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A PARABOLIC APPROACH TO THE CALABI-YAU PROBLEM IN HKT
GEOMETRY

LUCIO BEDULLI, GIOVANNI GENTILI AND LUIGI VEZZONI

ABSTRACT. We consider the natural generalization of the parabolic Monge-Ampere equation to
HKT geometry. We prove that in the compact case the equation has always a short-time solution
and when the hypercomplex structure is locally flat and admits a compatible hyperkahler metric,
then the equation has a long-time solution whose normalization converges to a solution of the
quaternionic Monge-Ampére equation first introduced in [4]. The result gives an alternative
proof of a theorem of Alesker in [].

1. INTRODUCTION

Let M be a 4n-dimensional smooth manifold. A hypercomplex structure on M is a triple
(I,J, K) of complex structures satisfying the quaternionic identities

1J=—-JI=K.

A Riemannian metric g on (M, I, J, K) is called hyperhermitian if it is compatible with each of
1,J, K. Every hyperhermitian metric induces the form

QZWJ-i-Z'wKEA%O,

where wy = g(J-,-) and wg = g(K-,-) are the fundamental forms of (g, J) and (g, K) respectively.
The form €2 is nondegenerate, i.e. 2" # 0 everywhere, and determines g by the relation

(1) Q(X,Y) = 29(JX,Y)

for every X,Y vector fields of type (1,0) with respect to I.
A hyperhermitian manifold (M, I, J, K, g) is called HKT (hyperkéahler with torsion) if

90 =0,

where 0 is with respect to I. HKT manifolds were first introduced by Howe and Papadopoulos
in [15], but the characterization in terms of the form €2 is due to Grantcharov and Poon [I3] who
also showed the existence of HKT structures on some homogeneous hypercomplex manifolds.
HKT structures have been studied intensively in the last years and many analogies to Kéhler
manifolds have been discovered (see e.g. [1L 2, [3], [, [5] @, [T0O, 11} 12, 13| 16, 211 24, 27, 28, 29]
and the references therein). In particular a pluripotential theory has been developed in HKT
geometry, according to which every HKT form €2 can be locally written as

Q= 00;v

for some real smooth function v (see [3] and [5]), where 9; = J~'0.J and the action of .J on a
k-form « is defined as
Ja(X1,. .., Xp) = a(JX1,....JXp) .
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Furthermore, in analogy with the complex case, the space of quaternionic plurisubharmonic
functions has been introduced

Ho={peC®(M) : Qu,:=Q+0d;p >0},

where “Q, > 0” means that €2, induces a hyperhermitian metric via ().

In [4] Alesker and Verbitsky introduced the following quaternionic version of the Calabi prob-
lem in analogy with the famous complex Calabi problem solved by Yau in [30]. Let (M, I, J, K, g)
be a compact HKT manifold and let F' € C°°(M) be a smooth real valued function. The quater-
nionic Monge-Ampére equation is

(2) (Q+ 00;0)" =bef Q"

where F' € C*°(M) is the datum, while (p,b) € Hqo x R4 is the unknown. Equation (2) is most
naturally settled if the canonical bundle of (M, I) is holomorphically trivial. In this case there
exists a holomorphic volume form © on (M, I) which satisfies the g-real condition JO = © and
b is determined by F':

_ _Ju2" A6

G

So far there are only partial results about the solvability of ([2]). In [4] it is proved the unique-
ness and an a priori C¥ estimate for solutions to (@) when the canonical bundle of (M, ) is
holomorphically trivial; in [2, 21] the C estimate is established on any compact HKT manifold,
without further assumptions and in [I1] the problem is studied on some 8-dimensional nilmani-
folds. In [I] it is proved that equation (2]) can always be solved on HKT manifolds with locally
flat hypercomplex structure which admit a compatible hyperkahler metric. Here we recall that
a hypercomplex structure is called locally flat if it is locally isomorphic to H™. Manifolds of this
kind were firstly considered by Sommese in [20] and simply called quaternionic manifolds. Re-
cently in [9] the quaternionic Monge-Ampere equation has been solved on hyperkéhler manifolds
without the assumption of local flatness.

b

In the present paper we approach equation (2) via the following geometric flow

(Q+00;0)"

(3) Yt = lOg %) F, 90($,0) =0,

where the solution ¢ is supposed to satisfy ¢(-,t) € Hq for every t and the subscript ¢ denotes
the derivative of ¢ with respect to the variable t. The same dynamic approach was pursued on
Kéhler manifolds [6], on Hermitian manifolds [I4] 23] and on almost Hermitian manifolds [§].

Our main result is the following theorem which provides an alternative proof of Alesker’s
Theorem [I].

Theorem 1. Let (M,I,J,K,g) be a compact HKT manifold with (I,J, K) locally flat and
assume that there exists a hyperkdahler metric g on (M,1,J,K). Then there exists a long-time
solution ¢ € C°(M x Ry) to the parabolic quaternionic Monge-Ampere equation [Bl) such that

sﬁzw—/MsDQ”AQZ
converges in C'*°-topology to a smooth function P € C°(M). Moreover if

YR LA

b= —— 7
fMeFQ”/\Qg’

then (Poo,b) solves the quaternionic Monge-Ampére equation (2)).
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Recently we have been made aware of the paper [31] where the parabolic quaternionic Monge-
Ampere equation is studied and its long-time behaviour is described with techniques different
from ours.

Now we describe the layout of the proof. Since (B]) is strongly parabolic, it admits a unique
maximal solution ¢ € C*°(M x [0,T)).
Step 1. From the equation we directly deduce a uniform CY bound on ¢; (Lemma [f]).

Step 2. The C° estimate for solutions of the quaternionic Calabi-Yau equation (2)) then implies
a uniform bound on osc ¢ (Lemma [@]).

Step 3. We use the existence of the hyperkahler metric and the local flatness of the hypercomplex
structure in order to establish a uniform upper bound on Ajp (Lemma [7).

Step 4. A general result in [7] implies a uniform Hoélder estimate on the second derivatives of ¢,
thus a classical bootstrapping argument using Schauder estimates implies 7' = oo and a
uniform bound on |V¥*y| for k£ > 1 (Lemmas B and [).

Step 5. We prove the convergence of ¢ using an argument due to Phong-Sturm [I§] based on an
adapted Mabuchi-type functional (Lemma [I0).

We point out that the local flatness of the hypercomplex structure plays a role in steps 3 and 4,

while the existence of a background hyperkéhler metric is only used in step 3.

Remark. Flow (8] can be regarded as a geometric flow in Hermitian Geometry. Here we
assume that the canonical bundle of (M, I) is trivial and we fix a g-real complex volume form
© on (M,I). As shown in [4] one has

(Q+00;0)" ANO =i"(w—iddp)" AN®, Q"AO =i"w" NP
where w is the fundamental form of (g, ) and ® is a real (n,n)-form which is positive in a weak
sense. By setting u = —p we can then rewrite [3]) as
(w +i00u)™ A ®

4 = -1
) b o8 Wt A D

+F, u(0)=0.

Equation ({l) reminds the parabolic k-Hessian flow
(x + i00u)k A ok

an

(5) ur = log +F, u(0)=0

studied by Phong and T6 on a complex n-dimensional Hermitian manifold (M, «) in [19], where
1 <k < n and y is real k-positive (1,1)-form. According to [19] (B has always a long-time
solution whose normalization converges in C'*°-topology to a solution of the k-Hessian equation.
Equation ({]) differs from the parabolic n-Hessian flow since the role of o” is replaced by the
form ® which is positive in a weak sense and the theorem of Phong and T6 cannot be directly
applied.

Acknowledgments. The authors are grateful to Gueo Grantcharov for useful conversations.
The remark at the end of the introduction was generated by a question of Jeffrey Streets and
a conversation with Misha Verbitsky and Marcin Sroka, we are very grateful to them for their
interest in our paper.

Moreover the authors would like to thank the anonymous referee who carefully read the
first version of the present paper and made many very useful remarks which allowed them to
considerably improve the presentation of the results.
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2. PRELIMINARIES

Let (M,I,J, K,g) be a compact HKT manifold with HKT form Q. Let 0 be the d-operator

with respect to I and 9y := J~10.J: A?O — A;+1,0‘ Then
005 = —0;0,
see [27]. Moreover we assume that the canonical bundle of (M, I) is holomorphically trivial and
we let © be a g-real holomophic volume form on (M, I'). Note that, since ) is easily seen to be
g-real, Q" A © is a real volume form; indeed, J acts trivially on top forms and thus
Q"AO=JA"ANJO=Q"NO.

The HKT metric induces the quaternionic Laplacian operator
L 0050 N Qn-t
o
for p € C°(M). It is well-known that A, is elliptic and it is straightforward to show that for
1,1 € C*°(M) we have

Agp

/ (Agm)p Q" A 0= / n(Agh) Q" A 0.
M M

Moreover the following formula will be useful: for every «, 8 € A}’O

aNJBAQTE

(6) R = (e ).

The basic example of hyperhermitian manifold is given by an open set A of R with the
standard hyperhermitian structure

0 -1, 0 0 o 0 -1, 0 o 0 o0 -1,
1, o 0o o o o 0 1, o o -1, o
h=|g o o -1, | Jo = 1, O o ol o=y 1, O 0
o o0 1, O 0 -1, 0 0 1, 0 0 0

where 1,, is the n x n identity matrix. In this case for an H-valued function u: R* — H the
following derivatives are defined

3 3

Ogrt 1= &cgueo - Z@w;uei, Ogru = Z elﬁwlru,
i=1 i=0

where to shorten the notation we denote the quaternions 1,1%,7j, k with eg,eq,es,e3 and the

coordinates on R*" are taken as (:17(1], R B U LN SO N :E%, ..., x%) in order to identify

R*" with H". We denote by

Hyp(n,H) = {U e H"" : U = 'U }

the space of hyperhermitian matrices. Any U € Hyp(n,H) has real eigenvalues and we can
consider the subset Hyp™ (n, H) of positive-definite hyperhermitian matrices.
Any hyperhermitian Riemannian metric g on (A, Iy, Jo, Kp) defines a smooth map G: A —
Hyp™ (n, H),
Grs = g(aqr, aqs) )
where ¢ is extended H-semilinearly in its components, i.e.
g(X,YN) =g(X,Y)A, g(X\Y)=MN(X,Y)

for every A € H, XY € I'(T'A).
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In some occasions we will make use of the following real representation of quaternionic matrices

v HE 5 (U € R [U Ty = JoUJy = KoUKg = —U },

A B C D
-B A -D C
-C D A -B
-D -C B A

WA+ iB+ jC + kD) :=

The map ¢ is an isomorphism of real algebras and
v(Hyp(n,H)) = Hyp(n,R),
where
Hyp(n,R) = {U S Sym(4n,R) : _[()UIO = J()UJ() = K()UKO = —U} .
For any smooth function u: A — R it is defined the quaternionic Hessian matriz
(Hessgu)ys := ugs ,

where we set urs = OgrOysu. Hessgu is a hyperhermitian quaternionic matrix, in particular the
entries (Hessgu),, are real.

The following lemma will be useful. We refer to [3, Proposition 4.1] for a proof (see also [22]).
Lemma 2. Let g be a HKT metric on (A, Iy, Jo, Ko). Then the matriz associated to g is
G = kHessygu ,

where u € C*°(A,R) is such that Q = 00 u is the HKT form associated to g and k > 0 is a
universal constant.

Next we recall the formulation of the quaternionic Monge-Ampére equation ([2]) on open sets
of H"; for a hyperhermitian U € H™" we will denote by det U its Moore determinant (see [17]).

Lemma 3. Let g be a HKT metric on (A, Iy, Jo, Ko), p: A — R a smooth function and Q the
HKT form of g, then
det(G + r Hesspyp) 0050 N Q1
Q+00;0)" = Qr —_—
Proof. The first formula is [3| Corollary 4.6] and the second is simply obtained by linearizing
the first one at the origin and using det +(U) = (det U)* for any hyperhermitian matrix U (see
[3, Theorem 2.4]),

= kRe (tr(G_lHeSSng)) .

Q " H
d log (Q+ 095(sp)) _d log det(G + kHessp(sy))
ds|,_, Qn ds|,_, det G
which gives
n@aﬂp AQr d o det . (G + rHessy (sp)) _ld o det (¢(G + rHessp(sp)))
ar ds|_,® det 1(G)/4 T dds|_, ° det 1(G)

= gtr (L(G) "' u(Hessmyp)) = kRe (tr (G~ Hesspp))
as claimed. O

Finally, we provide a lemma which will be helpful in the proof of the main theorem.
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Lemma 4. Let U: A — Hyp™ (n,H) be a smooth map and assume that there exists p € A such

that U(p) is diagonal. Let g be a hyperhermitian metric on A such that the induced matriz G is
the identity. Then

Aglog(detU) =

U U ‘Ustx ‘2+Z

at p, where the subindex “x} ”denotes the derivative with respect to the corresponding real coor-
dinate.

rst 14=0

Proof. Since det ((U) = (det U)* we directly compute

3 3 3
O Oy log(det U) = 3 02, log(det U) = i S 02, log(det 1(U) % S Oyt (W(U) (U )

=0 =0

Il
=
]«

[en]

tr (—L(U)_IL(U),%TL(U)_lL(U),xlr +1(U) "(U) a7ar)

77

@
w |l

tr (0 (~U T Ut U Uy + U U arer))
0

=] =

7

3
=Y Re (tr (U VU™ Wy + U Uarar))
=0

and at the point p where U takes a diagonal form

Ay log(det U) = Z ZRe (—U*Ustar U Ut o + U Uss grar)
r,s,t=1 i=0
- = Z Z U |Ustm | + zn: U} Angss
T,s,t 1i=0 %% it s=1 5%
and the claim follows. O

3. PROOF OF THE RESULT

Let (M,I,J,K,g) be a HKT manifold with HKT form Q. Every ¢ € Hg induces a HKT
metric g, and a quaternionic Laplacian A, := A, . Consider the operator

(Q 4 88,0)"

P:Hg— C¥M), P(p)=Ilog an

—F.

The first variation of P is

005 A (Q + 86](,0)"_1
Since A, is a strongly elliptic operator, equation (@) is always well-posed and it admits a unique
maximal solution ¢ € C*°(M x [0,T")). Assume further that the canonical bundle of (M,I) is
holomorphically trivial and let © € A?"’O be a g-real holomorphic volume form. We then denote

cﬁ:gp—/ PQ"AO.
M
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We start by proving C° bounds for the time derivatives ¢; and @; and then use these to prove
the CY estimate for ¢. In what follows we denote by C all the uniform constants (which may
be different from line to line).

Lemma 5. There exists a uniform constant C' such that
‘@t(x7t)’ SC? ‘@t(xvt)‘ SC
for every (x,t) € M x [0,T).

Proof. Since
0, Q210050 _ 90t/ Qpt

g log aon = o =nlypr,
we have
Pt = nAgoQDt
and the parabolic maximum principle implies the a priori C estimate for ;. The estimate on
@y immediately follows. O

max @ — 11 .[ @) < C
M M

and
gl < C,

for a uniform constant C'.

Proof. Since |¢¢| is bounded and
(Q+0050)" =" HoeQn,

for every fixed t, ¢(-, t) solves the quaternionic Monge-Ampere equation (2)) with datum F'+ ;.
In view of the C estimate for solutions to the quaternionic Monge-Ampeére equation [2, 4l 21],
 satisfies the bound

7 —minp < C
(7) max ¢ —ming < C,

where C depends only on (M, I, J, K, g) and an upper bound of max |F + ¢;|. Therefore Lemma
implies that the constant C'in (7)) may be chosen so that it only depends on (M, I, J, K, g) and
an upper bound of max |F'|. Now, let (z,t) € M x [0,T), since ¢ is normalized, there exist (y,t)
such that @(Zﬁt) = 07 and thus we obtain |(15($7t)| = |(15($7t) - @(yvt” = |(10(337t) - so(y,t)I <C
and the claim follows. U

Lemma 7. Assume that (I,J, K) is locally flat and that there exists a hyperkahler metric g on
(M,1,J,K). Then
Dgp <O,

/1
Q=2 Etrggw—go.

Fix 7" < T and let (xq,tp) be a point where @ achieves its maximum in M x [0,7']. We
may assume without loss of generality that t; > 0. Since (I,J, K) is locally flat, then in a
neighborhood of xg we can locally identify M with an open set A of H". Let G and G be the
hyperhermitian matrices in A induced by ¢ and § respectively. We may further assume that

for a uniform constant C.

Proof. Let
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G = Hessgv in A, that G is the identity in A and that U = Hessg (v + k) is diagonal at xg.
Let u = v + k. Then in A we have

Q=2\/Asu—p.
Computing at (xg,tp), we have

k1l 1 11 )
AQ =~ Agu;zw( 5A Ay +Au,,,,> Ay

and, applying Lemma B and Lemma [4] we infer

1 1
Q= Asor — or = ———A(log det (U) — log det(G) — F) —
Q= R 9 T = R ol detl) —logdet(@) = )
1 11 ,
Vv - > D o lustas] +Z—Aguw Ay log det(G) — AgF | — g
u r,s,t=1i=0 ss U
which implies
n
8tQ__Ag0Q:
K
! 5011 ;
2__ 9 n -
1/Agu 2A uz ‘A ur‘ /r;l;uss Usp ’ustx ’ (F+10gdet(G)) +HASDSD Ot .

Using the Cauchy-Schwarz inequality and [I, Proposition 3.1] we obtain

)IPIENIWINCELS o IS (zf)

n

1
> 1A

rr

r=1 r=1i= 0 r=1i= 0
3 n 3
1 1 K 1 1
2 2
S — E ug ) ——(Ussar) Z—AQUE E — ——(Uss,a7)
n u r7 Uss n . Urr Uss
r,s,t=1 = r,s=1i=0
3
<2 A JU g g ——\usm ?
Uss Ut

r,s,t=1i=0

i.e.

QA UZ |Agur|2 < - Z Z__|ust:c |2

rst 1:=0 Uss Utt
from which it follows
A (F +1 A(F +1
(I + log det(G)) LN o(F + log det(G)) o
w/Agu K K \/Agu

at (zo,to), where we have used that it is a maximum point as well as the relation

n n
0 < 8tQ_ EAQDQ < EAQDQO_

1
App=1~— EAwJ.

Hence

Ay(F + log det
Tp et AalF T logden@)

K VAzu
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at (zo,tp). Since |¢¢| is uniformly bounded we obtain

C
V2 r—y tri(zo, to)

for a uniform constant C. In terms of v and G equation (B]) writes as

(8) va(x(), t()) § C +

%ut = logdet (U) — logdet(G) — F

and then
1 n
Eut(xo, to) = log H urr(2o,to) — logdet(G(xo)) — F(z0) -
r=1
Lemma [ implies that |u;| is uniformly bounded and we deduce that
1

= < Hurr (zo,t0) < C.
r=1

Thus in particular by the geometric-arithmetic mean inequality we have > " | u,#(xo, to) > C.
Since

n
K 1
Ayv(zo,tg) = — —vri(x0),
#v(20,to) n = uyi(zo, o) re(0)
by [®) we finally deduce
n
<C.
= Urr ﬂfo,to

Therefore

1
ko1 - 1 -
Auxo,t() u xo,to §— U*xo,to SC
g Z ” n(n—1)! ; urr(20, to) rl;[l ri )

It follows

2¢/Agu(z,t) < C+ p(x,t) — p(zo,tg) < C+oscyp in M x [0,T"],
from which, using Lemma [l we get
Agu § C
for a uniform C' and the claim is proved. O

Lemma 8. Assume that (I,J, K) is locally flat and that there exists a hyperhermitian metric §
n (M,I,J,K) such that
Ag(p < C
for a uniform constant C. Then for 0 < a < 1 we have
IV2¢llce < C
for a uniform constant C'.

Proof. We prove the result by applying [7, Theorem 5.1]. First we state some algebraic prelim-
inaries (which are analogous to the complex case [25] Section 2]). Note that, in the notation
introduced in section 2 the real representation ¢: H™" — {H € R*4" . [\HIy = JoHJy =
KyHKy = —H } of quaternionic matrices is monotonic in the sense that when Hy, Hy are hy-
perhermitian one has

H{ < Hy = L(Hl) < L(HQ),

where H; < Hs means that all the eigenvalues of Hy — Hy are non-negative.
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Let p: R4 (0 c R4« [0 HIy = JoHJy = KgHKy = —H } be the projection defined
as
1
p(N) = Z(N - I()NIO - J()NJO - K()NK()) .
Then for any real valued smooth function f and any hyperhermitian matrix H we have
t(Hessy f) = 4p(Hessp f), det(v(H)) = (det H)*.

Thus, once local quaternionic coordinates are fixed, working as in the proof of Lemma [T we
can rewrite equation (3] as

1 1
Eut = Z log det (4p(HeSSRu)) - log det(G) - F ’

where u = kv 4+ kp and v is a HKT potential of 2. We rewrite the last equation as
(9) %ut = ®(p(Hessgu)) — log det(G) — F
where for N € Sym(4n,R) such that det N > 0 we set
B(N) = i log det (4N) |
Fix positive constants C; < Cy and let

E:={{N € Sym(4n,R) : C11y, < N < Coly, } .

Then € is a compact convex subset of Sym(4n,R). We observe that ® and p satisfy the assump-
tions in [7, Theorem 5.1]. Indeed

e & is uniformly elliptic in &;

e & is concave in &;

e p is linear;

e if N >0, then p(N) >0 and CY|N| < |[p(N)| < C||N|| for C uniform.
Therefore, if we show that p(Hessgu) € £ for a suitable choice of C7 and Cs equation (@) belongs
to the class of equations considered in [7, Theorem 5.1].

Without loss of generality we can fix g € M and assume that G is the identity at xzg. Our
assumption Az < C' implies

(10) En:urf S C
r=1

at xq for a uniform C > 0 and thus
Hessyu < C1,,.
On the other hand, equation (B]) writes as
1
—uy = log det(Hesspu) — log det(G) — F'.
K
Thus by Lemma
n
H)\i = det(Hesspu) > det(G)e_ﬂ“tHF >C,
i=1
where A1,...,\, are the eigenvalues of Hessgyu and C' > 0 is a uniform constant. From (I0) we

also infer > | \; < C at ¢ which then implies a uniform lower bound for each \; at the point
g, but such bound does not depend on z.
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Therefore
C11,, < Hesspu < Cy1,,.
By applying ¢ we get
C1 1y, < 4p(Hessgu) < Cyly,, .
Then we can work as in the proof of [§ Lemma 6.1].

We assume that the domain of u is B x [0,7T) with B diffeomorphic to the unit ball in R4".
If T < 1, then Lemma [B] implies

lu <CT+C<C
for a uniform C and [7, Theorem 5.1] implies the result. If T > 1 we define, for any a € (0,7 —1)

W(x,t) :=u(z,t +a) — Bx[ic?gﬂ) u(x,t)

for all t € [0,1). We immediately deduce

e

Gy = log det(Hessyt) — log det(G) — F, sup |a(z,t)] < C.
Bx[0,1)

Invoking again [7, Theorem 5.1], chosen € € (0, 3) and a € (0,1) we have
IV2ullcoBxfate,atrt)) = IVZ0llca(pxien)) < C
where the constant C' depends on € and «. As a was chosen arbitrarily in (0,7 — 1) we have
IV?ullca (e < C,

and the lemma follows. U
Lemma 9. Assume that there exists 0 < a < 1 such that

IV3¢llca < C
for a uniform constant C'. Then T = oo and for every k > 1

IV ¢llco < C
for a uniform constant C.

Proof. Our assumptions imply that the spatial derivatives of ¢ satisfy a uniformly parabolic
equation and uniform bounds on |[V*p||co with & > 1 follow by Schauder theory and a standard
bootstrapping argument.

Now we shall prove the long-time existence. Assume by contradiction that the maximal time
interval [0, T) of existence of ¢ is bounded. Then the achieved estimates and short-time existence
would allow us to extend ¢ past T', which is a contradiction, thus T' = oc. ]

Lemma 10. Assume T = oo and that |V*¢||co is uniformly bounded for every k > 1. Then
Pi=p— / eQ"NO
M
converges in C*°-topology to a smooth function Poo. Moreover if
_ S Q" A e
[yefanne’

then (Poo,b) solves the quaternionic Monge-Ampére equation (2)).

b:
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Proof. Let
_ Q3 _ _
f(t) ::/ gth”/\@:/ log—Q”/\@—/ FQINO.
" @ yocane " ¢
Using ([6) we have
Qr _
f'=n /M <A¢<pt + log Q_:Aso@t — FAwgot> QN0
= n/ cptA¢g0th ANO = n/ 00704 /\QZ_1 AO = —n/ o N\ Oy /\QZ_1 A©
M M M
L[ og2 o ne
_5 o ’ (:Dt’gv ® :

Differentiating again we obtain

1 9 2 0m g " 2 n A @
= 2 /M m|a<pt|g¢9@ NO = 2 /M |a(’pt|gvA50(pt Q‘P nE.
Now
0 2 9 3 )
(11) 511091, = =90 (5190, 01 ® Dp1) + 2Re g, (Dpu, Dpr) -

For the first term of (II]) Cauchy-Schwarz inequality gives
—Yp (%ng Dpr @ 5‘1015) < |%gs0|gw e f]q) <C |890t|52;¢

because Q, and g, are related by (1)) and €, and %Qp are uniformly bounded in C*-norm for
every k.
For the second term of (1) using (@) again we have

—nRe/ g¢(8A¢¢t,5g0t)Qg A O = —2n’Re / 0D N Ogpr N Qg_l A O
M M
= 2n2Re /M A¢g0t 88Jcpt A Qg_l VAN (:) = 2712 /M(A<p(,0t)2 QZ N (:)
therefore
> —C /M o2 OmAD.

Thus we have a non increasing smooth function f : [0, 4+00) — R which is bounded from below
and such that f”(¢) > Cf'(t) for some positive constant C'. This implies that lim; 4, f'(¢) = 0,
ie.

. 2 n o
(12) Jim /M Oil2 0 A 6 = 0.

Now, ¢ has a uniform C° bound and Ascoli-Arzela theorem implies that there exists a
sequence {t;} C R, tx — oo such that @(+,t;) converges to some P, in C*°-topology. Since

~1%1? IQgFQ”/\(:)
(‘Ot_OgW_ —/M<0gﬁ— > )

by ([I2]) we get

2
— T 312 O A @ —
O—tl_n>ngo/]‘4|8got|g¢9¢/\@—/]v['8<log

Qn
Poo F
i)

QL_AB.

9¢
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It fOHOWS thal
1()g 8 - F - C
Qn

for some constant C', so that
n _ F+Con

Q%O =e Qn.
This means that (Ps,e”) solves the quaternionic Calabi-Yau equation. Finally, we prove that
limy_ oo @ = Poo. Assume by contradiction that there exists € > 0 and a sequence t; — oo such
that

[6(-tk) — Poollc= > €

for every t;. We may assume that @(-,tx) converges in C*°-topology to @, . Hence

/
QL =etan.
oo

Since Yo and @, solve the same quaternionic Calabi-Yau equation, from uniqueness follows
Poo = Pl and the lemma is proved. O

Proof of Theorem [l We put together Lemmas [BHI0O proved in this section. Lemmas B6I7] imply
that if ¢ solves (), its quaternionic Laplacian Ayp with respect to the background hyperkéahler
metric ¢ has a uniform upper bound. Hence Lemmas [§ and [ can be applied and (3) has a
long-time solution ¢ such that ||[V¥¢|co is bounded for every k& > 1. Therefore, taking © = Qz,
Lemma [I0 implies the last part of the statement. ]

4. FURTHER DEVELOPMENTS

On a hypercomplex manifold (M, I, J, K) with a HKT form Q a (1,0)-form ¥ is defined by
the relation

N =JAQ".
If the canonical bundle is holomorphically trivial then we can take h € C°°(M) such that
0JY = 00 h.
Now the proof of Lemma [0 suggests to consider on a SL(n, H)-manifold with holomorphic q-real
volume form © the operator M acting on HKT forms in the 09 -class of a fixed HKT form g

as
n

Q _ _

M(Q :z/log—SDQ"/\@—/hQ"/\Q.
( 4P) M Qg, ® M ®

This is related to the following geometric flow of HKT forms

(13) Q= —-0J9, Q0)=9Q.

Indeed working as in the proof of Lemma [I0] one can observe that M is decreasing along flow
([@3), thus M plays a role similar to that of the Mabuchi functional in Calabi-Yau geometry.
It is easy to prove that the gradient flow of M can be expressed in terms of the quaternionic
potential ¢ as

B Jo J1§<p VAN Qg_l

Qn ’
and the fixed points of M are the HKT forms in the 90 -class of )y which are balanced, i.e.
which induce a balanced metric.

From this perspective we believe that the operator M and the flow (I4]) could give new
insights in the search of canonical HKT metrics and this will be the subject of a future work.

(14) @1 p(0) =0
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