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THE PRESCRIBED CHERN SCALAR CURVATURE PROBLEM

ELIA FUSI

ABSTRACT. The paper is an attempt to resolve the prescribed Chern scalar
curvature problem. We look for solutions within the conformal class of a fixed
Hermitian metric. We divide the problem in three cases, according to the
sign of the Gauduchon degree, that we analyse separately. In the case where
the Gauduchon degree is negative, we prove that every non-identically zero
and non-positive function is the Chern scalar curvature of a unique metric
conformal to the fixed one. Moreover, if there exists a balanced metric with
zero Chern scalar curvature, we prove that every smooth function changing sign
with negative mean value is the Chern scalar curvature of a metric conformal
to the balanced one.

INTRODUCTION

A classical problem in Riemannian Geometry is the prescribed scalar curvature
problem. This problem consists in finding a Riemannian metric on a differentiable
manifold such that its scalar curvature coincides with a smooth function previously
fixed. The prescribed scalar curvature problem was firstly studied by Kazdan and
Warner in [KW1] for 2-dimensional compact manifolds and in [KW2] for compact
manifolds with higher dimension. The same authors concluded the study of the
prescribed scalar curvature problem for compact manifolds in [KW3], also thanks
to the proof of the Yamabe problem by Schoen in [Sch]. Kazdan and Warner
divided the class of compact manifolds into three subclasses depending on the set
of smooth functions that are scalar curvature of a Riemannian metric.

Theorem (See [KW3], Theorem 5.1 and 6.4). The class of compact differentiable
manifolds of dimension 2 can be divided into three subclasses:

e cvery smooth function that is positive somewhere is the scalar curvature of
a Riemannian metric,

e the zero function and all the smooth functions changing sign are scalar
curvature of a Riemannian metric,

e cvery smooth function that is negative somewhere is the scalar curvature of
a Riemannian metric.

The class of compact differentiable manifolds of dimension at least 3 can be divided
into three subclasses:

e cvery smooth function is the scalar curvature of a Riemannian metric,

e the zero function and all the smooth functions that are negative somewhere
are scalar curvature of a Riemannian metric,

e cvery smooth function that is negative somewhere is the scalar curvature of
a Riemannian metric.

In this paper, we study the prescribed Chern scalar curvature problem, namely
the Hermitian analogue of the prescribed scalar curvature problem. It consists
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in proving the existence of a Hermitian metric on a complex manifold such that
its scalar curvature with respect to the Chern connection coincides with a fixed
smooth real-valued function. The motivation of our study comes from the recent
studies on Chern-Yamabe problem (see [ACS], [CZ], [LM], [Ho|, [HS] and [LU] in
the almost-Hermitian setting). In particular, in [Ho], the prescribed Chern scalar
curvature problem is also considered. The author uses the so called Chern-Yamabe
flow, firstly introduced in [CZ], to prove, supposing there exists a balanced metric
wp with negative Chern scalar curvature, that every negative function is the Chern
scalar curvature of a metric conformal to wp, see [Ho, Theorem 1.1]. The objective
of our work is to generalize the result mentioned before and study the prescribed
Chern scalar curvature more in depth.

The paper is divided in two sections. In the first one, we define the tools that we
used to prove our results, like the Chern Laplacian and the Gauduchon degree of a
conformal class, and we recall the results concerning the Chern-Yamabe problem,
see [ACS]. In the second section, we study the prescribed Chern scalar curvature on
connected, compact complex manifolds with complex dimension at least 2. Our first
approach is that of finding solutions within the conformal class of a fixed Hermitian
metric w. In this setting, we see that the resolution of the problem is equivalent to
solving a non-linear elliptic PDE of 2nd order. Together with this equation, we find
an obstruction that suggests a division of the problem into 3 cases depending on the
sign of the Gauduchon degree of the conformal class of w. We analyse separately
each case.

In the case where I'({w}) < 0, we find a necessary condition on a smooth function
in order for it to be Chern scalar curvature of a metric conformal to w. We observe
that the smooth functions that are non-identically zero and non-positive satisfy this
condition. Our first result states that all these functions are Chern scalar curvature
of a unique Hermitian metric in the conformal class of w.

Theorem (See Theorem 2.5). Let M™ be a connected, compact complex manifold
with n > 2 endowed with o Hermitian metric w such that T({w}) < 0. Ifg €
C(M,R)\ {0} is such that g < 0, then g is the Chern scalar curvature of a unique
Hermitian metric conformal to w.

A stronger necessary condition is obtained in Proposition 2.6. It allows us to
construct a function which satisfies the first necessary condition but which cannot
be Chern scalar curvature of any metric conformal to w. Because of this, we try to
find solutions within the set of metrics conformally equivalent to w. In this case,
we find two sufficient conditions on a smooth function to be Chern scalar curvature
of a metric conformally equivalent to w, see Proposition 2.10 and Proposition 2.11.

In the case where I'({w}) = 0, first of all, we find two necessary conditions. Then,
under a suitable assumption, we interpret the prescribed Chern scalar curvature
equation as the Euler-Lagrange equation, with respect to the standard L? pairing,
associated to an appropriate functional. This assumption concerns the existence of
a balanced metric with zero Chern scalar curvature. Using variational methods, we
prove the following Theorem.

Theorem (See Theorem 2.13). Let M™ be a connected, compact complex manifold
with n > 2. Suppose there exists a balanced metric w with S"(w) = 0. If g €
C>*(M,R) changes sign on M and fM g% < 0, then g is the Chern scalar curvature
of a Hermitian metric conformal to w.

The case where I'({w}) > 0 is the most difficult among the three. In this case,
we find a necessary condition and we prove a local result by applying the implicit
function Theorem, see Proposition 2.16.
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After our work, there are many questions that remain open. One of the most
important result that Kazdan and Warner used to conclude the prescribed scalar
curvature problem is [KW3, Theorem 2.1]. Also in our setting, it can be useful
to know the orbit of a smooth function under the group of biholomorphisms in
order to understand when Proposition 2.10, Proposition 2.11 and Proposition 2.14
can be applied. Once we know this, we can understand better which functions are
Chern scalar curvature of a metric conformally equivalent to w and then conclude
using [Yan, Theorem 1.1]. Another open question is the generalization of Theorem
2.13, removing the hypothesis that there exists a balanced metric. The last open
question is the problem of existence of metric with constant and positive Chern
scalar curvature within a conformal class with positive Gauduchon degree.

Acknowledgements. The author is very grateful to Daniele Angella for his su-
pervision, support and stimulating discussions over months. Many thanks are also
due to Francesco Pediconi for several discussions, suggestions and his interest on
the subject.

The author is supported by GNSAGA of INdAM.

1. PRELIMINARIES

Let M be a connected, compact complex manifold of dimension n. In our discus-
sion, we will identify Hermitian metrics h on M with their fundamental (1,1)-forms
w = h(J—,—). For any Hermitian structure (J,w) on M, we can consider the
Chern connection VE*, that is, the unique affine connection preserving both the
Hermitian metric and the almost-complex structure, i.e. VE*"h = 0,VErJ = 0,
whose (0,1)-part coincides with the Cauchy-Riemann operator 0 associated with
the holomorphic structure of T1°M. Given a Hermitian metric w on M and

{#1,...,2n} local holomorphic coordinates, we can write w = /—lw;;dz; A dzj
where w;; = h(%, %) Then, we can define the Chern scalar curvature of w as
i J

the function o
SCh(w) = trwRic(l)(w) = w”wklRijkl-,
where R;5.; are the components of the Chern curvature tensor and RicM(w) is
called the first Chern-Ricci form and it is the (1,1)-form that, locally, can be
written as follows: )
RicM(w) = lewklRijk[dzi N dz;.

Given a Hermitian metric w on M, we can define a differential operator called
Chern Laplacian AS" associated to w that acts on a smooth function u € C°°(M, R)
as follows:

Aghu = 2v/—1tr,00u.
Locally, we obtain that
2

AShy = —20,1 , Yue C®(M,R).

8Zi Zj
It is well known that a Riemannian metric induces an inner product on the algebra
of smooth differential forms on M. In the following, if @ and 3 are k-forms on
M and w is the fundamental form associated to a Hermitian metric h, we will set
w(a, B) = h(a, B).

Observe that the Chern Laplacian is an elliptic differential operator of 2nd order.
On a compact Hermitian manifold (M, w) both the Hodge Laplacian associated to
the metric, i.e A, = [d,d*], and the Chern Laplacian are defined. The difference
between these two operators on smooth functions is quantified in a result due to
Gauduchon.
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Theorem 1.1 ( [Gaul], p. 502-503). Let (M"™,w) be a compact Hermitian mani-
fold. Then, we have

A" = Aju+ w(du, ), Yue C®°(M,R),

where 6 is called the torsion 1-form associated to w and it is defined by the relation:
dw™™t =  Aw"L. Moreover, we have that the formal adjoint of AS" acts on
u € C®°(M,R) as follows:

(ASMY*u = Ayu — w(du, 0) + ud*6.

Remark 1.2. Let (M™,w) a Hermitian manifold with n > 2, we can consider the
Lefschetz operator

LN MSNTM, L= Aw

We know that
2n—1

A /\1M—>/\ M

is an isomorphism. This fact implies that the torsion 1-form is well defined.

The Hermitian metric w is called Gauduchon if d*6 = 0. Instead, one says that
w is balanced if § = 0. If dim¢c M = n, note that the condition d*8 = 0 is equivalent
to Q0w"™~! = 0. That is because § = J * dw™ !, where * is the Hodge operator
associated to w. Whereas, the condition 6 = 0 is equivalent to dw™ ! = 0.

Remark 1.3. Theorem 1.1 implies that the index of the Chern Laplacian and
the index of the Hodge Laplacian coincide. This guarantees that the kernels of
both the Chern Laplacian and his formal adjoint are I1-dimensional. Moreover,
ker(AS") = R. In general, ker((AS")*) does not coincide with the set of constant
functions. That is, essentially, due to the presence of the additional term ud*6 in
the expression of (AS")*u, see [Gaul, p.388].

Remark 1.3 suggests the definition of a particular function, called eccentricity
function associated to a Hermitian metric.

Definition 1.4 ( [Gaul], Définition 2). Let (M,w) be a compact Hermitian man-
ifold. A function fo € C°(M,R) is the eccentricity function associated to w if
fo € ker((AS")*) and (fo,1)r2(ar) = Vol(M,w).

Gauduchon proved that fy > 0. Moreover, he proved that fy = 1 if and only if
w is Gauduchon, see [Gaul, Théoreme 2]. As stated in Remark 1.3, the fact that
dim(ker(AZ")*) = 1 easily guarantees that the eccentricity function associated to
a Hermitian metric is unique.

A simple definition that we want to remember is the definition of conformal class
and conformally equivalent metrics.

Definition 1.5. Let (M™,w) be a Hermitian manifold. The conformal class of w

L fm()-

If w and wy are Hermitian metrics on M, we say that wy is conformal to w if wy €
{w}. We will say that wy is conformally equivalent to w if there exists p € Aut(M),
the group of biholomorphisms of M, such that ¢*w; € {w}.

uGC’“(M,R)}.

A result that will be very useful for our study of the prescribed Chern scalar cur-
vature problem is the characterization of the variation of the Chern scalar curvature
after a conformal change.
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Proposition 1.6 ( [Gau2], p. 502). Let (M",w) be a Hermitian manifold and
u € C>®(M,R). We have

SCh <exp (2:> w) = exp (-?) (Ahy 4 SN (w)).

See [LU, Corollary 4.5] in the almost-Hermitian setting.

The last quantity that we want to recall is the so called Gauduchon degree of
a conformal class. To define it, we need to remember an important Theorem due
to Gauduchon. The proof of this result is based on the properties, that we already
mentioned, of the eccentricity function associated to a Hermitian metric.

Theorem 1.7 ( [Gaul], Théoreme 1). Let (M"™,w) be a compact Hermitian man-
ifold. There exists a Gauduchon metric with volume 1 within {w}. If n > 2, this
metric is also unique.

Then, if dimec M > 2, we can choose a particular metric in each conformal class of
a Hermitian metric. This allows us to define the Gauduchon degree of a conformal
class.

Definition 1.8 ( [Gaul], 1.17). Let (M™,w) be a compact Hermitian manifold with

n > 2. Choosen € {w} the only Gauduchon metric with volume 1. The Gauduchon
degree of {w} is

,r]’ﬂ

P({wh) = | s

Remark 1.9. Note that

I({w}) = ﬁ /M BO) Ay,

where cBC (M) = cBC(K3,) is the first Bott-Chern class of M. Thanks to this
relation, we have that the Gauduchon degree of a conformal class is an invariant
depending only on the complex structure of M and on the conformal class {w}. The
definition we gave is nothing but a particular case of the so called degree of a line
bundle with respect to a conformal class, see [Gaul, I.17].

Before we start analysing the prescribed Chern scalar curvature problem, it will
be useful to study the ”constant” case, that is the Chern-Yamabe problem. This
problem consists in proving the existence of a metric conformal to a fixed one with
constant Chern scalar curvature. The Chern-Yamabe problem was firstly studied
and, partially, resolved by Angella, Calamai and Spotti. The solution of the Chern-
Yamabe problem can be reduced to solving a non-linear elliptic PDE of 2nd order.
Studying this equation, the authors were able to prove an important result.

Theorem 1.10 ( [ACS], Theorem 3.1 and Theorem 4.1 ). Let M™ be a connected,
compact complexr manifold with n > 2 endowed with a Hermitian metric w with
I'({w}) < 0. Then, there exists a unique Hermitian metric conformal to w with
Chern scalar curvature that coincides with T'({w}) < 0.

So, if (M™,w) is a connected, compact Hermitian manifold with n > 2, at least
in the case where I'({w}) < 0, we can choose, within the conformal class, a metric
with constant Chern scalar curvature. Unfortunately, in the case where I'({w}) > 0,
we do not know if we can choose a metric conformal to the fixed one with constant
Chern scalar curvature. Surely, the uniqueness does not hold anymore. In [ACS],
the authors construct an example in which they prove that there exist at least two,
non homothetic, metrics with constant Chern scalar curvature within the conformal
class of a particular Hermitian metric.
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2. THE PRESCRIBED CHERN SCALAR CURVATURE PROBLEM

The prescribed Chern scalar curvature problem consists in proving the existence
of a Hermitian metric on a connected, compact complex manifold of dimension at
least 2 such that its Chern scalar curvature coincides with a fixed smooth function.

Our approach to the resolution of the problem is that of finding solutions within
the conformal class of a fixed Hermitian metric. Therefore, we fix a Hermitian
metric w and g € C°°(M,R). Thanks to the Proposition 1.6, a metric conformal to
w has Chern scalar curvature coinciding with ¢ if and only if the equation

2u
(1) ASMy + SN (w) = gexp (n>
admits a solution. On the other hand, we can choose the unique Gauduchon metric
1 € {w} with volume 1 as reference metric and rewrite the equation (1) as a function
of n. Integrating that equation over M, we obtain the condition

2) rwh = [ gew (2;‘) .

The condition we just found suggests a division of the problem into three cases,
depending on the sign of I'({w}). We will analyse each of these cases separately.
Note that, in this problem, the Gauduchon degree of the conformal class plays
the same role as the first eigenvalue of the linear part of the operator defining the
prescribed scalar curvature equation studied in [KW2].

2.1. Case I'({w}) < 0. In this case, the condition (2) implies that the function g
must be negative somewhere on M. Furthermore, thanks to Theorem 1.10, we can
choose the unique Hermitian metric in {w} with constant Chern scalar curvature
equal to I'({w}) < 0. In the following, we will indicate this metric with w and with
fo its eccentricity function. We can rewrite the equation (1) as follows:

3) AChy + T({w}) = gexp (2;) |

Multiplying the equation (3) by exp(—2%), we can use the formula

(4)  exp (—?) AShy = —%Agh (exp <—2:>> - %exp (—2:> w(du, du).

to obtain a new equation. By multiplying this new one by f; and integrating on
M, we obtain a new necessary condition on g, that is

) | an% <o

We already noticed that fo > 0 on M, so all non-identically zero and non-positive
smooth functions satisfy this condition. Then, our first objective is to prove that
such functions g are Chern scalar curvature of a metric conformal to w. Using
the continuity method, we prove the following generalization of [Ho, Theorem 1.1],
removing the hypothesis that w is balanced.

Theorem 2.1. Let M™ be a connected, compact compler manifold with n > 2
endowed with a Hermitian metric w such that I'({w}) < 0. If g € C>*(M,R), g < 0,
then g is the Chern scalar curvature of a unique metric conformal to w.

Proof. The proof is essentially the same as in [ACS, Theorem 4.1]. First of all,
suppose that w is such that S¢"(w) = I'({w}) < 0. The uniqueness is a direct
consequence of the maximum principle. We use the continuity method to obtain
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the existence. So, define, for any ¢ € [0, 1], the equation

(3¢) AShy 1T ({w}) — gexp (i“) +(1—-t)g=0,

and
T = {t €[0,1] | (3;) has a solution in C%*(M)}.
Observe that T' # () because u = 0 is a solution of (3p).
Fixt € [0,1] and define G: C%*(M) — C%(M) such that, for any ¢ € C*(M),

2
Gp) = AT + 157" (w) — gexp (f) +(1-1)g.
Suppose that u € C*%(M) is a solution of (3;). We have that
2 2
d,G = AS" — Zgexp <u> 1d.
n n

Obviously, d, G is an elliptic differential operator. By the maximum principle, it
follows that d,G is injective. On the other hand, the index of d, G coincides with
the index of the Hodge Laplacian. Therefore, (d,G)* must be injective and then
d,G must be surjective too, so d,G is invertible. Applying the implicit function
Theorem, we obtain that T is open.

If we can prove that T is closed too, automatically, we obtain that T' = [0, 1].
In particular, this fact guarantees that (3;) has a solution in C%%(M). But (3;)
coincides with (3) and then we obtain the existence we are looking for. We need to
find some a priori estimates on solutions of (3;) in order to prove that 7' is closed.
Then, let u € C%%(M) be a solution of (3;) and let p,q € M be, respectively, the
maximum and minimum point of u. We have

~afp)exp (242 = —(aSh) ) ~ 15 @)p) ~ (1~ ol
< S (W)(p) — (1 = 1)g(p) < —min S (w) — ming.
Fhen 2u(p) < 1 in SCh . — O(M
p( " ) S (—mlvlln (w) —H}\}ng) =C(M,w,g).
Similarly,
—9(q) exp (2“71@)> > tgféﬂ] (t min (=S (w)) + (1 —1) m]\/iln(fg)) = C'(M,w,g).

These two inequalities imply that
[ull Lo (ary < K,
where K = K(M,w,g) > 0. Thanks to this inequality, iterating the Calderén-

Zygmund inequality and using the Sobolev embedding, we obtain that there exists
a constant K’ = K'(M,w, g) > 0 such that

ullcs.ean < K’

Then, choose {tx}ren C T such that ¢ — too as k — +oo. We take {ug}ren C
C?(M) such that uy, is a solution of (3;, ), Vk € N. Thanks to the estimates above
and to Ascoli-Arzeld Theorem, we have that there exists u € C*%(M) such that
u, — uwin C%%(M). We see that u is a solution of (3;_ ). Then T is closed. Finally,
if u € C%%(M) is a solution of (3;), we can prove that u € C°°(M,R) by using
Schauder estimates. O
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The a priori estimates in the proof of Theorem 2.1 do not hold if g is zero
somewhere in M. So, we have to find some alternative method to solve the equation
(3) in this case.

Definition 2.2. Let (M"™,w) be a connected, compact Hermitian manifold with
n>2. We say that u_,u, € W2P(M), p > n, are, respectively, a subsolution and
a supersolution for the equation (1) if

2u_ 2
A < gexp (25) < 5w, ATty > gown (25 - 57 w)
n n

We prove the following Theorem which states that the existence of solution of
(1) is equivalent to the existence of both a subsolution and a supersolution.

Theorem 2.3. Let (M™,w) be a connected, compact Hermitian manifold with n >
2. Suppose that we have g € C°(M,R), p > n and u_,uy € W2P(M), respectively,
a subsolution and a supersolution of (1) such that u_ < uy. Then, there exists
u € C°(M,R) a solution of (1) such that u_ < u < uj.

Proof. The proof of this result is similar to the proof of [KW2, Lemma 2.6]. We
recall here the main ideas. We set f(z,u) = gexp(2%)—S°"(w). We define ug = u.
and, Vk € N, k > 1, the function uj as the only solution of the equation

Aghuk + Kuy, = Lu = f(x,ur—1) + Kug_1,

where K > 0 is an appropriate constant. The existence of the functions uy is
guaranteed by the invertibility of the operator L: W2P(M) — LP(M), which is a
consequence of the standard theory of elliptic PDEs. Using the maximum principle,
we prove that, Vk € N, u_ < up_1 < up < ug. On the other hand, using the
inequality
[ollwzrary < ClLollLoar), Yo € W2P(M),
due to the invertibility of L, the Sobolev embeddings and the Ascoli-Arzela theorem,
we prove that u, — u in C°(M). From this fact, we prove that uy — u in W2P(M),
SO
Lu = f(z,u) + Ku.

This fact implies that w is a solution of (1). Using the Calder6én-Zygmund inequality,
we obtain that u € C*°(M,R). O

So, thanks to Theorem 2.3, in order to find a solution of (1), we can concentrate
on finding both a subsolution u_ and a supersolution u such that u_ < wu,.
Nevertheless, in the case we are analysing in this subsection, it can be proved that
this last condition is equivalent to the existence of only a supersolution.

Corollary 2.4. Let (M",w) be a connected, compact Hermitian manifold with
S (w) = T({w}) < 0 and n > 2. Suppose that we have g € C®°(M,R), p > n
and uy € W2P(M) a supersolution of (3). Then, there exists a subsolution u_ €
W2P(M) such that u_ < uy.

Proof. Thanks to the necessary condition (*), we can suppose that g € C*°(M,R)
is negative somewhere on M. We can choose u_ € R satisfying the inequality

u_ < glog (F({w})>

minys g
and obtain a subsolution of (3). But, if uy is a supersolution of (3), we know
that u, € W2P(M). Using the Sobolev embeddings, u, is continuous and then
bounded on M. So, we can choose appropriately the constant u_ so that the
inequality u_ < u, is satisfied. O
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Corollary 2.4 allows us to prove the following generalization of Theorem 2.1.

Theorem 2.5. Let M™ be a connected, compact compler manifold with n > 2
endowed with a Hermitian metric w such that T'({w}) < 0. If g € C°(M,R)\ {0} is
such that g < 0, then g is the Chern scalar curvature of a unique metric conformal
to w.

Proof. Consider ¢ € C*°(M,R) such that

1 w™
AChg—g— — 1 / i
w =9 Vol(M,w) Mgfo n!
Let k1, k2 € R be two constants that we will choose later and define uy = k¢ + k.
We have that

n

2u k w
AShUJr +TI'({w}) —gexp <n+> =kig — Wf\l/[,w) /M gfom
2(k1¢+k‘2)> .

+T(w)) - goxp (202
It is sufficient to choose k1, ks such that
Vol(M,w)I'({w})
{kl = S gfo% >0

ko > % log(k1) — k1o

to obtain a supersolution of (3). The uniqueness of the metric we found is due to
the maximum principle. O

So, it remains only to understand when a smooth function which changes sign
on M and satisfies the necessary condition (*) can be the Chern scalar curvature
of a metric conformal to w.

Proposition 2.6. Let M"™ be a connected, compact complex manifold with n > 2
endowed with a Hermitian metric w such that S"(w) = T'({w}) < 0. Suppose that
g € C°(M,R) such that fMgfo% < 0.

a) If g is the Chern scalar curvature of a metric conformal to w, then the
unique solution of the equation

2 2
5 Ach _ 71—\ __ -
) Srp— 2r(fwhn = -2
must be positive.
b) Let g1 € C°(M,R) be such that g1 < g and A > 0. If g is the Chern scalar

curvature of a metric conformal to w, then both g1 and Ag will be.
c) There exists a constant c¢(g) € [—00,0) such that the equation

2
(6¢) AShy 4 ¢ — gexp (:) =0
admits a solution, Vc € (¢(g),0).
Proof. a) Suppose that u € C°°(M,R) is a solution of (3). Set v = exp(—2).

Easily, we see that v satisfies the equation
Ch 2 w(dv, dv)
Ao ——=—-g+T{w}hv—n—">"—"=] =0.
n v
If v € C*(M,R) is the unique solution of (5), we see that
2 w(dv, dv
AGH W —v) = 2P({uh)(w — ) = 2242

By the maximum principle, we have ¢ > v > 0.

> 0.
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b) Note that, if u is a supersolution of (3) for g, it will be a supersolution of
(3) for g1 too. Moreover, we have SC"(\w) = A~18" (w), VA > 0. From
this, the assertion follows.

c¢) Using the same arguments used to prove Theorem 2.3, it follows that the
equation (6.) admits a solution if and only if it admits a supersolution. As
observed above, if ¢ > ¢, a supersolution of (6.) is a supersolution of (6;z)
too. The existence of a supersolution of (6.) is equivalent to the existence
of a positive solution of the following inequality:

(7) AShy — 2 (—g +cv — nw(dv,dv)) <0.
n v
Choose ¢ € C°(M,R) such that
2 1 w"
ASte= n <—g+ Vol(M,w) /M gfon!) '
Considering a € R such that
2nVol(M,w)
fM gfo%;

we verify that ¢ + a satisfies (7). This fact

@ > max {_ w(de, de) — ¢>}
Sy 9fo 2t

and ¢ > syt
implies that

(8) cg) < 2Vol(M,w) miny{¢ + a} =

O

Remark 2.7. In particular, the first part of the above Proposition guarantees a
stronger necessary condition than (*). Indeed, if we multiply (5) by fo and then
integrate on M, we obtain that
wn
M n!

Using the same arguments used to prove Theorem 2.5, observe that c¢(g) = —oo for
all g € C°(M,R)\{0} such that g < 0. However, we do not know if these functions
are the only ones that satisfy this property.

Thanks to part a) of Proposition 2.6, we can prove the existence of smooth
functions that satisfy the condition (*) which can not be Chern scalar curvature of
a metric conformal to w.

Corollary 2.8. Let M™ be a connected, compact complex manifold with n > 2
endowed with a Hermitian metric w such that S"(w) = T'({w}) < 0. Then, there
exists g € C(M,R) with [,, gfo‘*;TT < 0 such that it cannot be the Chern scalar
curvature of any metric conformal to w.

Proof. Fix ¢ € C°°(M,R) \ {0} such that [, z/;fo“’n—T = 0. Choosing 0 < a <
— minjy ¢, we have that ¥ + a changes sign and we can define

2
—5 (-agh+ 2rienw ) e cxrm),

2

We can easily see that

9

/ gfow—T =T{w})aVol(M,w) <0

M n.

and 5 5
ASM W +a) = SP({wh(¥ +a) = ——g.
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The assertion now follows from this and part a) of Proposition 2.6. O

Remark 2.9. The proof of Corollary 2.8 suggests a method whereby we can con-
struct explicit examples of smooth functions that satisfies condition (*) which cannot
be the Chern scalar curvature of a metric conformal to w. Indeed, we can choose
' € C°(M,R) which is not constant and define 1p = 0’ +k, where k € R such that
fM lbfo%; = 0. Then, following the steps of the proof, we can obtain a function
which satisfies (*) that cannot be the Chern scalar curvature of a metric conformal
to w.

Corollary 2.8 states that not all the functions satisfying the condition (*) can be
Chern scalar curvature of a metric conformal to w. So, we concentrate on searching
solutions of the Chern scalar curvature problem within the set of metrics confor-
mally equivalent to w, namely, we search a biholomorphism ¢ of M and a function
u € C*(M,R) such that S“"(exp(24)p*w) = g. Using the same methods we used
above, this problem is equivalent to find ¢ € Aut(M) such that the equation

© MG T = (o) e (2)

admits a solution. We can observe immediately that the automorphism ¢ must be
such that

/M(g o @)fo%? <0.

This condition is a first obstruction to our study. We do not know if, in general,
there exists an automorphism of M such that the condition above can be satisfied.
Nevertheless, we concentrate on searching sufficient conditions on g so that it is the
Chern scalar curvature of a metric conformally equivalent to w. The part ¢) of the
Proposition 2.6 implies directly a sufficient condition.

Proposition 2.10. Let M™ be a connected, compact complex manifold with n > 2
endowed with a Hermitian metric w such that S°"(w) = T({w}) < 0. Suppose
that g € C°°(M,R) is negative somewhere on M. Then, g is the Chern scalar
curvature of a metric conformally equivalent to w if there exists ¢ € Aut(M) such

that [,,(g0 @) fo2r <0 and c(go ¢) < T({w}).

Unfortunately, we do not have an explicit expression for the constant ¢(gop). On
the other hand, we have some estimates on that constant. These estimates allow
us to improve the Proposition 2.10.

Proposition 2.11. Let M™ be a connected, compact complex manifold with n > 2
endowed with a Hermitian metric w such that S"(w) = T'({w}) < 0. Suppose that
g € C™(M,R) is negative somewhere on M. Then, g is the Chern scalar curvature
of a metric conformally equivalent to w if there exist ¢ € Aut(M) and p > n such
that [,,(go¢)foss <0 and

o 7¥/(O Vol
o2 VoM, w) [y, 0P

where C = C(M,w, g,p) > 0.

< C,
Lr(M)

n

Proof. Suppose that there exists ¢ € Aut(M) such that fM (gow)fosr < 0. Thanks
to Proposition 2.10, it is sufficient to impose that ¢(g o ¢) < T'({w}). Using (8), we
obtain that it is sufficient to impose the following condition

Jui(g 0 @) foy
2Vol(]\]\447w)minM{¢+a} <I'({w}),
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where Agh¢ = %(—g oY+ W fM(g o Lp)fo%) and
2 (M
a = max {_nVo ( 7Ci,)n w(de,de) — ¢} )
M IM(QOW)JCOH

With these choices, we have

2 (M
fM max w(de, do).

fM(g © @)fOW M
Then, using this inequality, we obtain

Julg o) fosr __ (g0 9) for)?
2Vol(M,w) miny{¢d+a} = 4nVol(M,w)? maxy w(de,dp)’

By the standard elliptic theory, we know that there exists, if p > n, a constant
K = K(M,w, p) such that

I dullcoary < KNAS ull Lo ar)-

rrjlvi[n{qﬁ +a} <

So, by straightforward calculations, it is sufficient to impose that there exists p > n
such that

n

1 w V1 [y 0 @) foly
goy— VOl(M,OJ) /]\/I(gosp)foﬁ - 2

~ _c
o AKVol(M,w)y/—T({o])
O

Unfortunately, the condition found in the Proposition above is not easily check-
able. As we can see from the proof, the constant C' depends on easily computable
quantities like Vol(M,w) and I'({w}) but also on K, that is the norm of the embed-
ding W2P(M) < C'(M), which is not explicit, in general, for compact manifolds.

2.2. Case I'{w}) = 0. In this case, the condition (2) guarantees that g €
C°(M,R) must either be identically zero or change sign on M. Thanks to Theorem
1.10, we can choose a metric conformal to w such that its Chern scalar curvature
is identically zero. We will indicate such metric with w and with fj its eccentricity
function. The equation (3) can be rewritten as follows:

2
(10) AZMu = gexp (u) .

n
As we already did in the previous case, we can multiply by exp(—%“) the equation
(10), use the formula (4), multiply by fo and then integrate on M in order to obtain
the following additional necessary condition:

wn
/ ngj < 0.
M n:

In general, we can guess if the equation (3) can be interpreted as the Euler-Lagrange
equation, with respect to a pairing, associated to an appropriate functional. Un-
fortunately, considering the L? standard pairing, this interpretation is not possible
unless the metric we consider is balanced.

Proposition 2.12 ( [ACS], Proposition 5.3). Let M™ be a connected, compact
complex manifold endowed with a Hermitian metric w. The 1-form on C*°(M,R)

n

a:hes / hu(df,0)
M n:

is never closed, beside the case when it is identically zero, which happens if and
only if w is balanced. It follows that equation (3) can be seen as the Euler-Lagrange
equation for the standard L? pairing if and only if w is balanced. In this case, the
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functional takes the form:

Flu)= /M<w<du’ du) + 57N wp) 2, e W)

/ (2u> w™
gexp| — | — =0.
M n ) nl!

As observed in [ACS, Remark 5.4], we do not know if the functional F is,
in general, bounded below. Clearly, this property is satisfied by imposing that
SCh(w) = 0. Then, in the hypothesis that w is balanced and S¢"(w) = 0, we can
apply the variational methods to find a solution of equation (3).

subject to the constraint

Theorem 2.13. Let M™ be a connected, compact complex manifold with n > 2.
Suppose that there exists a balanced metric w such that S°*(w) = 0. Then, all the
functions g € C*°(M,R) changing sign and such that fM g% < 0 are Chern scalar
curvature of a metric conformal to w.

Proof. Define

B:{qber’Z(M) /Mgexp( ) = /M n‘_}

and note that B # () because g changes sign on M. By straightforward calculations,
it follows that exp(—): W12(M) — W12(M) is continuous. Define a = infp F.
We consider a minimizing sequence {v }xen C W12(M) such that {F(vy)}ren goes
to a decreasingly. We can choose vy € B and define b = F(vg) > 0. Without loss of
generality, we can suppose that F(vi) < b, Vk € N. Thanks to Poincaré inequality,
we verify that

HUICHIZ/VLQ(M) < C”dvk”%Q(M) = C]:(Uk) < Ch.

So, {vk}ken is bounded in W12(M) and we know that a bounded set is weakly
compact, thanks to Banach-Alaouglu-Bourbaki Theorem. So, up to subsequences,
there exists a function v € W2(M) such that vy, — v in W2(M). This fact implies
straightforwardly, using the continuity of exp(%), that v € B. Moreover, using
again the Poincare inequality, we know that ||—|ly1.2(ar) is equivalent to /F(—).
So, using the lower semicontinuity of the weak convergence with respect to /F(—),
we have

F(v) < lim inf VF (i) < V/F(vg), VkeN.
—4o0

So, v € B minimizes the functional F on B. By standard Lagrange multiplier
theory, we have two constant A, u € R such that

P 2 P n
(11) / (w(d%dv) + = Apg exp (U) + /w) TL=0, Vo e WH(M).
M n n n n:

Choosing <,0 = 1, we obtain automatically that x = 0. Moreover, if we choose
¢ = exp(—22) we obtain

2 2 "
/ ——exp ( U) w(dv, dv) + f)\/ gw—' =0.
M n n Mo

Using the hypothesis that fM g%; < 0, we obtain that A < 0. So, we can write
-A=3 exp(%y), where v € R is an appropriate constant. Integrating by parts the
equation (11), we verify that the function v is a solution of

AS% = gexp (2(U + ’Y)) .

n



14 ELIA FUSI

Then, u = v+ € WH2(M) is a solution of (10). Again using the Calderén-
Zygmund inequality, we prove that u € C*°(M,R). O

Notwithstanding the hypothesis of the Theorem above are very strong, we have
many examples of compact complex manifolds that satisfy them. Surely, on every
compact Kéhler manifold with ¢; (M) = 0, we can consider a metric that satisfies the
hypothesis of the Theorem 2.13. In fact, thanks to Yau Theorem, see [Yau, Theorem
2], on this type of manifold, we can always choose a Ricci-flat Kéhler metric. In
particular, this metric is balanced and its Chern scalar curvature is identically zero.
In the non-Ké&hler case, we can construct balanced metrics with zero Chern scalar
curvature on every compact quotient of a holomorphic Lie group. We know that
these manifolds are the only compact complex manifolds that are holomorphically
parallelizable, see [Wa, Theorem 1]. Moreover, every holomorphically parallelizable
manifold admits a Chern-flat Hermitian metric, see [Bo, Theorem 3]. Such metric
is balanced and its Chern scalar curvature is equal to zero. More examples are
conjectured in [Tos, Conjecture 4.1].

Theorem 2.13 allows us to formulate an equivalent condition so that a smooth
function changing sign on M can be Chern scalar curvature of a metric conformally
equivalent to a metric satisfying the hypothesis of the Thereom 2.13.

Proposition 2.14. Let M™ be a connected, compact complex manifold with n > 2.
Suppose that there exists a balanced metric w such that S¢"(w) = 0. Then, a
function g € C*°(M,R) that changes sign is the Chern scalar curvature of a metric
conformally equivalent to w if and only if there exists ¢ € Aut(M) such that

/ gosaw—'<0.
M n.

Remark 2.15. Unfortunately, we have some examples of functions that cannot
be the Chern scalar curvature of a metric conformally equivalent to one satisfying
the hypothesis of Theorem 2.13. Let M = C™/A be a complex torus, where A is a
discrete translation subgroup of rank 2n acting freely on C"™. We know that

Aut(M) = GL(A) x M,
where GL(A) = {A € GL(n,C) | A(A) = A}. We can consider the flat metric w
on M. Clearly, w is Kahler and its Chern scalar curvature is zero. On the other
hand, we observe that

n —1\x, n
/gwwf=/ 9M7 Vo € Aut(M).
M n! M !

n!

Clearly, if x € M, then x*w = w, instead, if A € GL(A), we have A*w™ =
|det(A)|w™. Moreover, we have that, Vo € Aut(M), there exists a unique x € M
and a unique A € GL(A) such that p =z 0 A. So

w'n B w'n
/ gop— = |det(A 1)I/ 9=
M n: M n:

Then, a function g € C*°(M,R) that changes sign on M is the Chern scalar cur-
vature of a metric conformally equivalent to w if and only if fM g":L—, < 0 and then,
using Theorem 2.13, if and only if g is the Chern scalar curvature of a metric con-
formal to w. So, we can construct functions changing sign on M but which are not

Chern scalar curvature of any metric conformally equivalent to w. For example,

consider
2n
A= B
i=1
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where {ey,...,ea,} is the standard basis of R?*". If we consider the function
g(x1,...,22,) = cos(2mwz1), we note easily that fM g% = 0. So, g cannot be the
Chern scalar curvature of any metric conformal equivalent to w.

2.3. Case I'({w}) > 0. This last case is the most difficult. We already said that, in
this case, we do not know if there exists a metric with constant and positive Chern
scalar curvature within the conformal class. On the other hand, the condition (2)
guarantees that g must be positive somewhere on M. The result we prove below
follows from an application of the Implicit function Theorem.

Proposition 2.16. Let M™ be a connected, compact complex manifold with n > 2
endowed with a Hermitian metric w such that T({w}) > 0. Let n € {w} be the only
Gauduchon metric with volume 1. Then, there exists € > 0, depending on M and
n, such that, if |[S"(n)|lco.e(ay, llgllco.aar) < €, where g € C°°(M,R) is positive
somewhere on M and o € (0,1), then g is the Chern scalar curvature of a metric
conformal to w.

Proof. Fix a € (0,1) and consider the Banach manifolds:

f(s=oen ()5 =}

Y:{weCO"’(M) ’/ 1/177':0}.
M n.
Consider the map F': X — Y such that

X = {(u,g,S) € C*(M) x C"(M)?

n

2
F(u,g,8) = A" u+ 85 — gexp ( u) , VY(u,g,5) € X.
Clearly, F is C'. Observe that F(0,0,0) = 0 and that

OF — (4)= .

u1(0,0.0)
is invertible on TpY =~ Y. So, using the implicit function Theorem, there exists a
neighbourhood U C C%%(M)? of (0,0) and a C! function ®: U — X such that

F(®(g,95),9,5) =0, ¥(g,5) €U.
Choose € > 0, depending only on M and 7, such that
{g e 0% (M) ‘ maxg >0, |lgllcoe ) < 5} x Beo.oan (0,€) C U

So, if n is such that |[S?"(n)||co.e(ar) < € and g € C°°(M,R) somewhere positive
on M and such that ||g||co.«(a) < €, we can choose u = ®(g,.5) and verify that
5" (exp (24)) = g. By Schauder estimates, we obtain that u € C°°(M,R). O

The Proposition above is a generalization of [ACS, Theorem 5.9]. We observe
that the condition on S°”(n) in Proposition 2.16 is expressed in terms of €, which
depends itself on 7. So, a priori, the result may be empty. However, in [ACS,
Remark 5.10], the authors present some examples where the [ACS, Theorem 5.9]
can be applied. In these examples, Proposition 2.16 can also be applied.
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