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Abstract: We define solitons for the generalized Ricci flow on an exact Courant algebroid. We then define
a family of flows for left-invariant Dorfman brackets on an exact Courant algebroid over a simply connected
nilpotent Lie group, generalizing the bracket flows for nilpotent Lie brackets in a way that might make this
new family of flows useful for the study of generalized geometric flows such as the generalized Ricci flow. We
provide explicit examples of both constructions on the Heisenberg group. We also discuss solutions to the
generalized Ricci flow on the Heisenberg group.
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1 Introduction

Generalized geometry, building on the work of Hitchin [9] and Gualtieri [7] and the structure of Courant alge-
broids, constitutes a rich mathematical environment. The main idea behind it lies in the shift of point of
view when studying structures on a differentiable manifold M", replacing the tangent bundle TM with the
generalized tangent bundle

TM=TMe T*M.

More explicitly, in the language of G-structures, one studies reductions of GL(TM), the GL,,-principal bundle
of frames of TM.

A reduction to the orthogonal group O(n, n) always exists, thanks to the nondegenerate symmetric bilin-
ear form of neutral signature

X+ &Y +m) = 20100 + £V, (1.1)

so that one usually only considers structures which are reductions of O(TM), the O(n, n)-reduction of GL(TM)
determined by this natural pairing.

In this spirit, for example, a generalized almost complex structure on M?>™, defined by an orthogonal
automorphism J of TM, i.e. §2 = —Idy, determines a U(m, m)-reduction of GL(TM). The integrability of
such a structure is expressed through an involutivity condition with respect to a natural bracket operation,
called the Dorfman bracket:

[X+&Y+n]=I[X,Y]+Lxn-tydé. (1.2)

On the other hand, a generalized Riemannian metric on M", defined by a symmetric (with respectto (-, -))
and involutive automorphism G of TM, determines an O(n) x O(n)-reduction of GL(TM).

More generally, one can consider a Courant algebroid E over M, namely a smooth vector bundle over M
endowed with a pairing (-, - ) and a bracket [ -, - ] satisfying certain properties so that TM, endowed with (1.1)
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and (1.2), is a special case. On the generic Courant algebroid, one can then study reductions of GL(E) such
as generalized almost complex structures and generalized (pseudo-)Riemannian metrics.

In [5, 6, 22], the classical Ricci flow of Hamilton [8] and the B-field renormalization group flow of Type II
string theory (see [20]) were generalized to a flow of generalized (pseudo-)Riemannian metrics on a Courant
algebroid E over a smooth manifold M. The generalized Ricci flow, as we shall refer to this flow from now on, is
actually a flow for a pair of families of generalized (pseudo-)Riemannian metrics § € Aut(E) and divergence
operators div: I'(E) — C*°(M), the latter of which are required in order to “gauge-fix” curvature operators
associated with a generalized (pseudo-)Riemannian metric.

The paper is organized as follows: Section 2 is devoted to a review of the setting of generalized geometry —
including the notions of Courant algebroid, generalized curvature tensors and the definition of generalized
Ricci flow — and of the algebraic framework of nilpotent Lie groups.

In Section 3, we introduce the notion of generalized Ricci soliton, which derives from the study of self-
similar (in a suitable sense) solutions to the generalized Ricci flow on exact Courant algebroids. This condition
generalizes the Ricci soliton condition Rcg = Ag + Lxg, where Rcg denotes the Riccitensorof g, A € Rand Lxg
denotes the Lie derivative of g with respect to a vector field X. We show that, when working on a Lie group and
considering left-invariant structures, this condition descends to an algebraic condition on the Lie algebra of
the group.

Borrowing from the ideas of Lauret, in Section 4, we consider left-invariant Dorfman brackets on simply
connected nilpotent Lie groups, describing them as elements of an algebraic subset of the vector space of
skew-symmetric bilinear forms on R" @ (R")* for the suitable n. We then define a family of flows of such
structures, showing that they generalize the constructions known in literature as bracket flows, which have
been extensively used to rephrase geometric flows on (nilpotent) Lie groups (see, for example, [15]). This
justifies our definition of generalized bracket flows.

In Section 5, we perform explicit computations of generalized Ricci solitons and exhibit an example of
generalized bracket flow on the three-dimensional Heisenberg group.

In Section 6, we study solutions of the generalized Ricci flow on the Heisenberg group, highlighting the
differences with the classical Ricci flow.

2 Preliminaries

2.1 Courant algebroids

Let V be a real vector space of dimension n. We start by recalling a few facts about the algebra of the vector
space V @ V*; for more details, see [7].
The vector space V @ VV* can be endowed with a natural symmetric bilinear form of neutral signature

1
(X+4,Y+n) = E(T’I(X) +&(Y))
and with a canonical orientation provided by the preimage of 1 € R in the isomorphism
P: A" (Ve V*)=A"Ve A"V* - R,

sending (X1 A ... AXp) ® (&1 A ... A &y) into det(&;(X;))sj.
Consider the Lie group SO(V @ V*) = SO(n, n) of automorphisms of V & VV* preserving the pairing (-, - )
and the canonical orientation. Its Lie algebra

s0(Ve V") =so(n, n)
consists of endomorphisms T € gl(V & V*) which are skew-symmetric with respect to (-, - ), namely

(Tz1,22) +{21, Tz2) =0 (2.1)
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forall z1,z, € V& V*. By seeing T as a block matrix, (2.1) dictates T to be of the form

(o B
T‘(B —¢>*>

for some ¢ € gl(V), B € A2V* and B € A?V, recovering the fact that
so(Ve V) =N (Ve V") =A*V e (V' e V)e A%,

where the former isomorphism is given by T — (T-, - ).
Via the exponential map
exp: so(Ve V*) - SO(Ve V"),

we obtain distinguished elements of SO(V & V*):
« We have

Id o
B _ .
e _<B Id).X+£»—>X+{+1XB,

called B-field transformations.
o We have

¢
¢ _ e 0
¢ '(o (e-¢)*)’

which extends to an embedding of the whole GL(V) into SO(V & V*), sending A € GL(V) into

A 0
a-(5 )

In the case V = R", the image of this embedding will be denoted by GL,,.
Let M be an oriented smooth manifold of positive dimension n.

Definition 2.1. A Courant algebroid over M is a smooth vector bundle E — M equipped with:

« afiberwise nondegenerate bilinear form (-, - ), which allows to identify E and its dual E*, viewing z € E
as{z,-) € E*,

o abilinear operator [-, -] on I'(E),

o abundle homomorphism 7 : E — TM, called the anchor,

which satisfy the following properties for all z, z; € T'(E), i =1, 2, 3, f € C®(M):

(@) [z1, [22, 23] = [[2z1, 22], 23] + [22, [21, 23]] (Jacobi identity).

(ii) 7nt(z1, z2] = [71(21), 7(z2)].

(iii) [z1, fz2] = flz1, z2] + 7(z1)(f)z2.

(iv) [z,2] = %D(z, z), where D := m*d : C®°(M) — I'(E).

(V) 1(z1)(z2, z3) = ([21, 22], 23) + (22, [21, Z3]).

Definition 2.2. A Courant algebroid E over M is exact if the short sequence
* b4
0 —TM—E—TM—O0 (2.2)

is exact, namely if the anchor map is surjective and its kernel is exactly the image of 7*.

By the classification of Severa [21], isomorphism classes of exact Courant algebroids over M are in bijection
with the elements of the third de Rham cohomology group of M, i.e. H3(M): an exact Courant algebroid with
Severa class [H] € H3(M) is isomorphic to the Courant algebroid Eyy = TM := TM & T* M over M with pairing
of neutral signature

K& ¥ 4m) = 3000 + §7) 23)
and (twisted) Dorfman bracket

(X+&Y+n]=[X,Y]+Lxn—tydé + 1yixH (2.4)
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for any H € [H]. Such isomorphisms are obtained explicitly via the choice of an isotropic splitting to (2.2),
while B-field transformations, B € I'(A?T* M), provide explicit isomorphisms

eb: Ey — Eq_aB.

In what follows, let E be a Courant algebroid over M, with rk(E) = 2n and pairing (-, -) of neutral
signature.

Definition 2.3. A generalized Riemannian metric on E is an O(n) x O(n)-reduction of O(E), the O(n, n)-prin-

cipal subbundle of orthonormal frames of E with respect to the pairing (-, - ). Explicitly, it is equivalently

determined by

e asubbundle E, of E, rk(E,) = n, on which (-, - ) is positive-definite;

. an automorphism § of E which is involutive, namely G2 = Idg, and such that (G-, - ) is a positive-definite
metric on E.

Given E., denoting by E_ its orthogonal complement with respect to (-, -), we define § by G|g, = +Idg,.

Then E. can be recovered as the +1-eigenbundles of . Given z € E, we shall denote by z* its orthogonal

projections along E..

Example 2.4. Every generalized Riemannian metric on the exact Courant algebroid Ey is of the form

-1
(s )

for some Riemannian metric g and for some 2-form B on M (see [7, Section 6.2]). The corresponding E.. are
E:=eB{X+g(X): X e TM},

where by g(X) we mean g(X, - ). Notice that G is of the form

(¢ %)

in the splitting Eg.45.

2.2 Generalized curvature

We now recall the definition of generalized connection on a Courant algebroid E, showing how these objects
can be used to associate curvature operators with a generalized Riemannian metric §. Unlike the Riemannian
case, where the uniqueness of the Levi-Civita connection allows to single out canonical curvature operators
for a given Riemannian metric, in the generalized setting there are plenty of torsion-free generalized connec-
tions compatible with a generalized Riemannian metric G, and these may define different curvature operators.
To gauge-fix them, one needs to additionally fix a divergence operator. For further details, we refer the reader
to[3, 5].

Definition 2.5. A generalized connection on a Courant algebroid E is a linear map
D:T(E) > T(E*®E)
which satisfies a Leibniz rule and a compatibility condition with (-, - ):
D(fz) = f(Dz) + Df ® z,
(D(z1,22), ) = (D.z1, 22) + (21, D.22)
forall z, z1, z; € I'(E) and f € C®°(M), where D, z; := Dzy(z1).

Given a generalized Riemannian metric G, a generalized connection D is compatible with G if DG = 0, where D
denotes the induced E-connection on the tensor bundle E* ® E = End(E). Equivalently, D is compatible with
Gif D(T(E.)) c T(E* ® E.).
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The torsion Tp € T(A%E* ® E) of a generalized connection D on E is defined by
Tp(z1,22) = Dz,z2 = Dz, 21 = [21, 22] + (Dz1)" 25.

If Tp = 0, the generalized connection D is said to be torsion-free.
Given a generalized connection D on E which is compatible with a generalized Riemannian metric G, one
can define curvature operators
R}, € T(Ei ® E5 ® o(E4)),

where o(E) = (-,-)7! AZE; denotes the Lie algebra of skew-symmetric endomorphisms of E.. with respect to
(-,+), by
Rp(21,23)25 = DzDo325 = Doz D225 = Dizt 775

One then has associated Ricci tensors

Rc: e T(E: @ EL),
Ric, e [(E; ® E,),

defined by
Reh (27, 23) = tr(z* = R (2%, 2])z3),
Ric = (-,-) 'R} .

Definition 2.6. A divergence operator on E is a first-order differential operator div: I'(E) — C° (M) satisfying
the Leibniz rule
div(fz) = n(2)f + f div(z),

f € C®(M), z € T'(E). Given a generalized connection D on E, one may define the associated divergence opera-
tor
divp(z) = tr(Dz).

Remark 2.7. Divergence operators on E form an affine space over the vector space I'(E) = I'(E*). Fixing
a divergence operator divy, any other divergence operator div is of the form

div = divg —(z, - )
for some z € T'(E).

Proposition 2.8 ([5, Proposition 4.4]). LetD;,i = 1, 2, be torsion-free generalized connections on E compatible
with a given generalized Riemannian metric G. Suppose divp, = divp,. Then, Rcli)1 = Rcf)z.

Moreover, for any divergence operator div and generalized Riemannian metric § on E, the set of torsion-
free generalized connections D on E which are compatible with § and such that divp = div is nonempty
(see [5, Section 3.2]). Thus, Ricci tensors ch, 4iv are well-defined as equal to Rcj, for any such generalized
connection D.

Example 2.9. On the exact Courant algebroid Ep over M, let
0 -1
(5 %)
g O

divg (X + &) = dV; ' LxdV, - (z, X + &),

and

where g is a Riemannian metric, dVy its associated Riemannian volume form and z € T'(Eg). Then, via the
isomorphism 77, = 71|, : E, — TM, the Ricci tensor Rc* of (G, divg,g) is given by

1 1 1
=Reg—; HgH - Sd;H+ 5V, 46 (2.5)

+
Rc 5 Ven0:

G,divg,,
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where

e Rcge [(S2T*M) is the Ricci tensor associated with g,

. H§H e I'(S2T* M), with

H ¢ H(X,Y) = g(ixH, tyH),

. d; =-t d FE [(A3T*M) — T'(A2T*M) is the Hodge codifferential associated with the metric g and the
fixed orientation, with % being the Hodge star operator,

. Vé*,’ g=V8+ % g 1H is the Bismut connection with torsion H, with V8 denoting the Levi-Civita connection
of g,

e fOel(T*M)isgivenby 0 = 2g(nz*,-) =g(X,-)+¢&ifz=X+¢.

See [6, Proposition 3.30] for the proof of this fact (cf. also [13]).

2.3 Generalized Ricci flow

We now review the framework of the generalized Ricci flow first introduced in [5, 22] and later described and
studied in [6] by Garcia-Fernandez and Streets. Consider a smooth family of generalized Riemannian metrics
(G(8)ter on E, I C R, with respective eigenbundles E.|;. Its variation §(t) exchanges the eigenbundles E.|;,
so that §(t) = §*(¢) + G (¢), with

GE(t) € ['(Ezlf ® Exly).

Definition 2.10. [5, Definition 5.1] A smooth pair of families (5(t), div(t))¢; of generalized Riemannian met-

rics and divergence operators on E is a solution to the generalized Ricci flow if it satisfies

G*(t) = -2 Ric}

+

for all ¢ in the interior of I, where Ric] := Ric9 (O.div(D)"

On an exact Courant algebroid, the system may be written as follows.

Proposition 2.11 ([5, Example 5.4]). Let E be an exact Courant algebroid on an oriented smooth manifold M,
with Severa class [H] € H3(M). Fix anisotropic splitting Ei = TM for E and consider the pair of smooth families
(5(t), div(t))¢er defined by

5(6) = €20 (g?t) g(g'l) —

le(t) = dng(t),z(t) ’

where (g(t)) c T(S2T*M), (B(t)) c T(A2T*M) and (z(t)) c T'(E).
Then (G(t), div(t))¢es is a solution of the generalized Ricci flow on E if and only if the families

(8(0), B(8), O())eer,  with O(t) = 28(nz(t)", ) € T(T* M),

solve the equation

, 1 1. Lo aoai

8(t) = ~2(Regi 7 H(O) gg) H(O) = 5 50 HO + 5 V5 11 (0)) + BO), (2.6)
where H(t) = H + dB(t).

Separating the symmetric and skew-symmetric part of (2.6), one gets (see [24])
. 1 1
8(0) = =2 Reg(oy +5 H() o, H(O) = 5 Lg(0-1008(0),
. . 1 1
B(t) = ~dy, H(t) + 5 d0(t) ~ S tg0-1000 H(O),
where one has that

1 1 1
ELg(t)‘le(t)g(t) = S(V;(t),H(t)G(t)), Ede(t) - Elg(t)‘lﬂ(t)H(t) = A(V;(t),H(t)g(t))

are respectively the symmetric and skew-symmetric parts of ng H(06(1‘).
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The pair (g(t), H(t)) evolves as

. 1 1

g(t) = =2 Reg(p +§H(l‘) 0 HO - ELg(t)‘le(t)g(t)’
. 1 2.7)
H(t) = ~AgpyH(t) - ELg(t)‘le(t)H(t)a

where Ag = dd; + dgd denotes the Hodge-Laplacian operator associated with g and the fixed orientation.
Notice how, up to scaling, the pluriclosed flow introduced in [23] is equivalent to a particular case of the
generalized Ricci flow, as is proven in [24, Propositions 6.3 and 6.4]. By [24, Theorem 6.5], a solution to (2.7)
can be pulled back to a solution of

. 1
0= ~2Regto +5H(O g, HO: )
H(t) = g HOD),

via the one-parameter family of diffeomorphisms generated by % g(®)~1o(b).

2.4 Simply connected nilpotent Lie groups

We briefly recall the structure of simply connected nilpotent Lie groups, in the description of Lauret (see, for
example, [15]).

Every simply connected nilpotent Lie group G is diffeomorphic to its Lie algebra of left-invariant fields g
via the exponential map. Identifying g with R" via the choice of a basis, denote by u € A2(R")* ® R" the
induced Lie bracket. Now, exploiting the Campbell-Baker—-Hausdorff formula, we get

exp(X) - exp(Y) = exp(X + Y + py(X, Y)),

X, Y € g = R", where p,, is an R"-valued polynomial in the variables X, Y, and one can endow R" with the
operation -, i.e.
XuY=X+Y+p,(X,Y),

sothatexp: (R", ;) — Gisanisomorphism of Lie groups. Therefore, the set of isomorphism classes of simply
connected nilpotent Lie groups is parametrized by the set of nilpotent Lie brackets on R": these form an
algebraic subset of the vector space of skew-symmetric bilinear forms on R", i.e.

vV, = A2(RY)* @ R",

which parametrizes all skew-symmetric algebra structures on R". Coordinates for V, can be obtained by
fixing a basis {e;}{_; for R": this allows to determine the so-called structure constants of any fixed y € V, as
the real numbers {yl.‘j :i,j,k=1,...,n} given by

u(ei, ej) = yf-‘}-ek.
One can then consider
L ={p € Vy : p satisfies the Jacobi identity},
the algebraic subset of V,, consisting of Lie brackets on R", and
Np :={p € L, : pis nilpotent},

which parametrizes all nilpotent Lie algebra structures on R". By the previous remarks, N, parametrizes all
n-dimensional simply connected nilpotent Lie groups, up to isomorphism.
Let us consider the following family of Riemannian metrics on R":

{84,q : M € Ny, g is a positive definite bilinear form on R"}, (2.9)



1004 =— F. Paradiso, Generalized Ricci flow on nilpotent Lie groups DE GRUYTER

where g, ; coincides with g at the origin and is left-invariant with respect to the nilpotent Lie group opera-
tion -,. The set (2.9) is actually the set of all Riemannian metrics on R" which are invariant by some transi-
tive action of a nilpotent Lie group. By [25, Theorem 3], the Riemannian manifolds (R", g,4) (varying n, u
and q) are, up to isometry, all the possible examples of simply connected homogeneous nilmanifolds, namely
connected Riemannian manifolds admitting a transitive nilpotent Lie group of isometries.

The Riemannian metrics in (2.9) are not all distinct, up to isometry: it was shown again in [25, Theorem 3]
that g, 4 isisometric to g,s o if and only if there exists h € GL, suchthaty’ = h*pand g’ = h*q. By convention
we shall set g, := g,,(.,.), where (-, -) denotes the standard scalar product.

Since the Riemannian metrics g, 4 are completely determined by their value at 0 and by the Lie bracket u,
so will be all curvature quantities related to g, 4. In particular, we are interested in Riemannian metrics g,
and their Ricci tensor, which we shall encounter in two guises, which we denote by

Rey = Reg, (0) € S*(R")* ¢ (R")* ® (R")*,
Ric,, := Ricg, (0) € (R")* @ R" = gl,,

with Rey (X, V) = (Ricy(X), V), X, Y € R™.
For these, explicit formulas can be computed [14]. Let {el-}lf‘:1 be the standard basis of R", which, in
particular, is orthonormal with respect to (-, - ): one has

1 1
RC}.((X’ Y) = _E<F(X’ ek)’ el)(F(Y, ek)s el> + Z(I’l(ek, el)’ X)(H(ek’ el), Y); (2'10)
so that, if Rc, = (Rey)jje’ ® e/ and Ricy, = (Ric,,)’l:e" ® e;j, one has
N 1 1 .
(Rep)ij = (Ricy); = = My + 5 Mgk (2.11)

Notice that one can use formulas (2.10) and (2.11) to define Rc,, € S?(R")* and Ricy, € gl,, for any u € V.

3 Generalized Ricci solitons

Just as Ricci soliton metrics arise from self-similar solutions of the Ricci flow, generalized Ricci solitons arise
from self-similar solutions of the generalized Ricci flow. We focus on exact Courant algebroids, defining a fam-
ily of generalized Riemannian metrics, whose initial one is determined by a Riemannian metric on the base
manifold; imposing that this family (together with a family of divergence operators) is a solution of the gener-
alized Ricci flow, we draw necessary conditions on said Riemannian metric: these conditions generalize the
Ricci soliton condition, leading to the definition of generalized Ricci solitons.

Let E be a Courant algebroid over an oriented smooth manifold M with Severa class [Hy] € H>(M). Fixing
an isotropic splitting Ey, = TM, we consider a smooth self-similar pair of families (5(t), div(t))¢e1, 0 € I, on E
of the form

5(t) = B0 ( 0* (c(t)<p;‘go)—1) e B0,
c(t)pg 8o 0
div(t) = dng(t),G(t),
where gg € F(SE(T*M)) is a Riemannian metric, ¢ : I — R is smooth and positive, c¢(0) = 1, (¢;) is a one-
parameter family of diffeomorphisms of M, (B(t)) c ['(A2T* M), B(0) =0, (8(t)) cT(T*M), 8(0) = 0 e T'(T* M),

and g(t) = c(t)®; go-
By Proposition 2.11, such (§(¢), div(t))¢s is a solution of the generalized Ricci flow if and only if

, " N 1 1
c(t)pigo + c()p; Ly, 8o = =2 Regqy +EH(t) o0 HO + ZLg(t)*le(t)g(t):

, 1 1
B(t) = —d;([)H(t) = ZdG(t) + Zlg(t)’IG(t)H(tL
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where H(t) = Hy + dB(t) and (Y)¢e; € T(TM) is such that

d
Efpt(x) = Yi(pe(x))
forallt €I, x € M.

Setting t = 0 and rearranging the terms, we obtain

1 1
RCg0 = /\go + LXgO + ZHO gOO Ho — Z,nglgogo,

Ho,

(3.1)

i 1 1
w =-dg;Hp + zdeo ~ 5l

where —21 = ¢(0) € R, —2X = Yy € I'(TM) and w = B(0) € ['(A2T*M). Summing together the two equations
of (3.1), which involve symmetric and skew-symmetric tensor fields, respectively, one has

1 1 1., 1
Reg, = Ago + Lx80 + ZHo & Ho- EVQO,HOBO + EdgoHo * 50, (3.2)

which is therefore equivalent to (3.1). We can now introduce the following definition, which generalizes the
notion of Ricci soliton.

Definition 3.1. A Riemannian metric go on M is called a generalized Ricci soliton if there exist A € R,
X e T(TM), Hy € T(A3T*M) closed, 8y € T(T*M), and w € T'(A%>T*M) such that (3.2), or equivalently (3.1),
holds.

When working on a Lie group G, for simplicity one can assume all structures to be left-invariant, so that the
generalized Ricci soliton condition reduces to an algebraic condition on structures on the Lie algebra of G,
i.e. (g, y).

In the context of semi-algebraic Ricci solitons, it was proven in [12, Theorem 1.5] that, if g¢ is a left-
invariant Riemannian metric on G, the Lie derivative of go with respect to a left-invariant vector field X can
be written as 1 1

£x80 = go(5(D + DY) = go( 5D+ D)-. )
for some D = Dx € Der(g), where Der(g) denotes the algebra of derivations of g. It was then shown in
[11, Theorem 1] (generalizing the already known fact for the simply connected nilpotent case in [14, Propo-
sition 1.1]) that D can be chosen to be symmetric with respect to go, so that one always has

Lx8o0 = go(D) = go(D-,-)

for some D = Dx € Der(g) N Sym(g, go). Then (3.2) becomes

1 1
B0+ -we S’g* (3.3)

1 1.,
RCgo =Ago + go(D) + ZHO o Ho + EngHO - Eng’HO 2

forgo € S2g*,A € R, D € Der(g) N Sym(g, go), Ho € A’g* (withd,Ho = 0,and d,: A>g* — A“g* denoting the
Chevalley-Eilenberg differential of the Lie algebra (g, 1)), 9o € g*, and w € A%g*, or equivalently

1
Zﬁgaleogo,

. 1 1
w = —ngH() + Edeo — ElgalgoHQ.

1
Rcg, = Ago + go(D) + ZHO g Ho-
(3.4)

Notice that d;, H is still a left-invariant form since the Hodge star operator commutes with pull-backs via
orientation-preserving isometries of go, such as left translations Lg, g € G, by left-invariance of go.

4 Generalized bracket flows

Bracket flows have proven to be a powerful tool in the study of geometric flows on homogeneous spaces.
This technique was first fully formalized by Lauret to study the Ricci flow on nilpotent Lie groups [15]. In
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particular, Lauret proved that the Ricci flow on an n-dimensional simply connected nilpotent Lie group G
starting from a left-invariant Riemannian metric g is equivalent to an ODE system defined on the variety of
nilpotent Lie algebras N,:
{ ji(t) = —m(Ricyp)u(t),
u(0) = o,
where o is the nilpotent Lie bracket associated with a fixed go-orthonormal left-invariant frame and
m: gl, — gl(Vy), given by

(ﬂ((l))y)(X! Y) = ¢M(X’ Y) _H(¢X7 Y) _H(Xy ¢Y)s ¢ € g[ns "l € Vn: Xs Y € ]Rn)
is the differential of the standard GL,-action on V,:
A- WX, Y)=Au(A1X,A7Y), AeGL,, peVy, X,Y e R".

More generally, in literature many other bracket flows have been considered (see, for example, [1, 2, 4,
16-19]): these can be written in the form

{ B(t) = —m(du(O))u(t),

4.1
u(0) = no “.

for some smooth function ¢: V,, — gl,,.

4.1 Left-invariant Dorfman brackets

Let E be an exact Courant algebroid over a real Lie group G. We shall be interested in the case when G is simply
connected and nilpotent, so that we know that G is isomorphic to (R", -,) for some Lie bracket p € Nj,.

As we have recalled, there exists a unique cohomology class [H] € H?>(R") such that, for any H € [H], Eis
isomorphic to Eg = TR" & T*R", endowed with the inner product (-, - ) in (2.3) and Dorfman bracket [-, - |y
in (2.4).

The whole structure descends to a structure on left-invariant sections, viewed as elements of R" & (R")*,
if and only if the 3-form H is left-invariant. Explicitly, when X + &, Y + n € R" @ (R")*, the Dorfman bracket
[+, -]y reduces to the operator

UpX+ &Y +n)=ulX,Y)-neoad,(X) +&oady(Y) +1yixH
=uX,Y) -nuX, )+ &u¥, )+ HX, Y, -).

We call such a bilinear operator a (nilpotent) left-invariant Dorfman bracket.
As one can check directly and also deduce from the axioms of Courant algebroids, a left-invariant
Dorfman bracket is totally skew-symmetric, namely

(M(-,-),-) € P(R" @ (RM)*)".
By a little abuse, we can say py € A3(R" @ (R")*)*, by identifying A?(R" @ (R")*)* with a subset of
Vp = A2 (R" @ (R")*)* ® (R" @ (R")*).
We shall denote the set of left-invariant Dorfman brackets on R" by €. By definition, it is clear that
Cr 5 {(u, H) € £ x AX(RM)*, d,H =0},

Equivalently, a quick analysis using the axioms of Courant algebroids and the previous remarks shows that €,
can be identified with the algebraic subset of V,, consisting of all brackets u € V,, such that:

. u €A3(]Rn€B(]R")*)*,

o u(@®RYH*, (RM*) =0,

o  pusatisfies the Jacobi identity.
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Given any p € Vp, one can define the structure constants with respect to the standard basis of R" as the
(2n)® = 8n3 real numbers Kz 1, k=1,...,n,given by

(e, €)) = Pyger + }lﬁek,
Hei, &) = piger + Me,
p(ei, ej) = p;z%ek + y;l.kek,
(e, &) = pren + p;jkek.

Taking uy € €y, the structure constants are skew-symmetric in all three indices and vanish when two or more
indices are overlined. The remaining structure constants are determined by u and H. More precisely,

()i = 115" (Mpijk = Hijk-

The set of nilpotent left-invariant Dorfman brackets on R", denoted by N, is an algebraic subset of V,
contained in €. It is easy to see that its elements are exactly those Dorfman brackets uy for which y € Nj,.

4.2 Generalized bracket flows

To introduce classical bracket flows, one uses the differential of the GL,-action on V,,. In the same spirit, one
can consider the natural GL(R" @ (R™)*) on V,:
(F-u)(z1,22) = Fu(F'z1,F'z;), F e GL(R"® (R")*), g€ Vy, 21,2, € R" & (R")",

which induces an action of GL, = GL,, ¢ SO(R" @ (R")*) on V,, preserving both €,, and N,.
Now, identifying p € G, with (u, H) € V,, x A3(R")*, it is evident that this action distributes as

A (]J’H) = (AH’AH)’
where A e GL,and A - H := (A"1)*H.
We denote the differential of this action again by 7: gl,, — gl(V,): for y € V,; and ¢ € gl,;, one has
d
n(pm = o< S:O(es"’ W) € Ty Vi = V.
Since the curve s + e%? - u is contained in the orbit GLy -i, in this interpretation one has
n(¢)u € Ty(GLy -p). (4.2)

Following the ideas in the work of Lauret (see [15]), these remarks suggest the idea of defining a flow,
which we shall refer to as generalized bracket flow, on the vector space V,,, of the form

{p(t) = —n(p(u(t)u(0),
H0) = po

for some smooth function ¢: V, — gl,, and some p, € Ny. By (4.2), a solution p(t) to (4.3) satisfies

(4.3)

H(t) € Ty (GLy -u(t)) € TyyN, forallt,

so that the curve u(t) is entirely contained in Ny,. For this reason, the function ¢ may also be defined on N,
only.
System (4.3) may be rewritten as the following ODE system on N, x A3(R")*:
p(t) = —m(p(u(t), H(O)u(t),
H(t) = -n((u(t), H(t))H(t),
M(0) = po € Np,
H(0) = Ho € °(R"*, dy,Ho =0,

(4.4)

where 7 denotes the differential of the GL,-action on V,, or A3(R")*.
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In what follows, we shall omit the time dependencies of the quantities involved. Fixing the standard
basis {e;};_, for R", we shall denote by qb’l., i,j=1,...,n,theentries of the generic ¢ ¢ GL, with respect to it,
such that ¢(e;) = ¢§ ejforalli=1,...,n. Onecan then compute the coordinate expression for the evolution
equations (4.4), obtaining

S = piuls + piul - plul, (4.5)
Hyj = ¢{Hyy. + ¢§Hizk + ¢\ Hiy (4.6)

fori,j,k=1,...,n.

Special generalized bracket flows are obtained when the gl,,-valued smooth function ¢ only depends
on U, i.e. ¢ = ¢(u): when this happens, the first equation of (4.4) is independent from the second one and
corresponds to a usual bracket flow (4.1) on Np,.

Classical bracket flows have proved to be a powerful tool in the study of geometric flows on (nilpotent) Lie
groups. We thus expect the generalized bracket flows we have defined to be useful in the context of geometric
flows in generalized geometry.

5 Examples on the Heisenberg group

In this section, we perform explicit computations for the constructions introduced in the previous sections.
We focus in particular on the Heisenberg group.

The Heisenberg group Hs is a three-dimensional simply connected Lie group, which can be defined as
a closed subgroup of GL3:

1 a c
H; = O 1 b |eGL3,a,b,ceR
0O 0 1

Via the exponential map, Hj is diffeomorphic to its Lie algebra

0 a c
b3 = 0 0 b|egh,ab,ceR
0O 0 O
By fixing the basis
0 1 0 0 0 O 0 0 1
et=10 O O), e=({0 O 1|, e3s=10 0 O (5.1)
0O 0 O 0O 0 O 0O 0 O

for b3, the induced bracket u € N3 is 4 = e! A e? ® e3 since [eq, e;] = e3 and [eq, e3] = [e2, €3] = O.

5.1 Generalized Ricci solitons on the Heisenberg group

Let H3 be the Heisenberg group, and fix the basis (5.1) for its Lie algebra bs.

In order to find generalized Ricci solitons on H3, we first notice that the codifferential d§o is the null
map for every gy € Sih; since & sends A3b§ to Rand d: R — b3 is the null map. With respect to the basis
{e1, e, e3} in (5.1), the generic derivation D of 3 can be written in matrix form as

a, ap 0
D= as dag 0 s
as de A1 +day

witha; e R,i=1,...,6.
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Let g be the standard metric
go=e'eel+e’®e’+e’®e’
such that {eq, e, e3} is an orthonormal basis. Now, symmetric derivations with respect to go are simply
represented by symmetric matrices with respect to this basis:

a, daz 0
D= a; as 0 ’ (5.2)
0 O ai+as

a; € R,i=1,2,3.Inwhat follows, assume

Ho = ae'?® = %ei,-keijk, o = 0ie!, w= %wi,-e"j,
where a, 0;, wij € R, wij = ~wj;, i, = 1,2, 3, el := elt A-.. Aelk, and g is equal to the sign of the per-
mutation sending (1, 2, 3) into (i, j, k) whenever i, j and k are all different, and equal to O otherwise, by
definition.

We are now ready to compute the coordinate expression for all the terms involved in (3.3):
»  Rcg,: from (2.1 1), since the basis {e1, e;, e3} is orthonormal, by a direct computation, we get

-2 0 o
Reg,=| 0 -1 0
o o 13

in the fixed basis.
o go(D): it is simply represented by the matrix (5.2) with respect to the orthonormal basis.
e Hyp $ Hy: one has

Ho ¢ Hol(ei, €j) = 8(te;Ho, te;Ho) = gl gst (Ho)irs(Ho)jit = a’€istEjst

so that, in matrix form, we get

2a>2 0 0
Hopo Ho=| 0 2a2 0
0 0 2a?

. V;o 1, Bo: writing V* instead of V;o 1, and by the left-invariance of the quantities involved, one has
V*y(e;, ej) = —GO(V;e,-).
Now, V* = V&0 + 1 g1 Hj and, letting Ve'e; = l“ll.j.ek and recalling the Koszul formula, one computes

1

_ 1
zgolHO(eia ej) = 5 Acijker

1 . .

k j k

Iy = _E(H;’k + Wi + Mji)s

so that 1 _
V*Oo(ei, €j) = Eek(u}k + My + Hﬁ - a&ijy).

The corresponding matrix with respect to the orthonormal basis is thus

0 -16s1+a) 36:(1+a)
Vo= 365(1+a) 0 -261(1+a) |,
%92(1—0) —%01(1—a) 0

so that its symmetric and skew-symmetric parts are

0 0o 16,

S(V*0o)=| o0 0o -16, |,
%92 —%91 0
0 -165(1+a) 31ab,
A(V*00) = | 165(1+a) 0 -1ab,

—%a@z %091 0
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The first equation of (3.4) gives now rise to a system of six equations in the unknowns A, a, a,, as, 61,
92, 93:
(1 1
Z+A+ai+=a*=0,
2 )
a; =0,

6,=0,

1 1
Z+A+as+—-a*=0,
S +Avas+ s

0, =0,

1 1
-~ +A+a;+asz+=a*=0,
L 2 2

which is equivalent to
1
A=-Z(+a?),
5 (3+a’)

a,=as =1,

The second equation of (3.4) now implies
1
W1y = ~Wy1 = —593(1 +a),

while all the other wj;’s vanish.
We thus obtain generalized Ricci solitons with the data

(go=e'®el+e’®e’+e’®e’,

A= —%(3+a2),
) D=eloe; +e’?®er+2e’®es,
Ho = ae'?,
9() = 936‘3,

1
| w= —593(1 +a)e'?.
Remark 5.1. The metric gy above is actually also a Ricci soliton in the classical sense since, by setting
a =03 =0, Hy, 0p and w vanish, leaving go satisfying Rcg, = Ago + go(D), or equivalently, applying g(‘)l,

Ricg, = Ald+D for A = —% and D as above. By [14, Theorem 3.5], g is the only left-invariant Ricci soliton
on Hs, up to isometry and rescaling.

5.2 A generalized bracket flow on the Heisenberg group
The definition of the gauge-corrected generalized Ricci flow (2.8) suggest the generalized bracket flow

1
() = —n(Ricu ~ HO? (o),

H(O0) = py € Ny.

(5.3)

Here, for every H € A3(R")*, we set H? := (-, -)~'(H - H), where - is meant with respect to (-, - ). Recalling
(2.11), the whole endomorphism ¢ () = ¢(u, H) = Ric, —%H 2 can then be written in coordinates as

¢ =2

1 1
1,1 j
i = "5 Mk * Zy;dykl - 2 HixHji,

4

with respect to the standard basis of R".
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Now, let n = 3 and let yo be the Heisenberg Lie bracket yo = e' A e? ® e3. Let Hy be the generic (triv-
ially d,,-closed) 3-form Hy = ce'??, ¢ € R. Then, using (2.11), (4.5) and (4.6), it is easy to compute that the
solution to (5.3) is of the form p(t) = (x(t)uo, y(t)e'?3), with x(t) and y(t) satisfying the ODE system

33 1 5
X = 2x 2xy,
.33 1,
y_ 2y 2X Y,
x(0)=1, y(0)=a.

(5.4)

It is easy to see that the solution (x(t), y(t)) is defined for all positive times and converges to (0, 0) since

d
d—t(x(t)2 +Y(6)?) = 2(x(O)X(t) + y(O)y (D) < ~(x(t)* + y(©)*)?,

so that, by comparison, we get

x(t)% + y(t)? <

1+ a?
1+ (1+a?t

forall t > 0. For a = 1, the explicit solution to (5.4) is given by

defined for t € (-4, o).

6 Generalized Ricci flow on the Heisenberg group

x(t) = y(t) = (1 +46)°2.

Let us consider the gauge-corrected generalized Ricci flow (2.8) on the three-dimensional Heisenberg

group Hs, with initial data

1o .1, .2 0.2, .30 ,3
So=e ®e +e‘®e +e’®e’,

Hy = ae

Denoting by (g(t), H(t)) the solution at time ¢, we adopt the ansatz

g(t) = g1(het ®e' + gr(De’ ® e? + g3(t)e’ ® €2,

123

acR.

gi(0) =1,

i=1,2,3,

while H(t) = Ho is necessarily constant since dg and Ag are null maps for every left-invariant Riemannian

metric g, as remarked in Section 5.1.
An explicit computation yields

_%& 0
2
18
Regn=| O -2
0 0

so that (2.8) reduces to the ODE system

0 24>
8283
0 , HpoHp= 0
1.8
i.%’1.2'2 0
2
=21
82 8283
2
&= L.
81 8183
. g a
83=——"- >
8182 8182
1gi(0)=1, i=1,2,3.

8182
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By uniqueness, we thus have g1 (t) = g»(¢t) for all t and we obtain

,_ai+gs

§1= 8183

. a*-g3

o5 = _ 3, (6.1)
&1

£1(0) = g3(0) = 1.

Special cases are given by
o a = 0: the generalized Ricci flow reduces to the classical Ricci flow and an explicit solution to (6.1) is
given by
gt =(1+30)3, g(t)=(1+307,

defined on the maximal definition interval I = —%, o00) (cf. [10]).
o a = +1: the system reduces to

o2
e
g3=0,

g1(0) = g3(0) =1,
with solution
1
g1 =(1+4t)z, g3)=1

fort e I=(-%,00).
A quick qualitative analysis of (6.1) shows that, for all a € R, the solution to (6.1) exists for all positive times,
with
tlim g1(t) = oo, tlim g3(t) = |al.
The maximal definition interval is always of the form I, = (Tin(a), 00), where Tpin: R — R is an even

function, with Tpin(0) = —% and monotonically converging to 0 as a goes to infinity (see Figure 1). We also
have

oo, J|al<1,
lim gi(t)=0, lim gs(t)=41, a==1,
t— Tin(a)* t— Tmin(a)*
0, |a|>1.
k

In Figure 2, we show some solutions of (6.1), sampled for a = 7 k=0,...,9, and viewed as curves in
the phase plane (g1, g3). The red and blue curves correspond to a = 0 and a = 1, respectively.

05

Figure 1: Behavior of the map Tyin.
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Figure 2: Examples of solutions to (6.1) viewed in the phase plane (g1, g3).
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