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EXISTENCE OF NONRADIAL DOMAINS FOR OVERDETERMINED AND
ISOPERIMETRIC PROBLEMS IN NONCONVEX CONES

Alessandro IJACOPETTI, Filomena PACELLA, Tobias WETH

ABSTRACT. In this work we address the question of the existence of nonradial domains inside a non-
convex cone for which a mixed boundary overdetermined problem admits a solution. Our approach is
variational, and consists in proving the existence of nonradial minimizers, under a volume constraint,
of the associated torsional energy functional. In particular we give a condition on the domain D on the
sphere spanning the cone which ensures that the spherical sector is not a minimizer. Similar results
are obtained for the relative isoperimetric problem in nonconvex cones.

1. INTRODUCTION
In this paper we study an overdetermined problem for domains in a cone. This topic shares sim-
ilarities with the question of characterising constant mean curvature hypersurfaces inside a cone (see
[22, 23]) and hence with the isoperimetric problem. Thus we will also show some results for it.
Let D be a smooth domain on the unit sphere S¥~! and let ¥ be the cone spanned by D, namely
Yp:={zcRY; 2 =sq, q€ D, s€(0,+00)}. (1.1)
For a domain 2 C X p we set:
T'g:=00nN ¥p, FLQ =00 NoXp

and assume that Hy_1(I'1 o) > 0, where Hy_1(-) denotes the (N — 1)-dimensional Hausdorff measure.
The set ' is usually called the relative (to ¥p) boundary of .
We consider the following overdetermined mixed boundary value problem:

—Au=1 in Q,

u =0 on g,

du — () on 'y o\ {0} (1.2)
ov 1,Q )

ou

e =—c<0 onlq,

for a constant ¢ > 0, where v is the exterior unit normal. If I'g is not smooth then the constant normal
derivative condition is understood to hold on the regular part of I'q.

The overdetermined problem (1.2) arises naturally in the study of critical points of a relative torsional
energy of subdomains of the cone X p subject to a fixed volume contraint. Indeed, for any domain §2,
as in (1.2), let us consider the torsion problem with mixed boundary conditions

—Au=1 in{,
u=0 on I'g, (1.3)
gu =0 onTy o\ {0}

It is easy to see that (1.3) has a unique weak solution ug in the Sobolev space H{(2;Xp) (see Sect. 6
or [9]), which is obtained by minimizing the functional

J(v) = %/Q |Vol? dz — /Qv dx. (1.4)
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We then define the value
1

1
E(Xp) = J(uq) = -5 /Q |Vug|? dr = fi/ﬂufz dz, (1.5)

and call it the torsional energy of 2 in ¥ p. Note here that the second and third equality in (1.5) hold
since ugq is a weak solution of (1.3). By definition, the domain-dependent functional Q — £(Q;Xp)
represents a relative version of the classical torsional energy functional usually defined using the solution
of the analogous Dirichlet problem.

Using domain derivative techniques, as for other similar problems in shape-optimization theory it
can be proved that the critical points of the functional £(Q; ¥ p) with respect to volume-preserving
deformations which leave the cone invariant, correspond to domains €2 for which % is constant on I'q,
i.e. ugq satisfies the overdetermined problem (1.2) (see in [23, Proposition 4.3] if T'q is smooth and uq
has some Sobolev regularity, or Proposition 7.4 in the present paper in the nonsmooth case).

In this paper we intend to study the existence and the properties of domains for which a solution of
(1.2) exists. It is easy to see that for any spherical sector Qp g := Bg N Xp, where Bg = Bg(0) is the
ball with radius R > 0 centered at the origin (which is the vertex of the cone), the radial function

N2c2 — |z|?

u(x) = 5N (1.6)
is a solution of (1.2) for = Qp g. Therefore the question is whether the spherical sectors Qp g are the
only domains for which (1.2) admits a solution. In the case of convex cones the answer was provided in
[22], obtaining the following result (see [22, Theorem 1.1]):

Theorem 1.1. If Xp is convex, T'q is smooth and u is a classical solution of (1.2) such that u €
Whee(Q) N W22(Q) then:

Q=YpnN BR(P0)7
where Br(Py) is the ball centered at Py with radius R = Nec, and either Py = 0, i.e. Q = Qp g, or
Py € 0¥ p and Q is a half-ball lying on a flat part of 0¥ p.

Hence, if ¥ p is a convex cone, not flat anywhere, then the radial domains Q2p g are the only domains
admitting solutions of (1.2). Let us observe that the assumption u € W1 (Q)NW22(Q) can be seen as
a “gluing condition”. Indeed it is automatically satisfied whenever I'g and 0% p intersect orthogonally
(see [22, Sect. 6]).

In the context of the variational formulation of problem (1.2) described above, the result of Theorem
1.1 gives a characterization of the smooth critical points of £(Q; X p), restricted to the class of subdo-
mains of fixed volume, in the case of convex cones. In particular any local minimizer of £(Q2; X p) with
a volume constraint is a spherical sector. Actually, using symmetrization methods in cones [19, 24] it
can be proved (see [23]) that this holds in a more general class of cones which are the ones having an
isoperimetric property.

In contrast, the case of nonconvex cones is largely unexplored, which is the main motivation of the
present paper. The variational formulation of the overdetermined problem suggests that to look for
nonradial domains for which there exists a solution of (1.2) is equivalent to look for nonradial critical
points of £(€2; ¥ p) under a volume constraint. In particular, if there are cones for which a minimizer
of £(; X p) (fixing the volume) exists and if we are able to show that it is not the spherical sector then
we achieve our goal. This is the content of our first main result.

Let us denote by A1(D) the first nontrivial eigenvalue of the Laplace-Beltrami operator —Agny-1 on
D with zero Neumann boundary condition.

Theorem 1.2. If D is a smooth domain of SN~ such that:
M(D) <N -1 and Hy-1(D) < Hy-1(S¥ ™) (1.7)

where Sf_l s a half unit sphere, then there exists a bounded domain * which is a minimizer for
E(Q; X p) with a fized volume, but Q* is not a spherical sector Qp g, for R > 0.
Moreover there exists a critical dimension d* which can be either 5,6 or 7, such that for the relative
boundary T'q« it holds that:
(i) T« is smooth if N < d*;
(ii) T+ can have countable isolated singularities if N = d*;
(iil) T+ can have a singular set of dimension N —d*, if N > d*.
In addition on the regular part of I'q- the normal derivative agﬁ* is constant, where ug~ is the torsion
function of Q*.
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The condition A (D) < N — 1 in (1.7) is the one which ensures that a spherical sector 1p r cannot
be a local minimizer for £(2;¥p) among the class of smooth subdomains of ¥p with fixed volume,
because it implies that it is not a stable critical point with respect to volume-preserving deformations
(see Theorem 5.1). To prove this, we restrict the torsional energy functional to the class of strictly
star-shaped sets ) in X p with fixed volume ¢ > 0, and we show the instability of the spherical sector
Qp.r with |Qp r| = ¢ within this class. The reason to consider strictly star-shaped domains is that the
relative boundary I'q of a strictly star-shaped set is a radial graph of a function ¢ on D. This allows
to study £(€%;¥p) as a functional on ¢ € C?(D).

On the other hand, the condition Hy_1(D) < Hx—1(SY ) is the one which allows to prove the
existence of a minimizer for £(Q;Xp) (see Theorem 6.8 and Corollary 6.9). In the Appendix we give
examples of domains D on SV ~! satisfying both conditions in (1.7).

Let us observe that, since ¥p is not bounded, the existence of a minimizer for £(Q;Xp) is not ob-
vious. To prove Theorem 1.2 we use the concentration-compactness principle of P. L. Lions (see [17]).
It was first used in shape-optimization Dirichlet problems in [6]. Having mixed boundary conditions,
we cannot make use of the same proof as in [6]. We also stress that, as the cone ¥p is not convex and
since we do not have any information on the contact angle between ¥ p and I'*, some care is needed
to prove that the normal derivative agg* of the torsion function ug« is constant on the regular part
of I'* (see Proposition 7.4). Finally, the regularity statements follow from the results of [11, 15] and [27].

As announced we also consider the isoperimetric problem in the cone to get a analogous nonradiality
result using the same strategy.

The isoperimetric problem in the cone consists in minimizing the relative perimeter P(E; ¥ p) among
all possibile finite relative perimeter sets E contained in the cone ¥p, with a fixed volume. It was
proved in [18], and later in [25, 13, 10], that if ¥ is a convex cone then the only minimizer of P(F;Xp)
with a fixed volume are the spherical sectors {2p . This holds also in “almost” convex cones as shown
in [2] (see also [23]). If the cone is not convex, a counterexample is given in [18].

Here we show that under the same conditions (1.7) a minimizer of P(E;Xp) exists but is not the
spherical sector 2p . So we have:

Theorem 1.3. If D is a smooth domain of SN~ such that (1.7) holds then there exists a bounded
set of finite perimeter E* inside X p which minimizes P(E;Xp) for any fized volume and E* is not a
spherical sector Q0p r, R > 0. Moreover for the relative boundary I' g~ it holds:

(i) Tg- can have a closed singular set T of Hausdor(f dimension less than or equal to N —7;

(ii) Tp~ \fE 18 a smooth embedded hypersurface with constant mean curvature;

(i) ifx € Tp« \fE NOXp then I'g- \fE* is a smooth CMC embedded hypersurface with boundary
in a neighborhood of x and meets OX.p orthogonally.

As for Theorem 1.2, the condition A\q(D) < N — 1 is the one which ensures that Qp g cannot be a
local minimizer (see Theorem 8.3) and to prove this we again work in the class of smooth star-shaped
sets. Instead the existence follows by results obtained in [25], while the regularity of minimizers derives
from classical results for isoperimetric problems.

As a consequence of Theorem 1.3 we get that whenever (1.7) holds there exists a CMC hypersurface
in the cone, namely I'g«, intersecting 9¥p orthogonally, which is not a spherical cap centered at the
vertex of the cone. It is important to notice that I'g« cannot be a smooth radial graph. Indeed, by [22,
Theorem 1.3] and [23, Theorem 1.1], we know that if I'g- was a CMC radial graph intersecting 0% p
orthogonally then E* would be a spherical sector {1p g, and this holds in any cone without requiring
convexity hypotheses. It would be very interesting to understand what kind of CMC hypersurface I' g«
could be.

Finally we observe that, from our results and [18, Theorem 1.1] (or [22, Theorem 1.1]), we easily
recover the inequality A;(D) > N — 1 whenever D is convex. This was proved in [12, Theorem 4.3] (see
also [1, Theorem 4.1]).

The paper is organized as follows. In Section 2 we provide some geometric preliminaries. In Section
3 we study the torsional energy functional £(2; X p) on strictly star-shaped domains in the cone; while
in Section 4 we derive the formulas for the first and second variations of £(€2; ¥p) when the volume is
fixed. In Section 5 we prove that the first condition in (1.7) allows to prove that the spherical sector is
not a local minimizer for £(2; Xp). The long Section 6 is devoted to study the question of the existence
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of minimizers of £(Q; X p) with a volume constraint. Their properties are described in Section 7 where
the proof of Theorem 1.2 is deduced. Finally in Section 8 we study the isoperimetric problem and prove
Theorem 1.3. In the Appendix we give examples of nonconvex domains satisying the condition (1.7).

2. SOME PRELIMINARIES

In this section we fix some notation and we collect, for the reader’s convenience, some definitions and
known facts from Riemannian Geometry that will be used throughout the paper.

Given a smooth manifold M, we denote by T,,M the tangent space at p € M, by T (M) the space of
tangent vector fields on M and by T'M the tangent bundle.

We denote by (-,-) or - the standard scalar product in RY, by | - | the Euclidean norm, and by V°
the flat connection of RY. In the special case M = D, where D € S¥~! is a domain of the unit sphere
in RY, we denote by V the induced Levi-Civita connection on D, namely

VxY = (V&Y)T, for any X,Y € T(D),
where T : TR — T'D is the orthogonal projection. If we further assume that D is a proper and smooth
domain of SV~ it will be always understood that D is considered as a submanifold with boundary,
equipped with the induced Riemannian metric.

If ¢ : D — R is a smooth function, we adopt, respectively, the notations dy, Vi, to indicate the
differential and the gradient of ¢, which is the only vector field on D such that

do[X] = (X,Vy), forany X € T(D).

We will also use sometimes the notation Vgn-1¢ instead of Vi to make a distinction with respect to the
usual gradient of real valued functions defined in open subsets of RY. The second covariant derivative
of ¢ is defined as
VX,ng =VxVyp— vaygﬁ, for any X,Y € T(D), (2.1)
and the Hessian of ¢, denoted by V2 or by D2y, is the symmetric 2-tensor given by
V2 (X,Y) :=Vxyp, forany X,Y € T(D).

The Laplacian of ¢, denoted by A, is the trace of the Hessian. Again, when there is a chance of
confusion with the standard Laplacian we will use the notation Agn-1¢ instead of A¢p.

Let {e1,...,en—1} be alocal orthonormal frame field for D. For any i,5 € {1,..., N — 1} we define
the connection form w;; as

wij(X) = (Vxej,e), X € T(D). (2.2)

We recall that the connection forms are skew symmetric and in terms of the w;;’s we can write

N-1
veq',ej = Z wkj(ei)ek- (23)
k=1

We denote by ; the covariant derivative V., ¢, and we recall that, by definition, V., = dyle;]. Tt is
easy to check that the gradient of ¢ can be written as

N—1
Vo= g
i=1
Finally, taking X =e;, Y =¢; in (2.1) and using (2.2) we have

N—-1
vehej(p = v€i<pj - Z Wkj (61)50’C (24)
k=1

From now on we will use the notation ¢;; to denote Ve, ¢, . In particular the Laplacian of ¢ can be

written as Ap = Zf\;l Pii-

Now we consider the special case of radial graphs.

Definition 2.1. Let D C S¥~! be a domain and let ¢ € C?(D). We denote by I',, the associated radial
graph to ¢, namely
I, ={zeRY; z= e?Wq, q e D}.
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Clearly Iy, is a (N — 1)-dimensional manifold (of class C?). We consider the map Y : D — I, defined
by
V(g):=e?PDgq, qeD. (2.5)

For any fixed ¢ € D, let ~; : (—0,0) — D, v; = 7;(t) be a curve contained in D and such that ~;(0) = ¢,
~vi(0) = e;(q), for i =1,...,N — 1. Since

Aol _ o(pgte) (2.6)
dt =0

then a local basis for Ty )", is given by
Ei(q) =e*(ei +¢iq), i=1,....,N—1,
and the components of the induced metric are
9ij = (Ei, Ej) = €2 ((es ) + 0i0;(0,0)) = €% (855 + pip;)-
We denote by v()(q)) the exterior unit normal at Y(q) € T',. It is easy to check that

v = = . .
D= @A VP2~ T+ Vel
In addition by direct computation we see that the coefficients of the second fundamental form are
e¥ (8i; + pivj — ¥ij)
1+ |Ve2)/z -
for any 4,j = 1,...,N — 1 (see [20] or [4] for more details). Finally, since the mean curvature at
Y(q) € T, is given by

I, =

N—1
NH(Y(q) = Y ¢"TL,
i,j=1
where (¢*/) is the inverse matrix of (g;;), namely
e (” 1+|Vs02)’ (28)
then, by a straightforward computation we see that ¢ must satisfy the following equation
N—-1
D (4 — wiy) @iy = (N = D)1+ [Vel?) = (N = De?(1+ Vo) P H(V (). (2.9)
i,j=1

Writing (2.9) in divergence form we obtain the well known equation for radial graphs of prescribed mean
curvature (see [20] or [26])

. Vi N -1 .
— divgn—1 + = (N —1)e¥H(e%q) in D. 2.10
) (w + |V<ﬂl2> Ve Z R 210

3. TORSIONAL ENERGY FOR DOMAINS IN CONES

In this section we define and study the torsional energy for smooth domains in cones and then we
focus on the class of strictly star-shaped domains.

Let D be a smooth proper domain of S¥~! and let ¥ be the cone spanned by D. For a bounded
domain €2 C X p we set:

I'g:=00CXp, FLQ =00N0Xp,

and assume that Hn_1(I'1,0) > 0 and that I'g is a smooth (N —1)-dimensional manifold whose boundary
Ol'q = 0I'y o C 0%p \ {0} is a smooth (N — 2)-dimensional manifold. The set I'q is often called the
relative (to ¥p) boundary of .

We consider the following mixed boundary value problem:

—Au=1 inQ,
u=0 on I'g, (3.1)
gu =0 onTy o\ {0}
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It is easy to see that (3.1) admits a unique weak solution ug in the space H (2 UT; o) which is the
Sobolev space of functions in H'({2) whose trace vanishes on I'g. Indeed ug is the only minimizer of

the functional .
J(v) = f/ |Vo|? dx—/v dx
2 Jo Q

in the space H}(QUT o) and we remark that ug > 0 a.e. in 2, by the maximum principle (we refer
to [22, 23] for more details).
Usually, the function ug is called torsion function of Q and its energy J(uq) represents the torsional
energy of the domain ). This allows to consider the functional
E(Xp) = J(ua)

which is defined on the domains contained in X p.
From the weak formulation of (3.1) we have

/ |Vug|? de = / uq dx,
Q Q

1 1
E(Q;Xp) = 3/, |Vug|? dx = _5/9 uq dz. (3.2)

which implies that

Now we focus on the special case when () is strictly star-shaped with respect to the origin which is

the vertex of the cone ¥p. Thus we consider the relative boundary I'q as the radial graph in Xp of a

function ¢ € C?(D,R) as defined in Sect. 2. Therefore we denote © by €, which can be described as:

Q,:={re€¥p; x=sq, 0<s<e?D gecD}. (3.3)

We restrict the torsional energy functional £ to this class of domains and we denote it by &, i.e. we set
&(p) = E(Qp; Xp).

We observe that & is a functional defined on C?(D,R) and we compute its first and second derivatives.
To this aim we point out that taking variations of ¢ in C?(D, R) corresponds to taking variations of Q,
in the class of strictly star-shaped domains (of class C?).

Let us set for simplicity

Fg, = FQW, Pl,go = FLQ%.
If v € C*(D,R) and t € (=6, 6), where § > 0 is a fixed number, we consider the domain variations
Quitv CXp, t € (—0,0). Let £ : (—6,0) x ¥p — Ep be the map defined by
E(t,z) = () g,
It is elementary to check that, for a fixed ¢ € (=4, d) the restriction
Elo, (t,) 1 Qp = Qoo (3.4)

. . . . —1 .
is a diffeomorphism whose inverse (£ ‘qu) : Qg =y, is given by

(€lo,) ™ (@) = ez = ¢(~t,x).

Moreover by definition we have £(t,z) € 9Xp \ {0} for all (¢,z) € (—4,9) x OXp \ {0}. In particular &
is the flow associated to the vector field V on ¥Xp given by

V(z) =0 (@) z, (3.5)

since £(0,z) = = and %(t,x) — (), (ﬁ) x = V({(t,x)), and (Qpitv)re(—s,s) is a deformation of

Q, associated to the vector field V' (see [16, Definition 1.1]). We now compute the derivative of & with
respect to a variation v € C%(D,R).

Lemma 3.1. Let ¢ € C?(D,R) and assume that ug, € W>°(Q,) N W22(Q,). Then for any v €
C?(D,R) it holds
2
/ — _1/ O L
sl = [ o (L) an

where do is the (N — 1)-dimensional area element of SN 1.
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Proof. Let ¢ € C?(D,R) as in the statement and let v € C?(D,R). By definition we have

E(p+tv) =EQptt0; D) = — / uq,,, dr, (3.6)
Qw+tv

[N

where uq is the only (positive) weak solution to

pttv

—Au=1 in Qgp-‘,—t?}?
u = 0 on F@+tv7 (3.7)
g% =0 on P17g0+tv \ {0}

Writing (3.6) in polar coordinates we obtain that

e¢+tv

E(p+tv) =—3 / / “ua, ., (pg) dpdo.

Let ®: (—0,0) — H{(Q, UT,) be the map defined by

where @ = uq_,, ©&(t, )|, € H3(Q, UT1y), &la, (t,-) : Qp — Quiyy is the diffeomorphism given
by (3.4). From the proof of [23, Proposition 4.3] we know that ® is differentiable and thus we infer
that ugq,_,, is differentiable with respect to ¢. Hence, by the Leibniz integral rule for differentiation of
integral functions we get that

d 1
pn (E(p+tv) = 77/ N —D(ettv) gpttv,, uQ,.,, (e?Tq) do

_7/ / o (“QM) (pq) dpdo

In view of (3.7) we have uq,_,,,(e***q) = 0 on D for any ¢t € (—4,0). In particular computing at ¢ = 0
we have

(@)

Sl =5 Eortley = —5 [ [ G )
= 2/Q¢ dt ( Qv:-%—fv)’t 0 dz.

Setting u’ := % (ugww) +—o and arguing as in the proof of [23, Proposition 4.3], where the assumption
ug, € WhHee(Q,) N W>2(Q,,) is used, we infer that v’ € Hj (€, UT'1,,) satisfies

o (pq) dpdo
(3.8)

—Au' =0 in Q,,
u = au% (V,v) onTy, (3.9)
9w — on Ty, \ {0}.

= Vev-190(5%)

\/1+|ch 1¢(|i)|

In particular, in view of (3.5) and since I, is a radial graph we have v(x) = , for any

z €Ty, (see (2.7)), and thus

(Vi) = 12 v <x) on T, (3.10)

\/1+‘VSN 1@(@\)‘2 =

Rewriting (3.8) in terms of v/, applying Green’s second identity (which holds also in conic domains,
since it is a consequence of the divergence theorem, see e.g. [22, Lemma 2.1]) and taking into account
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(3.1) (with Q2 = Q,), (3.9) and (3.10) we get that

1
E'(p)v] = _5/ u dx.
Q‘P
1 / 1 /
= 3 u'Aug,, dr — 3 Au ug, dr
Q, 2, 7

1 0 1 0
= 7/ o uQ,, dorp, + / o uQ, dor, ,\{0}
2 Ty (91/ 2 F1,¢\{0} \.Q,_/ 1

=0

L) e )

2
L+ [V ()]

(3.11)

where dor,, dor, _\ 10y are the (N —1)-dimensional area elements of I',, 'y ,, \ {0}, respectively. Finally,
writing @ = e9(@q, ¢ € D, observing that dor, = eWN=D¢ /T |Vgn-1p|2do and ﬁ = ¢, then from

(3.11) we obtain that
o= [ oo (X)) ao
2 /p 13)% ’
and this completes the proof.

For the second variation of the functional & we have

Lemma 3.2. Let ¢ be as in Lemma 3.1. Then for any v,w € C?(D,R) it holds

P 2
E"(p)v,w] = 5 DeN‘pvw<gZ“’(e"’q)) do

Juq ou!
Ne e (P w (P
—/e 1171/ (e®q) V(e q) do

ou
_/ eNeww aiﬂ“’(e“’q) D2uq, (2 Dq)e?q - v do
D v

0 \% ?q) - Vgn-1
+/ eNey ua, (e®q) UQ“"(e q) - Vorw do
D

v V1+|Ven-1pf?

8uQ 2 Ven—1@ + Ven—1w
Ny o (o S ¥ S d
+ e (ern) Ty

where u, = d% (uesn) |s:0 is the solution to (3.9) with V given by V(x) = w (\%I) x.

Proof. Let us fix v,w € C?(D,R), by definition and by Lemma 3.1 we have

& _ 41 N(ptsw), [ OU«row ( otsw ’ d
@l = (= [ ey (P ey} o

0
E"(p)v,w] = —}/DEN“”NWW%(e‘Pq) do

and thus

2

Juq d [Ouq . .
o No @ (P el ptsw  p4sw
/De " ov (c7a) ds ( ov (e q))

Since 'y, 4, is a radial graph, then, in view of (2.7), we have

s=0

ou
ggp-%—sw (e;p-',-swq) — VUQ
v

q — Vsn-1(p + sw)

egp—&-swq . .
) A Vo (7 T 5P

pt+sw

As in the proof of Lemma 3.1 we consider the map & : (=4, 8) — Hg(Q, UT ), defined by

O(s) = ts = uq,,,, °&(s,")|q,-

s=0

do.

(3.12)

(3.13)

(3.14)

(3.15)

Moroever, let G : H} (Q, UT1 ) — L*(Q, U, RY), given by G(f) := Vf. Since G is a bounded
linear operator, then G is differentiable, G'(f)[g] = Vg for any g € H}(Q, UT1 ). In addition,
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as ® is differentiable (see the proof of [23, Proposition 4.3] for the details), then the composition
God:(=3,8) = L*(Q, UTy ,,RY) is differentiable and
(God)(s)=G"(D(s))[(s)] = V() Vs e (=6,0).

In terms of 4 this means that

d di
R Ul = . .1
(Vi) = v (22) (3.16)
In addition, since uq,, ., = @s0&(—s,-)|qa,,., it follows that also s — Vugq_, , is differentiable. We
claim that
d d
= (Vug,,.,) =V T ) (3.17)
Indeed, setting &, := £(—s,)|a,, .., since
0 o . . %3
Txiqu+Sw = 37% (s 0&s) = Vis(Es) + a;i:

then, using (3.16), we get that

d 0 diig . d€s &, R d (0&
ds (muﬂwww) = <V ( dl,ts ) (&s) +D2u8(§s) dfs ) : ai + Vi (&) - ds (8.;) )

for any i = 1,..., N. On the other hand, since £ : (—=6,0) X ¥p — ¥p is smooth we deduce that

0 de, _ d 2%,
Ox; ds  dsOx;

and thus by a straightforward computation we obtain

42 _ (v (s 2 o A6\ 06 oo 9 de, 0 (d
ds (8:& uﬂ“”““’) B (V < ds ) (&) + Do (&) ds ) 0x; V(&) Ox; ds Oz (dsuQ*"“’”) ’

for any i = 1,..., N, which proves Claim (3.17).

Thanks to (3.15) and (3.17) we have

i (&mwsw (ewrswq))

ds v s—0
= (Vuy(efq) + D?ug,_ (e®q)e?wq) - _ 4= Vsvoip
w ® /1 + |V§N—1<P|2
Ven-1 — Vn-1¢)(Vgn-1¢ - Vg1
+Vug,_(e9q) - | — sv-1w (g — Vev-19) (Vg ¢ 3/2SN w)
V1+ |Ven-1pf? (1+ [Vsv-19|?)
= (Vul,(e?q) + D?uq, (e?q)e?wq) - v (3.18)
VSN—lw VSN—lgo . VSN—I'LU
+Vug, (e?q) - | — - v
Qw( Q) ( V14 ‘VSN—IQDP (1 + |VSN*1§0|2)
a I
= %(e“’q) +w D?uq,, (e?q)e?q - v
Vug, (e?q) « Vgnv-1w 8UQ¢( o )VSN—IQO - Vgn-1w
- - e¥q .
V1+ [Ven-1pf? v (1+ [Vsv-19/?)
Finally, combining (3.14) and (3.18) we readily obtain (3.12). The proof is complete. O

4. VOLUME-CONSTRAINED CRITICAL POINTS FOR THE TORSIONAL ENERGY OF STAR-SHAPED
DOMAINS

For any ¢ € C?(D,R), the volume of the associated star-shaped domain €2, (see (3.3)) is given by

1
V(e) =10, = + /D N do, (4.1)
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where do is the (N — 1)-dimensional area element of S¥~1. Tt is easy to check that V is of class C? and
for any v,w € C?(D,R) it holds

V' ()] = / eNew do, (4.2)
D
and
V' (p)[v,w] = N/ eNYvw do. (4.3)
D
For a number ¢ > 0 we define: -
M = {p € C*(D,R); V(p) = c}. (4.4)
Clearly M is a smooth manifold and for any ¢ € M it holds
T,M = {v € C*(D,R); / Ny do = o} : (4.5)
D

We consider the restriction of the torsional energy to the domains corresponding to functions ¢ € M,
namely the functional defined by

1(9) == ()] pers = E(QiT0)] peps - (4.6)
If ¢ € M is critical point of I then there exists A € R such that
&' () = AV'(9). (4.7)

As a straightforward consequence of Lemma 3.1 and (4.2) we have

Lemma 4.1. Let ¢ € M be a critical point for I and assume that ug, € Whoo(Q,) NW22(Qy,). Then
the Lagrange multiplier X is negative and

0
ua, =—vV-=2X\ onTy,.
ov

Proof. Let ¢ € M be a critical point for I and assume that ug, € W (Q,) N W*2(Q,), then, from
(4.7) and exploiting Lemma 3.1 and (4.2), we have

1 0 ?
—Z/DeN¢v<gZ“’(e‘pq)) dU:)\/DeN“"vda,

for any v € C%(D,R). Hence we readily obtain that

/erv 8UQ¢ (e¥q) 2+2)\
D v 4

and from the arbitrariness of v € C%(D,R) we easily deduce that A < 0 and

do =0,

aUQw 2
871/ = -2\ on ]'—‘49' (48)
Now, recalling that ug, is the only (positive) weak solution to
—Au=1 inQy,
u=0 on Iy, (4.9)

o
5 =0 onTi,\ {0},
then from standard regularity estimates we infer that ug,, is smooth in €., and from Hopf’s lemma we

get that 818“;“’ < 0onT,. Hence, in view of (4.8), we obtain

8UQ¢
ov

=—v—-2\onTy.
O

Remark 4.2. From Lemma 4.1 we deduce that each critical point of I produces a star-shaped domain
Q, for which the overdetermined problem (1.2) has a solution. We recall that, as shown in [23, Propo-
sition 4.3], each critical point of the functional £(€2; ¥ p) on the whole family of domains in Xp, with a
volume constraint, is a domain for which (1.2) has a solution. Hence Lemma 4.1 shows that the same
statement holds even if the variations are taken only in the class of star-shaped domains.

In the next result we compute the second derivative of I at critical point along variations in T, M.
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Lemma 4.3. Let ¢ € M be a critical point for I and let v,w € T,M. Then
I"(p)[v, w] = & (p)[v, w] = AV"()[v, w],
where A is the Lagrange multiplier.
Proof. By definition if ¢ € M is a critical point for I, the second variation I"”(p)[v,w] along the
variations v, w € T, M is given by

2 S
(@), w) = ZLOAL2)

(t,5)=(0,0)

where U : (—¢,€) X (—¢,€) — M is a smooth surface in M such that

U(0,0) = ¢, %(0,0) =, %(0,0) =w.
We recall that by definition it holds I(¥ (¢, s)) = &(¥(t,s)). Since
0 , ow
5 (E00(0.9) = 00,) | 2.9
we have
o 00 = € 00) | L9, Tl o) + vy 0| a0

On the other hand, since U(¢,s) € M we have V(U(t,s)) = c for any (t,5) € (—¢,€) x (—¢,¢€), and
thus differentiating with respect to ¢ we infer that V'(¥(t, s) [%—f(t, s)] = 0. Differentiating again with
respect to s we obtain

ov ov 0 0V
"(W(t —(t,s), —(t "(W(t ——(t = 4.11
V) | G .0), G )] + V(e [ 5 5 )| =0 (4.11)
Hence, computing (4.10) at (¢,s) = (0,0), since ¢ = ¥(0,0) is a critical point of I and taking into
account that (4.7), (4.11), we get that

5o O on = €00 bul + 8(F(e5) | 5 520.0)
= E"(V(t,3)) [v,w] + AV (p) {gtaa\f(0,0)}
= é"”(\ll(t, 8)) [v,w] — )‘VH((P) [v, w],
which proves the desired relation. O

Remark 4.4. When ¢ = 0 then Q,, is the unit spherical sector Qp ; = X p N By, where B; = B;(0) is
the unit ball in RY centered at the origin. We denote it by Qg, while I'y will be its relative boundary.
In this case the torsion function ug, is known to be the radial function ug,(x) = 1_226‘2. Then we
can choose ¢ = || in the definition of M and the tangent space to M at ¢ = 0is ToM = {v €

C?*(D,R); [pv do =0}. It is easy to check that Vug, = —x=, for € ¥p N By, and ag:" = —% on

Iy, so that € is a critical point for I with A = —ﬁ. Finally D?ugq,(x) = —%]IN, for x € ¥p N By,
where Iy is the identity matrix of order N, and thus we readily have that ug, € W (o) N W22 ().

For the second variation we have

Proposition 4.5. For any v € TyM it holds

" __L/ 2 i/ ou’
I"(0)[v,v] = NE Dv da+N Dvay do, (4.12)

where v’ = % (ugq,,,,) o (see (3.9)) and %—“ﬁ is the normal derivative of ' on Ty = D.

Proof. First we observe that, taking ¢ = 0, from (3.9) and (3.5) we have that u’ satisfies

—Au' =0 in Q,
u' = %v  onTy, (4.13)
%1:: =0 on F1>0'
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Then, taking v € C?(D,R) such that fD v do = 0, from Lemma 3.2, Lemma 4.3, Remark 4.4 and
(4.3), (4.13) we obtain

N 1?2 1\ o
I// ot 2 - _ - il
PU?U] 2 DU ( N) da /DU< N) aV da

_ 2 _i _i / _i
/Dv ( N a1 do + Dv i Vug, - Vsv-1v do

(4.14)
1 2
1 1 1 ) 1 o’
= |-z -5 += do + — — d
( ON ~ N2 +2N)/D” TN,
since Vugq, + Vgy-1v = 0 in D because Vugq, is proportional to the radial direction. O

Remark 4.6. We observe that thanks to (4.12), since v’ = %v on Ty, by (4.13) and recalling that

'y = D, we can write
/

7(0)[v, 0] :—/D(u')2 do—+/Du’?;; do.

Then by Green’s identity and (4.13) we infer that
I"(0)[v,v] = —/ (u)? d0+/ V'] da.
D Qo

5. A CONDITION FOR INSTABILITY

In this section we provide conditions on the domain D C SNV~ such that the corresponding spherical
sector (i.e. the domain g associated to the function ¢ = 0, see (3.3)) is not a local minimizer for
the torsional energy functional under a volume constraint. This is achieved by showing that gy is an
unstable critical point of I, i.e. its Morse index is positive.

More precisely, let M be the manifold defined in (4.4), with ¢ = Q| and let I be as in (4.6). As
observed in Remark 4.4 the function ¢ = 0 belongs to M and 2 is a critical point for I. The main
result of this section is the following.

Theorem 5.1. Let D C SV~ be a smooth domain and let A\{ (D) be the first non trivial eigenvalue of
the Laplace-Beltrami operator —Agn-1, with zero Neumann condition on 0D. It holds:

(i) if M (D) < N — 1, then Qq is not a local minimizer for I;

(ii) if M (D) > N — 1, then Qg is a local minimizer for I.

Proof. To prove (i), let (w;);en be a L?(D)-orthonormal basis of eigenfunctions of the eigenvalue prob-
lem
—ASN—l’LUj = )\jwj in .D7
(5.1)

dwi — on 0D,

Wop
where v, is the exterior unit co-normal to 9D, i.e. for any q € 0D, v,,(q) is the only unit vector in
T,SN=1 such that v,, (q) L T,0D and v,, (q) points outward D. We define the following extension of
w; to the cone ¥p

1
w;(rq) == Nrajwj(q) g€ D,r >0, (5.2)
where
N -2 N —2\?
ij = —T + <2> + )\j. (53)
We claim that w = w; % is the unique solution of
—Aw =0 1in Qg,
w= %w; onTy, (5.4)
% =0 on F1,0~

Indeed, writing the Laplace operator in polar coordinates and exploiting (5.1) we easily check that

. 9*w;  N-—-10ow; 1 5 =24 (g
A’U)j: 627“] + , 877“]+T72ASN71U)‘7 :(aj((lj—l)+aj(N—1)—Aj)Tj()

:0,
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because «; satisfies a5 2+ (N —2)a; —\; = 0. Moreover, by definition, we have w, ]%,wj and an =0
onI' .

Now, let us take j = 1. It is well known that the first eigenfunction w; is smooth and satisfies
Jpwi do =0, ie wy € TyM. Computing I”(0)[wy,w:], thanks to Proposition 4.5 and taking into

account that 1])1’90 is the solution of (5.4), with j = 1, we get that

1 1 Oy
I"(0)[wy, w] :*W/Dw% dJ+N/Dw1 (au> do. (5.5)

Then, since the L?(D)-norm of w; is equal to 1, the exterior unit normal v to Iy is the radial direction,
and

D

ow 1
% = Nalro‘l_lwl = %wl on D, (5.6)
from (5.5) we obtain
1 a1
I”(O)[w17w1] = 7@ =+ ﬁ

Thus we deduce
I"(0)[wy,w;] <0 if and only if — 1+ ay <O0.

Finally, from (5.3) it is immediate to check that o < 1 is equivalent to A;(D) < N — 1 and the proof
of (i) is complete.

To prove (ii), let v € TyM and assume, without loss of generality, that [, v? do = 1. Taking (w;)jen
as in the proof of (i), since v € Ty M we can write

oo

v =" (v,w;)r2(pyw;.

j=1

Let w; be the harmonic extension of w; defined in (5.2). Then, as w;|, is a solution to (5.4) for any

Qo
j € N, we infer that 0 := Z;’;l(v,wj)Lz(D)@j is a solution to

—Au=0 in Qo,
U= v on Iy,
% =0 on FI,O-

Thus, by Proposition 4.5, we get

I”(O)[v,v}:—%/v do —&-f/v—da.

As in (5.6) we have that awj = Zw; on D, for any j € N. Hence, since fD v? do = 1, we deduce

I//(O)[z),fu] = N2/ ZOéJ v w] L2(D)W; do = N2 N2 Zaj v wJ)LQ(D)

Now, if A1(D) > N — 1 it follows that a; > 1, and, as (a;), en is a nondecreasing sequence, we obtain

1 1 O
I"(O)[v,v] > =55 + 53 D_ (0 w)Ta(p) =0, (5.7)
j=1
having used that }_ 21 (v, wJ)LQ(D) =1, as [, v*(¢q) do = 1. Hence (ii) holds.

O

We conclude this section with a useful criterion for checking the property A;(D) < N — 1. To this
end let e € SV~1 and let u, € C°(RY) be the function defined by
ue(z) =z - €, (5.8)
which satisfies
— Agv-1te = (N — Du, on SV-L (5.9)
We have
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Proposition 5.2. Let D be a smooth proper domain of SN~! and let e € SN~ satisfy

/uedU:O.
D

Assume that either one of the following holds:
Oue
(1) / Ue—— dd < 0.
oD ¢ ov

ou —ASN—lw =A\w n D,
) [ u

Ue s~ do =0, and u. is not an eigenfunction of
oD v %—7;’ =0 on 0D,
where da is the (N — 2)-dimensional area element of 0D and v = v, is the exterior unit co-normal to
0D. Then \1(D) < N — 1.

Proof. Taking u. as test function in the variational characterization of the first non-trivial eigenvalue of
—Agn-1 with zero Neumann condition on 0D, applying Green’s identity and exploiting (5.9), we have

/ |Vue|? daz/ ue% dé’—/ Ue Al dcrz/ ue% d&—|—(N—1)/ u? do.
D op OV D op OV D

Therefore, if (i) holds it follows that
[p [Vue|* do
Jpu? do
which implies that A1 (D) < N — 1. This completes the proof for the case (i). On the other hand, under

the assumption (ii), the equality sign in (5.10) holds, but as w. is not an eigenfunction it follows that
N — 1 cannot be the smallest non-trivial eigenvalue. O

<N-1 (5.10)

6. EXISTENCE OF VOLUME-CONSTRAINED MINIMIZERS FOR THE TORSIONAL ENERGY

Let D ¢ SV~! be a domain of the unit sphere and let ¥p be the cone generated by D. We will
always assume that D is smooth so that ¥ p is smooth exept at the vertex. In Sect. 3 we defined the
torsional energy £(€2; X p) for smooth domains Q C X strictly star-shaped with respect to the vertex
of the cone. In this section we study the minimization problem for the torsional energy under a volume
constraint in a larger class of sets. Thus we recall some definitions.

Definition 6.1. We say that Q C RY is quasi-open, if for any £ > 0, there exists an open set A, such
that cap(A:) < e and Q U A is open, where cap(A.) denotes the capacity of A, with respect to the
H'-norm (see [14, Sect. 3.3] or [9, Sect. 2.1]).

For any quasi-open set {2 C X p we consider the Sobolev space:
Hy(2p) :=={ue H'(Zp); u=0 qge. onXp\Q},
where g.e. means quasi-everywhere, i.e. up to sets of zero capacity.

Definition 6.2. We say that u is a (weak) solution of the mixed boundary value problem

—Au=1 1in{,
u=20 on 02N Xp, (6.1)
% =0 on 0¥ p,

if u e Hi(;3p) and

Vu-Vvdx:/ vdr Yv€ Hy(3p).

ED ED

Remark 6.3. As Xp is connected and smooth (execpt at the vertex) then ¥p is uniformly Lipschitz.
Thus if || < +oo the inclusion H}(Q;Xp) < L%(Xp) is compact (see [9, Proposition 2.3-(i)]). This
implies that the functional

1

J(v) = 3 /ED |Vo|? da — /ED v dx (6.2)

has a unique minimizer ug € H}(€2;¥p) which is the unique (weak) solution to (6.1), which is called
energy function or torsion function of 2. We also recall that Q = {ug > 0} up to a set of zero capacity
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(see [9, Proposition 2.8-(e)]). Moreover we denote by A1 (£2; X p) the first eigenvalue of the Laplacian in
H&(Q, ED)7 i.e.

Js. |Vo|? dx
MQSp) = m Epl o (6.3)
very(Sp)\{0} [y v? dzx
Then, as before, we define the torsional energy of  (relative to Xp) as:
1 1
E(Q;Zp) = J(uq) = —7/ |Vug|? de = —7/ uq d. (6.4)
2 Ja 2 Ja

We want to study the problem of minimizing the functional £(Q2;¥p) among quasi-open sets of
uniformly bounded measure. Therefore, fixing ¢ > 0 we define

O.(Zp) :=inf{E(Xp); Q quasi-open, Q C Xp, || <c}. (6.5)

Our aim is to give a sufficient condition on the cone ¥ p (hence on D) for the infimum in (6.5) to be
achieved. We begin by recalling some known properties of the function ug that will be used in this
section.

Proposition 6.4. Let ¢ > 0. There exists a positive constant C depending only on N, Xp and ¢ such
that for any quasi-open subset Q of Xp with | < ¢, it holds:

(i) ugq is bounded and H'U,QAUL;O(ED) < C’|Q|2/N;
(i) [y, [Vuol? do < CIQ|™~;
N+4

(iii) [y, ud dz < C|Q| ™~ .

Proof. Let us fix ¢ > 0. Since the cone ¥p is a uniformly Lipschitz connected open set of RV then we
can apply [9, Lemma 2.5]. Hence, for any quasi-open subset Q@ C ¥ p, with |Q| < ¢, fixing p €]N/2, +0o0]
and taking f = xq, where xq denotes the characteristic function of €2, we obtain from [9, Lemma 2.5]
that there exists a positive constant C depending on N, p, ¥Xp and c only such that

lugllz=(sp) < Cllflrmm QPN P = ClQ/PIQP/N=1e = ClaPP/Y,

which gives (i).
Next, taking uqg as test function in the weak formulation of (6.1) we get

/ |Vuq|? dr = / uq dx,
Q Q

/ [Vuol® dz < ClAP/N|0] = 010 %,
Q

and, by (i), we obtain

i.e. (ii). Finally (iii) is a trivial consequence of (i) since

N+44

/Q W dz < ual s, 9] < CRQIYN|0) = C2la) 5

Notice that as a straightforward consequence of the previous result it holds that O.(Xp) > —oc.

Remark 6.5. As remarked in [23, Remark 4.2] there is a natural invariance by scaling in our problem,
which, in particular, allows to claim that the infimum as in (6.5), but with volume bounded by another
constant A > 0, can be easily computed from O.(Xp). Namely we have

_N+42

N ONEp) =N 0u(Sp) = O1(Sp). (6.6)

A

Indeed, for any quasi-open  C X p, for any ¢ > 0 it holds that tQ C Ip, [tQ| = tV]Q], and it is easy
to check that uq(x) = t2ug (%) and

E(tXp) =tV T2E(Q; Bp). (6.7)
In particular O.(Xp) can be defined by taking |[€2| = ¢ in (6.5) and either a minimizer exists for any
fixed volume or there are no minimizers whatever bound for the volume is chosen.
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Among the quasi-open sets in ¥p we can consider the spherical sectors

QD,R = ZD N BR(()) (68)
In this case the solution of (6.1) is radial and explicitly given by
Bl ity e
ugp, p(z) =4 N b (6.9)
0 itfxe¥p\Qpr,
and its energy is
1
EQp.r;Sp) = — =5 RV Hy_1 (D). 6.10
(Qp,r; Xp) SNZ(N 1) Hy-1(D) (6.10)
Therefore, by (6.5), we have
OC(ED) < S(QD,RC§ ED) <0, (6.11)

2=

where R. = R.(D) > 0 is such that |Qp r.| = RYHn_1(D) = ¢, namely R.(D) = (m)

Remark 6.6. Notice that for any ¢ > 0 it holds
EQp r.(p); ED) =

1 N2 _2
*mc N [Hy-1(D)]V (6.12)

which means that £(2p r.; X p) is monotone increasing with respect to Hy_1(D).

Remark 6.7. When D is a hemisphere, let us say for convenience the upper hemisphere, denoted by
S¥t =S¥t n{(z1,...,25) € RY; oy > 0}, then the cone Esf—l coincides with the half-space
Rf . In this case it is well known, for example by symmetrization, that O, (23171> is achieved by any

half-ball of measure ¢ and
Ni2

_ ) _ WN 2c N
O (285’1) =€ (st’lﬂc@f’l)’zgf“) T AN(N +2) (NwN> ' (6.13)

In the general case, using the smoothness of the cone, we prove in Proposition 6.10 that it always
holds

0. (Ep) < O, (zgffl) . (6.14)

The main result of this section is to show that if the strict inequality holds in (6.14) then the infimum
is achieved. Indeed we have:

Theorem 6.8. Let ¢ > 0 and assume that
0. (Tp) < O, (Tgn—1 ), (6.15)
then O.(Xp) is achieved.

Proof. Let (Qp,), C X¥p be a minimizing sequence for O.(Xp) and consider the corresponding energy
functions ug, € H}(Q,;Xp) for any n € N. By definition we have

1
E(Qn;Xp) = 75/ ug, dr — O.(Ep), asn — +oo.
Qp
Setting u,, := ug,, since |Q,| < ¢, for any n € N, by Proposition 6.4 we find a positive constant C;
independent of n such that
unllgi(zp) < C1 VneN. (6.16)

In particular, up to a subsequence (still denoted by (uy)n), we have ||un||%2(ED) — A, for some A > 0.
We first observe that A > 0. Otherwise, if A = 0, by Holder’s inequality and exploiting the uniform
bound |€2,,| < ¢, we would have

tunllLt(zp) = 0, as n — +o0, (6.17)
which implies that £(,;Xp) — 0, as n — +oo, contradicting O.(Xp) < 0 (see (6.11)). Therefore, as
(un)n is bounded in H*(Xp) and

||Un||%2(ED) — A, for n — 400, (6.18)

for some A > 0, we can apply, with small modifications in the proof, the concentration-compactness
principle of P. L. Lions (see [17, Lemma III.1]). Hence, there exists a subsequence (uy, ) satisfying one
of three following possibilities:
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(i) there exists (yn, ) C Xp satisfying

Ve >0 3R > 0 such that / uikdxz)\—a Vk e N;
BR(ynk)sz
(i) lim sup / uik dz = 0, for all R > 0;
k—+o0 y€Xp JBr(y)NEp

(iii) there exists o €]0, A[ such that for all € > 0, there exist ky > 1 and two sequences (u1 )k,
(u2 k)x bounded in H'(Xp) satisfying, for k > ko

/ u%k dr — o
~p

dist(supp(u1 k), supp(uz x)) — 400, as k — +00,

un, — w1k — u2kllr2(sp) < 4e, <e

)

/E uj ) de — (A — )| <e,

lim inf |V, |? — |Vur x> — [Vug i |? dz > 0.
k—+o0 b

We now divide the proof in some steps. We begin by showing that the “vanishing” case (ii) cannot occur.
Step 1: (ii) cannot happen.

Assume by contradiction that (ii) holds. The idea is to show that u,, — 0 strongly in L?(Xp), as
k — 400, contradicting (6.18). To prove this we invoke [28, Lemma 1.21] (whose proof can be easily
adapted for functions in H*(Xp)), which claims that (ii) and (6.16) imply u,, — 0 in LP(Xp), for any
2 < p< 2 as k = 4oo, where 2* = % is the critical Sobolev exponent. Then, exploiting that
Up,, € H(Qn,;¥p) and |y, | < ¢, by Hélder’s inequality we readily conclude that u,, — 0in L?(Xp),

as k — +oo0.
In the next step we prove that the “dichotomy” case (iii) cannot occur.
Step 2: (iii) cannot happen.

Assume by contradiction that (iii) holds. We claim that, up to a further subsequence, there exists
another minimizing sequence (Qy, ) C Xp, with Q,, C Q,, , for any k, satisfying:

° an = ; Uy, for some quasi-open subsets 2 , Q2 of Oy, ;

o dist(2y k, Q2 k) — 00, as k — +00;

o ¢; :=liminfy 4o |Q; x| >0, for i =1,2.
Indeed, by (iii) and a diagonal argument, we find bounded subsequences (u1 k)k, (u2x)x in HY(Xp)
(still indexed by k) satisfying

[tn, —u1k —uzkllL2(n,) — 0, / u%k dr — «, / u%yk dr — (A —a), as k — +o0,
ZD z:D

dist(supp(u1 k), supp(uz )) = +o0, as k — 400,

lim inf |V, |? — |Vur x> — [Vug i |* dz > 0.
k—+o00 b :

6.19
By the proof of [17, Lemma III.1] we see that ujk, ug, can be chosen to be non-negative a(nd il’)l
addition, since u,, € H}(Qn,;Xp), we also have that uy k,us x € H}(Qy,; Ep) for any k. In particular,
as uy,uar € HY(Xp), setting Q1 x = {u1x > 0}, Qox = {ugy > 0} it follows that Q1 5, Qo
are quasi-open subsets of X . Therefore, Qk =y UQq is a quasi-open set contained in ,, and
denoting by iy, = ug, the torsion function of ﬁnk and arguing as in [6, Sect. 3.3] (with obvious small

modifications), we infer ‘that

||’U,nk — ﬂnk ||H1(ED) — 0, as k — +o0. (620)

From (6.20) it follows that (€, ) is a minimizing sequence for O.(D). Moreover, by construction and
(6.19) we readily deduce that dist( x, Q2 %) — 400, as k — +o00. Finally, setting

¢i = liminf | 4], i=1,2, (6.21)

n—-+oo
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it holds that ¢; > 0 for 4 = 1,2. Indeed, assuming by contradiction, for instance, that ¢; = 0, by
Holder’s inequality and Sobolev’s inequality (note that ¥ p satisfies the cone condition) we get

2

N 5
/ uik dx < (/ |U1,k|2 d:c) \Qlk|% < C(N, ED)/ |Vu1’k|2 dx |Ql’k|%.
Yp Yp Xp

Now, recalling that (u1 ) is a bounded sequence in H L(Xp), from the previous inequality and since
we are assuming ¢; = 0 we deduce that

liminf/ u? , dx =0,
Sp

k—+oco

which contradicts (6.19). Hence ¢; > 0, and by the same argument we infer that ¢ > 0. The proof of
the claim is complete.

In order to conclude the proof of Step 2 we show that the previous claim leads to a contradiction.
To this end we begin observing that by invariance by dilatation (see Remark 6.5) it follows that our
minimization problem is equivalent to
E( X .

(QNE; Q quasi-open, Q@ C Xp, [Q] > 0} )
N

In particular by (6.6) and a straightforward computation we check that
OC(ED) =cC N Ol(ED) =c N M(ZD)

and a minimizing sequence for M(Xp) is given by Ay := |an *Wﬂnk. Then, setting A;  := |(~2nk |fﬁQi,k,
¢ = 1,2, and in view of the previous claim, up to a subsequence, we have Ay = A; ; U Az i, where
[Ai k] — clﬁcz >0, a8 k = 400, i = 1,2, and Ay N Ayy, = 0 for all sufficiently large k. Now, as
A;  C Xp are quasi-open subsets with positive measure, then by definition of M(Xp), for any ¢ = 1,2,
we have

M(Ep) = inf {

EZ0) > Misp). (6.22)
|Az k|

In addition, assuming without loss of generality that [A1 | > |A2 k|, by an elementary computation, we
deduce that

N+2 2 N+2 N +
(Aikl +Aoi) ™ = A~ +7|A1k|N|A2k|+ (|A1k|+§k) A il

N+2 N2 N+2
> Ak 4 Aol v ——(|Aq, k|+fk) |A2k| )

(6.23)

where & € [0, A2 x|]. Then, setting My (Xp) := % < 0, recalling that (Ag)y is minimizing for
Ap| N

M(XEp), exploiting the properties of A and taking into account (6.23), (6.22), we infer that for all
sufficiently large k it holds

g(Ak,ED) = Mk(ED)‘Ak =

= (M(p) +o(1)) ( )

< (M) + o) (sl ¥+ 1hasF + T2

— M)Al M(D)[Ag +M<2D>N“<\A1k|+fk> * Azl + o(1)
< E(Aq, k,ZD)+5(A2k,2D)+M(2D)N+2(|A1 K+ &) T [Aak]? +0(1)

- 5<Ak;zD>+M<zD>NN—2(|A1,k|+£k>*
< 5(Ak; ED)

24 0(1)

(6.24)
where the last inequality is strict because |A; x| — clJm >0, fori=1,2, k — +oo, and M(Xp) < 0.
Clearly (6.24) is contradictory and this concludes the proof of Step 2.

From Step 1 and Step 2 we know that the only admissible case is (i). Roughly speaking (i) states
that, there exists a sequence (yn,)r C Xp such that for a sufficiently large ball Br(yy, ), the mass of
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Up, is concentrated in Br(yn,) N Qp,, while the part in the complement B%(yk) N Q,, is negligible.
With (i) at hand we can show that the same happens for the energy, in particular the possible tails of
Q,,, do not play a role. This is the content of the next technical step:

Step 3: For any fixed ¢ > 0 there exist R > 1 and k € N, both depending only on ¢, such that

E(Qn i Ep) > E(Bar(Yny,) Ny Bp) — 226, Vk >k VR > R. (6.25)

Let us fix € > 0 and let R > 0 be tha radius given by (i). Let ¢ € C>°(R") such that 0 < ¢ < 1,
¢ =1in Br(0), p=0in BSR(O) and |[Vg| < % in R, where Cy > 0 is a constant independent of R.
We set g (x) := @(x — yn, ) and observe that

/ \Vunk|2dm > / |Vunk|2g0ida:
ED ED

/ |V(unkg0k)|2 da:fQ/ Uny, Ok VUn, + Vg dxf/ uik\V<pk|2 dx .
ZD z:D

Yp
()] (I1)
(6.26)
Then, exploiting the properties of ¢y, Holder’s inequality and (6.16) we infer that
Co CoC?
(D] < f”vunk||L2(ZD)HUTLI€||L2(ZD) <=5 L
where Cy, C; are both independent of k& and R. Similarly, for [(IT)| we have
Cczc,
| < 0%
and thus by (6.26) and assuming without loss of generality that R > 1 we obtain that
C
/ Vit 2 dz > / 1V (t 1) iz — 2, (6.27)
ED ED R

where Cs > 0 is independent of £ and R. In addition, let us write

—/ U, dx:—/ Un,, Pk dsc—/ Un,, (1 — ©k) da:—/ Un,, (1 — @) do.
p =p EpNBr(yk) 2pNBY (i)

(I11) av)

We first observe that (IIT) = 0, because ¢ = 1 in Br(yx), while for (IV), applying Holder’s inequality,
taking into account that u,, =0 q.e. on ¥\ §,, and the properties of ¢y, we get that

1

2
av)| < / W2 de ) |Bon(ye) N Q.
£oNBS (i)

Now, thanks to (i) and (6.18) it follows that ||uy,, ”LQ(EDﬂB%(yk)) < V/2¢ for all sufficiently large k, and
thus, as |2, | < ¢, we deduce that
I(IV)] < V2ee.

Summing up, we have proved that
7/ Up,, dx > 7/ Un, Pk AT — V2ec. (6.28)
ZD z:D
Hence, combining (6.27), (6.27) and recalling the definition of the functional J (see (6.2)) we obtain

C!
J(unk) Z J(unkspk) - ﬁ - \/%C.

Since ¢ is fixed and Cs is independent of R and k, up to taking a larger R, we can assume that
2%2% < v/2ec. Then, observing that u,, o € Ha(Bar(Yn,) N Qn,; Xp) we finally get

EQn,:2D) = J(un,) > J(tn, 1) — 2V2e¢ > E(Bagr(Yn,) N Qs Bp) — 2V 2¢¢,
so that Step 3 is proved.

In the next step we prove that the sequence of points (y,, ) C Xp provided by (i) is bounded.
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Step 4: The sequence (y,, ) C Xp existing by (i) is bounded.

Assume by contradiction that there exists a subsequence (still indexed by k) such that

Thanks to the assumption (6.15) we can fix € > 0 sufficiently small so that
O.(Sp) +2eV/2 < O, (285_1) , (6.29)
and by Step 3 we find R sufficiently large depending only on €, such that for all sufficiently large k

E(Qn,:2D) > E(Bar(Yny,) N Qs Bp) — 26V 2. (6.30)

We observe that Bog(yn, ) Ny, intersects the boundary of X . More precisely, for all sufficiently large
k, it holds that

Hy_1 ((BQR(ZJnk) N an) N 62[)) > 0. (6.31)

Indeed, on the contrary, setting for convenience Oy := Bagr(yn,) N Ly, there exists a subsequence
(still indexed by k) such that Hy_1(Orr N0Xp) = 0 for all k € N, and by the same argument of [9,
Remark 4.3] we conclude that Hj(Oprx; Xp) = Hi(Og,k) and thus

E(Ork; Ep) = E(OpKRY), (6.32)

where £(O g i; RY) denotes the “free” energy of O g i, under a homogeneous Dirichlet condition, namely,
E(Opk; RY) is the minimizer in H{(Og,) of the functional J(v) = § [on [Vv[? do — [pn v dz. Then,
by considering the Schwartz symmetrization ug  of the energy function ue, , associated to Opx, and

thanks to the classical Pélya-Szego inequality, we infer that

1
e@nk) = 5[ Vo[ di= [ oy, ds
R,k R,k

1/
> =
2@3‘2&

> E(OruRY),

|VugR_’k|2 dx —/ ugm dx (6.33)

*
eR,k

Hence, as ©F ; is a ball, with ¢ := |0% ;| = [Or x| < ¢, then from (6.32),(6.33), taking into account
Remark 6.6 and (6.13) (noticing that (0% ,;RY) = E(Qsv-1 R, (sv-1); Bgv-1), where Qgv—1 g (sv-1)
is the ball centred at the origin of radius R, (SV~!) with [Qsv-1 R, sv-1)| = cx, see (6.8), (6.12)), we
deduce that

E(Ori;Sp) > E(OF i RY) > O, (zsﬁfl) >0, (zgf,l) . (6.34)

Finally, recalling that ©g r, = Bar(Yn,) N 2y, then from (6.25) and (6.34) we have, for large k,
E(Qn,:Tp) = O, (zsg_l) —2¢y/2z.
Hence passing to the limit as £ — 400 we conclude that
0.(Sp) = O, (zgf_l) — 20V/2,
which contradicts (6.29).
Then, by (6.31), there exists ko € N such that dist(yy,,0Xp) < 2R for all k > ko and we can find a
sequence of points (z)r C 0Xp \ {0} such that z; € (Bar(yn,) N2, ) NOEp and Bag(yn,) C Bar(zk),

for all k£ > kg. Then, by monotonicity of the torsional energy £ with respect to the set inclusion, noticing
that H& (BQR(ynk) N an; ZD) C H(:)L (B4R(Zk) N an; ED), we have

E(B2r(Yn,,) N Qny;Xp) > E(Bar(2k) N Qny; ), (6.35)

for all k > ko. Clearly, by construction, |Byg(zr) NQy, | < ¢ for all k > kg and |z| — +o00, as k — +o0.
We claim that, up to a further subsequence (still indexed by k) it holds

E(Bar(z1) N Qi p) > O, (zsgfl) +o(1), (6.36)

for all sufficiently large k, where o(1) — 0 as k — +oo.
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Notice that if Claim (6.36) holds then the proof of Step 4 is complete. Indeed combining (6.30),
(6.35) and (6.36), up to a subsequence, we have

E(Qn,; Bp) 2= Oc(Sgy-1) +o(1) ~ 2¢V/2e,
for all sufficiently large k. Then, passing to the limit as k — +o00 we get
0.(Sp) > O, (zsf,l) — 202,
but this contradicts (6.29).

Proof of Claim (6.36):

We first observe that since 0¥ p\ {0} is a smooth hypersurface, then, for any fixed ¢ € 9D C 9¥p\{0}
there exists an open neighborhood V' of ¢ in 0¥p \ {0} such that V — ¢ is the graph over T,0¥p of
a smooth function g : U — R, with g(0) = 0, where U is an open neighborhood of the origin in
T,05p (without loss of generality we can assume that U is a ball and ¢ is smooth in U). Namely,
fixing a orthonormal base B’ := {v1,...,ony_1} of T,0Xp and choosing B := {v1,...,un-1,—v(q)}
as orthonormal base of RY, where —v(q) is the inner unit normal of 0Xp at ¢, denoting by 2’ =
(x},...,2y_,) the coordinates of the points in T,0Xp with respect to B’ and by = = (2/,zn) the
coordinates in RY with respect to B, we can identify

V—qg={(,zn) eRN; 2/ = (},..., 20y ) €U, znx =g(z},...,2%v_1)},
where U is the orthogonal projection of V' —¢q onto T;0X p. To be precise, if ¢ is a local parametrization
centered at g, i.e. ©(0) = g, by writing ¢ —q = SN M[(¢ — ¢) - vilvi + (¢ — @) - (—v(q)), and since
Zi\gl[(g@ — q) - v;]v; is a locally invertible map from an open neighborhood of the origin in RV~1!
to an open neighborhood of the origin in 7,0%p = RY~1  then, denoting by G its local inverse and
taking g(z') := [(¢ — q) o G(2')] - (—v(q)) we obtain the desired map. In particular, notice that since
W(O) € T,0%p it follows that z?cf/. (0)=0, forany : =1,...,N — 1.

Noxz?v, since 0% p is a cone it follows that for any t > 0, T;,05p = T,0%p, v(tq) = v(q) and tV — tq
is the graph over T,0Xp of the map g; : tU — R defined by

gi(z') == tg (I

t

/

) , o' etU. (6.37)

For any 2’ € tU, for any i = 1,..., N — 1, we have

Ogrn _ 99 (2N _ 9 v g [99](E)
8x§<x)_8x§ t) o O+ 3Ver 15| \F) (6.38)

7
where £ = £(a’,t) belongs to the segment joining 0 and %/, and V. denotes the gradient with respect
to #,...,2y_;. Hence, for any fixed ball Bg, (0) C T,05p, for all ¢t > 0 sufficiently large such that

Bg, (0) C tU, recalling that gf/. (0) = 0, we have

, (6.39)

1
max |V gi(z')| < — max
@'€Br, (0) t 2er

where C' is independent of ¢, and in particular

lim max |Vug(2')|=0. 6.40
t%+OOgc'eBRl(0)‘ t( )| ( )

Let C;le (0)’ E* (g,g|BR1 (0)> be, respectively, the upper cylinder generated by Bg, (0) and the epigraph
associated to gt|BR 0y’ namely

CER1(0) = {(Z‘/,Z‘N) € RN; x’ = (xllv s 7x§\f—1) € Bg, (0)7 N > 0}7

B (gelp ) = {@on) €RY; 0/ = (@, ahyy) € Br,(0), on > gilad, o2k}

(6.41)

Then, the map F; : C’;{R 0)
1

Ft(xlva) = (l'/va +gt(xl))a (xlva) € CgRl (0)> (642)

- E+ ( ) defined by

gt|BR1 (0)
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is a diffeomorphism whose Jacobian matrix is of the form
Jac(Fy)(2', xn) = vt Ov-1 ; (6.43)
Vx/gt (.7} ) 1

where Iy_1 is the identity matrix of order N —1, Oy _ is the null vector in RN-1, T is the transposition.
Notice also that Jac(F}) is independent of xy and in view of (6.40) it holds that

lim ||Jac(Fy) —In|| ,——~ =0. (6.44)
()
Now, let us consider the sequence (qx)r C 0D, where ¢ := oy, and (z)r C OXp \ {0} is the

sequence appearing in Claim (6.36). Since dD is a compact subset of S¥~! we deduce that, up to
a subsequence (still indexed by k) it holds that distgy-1(gx,q) — 0, as k — 400, for some § € 9D,
where distgy—1 denotes the geodesic distance in S¥ 1. Then, from the previous discussion there exist
an open neighborhood Vi of ¢ in 9Xp \ {0}, a convex open neighborhood U; of the origin in T;0%p
and a smooth function g; : U; — R such that ¢;(0) = 0, V,g1(0) = 0, and V; — G is the graph
over T;0%p associated to 91|U1’ where ' = (x},...,2'y_,) are the coordinates with respect to fixed
orthonormal base {#1,...,0n_1} of T;0%p. Since distgy-1(gk,§) — 0, as k — +oo, then definitely
qx € Vi, U105, (g — @) € Uy, where Ilz, o5, : RN — T;0%p is the orthogonal projection onto T;0% p

and 1,5, (qx —q) — 0, as k — +o00. Let & := (¥ 4,...,%y_; ;) be the coordinates of Ilr, a5, (qx — 7)
and set
UlJc = U; — i‘;g,
(@) = g2+ 1)) — g1(%}), 2’ € Upy.

Then we readily check that V; — gj is a cartesian graph over T;0Xp, associated to g1 : Urx — R.
Notice that, since ), — 0, as k — +00, then there exists a ball Bz(0) in 7;0%p such that B (0) C Uy
for all sufficiently large k. In particular, setting tx := |zx|, recalling that |z;| — 400, as k — +o00, then,
txUs 1 invades T;0%p. As in (6.37) we consider the rescaled map hy, : txUs r — R defined by

!

T z _
he, (') = trgik (tk) =1 [91 <tk + 932) - 91(932)] , o' €t Uy,

and arguing as in (6.38) we have the expansion

Ohy, o Oq1 (2", 991 ,_, 1 on (&, ,
— —_— = — —_— x! o . 3 4
oz, ) = G g TT) T B T |V gy gy T (6.45)

?

where &, belongs to the segment joining Zj, and f—; Let us fix a ball Bg, (0) in T;0Xp, with R; to be
chosen later and independently on k, and observe that B, (0) C t,U; 1 for all sufficiently large k. Since
z;, — 0, as k — 400, and V,/g1(0) = 0 we get that the first term in the right-hand side of (6.45) goes
to zero as k — +00, and arguing as in (6.39) for the second term, we conclude that

lim  max |V h (z')]=0. (6.46)
k——+oo z’€Br, (0)

Let Fy, : C’;Rl ) Et (htk be the diffeomorphism defined by

|BR1 (0))

Fy, (2, zn) = (', xn + hy (2)), (2, 2zn) € C’ERl(O),

+
where E (htk|BR1 (0)) }BRl © (see (6.41)) and where we recall that
x = (¢/,zy) are the coordinates with respect to the orthogonal base {o1,...,0n-1,—v(q)}.
Now, let us consider the set Byr(zr) N ), appearing in (6.36). Recalling that z, = trqx, since
tr, — 400, as k — +o00, and since R is independent of k, then, for all sufficiently large k it holds

is the epigraph associated to hy,

(Bar(zk) N Q) NOXD — 2 C te(Vi — qi)-
We observe that for any k we have
5(B4R(Zk) n an; ZD) = 5(B4R(Zk) n an — Zi; %D — Z/C) (6.47)

and we set for brevity
QR,k = (B4R(Zk) N an) — Zk. (648)
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Notice that since Rk is a uniformly bounded subset of RY and ¢4 (V; — gx) is the cartesian graph of
ht,, : tkU1 ;. — R then we can choose Ry > 0 (independent of k) in such a way that

Fit (Qnx ) € B, (0) x [0, +00], (6.49)

for all large k. Let us denote by uy := ug . . € H&((NZRJC; Yp — zp) the energy function of (NZR,k and

let ﬁk := 1y, o Fy,. Notice that by construction and thanks to (6.49), it follows that U extends to a
function Uy € HY (F;, " (Qpk); RY).
Thanks to (6.43) we have that det(Jac(Fy,)) =1 and thus

/~ Uy, dy = / T oFyy |det(Jac(F,))| dx= / U, dz, (6.50)
QR k Ft;l(QR,k) Ff,;l(QR,k)

and N N
B (Qra)l = [Qrsl < c (6.51)
Moreover, setting

My = max max |[Jac(Fy, ) (2, zn)]nl,
(x/’xN)ech ) [nl<1

1(0
which is well defined (see (6.43)) and taking into account that
VoUi(z',2y) = (Jac(F, ) (@, 28)) T Vyiin(Fy (¢, 2n)) for ae. (o, 28) € F (Qrp),
we obtain that
/ VLOPdr < Mfk/ o |Vyig o Fy, P dx
Fr  (Qr,) Fi ' (Qro) (6.52)
= Mﬁk/~ Vytx|? dy.
QR,k

In view of (6.46) and recalling (6.43), (6.44) we deduce that M; — 1 as k — +4oo. Therefore,

recalling that uy, is the energy function of Qg = Bar(zi) N2y, — 2, and thanks to (6.52) we get that

f Fol(€n ) |V.Ug|? dz is bounded by a uniform positive constant. Moreover, by definition and thanks
tk Ly

to (6.50), (6.52) we have

~ 1 . B
EQrr;Xp —2x) = 5[ |VyUk|2 dy—/~ uy dy
Rk QR,k
> S [ WP [ O
= 9A2 zVEk - k
2 My SRy @) P @) (6.53)

~ 1 1 ~
= JU)+ =+ -1 / |V Ui|? da.
2 <M12,k ) kal(QR,k)

Hence, as Uy, € Hi(F, ' (Qpk);RY), denoting by Wy, := Up—1(@p ) € HE(F; ' (Qpyi); RY) the energy
T 5

function of thl(QR,k) then by reflection, symmetrization and taking into account (6.51) and (6.13) we
infer that

- 1 1 -
E(QR’}C;ZD—Z}C) > J(Wk)+§ (W—l) /FI(Q )‘VJL’UI@P dx
1,k th R,k
1( 1 .
> Of(Bgv-1)+ = [ =5 —1 / |V Ug|? dx (6.54)
S 2 <M12,k ) F N @)
>

1 1 ~
O.(Bgn-1)+ = —— -1 / VwUk|2 dx.
( S¥ ) 2 (Mﬁk > F;,CI(QRJ@)|

Finally, since fF,l(QR o) |V,Up|? dz is uniformly bonded and M, — 1, as k — o0, then from (6.47),
th R
(6.48) and (6.54), we get
E(B4R(Zk) N an;ZD) > Oc(zgffl) + 0(1>7

for all sufficiently large k, and this proves Claim (6.36).
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In the next step, we prove the pre-compactness of the sequence (uy, ) in L*(Xp).
Step 5: The sequence (uy, ) admits a subsequence which strongly converges in L?(Xp).

We first show that

lim sup/ uZ dz =0 (6.55)
R—+00 N B%(O)QED ’

Indeed, if (6.55) is not true there exist ¢’ > 0, a sequence (Ry,), C RT such that R, — +oo, as
m — 400, and we find a subsequence (ny,, )., such that for all m € N

/
/ Wl odr> . (6.56)
BY (0)n3p 2
On the other hand, taking ¢ = %/ in (i) we find R’ > 0 depending only on &’ such that for all ¥ € N
!
/ w2, da >\ — %. (6.57)
Br/ (yx)NED

Now, in view of Step 4 we know that (yp, )r is bounded, and thus there exists R” > 0 independent of
k such that Br/(yx) C Br~(0) for all k. Hence, from (6.57) we get that

8/
I

/ uikdxz/ uikde)\fél
BR//(U)QZD BR/(yk)ﬁZD

for all sufficiently large k. Finally, by writing

2 _ 2 2
/ (. dx —/ (. der/ (. dx,
o Br,, (0)NXp B (0)n3p

and recalling that R,,, — 400, then, we have R, > R", for all sufficiently large m, and thus from (6.56),
(6.58) we deduce that

(6.58)

for all sufficiently large m, but this contradicts (6.18) and (6.55) is thus proved.

In order to prove the relative compactness of the sequence (u,, ) in L?(Xp), it suffices to find, for
any given ¢ > 0, a relative compact sequence (vy)x in L?(Xp), depending on e, with the property that

tn, — vilr2mp) < VkeN. (6.59)

Indeed, the latter property readily implies that the set {u,,; k € N} is totally bounded in L?(Xp), and
therefore it is relative compact since L?(Xp) is a Banach space. So let € > 0. By (6.55), there exists

R > 0 with
/ uik dr <e vk € N.
BS.(0)n=p

Hence (6.59) holds with vy := Xp,(0)un, for k& € N, where xp, (o) denotes the characteristic function
of the ball Br(0). Moreover, by (6.16) and the compactness of the embedding H'(Br(0) N Xp) <
L?(Br(0) N Xp) the sequence of functions wu,,, ’BR(O), k € N is relatively compact in L?(Br(0) N Xp),

which obviously implies that the sequence (vy)y is relatively compact in L?(3p), as required. We have
thus established the relative compactness of the sequence (uy, )x in L?(Xp), as claimed.

Step 6: Existence of a minimizer for O.(Xp).

In the previous steps we proved that the sequence of energy functions (uy, )., associated to a minimiz-
ing sequence (Q,), C Xp for O.(Xp), is bounded in H'(Xp) (see (6.16)) and possesses a subsequence
which strongly converges in L?(Xp). Hence, up to a subsequence (still indexed by n for convenience),
we have u,, — 4 in H'(Xp), for some 4 € H'(Xp), and u,, — 4 in L*(¥p), as n — +o0.

We set Q := {a > 0} C ¥p. Since 4 € H'(Xp) then Q is a quasi-open subset of ¥p, in addition,
arguing as in [8, Proof of Lemma 5.2], namely using that u,, — @ in L?(Xp), as n — 400, and applying
Fatou’s Lemma, we infer that

90 = [ ooy de < tmint [ xgus0 do = iming i, <

n—-+o0o
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We claim that € is a minimizer for O.(Xp) and that @ is the torsion function of ug. To prove this
we first observe that as u, — @ in L?(Xp) and since |Q,| < ¢, |Q| < c it follows that u, — % in
L'(Xp). Indeed by construction we have u,, € H}(Q,;Xp), & € H}(Q;Xp), and by Holder’s inequality
we deduce that

1
3
/ |y, — @] dax < (/ |y, — @] dx) |2, U Q|% < Nlun — @l L2s,)V2e.
Xp Q,UQ

Now, as u,, — @ in H'(3p), we have
@35y < B s s,

and thus, since u,, — 4 in L?(Xp), we readily get that

/ |Val|* de < liminf/ |Vu,|? dr
b n—-+oo b
Then, recalling the definition of the functional J (see (6.2)), exploiting that u, — @ in L'(Xp) and

since u,, are the energy functions associated to €1,,, we obtain that

J(@) < liminf (;/ |Vu,|? de 7/ Up dx> = liminf £(2,; ¥p) = O.(p). (6.60)
ZD ED

n—-+oo n—-+oo

Finally, considering the energy function ug associated to €2, i.e. the minimizer of J in Hg(Q;Xp), then,
by the minimality of uq, since @ € H{(£2;Xp) and thanks to (6.60) we have

EXp) = J(ug) < J(a) < O(XDp). (6.61)
Therefore £(;Xp) = O.(Xp), and (6.61) implies that J(uq) = J(@). Hence € is a minimizer for
OC(ED) and u = uq in Hl(ZD). O

Corollary 6.9. If D C SV~ is a smooth domain such that
Hy-1(D) < Hy-1(SY™1) (6.62)
then O.(Xp) is achieved, for any ¢ > 0.

Proof. By (6.9)—(6.13) we readily check that (6.62) implies the condition (6.15), and by Theorem 6.8
we conclude. ]

We conclude this section with the following

Proposition 6.10. Let D C SV=! be a smooth domain and let ¢ > 0. Then
0. (Ep) <O, (zgffl) . (6.63)

Proof. Let us fix ¢ € 9D C 9¥p \ {0} and let {v1,...,uvn_1} be an orthonormal basis of 7,05 . We
denote by x = (2/,2x) the coordinates of points in RY with respect to {vi,...,vx_1,—v(q)}, where
—v(q) is the inner unit normal to X p at ¢. As seen in the proof of Claim (6.36) there exist an open
neighborhood V of ¢ in 9Xp \ {0}, an open neighborhood U of the origin in T,0%p, and a smooth map
g:U — R, g=g(z') such that V — ¢ is the graph over T,0%p of g|U.

Let B} (0) € RY be a N-dimensional half-ball such that |[B}(0)| = ¢, i.e. B(0) is a half-ball of
volume ¢ contained in the upper half-space delimited by T,0%Xp. Let Upt (o) € H}(B%(0);RY) be the

energy function of BE (0). Then, by definition and recalling Remark 6.7, we have

Oc(Sgn-1) = E(BEO):RY) = J(ugs o))- (6.64)
Let Bg,(0) be a ball in T,0¥p, with Ry > R. Clearly
B} (0) C Bg, (0) x [0, +oo]. (6.65)

Let (x)x C RT be a sequence such that t; — +oo, as k — +oo, then, setting zp := t;q we obtain
a diverging sequence of points on 9Xp \ {0}. We consider the rescaled map g, : txU — R defined

by (6.37) and the associated diffeomorphism F}, : C’;R o — ET ( ) given by (6.42), where
1

Et (gtk |BR1(O))’ C';Rl (0) are defined by (6.41). The inverse diffeomorphism thl is given by

It |BR1 (0)

Ft_l(xlva) = (x/7mN — Gty ('r/))’ (1‘/,33]\1) €Lt (gtk|BR1 (0))’ (6'66)
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and as done in (6.43), (6.44) we readily check that

Det(Jac(F; ")) =1, kﬁlﬂx |Jac(F;, ") — Iy|| (6.67)

—\ = 0.
Co <E+ (th |BR1 (0)>>

. -1 . .
Moreover, setting Uy := upgy )0 Fy, "~ we notice that since Up+ (o) € H} (B (0);RY) (actually Uptg) =0
in RY \ B (0), see (6.9) with D =S¥ 1), then, by construction, taking into account (6.65), it follows
that Uy, extends to a function Uy, € Hj(Fy, (B (0));¥p — 2). Arguing as in (6.50)—(6.52), taking into
account (6.67), we infer that |Fy, (B (0))| = |B%(0)| =,

Uy dz = / Uty AY, (6.68)
/Ft,c(B;(m) B} (0) (0
VUL de < M2, / Vg o dy, (6.69)
/Ftk(B;(m) B(0) =)
where
My, := “max  max|[Jac(F,")(2',zn)]nl,

, Bt | Inl<1
(z',xn)€E Gty B, (O

and My — 1, as k — +o00. Hence, combining (6.64), (6.68) and (6.69) we deduce

1
Oc(Sgy-1) = 2/B+( Vyups )l dy - /}9+(0)u3;(o> dy
R
> 2M / |V, U|? dx—/ Uy dz
2.k JF, (B (0)) Fy,, (B (0)) (6.70)

1( 1
= JU)+3s|—5 -1 / |V,Ui|? dz
M2 k Fy, (BE(0))

> (R, (BE( ) +o(1)
where in the last inequality we used that Uy € H}(F;, (B%(0));Sp — 1), the definition of torsional
energy of Fy, (Bf(0)), Moy — 1, as k — +oo and that th (BE©) |V.Ug|? dz is uniformly bounded.
‘k R
Summing up, from (6.70) and the definition of O.(Xp) we finally have
OC(ESQI—I) > E(Fy, (B(0)):Ep — z1) + 0(1) = E(Fy, (BL(0)) + 21;5p) +0(1) > O.(Ep) + o(1),

and passing to the limit as k — +o0o we obtain (6.63). O

7. PROPERTIES OF MINIMIZERS AND PROOF OF THEOREM 1.2

In this section we show some qualitative properties of the minimizers of the torsional energy functional
with fixed volume (we refer to Sect. 6 for the notations). In view of the scaling invariance of our problem
(see Remark 6.5) it suffices to focus on the case O1(Xp). We begin by proving that any minimizer for
O1(Xp) is bounded.

Proposition 7.1. If Q is a minimizer for O1(Xp) then Q is bounded.

Proof. We argue as in [3, Sect. 2.1.2] with slightly changes. Let  be a minimizer for O1(Xp). In
view of [7, Theorem 1], in order to prove that 2 is bounded it is sufficient to show that 2 is a local
shape subsolution for the energy 7Tp, which means that there exist § > 0 and A > 0 such that for any
quasi-open subset  C Q with lug — ug|l L2, < 9 it holds

E(p) +AlQ < E(Q;5p) + AQY.

Let us assume, by contradiction, that there exist a sequence (A,), C RT with A, — 0, as n — +o0,
and an increasing sequence (£2,), C € of quasi-open subsets such that

E(XTD) + AnlQ > (i Tp) + An|Qnl, (7.1)
and [lug —ug [[z2s, — 0, as n — +oo. Then, let us fix ¢, > 1 such that

It Q| =t =1 =9
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Obviously, t, — 17, as n — 400, and by the minimality of Q we have
tNY28(Q:5p) = E(tnQn: Bp) = E(L D).
Thus, from (7.1) we obtain

A9~ 18, > @, 5p) — £ 5p) = T2 e0rmy),

and dividing by t}¥ —1 = I‘g'I — 1 we get

—E( ) (1 - 1)
R

(1921 = 1€2l)
tN —1

n

<A, = Ay Q0. (7.2)
This gives a contradiction because, as n — +00, the left-hand side of (7.2) converges to —%S (% Xp),
while the right-hand side converges to zero. O

Proposition 7.2. If Q is a minimizer for O1(3p) then the torsion function ug € H(Q;Xp) is
Lipschitz continuous in any Lipschitz domain w C Xp such that w C Xp and Q = {ug > 0} is an open
subset of ¥p.

Proof. The result follows essentially as in the case of Dirichlet boundary conditions, which was addressed
in the work [5]. The extension to the case of mixed boundary conditions was done in [21, Theorem 2.14]
for the problem of minimizing the first eigenvalue. In our situation the proof would be similar. |

Next, we prove that any minimizer is connected.
Proposition 7.3. If Q is a minimizer for O1(Xp) then Q is a connected subset of ¥p.

Proof. As seen in the proof of Theorem 6.8, Step 2, we notice that, as || = 1, then Q is also a
minimizer for

M(Ep) :=inf {EW; ) quasi-open, 2 C ¥p, Q] > 0} .

Assume by contradiction that € is not connected. Then there exist two open subsets 1, Qs of Xp,
with Ql, QQ # @, such that Ql N QQ = @ and

Q=01UQs.

In addition, since §2; is an open nonempty subset of X then [©Q;] > 0, for ¢ = 1,2, and by construction
we have
E(Q; 8 .
|<Q|N+?) > M(Ep), fori=1,2, and E(Ep) =E(Q1;Ep) +E(Q2;Ep), Q] = Q] + Q.
i N
Then, since % > 1, by the convexity of ¢ — t¥, taking into account that |Q2;| > 0, |Q22] > 0 and
M(Zp) < 0, we deduce that

MED)IF = M(Sp) (9] +12))
< M(Ep) (Jou] 5" + 105 )
< E(;8p) +E(Q;Xp) = E(X Xp),
which is a contradiction. O

Concerning the regularity of the minimizing set, by the theory of free boundary problems we have:

Proposition 7.4. Let Q C Xp be a minimizer for O1(Xp) and let T' = 0QNXp be its relative boundary.
Then there exists a critical dimension d* which can be either 5,6 or 7, such that:
(i) T is smooth if N < d*;
(ii) T can have countable isolated singularities if N = d*;
(iii) T can have a singular set of dimension N —d*, if N > d*.

Moreover on the regqular part of T the normal derivative aau—yﬂ is constant, namely 242 = — 2AN+2) |01 (ZD)],

o — N
where ugq is the torsion function of Q.
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Proof. The points (i)—(iii) follows from the results of [11, 15] and [27]. Let us prove the last statement.

Let I';cy be the regular part of I' (which is a relative open set of I'), let xg € I';cq, and let B,(x)
be a small ball such that Ba.(z9) C Xp and I' N By, (z9) C T'yey. Moreover, let ¢ € C°(B,(x))
and consider the vector field V' given by V' = ¢, where ¥ is a smooth extension of the normal versor
VIraB,, (z) ©f T'N Bar(20) to a smooth vector field defined in B,.(zo). Hence, by construction, we have

that V : RY — R is a smooth vector field with compact support in B,.(z), and in particular it holds
that V(0) = 0 and V(z) = 0 € T,,05p for all x € 9Xp \ {0}. This means that the associated flow
€ : (—to,t0) X ¥p — Xp, for some ty > 0, preserves the boundary 9¥p and we consider the induced
deformation of Q, (Q¢)ie(—t,t0), Where Q; := £(t,9Q). Actually, since supp(t)) C B, (zo) we infer that
E(t,x) =x for x € B%T(ﬂco)7 t € (—to, o).

Let uq, € H}(Q4; Xp) be the torsion function of €, for t € (—tg,to) and let us set uy := ugq,. Arguing
as in the proof of [23, Proposition 4.3] we can prove that the map from (—tg,to) to H(Zp), t + uy is
differentiable. In particular the function f : (—tg,t9) — L'(Xp), given by f(t) = |Vu,|? is differentiable.
We also notice that, since ug is a weak solution to (6.1), then by standard elliptic regularity theory
ug € W22(Q N B.(z0)). In particular it holds that V f(0) = ¢u|Vuq|?> € WHY(Zp,RY) and by
easy modifications to the proof of [14, Theorem 5.2.2] we infer that the function ¢t — £(Q;Xp) =
—35 Jo, IVui|? da is differentiable at ¢ = 0 and

d 1
— (E(QU;2D)) |, = _/ Vug - Vu' dr — 5/ div(V|Vug|*) dz,
Q Q

dt
where v/ = & (u;)],_, is a solution to (see the proof of [23, Proposition 4.3])
—Au' =0 in Q,
W = -2 (V1) onT, (7.3)
%~ on 'y \ {0}.

We point out that since the flow £ leaves invariant Bgr(xo) for all ¢ € (—to, %), we have v/ = 0 in
2

an BET(QX)) and thus
2

d
ey = -

1
Vug - Vu' dr— = [ div(V|Vugl|?) dz. (7.4)
(ZQB%T(Io) 2 Q

R (1I1)

Let us analize (I). We first observe that as I' N Ba,(zg) C I'yey and o' is a solution to (7.3), then by

standard elliptic regularity theory, it follows that u/ € W22 (Q NnB 3 r(aco)) and it is smooth inside €.

ou’
' Ov
QN IBs, (o) (because v’ =0 in B%T(xo) and v’ is smooth inside ) and ug = 0 on I' N Bs, () we
get that (I) = 0. For (II), applying the divergence theorem, and recalling the definition of V, at the
end we obtain

Hence, applying the Green’s formula, taking into account that Au’ = 0 in QN B%r(zo) =0 on

p 1
a(f,’(Qt;ED))h:O = _§/p

On the other hand, for the volume we have

G lo= [ydo= [ o (7.6

ﬂB,,.("Eo)

|Vug |y do. (7.5)

NB, (x())

Now, since {2 is a minimizer for O;(Xp), then, recalling Remark 6.5 and as observed in the proof of Step

2 of Theorem 6.8 we get that € is also a minimizer for £8%22) . Thus from (7.5), (7.6), since || = 1

|Q‘T
and £(;Xp) = 01(Ep) < 0, we readily obtain that

d [EQu:Sp) 1/ ( , 2N +2) )
— | == =_= Vugl|* — ———01(Z do = 0.
7 < = > G — |Vug| |01(Xp)[ ) ¥

N
Finally, from the arbitrariness of ¢ and x¢ we conclude that |Vug|? = WK’L(E[))\ on I'yeq, and as

ug = 0 on I'y¢4 then by Hopf’s lemma it follows that ag‘—f = /2842 |O1(Ep)] on Tyeg.

t=0

N
]
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We conclude this section with the following:

Proof of Theorem 1.2. Tt follows from Theorem 5.1, Theorem 6.8, Corollary 6.9 and Proposition 7.4. [

8. THE ISOPERIMETRIC PROBLEM AND PROOF OF THEOREM 1.3

In this section we study the isoperimetric problem in the class of strictly star-shaped domains in
cones, i.e. domains in ¥ p whose relative boundary is a radial graph.

Using the same notations of the previous sections, if ¢ € C?(D,R) and Q,, I, are, respectively,
the associated star-shaped domain (see (3.3)), and the associated radial graph (see Definition 2.1), the
(relative) perimeter of Q, in ¥ p is given by:

P(Qy,;8p) = Hy-1(T,) :/ eWN=De /14 |Vo|? do,
D

where do is the (N — 1)-dimensional area element of S¥~!. Let us observe that P can be seen as a

functional on the space C?(D,R) and, contrarily to the torsional energy functional of Section 3, its

expression does not involve the associated domain Q.. Thus we set for brevity P(¢) = P(Qy,; Xp).
The derivative of P along a variation v € C?(D,R) is given by

Pt = b (v T

Let V be the volume functional (see (4.1)). We are concerned with critical points ¢ of P subject to the
volume constraint {V = ¢}. Namely we consider the manifold M defined by (4.4) and the restriction
T := P|,;. A critical point ¢ € M for T satisfies

P'e) = V' (9), (8.1)

with a Lagrangian multiplier A € R. In the next two propositions we prove that the radial graph I'y,
associated to a critical point ¢ € M is a CMC hypersurface which intersects orthogonally 0Xp \ {0}.

This is well known if the variations of the domains are taken in the whole class of subsets of ¥ p of
finite relative perimeter (see [25]) but not obvious in our case.

Proposition 8.1. If ¢ € C?(D,R) is a volume-constrained critical point for P, then the associated

radial graph I', has constant mean curvature H = ﬁ

Proof. Let v € CL(D) be a variation with compact support. By definition (see (8.1)) there exists A € R
such that

_ V-V
N=D¢ [(N = D\/1+ |Vol2v+ ———o— | d :)\/ New d 8.2
e o|?v o e v do. .
/ (( WIF VP + 2 ] (5.2
Let us observe that
(N-1)¢ 2
/e(Nfl)Lp VSD VU d VSD V( ve )do_i/(Nil)e(Nfl)gD ‘VSD| UdU
D D

V1+|Vo|? D 1+ |Vyp]? V1+ (V2
Hence we can rewrite (8. ) as
\Y (N=1)¢ N-1
/ pr Ve ) da+/ W=D~y dU:)\/ Ny do.
1—|—|V<p|2 D V1+|Vep|? D
Now, since ¢ is smooth and v has compact support in D, integrating by parts, we get

Nsa
Ve Ve ) = / divgn -1 7(’02 N do, (8.3)
b V/1+|Ve]? V1+[Vel?

and thus we deduce

. Ve _ N _
—divgn-r | —— | eV = (N=De )y o = / XeN¥u do.
/D< <«/1+|Vg&|2> V14 |Vel|? D

Therefore, as v is arbitrary, we obtain

N-1
_divgn s <W> N-ne N1 v-ne _\oNe D

VIFIVeP VIFIVeP ’
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i.e.

. Vo N -1 .
— divgn -1 + = Xe? in D. 8.4

<v1+¢V¢2> V1I+ Vel 54
Comparing (8.4) with (2.10) it follows that the mean curvature of I'y, is constant and it is equal to

A
N (]

Proposition 8.2. If ¢ is as in the statement of Proposition 8.1 then T, intersects orthogonally 0¥ p \
{0}.
Proof. Let v, be the exterior unit normal to 9Xp \ {0}, and let vp, be the exterior unit normal to
I'y. By (2.7) we have
4—Vy
= 8.5

Vr‘y, (y(Q)) (1+|V@‘2)1/2, ( )
where ) is the standard parametrization of I', defined by (2.5). Notice that, since by assumption ¢ is
smooth up to the boundary, then (8.5) is well defined on D. If p € (9Xp \ {0}) NT, then by definition
the intersection is orthogonal at p if and only if v, (p) - v._(p) = 0. Therefore, writing p = Y(q) this
is equivalent to

Vos, V(@) - (= Veo(q)) = 0.
Since p = Y(q) € 0Xp \ {0} and 9% p \ {0} is the boundary of a cone we have v, (Y(q)) ¢ =0 and
thus the intersection between 0Xp \ {0} and I, is orthogonal if and only if

Vos,, (V@) - Ve(q) =0 Vg € ID. (8.6)

Exploiting again that 0¥ p is a cone, we have v, (p) = v,y _(tp) for any p € 9¥p \ {0}, ¢ > 0. Hence,
since Y(q) € 0%p \ {0}, we have v, (V(q)) = v,s, (q) = V,,(q) for any ¢ € 9D, where v,, is the
exterior unit co-normal to D, and thus (8.6) is equivalent to

dp

ov,,

=0 on dD. (8.7)

To prove this, we argue as in the proof of Proposition 8.1. Taking a variation v € C*(D,R) and
integrating by parts we have

. (N-1)¢
V- V(ve ) do :/ e(N=Dg,, <L >d6—/ divgn-1 L eN=D%y do.
oD D

D 1+ |Vy|? \/1+|ch|27yaD V1+|Vpl?

Using this and arguing as in the proof Proposition 8.1, since ¢ satisfies the equation (8.4) we obtain

\Y
(N-1) ¥ A
/aDe ‘/’v< 1+|V<p|27V6D> dé = 0.

Since v € C*(D, R) is arbitrary we can choose v such that v = <L v > on 0D and thus

v or
/ eN -1 < Ve aVaD>
oD V1+[Ve|?

2
which gives <L v > =0 on 9D, and thus (8.7) is proved. O

dé =0,
Analogously to Lemma 4.3, if ¢ € M is a critical point for Z then
I"(p) = P"(p) = AV (¢).

Choosing ¢ = |Qo| = |[Xp N B1(0)| in (4.4) we observe that the function ¢ = 0 belongs to M and it is a
critical point for Z. In particular (8.1) yields A = N — 1. Moreover, for any v, w € ToM, since

P0)v,w] = /D (N =1)*vw + Vv - Vw) do,
and recalling (4.3), it follows that
Z"(0)[v, w] = P"(0)[v,w] — (N — 1)V [v,w] = /D (Vv-Vw — (N — 1)vw) do. (8.8)

From (8.8) we easily have the analogue of Theorem 5.1 for the perimeter functional Z.
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Theorem 8.3. Let A\1(D) be the first nontrivial eigenvalue of —Agn-1 on the domain D with zero
Neumann condition on 0D. Then:

(1) if M (D) < N — 1 then ¢ =0 is not a local minimizer for I;

(i) if M (D) > N — 1 then ¢ =0 is a local minimizer for T.

Proof. Since TyM is made by functions with zero mean value (see (4.5)), considering the L?-normalized
eigenfunction w; corresponding to the eigenvalue A; (D), from (8.8) we get Z'(0)[wy, w1] < 0 whenever
A1(D) < N — 1. This proves (7).

Viceversa, if A;(D) > N — 1, from (8.8) and the variational characterization of A\;(D) we get that
Z"w,v] > 0 for all v € ToM with v # 0, and hence (i) holds. O

To find examples of domains D C SN~ satisfying A\(D) < N — 1 we can use the function
u. € O (SN~1) introduced in (5.8) and Proposition 5.2. Hence for the nonconvex domains constructed
in the Appendix, the spherical sectors are not the minimizers of Z.

Concerning the existence of a minimizer for the relative perimeter P(E;Xp) in the whole class of
finite perimeter subsets of ¥ p, with a fixed volume, we summarise in the following the results stated in
[25].

Theorem 8.4. Let D C SV~ be a domain such that Hy_1(D) < Hy_1(SY ™). Then, there exists a
set of finite perimeter E* inside X p which minimizes the relative perimeter under a volume constraint,
for any value of the volume. Moreover any minimizer of the relative perimeter, with fixed volume, is a
bounded set.

Proof. Tt follows from Proposition 3.5 and Proposition 3.7 in [25]. O
We conclude this section with the following

Proof of Theorem 1.3. The existence of a set of finite perimeter E* inside X p which minimizes the
relative perimeter under a volume constraint, and its boundedness, follows from Theorem 8.4. From
Theorem 8.3 we infer that E* cannot be a spherical sector, while the properties (i)-(iii) of I'g« derive
from classical results for isoperimetric problems (see e.g. [25, Sect. 2] and the references therein). [

APPENDIX A. EXAMPLES OF NON CONVEX DOMAINS SATISFYING CONDITION (1.7)

In this section we construct two classes of non-convex domains of SV~ satisfying hypothesis (1.7) of
Theorem 1.2. In particular to show the instability condition A;(D) < N — 1 we will prove the inequality
(i) of Proposition 5.2. We begin with some preliminary technical results.

Let N > 3, let {e1,...,en} be the standard basis in RY, fix § € (=%, %) and consider the vector

ep € SV1 defined by
eg 1= e1sinf + ey cos .
By construction the vector eg lies in the sector {xy >0, xx > 0} if 6 € (0, 5), in {21 <0, xx > 0} if
6 € (—%5,0), and coincides with ey if = 0. For any given r € (0,1) we consider the hyperplane Hy,
orthogonal to ey and passing through rey, i.e.
Hgyr:{‘TERN; x-eg ="}

Let Dy, be the region of S¥~1 above Hy ., namely Dy, is the spherical cap given by

Dy, ={z SN x.ep>r). (A.1)

By definition it is easy to check that Dy, has angular radius arctan ( ¥ 1;r2 ) We consider the function

ue, defined in (5.8), namely u,, (z) = z - ey = x1. The first result we prove is an explicit formula for the
boundary integral appearing in Proposition 5.2 applied to the function u., and to the domain Dy .

Lemma A.1. For 0 c (=%,%) andr € (0,1) it holds

N—-1

/ Oer g5 = (1 = 12) % en(1 = Nsin29), (A.2)
14

where v is the exterior unit co-normal (i.e., for any x € 0Dy .., v(x) is the unique unit vector in T,SN-1
which is orthogonal to T,0Dg , and pointing outward Dg ), dé is the (N — 2)-dimensional area element
of 0Dy, cN is a positive constant depending only on N which is explicit (see (A.13)).
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Proof. Let 6 € (=%, %), r € (0,1). We begin observing that for any x € 0Dy, it holds

1
v(z) = ﬁ(ra@ —eg). (A.3)

Indeed, x - eg = 7 and thus (rz — ep) - (rz — eg) = 1 — r%, namely \/ﬁ(mc - 60)‘ =1, and we readily
check that ﬁ(rm —eg)- T = ﬁ(r — 1z - eg) = 0, which means that ﬁ(rm —ep) €T,SV"1. In
addition, if v € T,dDg, and 7 : (—=0,8) — dDy,, is curve such that ¥(0) = = and ~/(0) = v, for some
small § > 0, then as 9Dy, C SV~1, differentiating the identity |y|> = 1 we get - v = 0. Similarly,
differentiating the identity v-ey = r we obtain v-ey = 0. Hence, ﬁ(rm—eg) -v = 0 and thus from the
arbitrariness of v € T,,0Dy , we infer that ﬁ(rw —ep) L T,0Dy,,, so that v(z) = iﬁ(rm —eg).
To choose the right sign we now show that ﬁ(rw — eg) points outward Dg,. To this end, let
x € 0Dy, and consider the vector ys := = + ﬁ(rw — ep), with |s| small. As r € (0,1) and since
s(r?—1)

Ys €0 =T+ =) then, using the definition (A.1) and by elementary computations we readily check
that éz‘ € Dy, if and only if s < 0 with |s| is small enough, and this proves that ﬁ(rm — eg) points

outward Deg ..

With (A.3) at hand, and recalling the definition of u., we easily obtain that

ou 1 .
Ue, (T) 6;1 (z) = — (rz? — sinfz1), (A.4)
for any x = (x1,...,2n5) € 0Dg . In order to compute the integral in (A.2) we determine a suitable
parametrization for 0Dy . To this aim, we recall that z = (z1,...,2n) € 0Dy, if and only if = satisfies

224 +2d =1,
r18inf + xnycosh =r,

and by elementary computations we find that

9 T sin 0

002
(1 — rsinb) 9 9
————+z5... a2y =1—-7% ay=

(A.5)

—_— .
cos2 0 cos 0 cos 0

Using the spherical coordinates for S¥ =2 ¢ R¥~! and the second equation in (A.5) we find a parametriza-
tion for 0Dy . Indeed, first assuming that N > 4 and denoting by ¢1, ..., ¢n—_2 the angular coordinates,

where ¢1,...,¢n_3 have the range (0,7) and ¢n_o ranges over (0,27), we easily check that
1 cos 0 cos ¢ rsin @
To sin ¢ cos @2 0
_ie ; oo (4.6)
TN_2 sin¢y ...sindy_3cos dy_o 0
IN_1 singy...singy_zsindy_o 0

is a parametrization of the ellipsoid in RN =1 (or the sphere if = 0) described by the first equation in
(A.5) (up to a zero measure set with respect to the (N — 2)-dimensional Haussdorf measure). Hence,
exploiting the second equation in (A.5), we deduce that ¢ : (0,7) x ... x (0,7) x (0,27) — R defined
by

cos 0 cos ¢y T [ rsing ]
sin ¢ cos @2 0
Q/J((blw"a(ﬁ]\’fl) = V]-_r2 . : + (A7)
sin ¢y ...cospn_o 0
singq...singpn_o 0
— sin 6 cos ¢ | | 7cosf |

is a parametrization of the (N — 2)-dimensional sphere 9Dy . Then, arguing by induction and after a

straightforward computation we see that the coefficients g;; = <ng, 8%"_>, i, =1,...,N — 2, of the
i J
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induced metric on 0Dy ., are given by

1—72 ifi=j=1,
)@ —=r?)sin® ¢y ifi=j=2,
TN (1= 2y sin? ¢y - sin gy, ifi=jandi#1,2,
0 i,

~N_2 is diagonal, positive definite and the square root of its deter-

.....

minant is given by

(1 —r?)sin ¢y it N =4,

v/ Det(gi;) = { (1 —12)3 (sin ¢ )2(sin ¢ it N =5,

N—-2

(1—72)"7 (singy)V 3(singo)N =% -singpny_3 if N >6.

Therefore, when N > 6 (the other cases N = 4,5 being similar and easier) the (N — 2)-dimensional area
element of 0Dy, is expressed in these local coordinates by

d6 = (1— 1?7 (singy)N (singy)N - -singy_s doy - - dpn_sddn_s.
Setting for brevity G(¢o,...,¢n_2) = (singe)N =% .sinpn_3, d® := doy---dpn_3dpN_2, and ob-
serving that

/ G(¢27~--7¢N72) d(I) = |SN_3‘ = (N—?)Q)N,Q, (AS)
(0,7)N=4x(0,27)

where wy_» is the volume of the unit ball in RN =2, then, recalling (A.4), exploiting Fubini’s theorem
and taking into account (A.7), (A.8) we get that

/ Ue, 8UEI do
aDe,T 61/
_ 2
= (1-r% o / T (\/ 1 —7r2cosfcos ¢y + rsin 9) (sin )N 3G do,d®
(0,m)N—3x(0,27)
— / sin (\/ 1 —1r2cosf cos ¢y + rsin 9) (sin )N 3G dgpyd®
(0,m)N=3x(0,27)
= (N-=2wn_2(1— 7"2)? / [r(1 = 1?) cos®  cos® ¢y + 1 sin? @ — rsin? 6] (sin B1)N 3de,
0
(A.9)
where in the last integral we have discarded the linear terms in cos ¢; because
T . _ 1 . o
/ cos<b1(sm¢1)N 3 doy = 5 2(sm¢1)N 2’0 =0.
0 _
Rearranging the terms in the last integral of (A.9) we obtain
OUe 1 [T .
/ Ue, Yer 6 = (N —2)wy_or(l— TQ)NT / (cos2 0 cos? ¢y — sin? 9) (s1n¢1)N_3d¢1.
Dy ov 0
(A.10)
Now, let us observe that for any k € N, k > 2, integrating by parts we have
| oo ortsimont don = [ (simon)* — (singn) 2 doy
0 0
™ k 1 s
= / (sind1)* dby — ~ = [ (sing1)* do (A.11)

1 o
Ty (sin ¢1)" dr.

Combining (A.10) and (A.11) (with k = N — 3) we get that

Oue, . No1 [T . 1
/ Tum%dg = (N—=2wy_or(l—r?)"2 /(Sln¢1)N ? dgy (N—

0

T cos? f — sin? 0)

s . . 9
(N = 2)wn_gr(l — 7‘2)¥ / (sin ¢1)N—3 déy (1 N sin 9)
0

N -1 ’
(A.12)
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and this proves (A.2), with ¢y given by

N -2
T N-1
The proof of the Lemma is then complete for N > 4.

CN

T / (sin 1)V 3 doy. (A.13)
0

When N = 3 the proof is much simpler. Indeed, in this case, a parametrization of the circle 9Dy , is
given by the map 9 : (0,27) — R3 defined by

cos 6 cos ¢ rsin 6
(@) =1 —1r2 sin ¢ + 0
—sin @ cos ¢ rcos 6

Hence, using the definition, (A.4), and taking into account that [¢)'(¢)| = V1 — 12, we easily check that

= — {r (\/1—7"2(3059(zos¢+rsin9>2 —sin@(x/l—TQCosﬁcosdH—rsinﬂ)} [ (¢)| do

2m
= r(1- 7‘2)/ cos? O cos? ¢ —sin® 0 dp = 7r(1 — 1%) (cos® @ — 2sin 0) = 7r(1 — 1?) (1- 3sin? ).
0

In particular, as w; = 2, (A.12) holds true with ¢y given by (A.13) even for N = 3. The proof is
complete. 0

Remark A.2. Let 6 € (0,%). From the analytic expression of 0Dy, given by (A.5) or, equivalently,
by using (A.7), but with ¢; varying in [0, 27), it is easy to check that 0Dy, is contained in the sector
{x € SN 21 >0, zy > 0} if —/1 —r2cosf + rsinf > 0 and —v/1 —r2sind + rcosf > 0, which

both hold true if r > \/max{0032 6,sin? @}. By a similar argument, we take —6 € (=%,0), and under

the same condition on 7, then D_g , is contained in{z € SN’l; x1 <0, xy > 0}.

An immediate consequence of the previous remark and Lemma A.1 is the following.

Corollary A.3. Let 6 € (arcsin(ﬁ), 5) and set rg := \/max{c082 0,sin?0}. Then, for anyr € (rg,1),
the spherical cap Dy, is contained in {x € SN=L. 2, >0, zy > 0}, while the symmetrical domain
(with respect to the hyperplane {x1 = 0}), namely D_y ., is contained in {x € SN~1; 21 <0, x5 > 0}.

Moreover it holds that

8U(> 6ue ~
—2 dé — A.14
/aDg,r Uer 5 dé + /EJD_B,T Uer 5 dé <0 ( )
and
/ Ue, do = 0. (A.15)
Dy UD_g

Notice that (A.15) follows from the symmetry of Dy, U D_g ., as ue, is odd. Since Dy, U D_g, is
not connected, in order to apply the instability criterion given by Proposition 5.2 our idea is to join the
two domains Dg ., D_g, by a suitably “small” tunnel-like domain which is symmetric with respect to
the hyperplane {z1 = 0}. More precisely, we have the following.

Example A.4. Let ¢ > 0 be a small number to be determined later and consider the open region
A. € SV~1 between the two symmetric hyperplanes {xy_1 = —¢} and {zy_; = +¢}, namely

A ={z € SVl _e<xen g < e}

Setting 0AT := {x € SN~1 z.eny 1 = ¢}, A7 == {z € S’ 71, x- (—eny_1) = €} and arguing as in
the proof of Lemma A.1 (see (A.4)) we can check that the exterior unit co-normal to 9A. = AZ U AT,
pointing outwards A., is given by

L1 (ey_q— if 2 € DA,
y<x)={v1€2(e“ er) o e od; (A.16)

(—en—1 —ex) ifxedAC.

1—e2
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In view of (A.16), and as e - ey—1 = 0, it follows that v(z) - e; = —ex; for all z € 9A. = JAZ U AF,
and thus

Ue, (ac)ag;l (z) = —ex? for all z € DA.. (A.17)

Now, fixing 6 and r € (rg, 1) as in Corollary A.3 we can choose £ > 0 sufficiently small (depending on
r and ) so that A, intersects Dy, U D_g . We then take as tunnel-like domain the connected subset
of
A\ (DprUD_g,) ={zx eSSVl —c<zieny1<e zreg <1, mre_g< r}
containing ey, and we denote it by T; g .. We set
DE,O,T' = D9,7' U TE,O,T U D—@,r-

By definition it is easy to check that D. g, is a domain symmetric with respect to the hyperplane
{z1 = 0} and thus, as u,, is odd, we have

/ Ue, do = 0.
DE,Q,T

Then by (A.14) and (A.17) we easily check that
due
/ Ue, 2L d5 < 0
9Deo. OV

if € > 0 is sufficiently small, so that D, g, satisfies (i) of Proposition 5.2 and hence A1 (D¢ g,) < N — 1.
Moreover, by construction D, g, C Sf_l and also the inequality Hy—_1(Deg,) < ”H,N_l(Sf_l) holds.
Note that the domain D, g, is not smooth but we can take a smooth domain close to D, g, for which
the same properties hold.

Next we exhibit another class of non-convex domains satisfying condition (i) of Proposition 5.2 which
are not contained in a hemisphere.

Example A.5. Let us fix k € {1,..., N — 2} and let

k+1
Sk .= {(:cl,...,xkﬂ,o,...,()) ERN; > af = 1} c sV (A.18)
i=1

jus

5) and consider

D, := {x € SV~ distgn-1(x,S¥) < 7},

where distgy—1 denotes the geodesic distance in SN~1. If e € S¥, we have fD u, do = 0 since D, is
symmetric with respect to reflection at the hyperplane

H,:={z eRY; z.e=0}

and u. is odd with respect to this reflection. We write points in SN~ as

Moreover, we fix € (0,

xr=1ycosf + zsinb,
with y € S¥ (see (A.18)), 6 = distgn—1(x,S*) € (0,%) and
N
ze SN2k .= {(O,...,O,xk+2,...7xN) e RY,; me = 1} c shV-L,
k+2
In these coordinates, and since e € S¥, we have u.(z) = (e - y) cos 6. In addition we check that

0D, = {z € SN1; x =ycosr + zsinr, y € S*, z € SN2k,

and the exterior unit co-normal in a point = ycosr+zsinr € 9D, is given by v(z) = —ysinr+zcosr.
Consequently, for any = € 9D, we have
ou . . .
3 “(z) = (cosT)e - (—ysinr + zcosr) = —cosrsinr (e-y) = —sinr u.(z).
v

Hence it follows that

Ou,
ey <0 on 9D, \ He,

Ue
and thus 5
/ MR- P) (A.19)

op, O

14
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By Proposition 5.2, the inequality (A.19) implies that A;(D,) < N — 1. Finally if r is small also the
condition Hy_1(D;) < Hy-1(SY ') holds.
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