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Abstract

We find the Yangian symmetry underlying the integrability of type IIB superstrings on AdS3 x $3 x 83 x
s! with mixed Ramond—Ramond and Neveu—Schwarz—Neveu—Schwarz flux. The abstract commutation re-
lations of the Yangian are formulated via RTT realisation, while its matrix realisation is in an evaluation
representation depending on the quantised coefficient of the Wess—Zumino term. The construction naturally
encodes a secret symmetry of the worldsheet scattering matrix whose generators map different Yangian lev-
els to each other. We show that in the large effective string tension limit the Yangian becomes a deformation
of a unitary loop algebra and we derive its universal classical r-matrix.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction
1.1. Yangian symmetry and exact solvability

There are more symmetries in a theory than those displayed by its Lagrangian. This is par-
ticularly evident in four dimensional N'= 4 Super Yang-Mills theory, whose planar on-shell
scattering amplitudes [1] and Wilson loops [2] are invariant under an infinite tower of non-
local conserved charges. The very same symmetry, identified with the Yangian Y[psu(2, 2|4)],
was found in type IIB superstrings on AdSs x $° by studying the coset structure of the back-
ground [3]. Generally, if g is a graded Lie algebra, the corresponding Yangian )[g] is a particular
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quantum deformation of U/ (g[u]), the universal enveloping algebra of g-valued polynomials in
the spectral parameter u € C. In terms of Drinfeld first realisation [4-6], Y[g] is formulated as

Vigl=|JVulal.  Yulgl =span 3.

neN

(36030 | = £42 0 3G0iye mtn=0.1: (1.1

where fABC are the structure constant of g, [X, Y} = XY — (=) XYy X is the graded commu-
tator of X and Y and | - | the GraBmann grading. In particular, the Lie algebra g coincides with
Yolgl. Moreover, V[g] carries a Hopf algebra structure and its generators satisfy generalised Ja-
cobi identities called Serre relations. All V,[g] with n > 1 can be reconstructed out of lower
levels via (1.1): the whole Y[g] is then determined by Yp[g] and V;[g]. Eventually, }V[g] admits
an evaluation representation if there exists a spectral parameter dependent map p,, such that

pudly =u"3%y. IO €a.  nel. (1.2)

Yangian symmetry typically appears in integrable quantum field theories: indeed, both A = 4
super Yang—Mills theory [7-9] and type IIB superstrings on AdSs x 3 [10—12] are dual to an in-
tegrable spin chain system. This duality is even more powerful than the AdS/CFT correspondence
[13—15] as the integrability picture allows for computing the conformal data of A" = 4 super
Yang-Mills theory at all orders in the gauge coupling constant [16—22]. Technically, it is there-
fore very useful to have the control on the dual integrable picture through its symmetries, as the
latter are able to strictly constrain or even determine gauge theory or gravity observables. Con-
ceptually, Yangians are fascinating because they link to each other completely different models
such as gauge, gravity and condensed matter systems via a rich mathematical structure. Yangians
have been found in quite a few instances of the AdS/CFT correspondence [23-26]. In this paper
we will focus on type IIB superstrings on AdS; x $3 x §3 x S! with mixed Ramond-Ramond
(RR) and Neveu—Schwarz—Neveu—Schwarz (NSNS) flux. We shall now review the main features
of the model.

1.2. Superstrings on AdS3 x S x 83 x S' with mixed 3-form flux

The near-horizon geometry of two M5 branes intersecting an M2 brane is AdS3 x §3 x §3 x
T2, whose dimensional reduction along S! gives type IIA superstrings on AdS; x §3 x §3 x §!
with 16 supersymmetries. By performing T-duality along the S! one obtains the corresponding
type IIB model [27-32]. AdS3 x S3 x S x S! supports both RR and NSNS fluxes and dis-
plays D(2, 1; ) x D(2, 1; o) x U(1) isometry, with the AdS and sphere radii being parametrised
by «a:

o= R/ZAdS/Régr’ l—a= Rids/Réi: (1.3)
where the spheres are labelled by +. If the spheres have equal radii, « = 1/2 and the exceptional
superalgebra 0(2, 1; o) becomes o0sp(4|2). Instead, if Rags = R 53 (respectively, Rags = R s ),
then @ = 1 (& = 0), (2, 1; &) reduces to psu(2|2) and S* = R3 (53 = R3) can be compactified
into a 73 giving the AdS; x §3 x T* background, whose complete worldsheet S-matrix was
found in [33]. The massive sector of the worldsheet scattering matrix of type IIB strings on
AdS3 x §3 x §3 x S with RR flux was first derived in [34], while its integrability properties
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were studied in [35] exploiting the coset structure of the background,

3 3 1 D@2,1;a) xD(2,1;a)
AdS3 x §7 x §7 xS = . 1.4
SO(1,2) x SO(3) x SO(3)

The investigation was generalised by including both RR and NSNS fluxes in [39] directly work-
ing on the Green—Schwarz action of the theory, ignoring the coset formulation. In light-cone
gauge, the worldsheet scattering is encoded in an su.(1|1)? invariant R-matrix, which was de-
rived assuming the integrability of the quantum theory. As in the AdSs x S° case, to such an
integrability shall correspond a Yangian symmetry restricting the observables of the conformal
field theory dual, first tackled in [40,41] and deeply studied in [42—44]. The goal of this paper is
indeed to extract the Yangian of AdS; x §3 x §3 x S! superstrings with mixed flux. Especially,
we will employ the scattering matrix found in [39] to define its own symmetry algebra. The
procedure we will use is called RTT realisation [45—47]: we introduce it in the next subsection.

1.3. Integrable scattering matrices from Hopf algebras

Integrable quantum field theories enjoy an infinite number of conserved charges. Such a sym-
metry, which we denote by .4, is so constraining that it completely fixes the scattering matrix
of the system. This situation is rigorously described if .A has got a Hopf algebra structure. In-
deed, the coproduct map A : 4 - A ® A naturally provides a multiparticle representation of
the conserved charges: conventionally, J € A acts on in-states via A(J) and on out-states via
A%(J) =P o A(J), where P(X @ Y) = (—)XII"ly ® X is the graded permutation operator.
The symmetry acts on antiparticle states through the antipode X : A — A, which is a C-linear
anti-homomorphism.

This provided, the scattering matrix S acting on the Hilbert space .77 can be expressed as
S=PoR,with R:C x C— End(s ® ) intertwining A and A°P. The R-matrix depends
on two spectral parameters u1, u € C related to the momenta of the scattering excitations and is
fully determined by the quasi co-commutativity condition

AP R=RAQ), V3IecA (1.5)

as well as by the crossing equations
CT@R=1®X)R=R"". (1.6)

Specifically, (1.6) fixes the dressing phases left unconstrained by (1.5), once the analyticity
properties of such phase factors are specified.” Then, the S-matrix immediately follows from
S = P o R. Importantly, (1.5) implies that, if € € A is central, it must be co-commutative:
A°P(€) = A(€). We shall also require that the underlying Hopf algebra A is almost quasi trian-
gular, meaning that the fusion relations’

(A®1)Ri2 =Ri3 Ro3, (1®A)Ri2=Ri3R1> (L.7)

1 Such a coset structure was also used to prove the T-self duality of AdS3 x $3 x 83 x S in [36]. T-self duality is
related to dual superconformal symmetry, which is a subsector of the full Yangian algebra [37,38].

2 The dressing phase for AdS5/CFTy4 was studied in [48-51], while the AdS3/CFT, case was investigated in [26,52].

3 We denote by ¢;; a tensor acting upon the i-th and j-th components of the multiple tensor product of representations
Vi QVi® --®V;®--.



274 A. Pittelli / Nuclear Physics B 935 (2018) 271-289

hold. This is not restrictive as (1.7) and (1.5) imply the quantum Yang—Baxter equation (QYBE)
[53]

Ri2 R13 R23 = Ra3 Ri3 Ry, (1.8)

which is a necessary and characterising condition for R-matrices of integrable systems.
1.4. From R-matrices to Hopf algebras

The above discussion can be read backwards; indeed, an R-matrix satisfying the QYBE de-
fines its own Hopf algebra structure by the RTT relations

Rip(uy, u) Ti(uy) To(uz) = To(u2) Ti(uy) Ria(uy, u), (1.9)

where the monodromy matrix 7 : C — End(J¢) ® A generates the conserved charges. If we
focus on the AdS3 x §3 x §3 x S! worldsheet scattering, End(#) = su.(1|1)> C gl(2]2) and
we can express the R-matrix and the monodromy matrix in the standard basis* {e¢%}} of the
gl(2|2) superalgebra. This embedding will be particularly convenient as it allows for dealing
with both copies of su.(1]|1) at the same time. Then, assuming that 7 (x) is holomorphic in a
neighbourhood of u = oo,

4
Twy=Y_ Y u"(=D" Tl ), (1.10)

neNa,b=1
with T(‘jl) » being the abstract (representation independent) generators of A. Similarly, the R-
matrix takes the form

4

R= > (=DPHIRM ) uz) ey ® e“a. (1.11)
a,b,c,d=1

Substituting (1.10) and (1.11) in (1.9) yields

4 4
—ny, — | Hle) (bl +]d f e d
Z Z ZZ ] nlu2 ny [(_1)(\c|+|c\)(| [+ldD+1f1 sz T(Lnl—l)e']r(nz—l)f +

n1eNnyeNe=1 f=1

— (1) LD D+ Red T({zz—l)bT(enl—l)a] —0. (1.12)

The abstract commutation relations of A are therefore recovered by expanding this constraint
around u 1, up = oo: for instance, (1.12) implies T |, , = U§“, where U is a central element.
Furthermore, by comparing the RTT relations (1.9) with the QYBE (1.8), one observes that R
and 7 (u) can be connected via a representation map p, depending on the spectral parameter u:
R(ui,uy) = (Il ® puz) T (u1). As a result, the formula

4 4
1 1
_1)lel pac d _Ta _~ Ta ~ pa

SN DR u) e =T, + — TG+ — Tnyp+ - (1.13)

1 u

c=1d=1 1
4 Such a basis comprehends 16 matrices with components (e“;,)i .= (—1)”"8” Sbj and a,b,i,j=1,...,4. We
choose the grading of the indices to be |1| = |2| = —|3| = —|4]| = +1, meaning that 1,2 are bosonic indices while

3, 4 are fermionic ones.
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gives access to the representations T(:l‘) b= ,OMT&) »- As for the Hopf algebra structure, the fusion
relations (1.7) induce the coproducts

AU)=UQTU, A(T&))b>:T&)h®U'b‘+U'“‘®T(‘}»b,

4
A (W) =Ty, ® UM+ O TE + YTy © T, (114

c=1

while the antipodes descend from (1.6):
[T, =UMse =[Tg),|=-vTg
(=1b b> )b (0)b>
4
X [’H‘(“l)b] =-Uk-rd, + ZU_'“‘_'M_'C‘T&CT&)M- (1.15)
c=1

If the Hopf algebra of the system is a Yangian over a graded Lie algebra g, )[g], it is useful to
define the objects

ih

a " rr—Iblra
ih im &
= —Ib +leD(1bl+
Iiyp ==5-U blra, — 72(_1)% Db+ e g4 (1.16)

c=1

where the constants £, m appear for future convenience. These Js satisfy

A (J(‘f))b> =18, L+U P gge

. 4
—|b 1m —Ib
A(J(‘l)b)zm)b@ﬂw'“' MGy, + o Y UG @36+

c=1

.4
m
-2 3 (= 1ylal+iebel+bbylal-lel e g ga (1.17)

c=1

which are the coproducts of Y[g] in Drinfeld first realisation. Moreover,

= (3 5] = —UP15G)

. 4
=[] = -0 (J(al)b - % 2 [%)m%)b}) : (1.18)

c=1

A great advantage of the RTT realisation is that it automatically provides the consistency condi-
tions of the Hopf algebra, for instance [54,55]

po(E@DoA@)=pno(l®X)oA@) =@ 1L, JeA, (1.19)

where p and € are the Hopf algebra multiplication and counit respectively.
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1.5. Outline

To make the paper self-contained, in Section 2 we re-derive the AdS3 x §3 x §° x S! su-
perstring worldsheet scattering matrix, originally found in [39]. In Section 3 we use the RTT
realisation to extract its Yangian symmetry. We also derive the Yangian evaluation representation
and show its dependence on the quantised coefficient of the Wess—Zumino term appearing in
the AdS3 x S3 x §3 x S! superstring action. In Section 4 we perform the large effective string
tension limit and demonstrate that the resulting classical r-matrix can be written in a universal,
representation independent form as a tensor product of u(1|1)[«, u~']? loop algebra generators.

1.6. Note

While completing this paper I became aware of [56], which has some overlap with this work.
I am very grateful to the authors for sharing their draft before publication.

2. AdS;3 x S3 x §3 x S1 R-matrix from Hopf algebra
2.1. Centrally extended su.(1|1)? algebra and its representations

As we already mentioned, the fundamental symmetry of the worldsheet theory in light-cone
gauge is su.(1]1)2, which is made of two copies of su(1|1) and two central charges entangling
them,

su (111)? = [su(1|1) @ su(1|1)g] x R?, (2.1)

where we labelled each copy by left (L) and right (R). Each su(1|1)4 is a three-dimensional
superalgebra generated by two supercharges Q0 4, S4 and a central charge Hy = {Q 4, Sa}. Con-
sequently, the algebra su.(1]1)? has got 4 fermionic generators Q7 , S, Q. Sg and 4 central
charges Hy, Hg, P, K whose commutation rules are

{Qa,Sp} =64 Hp, {OL, Or} =P, {SL, Sk} =K; A, B=L,R. (22

The elementary excitations of the AdS3 x §3 x §3 x S! worldsheet scattering are represented
by two bosonic states |¢4) and two fermionic ones | 4) with A = L, R. The action of Q 4, Sa
on the left module vy = {|¢r), |¥L)} is

OrLloL)=ar|¥r), SplL)=crLléL), SrIPL) =dL VL),
OrIYL)=bL|oL), 2.3)

while the value of the central charges on v, is
HL =darcy, HRZdeL, P:aLbL, KZCLdL. (2.4)

The action on the right module vg = {|¢r), |¥r)} follows from LR symmetry; namely, it is
obtained by substituting L with R in (2.3) and (2.4): for instance, Qr |¢r) = ag |¥g) and
St |¢r) = dr |¥R). Such a representation satisfies the shortening condition (Hy + Hp)? =
(Hp — Hg)?> + 4 PK and is conveniently written in terms of Zhukovski variables {xLi, x,f}.
These are kinematical variables depending on the momentum p and the mass m of the corre-
sponding scattering excitation, as well as on the effective string tension /4 and the quantised
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coefficient k of the Wess—Zumino term in the AdS3 x S x §3 x S! superstring action. Specifi-
cally, {xLi, x,je[} are defined by the constraint

1 1 2 xf\ o 2i
W= —a—— = 2 g (A ) =22, A=L,R; 2.5)
Xy X, h X, h
where k; = —kg = || and we chose the branch cut such that loge®™! = 0. The link with the

pagicle momentum is given by xf /X, = x;’e‘ [Xg = e'?. To simplify the R-matrix entries, we
define

A
. _ _ — ) Xy [ih _
U .= \/.XZ_/XL z\/x;/_xR :elp/ , NA ‘= (x—_> 3(‘XA —XX), (26)

A

whose inverse relations read

21U n? 2in?
+ A - A
XA = T77 0 Xy =75 > A=L,R. 2.7
AT h(Ur-1) A7 hu(Ur-1) @7
In this setting, the representation coefficients assume the compact form
as=na, by=—A cq=14 dA:_”_j‘r; A=L,R. 2.8)
UXA U xA

The Lie algebra su.(1]1)? is enhanced to a Hopf algebra by introducing’

AQA)=0401+U® Qa, ASA)=S401+U""'® 54, (2.9)

which are the coproducts of the supercharges in Drinfeld first realization. Acting with P provides
the opposite coproducts

AP(Q)=04QU +1® Qa, AP(S) =S, QU ' +1®8,. (2.10)

The coproduct is an algebra homomorphism, therefore A(Hyg), A(P), A(K) are obtained by
anticommuting (2.9): for example,

A(Hp)=Ha®1+1Q Hy, A(P)=P®1+U>QP. 2.11)

Using (2.4) it is straightforward to check that the central charges are co-commutative.

The coproducts provide the two-particle representation of su.(1]1)?, which is sufficient to
solve the scattering problem as the system is assumed integrable and n-body processes factorise
into 2-body ones, as allowed by the QYBE.

2.2. AdS3 x 83 x 83 x S! R-matrix

Using the basis (¢r, ¢r, VL, Yr), the R-matrix for the worldsheet scattering of strings on
AdS; x S3 x §3 x S! with mixed flux assumes the form

Rlpp1¢r2) =arpldL1éL2),
RlprL1¥r2)=PBrrlor1¥r2) +ver|¥Li1ér2),

5 With a slight abuse of notation we identify U with U x 1.
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RlVL1¢12)
RIYr1YL2)

in the LL sector and

R|pr1¢r2)
RlprL1Yr2)
R|YL1dR2)
RIYL1YR2)
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=urL IYo1¢r2) +virlér1vLa),
=prL¥L1¥L2),

=aLr|PL1®R2) + BLRIVL1YR2) .
=YLRIPL1VR2),
=ULR|YL1OR2) .
=VLRIVL1VR2) + PLRIPL1PR2),

2.12)

(2.13)

in the LR sector. According to LR symmetry, the RL and RR sectors are found by just swapping
L and R in the above expressions. Then, (1.5) fixes the LL and LR scattering elements:

+ + + —
OLL X192 — X1 ”L2(xL1_xL1)
QL =OLL, 5LL=77, VLL=OLL ———F 1 — _—\°
L Xpo =X flLl(xLz_xLl)
— — + -
_ UZ(xLz_xLl) _ _ Uz(xLl_xLZ)
MLL=0LL —F —— VLL =VLL, PLL=O0LL —F & =\
Xpo2 — X1 l(xL2_xLl)
+ —_ — —_
_ _ "Ll(sz_sz) _ Ui (xleRZ_l)
®LR = OLR, BLR =0OLR T YLR=OLR —F —
’IRZ(XleRz_l) X[ Xpy— 1
+ .+
_OLR X Xpp— 1 _ Ui (xleRZ 1) _ 214
RLR == = VLR =OLR 7= o= PLR =PLr, (2.14)
2 XpXpo— UZ(XLIXRZ )
where xT . are the kinematic variables referring to the state |® Ai), with ®=¢,¥; A=L,R
Aj g J

and j = 1, 2. For simplicity, we will consider scattering particles with equal masses m, leaving
m unspecified. Accordingly, agy, ..., prg are obtained by exchanging L and R in (2.14). As a
result, the R-matrix is fixed up to four scalar factors o1y, 0Lr, ORL, ORR: these are the dress-
ing phases determined by the crossing equations (1.6). Such scalars encode important physical
information (e.g. the bound states of the system); however, they do not affect the Hopf algebra
structure and specifying their exact form will be unnecessary.

3. RTT realization of the Yangian
3.1. Representations of the RTT generators

In the form (1.11), the R-matrix entries (2.14) are distributed as

Ru = LLv R12 = LR’ R13 —ﬂLLv R14 = J/LR,
R2] — oRL R22 — oRR, R23 — yRL R24 — BRR,
R3l ="t R3 =", RE=p"" R3; =v"E,
R41 = uft, R42 = RRv Rg =R, R44 = RR,
Rlzz_ﬂLR’ R31 — L Rﬁz_ﬂRL’ R42_—y
Rn _— R12 _ LR, Ré‘i — RR R21 _ pRL
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In a neighbourhood of u ; = oo, the xf j given by

tim+ 24  —hZE2imis  Eim 4 24
= _ .
A S n

+..., A=L,R 3.1)

satisfy (2.5). The spectral parameters u ; expressed in terms of xj ; are then

1 1 1 2
—(x;+ +xy +—)—u1+ﬂ A=L,R. (32)
2\ X J h

Aj A]

Thanks to (3.1) one can expand the R-matrix and read off the algebra commutation relations
from (1.12) and the representations of their generators from (1.13). To begin with, we find
b
Ty, =80y, (3.3)

namely T(—1)1 =1, T(—1)2 =0, T(il) ,=Ux1 and so forth. As anticipated, the leading term in

the asymptotic expansion of T(u) turns out to be central. Since we are embedding su.(1]1)? in
gl(2]2), only 8 of the 16 T, (O)b are non-vanishing. The same happens for the T(Z)b with n > 0:

these are T(Z) @ T(n) a2 T(n) at2 T(Z;’az with a = 1, 2. A sample of these are
. . 2
Tl :1&(22_633) 71 2_21ﬁanel3+ﬂ(l—U2)e42
O1=7, ; 03 A "ea :
im Ziﬁnlgz \/ﬁ 1— U2
Toa=— - (611—e44), Tds=— i 4+ (an 2)e31. (3.4)

The expressions of the higher generators are rather lengthy, e.g.

1 m . 2 2 2 2
T(H)IZW[—(m—mK)nm +2h U2<—1+U2)]e o+
m(m —4ix — Uy (8nL2 + (m — 4ik)Us)) 3

- 202 (—1+ 02) o G-

3.2. Abstract commutation relations

Expanding (1.9) around oo with respect to both u; and u, gives the abstract commutation
relations for the Ts. A sample of the latter is

2im m? (i
3 3 2 2

{T(nz’ T(O)l} = T(O) 1Ty2 + = L (Tm)z UT(OM) to7 <7 + 1) (1 -U )

3 2 _ 3 4 3
[T«» 1- To) 2] = [Tw) I T<0)4] Y — T3,

2im

4 3 2

[T T} === (1-1%). (3.6)

“h

Notice that m,h and k combine to structure constants. The commutation rules of Ts provide
those of the Js: for instance, the relations (3.6) imply

{382,981} = —Ziim (1-v%)+ % (1+0%) (33)2 - Tys) - (3.7)
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3.3. Lie superalgebra from RTT

We now reconstruct the whole Hopf algebra .A. By choosing
QLzﬁJ&))l, SLz«/ﬁJ(lo)y
1 3 ih (o
HLZm(J(O)l_J(O)3), IP:E(U _1>9
QRzﬂJé))za SR:\/EJ(%))A"
He = 2 4 K — ih { )
R—m(J(O)Z_J(O)4), —E( _U ), (38)
we exactly reproduce the su.(1]1)? graded commutation relations:

{Q4,Sp} =684 Hp, {Qr, Qr} =P, {SL,Sgr} =K; A,B=L,R. (3.9)

The coproducts (2.9) are recovered by applying A to (3.8) by means of (1.17). As for the
antipodes, the equations (1.18) provide

2[Qal=-U"Qs,  T[SAl=-USs,  T[Hul=-Hy,
T[P]=-U"?P, T [K] = —-U?K, A=L.R, (3.10)

which preserve the algebra commutation relations. Notice that the antipode is involutive when
evaluated on su.(1]1)2.

3.4. Outer generators

As in [23,25], the sum
1 2 3 4
A=Jo1+J02+ I3 04 (3.11)

is an outer central generator of su.(1|1)2. Since A never appears on either the left or the right
hand side of the non-trivial .4’s commutation relations, it can be modded out of the algebra. In
other words, if By and By are the bosonic generators

BL=Joy1+Jbys  Br=J@,+J0a  BL+Br=A, (3.12)

whose action on the supercharges reads®

B, QL1=Qy, [Br, Qrl = —Qk, [Br,S.]=-S¢, [Bz,Sr] =Sk,
(3.13)

one realises that [By, -] and [Bg, -] are not independent: in fact, they add up to [A, -] = 0. Then,
the Lie symmetry algebra of the theory is not the full gl(1|1)? but, rather, gl(1]1)2/A.

6 LR symmetry provides the other commutation relations, e.g. [Bg, Q] and [Bg, Qg].
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3.5. Y[su.(1|1)?] Yangian from RTT
Setting
1 2
QL+ = 3 (1 +U )SR,
1
—(1+ ) ’
> ( Qr
. 2/< ih
_ 1 2 -2
Hy=m (I = Bnys) + 5 B z(U ~U7).

h
N K 1
QR:\/%J(A:_UQ_ _QR+ 5 (1+U2)SL7

K
Qu=vmIl+5

K
SL—«/_J(+1)3+ SL"‘

1
SR—\/—J(+1)4 SR‘|’ 14+0" )@Ls
N 2/< _
HR:m<J(2+1)2 J(+1)4> h HR+ (Uz U 2), (314)
and
A 1 2 A 1 =)
IP’_E(l—i—U)(HL—i-HR), K_E(I—HU )(HL+HR) (3.15)

we obtain the commutation relations for the level one of the Y[su,(1]1)?] Yangian:
{@A,SB}Z{QAygB}ZaABﬂB, A,B=L,R,
{@L,QR}={QL,@R}=@’, {gL,SR}=HSL,SR}=K (3.16)
The corresponding coproducts are

A N ~ i
A(QL)=QL®]1+U®QL+Z(QL ®@H, -UH, ® QL+

P
+@®SR—UZSR®P),

A(SL)ZSL®1+U_1 ®§L+%(U_1H1‘ ®S; —S;, QH;+

Q
+U—§®K—UK®@R),

A(I@IL):HL®]1+IL®HL+%<U‘2P®K—U2K®P>, (3.17)

and A (Jr) = A (JL)_ g for the R generators. Finally, A acts on the Yangian central charges
as

AP)=PR1+U*0®P+ % (P@H—U2H®P),
A(K):K®1+U_2®K+%(U_ZH@)K—K@H). (3.18)
Ultimately, the antipodes are

S[Qal=-U"Qs.  SSal=-USs, =[] =Ty,
T[P1=-U2P, T[K] = -U?K, A=L,R. (3.19)
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The antipode ¥ acts as an involution on the level one partners of the su.(1|1)?> generators. This
will no longer be true for the secret symmetry, as we shall see in the next subsection.

3.6. Secret symmetry

The outer generator

1 2 3 4
BZJ(+])]+J(+1)2+J(+1)3+J(+1)4 (320)

is not central and cannot be quotiented out as it was previously done for A. As a result, the
bosonic charges

! 3 2 "
Bo=Jqn1+IGns  Br=JGn2+IGna 3.21)

are independent. Their commutation relations read
[BLaQL]:z(@L_(IL'f‘Uz)SR» [BL,QR]Z—(]l-HUz)SL,
(B, Sel=-280+(1+U2)Qr,  [B2,Sel=(1+U72) Qs (3.22)

where the others are given by the swapping L <> R. The coproducts are

2i

A(BL):BL®H+1®BL+;(USL®QL +U*1QL®SL) (3.23)
and A(Bg) = A(Br)r— r, While the antipodes read

X[B]=—Br + Qi/h)H, E[Brl=2[B1]1—>r. (3.24)

The existence of these additional generators implies that the symmetry of the theory is not just
Y[suc(1]1)%], but rather A = Y[gl.(1]1)>/A]. These By, Bz generate the AdS3 x §3 x §3 x §!
version of the secret symmetry first found in the AdS;5 x S 5 case [57-59] and then discovered also
in the worldsheet scattering on AdS3 x S 3 x M* with RR flux [24] as well as in the massive sector
of the AdS;, x S? superstring [25]. On the field theory side, the secret symmetry corresponds to
a helicity operator acting on scattering amplitudes [60] as well as on Wilson loops [61-63]. On
the string theory side, the existence of secret symmetries was demonstrated by means of the pure
spinor formalism [64]. As anticipated, the antipode is not involutive on B4:

$2(Ba) =Ba — (4i/h) Hy, A=L,R. (3.25)

This signals that 4 possesses a non-trivial Liouville contraction Z(u) [23,54,55] shifting the
double antipode of diagonal elements, e.g. J (“_H) o d (“+2) o More precisely, Z(u) is a central
element of the algebra satisfying 1 ® Z(u) =7 (u)XZ [T (u)]. In our case, by direct computation
we find

Z4() :exp{(Zi/h)u_zHA + } (3.26)

The order u~2 deviation from Z4(u) = 1 is proportional to the shift in >2(B4), while higher
orders provide £2(J (“+2)u), »2(J ("+3> ) and so forth.
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3.7. Evaluation representation

Acting with the function p, on the Yangian charges one finds that the latter are in
evaluation representation. For instance, if AQ L =p,Qr and Qp = p, Qr, then Qy |Yr) =
[u — (2« /h)] QL |¥R) holds. In general, if J is the level one counterpart of {j, one obtains

~ 2K
3|®A>=(M+TA)3|CDA>» O=0,9, A=L,R. (3.27)

Then, the quantised coefficient of the Wess—Zumino term « splits the evaluation representation
in two branches: the left one, with effective spectral parameter u; = u + (2«/ h); and the right
one, with ug =u — (2« / h). In the limit x — 0, corresponding to RR flux only, the two branches
collapse and become one, with a single spectral parameter u. This was the situation analysed in
[24,65].

4. Loop algebra and universal classical r-matrix
4.1. Loop algebra

In this section we study the classical limit of the AdS3 x §3 x §3 x §' R-matrix and its
Yangian by taking the effective string tension / to be very large, namely’ 4 — oo. To this aim, we
parametrise the Zhukovsky variables xi g in terms of the constants &, m and of a new variable z

[66]:

(m/h)*> | i(m/h)
2 T

XF=xp=z .1

(z—z~ 72—z~
Consequently, we expand with respect to 2=, Such xLi’ g satisfy the constraint (2.5) because

K -corrections are of order 42, In this regime, the spectral parameter u reads u =z +z~! and
the representations of the Yangian generators become

QL _ 624—I—Ze31 S _ Z€13+ 642
VAT e vEet
a1 2(eh— &)+ (2 — ehy)

m 1-22 ’

Qr  el34zeh Sr  zelq+ed
NI s SV o
Nr . (611 —633) + 72 (622 —e44)

m 1-22 ’

By,

-1
=u! B = <z4 — 1) [24811 + 622 —z? (322 — 2) 633 + (222 — 3) e44] )

Br= u~! Br = (z4 — 1)71 [e11 +z4 622 + (222 — 3) e33 — 72 (3z2 — 2) e44] . 42

7 By AdS/CFT, this limit corresponds to the strong coupling limit on the gauge theory side.
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Let & be one of the generators reported above. Then, we can uplift & to its level n counterpart
via evaluation representation: " = u" &. The algebra formed by (4.2) is then

{Dgu)’@(an)} = )
{Qgﬂ), lez)] — 16211), 6%!2)] :f);ﬂﬁnz—l) +5:J%11+n2—1)7
%(Ln])’ Q(an) — 2Q(Lnl+n2) _ 26%'”—”2_1),

n1) ~m2)| _ (n14n7) (n14n2—1)
I:%LI’GLZ]__ZgLI 2 +ZQR1 2 ,

[ (1) @) _ (n1+n2—1)
%L aQR —_ZGL )

By 67Y | =20 nmel. 4.3)

The remaining commutation rules descend from LR symmetry. The relations reported in (4.3)
can be identified as a deformation of the u(1|1)[u, ueul [ D [u, u 1 loop algebra [56]. Let
us now take the classical limit of the R-matrix and check that not only it enjoys the symmetry
algebra (4.3), but it can also be written as a tensor product of u(1|1)[u, u—1p? generators.

4.2. Classical r-matrix

Using (4.1), the R-matrix expands as

R=1®1+h"'r+0O0™?), (4.4)
where r is the classical r-matrix of the system satisfying the classical Yang—Baxter equation

[r12, i3] + [r12, ra3l + [r13, r23]1 =0, (4.5)
representing the QYBE (1.8) in the 7 — oo regime. Since

AD =80 +h'AD+....  AP@ =A@ +hTAT@) +.... (4.6)
quasi co-commutativity (1.5) becomes

[A0@). 1= A1) =A@,  VYIeA @7

Therefore, the left-hand side of (4.7), also known as the cobracket of J, has to match the differ-
ence between A1 (J) and A(l)p (J). The classical r-matrix obtained from (2.14) reads

2i
e —— Q6. -6, +QrR6Gr —Gr®Qr+
1 — U2
1 1
——®BL—BRr)®®OL —HR)— —OL —HRr) QB —Br)+
duy 4uy
1 1
——BL+BR) MWL +HR) — — O +Hr) @ B +Br)]. (4.8
duy duy
The generators Qr, Sy, ..., Bz, Bg are genuine symmetries of the r-matrix: for instance,

[AoBL), r1=4(Q, ® G+ 6. ®Q1) =A1(BL) — AP (BL), (4.9)
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which agrees with (4.7). In the region |us| < |u], the r-matrix can be rewritten as®

r=2i [Qf“’” 6y -6 ea +a ey —6% ! T eal) +
R @ i) _gp—1em) @ B0 _ §Hm) g =D _ g(-2-m) g %(n+1>] . (4.10)
where the redefinitions

D= +9r)/2, BV =@ +8r)/2, BV =80 4+50 200D,
MmO =L -Hr)/2. V=@ -6r)2, LV =20 4+m®, (4.11)

were used. The object in (4.10) is representation independent; therefore, it is a well-posed can-
didate for the universal r-matrix of the loop algebra (4.3). In the light of (4.10), (4.8) is in fact in
evaluation representation. Finally, notice that the identifications

Q(n) = _QA,m 654’!) = QA,n’ 257)(’1) = _an
2m™ =-M,, B®=-B, 2£"=_bp,, (4.12)

map the r-matrix (4.10) to the one found in [56] up to central shifts.
5. Conclusions
5.1. Discussion

In this work we have investigated the integrability of type IIB superstrings on AdS3 x §3 x
§3 x S! background with mixed RR and NSNS flux from an algebraic viewpoint. Our analysis
has shown that the worldsheet scattering of the theory enjoys an infinite dimensional symme-
try A endowed with a Hopf algebra structure and spanned by an endless tower of generators.
Specifically, we have used the R-matrix to write down the RTT relations and expanded these
with respect to the spectral parameter, obtaining the abstract commutation relations of 4. Fur-
thermore, expanding the R-matrix itself has provided the representations of the A generators.
We have observed that the presence of both RR and NSNS fluxes deforms not only the algebra
representations but also the abstract commutation relations of the RTT generators.

The infinite dimensional algebra .4 is organised in levels: the bottom level, .A _, only contains
the identity and a braiding factor U. The latter is a central element deforming commutation rela-
tions, coproducts, antipodes and so forth. The next level, A, coincides with the building block of
the light-cone off-shell symmetry algebra of the model, su.(1|1)?, whose central charges depend
on the braiding factor U and vanish in the limit U — 1. The level zero of .4 also includes two
outer generators of su. (1] 1)2, Br,Bg. These add up to a central generator A that never appears
in the commutation relations of .4, implying that B;, Br actually represent one single genera-
tor. We have summarised this situation by referring to Ag as gl,.(1] 1)2/A. Subsequently, we have
demonstrated that the level one of A, A1, contains level one charges of the Yangian Y[su. (1] 1)2].
Such charges are in evaluation representation, where each copy of su.(1]|1) presents its own
spectral parameter depending on the quantised coefficient of the Wess—Zumino term. We have
also found that at level one there are two bonus generators, B;, Bz, mapping each level of A to
the next one. In contrast to By and Bg, 37 and Bg are algebraically independent and span the

8 The r-matrix for |u| < |uz| is obtained by making the replacement Qﬁg_] e (’55”) - — 63") ® 055_1_”) in (4.10).
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AdS;3 x 83 x §3 x S! counterpart of the secret symmetry found in AdSs and AdS,, as well as in
another AdS3 case. We have checked that the antipode fails to be involutive when evaluated on
Bz, Bg, and displayed that the failure is quantitatively related to the non-trivial centre of A. By
taking into account this secret symmetry, we have concluded that the worldsheet scattering ma-
trix of superstrings on AdS3 x $° x §3 x §! with mixed flux is invariant under the action of the
Ylal.(1]1)>/A] Yangian, with evaluation representation depending on the quantised coefficient
of the Wess—Zumino term.

Finally, taking the large effective string tension limit, we have showed that Y[gl, (1|1)?/A]
reduces to a deformation of the u(1|1)[u, u1? loop algebra. Then, we have formulated a candi-
date for the universal, representation independent u(1|1)[u, u™ 112 r-matrix, linked to the classical
limit of the R-matrix by means of the evaluation representation. We have explicitly verified that
such a universal r-matrix, in analogy to those found in [25,67,68], is classically co-commutative
with respect to the u(1|1)[u, u~']? generators regardless the representation.

5.2. Outlook

It would be very interesting to find a universal R-matrix for the worldsheet scattering on
AdS3 x §3 x §3 x S! with both RR and NSNS fluxes in terms of a Drinfeld quantum double
construction [69,70]. Furthermore, it would be fascinating to see how g-Poincaré symmetry [56,
71,72] behaves in presence of mixed flux. Another intriguing direction would be translating the
Yangian symmetry derived in this paper into constraints applicable on observables of the con-
formal field theory dual [41-44], reverse-engineering what it was done in the context of A" = 4
super Yang—Mills theory [2,73,74]. Finally, it would be exciting to extend the analysis of this
paper to other supergravity backgrounds; for instance, by extracting the Yangian corresponding
to the AdS; x §2 x §Z x T* superstring [75,76].
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