

Christoffel symbols

δΓλµν =
1

2
δλρ (∂µhρν + ∂νhµρ − ∂ρhµν) (B.1)

Riemann tensor

Rρµσν =
1

2
(∂µ∂σgρν + ∂ρ∂νgµσ − ∂µ∂νgρσ − ∂ρ∂σgµν) + gλβ

(
ΓλµσΓβρν − ΓλµνΓβρσ

)
δRρµσν =

1

2
(∂µ∂σhρν + ∂ρ∂νhµσ − ∂µ∂νhρσ − ∂ρ∂σhµν) ,

δ2Rρµσν = δλβ

(
δΓλµσδΓ

β
ρν − δΓλµνδΓβρσ

)
(B.2)

Surface forming normal vectors

gµν naµn
c
ν = δac ⇒ δnaµn

cµ + naµδncµ = naµncνδgµν ,

naµt
µ
i = 0 ⇒ δnaµt

µ
i = 0 , (B.3)

where tµi = ∂xµ/∂yi are tangent vectors to the entangling surface. Thus,

δnaµ = Aacn
c
µ , (B.4)

with

A1
1 =

1

2
n1µn1νδgµν , A2

2 =
1

2
n2µn2νδgµν , A1

2 +A2
1 = n1µn2νδgµν . (B.5)

Extrinsic curvatures

δKa
ij = δ

(
∇inaj

)
= −δΓµijn

a
µ +∇iδnaj = −1

2
naµ (∇iδgµj +∇jδgµi −∇µδgij) +AacK

c
ij .

(B.6)

Transverse metric

g⊥µν = naµn
c
νδac ⇒ δg⊥µν = Aabn

b
µn

c
νδac + naµA

c
bn
b
νδac , (B.7)

or equivalently

δg⊥µν = (n1αn1βδgαβ)n1
µn

1
ν + (n2αn2βδgαβ)n2

µn
2
ν + (n1αn2βδgαβ)(n2

µn
1
ν + n1

µn
2
ν) . (B.8)
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C Displacement operator for the free scalar

In this appendix, we consider the theory of a free scalar in four dimensions, and we explore

the defect OPE of the low lying bulk primaries. In doing so, we give a concrete expression

for the displacement operator in terms of Fourier modes of the fundamental field and we

verify the conjecture (2.14) for this particular case. We stress that our computation here

is completely analytical and therefore eliminates any ambiguity related to the numerical

accuracy of [39] for the identity fb(n) = fc(n). Given the Lagrangian of a four-dimensional

free massless boson

L =
1

2
(∂µφ)2 , (C.1)

the propagator in presence of a conical singularity with an angular excess 2π(n− 1) placed

in r = 0 can be derived [73]:

〈φ(x)φ(x′)〉n =
sinh( ηn)

8π2nrr′ sinh η
(
cosh( ηn)− cos( θn)

) , (C.2)

where

cosh η =
r2 + r′2 + y2

2rr′
. (C.3)

We use alternatively polar coordinates around the defect with x = (r, θ, y1, y2), x′ =

(r′, 0, 0, 0) or complex coordinates x = (z, z̄, yi), x′ = (z′, z̄′, 0) with z = reiθ and z′ = r′.

Assuming integer values of n and expanding (C.2) in the defect OPE limit, i.e. for r → 0

and r′ → 0, one finds

〈φ(r, θ, yi)φ(r′, 0, 0)〉n =
1

4nπ2

(
1

y2
+ 2

n−1∑
k=1

r
k
n r′

k
n

(y2)1+ k
n

cos
kθ

n
− r2 + r′2 − 2rr′ cos θ

y4
+ · · ·

)
(C.4)

where y2 = (y1)2+(y2)2 and the ellipsis indicates terms with higher powers of r/y and r′/y.

This result can be precisely reproduced by the following OPE expansion for the field φ,17

φ(z, z̄) = φ(0) +
1

2π
√
n

∑
k∈N

(
z
k
nO k

n
+ z̄

k
n Ō k

n

)
+ · · · (C.5)

where the operators O k
n

are defect primaries with transverse spin s = k
n and scaling dimen-

sion ∆ = s+1 and the ellipsis indicates contributions from the descendants. This spectrum

of twist-one18 defect primaries can be easily understood through the requirement that every

conformal family appearing on the r.h.s. of (C.5) is annihilated by the Laplace operator.

Indeed, the latter reduces to the two-dimensional ∂z∂z̄ differential operator once we disre-

gard descendants, and the holomorphicity property of the contribution of defect primaries

to the OPE quickly follows. On the other hand the possible values of the spin are fixed by

17The two contributions proportional to r2 and r′
2

in (C.4) originate from the descendant ∂iφ.
18We are calling twist the difference between the scaling dimension and the charge under a transverse ro-

tation. However, let us stress that the latter is a global symmetry from the point of view of the defect theory.
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the symmetry preserved by the defect, i.e. a n-fold cover of SO(2). The normalization of

the operators is fixed by

〈O k
n
Ō k
n
〉
n

=
1

(y2)1+ k
n

(C.6)

Let us make one more comment on the nature of the defect spectrum. The twist operator

is responsible for the presence of a tower of primaries with non-integer transverse spin.

While these Fourier modes do not possess a local expression in terms of the elementary

field, this is not so for the defect operators with integer spin. Their contribution to the

defect OPE is modified by the defect, but we can still identify them with derivatives of φ

in directions orthogonal to the defect.19 In particular, it will be important in a moment

that a defect operator O1 = ∂zφ exists.

We expect to find evidence of the presence of the displacement operator in the defect

OPE expansion of the scalar operator φ2. Therefore we consider the connected correlator

〈φ(x)2φ(x′)2〉n − 〈φ(x)2〉n 〈φ(x′)2〉n = 2 〈φ(x)φ(x′)〉n
2

(C.7)

in the defect OPE limit and we extract the contribution given by operators of dimension

3 (spin 1), which reads

〈φ(x)2φ(x′)2〉n
∣∣
spin 1

∼ rr′ cos θ

4n2π4y6
(n+ 1) (C.8)

This formula can be interpreted in terms of the OPE expansion of φ2, which can be obtained

by studying the fusion of two φ OPEs. In particular at dimension 3 one has several possible

contributions coming from the combination of all the possible spins summing to 1 and the

result is

φ2(z, z̄) ∼ · · ·+ 1

4π2n

n∑
k=0

(
z O( k

n
,n−k
n

) + z̄ Ō( k
n
,n−k
n

)

)
+ · · · (C.9)

where O( k
n
, k
′
n

) = O k
n
O k′

n

and the ellipses indicate that we are focusing only on the spin-

one contribution. Notice that the sum in (C.9) is redundant since O( k
n
, k
′
n

) = O( k′
n
, k
n

),
nevertheless we keep this notation so as not to clutter the following expressions. Inserting

the OPE in the two-point function and performing the Wick contractions, one obtains

〈φ(x)2φ(x′)2〉n
∣∣
spin 1

=
2(zz̄′+z′z̄)

16π4n2

n∑
k=0

〈O k
n
Ō k
n
〉 〈On−k

n
Ōn−k

n
〉 =

zz̄′+z′z̄

8n2π4y6
(n+1) , (C.10)

in agreement with (C.8). The degeneracy we just observed complicates the task of singling

out the displacement operator. In the following we will start from a general Ansatz and

derive a set of constraints which allows to fix the precise form of the displacement operator

for n ≤ 5 and to extrapolate a general pattern for higher n. In the process we will also

prove that for this specific theory the relation (2.14) holds for any n.

19This is somewhat loose: a defect primary will in general be a combination of derivatives orthogonal

and parallel to the defect. The one exception is ∂aφ, for which no mixing happens.

– 31 –



J
H
E
P
0
7
(
2
0
1
6
)
0
7
6

We start from the general linear combination20

D =
1

2πn2

n∑
k=0

ckO( k
n
,n−k
n

) (C.11)

where the normalization factor has been introduced for future convenience. The redun-

dancy of the sum gives the first constraint on the coefficients

ck = cn−k (C.12)

In order to find further constraints we compute the coupling of the displacement with

φ2 and with the stress tensor

Tµν = ∂µφ∂νφ−
1

2
δµν∂φ · ∂φ−

1

6

(
∂µ∂ν − δµν∂2

)
φ2 . (C.13)

The former is fixed by the Ward identity∫
d2y 〈φ2(z, z̄, 0)D(yi)〉n = ∂z 〈φ2(z, z̄, 0)〉n (C.14)

whereas the latter is determined in terms of CD and hn by equations (6.2), (6.3a), (6.3b)

and (6.4).

We start with the coupling to φ2. The bulk-defect correlator 〈φ2O( k
n
,n−k
n

)〉n is fixed by

symmetry up to a normalization which can be extracted from the OPE (C.9). The result is

〈φ2(z, z̄, 0)O( k
n
,n−k
n

)(y)〉
n

=
z̄

2π2n(y2 + zz̄)3
(C.15)

On the other hand the one-point function 〈φ2(z, z̄, 0)〉n on the r.h.s. of (C.14) is simply

〈φ2(z, z̄, 0)〉n =
1− n2

48n2π2zz̄
(C.16)

It is then clear that the Ward identity (C.14) gives a constraint on the sum of the coeffi-

cients ck. Explicitly
n∑
k=0

ck =
(n− 1)n(n+ 1)

6
(C.17)

Notice that the r.h.s. of this expression is always an integer.

We now move to the computation of the two-point function of the displacement with

the stress tensor. By standard Wick contraction one can compute the coupling of O( k
n
,n−k
n

)

with the parallel components of the stress tensor T ij . This gives

〈T ij(z, z̄, 0)O( k
n
,n−k
n

)(y)〉 =
2k(n− k)

n3π2

z̄ yiyj

(y2 + zz̄)5
(C.18)

Comparing this expression with equation (6.2) we notice the absence of a term proportional

to δij which implies that, regardless of the explicit form of the displacement operator, the

20Here we discuss only the holomorphic part of the displacement operator, but analogous considerations

are valid for the anti-holomorphic component D̄.
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most singular part of the defect OPE of T ij has to vanish. The immediate consequence of

that is

b1DT − b2DT = 0 ⇒ CD(n) =
24hn
π

(C.19)

for any value of n. Hence we have verified that (2.14) holds for the four-dimensional

free scalar!

The result (C.18) provides also an additional constraint. Indeed comparing with (6.2)

we can extract

b1DT =

n∑
k=0

ckk(n− k)

2n4π3
(C.20)

and using (6.3a), (6.4), (C.19) and the value of hn for a free scalar in four dimensions [27]

hn =
n4 − 1

720π n3
, (C.21)

we obtain

b1DT =
n4 − 1

60n4π3
(C.22)

Equating the two expressions for b1DT we get

n∑
k=0

ckk(n− k) =
n(n4 − 1)

30
. (C.23)

Once more, rather non-trivially, the r.h.s. is an integer. Since we have determined the exact

value of CD we can also use the two-point function of the displacement to put a quadratic

constraint on the coefficients
n∑
k=0

c2
k =

n(n4 − 1)

30
(C.24)

The constraints collected so far allow to compute the exact values of ck for n ≤ 5. The

result is

n = 2 c0 = c2 = 0 c1 = 1 (C.25)

n = 3 c0 = c3 = 0 c1 = c2 = 2 (C.26)

n = 4 c0 = c4 = 0 c1 = c3 = 3 c2 = 4 (C.27)

n = 5 c0 = c5 = 0 c1 = c4 = 4 c2 = c3 = 6 (C.28)

Based on these results and on the structure of the constraints it is very natural to assume

that the coefficient ck are integers. In this case they admit the unique solution

ck = k(n− k) ⇒ D =
1

2πn2

n∑
k=0

k(n− k)O( k
n
,n−k
n

) (C.29)

It may be possible to explicitly verify this expression for higher values of n (> 5) by

examining the two-point function of the displacement with the higher spin currents [50].

– 33 –



J
H
E
P
0
7
(
2
0
1
6
)
0
7
6

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] M. Levin and X.-G. Wen, Detecting Topological Order in a Ground State Wave Function,

Phys. Rev. Lett. 96 (2006) 110405 [INSPIRE].

[2] A. Kitaev and J. Preskill, Topological entanglement entropy, Phys. Rev. Lett. 96 (2006)

110404 [hep-th/0510092] [INSPIRE].

[3] H. Li and F. Haldane, Entanglement Spectrum as a Generalization of Entanglement Entropy:

Identification of Topological Order in Non-Abelian Fractional Quantum Hall Effect States,

Phys. Rev. Lett. 101 (2008) 010504 [INSPIRE].

[4] M. Van Raamsdonk, Building up spacetime with quantum entanglement, Gen. Rel. Grav. 42

(2010) 2323 [Int. J. Mod. Phys. D19 (2010) 2429] [arXiv:1005.3035] [INSPIRE].

[5] E. Bianchi and R.C. Myers, On the Architecture of Spacetime Geometry, Class. Quant. Grav.

31 (2014) 214002 [arXiv:1212.5183] [INSPIRE].

[6] J. Maldacena and L. Susskind, Cool horizons for entangled black holes, Fortsch. Phys. 61

(2013) 781 [arXiv:1306.0533] [INSPIRE].

[7] T. Jacobson, Entanglement Equilibrium and the Einstein Equation, Phys. Rev. Lett. 116

(2016) 201101 [arXiv:1505.04753] [INSPIRE].

[8] R. Islam et al., Measuring entanglement entropy through the interference of quantum

many-body twins, arXiv:1509.01160.
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