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Abstract

We present a general blow-up technique to obtain local regularity estimates for solutions,
and their derivatives, of second order elliptic equations in divergence form in Holder spaces
with variable exponent. The procedure allows to extend the estimates up to a portion of the
boundary where Dirichlet or Neumann boundary conditions are prescribed and produces a
Schauder theory for partial derivatives of solutions of any order k € N. The strategy relies on
the construction of a class of suitable regularizing problems and an approximation argument.
The given data of the problem are taken in Holder and Lebesgue spaces, both with variable
exponent.

Mathematics Subject Classification 35B45 - 35B65 - 35J25 - 46E30

1 Introduction

Given a bounded domain 2 in R” with locally C 1 boundary around 0 € 92, n > 2, let us
consider the following second order uniformly elliptic problem in divergence form

—div(AVu) = f +divF +Vu+b-Vu in B, N Q2

(1.1)
u=g or AVu-v=h on B, N0S2,

where B, = {x € R" : [x| < r} and the variable coefficients matrix A(x) = (a;;(x))
is continuous, symmetric and uniformly elliptic, i.e.

n
i,j=l1

MEP < A)E - £ < Alg)>  forgiven0 < A < A < 400.

We are interested in local regularity estimates up to the boundary in variable exponent Holder
spaces for solutions to (1.1) and their derivatives which are sharp with respect to integrability
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or regularity conditions on given data and on the boundary 9<2, respectively in variable
exponent Lebesgue and Holder spaces.

Regularity theory for linear partial differential equations in variable exponent spaces com-
prehends many contributions. Just to cite a few, we mention two seminal papers by Diening,
Ruzi¢ka and collaborators [11, 12] where the authors deal with regularity in variable exponent
Sobolev spaces for the divergence, the Poisson and the Stokes problems (see also [13, 14]).
Local regularity estimates for solutions to second order uniformly elliptic equations in Holder
spaces with variable exponent were obtained in [7, 8] both for operators in non-divergence
and in divergence form. We also report [6], where the author deals with the parabolic case.
Moreover, there exists an extensive production on regularity results for nonlinear equations
with non standard growth (the model operator is the p(-)-Laplacian); just to name a few we
refer to [1, 2].

Our target is twofold: on one side, we introduce a blow-up procedure which allows to
obtain estimates in variable exponent Holder spaces for solutions to second order linear
equations; on the other, we are able to cover the results in [8] with very different techniques
and extend the regularity estimates up to a piece of the boundary where Dirichlet or Neumann
data are prescribed, dealing additionally with transport terms. Eventually, we show how to
iterate our gradient estimates in order to provide a complete Schauder theory for derivatives
of solutions of any order kK € N. Our approach uses very few facts about variable exponent
spaces and relies mostly on a perturbation argument and an approximation scheme.

1.1 Variable exponent spaces

Although the theory of variable exponent spaces has been developed mostly in the last twenty
years, the related literature is very extensive and we will not be able to list all the known
properties of these spaces, but we will recall from time to time only some properties that
will be needed throughout the proofs. We invite the reader who is interested in deepening
the knowledge of variable exponent spaces to the reading of the monograph [10], which
collects a substantial part of the theory on this subject. For an accurate definition of the
variable exponent Lebesgue space L? O(Q) we refer to [10,Chapter 3]. Briefly, a measurable
function p : Q — [1, +00) is called exponent. Let p = infq p(x) and p = supg p(x).
If p < 400 then p is called bounded exponent. For a bounded exponent p, the variable
exponent Lebesgue space LP() () consists of measurable functions f : & — R such that
the modular

PL(f) = / | OIPdx
Q
is finite. The norm is defined as

Iflro @) = inf{r > 0 1 ph(f/2) < 1.

The following is the definition of the variable exponent Holder space C 0.20)(Q) (see also [3,
4D leta : 2 € R" — R be a measurable function such that 0 < o < a(x) < @ < 1. The
variable exponent Holder space C%%)(Q) consists of continuous functions such that

||u||C0,0t(-)(Q) = llullpe@) + [u]coet (@)
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is finite, where the variable Holder seminorm is defined as

[Ulpoatrg = SUp lu(x) —u(y)l - lu(x) —u(y)l (12)
CcOe()(Q) = — L = - - .
@ X,yeR |x — yl“(") X,y€Q [x — y|mdx{a(x),a())}
O<|x—y|<1 O<|x—y|<1

We remark here that since we are interested in local regularity, without loss of generality,
we can always localize our problems in small balls B, of radius » < 1/2. In this way, the
condition of closeness of points |x — y| < 1 in the definition of the Holder seminorm in (1.2)
becomes natural and can be avoided. In general, for k € N we say that a C*(£2) function u
belongs to CH*0)(Q) if

k
lllcracrgy =D D 1DPullLeo@) + [l et g

i=0 |fi=i
is finite, where
. |DPeu(x) — DPru(y)|
Ulckaty(q) =  Sup
) X, yeQ |x — yl"‘(")
O<[x—y[<1
|Bi|=k

and DPiyis a partial derivative of u of order i = |B;|, with §; € N” multiindex.

A very important condition on exponents which ensures many properties of variable
exponent spaces is the log-Holder continuity. A continuous and bounded functionu : Q — R
is said to be log-Holder continuous if there exists a positive constant ¢ such that for any
x,y € Qwithx #y

c
log (e + le\)

We will denote the space of log-Hélder continuous functions by C%1/11°¢°1(Q). Then, the
following are the families of exponents that we are going to consider

lu(x) —u(y)| < (1.3)

PlL(Q) = [p e cOV/loel(y p=<pk)<p forsomel <p<p< +oo}
and
Alog(Q) = {a e COVNoel(Qy . g <a(x) <@ forsome0 <o <@ < 1} )

We will often indicate the log-Holder modulus of continuity in (1.3), which is monotone
increasing, by the equivalent (for small 0 < ¢ << 1)

t) = .
0= Tiogi]

1.2 Structure of the paper and main results
Throughout the paper, our strategy is the following: we first localize the problem at a boundary

point lying on d€2; thatis, we consider problem (1.1). We can imagine, up to arotation, that the
portion of the boundary a2 N B, where boundary conditions are prescribed can be described
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as the graph of a function ¢ and the portion of the domain where the equation is satisfied
QN B, as its epigraph. In other words, we rewrite (1.1) as

—div (AVu) = f +divF +Vu+b-Vu in B, N{x, > o)} 14

u=g or AVu-v=nh on B, N {x, = ¢(x")}, (14
with ¢ € C'(B)), (0) = 0 and where x = (x, x,) € R""! xR, B/ = B, N {x, = 0}.
Hence, regularity of the boundary d€2 must be understood as regularity of the function ¢.
We would like here to leave the boundary free to enjoy a regularity condition with variable
exponent 92 € C k.o () (in [7] the boundary satisfies a classic regularity condition dQ € CK®
with @ = sup o). We set here another notation: from now on, we denote a variable exponent
which depends only on the first n — 1 variables by «’, and

ax’, x,) =o' (x) (1.5)

stands for the constant extension in the n'-variable of the exponent «’. Then, we define a
local diffeomorphism in order to straighten the boundary of 2. We end up with a problem
on a half ball

—div(AVu) = f +divF + Vu+b-Vu in BF = B, N {x, > 0}

. (1.6)
u=g or AVu-v=h in B.

Although we decided here not to change names to the data of the problem, we would like
to stress the fact that the new solution, the variable coefficients matrix, right hand sides and
boundary data are related to the original ones by composition with the diffeomorphism and
suitable products with Jacobian matrixes. We show that the problem does not change qualita-
tively after the diffeomorphism, i.e. the belonging to variable exponent spaces is preserved in
an appropriate sense. Hence, we regularize problem (1.6), by smoothing coefficients, forcing
terms and boundary data. Then, the regularized problems enjoy local boundary regularity
estimates by classical results, and we prove by a contradiction argument, which relies on
a blow-up procedure and a Liouville type theorem, that the constants in the estimates are
uniform with respect to the parameter of regularization. Hence, we construct a scheme of
approximation which brings the same estimates to any weak solution of (1.6) and ensures
sharp regularity; that is, we prove the following results, which are Holder and gradient esti-
mates up to the flat boundary.

Theorem 1.1 Let r > 0, p,q,my, my € P2(B}) with p.my > 5, q,my > n. Lets €

Plg(B!) withs > n — 1. Let & € AE(BF) with a

n n n
2 — 1=
p(x) my(x) q(x)

a(x) smin{Z— } a(x,0)<1—"— (1.7)

s(x)’

and A € C(B;"UB;). Then there exists a positive constant (depending onr, p,q, mi, mo, o, n
and |Vl mior, |6l pmycy) such that for weak solutions to (1.6) (the notion of weak solution
is specified in (2.2) and (2.3)) holds

gl coac gy or )

||”||C0.oz(~)(1!3fr ) =c ||”||L00(3r+) + ”f”LpH(Bj) + ||F||Lq<~)(3;r) +
r/2 ||h||Ls(-)(B;)

(1.8)

@ Springer



Boundary regularity estimates in Holder spaces... Page50f31 166

Theorem 1.2 Let r > 0, p,my, my € P°8(B}) with p.my,my > n Leta € Alog(B+)
with

. n n n

oz(x)fmm{l— 1= 1= } (1.9)
p(x) mi(x) ma(x)

and A € C%20) (B;T). Then there exists a positive constant (depending onr, p, my, ma, o, n

and |V pmyo» 16\l pmy) such that for weak solutions to (1.6) holds

lglcraos, or )

”u”Cl.a(»)(B:rﬂ) =c ”u”LOO(Bj) + ”f”Lp(»)(Br*) + ”F”CO,a(-)(B;r) + n
ll ”C0,0((-)(B;)

(1.10)

Remark 1.3 Let us stress the fact that the estimates stated above are truly boundary estimates
in the sense that they do not follow straightforwardly from interior regularity estimates after
reflecting the equation across the boundary. In fact, the structure of the variable coefficients
matrix A obtained after the diffeomorphism does not allow in general, even in the case of
homogeneous boundary conditions, a standard even or odd reflection of the equation across
{x, = 0} which preserves continuity of coefficients. By carrying out the reflection, jump-
type discontinuities could appear in the matrix coefficients across {x, = 0}, and this would
prevent to obtain the desired regularity estimates. In other words, the hyperplane {x,, = 0} is
not required to be invariant with respect to A when x,, = 0.

Then, we show that the information obtained on the straightened problem immediately
translates into boundary regularity for the original curved problem.

Corollary 1.4 Letr > 0, o, & € A°¢(B, N Q) and u be a weak solution to (1.1). Then

i) if p,q,mi, my € POY(B,. N Q) with p.my > 75,q,my >n,s € Plog(B, N 9IQ) with
s > n — 1, a satisfies

ot(x)fmin(Z— " ,2— " , 1= n } in B, N2,
px) m(x) q(x)
n—1 .
a(x) <1 ——— in B, NI,
s(x)

IReCLAeCBNQ), feLPOB.NQ), FeLiDB.NR),V e LB, NQ),
b e LB, NQ) and g € CO*OV(B, N3Q) or h € L*V(B, N IQ), then u €
(B, NQ);

ii) if p,mi,my € Plog(Br N Q) with p, my, my, > n, o satisfies

n n

oz(x)fmin{]— , } in B, N,

Com) T max)

n
px)
IQ € C'0 g satisfies (1.5), y = min{a, @}, A € C**O(B,NQ), f € LPO(B,NQ),
F e C™O(B,NQ),VeL"B,NQ),be L™V (BNQ)andg € C*(B,NIN)
orh € COO(B, N3Q), thenu € C;Y (B, N Q).

Eventually, by an inductive argument, the gradient estimate in Theorem 1.2 implies the
following Schauder regularity for partial derivatives of solutions of any order k € N.
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Corollary 1.5 Letr >0,k >0, o, @ € A°E(B,. N Q), and u be a weak solution to

—div (AVu) = divF in BN
u=g or AVu-v=~h on B, NI,

with A, F € Ck*O(B, N Q), g € CHLeO(B. N 3Q) or h € CFH*O(B, N3Q), 90 €
CHLe'0) & sarisfies (1.5), y = min{a, &). Thenu € Clot "' (B, N Q).

lo

Remark 1.6 We would like to stress the fact that all the results stated above at boundary
points (either on curved domains or half balls with a boundary condition on the flat boundary)
continue to hold a fortiori in the interior (on balls inside the domain).

2 Uniform Holder and gradient estimates for regularized problems

In this section, we apply a local diffeomorphism on (1.1) and we associate to the new straight-
ened problem a family of regularized equations by smoothening coefficients, forcing terms
and boundary data. Hence, we prove Holder and gradient estimates with variable exponent
for the regularized problems which are uniform with respect to the regularization parameter.

2.1 A diffeomorphism straightening the boundary

Let us consider the following local diffeomorphism
Y, x) = (&, x4 (). 2.1

Hence, there exists a small enough R > 0 such that ¥ (Bg N{x, > 0}) € B, N{x, > ¢(x)};
that is, is a subset of the domain where the original equation is satisfied and ¥ (0) = ¥ L) =
0. Additionally, the boundary Bg N{x,, = 0} is mapped into the boundary B, N{x, = ¢(x)}.
The Jacobian associated with ¥ is given by

N o L1 0 . N
Jy(x') = ((Vga(x/)) 1), with [det Jy (x")| = 1.

Up to a possible dilation, one can translate the study of (1.4) into the study of the following
problem for v = u o

—div(MVv) = f +divF + Vv +b-Vv in Bf = B, N {x, > 0}
v=g or MVv-v=h on B/ = B, N{x, =0},
where the new matrix M is given by
M= HA oM,
and
f
b

foy, F=@,YFoy, V=Voy
(Jyboy  g=goy, h=hoy.
Now we are going to state some easy preliminary lemmas about product of variable exponent

Holder continuous functions and which show the precise translation of integrability and
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regularity conditions after the composition with a local diffeomorphism. Although some
results have an intersection with [7,Lemma 4.4], for completeness we repeat them here in a
version which will be suitable for our purposes.

Lemma2.1 Let be k € N, Q a bounded domain in R" and let ée u e CkeO(Q) and
ve CRPO@Q with) <o <a(x)<a <land0 < B < B(x) < B < 1. Then the product
uv € ckmin{e().fO} ().

Proof Let us procede by induction and let us start with the case k = 0. Let x, y € Q with
0 < |x —y| < 1. Then

()@ (x) —u(y)] =+ u@x) () —v(y)l

<
< sup () |eglx — MO0 psup Ju(x)|eglx — y I PO
xeQ xeQ

luv(x) —uv(y)|

<Clx — y|min{max{ﬂt(X),Ot(y)}-,max{ﬂ(x)sﬂ()')}}
< Clx — y|maximin{ece).B0o)} minfa(). B}
Hence
uv(x) —uv
[uv]cominier.po (@) = Sup | .( ) (y)l — < +00.
b Jx — y|maximin{a (oG] minfe (). A0
O<[x—y|<I

Then let us suppose the result true in the generic case k and let us prove the resultin case k+ 1.
We are assuming that u € C**0)(Q) and v € CHPO(Q) implies uv e CHMnteO.FON (),
Let us suppose now that u € Ck+1-¢0)(Q) and v € CK1-F0)(Q). Taken a partial derivative
D*+1 (yv) for |agr+1| = k + 1, then there exists i € {1, ..., n} and multiindex oy with
|oex | = k, such that

DY+ (yv) = DY (9; (uv)) = D** (vo;u) + D (ud;v).

By inductive hypothesis vd;u € C**)(Q) and ud;v € CHPO(Q). So, D¥+! (uv) is the sum
of two functions belonging respectively to C%¢0(Q) and C%AO)(Q). By trivial inclusion of
spaces, we get that D%+ (uv) € CO-min{e().FO}(Q) which proves the result. O

Lemma2.2 Ifa, B € A°2(Q), then the pointwise minimum y = min{a, B} € A°2(Q).

Proof Let x,y € Q with x # y, and let us consider |y (x) — y(y)|. If y(x) = a(x) and
y(y) = a(y) or y(x) = B(x) and y(y) = B(y) then we can conclude by log-Holder
continuity of « or B that

ly(x) =yl < c——F -
log (e + W)

Hence we can assume without loss of generality that y (x) = «(x) and y (y) = B(y), which
implies that on the segment [x, y] the graphs of the one dimensional restrictions of « and S
(which are continuous) have to cross each other by the intermediate zero theorem; that is,
there exists an intermediate point z such that «(z) = B(z) and w(|x — z|), o(]y — z|) are
both less or equal than w(|x — y|) by the non decreasing monotonicity of the modulus of
continuity w () = 1/log(e + 1/t). Hence,

ly @) =yl =la@x) = O] = la(x) —a@)]+|B@) - O = c———.
log (e—i— W)

[m}
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Lemma2.3 Let ¢ : R" — R” be a local diffeomorphism between Q' = y~'Q and Q such
that =" is Lipschitz continuous in Q. Then

i) if f e LPYO(Q), then f oy € LPVO(Q);
ii) if W is bi-Lipschitz continuous and diam(S2), diam(') < 1, then u € C%*O(Q) if and
only ifu oy € CO¥VO Q).

Proof i) Let us compute the modular of f o ¥
o owr = [ 17 owerr oy

:/ 1f o (W e PV YT O det g, () dx
Q

IA

sup [det J,, 1| pé (f) < +oo.
Q

ii) Let us consider the variable exponent Holder seminorm of u o ¥

luoyr(x) —uoy(yl

[u o Yleowowor gy =

x,yeQ |X - Y|°‘°Wx)
xF#y
C U — u@)|
7.7eQ W=1®@) —y=1@)®
V@AY )
[u(x) —u(y)l
< C sup —————=— = Clulcoet ),
ryeq X —ye® @
Ty

where in the last inequality above we have used the Lipschitz continuity and bijectivity of
Y. We remark that the condition on diameters of €2, ' allows us to avoid the condition of
closeness of points |[x — y| < 1 in the definition of the seminorm. Then, using the Lipschitz
continuity of ¥ ~! we can obtain the other implication. O

We would like to remark here that our local diffeomorphism v in (2.1) can be set between
two domains with diameter less or equal than 1. Moreover ¥ is bi-Lipschitz continuous with
|det Jy| = |det Jy,—1] = 1 (the Lipschitz constant is L = 1) and hence ¥ is also an isometry
between variable exponent Lebesgue/Holder spaces and the related ones with exponents
obtained after the composition with the diffeomorphism itself.

Nevertheless, if 02 € k') for some integer k > 1, then w_l e CH0) with & given
in (1.5). This means also that, if A € C¥~1¢0(B, N Q) then M € C¥=1.7°V()(BF), where
y = min{a, &}.

Of course, log-Holder continuity of exponents is preserved after composition with ¥
(p € P%(B,NQ) <= poyr € P°(BF) anda € A°¢(B, NQ) <= a0y € A2(B})),
and the same happens with pointwise inequalities between exponents, for example

"y " Bt
alx) <2 o0 inBNQ <= a@@®y) <2 P in B,".

Thanks to the lemmas and remarks stated in this section we are in position to claim the
following proposition: Theorem 1.1 and Theorem 1.2 imply respectively Corollary 1.4 part
i) and ii).

Proof of “Theorem 1.1 = Corollary 1.4 part ;)" and of “Theorem 1.2 = Corollary 1.4 part
ii)”
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Now we are going to show how to translate boundary regularity estimates for the straightened
problem into boundary local regularity for the original curved problem:

i) when the coefficients matrix A is continuous and the boundary 9 is locally C!,
then 1//—1 € C! and the coefficients of M are continuous. Therefore, if we obtain
Cloo’f 0 (B U B))-regularity for v, then it translates into Cloo‘:f (')(Br N Q)-regularity
for u through composition with 4/ ~! € C!. In other words, Theorem 1.1 implies Corol-
lary 1.4 part i);

ii) when the coefficients matrix A is «(-)-Holder continuous and the boundary 92 is locally
Cl'“/('), then w_l € €190 and the coefficients of M are CO’V"W')(B;*'). Therefore, if
we obtain Cllo’g/ O'/f(')(B;" U B/)-regularity for v, then it translates into Cllo’cy (')(B, N Q)-

regularity for u. This is due to the fact that

Vi = Vo) Jya

0.a(-)

oo™ (B, N Q) functions. In other words,

is the product of a 9B, NQ) and a C

loc

Theorem 1.2 implies Corollary 1.4 part ii).

2.2 A family of regularized problems

First of all, we would like to recall the standard definition of weak solution to problem (1.6).
In case of Dirichlet boundary conditions a function u € H! (Br+ ) is a weak solution to (1.6)
if for any test function ¢ € C°(B;")

/AVu-Vqﬁ:/ fqb—/ F-Vd)—l—/ qu&—i—/ b-Vug. 2.2)
B B B B B

Additionally we ask that Tru, which is an element in H 1/ 2(8 B;" ), coincides with g on B/. In
case of Neumann boundary conditions, a weak solution to (1.6) satisfies for any test function
¢ € CX(BFUB))

/AVu-Vqs:/ fqb—/ F-V¢+/ Vu¢+/ b-quH—/ hg. (2.3)
Bt B o+ Bt B B

!

It is not our interest to write precisely what the minimal conditions on the data are in order
to give sense to the above definition. We just would like to observe that the integrability and
regularity assumptions that we will make on the data are amply sufficient to guarantee the
validity of the weak formulation of the problem (1.6).

In this section we are going to introduce a family of regularized problems related to (1.6).
This regularization is done by convolving variable coefficients and the given data which
belong to variable exponent Holder spaces with a standard family of mollifiers and instead
approximating the given data which belong to variable exponent Lebesgue spaces using some
density result of smooth functions in the space.

Every time we are considering some data in a variable exponent Holder space of the half
ball Br‘" (or variable coefficients), we can imagine to extend this function across {x, = 0}
in an even way. This operation is merely technical, does not affect the given regularity and
allows us to define the convolution up to the flat boundary. In fact, in this way we can ensure
uniform convergence of mollifications of our data to the data themselves on the compact Brf
with0 <7 < r. Let

Ag(x) = (afj (x))?’jzl, with afj (x) = ajj 7, (x) = /R" n(t)aij(x — er)de, (2.4)
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where 77 € C2°(R") is a nonnegative radially decreasing cut-off function with [, 7 = 1 and
the standard family of mollifiers is given by

o= 2a()

For example we can imagine that suppn = Bj. The mollifications defined above are well
defined and smooth; that is, A, € C*®°(B5) in any fixed ball with radius 0 < 7 < r provided
that 0 < ¢ < & for a certain € which depends on 7 (¢ N\ 0 as 7 ' r). Moreover, if for
example A € C(B,) then A, — A uniformly in Br.

We define in the same way F, when F € C 0""(')(B;" ). Nevertheless, for the Dirichlet
boundary datum g and the Neumann boundary datum / (in case we are assuming i €
C 0*”‘(')(B;)) we define g, i, by convolution with a standard family of mollifiers in R L
that is, for instance

@) =g xine) = [ e - endr 25)

where ij € C2°(R"~!) is a nonnegative radially decreasing cut-off function with fRH n=1

and
- 1 _/x
Ne(x) = en—1 n <;> .

Now we are going to present the key lemma for regularization in variable exponent Holder
spaces. The result below ensures a uniform boundedness in variable exponent Holder spaces
for the family of mollifications, even if such spaces are not translation invariant. The main
idea is the following: there are two scales of infinitesimals which are independent; they
are the distance between points |[x — y| and the parameter of mollification &. When the
relationship between the two scales is |[x — y| 2 &, then the translated point x — &t is not
"too far" from x and the log-Holder continuity of « is enough to control the difference
(a(x —er) — a(x)) log |x — y|. Otherwise, when |x — y| < ¢, the translation above can not
be controlled without the help of the Lipschitz continuity of the cut-off function.

Lemma24 Let0 <7 <r <1/2, ke N 0 < e <2F) <landa € Alog(B,). If
u € Ck2O(B,), then mollifications us = u * 1, defined in (2.4) satisfy the following

luellcrao gy < c.
for a constant ¢ > 0 which does not depend on ¢ < €.

Proof Tt is enough to prove the statement in case k = 0, then the same reasoning applies also
to partial derivatives of any order. The uniform L°° bound is trivial, in fact for x € Br

le (x)] S/R N |u(x —en)|dr < flullLos,)-

Now we want to estimate uniformly in € the «(-)-Holder seminorm of u, in Br. Hence, for
any triplet (x, y, &) € Br x Br x (0, €] =: A, we have that it belongs to one of the following
two subsets

n+1
Ar=A{(x.y,e) € A : [log|x —y[| = ;——]logel}
or

n+1
Ay ={(x,y,e) € A : |log|x —y|| < m|10g8|}~
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If we have a triplet in A, we use the Lipschitz continuity of 77 in the estimate below

A

o) =0 = [ =0 =T = 0l )

clx —yl
- gn+l

g
|&—a(x) lx =yl “

= clx = y[*x —y s

IA

clx — y|0t(x) <clx — y|maX{a(X),0t(y)}

where in the previous estimates we used the condition which characterizes A; in order to

bound uniformly ’7‘ < 1, and in the last inequality we used the log-Holder continuity

of exponent «. In fact, if @(x) = max{x(x), @(y)} we have done, otherwise we can bound
uniformly

(a(x) —a(y))log|x — y[ = |e(x) —a(y)] - [log|x — y|| < w(lx — yD|log|x — y[| <c.
If we have a triplet in A, we notice that
1
w@logl — yl| < T —we)lloge| <.
—a

Hence, we show that there exists a positive constant independent from ¢ € suppy = B and
from the triplet such that

lx — y|a(x—st) <clx — y|oz(x).
If o (x — et) > a(x) the inequality is trivial. Otherwise, it is enough to estimate uniformly

(a(x —et) —a(x))loglx — y| = |a(x —&t) —a(x)] - |log|x — y||

IA

w(elt]) - [log|x — yl| = w(e) - [loglx — y|[ < c.

Hence, we can conclude that

lue(x) —ue (Y| < /Rn N(O)|u(x —et) —u(y —er)|ds

< c/ ()] — y|meleena=enlqy
=</,
:C/'mwu—ﬂ”“mm
RV!
<clx — y|oz(X) < cfx — y|™max {a(x),a(n)}

Above we have assumed without loss of generality that (x —et) = max{«a(x—¢t), a(y—et)},
otherwise one can change the roles of x and y. O

The idea now is to regularize the data which belong to variable exponent Lebesgue spaces by
[10,Theorem 3.4.12]; that is, density of C2°(2) in LP(')(Q) where 2 is open. Hence, when
forcing terms, fields, potentials and drifts f, F, V, b belong to certain variable exponent
Lebesgue spaces LP) (B;"), then we define sequences of functions fi, Fx, Vi, bx in C2°(B;})
strongly converging in the Lebesgue spaces. When i € L**)(B!), then we define a sequence
of functions Ay in C°(B}) strongly converging in the Lebesgue space.
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2.2.1 The regularization for Holder estimates

We are dealing here with given data which satisfy integrability and regularity conditions in
Theorem 1.1. Hence, as k — +oco we consider a sequence & — 0. Along such a sequence
we study problems

—div (Anguk) = fix +divFy 4+ Viug + by - Vuy in Br+

, (2.6)
Uk =8¢ OF AgVup-v=hy on By,

where fi, Fi, Vi, bk, hy are sequences of smooth functions which strongly converges in the
right variable exponent Lebesgue spaces to f, F', V, b, h, while A, , g,, are mollifications
of A, g asin (2.4) and (2.5).

Remark 2.5 We would like to notice here that weak solutions to (2.6) are uniformly-in-k
locally bounded by Moser iterations assuming the integrability and regularity conditions on
data given in Theorem 1.1. This can be done by Sobolev and trace inequalities, using the fact
that the quadratic forms related to coefficients A, are equivalent norms in the Sobolev space
uniformly-in-k. Nonetheless, we remark here that the space L) trivially embeds into L?
and C%®) into C%¢. In other words, it is very easy to check that there exists a uniform-in-k
constant such that

||uk||L00(3,_+/2)

lge; I co.ey gy OF
< e urll 2 + I fell oo gy FIFell oo gy +1 1o (Br) X))
( r) ( r) ( r) ||hk||L5(')(B/)

For this reason, without loss of generality we will always assume a uniform-in-k L°°-bound
for weak solutions to (2.6). We notice that the constant in (2.7) depends on the norms of the
potential and transport terms and so is uniform if we assume uniform bounds || Vi || 7 m; ) (B =
c1 and ||bk||L”12(‘>(Bf) < ¢. For the requirement m, > n we refer to [27]. For the sharp
requirement s > n — 1 we refer for example to [22,Proposition 2.6. (i)].

Hence, solutions to (2.6) satisfy the suboptimal estimate

[leerc |l C0~°‘(’)(Br+/2)

<c (||uk||Lx(B,+) 1l oo gy + N Fll a0 ) + {”gek lcoacr gy or ) 28
72k ”LS(')(B;)

with a constant which depends on || Vil ;m, OB and || bg|| LmO(BF) and possibly is not uni-
form in k. This kind of estimate, fixed k > 0, is implied by classical boundary regularity
results for second order uniformly elliptic equations in divergence form with smooth coef-
ficients and data (this is usually done by "freezing the coefficients" and passing to constant
ones, see for instance [21,Chapter 6], [5] or [19]). In the following result, we are going to
prove that actually the constant in the estimate above (2.8) can be taken uniform as k — +o0.
The proof is based on a contradiction argument involving a blow-up procedure and a Liou-
ville type theorem for harmonic functions (this kind of argument is very well known and we
refer to [17,Chapter 2] for a nice and clear overview of the technique).

Proposition 2.6 As k — 00 let {uy} be a family of solutions to (2.6) in B;Y withr < 1/2.

Let p, q,my, my € P°¢(B}) with p,my > 5, q,m, > n. Lets € PlO(B!) withs > n— 1.
Let || Vk”L'"l(’)(B,*) <cyand ”bk”L”’Z(')(B,*) < ¢ uniformly in k for some positive constants.
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Let also o € .Al"g(BrJr ) with (1.7). Then, there exists a positive constant ¢ independent from
k such that (2.8) holds true.

Proof Without loss of generality we can assume that

gei Il coetr(gry OF
T = Nukll poo gy + LSl Loo gy + 1Fkll oo () + (B)) -1
||hk||LS(-)(3;)
In fact, the thesis is equivalent to prove the existence of a uniform constant such that
||ﬁk||co,a(-)(3:r/2) <ec,

where iy = uy /Ty are still solutions of the same equation with the property that their L>°-
norms, the relevant norms of right hand sides and boundary data are all uniformly controlled
by 1. We have already assumed that

IVill pmio gy + 1Bkl oo gy < €.

Step 1: the contradiction argument We argue by contradiction; that is, there exists o €
Alog (B;7) with (1.7), and a subsequence of solutions (always denoted by {u}) to (2.6) such
that

lImuek ||C0.a<»)(3r+) — +00,

where the function n € CZ°(B,) is a radial decreasing cut-off function such that n = 1 in
B;s2,0 < n < 1lin B, and suppn := B = B3,/4. Moreover we can take n € CO*I(B) such
that 1(z) < {£dist(z, d B) where £ is the Lipschitz constant. Hence, we are supposing that

[nu(z) — nui(S)|
max —m——

=L — +o0.
wceBf |z —¢)*®@
Z#E

We can assume that Ly is attained by a couple of points zx, {x € B N {x, > 0} and we call
rr := |zx — Ck|. Hence

Inui(zk) — nuk (Gl L
(zk) = Tk
lzk — ¢k l®

Using the L bound of the u;’s and the Lipschitz continuity of 7, one can easily show that

i) Ik — O,

dist(zg, 3" BT)

: +p+
ii)Ta—l—ooanddlSt@k;,ikaB)

— 400,
where BT = B;;/4 and 81 Bt = 9B3,/4 N {x, > 0}. In fact, since ry = |zx — &&| < 2r < 1,
point i) is implied by

~Inu(zi) — nuk (&)

Ly = <
a(zr) -
Tk

c
=.

T

For i7) one can reason in the same way using also Lipschitz continuity of 7.

Step 2: the blow-up sequences Let us define

nu(Zx + rez) — nui(Ze)
Lkr](:(zk)

(@) (g (Zk + rz) — uk(Zx))
Lkr]?(zk)

. we(2)

vk (z) =

)
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with
— Tk

z € B(k) := —
k

and Zx € B N {x, > 0} to be determined. We will take in any case Zx = (2}, Zx,n), Where
2k = (2}, Zk,n)- At this point, since zx € B N {x, > 0}, then the following quantity has a
sign
Zk,n
Tk

> 0. (2.9)

There are two cases:

Case 1 the term in (2.9) is unbounded, then we choose Zx, = z.». In other words, Zx = zx;
Case 2 the term in (2.9) is bounded, then we choose Zx , = 0. In other words, Z; = (z;(, 0);

Now we want to understand the limit set B(00) = limg—, 4o B (k). This limit of sets must
be understood in the following way: z € B(oo) if there exists ko such that z € B(k) for any
k > ko. The blow-up domain B (k) can be expressed as the following intersection

B -3 0} 2 :
B(k) — Zkﬂ{xn> } % _p., <—Z—k)ﬂHk,
Tk Tk A Tk

with

First, we observe that

This is due to the fact that
B g otst) C B — 2k
T BT

and hence, using i7), one has the result. In fact, in Case [ this is immediate by the choice
2k = zx. Instead, in Case 2

; + B+ ot(3, 4t Bt ot(3, 4t Rt
(_dlst(zk,a B )E dist(zx, 0™ B )_‘_Zki’”f dist(zgx, 0™ B )+

+00 c.
Tk Tk Tk Tk
In Case 1
H, — R".
In Case 2
H, = {x, > 0}.

We remark here that since Z; € B N {x, > 0}, then 0 € B(k) for any k. Let us consider
z,¢ € K C B(oo) in a compact set. Then

[nu(Zk + rez) — nu(Zk + red)l <le— é_|a(2k+rkz)rg(2k+rkz)—a(2k)r]l{l(fk)—ot(zk).
L a(zg)
kg

v (z) — vk (§)| =
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For any k, we have named z as the point such that a(Zx + r¢z) > @ (Zx + rx¢) (the roles of
z and ¢ are interchangeable here). Using the log-Holder continuity of exponent «, we can
bound uniformly in the compact set

r;:(ikJrrkl)*a(zk) < ¢(K).
In fact
la(Zk +rez) — a(Zp)] - [logr| < w(rlzD[logrk| < @ <”k max |Z|> [logri| < c.
Nevertheless, in Case 2, when Z # zx and zx , /rx is bounded, we can bound also

rl‘zl(ﬁk)*ﬂl(zk) <ec. (2.10)

In fact
. Zk.n
le(Zg) — a(zi)| - [logri| < w(zgn)llogri| = @ (’%7) [logri| < c.

Hence there exists kg such that for k > kg

lug (2) — vk (D)
% e —cpeano = ) 2.11)
7L

This condition gives uniform boundedness and uniform equicontinuity of the sequence vy
on any compact set K containing the origin. In fact, vx(0) = O for any k and

lve (2)] < C(K)|Z|max{a(2k+rk1),a(2k)} < ¢(K) max({l, |Z|E} < §(K).
Moreover, fixed ¢ > 0, taken § = min{1, (¢/c(K))"/¢} and z, ¢ € K with |z —¢| < &
e (2) — v (O] < e(K)|z — |7 G+ < g,

Then, by the Ascoli-Arzela theorem, there exists a subsequence converging uniformly on the
compact K to a function v. By a compact exhaustion of B(oco) with K1 C Ko C K3... and
a diagonal procedure, we can extract a subsequence converging on any compact set to the
entire profile v.

Moreover,

vk<zk_zk>—vk<;k_zk>‘=l 2.12)
Tk Tk

for any k. Hence, we have that the limit v is a non constant. In fact, up to pass to a subsequence,
in Case 1 % ka — 7 € $" ! since any point of the sequence belongs to S"~!. Hence, by
(2.12), uniform convergence and equicontinuity, we have [v(0) — v(z)| = 1. In Case 2, up
to pass to a subsequence, the sequence

2k — 2k (0, 2k0)
T T

— (0,0,¢) =z1,

and

—3 — 0,
Sk — 2k _ Gk — 2k +( Zk,n) L F4(0,0.0) = 2,

145 Fk Ik
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where 7 € S"~!. Hence, by (2.12), uniform convergence and equicontinuity, again |v(z1) —
v(z2)| = 1.

Let us define zoo = lim zzx = lim Zj, up to pass to subsequences, and oso = & (20). Taken
z,¢ € B(00), they are contained in a compact set containing the origin K. Hence, passing
to the pointwise limit in inequality (2.11), we have

v@ — vl _

|z —¢|%

This implies that v is globally «oo-Holder continuous in B(oco). Nevertheless, wy — v do
converge to the same limit on compact sets since

sup |vk(z) — wr(z)| — 0.
zeK

Step 3: the rescaled equations Let k > ko large enough. The functions wy solve in B (k)
—div(Ag, Gk + ri-)Vwr) ()

< 4 < Z
U(L,f) cO G+ mez) + U(L:) " Hdiv(Fi G+ ne) @)

ZK) 2- . .
+¥r,§ GOV Gr + rez) + riebi Gr + rez) - Ve (2) (2.13)
k
in Case 1, while in Case 2 it remains also the boundary condition at {x, = 0}. We show that
the right hand side in the rescaled equation is vanishing in LlloC (let us work for simplicity in
Case 1) in the sense that taken a test function ¢ € C2°(R"), with supp¢ C B for a certain
R>0

n(zk) 2—a(zk)
5 Tk
Ly

/B Ji(zr + )¢ (2)dz

2—a(zp)—
< cr2a@n f | (©)ldg
By r(z)
C 2—a(zp)—
< TN Ll 2 8, e B e L

1
2—a(zx)—n )CB N
I “* |BrkR(Zk)| kRGP

IA

Ly

. 1 1
< Lcrf_“(z")_ﬂ“k)r:<”““ Frune ) < (2.14)
k k

In fact, by log-Holder continuity of 1/p we have

1 1 c c
- ]/. ——dz| < ][ —dz =
P(zk) B Rz p(2) B R(zp) log(e + m) log(e + m)
for & € S"=1. For the estimate above on the norm of characteristic functions, in terms of
Lebesgue measure of the set elevated to the average of the reciprocal of the exponent, we
refer to [10,Section 4.5]. The term in the right hand side with the potential vanishes using
the same argument, once we recall that the u;’s are uniformly bounded. With very similar
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reasonings we can deal with the field term

(k) 1-az)
Tk
Ly

/ Fi(zk +1z) - Vo (2)dz
Br

< cry 4@ / | Fe(9)1dg
BrkR(Zk)

C l—a(zx)—n
et k ”Fk”L"(')(BrkR(zk))”XBrkR(Zk)”L’/(')(]R")

= I
1

C  l—a(zx)—n fB N q
= |BrkR(Zk)| R 4

Ly

1 n n #—f. 1

¢ l-e@)-os 4G T By Ry @ c
5 7rk rk = —.

Ly Ly

Now we show that, in order to make vanish the drift term, no restriction on « is needed.

Tk

/ br(zk + rez) - Vwr(2)¢ (z)dz
Br

1=n/2

172
2
=cr, (/ [Vwg| > ”bk”L”’Z(')(BrkR(zk))”XBrkR(Zk)||L2'”2(')/(”’2(')’2)(R”)
Br

| /2 )C mpy—2 1/2

—n TB. peoy 2 2

=cry |BrkR(Zk)| reRGp) 2 (/ [Vwg| )
Br

l—_n__ 1/2 12
<o " (/ |Vwk|2) =zk</ |Vwk|2) :
Bgr Br

with 7 — 0. We will show that the full term vanishes thanks to a uniform energy bound of
the wy’s in (2.15).

We remark that in Case 2 nothing changes apart from notations, up to suitably adjusting
terms using (2.10).
Step 4: the limit equation We define the limit constant coefficients matrix

A=AGo) = lim Ay Go) = lim Ay (Ge +ri2).
k—+00 k—+00
By a Caccioppoli type inequality, easily obtained by multiplying (2.13) by ¢?wy, being
0 < ¢ < 1 aradially decreasing cut-off function with » = 1 in Bg and suppy C Bag,
taking into account possible boundary conditions, that functions wy are uniformly bounded
on compact sets and the vanishing of right hand sides (the drift term can be reabsorbed having
tr — 0), then we obtain uniform-in-k energy bounds holding on compact subsets of B(co)

VR >0, 3¢ > 0: Vk, / Ag, Zk + riz)Vwy - Vuy < c. (2.15)
BrNB(c0)

In Case 1, B(co) = R”. Then the limit v belongs to Hch (R™) and is a weak solution of
~div(AVv) =0 inR",
in the sense that for every ¢ € C2°(R")

/ AVv - V¢ = 0.
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In Case 2 we have B(oo) = {x, > 0} = R'|.. Let us denote by Hx —0) (R ) the space of

functions belonging to H' (]RT) having zero trace on {x, = 0}. Then the limit v belongs to
(H{x,,_o )loc (R ) or Hloc (R ) and is a weak solution of

—div (Avo) =0 inR",
v=0 or AVv-v=0 on {x, = 0},

in the sense that for every ¢ € C°(R”,) or ¢ € COO(R )
/ AVv - V¢ = 0.
1

As we have already said, this is done using the Caccioppoli inequality (2.15), which
gives weak convergence in Hlfm. Moreover, we use the pointwise convergence of coefficients

Ag Zk + 1) — A, hence
/ Ag G + 1)V - Vo — AVv - V.
B(c0) B(c0)

When we consider Dirichlet boundary conditions in Case 2, thanks to Lemma 2.4 we have
on compact sets K’ of the hyperplane {x, = 0} a uniform constant ¢(K") such that

n(Zk) . .
lwi (x", 0)| = 7,0 |8er G + ri(x’, 0)) — ge, (G1))|
kT
< C(K/) (Zk) |r (x 0)|max {aCr+rr(x',0)),0(2k)} -0

by the log-Holder continuity of « and using (2.10). In case of Neumann boundary conditions,
using integration by parts in the equation, the boundary term vanishes having s > n — 1 and

a(x’,0) <1— %; that is,

/ Ag Cik + 1)V (2) - v (2)
BrN3B(c0)

1—a(Z) Ol(Zk) o (zk)
"k / he, Ci + 162)6 ()
Lk BrNIB(c0)

‘(k>

U(Zk)r

1—a(Zr)—
Tk
<¢c— = 0.
Ly

Step 5: a square root reflection and a Liouville type theorem The limit matrix A with constant

coefficients is symmetric positive definite. Let us consider the square root C = \/K of A,
which is symmetric and positive definite too. We remark that the linear transform associated
to the inverse of such a matrix, maps R” in itself, and in case B(oco) = {x, > 0}, maps such
half space in another half space. In fact, with the change of variable Cy = x, then

B(o)={x, >0}={x-¢,>0}={Cy-e, >0} ={y-Ce, >0},

which is an half space also in the new coordinate system, with boundary hyperplane given
by {y - Ce, = 0}. In other words, the new outward normal vector is related to the old one by

@ Springer



Boundary regularity estimates in Holder spaces... Page190f31 166

the following formula v/(y) = Cv(Cy), which in our case is the constant vector v’ = —Ce,,.
Let u(y) = v(Cy). In Case 1, The function u is a weak solution of

—Au(y) =0 inR",

is non constant and globally «oo-Holder continuous. Additionally, in Case 2 it vanishes or
has vanishing normal derivative on {y - Ce, = 0}; that is, weakly solves

—Au(y) =0 in{y-Ce, > 0}
u=0 or Vu-vV=0 in{y-Ce, =0}.

Hence, in the last situation we can perform an odd or even reflection across that hyperplane,
having in any case the equation satisfied in the whole of R”. Hence we have proved that
the limit u € HILC (R™) is not constant and globally harmonic in R”. Moreover it is globally
no-HOlder continuous with sy < 1, in clear contradiction with the Liouville theorem in
[24,Corollary 2.3]. m]

2.2.2 The regularization for gradient estimates

We are dealing here with given data which satisfy integrability and regularity conditions in
Theorem 1.2. Hence, as k — +oco we consider a sequence g; — 0. Along such a sequence
we study problems

{—div (AskVuk) = fx +divFe, + Vkug + by - Vug in B (2.16)

Up =8¢ OF AgVuy-v=hg on B/,

where fi, Vi, by are sequences of smooth functions which strongly converge in the right
variable exponent Lebesgue spaces to f, V, b, while Ag, , Fy,, g, , he, are mollifications of
A, F,g,hasin (2.4) and (2.5).

Hence, solutions to (2.16) satisfy the estimate

||“k||cl.a<-)(3r+/2)

||gsk||cl~a<»)(3;) or >’

<c (“”k”LOO(Br*) + ka”Ll’(')(B,*) + ||Fak||co.a(.)(3r+) + [”ha lcoao s :
k1COe0) (B

2.17)

with a constant which depends on ”Vk”LmN')(B,*) and ”bk”L’"ﬂ')(Bf) and possibly is not
uniform in k (see for instance [5, 19, 21]). Now we are going to show that actually the
constant in the estimate above can be taken uniform in k. The proof follows the contradiction
argument developed in [26].

A standard way to deal with inhomogeneous boundary data, in order to prove gradient
estimates, is to extend them inside the domain to functions with the same regularity and
consider the equation satisfied by the difference of the original solution and such extension.
In this way, due to the linearity of the equation, one could pass to the study of a problem with
homogeneous boundary data possibly with some new forcing terms appearing. We would
like to remark here that, when boundary data are prescribed in variable exponent Holder
spaces, it is not even clear, at least for us, if an extension of such data inside the domain could
be easily defined and how in that case the extension of the variable exponent itself should be
defined. For this reason we will work directly on the problem with inhomogeneous boundary
conditions.
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Remark 2.7 We would like to remark here that actually we already know that solutions to
(2.16) enjoy a uniform C 1.2 Jocal bound. This is due to classical results (see for instance [20,
23], for the sharp requirement on the drift term we refer also to the more recent [15, 16])
once we have observed that variable exponent Lebesgue and Holder spaces LP() and CK-*()
trivially embed into LZ and C*2 Hence, assuming || Vg ||Lm1(A>(Br+) < cyand ||bg ”L'"2<')(B,+) <
¢, we already have a uniform constant such that

||Mk||clvg(3r+/2)

||g£k||cl<a(-)(3;) or >,

=c (”“klle(B#) el oo gy + 1 Feill coeor ) + :Ilhg llcowo a1y
k Lo (- ;

for the not sharp and possibly small @ < min{l —n/p, 1 —n/m,, 1 —n/m,}. Of course, the
constant is uniform if the variable coefficients of the equations are uniformly bounded in the
«-Holder space. Anyway, the proof of this fact is actually contained in the following result
by reasoning in two steps; that is, proving first the not sharp uniform bound with « and then
using this information to get the sharp result (see [25,Remark 5.3] for more details about this
procedure).

Proposition2.8 As k — +o0 let {ux} be a family of solutions to (2.16) in B} with
r < 1/2. Let p,mj,my € PIOg(BrJr) with p,my,my > n. Let ”Vk”L"’l(')(B,T) < c1 and
IIkaILm2<.)(Br+) < ¢y uniformly in k for some positive constants. Let also a € Al"g(Br*) with
(1.9). Then, there exists a positive constant independent from k such that (2.17) holds true.

Proof By renormalization of the problem, without loss of generality we can assume that the
terms in the right hand side in (2.17) are equal to 1; that is,

llgellcreypry o
Ikl oo gy + I fill oo gy + 1 Feell coatrgy + 4 0 ) =1
||hsk || CcOe0)(B)

We have already assumed that
||Vk||L’"1(->(B;*') + ||bk||Lmz(-)(Br+) <c.

Step 1: the contradiction argument We argue by contradiction; that is, there exists o €
.A"’g(B;*) with (1.9), and a subsequence of solutions (always denoted by {u;}) to (2.16) such
that

||77”k||cl.a<»)(3j') — +00,

where the function 7 is a radial and decreasing cut-off function such that n € C2°(B,) with
0 <n<=<1,n=1in B,); and suppn = B = B3, /4. Moreover we take € C%1(B) with
ajn € Cc%1(B) for any j = 1, ..., n, with the same constant ¢, that is n(z) < £d(z, dB) and
0jn(z) < d(z, 9B). We infer that the Holder seminorm tends to infinity:

|0 (ui) () — 3; (nur) ()|
sup

max = Ly — +o0o,
j=1,..., nz,{eB:r |Z_§-|0t(z)
2#E
where 0; = 8xj for any j = 1,...,n. Up to consider a subsequence, there exist i €
{1, ..., n}, and two sequences of points zx, {x in B N {x,, > 0} such that
10; (i) (zie) — 0 (ui) (S| Li

|z — & * @)
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We remark that it is not possible that the Holder seminorms of the sequence of derivatives
9; (nuy) stay bounded while their L°°-norms explode. This would be in contradiction with
the uniform energy bound of the sequence uy. We define ry = |zx — &k| <2r < 1.
Step 2: the blow-up sequences Now we want to define two blow up sequences: let

NGk + riz)

v (2) = ur(Zk +rez) — uk(Zi))
Lir, 7@ ( )
1n(Zk) . .
wi(z) = L TG0 (uk Gr + riz) — urGr)) .
KTy

+—A ~ . ~ A
forz € B(k) := B"rikz" and Z; € B N {x, > 0} to be determined. In any case Zx = (z}. Z,n)
where z; = (Z;{, Zk,n)- Let B(oo) = limg—, 4o B (k). We consider the two different cases as
in the proof of Proposition 2.6; that is,

Zk.n

Tk
Zk.n

Tk

Case 1 the term is unbounded, then we choose Zx , = zkn. In other words, Zx = zi;

Case 2 the term is bounded, then we choose Zx,, = 0. In other words, Zx = (2}, 0).

In Case 1, since points z; lie on a compact set, then we already know that ry — 0. The
fact that ry — 0 in Case 2 has to be proved after suitably adjusting the blow-up sequences:
this helps also to have the sequence of derivatives uniformly bounded in a point, in order
to apply the Ascoli-Arzeld convergence theorem. Such adjustment consists in subtracting a
linear term:

Vr(2) = vk (2) — Vur(0) -z,  wi(z) = wi(z) — Vwg(0) - z.
One can see that

i) 4 (0) = wi(0) = 0 and [V |(0) = [Vw|(0) = 0;
ii) [Bjﬁk]co.a«)(,() = [8j1}k]c0,a(-)(1() for any compact K C B(oo) andany j = 1,...,n.

Moreover, fixing any compact set K C B(oo), there exists k such that for any k > &,

|0jvk(2) — 8k (O)]

ek |z — ;|a(2k+"kZ)
2#¢

< c(K);

Nevertheless, for the i th—partial derivatives

10; v (z) — 9 vr (§)|
P Iz — ;-|0‘(2k+"k2)

1< su
z,eK
Z#L

This is implied by the following

- (Zk - Zk) - (Ck - Zk)‘
Ik rk

uk (Zx)
= W(ai(ﬂuk)(lk) — 0 (ui) (&) + W(aﬂl(zk) — 9in(&x))
Lyr, Lyry,
~ 1—a(zr) 2 5 e(zk)
¢ — —
~ 140 ('”k(z")'L’k >= Lro(y=| %= 25 00y @u18)
k
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iii) the sequences {vy}, {wy} have the same asymptotic behaviour on compact subsets of
B(00) and converge to the same function v. This is done by equicontinuity and uniform
boundedness of the family of functions vy and Vv on compact subsets of B(00). The limit
function v possesses gradient which is globally as,-Ho6lder continuous (e = ®(2x0))
and is non constant passing to the limit in (2.18) since

[0;v(0) —dv@)| =1 or [9v(z1) —dv(z2)| =1,

respectively in Cases 1, 2, where 7, 71, 72 are the same as in the proof of Proposition 2.6;
iv) a contradiction argument shows that r; — 0 also in Case 2: seeking a contradiction, let
us suppose that ry — 7 > 0. Hence,

2||77||L°°(B,~)||uk||Loo(B+) c

sup |k (2)] = Tl = = Shaao 0

z€B(k) e Ly rTE L

which means that vy — 0 uniformly on compact subsets of B(c0). This fact implies also
that pointwisely in B(c0)

v(z) = lim Vuvi(0) - z.
k—+00

Since 0 € B(k) for any k, it is easy to see that B(co) contains a half ball B;{, for a small
enough radius R > 0. If the sequence {9 vx (0)} was unbounded atleastfor j =1, ..., n,
then

[V(Rej)| =R lim [Vu(0)-e;| = +o0,
k——+00

which is in contradiction with the fact that v € C1:%e (B;) and hence bounded. Hence,
{Vur(0)} is a bounded sequence, and up to consider a subsequence, it converges to a
vector v € R” and v(z) = v - z, which is in contradiction with the fact that v has non
constant gradient.

Hence we can conclude that

n in Case 1

B =
() =10 2 0) in Case2.

In fact, even if this time the blow-up points zx, {x may be on the boundary of the support
of the cut-off function, we can ensure that
B, — 2k

B C .
8rk Tk

Step 3: the rescaled equations Let k > ko large enough. Functions wy solve in B (k)

n(ik)rlfot(zk)

— div(Ag G VW) (2) = k Je(Gk +12)

Ly
n(Zr) - . . R
+Tkrk Ot(Zk)dIV(ng (Zk + 1) — Fg, (Zk)) ()
+@’;_a(ka(ﬁk + re2)ug G + rz)
k
+rebi (2 + rez) - Vwg(2)
+div((Ag G + 1) — Ag Gi)) V) (2), 2.19)

@ Springer



Boundary regularity estimates in Holder spaces... Page230f31 166

plus possibly boundary conditions in Case 2 (we will deal with boundary terms later). The
first and third terms vanish arguing as in (2.14). In order to make vanish the fourth and fifth
terms we use Remark 2.7. In fact, using Lemma 2.4, which gives uniform-in-k «(-)-Holder
continuity of the coefficients a;;’s and using (2.10) we have

/ [(Ae, Gk + 112) — Ag (B1)) Vg - Vo (2)]
BrNB(c0)

< c/ r]rcnaX{a(ik-i-rkz),ot(ﬁk)}|vwk|
BrNB(c0)

)

[Vug (Zx + rx2)l,
Lr  JBgrnB(co)

using the log-Holder continuity of @ having
lae(Zk + rkz) — a(Zi)| - [logri| < w(rlz])|logrk| < w(reR)|logry| < c.

Were |Vuy| uniformly bounded, we could promptly conclude. However, this information is
given by the uniform C!¢ estimate in Remark 2.7. Similarly,

Tk

/ b (Zk + ri2) - Vwr(2)¢ (2)dz
BrNB(c0)

2 1—a(zk)
n(Ze)r . R
<e—k / |bi Gr + rx2)| - |Vug Gk + ri2)|
Ly BRrNB(c0)
r]:—a@k)——mz'gik) A
<ck—— sup |Vur(G +r2)| — 0,
Ly BrNB(c0)

using as before the information given by Remark 2.7; that is, boundedness of the |Vug|’s. In
Case 2 we have to deal with boundary conditions. In case of Dirichlet boundary conditions,
using a first order Taylor expansion of g, with Lagrange form of the remainder, the C L)
regularity of g and Lemma 2.4 imply on compact sets K’ of {x,, = 0}

[wi (x", 0)] = |we(x', 0) = Vg (0) - (x', 0)]

n(Zk) R . .
= L@ |86 G + 11e(x", 0) = 8oy, (20) — 1k Vg, () - |

r]i +max{a(Zp+ri(E',0)),a(Zk))
c — 0.
Lkr,: +a(zk)

IA

In the last line, the point £’ stands for an intermediate point between 0 and x’.
In case of Neumann boundary condition, after integration by parts in the equation we can
show that the contribution on the boundary vanishes

/ (Ag, Gr + 1) Vg (2) — Ag (Z) Vwi(0)) - v (2)
BrNB(00)

Nk
- Lkr;+0t(1k)

1 max{a (Zx+rez),a(Zr)}
< CT@)/ " — 0.
Lir@ Jpenanioo)

f e 2k + 1e2) — hey ()] - 19(2)]
BgrNIB(o0)
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The second term in the right hand side of (2.19), which is the term with fields Fy,, can be
treated in a similar way.
Step 4: the limit equation and a Liouville type theorem One can reason as in the last part
of proof of Proposition 2.6, obtaining that the limit function v belongs to ngc R"™) or

(H, {lxn :0})1oc (@) / HllOC (M) and solves

—div (AW)

v=0 or

M n
in R,

—div (AVE) =0 inR", or
Vv-v=0 on{x, =0},

=0

A
respectively in Cases 1, 2 with constant coefficients limit matrix A= A(zoo) = lim A, (Z¢).
Nevertheless, v is non constant and has non constant gradient which is globally a~o-Holder
continuous in R" or R} . After applying the linear map introduced in Proposition 2.6, we
can reabsorb the constant coefficients limit matrix, and after possibly reflecting with respect
to the new hyperplane {y - Ce, = 0}, we have an entire harmonic function in Hlf)c(]R”)
globally C!:%< with a non constant partial derivative. Hence this derivative is also harmonic
and globally a,-Holder continuous with oo, < 1, in clear contradiction with the Liouville
theorem [24,Corollary 2.3]. ]

3 An approximation scheme and Schauder estimates

In this section we are going to construct an approximation scheme which allows to extend
the estimates proved in the previous section to any weak solution to (1.6); in other words,
we are going to prove Theorem 1.1 and Theorem 1.2. Then, in the last part of the section we
show how to iterate the gradient estimate obtained in order to produce Schauder regularity
for partial derivatives of our solutions of any order; that is, Corollary 1.5.

3.1 An approximation scheme

The approximation scheme exposed in this section follows some ideas contained in
[25,Section 6].

Remark 3.1 We remark that we can always localize our problem in half balls (or balls, which
is a simpler case which we are not going to treat) with radii small enough to ensure local
coercivity of the bilinear form given by

b(u,¢)=/+Aw-v¢—w¢—b.w¢, 3.1)
BV

which implies, imposing boundary data on the curved part of the boundary 9" B;", existence
and uniqueness of solutions to (1.6). Then, local estimates in generic domains are conse-
quently obtained through a covering argument. In other words, our balls will be taken with
r < min{1/2, ro} where ro depends on the norms || V||, m ¢ and ||b]l;m,¢) and ellipticity
constants of A in the original domain where we would like to ensure regularity estimates.
The coercivity can be ensured whenever m; > 5 and m, > n. Since we are going to perturb
the problem in order to regularize it, we would like to stress the fact that this coercivity radius
ro can be taken in such a way as to guarantee coercivity of the k-perturbed bilinear forms, for
k large, as well. This is due to closeness of the regularized potentials and drifts to the original
ones in Lebesgue norms, and closeness of regularized coefficients to original ones in L.
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Proof of Theorem 1.1 and Theorem 1.2 We develop a strategy which has some relevant differ-
ences in case of Dirichlet and Neumann boundary conditions at B].. We work in the setting
of the regularization for Holder estimates, but the reasoning applies a fortiori also in the case
of regularization for gradient estimates. Taken a weak solution to (1.6) with either Dirichlet
or Neumann boundary data at the flat boundary, as we have already noticed in Remark 3.1,
without loss of generality we can restrict ourselves to small radii » < min{1/2, ro}.

Case 1: Dirichlet BC Let u € H' (B") be a generic weak solution to (1.6) with Dirichlet
boundary condition at B]. and let us fix a radius 0 < 7 < r. Along a sequence k — +00
let us consider the regularizations of A, f, F', V, b, g as in Section 2.2. Mollifications A,

and g, are well defined respectively in B/, and B’,. whenever ¢ < & depending on 7. We

= =
remark that the trace ® of the solution u belongs to H 1/ 2(8Br+ ) (since B;" is a Lipschitz
domain [18]). Nevertheless, on B, we know that ® = g € C%2() Hence, let us define
d in 9T BT
- et (3.2)
nge + (1 —mg in B,

and in general, for any regularization G, of a datum G by convolution, let us define Gy :=
1Ge, + (1 — )G in B, where n € C°(B r%;) is a radially non increasing cut-off function
with 0 < n < 1and n = 1 in By. These junctions are introduced merely to ensure solvability
for the Dirichlet problem. In fact, this way we will be able to prescribe traces, for the perturbed
problems, belonging to H'/?(d B;"). It is very easy to see that [Pkl 2055+ < ¢ uniformly
in k and that ®; — @ strongly in L?(3B;}). Actually, one can show that the fractional
Gagliardo seminorm

[Pk (x) — Dy (y)]?
[cbk]Hl/Z(aBrJr) = //aB,TxaBj dedy <c (3.3)

is bounded uniformly in k (we prove the previous claim in Remark 3.2). Let us consider, for
any trace & an H 1 (B;" )-extension ug, . Hence

”ud?'k”[-]l(BrJr) = C”(Dk”Hl/Z(aBrJr) <c

and hence u¢, converge weakly, up to consider a subsequence, to a function v € H ! (B).
Nevertheless, by compact trace embedding, True, — Trv strongly in Lz(aBj ) which
implies that Trv = &. Hence, as extension of ® we consider exactly u¢ := v and we define
w=u—ugpeE Hol (B;7). In particular, w is the unique solution to

w=0 on E)Bﬁ'.
(3.4

{—div (AVw) = f +divF + Vw +b - Vw + div (AVug) + Vuge +b - Vug in B

This is due to continuity and coercivity of the bilinear form (3.1) and applying the Lax-
Milgram theorem with linear form

(L,qb):/ fo+F -Vo+AVug - Vo + Vued +b - Vued.
B

@ Springer



166  Page 26 of 31 S. Vita

Let us now consider the unique solution wy € HO1 (Br+ ) to

—div (Akak) = fr + divF; 4+ Viwg + by - Vwy + div (AkVu¢k)
+Viuo, + by - Vg, in B (3.5
wr =0 on dB;t.

As we have previously remarked, solvability and uniqueness of the previous problem in
H(} (B;") come from coercivity of the k-perturbed bilinear form

bi(v, ¢) =/+Ava~V¢— Vivg — by - Vg, (3.6)
Br
and applying the Lax-Milgram theorem with linear form
(Liodh = [ | i+ 56+ AuViwo, -V + Vi, + b - Vi,
Br

The sequence of the wy’s converges to w. This is done using strong convergences of sequences
{fi}, {Fx}), {Vk} and {bi} to f, F, V, b in the right variable exponent Lebesgue spaces. In
fact, testing (3.5) with wy and using Sobolev embeddings one gets a uniform-in-k constant
such that

”wk”H(}(B;*') <c <||fk||Lp(~)(B;*') + ||F1< “L‘I(')(B;*') + ||CI)/< ||H1/2(aB;")> .

The constant above is uniform since we have || Vi || pm ) BhHt 1Ds |l oy B =¢ (the constant
itself depends on them). We have used also the fact that there exists a positive constant which
is uniform in k£ and depends only on ellipticity constants of A such that the quadratic forms
associated to Ay satisfy

[Vvl|2.
N

1 -
f/ |Vv|2§/ Ava~Vv§c/
¢ JBr B B;

Hence, one gets easily weak convergence in HO1 (B;") to a certain function. Using pointwise
convergences and Vitali’s convergence theorem we obtain that such a function is solution
to (3.4) and hence must coincide with w by uniqueness (for details we refer to [25,Lemma
2.12]).

Hence, uy := wy + ue, weakly converges to w + u¢e = u with

”uk”Hl(Br*) =< ||wk”H0](Br+) + C||q>k||1-11/2(33r+)

and it is solution to

—div (Akvuk> = fr +divFy + Viug + by - Vuy in BrJr
Up = q)k on 8Bj_.
We remark that sequence {uy} satisfies the uniform estimate (2.8) in Proposition 2.6 on
BFJF; that is,
||uk||c0,«x(4>(37_+/2) =c (”uk”LOO(B;r) + ||fk||Lp(~)(3rj) + ||Fk||Lq(-)(B7+) + 11 8¢y ”CO-a(‘)(B%)) ,

with a constant which depends on || Vi || m¢) and ||bg |l myc). Since the right hand side is in
turns uniformly bounded in k (by convergences, uniform energy bounds and Lemma 2.4),
in particular the convergence u; — u is uniform on compact subsets of B;?z U B; /20 which
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means that one can pass to the limit in the previous estimate getting for the general solution
u the desired estimate (up to restrict a bit the radius of the ball 7 < 7).

Case 2: Neumann BC Let us consider, along a sequence k — +00, the unique solution wy
to the following problem

—div <Akak) = fr + divFy + Viwg + by - Vwy + div (AkVu)

+Viu + by - Vu in B}
Akak v =hp — AkVLt Y on B,
wr =0 on dT B,

This time, solvability and uniqueness of the previous problem in H (B;" U B]) come from
coercivity of the bilinear form (3.6) and applying the Lax-Milgram theorem with linear form

(Lk. ¢) =/+fk¢+Fk-V¢+Akw-V¢+Vku¢+bk-Vu¢ +/ hip — AV - v.
B/ B,

We argue as before obtaining easily that wy weakly converge to a function w which is the

unique solution to

—div(AVw) =Vw+b-Vw in BrJr
AVw-v =0 on B
w=0 on dT B,

which however is the zero function.
Hence, uj := wy + u weakly converges to u. Moreover, the u;’s weakly solve

—div (AkVuk) = fi +divFy + Viug + by - Vuy in B
AkVuk -v=hy on B;
up =@ on dT B,

Of course, as in Case 1, the sequence of the u;’s enjoys the uniform estimate (2.8) in
Proposition 2.6. Hence u inherits the regularity estimate by uniform convergence on compact
sets (up to consider a smaller ball with radius 7 < 7).

The case of gradient estimates is very similar (which is the proof of Theorem 1.2). We
only remark that in the last part of the argumement, in order to transfer the uniform estimate
(2.17) of Proposition 2.8 to the limit, one has to use the uniform convergence on compact
sets of the sequences of partial derivatives {d;ux}. O

Remark 3.2 Let ®; as in (3.2). Then (3.3) holds true.

Proof We are going to estimate uniformly in k the following fractional Gagliardo seminorm

|y (x) — Dy (y)]?
[Pr]yi209p+ = // _
HIZ@B7) IBF 3BT lx — y|"

One can split the double integral into several pieces, using different information to manage
the estimate. We can reduce ourselves to the following case:
Casel x € B, andy € 0B;'.

r4r

2
In fact, the complementary can be divided into the union of x € aB;¥ \ B/, and y €

B\ B’,%F with x € 3B;F \ B’,%F and y € B’,%F. By symmetry, the third case is part of the
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first one, while the integral contribution in the second case can be trivially estimated by

1Pe(x) = D _ |®(x) — ®(y)|?
g Xy v o ey = [ Plmeesh:
(3B;! \BL}T‘ y (3B, \B r ) y

Hence, we consider the subcase
Case 1.1 x € B/ . and y € 3" B;".

l+r

In this case pomts are not too close; that is, [x — y| > %, and hence the integral contri-

bution can be estimated by some constant times || P || L2(OB) which is however uniformly
bounded.

Then, we consider another subcase
Casel.2x € B, andy € B’\B,+,.

r+r

Actually, if x € B, again points are not so close [x — y| > 5~ ” Hence, if x € B 2 \ B
andy € B/ \ B/, o using that n(y) = 0, «-Holder continuity of g and Lipschitz contlnuity
of n

| (x) — P = () ge, () + (1 — n(x)g(x) — gWI?
= [(n(x) — n())(ge, (x) — g(xX)) + g(x) — g(M)I?

2
cex - yP? (/ ~ﬁ<r>|z|ﬂ> 1800 — (P
suppii

which divided by the kernel |x — y|" are integrable terms.
Hence, we consider the last subcase
Case1.3x € B! - andy € BW.

"+V

IA

‘We consider three subcases of Case 1.3:
Case1.3.1x € B,,; \ B-and y € B..

47

Using that 1 — n(y) =0,

[Pk (x) — Pk = N(xX)ge, (x) + (1 — (x)g(x) — go, (W
= [(N(x) = nO(EM) — gep (X)) + e, (¥) — g, (NI

and hence, we can conclude if we are able to bound uniformly

2
I _// 186 (X) — ge (W17 <ec. (3.7)
/ )2

lx —y|"

One can show that also in the last two subcases we have left behind; that is,
Casel32x€B’,+,\B’andyeB \ By

and
Case 1.3.3x € BLand y € B.

the key point is the uniform bound of /; in (3.7). Hence, in order to prove it, one can
reason as in [9,Lemma A.1.],

I+V
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lx — y|"

fzeB/, Ne, (Dglx — 1) — g(y — )2
o ,
CRCns =P

2

| fien, a8 —1) =gy =)
(x,y)e(B, )2
2

where in the last inequality we have used Jensen’s inequality and the fact that 7j,, (¢)d¢ is a
probability measure. We can conclude using the fact that 5, is supported in B;k and hence
for the function

gx) —g(y)

H(x,y) = X — 2

€ L*(B. x B))

we have by continuity of translations

lH(—1,- _t)”Lz(B/r%T‘XB;JZr?) =c

which is uniform if |¢| < gx <&. 0

3.2 Schauder estimates with variable exponent

In this last section we prove Corollary 1.5; that is, we obtain local boundary Schauder
estimates for weak solutions to

—div (AVu) = divF in B, N Q2
u=g or AVu-v=~h onB,NIQ,

By applying the diffeomorphism introduced in (2.1), and using the lemmas and reasonings
in Section 2.1, the proof of Corollary 1.5 is actually implied by the following result

Proposition3.3 Letr >0,k >0, @ € Alog(Bj‘), and u be a weak solution to

{—div (AVu) =divF  in B 38)

u=g or AVu-v="h onB],

with A, F € ckeO (B, g € C*1eO B!y or h € CR¥O(BY). Thenu € CELM*Y (B U
B)).

We would like to remark here that the proof is based on the iteration of the gradient
estimate in Theorem 1.2.

Proof We procede by induction. The result for k = 0 is contained in Theorem 1.2. Hence,
we suppose the result true for a generic integer £ > 0 and we prove it for the case k 4 1; that
is, we are assuming A, F € CKT1-¢O(BH), ¢ € CK+2¢O)(B/) or h € CK+1-¢0)(B!), and we

want to prove that actually u € Cﬁiz’a(') (B;" U B/). First, we prove that actually

dyu € CLrM O (BYUB)  foranyi=1,....,n—1. (3.9)
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In fact, differentiating the equation, one gets

—div (AV(0y,u)) = div (05, AV + 0, F) in B;"
Oy;u =0y,g or AV(dyu)-v =20yAVu-v+9dyh on B,.

Using the inductive hypothesis, and the fact that we already know thatu € clrte®) (BFUBY))

loc
k,a(:)

(which implies Vu € C_; (B,+ U B})), then (3.9) follows. In order to conclude, it remains

to prove

B u € CETO (B U B, (3.10)

loc
Actually, (3.10) follows if we prove that 8%1)('114 € Clko’g(')(B;" U By). In fact, by (3.9) we
already know that dy, 0y, u € Clko’g(')(B;" U B;) foranyi = 1,...,n — 1. Hence, considering
equation (3.8), we have the following

n—1
—0y, (AVu - e,) =divF + Y 3, (AVu-e).

i=1
Hence

n—1 -1
—ap O 1t = dIVF 4+ 0 (AVi - €7) + B, n O, 1 + O, | D aniOe

i=1 i=1

The uniform ellipticity of A implies that a, ,(x) = A(x)e, - e, > A > 0, and together

with the expression above allows to conclude. In fact 8)%” x, U can be expressed as sum of

Cfﬁ,f © (B U B))-functions. -

Acknowledgements I would like to thank Susanna Terracini for many fruitful conversations on the paper.
The present work was written when the author was a research fellow of Istituto Nazionale di Alta Matematica
INDAM

Funding Open access funding provided by Universitd degli Studi di Torino within the CRUI-CARE Agree-
ment.

Data availability statement Data sharing is not applicable to this article as no new data were created or
analyzed in this study.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Acerbi, E., Mingione, G.: Regularity results for a class of functionals with non-standard growth. Arch.
Ration. Mech. Anal. 156, 121-140 (2001)

2. Acerbi, E., Mingione, G.: Gradient estimates for the p(x)-Laplacean system. J. Reine Angew. Math. 584,
117-148 (2005)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Boundary regularity estimates in Holder spaces... Page310f31 166

20.

21.

22.

23.

24.

25.

26.

27.

Almeida, A., Samko, S.: Pointwise inequalities in variable Sobolev spaces and applications. Z. Anal.
Anwend. 26, 179-193 (2007)

Almeida, A., Samko, S.: Embeddings of variable Hajtasz-Sobolev spaces into Holder spaces of variable
order. J. Math. Anal. Appl. 353-2, 489-496 (2009)

Ambrosio, L., Carlotto, A., Massaccesi, A.: Lectures on Elliptic Partial Differential Equations. Lecture
notes Scuola Normale Superiore di Pisa 18, Springer (2018)

Bies, PM.: A priori estimates and theory of existence for parabolic equations in variable Holder spaces.
J. Differ. Equ. 287, 491-541 (2021)

Bies, PM., Gorka, P.: Schauder theory in variable Holder spaces. J. Differ. Equ. 259, 2850-2883 (2015)
Bies, P.M., Gorka, P.: Cordes-Nirenberg theory in variable exponent spaces. J. Differ. Equ. 262, 862-884
(2017)

Brasco, L., Gomez-Castro, D., Vazquez, J.L.: Characterisation of homogeneous fractional Sobolev spaces.
Calc. Var. Partial Differ. Equ. 60-2, 1-40 (2021)

Diening, L., Harjulehto, P., Histo, P., Razicka M.: Lebesgue and Sobolev spaces with variable exponents.
Lecture Notes in Mathematics. Springer (2011)

. Diening, L., Lengeler, D., RdZi¢ka, M.: The Stokes and Poisson problem in variable exponent spaces.

Complex Var. Elliptic Equ. 56(7-9), 789-811 (2011)

. Diening, L., RGZi¢ka, M.: Calder6n-Zygmund operators on generalized Lebesgue spaces L ©) and prob-

lems related to fluid dynamics. J. Reine Angew. Math. 563, 197-220 (2003)

. Diening, L., RiZi¢ka, M.: Integral operators on the halfspace in generalized Lebesgue spaces L” O, part

1. J. Math. Anal. Appl. 298, 559-571 (2004)

. Diening, L., RdZi¢ka, M.: Integral operators on the halfspace in generalized Lebesgue spaces L” ON part

II. J. Math. Anal. Appl. 298, 572-588 (2004)

Dong, H., Escauriaza, L., Kim, S.: On C 1 s C2, and weak type-(1,1) estimates for linear elliptic operators:
part II. Math. Ann. 370-1-2, 447-489 (2018)

Dong, H., Lee, J., Kim, S.: On conormal and oblique derivative problem for elliptic equations with Dini
mean oscillation coefficients. Indiana Univ. Math. J. 69-6, 1815-1853 (2020)

Ferndndez-Real, X., Ros-Oton, X.: Regularity Theory for Elliptic PDE. Forthcoming book (2020)
Gagliardo, E.: Caratterizzazioni delle tracce sulla frontiera relative ad alcune classi di funzioni in n
variabili. Rend. Sem. Mat. Univ. Padova 27, 284-305 (1957)

Giaquinta, M., Martinazzi, L.: An introduction to the regularity theory for elliptic systems, harmonic
maps and minimal graphs. Appunti Scuola Normale Superiore di Pisa (Nuova Serie), vol. 2. Edizioni
della Normale, Pisa (2005)

Gilbarg, D., Héormander, L.: Intermediate Schauder estimates. Arch. Ration. Mech. Anal. 74-4, 297-318
(1980)

Gilbarg, D., Trudinger, N.S.: Elliptic Partial Differential Equations of Second Order. Reprint of the 1998
edition, Classics in Mathematics, Springer-Verlag, Berlin (2001)

Jin, T., Li, Y., Xiong, J.: On a fractional Nirenberg problem, part I: blow up analysis and compactness of
solutions. J. Eur. Math. Soc. 16-6, 1111-1171 (2014)

Lieberman, G.M.: Intermediate Schauder estimates for oblique derivative problems. Arch. Ration. Mech.
Anal. 93-2, 129-134 (1986)

Noris, B., Tavares, H., Terracini, S., Verzini, G.: Uniform Holder bounds for nonlinear Schrodinger
systems with strong competition. Comm. Pure Appl. Math. 63, 267-302 (2010)

Sire, Y., Terracini, S., Vita, S.: Liouville type theorems and regularity of solutions to degenerate or singular
problems part I: even solutions. Comm. Partial Differ. Equ. 46-2, 310-361 (2021)

Soave, N., Terracini, S.: The nodal set of solutions to some elliptic problems: singular nonlinearities. J.
Math. Pure. Appl. 128, 264-296 (2019)

Trudinger, N.: Linear elliptic operators with measurable coefficients. Ann. Scuola Norm. Sup. Pisa CI.
Sci. 27-2(3), 265-308 (1973)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Boundary regularity estimates in Hölder spaces with variable exponent
	Abstract
	1 Introduction
	1.1 Variable exponent spaces
	1.2 Structure of the paper and main results

	2 Uniform Hölder and gradient estimates for regularized problems
	2.1 A diffeomorphism straightening the boundary
	2.2 A family of regularized problems
	2.2.1 The regularization for Hölder estimates
	2.2.2 The regularization for gradient estimates


	3 An approximation scheme and Schauder estimates
	3.1 An approximation scheme
	3.2 Schauder estimates with variable exponent

	Acknowledgements
	References




