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FULLY NON-LINEAR ELLIPTIC EQUATIONS ON COMPACT MANIFOLDS
WITH A FLAT HYPERKAHLER METRIC

GIOVANNI GENTILI AND JIAOGEN ZHANG

ABSTRACT. Mainly motivated by a conjecture of Alesker and Verbitsky, we study a class of
fully non-linear elliptic equations on certain compact hyperhermitian manifolds. By adapting
the approach of Székelyhidi [60] to the hypercomplex setting, we prove some a priori estimates for
solutions to such equations under the assumption of existence of C-subsolutions. In the estimate
of the quaternionic Laplacian, we need to further assume the existence of a flat hyperkéhler
metric. As an application of our results we prove that the quaternionic analogue of the Hessian
equation and Monge-Ampere equation for (n — 1)-plurisubharmonic functions can always be
solved on compact flat hyperkdhler manifolds.

1. INTRODUCTION

A hypercomplex manifold is a smooth manifold M of real dimension 4n equipped with a triple
of complex structures (I, J, K) satisfying the quaternionic relations

1J=—-JI=K.

A Riemannian metric g on a hypercomplex manifold (M, I, J, K) is said to be hyperhermitian if
it is Hermitian with respect to each of I, J, K. Any hyperhermitian metric induces a 2-form

Qo = wy + iwg

where wy and wg are the fundamental forms of (g,J) and (g, K) respectively. The form
is of type (2,0) with respect to I, satisfies the g-real condition JQy = Qg (here J acts on
as JQo(-,-) = Qo(J-,J+)) and is positive in the sense that (X, JX) > 0 for every nowhere
vanishing real vector field on M. (M,I,J, K,g) is hyperkéhler if and only if Qg is closed,
while it is called HKT (hyperkdhler with torsion) if Qg is O-closed, where 0 is taken with
respect to I. The geometry of HKT manifolds is widely studied in the literature (see e.g.
[5, 8,9, 25, 30, 31, 40, 42, 47, 58, 59, 65, 66, 67] and the reference therein).

Fix a ¢g-real (2, 0) form €2, a smooth map ¢: M — R on a hyperhermitian manifold (M, I, J, K, g)
is called quaternionic Q-plurisubharmonic if

Qy :=Q + 00, is positive,

where

9y :=J"taJ
is the twisted differential operator introduced by Verbitsky [65], being 0 the conjugate of 0.
Animated by the study of “canonical” HKT metrics, in analogy to the Calabi conjecture [17]
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proved by Yau in [69], Alesker and Verbitsky proposed in [6] to study the quaternionic Monge-
Ampére equation:

(1) QL =be Oy

on a compact HKT manifold, where H € C*°(M,R) is given, while (¢,b) € C*°(M,R) x
R, is the unknown. Even if the solvability of the quaternionic Monge-Ampeére equation is
still an open problem in its general form, several partial results are available in the literature
[2, 3, 4, 6, 10, 21, 26, 27, 57, 71]. A nice geometric application of the solvability of equation
(1) is the existence of a unique balanced metric § on a compact HKT manifold (M, I, J, K, g)
with holomorphically trivial canonical bundle with respect to I such that the form € induced
by g belongs to the class {2 + 09;¢} (see [67]). From this point of view, equation (1) is the
“quaternionic counterpart” of the complex Monge-Ampere equation in Kahler geometry and
balanced HKT metrics play the role that Calabi-Yau metrics play in Kahler geometry.

Following the parallelism between Hermitian and hyperhermitian geometry it is quite natural
to enlarge the study of the quaternionic Monge-Ampere equation to a general set of fully non-
linear elliptic equations on hypercomplex manifolds. Here we adapt the description given by
Székelyhidi in [60] to the hypercomplex setting.

In the current paper we consider hypercomplex manifolds (M, I, J, K) which are locally iso-
morphic to H™. Unlike complex manifolds, where the integrability of the complex structure
guarantees that every point has a neighborhood biholomorphic to an open subset of C", for
hypercomplex manifolds the integrability of the hypercomplex structure is not enough to ensure
that (M, I, J, K) is locally isomorphic to the standard flat space. These manifolds were first
introduced by Sommese in [54] and are today called locally flat since they can be characterized
as hypercomplex manifolds having the curvature of the Obata connection [51] identically zero.
We recall that the Obata connection V is the unique torsion free connection on a hypercomplex
manifold (M, I, J, K) that preserves the hypercomplex structure, i.e.

VI=VJ=VK =0.

On a locally flat hypercomplex manifold (M, 1,J, K), we can locally find real coordinates
{z3}, p=0,1,2,3, r = 1,...n, such that (I, J, K) takes the standard form. Setting

3
T . '
q = g T, ep,

p=0

where, in order to simplify the notation, we denote the unit quaternions 1,4, j, k with eq, e, €2, €3,
we can define the H"-valued function (¢!, ..., ¢"), which we refer to as quaternionic coordinates.
We can then introduce the quaternionic derivatives Oy and Oz acting on a smooth H-valued
function u as

3 3
Ogru 1= Ogrueg — Zaxgu ei, Ogu:= Zei Oyr .
i=1 i=0

The operators ;- and dzs commute, but they do not satisfy the Leibniz rule. Using the vector
fields 0y and O we can locally regard every g-real (2,0)-form © on M as a hyperhermitian
matrix (Qzs), i.e. as a n X n quaternionic matrix lying in Hyp(n,H) = {H € H™" | H = H*},
where H* = 'H. Moreover, for a smooth real-valued function ¢ on M, the matrix associated
to Qp = Q+ 00,0 is (V) = (Vs + 2977 045¢p). The matrix Hessmp = (prs) = (295:04090) is
usually called the quaternionic Hessian of ¢.
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Now we can describe the class of equations we take into account in the present paper.
Let (M, 1I,J, K, g) be a compact locally flat hyperhermitian manifold and let Q be a fixed g-real
(2,0)-form on M (2 is not necessarily the (2,0)-form induced by g). For a smooth real function
pon M let Q, := Q+ 00;¢ and A} = ngQ;fs. The matrix (A}) defines a hyperhermitian
endomorphism of TM with respect to the metric g, i.e. A = g~'A*g. Note that in general, for
quaternionic matrices one does not have (right) eigenvalues in the usual sense, rather conjugacy
classes of them. However for hyperhermitian matrices there is a single real eigenvalue in each
conjugacy class. Therefore, we consider the function A: Hyp(n,H) — R™ which associates to a
matrix A the n-tuple of its eigenvalues A(A).

We can then consider an equation of the following type

(2) F(A)=h,

where h € C*°(M,R) is given and F(A) = f(A(A)) is a smooth symmetric operator of the
eigenvalues of A. Here f: I' — R, where I' is a proper convex open cone in R with vertex at
the origin which is symmetric (i.e. it is invariant under permutations of the \;’s) and contains
the positive orthant

Fn:{)\:()\l,...,)\n) e R"” ‘ Ai >0,i:1,...,n}.

We further require that f: I' — R satisfies the following assumptions:

Cl) f; = % >0 foralli=1,...,n and f is a concave function.

C2) supyr f < infyr b, where supgp f = supy,cor limsup,_,,, f(A).

C3) For any o < supp f and A € T we have lim;_,» f(t\) > 0.

Assumption C1 ensures that equation (2) is elliptic when ¢ is I'-admissible, i.e.

A (gET(QEs + s%) el

Assumption C2 says that the level sets of f never touch the boundary of I', which also ensures
that (2) is non-degenerate and then uniformly elliptic once we have established the C? estimate.

An analogue framework was firstly considered by Caffarelli, Nirenberg and Spruck [16] in R"
and later by Li [48], Urbas [64], Guan [32, 33] and Guan and Jiao [34] on Riemannian manifolds.
Székelyhidi [60] studied this framework in Hermitian Geometry for elliptic equations and Phong

and To6 [52] for parabolic equations. Székelyhidi’s work has been recently generalized in [19, 41]
to the almost Hermitian setting.

Our main result is the following:

Theorem 1. Let (M,1,J, K, g) be a compact flat hyperkéahler manifold, 2 a g-real (2,0)-form,
and ¢ a C-subsolution of (2). Then there exist o € (0,1) and a constant C > 0, depending only
on (M,1,J,K,g), Q, h and @, such that any I'-admissible solution ¢ to (2) with supy; ¢ = 0
satisfies the estimate

[olloza < C.

In the above statement by C-subsolution of (2) we mean that
for every x € M the set (x\ (gjr(Q;S + fjs)) + Fn> N Ar"@ is bounded,

where for any o > supgp f, I'? denotes the convex superlevel set I' = {A € ' | f(A\) > o}.
We remark that the assumption of admitting a flat hyperkéahler metric in particular implies
that (M, I, J, K) is locally flat.
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As an application of Theorem 1 we first have the solvability of the quaternionic Hessian
equation on hyperhermitian manifolds admitting a flat hyperkahler metric.

Let (M,I,J,K,g,Q) be a compact hyperhermitian manifold where g is the (2,0)-form
induced by g, fix 1 < k < n and let Q be a g-real (2,0)-form which is k-positive in the sense that

QO Qn—i
(3) %>0 forevery i =1,...,k.
0

Let QSH, (M, ) be the set of continuous functions ¢ such that €, is a k-positive g-real (2,0)-
form in the sense of currents. Then the quaternionic Hessian equation is defined as

kAt
(4) T:be ) SOEQSHk(M79)7
0
where H € C*°(M,R) is the datum and (p,b) € C*°(M,R) x R is the unknown. Equation
(4) reduces to the quaternionic Monge-Ampere equation for £ = n and to the classical Poisson
equation for k = 1. Moreover equation (4) is the analogue of the real and complex Hessian
equations (see, e.g., [18, 19, 20, 38, 39, 43, 44, 48, 53, 64, 68, 70] and the references therein) in
the quaternionic setting. The constant b is uniquely determined by
—k N
y_ Ju QNN
[ efQu A QY

Applying Theorem 1 we solve equation (4) on compact flat hyperk&hler manifolds:

Theorem 2. Let (M,I,J,K,qg,) be a compact flat hyperkihler manifold and Q a g-real k-
positive (2,0)-form. Then the quaternionic Hessian equation

ok agpt _
0 M

has a unique smooth solution (¢,b) € C*°(M,R) x Ry for every H € C*°(M,R).

From Theorem 2 we recover as a special case the result of Alesker [2], where the quaternionic
Monge-Ampere equation is solved on compact flat hyperkahler manifolds. We note that during
the proof of Theorem 1 the a priori estimates, except for the C?-estimate, are obtained without
assuming anything about the closure of €2y and this suggests that it is worth studying the
quaternionic Hessian equation on non-HKT hyperhermitian manifolds.

Our second application is the quaternionic Monge-Ampére equation for (n — 1)-quaternionic
plurisubharmonic functions. Let (M, I, J, K, g,€) be a compact hyperhermitian manifold and
Q1 be a positive g-real (2,0)-form. We say that a C? function ¢ on M is (n — 1)-quaternionic
plurisubharmonic with respect to Q; and € if the (2,0)-form Q4+ 1 [(Ay)Q— 9] is point-
wise positive, where A, is the quaternionic Laplacian with respect to g (see section 2 for more
details). We also refer to Harvey and Lawson [36, 37] for more general notions of plurisubhar-
monicity. The quaternionic Monge-Ampére equation for (n — 1)-quaternionic plurisubharmonic
functions is written as

1 " 1

Here the constant b is uniquely determined by

b fM (Ql + ﬁ[(Agg})Qo — 8&7@])" A Qg
B Ja et A Qe
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Equation (5) is the analogue of the complex Monge-Ampere equation for (n—1)-plurisubharmonic
functions, introduced and studied by Fu-Wang-Wu [23, 24], it is a kind of Monge-Ampere-type
equation. More related works can be found in [19, 41, 62, 63] and the references therein.

Theorem 3. Let (M,I,J,K,qg,) be a compact flat hyperkihler manifold and Q1 a g-real
positive (2,0)-form. Then there is a unique solution (¢,b) € C*°(M,R) x R to the equation

(Q +n1
Ql+%[ 9@90—68J¢]>0 supy; ¢ =0,

n

(6) [(Agp)Q0 — 0050])" =bef

for every given H € C*°(M,R).

From Theorem 3 we can also obtain Calabi-Yau-type Theorems for quaternionic balanced,
quaternionic Gauduchon and quaternionic strongly Gauduchon metrics. We refer the reader to
[46, Table 2] for the relevant definitions, which are entirely analogous to the complex case.

Corollary 4. Let (M,I,J, K, g,Q) be a compact flat hyperkihler manifold and take a quater-
nionic balanced (resp. quaternionic Gauduchon, quaternionic strongly Gauduchon) metric with
induced (2,0)-form Qo. Then there is a unique positive constant b and a unique quaternionic
balanced (resp. quaternionic Gauduchon, quaternionic strongly Gauduchon) metric with induced
(2,0)-form Q, such that

Ol =8+ 00,0 AT,
for some @ € C°(M,R), and which solves

Qr=vear,

for any given H' € C*(M,R).

The paper is organized as follows: sections 2—6 contain the proof of Theorem 1, while in the
last section we prove Theorems 2 and 3 and Corollary 4.

More precisely, in section 2 we prove the C° a priori estimate for solutions to (2) by using
the Alexandroff-Bakelman-Pucci (ABP) method as in [60]. Section 3 deals with the C°-estimate
for the quaternionic Laplacian in terms of the gradient. This estimate is obtained by bounding
the highest eigenvalue of the matrix A and here is where we use the assumption of having a
flat hyperkéahler metric. The Laplacian estimate is then used to perform the blow-up analysis in
section 4 and reduce the gradient bound to the proof of a Liouwville-type theorem, which is given
in section 5. This yields, in particular, a (non-explicit) bound on the quaternionic Laplacian.
Finally in section 6 we conclude the proof of Theorem 1 applying an Evans-Krylov type theorem
[22, 45] of which we give two proofs, one in the same spirit of [61], the other by following an
argument of Blocki [14] as in Alesker [2].

Acknowledgements. The first author is deeply grateful to his advisor professor Luigi Vezzoni
for constant support and many useful observations. He would also like to express his gratitude to
Marcin Sroka for useful conversations. The first author is supported by GNSAGA of INdAM. The
second author wishes to thank his thesis advisor professor Xi Zhang for his constant supports
and encouragements, and he is supported by the National Key R and D Program of China
2020YFA0713100.
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2. CY-ESTIMATE

The C%estimate for solutions to (2) is obtained by adapting [60, Proposition 10] to our setting
and by using the ABP method. This idea was inspired by the C°-bound of Blocki [13] for the
complex Monge-Ampere equation.

On a hyperhermitian manifold (M, I, J, K, g), the quaternionic Laplacian of a real function ¢
is defined by

where Q is the (2,0)-form induced by g. This is an elliptic second order linear differential
operator. Under the assumption of local flatness, by [10, Lemma 3] we have

Agp = Retrg(Hessup) = Re (93 T%) '

Consequently, in quaternionic local coordinates, the quaternionic Laplacian is the sum of the
eigenvalues of the quaternionic Hessian with respect to g.

Finally, it will be useful to observe that the domain I" of f satisfies

n
(7) Fg{()\l,...,)\n)eR"|Z)\i>O}.
i=1
As a preliminary step, we prove an LP-estimate. From here on, we will always denote with C
a positive constant that only depends on background data and which may change from line to
line.

Lemma 5. Let (M,I,J,K,g) be a compact locally flat hyperhermitian manifold. If ¢ is a
solution to (2) such that sup,; ¢ = 0, then there exist p,C > 0, depending only on the background
data, such that

lllr < C.

Proof. From (7) we have Retry(£2,) > 0, where Q, = Q + 00, which in turn translates into
a lower bound for the quaternionic Laplacian of ¢:

(8) Agp = Retry(Q,) — Retry(Q) > -C.

An L'-bound for ¢ can now be obtained by using the Green operator as in [3]. We give here
some details for convenience of the reader. By a quaternionic version of Gauduchon theorem
[3, Proposition 2.2], there exists a pointwise strictly positive g-real (2n,0)-form © (which might
not be holomorphic) such that 00, (Qg_l A (:)) = 0. In addition, we may normalize © so that
L % A © = 1. By [3, Lemma 23], the quaternionic Laplacian admits a non-negative Green
function G(p, ¢) > 0, namely, for each function u of class C? and each point p € M,

| Gy, q)Agulq) QA O = u(p) — / WL A O
qeEM M

Choose a point p € M such that ¢ attains its maximum at p. Since we assumed sup;; ¢ = 0 we
have

el = / (—p) QU NO =~ G(p,9)Agp(0) QG NO < C Glp,q) U NO<C.
M qeEM qeEM

Alternatively an LP-bound can be obtained by using the weak Harnack inequality as follows.
Take an open cover of M made of coordinate balls Bo, (x;) such that {B; = B, (x;)} still covers
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M. Since ¢ is non-positive and it satisfies the elliptic inequality (8), the weak Harnack inequality
[29, Theorem 9.22] implies

el zo(m:) = </Bi(—so)p> " <C <i§if(—90) + 1>

where p, C > 0 depend only on the cover and the background metric. Since sup,; ¢ = 0 there is
at least one index j such that infp, (—¢) = —supp, ¢ = 0, and thus ||¢[|zs(p;) < C. This bound
can be extended to all balls B; such that B; N B; # (), indeed the estimate on |[¢||L»(p,) yields
an upper bound for infp, (—¢) as

1 1
inf(—p) < inf (=)< Any < N
1]r31i( ¢) < B?%Bj( p) < Vol(B, mBj>1/p”90HLP(BmBJ) = Vol(B; mBj)l/pH(P”LP(By)

We can now reiterate the argument and in a finite number of steps we will have bound [|¢||z»(5,)
for each i, and thus also ||| Lr(ar)- O

Proposition 6. Let (M,1,J,K,g) be a compact locally flat hyperhermitian manifold. If ¢, ¢
are a C-subsolution and a solution to (2) respectively, with sup,; ¢ = 0, then there is a constant
C > 0, depending only on the background data and the subsolution ¢, such that

lellco < C.

Proof. Without loss of generality we may assume that ¢ = 0, otherwise we could modify Q to
simplify the equation. Since sup,; ¢ = 0, we only need to bound S = infj; ¢ from below. For
convenience, we may assume S < —1, otherwise we are done.

Since ¢ is a C-subsolution there exist ¢, R > 0 such that

9) ()\ (gjr(238> — 01+ I‘n) N or*® C BR(0), at every © € M ,

where 1 = (1,1,...,1).

Consider quaternionic local coordinates (¢, ..., q") centered at the point where ¢ attains its
minimum S. We may identify such coordinate neighborhood with the open ball of unit radius
By = B1(0) C H"® centered at the origin. Let v(z) = ¢(z) + ¢|z|* be defined on B; for some
small fixed e > 0. Observe that infg, v = v(0) = ¢(0) = S and infyp, v > v(0) + . These
conditions allow us to apply the ABP method (see [60, Proposition 10]) to obtain

(10) Coetn < / det (D) |
P
where Cy > 0 is a dimensional constant,

€
j {ac € By | [Dv(@)| < 5,
and Dv, D?v are the gradient and the (real) Hessian of v. Note that P C {x € By | D*v(z) > 0}
and since convexity implies quaternionic plurisubharmonicity (see e.g. [1]), at any point € P
we have Hessgv(z) > 0. Therefore Hesspp(z) > —51, where 1 is the n x n identity matrix.
Choosing ¢ small enough depending on g and 9, we have

A <g3r(st + ‘Pﬁ)) €\ <93Tst> - 01471, at every x € P.

v(y) > v(x) + Dv(z) - (y — ) for all y € Bl} ,

On the other hand, equation (2) also gives

A9+ 95.)) €OTH), atevery 3 € P
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These two facts, together with (9) imply |¢rs| < C on P and thus also vzs < C. Combining
a calculation in [13] with [56, Lemma 2], or alternatively using directly a computation in the
proof of [3, Proposition 2.1], at any point € P we have
det(D%v) < 21" det(Hessg(v))?,
where, on the right-hand side, “det” denotes the Moore determinant, introduced in [50] (see also
g. [1, 7, 58]). Therefore, from (10) we see that
Coe™ < CVol(P).

The definition of P entails that v(0) > v(z) — Dv(x) - > v(z) —e/2, i.e. v(z) < S+¢/2<0
for all x € P. As a consequence for any p > 0

g P
90y 2 oy = [ (09 = |5+ 5[ Vol(P).
P

From the previous lemma we know that there is a p > 0 such that ||v||z» is bounded, therefore
also S = inf s ¢ must be bounded. g

3. LAPLACIAN ESTIMATE

This section is devoted to derive a C?-estimate for the quaternionic Laplacian of solutions to
(2) in terms of the squared norm of the gradient. This step is the most involved in terms of cal-
culations and it is here that we use our strongest assumptions to have a locally flat hypercomplex
structure and a hyperkéahler metric compatible with it.

We follow Székelyhidi [60] and Hou-Ma-Wu [39], which in turn is based on an idea of Chou
and Wang [18] for the real Hessian equation. Our restrictive assumptions simplify quite a bit
the computations.

As declared in the introduction, let F'(4) = f(A(A)) be a symmetric function of the eigenval-
ues of A, = gj’"Q;fs = ¢7"(Q;, + ©;j,). We denote the derivatives of F' by
oF TS Jt aQF
aArs ’ aA’47“38A’4l15

Let Q,s be the standard quaternionic coordinates on H™" and let EFs be the real coordinates
underlying Qys, i.e. Qs = EX + EL i+ E2j + E3 k. We have the following:

FT‘S —

Lemma 7. The linearization of F' at ¢ is the operator
n
=Re Y F"g"ys,.
r,s=1

Proof. With respect to the real coordinates Efs we decompose a matrix A € H™" as A;SE?S.

Define the derivatives F® := a Am and the matrix H = (F"®). For a curve of hyperhermitian
matrices A; with respect to g we "have

—F (Ay) = ZZF’”S V(AN =Re F™(Ay)(A})rs

r,s= p=0

Now, for each 1 € C*(M,R) and t € (—¢,¢), let p(t) be a curve of I'-admissible functions in
C?(M,R) with ¢(0) = ¢ and ¢'(0) = ¢ and set A; = g~ (Q + Hessgp(t)), then

d n _,
L) = = F(A) )|,_o = Re F"*(A0)(Af)rs = Re > F"*(Ag)g’ 5. -

r,s=1
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In order to prove the desired bound we will need the following preliminary lemma.

Lemma 8. Let supgr f < a < b < supr f and 0, R > 0. Then there exists a constant k > 0
such that for any o € [a,b], B € Hyp(n,H) satisfying

(M(B) — 201 +T',) N 917 C Br(0),
A € Hyp(n,H) satisfying A(A) € OT'? and |A\(A)| > R, we have

either Re F™*(A) (Bps — Ars) > k> F(A

or FSS(A)>/<ZFM(A), foralls=1,...,n

Proof. The lemma follows from the very same argument as [60, Proposition 6] once we have
proved a quaternionic analogue of the Schur-Horn theorem. U

Lemma 9 (Quaternionic Schur-Horn Theorem). Let p = (p1,. .., pn), A = (A1,...,An) € R”
be such that uy > -+ > pp and \y > --- > A,. There exists a hyperhermitian matrix B with
diagonal p and eigenvalues A if and only if

J J n n
(11) SN, forallj=1,...n  and > =Y A
=1 =1 =1 i=1

Proof. A hyperhermitian matrix B satisfies the assumptions of the lemma if and only if there
exists C' € Sp(n) such that B = C*DC where D is the diagonal matrix with diagonal A. In
particular y is the diagonal of B if and only if 4 = TA where T = (|¢,s|?). Since C € Sp(n),
the matrix T is doubly stochastic. By the Birkhoff theorem [11] u = T'A, where T is doubly
stochastic, if and only if 7" lies in the convex hull of the set of all permutation matrices. In other
words B exists if and only if x4 lies in the convex hull of the vectors obtained by permuting the
entries of A\, which is known to be equivalent to (11) (see e.g. [35, Theorem 46]). O

Proposition 10. Let (M,I,J,K,g) be a compact flat hyperkihler manifold. If o, ¢ are a C-
subsolution and a solution to (2) respectively, then there is a constant C > 0, depending only on
(M, 1,1, K), |gllcs, Ihllc, |20 c, llglico and o, such that

1Agllcn < C (V]2 +1) .
Here V denotes the Obata connection on M.

Let us remark that as pointed out by Alesker [2, pp. 204], M admitting a flat hyperkahler
metric g compatible with the hypercomplex structure implies that g is parallel with respect to
the Obata connection, therefore the Obata connection and the Levi-Civita connection coincide.

We observe that at a point where A is diagonal with distinct eigenvalues we have

o\ = 8A = 0ir0is,

rs tl — 6 A — _ ézséztévl _ §zl61r65t
o N = ganea; = (1= 0in) % + (1= dir) 5

(see e.g. [28, 55]). Furthermore, since F(A) = f(A(A)) for f symmetric, then F" = ¢, f,, and
since f is concave and satisfies f; > 0 (assumption C1 in the introduction), then F' is concave
and % < 0. In particular f, > fs anytime A, < As. Finally, we observe that by [60, Lemma
9 (b)] for any fixed € M there is a constant 7 > 0 depending on h(x) such that

n

(12) > Fz)>7>0.

a=1
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We will mainly be interested in the largest eigenvalue A; of the matrix A around some fixed
point 2. As pointed out by Székelyhidi [60] in order for A;: M — R to define a smooth function
at xg we need the eigenvalues to be distinct; to be sure of that, we perturb the matrix A.

At any fixed point xg € M we can perturb A in order to have a matrix with distinct eigen-
values. Indeed, fix quaternionic local coordinates around the point zy such that, at xg, A is
diagonal and its eigenvalues satisfy

(13) AL 2 A2 > 2 A
take a constant diagonal matrix D whose entries satisfy
0=D11 <Dy <---< Dy .
The matrix A= A— D has, at zg, the eigenvalues
A=A, N=XN—Dj, fori=2,....n,
which are distinct by construction.
We will make use of the linearized operator L defined by L(u) = 4Re > " ap=1 b ey, where
Ugy = 6q Opu. First of all, we prove the following inequality for L (2 \/T)

Lemma 11. With respect to quaternionic local coordinates around xzy such that (grs) is the
identity at xo and (2%,) is diagonal at xo, we have

— Faea|Q) 2
L<2 A1>2_ |11a|_C}"7
2/\1\/ \/)\1

= 8an% and C > 0 is a positive constant depending only on

where F = Zszl F%(z0), Qs’lol,a

(M,I,J,K), [|9c2 and [[h]|cz.
Proof. We have for the perturbed matrix Avsg = Apg — Dyybps = gjrﬂzfs — Dy0,5 at the point xg
where (grs) is the identity and A (and thus (F"*)) is diagonal
(14)
3

() o (), (08 -5 (- )

a p=0 THTH p=0

where the subscript a7 denotes the real derivative with respect to the corresponding coordinate.
Using the formulas for the derivatives of the eigenvalues we obtain at zg

3 _\Ts A ¢
)\l,zg - /\1 Ars,x“ - Qll g

7‘1 x“Alr zg + Alr xaArl ST

rs,lt s 2 : ©
A1 THTG >\ Ars zaAlt xa + )\1 A’/‘s rgag — apa
)\ )\ 11 .Tpl‘p
r>1 1= Ar
P 2
rl :caAlr x5 + Alrx Arl,xa = ‘Qfl,xa|
_ P Jjloy _ P 4
+ gl —oN " M | ,
. )\ Jjlzgzs A — A\ 11,zgxg
r>1 r r>1 M T

where we used that the derivatives of D vanish because it is a constant matrix.
Differentiating the equation F'(A) = h twice with respect to x}o gives, at the point z,
(15) Re F*iQ? QF  + FQf I

srah Uit xl Fracial T T TpTy



FULLY NON-LINEAR ELLIPTIC EQUATIONS ON HYPERHERMITIAN MANIFOLDS 11

We observe that

3 3

3
11 wazd Z (Qll zgxg + Qpllma:p“) - 4911 ,aa + 490(1&11 - 4911 ,aa 4Qaa 11 + Z Qaa gglleJ
p=0 p=0 p=0

and thus, by (15) and (12)

Foe Z Magag > F* Z O aps = —Re F7! Z QF, 1 Qf 4 —CF>-CF
p=0
where we also used the concav1ty of F. Finally from (14) we have the desired inequality

. Fraa Zp O(QS{’LN)Q OF
L2/ ) >— P _ . O
221V A1 o

Proof of Proposition 10. We have already seen that the Laplacian is bounded from below, as a
consequence of (7), therefore it is enough to obtain a bound of the form

A1
— < (.
[VellZo +1

G = 2/A + (V) + B(¢).
t

1
a)=-yroe(1-55) . N=IVeltt1,

Define the function

where

1
B(t) = =25t + 5152 , S > |l¢llco, large constant to be chosen later,

and \; is, as before, the highest eigenvalue of the perturbed matrix A around a point zg, which
we choose to be a maximum point of G. The derivative of the functions o and S satisfy

1
(16) v <a(IVel?) <

- 1/ — 2 N2
N 5N a’ =2(a’)”,
(17) S <—pp) <38, g=1.
At z¢ we have L(G) < 0. Choose quaternionic local coordinates such that (grs) is the identity

in the whole neighborhood of zg and (QZ,) is diagonal at xg. This is possible because we are
assuming g hyperkéhler and flat. Then
3
(18) 0> 4Re F*Gap = 4F**Gaq = F** Y Gaaas |
p=0

because F is diagonal at 9. We compute the derivatives of G at xg:

+ o Z((p?’a:gxgsor + 2|§07’x$ |2 + @F‘pm;gx’g) + B//(P;%a + 6 (P:L’“a:a .
r=1

+ « Z 907“:1:“907" + SOTSOMC“) + B Pxg

2
< (Sofa:g Pr + PrPrag ))
r=1
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Differentiating the equation F(A) = h yields
FaeQy

aa, acr

= hz; , at .

Using this, Cauchy-Schwarz inequality and (16) we have

n n

o P Z(‘pf&a@r + Orpraa) = o Z(W&aFSOr + Vraar)
r=1 r=1

=« Z FaaQaa T)SOT + Spr(h - FaaQaa 7“))

> —%(Nl/2 +NYV2F) > —CF,

where we used (12) to absorb the constants into CF. Again using (16) we also obtain
n 3

8
! aa aa aa 2 _ aa, 2
2ok ZZ‘@W“ = 2NF Z Z Py 2 2NF R
r=1 p=0 r=1 p,q=0 p=0

8
= F O = Qaa)? > NF““/\i - CF,
where, for the last inequality we used that (a+b)? > % —b%. Thanks to the last two inequalities,

from our main inequality (18) we get
(19)

~ 3 n 2 2Faa)\2

0>L (2\/ A1> +aFUy (2) Re(@rager) |+ B Flal* + 45" F*paa + =~ = CF .
p=0 r=1

By Gga(z9) =0 we have

n 2 (9)d
11,22
//Faa 2 Ri TxdPr =2F% 7p*+ ! a
o ( > "Re(p pw)) <\/A—1 Bwp>

r=1
® 2
P 4a)” 2e

>2 P _ /2Faa 2a
— € )\1 1_6(6) gpxpv

where we used the inequality (a + b)? > ea? — ;=-b*, which holds for € € (0,1). Summing (20)
over p and combining it with Lemma 11 we obtain from (19)

Faa 2
@) 02 (1e/h 1)
1

Choosing e = 1/(185% + 1) < 1, (17) implies

2

(20)

2F )2

N - CF.

25 /\2
+ <ﬁﬁ_ 1(?2 >Faa|$0a|2+4B/Faa<Paa+

2e
" N2 > 0 .
B - (B 2
Furthermore, we can assume without loss of generality v/A; > i and deduce
aa| 8 ‘2
1ey/2 - 1) i
( VAT oV
Then we obtain from (21)
2Faa,)\2
(22) 0> 48 F*paq + ¢ —CF.

N
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As before, we can assume ¢ = 0, otherwise we could choose a suitable background form 2 in
order to simplify the equation. Set B, = geris and let d, R > 0 be such that

(M(B) — 261 4+ T',) N ar*® C Bg(0), at every x € M,

which exist because of the definition of C-subsolution. Supposing A1 > R we have |[A\(A)| > R
and we can then apply Lemma 8 according to which there exists £ > 0 such that one of the
following two cases occur:

e First case:

Re F™*(A)(Brs — Ars) = —Re » FT3(A) g o5, > kY F(A),

r,s=1 r=1

ie. —F%ps, > kJF at xg, which for a choice of S large enough implies 45’ F*p;,—CF >
0 allowing us to deduce from (22) 0 > %F )2 which is a contradiction.

e Second case:
n
FSS(A)>/~@ZFTT(A), foralls=1,...,n,
r=1
and in particular F*' > xF. Therefore F4\2 > FM)\? > xF)\?. Moreover, we can

assume F%)\, < F%)\2 /(12N S) for otherwise we would have k. FA? < 12NSF)\; and we
would conclude. Then we have

Faa)\?
46" F*pza > —12SFY“ )\, — CF > — N 2 —CF.
Substituting this last inequality into (22) we get
A

This gives the bound we were searching for at the maximum point zg of G, but by monotony of
the square root such bound holds globally, depending additionally on a bound for ||¢||co. O

Remark. Removing the hypothesis that the metric g is hyperkahler one has to deal with its
derivatives. Most of the terms are not an issue and can be easily controlled, however those terms
that contain the third derivative of ¢ seem not to be straightforwardly manageable.

Remark. The function G used in the proof of Proposition 10 is basically the same as the one
used in [60], however we replaced the logarithm with the square root, a trick which is inspired
by the work of Alesker [2]. It seems that using the square root allows to simplify the argument.

Remark. Under an additional assumption the Laplacian can be controlled linearly by the
gradient. Indeed, if we further assume

(23) F*X\, < cp,

which is the case for the quaternionic Monge-Ampere, the quaternionic Hessian, and the quater-

nionic Monge-Ampere equation for (n — 1)-quaternionic plurisubharmonic functions, we obtain

the following sharper estimate in the second case above, more precisely, from (22), F!! > xF

and (23) we get

2FHN3 2K N7
N

2k \2 44’
F+ (48 -C)F>2L0F 1 (4 —C+ T F.
N T

0>4B8'F*(\, — 1) +

2/<c)\%
N

— CF > 48/ F)\, +

F+(-48 -C)F

>4 co+




14 GIOVANNI GENTILI AND JIAOGEN ZHANG

where we have used F > 7 > 0 in the last inequality. Then we have

A2 43
OZ2HI—<4ﬁ/+C— 5c0> ,
N T

which gives a sharper bound
A < C A+ [[Vellco) -

4. BLOW-UP ANALYSIS

In this section we show that a bound for the gradient of solutions to (2) can be obtained
by using a Liouville-type theorem. We adapt the approach of Dinew and Kolodziej [20] to our
setting.

We introduce the following:

Definition 12. A continuous function u: H" — R is a (viscosity) I'-subsolution (resp. superso-
lution) if for all ¢: H™ — R of class C? such that u — % has a local maximum (resp. minimum)
at p, we have A(Hessgy) € T' (resp. A(Hessyt)) € R"\T) at p. We say that u is a (viscosity)
I"-solution if it is both a subsolution and a supersolution.

We show that if the gradient bound for solutions to (2) does not hold, we are able to find a
bounded C1¢ viscosity I'-solution u: H" — R with bounded gradient and such that |Vu(0)| = 1.
In particular w is non-constant. In the next section we prove a Liouville-type theorem for this
kind of functions, thus yielding a contradiction and showing implicitly that the gradient bound
holds.

Let (M,I,J,K,g) be a compact hyperhermitian manifold. Consider a sequence (gj) i» (©5)5,

(hj); of real smooth functions on M and a sequence (§2;); of g-real (2,0)-forms on M such that
p; are C-subsolutions and ¢;, h;, §); satisfy

F (g7 (@)r + (#3)) ) = D
(24) sup,s ¢ =0,

IVeillco = -
Assume further that (gj) j, (h;); and (€;); are uniformly bounded in C*-norm.

Set Nj = [[V;l|2o, gj = Njg and let 2; € M be such that [Vg;(x;)[* = Nj for each j > 0.
Choose quaternionic local coordinates (¢',...,¢") around x; for l¢'| < N jl/ % such that
(gj)rs = 0rs + O(N; ), (2))rs = O(N; 1), hj = hj(z;) + O(N; ' [z]).
Then |chj(:vj)|§j = 1 and by Propositions 6 and 10 we have in this coordinates
H‘PjHC’O <C, \Ag%‘\gj <, on BN}/2<$j) ’
J

where C' > 0 is uniform in j. It follows by [29, Theorem 8.32] that (¢;); is uniformly bounded

in C1®norm for any a € (0,1). Furhermore, letting j — oo, we see that (2, tends to zero, while
g;j tends to the standard Euclidean metric and (¢;)rs stays bounded. Therefore

(25) A(Aj) = M(¢5)rs) + O(N; Hal)

where (4;)} = g;TT((Qjﬁs + (5)s)-
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By Ascoli-Arzela Theorem we can extract from (¢;); a subsequence converging uniformly in
CH* to some u: H* — R, moreover, such limiting function satisfies ||ul|co < C, ||[Vulco < C
and |Vu(0)] = 1. We aim to prove that u is a I'-solution.

Suppose there exists 1 € C?, such that u — 1 has a local maximum at some point py € H".
By construction of u, for any £ > 0 there are a j large enough, a € (—¢,¢) and a point p; with
|p1 — po| < € such that p; — ¢ — |z — po|? + a has a local maximum at p;. As a consequence
the quaternionic Hessian of 1 satisfies

€
Hesspv + 5]1 > Hessuyp; , at p1,

where 1 is the n x n identity matrix. By (25), if j is large enough we see that A\(Hessg)) € I'—¢1
at p; and letting € — 0 we deduce A\(Hessgv)) € I’ at pg because p; — po. This shows that wu is
a viscosity I'-subsolution.

To see that w is also a I'-supersolution we proceed similarly. Suppose that u — 1 has a local
minimum at pg € H", then for any € > 0 there are j large enough, a € (—¢,¢) and p; € H" such
that ; — 9 + €|z — po|? + a has a local minimum at p;. Hence

Hessyy — %]1 < Hessmp; , at pp .

By contradiction, suppose A(Hesspt)(p1)) € T + 31, then A(Hesspp;(p1)) € T' + 2¢1 and for j
large enough (25) we have A\(A4;) € I' + 1. By [60, Lemma 9 (a)] it follows that for N; large
enough I' + N;el C I'7(#1) and consequently we deduce

NjA(Aj) € N+ Njel =T + Njel C i (P1)
for j sufficiently large. On the other hand, ¢; satisfies (24), i.e.
NAAG) = A (67 ()1 + (93)1) ) € DTS00,

which gives a contradiction. Therefore A(Hessgy)(p1)) ¢ I' + 51 and letting € — 0 we finally
obtain A(Hessgt(po)) ¢ I' and w is a viscosity I'-solution.

5. LIOUVILLE-TYPE THEOREM

As in Székelyhidi [60] we can interpret the notion of being a I'-subsolution (resp. solution) as
that of being a viscosity subsolution (resp. solution) of a suitable equation. Indeed, define the
function Gy on the space of hyperhermitian matrices as the function such that

MA) - Go(A)1 €T,
consider the projection p: R4 — {H ¢ R4 | [\HIy = JoHJy = KoHKy = —H}

1
p(H) = 7 (H = IoHIo = JoH Jo — KoH o),

where (I, Jo, Ko) is the standard hyperhermitian structure on R*" written in block form as

0 -1 0 0 0 0 -1 0 00 0 -1

1 0 0 0 0 0 0 1 00 -1 0
(26) o= 0o 0 0 -1 =1 0 o o] K=o 1 0o o]

0 0 1 0 0 -1 0 0 1.0 0 0

where 1 is the n x n identity matrix. Then, defining the function G on the space of 4n x 4n
symmetric matrices Sym(4n,R) as G(H) = Go(p(H)), we have that u is a I'-subsolution (resp.
solution) if and only if it is a viscosity subsolution (resp. solution) of the equation G(D?u) = 0.
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Therefore we can take advantage from the known results regarding viscosity subsolutions and
solutions (see [15]). In particular we will use the following:
o If (u;); is a sequence of I'-subsolutions (resp. solutions) converging locally uniformly to
u, then u is a I'-subsolution (resp. solution) as well.

e If u,v are I'-subsolutions, then u + v is a I'-subsolution as well.
e A mollification of a I’-subsolution is again a I’-subsolution.

We will also need the following comparison result

Lemma 13. If u is a I'-solution and v a smooth I'-subsolution on a bounded open set U C H"
such that u=wv on U, then u > v in U.

Proof. The very same proof of [60, Lemma 17], which is the analogous result in C", can be
carried out in our hypothesis. ([l

The next lemma follows from the same argument as [60, Lemmas 18-19]. The additional case
when I' =T, is quite easy and can be deduced along the same lines.

Lemma 14. Suppose v: H* — R is a I'-solution which is independent of the last variable gqy,.
Define

o o O o

I'n{z, =0} ifT#T,,

then T' is a symmetric proper convex open cone in R"™ ! containing T'p_1 and the function
w(qL, .. qn_1) = v(q1,...,qn_1,0) is a I'-solution on H" '

We remark that in view of (7) every I'-subsolution is subharmonic.

Proposition 15 (Liouville-type Theorem). A Lipschitz bounded viscosity I'-solution w: H" — R
with ||Vul|co < C is constant.

Proof. The result is proved by induction over n. For n = 1 the function w is harmonic and the
result is well-known.

Assume now that the result holds for n — 1 and let us prove it for n. By contradiction we
suppose that u is not constant and infy; u = 0, sup,,; u = 1. We adopt the notation of [60] and,
for any function v: H® — R we write its mollification

W)= [ e+ rduld)av,

where, here and hereafter, dV denotes the standard volume form in H" and ¢: H® — R is a
smooth mollifier with support in By (0) such that ¢ > 0 in B1(0) and [y, ¥ dV = 1. During the
proof we will need to regularize u, considering u® = [u]. for a small € > 0. Following [20] we use
Cartan’s Lemma to deduce

lim [u2],(g) = lim [ul(q) = 1.

r—00 r—00

For p > 0 and r > 0 consider the set

Ulpr) = {a € B | 20(0) < [2la) + i)~ 5 | -

Suppose there are p > 0, ¢;j — 0, ¢;j € H", r; — oo and a unit vector §; € H" such that
4 € Ulp,7;) and

(28) lim |0, uS[*dV =0,

j—roo B'rj (QJ)
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where for any vector & = (&) +&1i + &35 + Exk, ... &8 + €M+ €84 + €Fk) € H™ and any function
w: H” — R we use the notation

B n

Ocw = > (§pway + Ewari + Gwag + SGwark) .

r=1

Composing with rotations and translations, for each j we can take g; to the origin and assume
& = ¢"/2, obtaining a sequence (u;); of I'-solutions satisfying

.
Ogn

2
U dV =0.

(20) 2], (0) + [u]p(0) ~ 2u;(0) > 5, lim
i=o0 /B, (0)

Since u has bounded gradient, by the Ascoli-Arzela Theorem, up to a subsequence, (u;); con-
verges locally uniformly to some v: H® — R which must be again a I'-solution with bounded
gradient. Also ujj converges to v locally uniformly and working as in [20] we infer that v does
not depend on the last variable g™.

Indeed, if v were not constant along lines with fixed ¢ = (¢',...,¢" '), there would be
a,b € H and a positive ¢ € R such that v(gq),a) — v(g),b) > 2c. Since the gradient of v is
bounded from above, we could choose § small enough such that

inf {v(q’,¢") | 1d' — ol <0, 1¢" —a| <&} —sup {v(d',¢") | ld' — o <6, l¢" —b] <&} >c.
Let £ € H" be the unit vector with last entry (b — a)/|b — a|] and all others zero. Let v be the
segment joining (¢’,d’), (¢',b') € H", where t/ —a’ =b—a, |¢' — ¢ <0, |’ —a| <4, [ —b] <4,
then we would have

/851) df‘ = ‘v(q’,b’) —v(q’,a')‘ > c.
.

Cauchy-Schwarz inequality would now give

ngvd{ o (Ar@w%) (/ﬁf) - \b—alﬁ\éngdf.

Let Iy, I, I3 be intervals of length § all perpendicular to each other and to [a, b] in the ¢"-space.
Using Fubini’s theorem over the set B(g, d) X [a, b] X I; x Iy x I3 we would find a strictly positive
lower bound for the integral of \5qn /QU\QdV. But this would contradict the uniform convergence
as the u;’s satisfy (29). Therefore v does not depend on the last variable.

The function w(q',...,¢" ') = v(q',...,¢"1,0) is then a I'-solution, thanks to Lemma 14,
where I is the cone defined in (27). By the induction hypothesis w is constant and then so is
v. But by Cartan’s Lemma this contradicts the first of (29) because

A3 <

L < tim (12l (0) + ], (0) — 2u;(0)) = 1+ [1],(0) — 20(0) = 1 — v(0) < 1

T j—oo J -

as v inherits from wu the property that 0 < v < 1.
This means that (28) cannot hold, in particular for all p > 0, there exists ¢, > 0 such that if
r > ¢,, for each g € U(p,r), € < c;l and unit vector £ € H" we must have

(30) / e PPdV > ¢, .
By (q)
Define

0'(p.r) = {a € B | 20(0) < [e(a) + o) — 3 | € Vo).
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We may choose the origin so that u(0) < 1/12, and p > 0 and r > ¢ big enough to have
[u],(0) > 3/4 and [u?],(0) > 3/4 which can be done by Cartan’s Lemma. It follows that
0eU (p,r).

Since 00,5 (uf)? = 2uf us;+2ufuj, proceeding similarly as in [60] we can use (30) to prove that
there exists a constant § > 0 small enough to guarantee that [(u®)?],. — d|q|? is a I-subsolution
over U’(p, 7). By local uniform convergence also [u?], —6|q|? is a [-subsolution. Finally consider

3

and observe that since 0 < u < 1 this set is bounded. The fact that u is a I'-solution and yet

[w?],(q) — 6lq|® + [u],(g) — 3 is a smooth I'-subsolution contradicts the comparison principle of

Lemma 13. We conclude that « must be constant. O

U (p.r) = {q € | 2u(q) < [, (q) — dlaf® + [ulo(q) — 4} CU'(p, 1)

6. PROOF OF THEOREM 1

The main theorem follows once we obtain the C*%-estimate. We obtain the desired bound in
two ways, by using an analogue of Evans-Krylov theory as developed in Tosatti-Wang-Weinkove-
Yang [61] and by adapting the argument of Blocki [14] similarly to what was done by Alesker
[2] for the treatment of the quaternionic Monge-Ampere equation.

Proposition 16. Let (M,1,J, K, g) be a compact locally flat hyperhermitian manifold. If ¢ is
a solution to (2) such that ||¢||co and Agp are bounded from above, then there is o € (0,1) and
a constant C' > 0, depending only on the background data such that

lellc2e < C.

Proof. Let V.= {H € R*4" | [yHIy = JoHJy = KoHKy = —H}, where (Iy, Jo, Ko) is
the standard hypercomplex structure on R*" as in (26). Consider the real representation of
quaternionic matrices ¢: H™™ — V| defined as

A B C D
-B A -D C
-C D A -B
-D -C B A

(A+iB+ jC + kD) :=

The map ¢ is an isomorphism of real algebras and ((Hyp(n,H)) = V N Sym(4n,R). Let
p: R¥4" 5 V be the projection

1
p(H) := L (H — IyHIy = JoHJo = KoHK)).

If we take on H" the real coordinates (ac(l), R = DU VL > J ,xﬁ,m%, ..., x%) underlying
the quaternionic coordinates (¢!, ..., ¢"), for a C? function u: H® — R we have

1(Hessgu) = 16p(D*u) .

For any point zg € M, take a quaternionic coordinate chart centered at zg and assume that the
domain of the chart contains B1(0). For any H € Sym(4n,R) we have :~!(p(H)) € Hyp(n, H),
therefore )

Hyy(z) = ¢ (x)( "' (0(H)))js, = € Bi(0),
is hyperhermitian with respect to g.
Define the set
£ = {H € Sym(4n, R) | M(H(0)) € T° N BQR(O)} :
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where ¢ and R are chosen below. & is compact and also convex by convexity of I'. Possibly
shrinking B;(0) to a smaller radius r € (0,1) we may assume that if H lies in a sufficiently close
neighborhood U of £, then A(H(z)) € T N Byr(0) for any x € B;(0).

The bound Ayp < C implies that o and R can be chosen so that

A (gir (5, + w;s)) € ' n Br(0), on B1(0).
Therefore, by continuity of g, and possibly shrinking B;(0) again, for each x € B;(0) we have
L(Qrs(z)) + 16p(D%p(2)) = 1 (Qrs () + @rs()) € E.

This discussion and our assumptions on f show that we can apply [61, Theorem 1.2] with
e F: Sym(4n,R) x B1(0) — R defined as F(H,z) = f(A(H(z))) for H € U, and extended
smoothly to all of Sym(4n,R) x B;1(0);
e S: B1(0) — Sym(4n,R) defined as S(z) = ¢(Qrs(x));
e T: Sym(4n,R) x B1(0) — Sym(4n,R) defined as T'(H,z) = 16p(H).
And since ||¢]|co < C we obtain the desired bound ||¢||c2.« < C for some « € (0, 1). O

Now we present our second proof.

Proof. Since M is locally flat, we only need to prove the following interior C*® estimate for
w = ¢ + u, where u € C7%.(M,R) is a local potential for €.
Now, w € C*(O) satisfies
F(’Ujfs) == h,
where O C H" is an arbitrary open subset and h € C°°(0). Let O' C O be a relatively compact
open subset. We shall prove that there exist a constant a € (0,1) depending only on n, h,
|wllcooy, [[Aw|[cooy and a constant C' depending in addition on dist(O, O') such that

[wllc2a@o) < C.

There is a difference with respect to the argument of Alesker [2]: the quaternionic Monge-
Ampere operator can be written in the divergence form, while this might not be true for more
general fully non-linear equations. To overcome this issue we will need a more general version
of the weak Harnack inequality for second order uniformly elliptic operators.

Let W be the quaternionic Hessian (wss) and define a second order linear operator D by

Dv = Re F"* (W )vys .

Notice that every n x n hyperhermitian matrix defines a hyperhermitian semilinear form on
H". Hence it also determines a symmetric bilinear form on R*". Let (a;;) € Sym(4n,R) be the
realization of (F"*(W)). Then we can rewrite Dv in the following form

an
Dv = Z arsDrDgv ,

r,s=1

Since F' is uniformly elliptic on I', the operator D is uniformly elliptic as well.

Let R > 0 be such that the open ball Byp of radius 2R centered at a point 2o € O’ is contained
in O. For an arbitrary unitary vector { € H", we let A¢ denote the Laplacian on any translate of
the quaternionic line spanned by £. By virtue of concavity of F, for any unitary vector & € H",
we have

(31) Re F™* (W) A¢(wrs) > Ach.
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Consider the function

W =sup Agw — Agw .
Bagr

it follows from (31) that Dw < —Agh, where we used the fact A¢(wrs) = (Agw)ss.
Then, applying the weak Harnack inequality [29, Theorem 9.22], there exists a positive con-
stant C' depending on n, [|h|lc2(0y and [|Aul|co(py such that

1
I — p<Clinfowo+R|.
Vol(Br) /BR“’— (%IR“’JF )

Equivalently, we have
(32) Vol(lBR) /BR (?BI;E Agw — Agu;) <C (;};E Agw — SEL;p Agw + R)
Since F' is concave on I' for any pair of A, B € Hyp(n,H), we have
F(B) — F(A) < Re F™(A)(Byy — Ayy)
Choosing A = W (y) and B = W (x) for z,y € Bap, it follows that
(33)  ReF™(W(y)(wr(y) — wrs(x)) < FW(y)) — FOW(x)) = h(y) — h(z) < Clly — 2

for some positive constant C' depending on ||A||c1 (o)
Now we need the following lemma from matrix theory, which is well-known in the settings of
R™, C", H" (see e.g. [29, 12, 2]).

Lemma 17. [2, Lemma 4.9] Let A\,A € R satisfy 0 < A < A < +oo. There exist a uniform
constant N, unit vectors &1,--- ,&n € H™ and positive numbers A\, < A, < 400, depending
only on n, A\, A such that any A € Hyp(n,H) with eigenvalues lying in the interval [\, A] can be
written in the form

N N
A= Z ,Bk;gz &® fk s i.e. Ars = Z /Bkgkrfks s

for some By € [Ax, Ayl
We apply the previous lemma with A = (F"*(W)), obtaining immediately

51{ (y)gkrgks <w7_‘s (y) — Wrs (33))

WE

Re F"* (W (y)) (wrs(y) — wrs(z)) =

e
Il
—

M=

Br(y)(Ag,w(y) — Agw(z))

£
Il
—

for some functions S (y) € [A«, Ai]. By (33), we then have

(34) Zﬁk (Ag,w(y) — Agw(z)) < Clly — || for z,y € Bag.
Let us denote
N
Mysr =supAgw,  mpgp=inf Aqw,  ntR) =Y (Mgt — misr)
Bir Bir k=1

fort =1,2.
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Summing up (32) over & for k # [ yields

1
35 —_— M, - A <CMm2R)—n(R)+ R).
(35) Vel o, > (Mian = Aqm) < Clo(2R) = 1(F) + F)
Choosing a point & € Byg at which the infimum my g is attained, by (34) we also know that
1
(36) Agw(y) —muar < | CRtA > (Myaor — Ag,w)
* k£l

Integrating (36) on Bg and using (35) yields

1
b B - B |
FallBs] (B~ mean) < CO2R) —n(R) + B
Using (32) again, we then obtain
1 1
vaas [ (Agw— >———— | (Aqw— M, M op —
Vol(Bg) /BR( av ml’QR)_Vol(BR) /B R( aw — Miogr) + Miag — mugr

> Mior —mugr — C(Mi2r — Mg + R)

> C(Myg —myg) — (C = 1)(My2r — mu2r) — CR,
since my, g is non-increasing with respect to t. Inserting this last inequality into (35) we get

n(2R) —n(R) = C(Mi,r — mu,r) — (C = 1)(Mi2r — mu2r) — CR,
and summing up over [,
n(R) < (1-1/C)n(2R) + CR.

Now applying [29, Lemma 8.23] the proof is complete. O
Proof of Theorem 1. Let (M, 1,J, K,g) be a compact flat hyperkdhler manifold, ¢, o: M — R
be a C-subsolution and a solution to (2) respectively, with sup,; ¢ = 0. By Proposition 6 we
deduce |l¢llco < C. Proposition 10 now implies |Agepllco < C([|[Ve|[Zo +1). The blow-up
argument together with the Liouville-type Theorem 15 yield a gradient bound for . Therefore

|Agpllco < C and we can deduce from Proposition 16 the desired C*%-estimate |¢[/c2.« < C,
where the constant C' > 0 only depends on the background data, including ¢. ]

7. PROOF OF THEOREMS 2 AND 3
In this section we prove Theorem 2 and Theorem 3 as applications of Theorem 1. For the
quaternionic Hessian equation as the cone I' we consider the k-positive cone
Ly ={XeR" | 01(A),...,0%(A) > 0},
where 1 < k < n and o, is the r-th elementary symmetric function
oV = D A, for all A = (A1,...,\,) € R™.
1<i1<-<ip<n

Observe that on a locally flat hyperhermitian manifold (M, 1, J, K, g) a g-real (2,0)-form (2 is
k-positive in the sense that it satisfies (3) if and only if A(¢/"Q;,) € .

Moreover, for every (A1,...,\,) € I'y we clearly have
lim O'k()\l, ey )\n—ht) =0
t—o00

and by [60, Remark 8] any I'-admissible function is a C-subsolution. Hence for the quaternionic
Hessian equation we easily have existence of a C-subsolution.
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Proof of Theorem 2. On I'y, we define f = logoyg, in order to rewrite the quaternionic Hessian
equation as

for some positive h € C°°(M,R) depending on H. The function f satisfies conditions C1-C3

stated in the introduction (see e.g. [55]).
We apply the method of continuity. Let Hy € C*°(M,R) be the function such that
QFAQETR

——=e

0

%
and consider the t-dependent family of equations
Qk /\Qn—k
(+1) g e e e QSH(OLO), te ).

Let
S = {t € [0,1] | (%) has a solution (¢, b;) € C*P(M,R) x R+} :

By our choice of Hy, the pair (p,b) = (0, 1) solves (xg), hence the set S is non-empty.

Since we assumed () to be k-positive ¢ = 0 is I'y-admissible and therefore a C-subsolution.
Closedness of S now follows from the C%%estimate of Theorem 1, a standard bootstrapping
argument and the Ascoli-Arzela Theorem.

Finally, in order to show that S is open, take t' € S and let (p4,by) be the corresponding
solution to (*4). Consider the Banach spaces

By := {w € C*P(M,R) | ¢ € QSH,(M, 1), / YA = 0} ,  By:=C"’(M,R),
M
and the linearization of the operator
Ok A Qpr
Bi xRy — By, (¥, a) — logT — log(a)
0

at (o, by), which is
00 p N A Qi

L:T,,BixR— By,  Lpc)=k by TGy By bt/

|
S

|

|

where
T,,Bi = {p e C*(M,R) | / PR AQE = o} :
M

By the maximum principle the kernel of the operator L' over C?#(M,R) is the set of constant
functions. Moreover the principal symbol of L’ is self-adjoint and therefore L’ has index zero,
which implies that its formal adjoint (L)* has one-dimensional kernel as well. In order to show
that L is surjective, let ¢ € C%?(M,R) and choose ¢ € R such that ¢ 4 ¢/by is orthogonal to
ker((L’)*). By the Fredholm alternative there exists p € By such that

L'(p) = ¢ +c/by

and the surjectivity of L follows.
By the inverse function theorem between Banach spaces S is open. This proves the existence
of a solution to the quaternionic Hessian equation.
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Finally we show uniqueness. Suppose (¢1,b1), (2, b2) are both solutions and assume by > bo;
then

(96, -0k, ) nap >0,

which can be rewritten as

B
90 (p1 — @2) A (Z QF A Q;2> AOEE > 0.

i=0
Since
k=1 ki : i
0sp 1 (Tizg 9™ 1) A
28 Qg
is a second order linear elliptic operator without free term, by the maximum principle we deduce
1 = 2 and thus also by = bs. -

Proof of Theorem 3. Similarly as discussed in [60], let T be the linear map given by

TO) = (T TO) s T = — A,
itk

for every A € R™ and define
f=logo,(T), T =T4T,).

It is straightforward to verify that the above setting satisfies the assumptions C1-C3 in the
introduction. Let

Q= Re (935(91)35) Qo — (n— 1) .
Thus, equation (5) can be written as
FO) = H+logh,  A=A(g"(Q,+¢5.)) €T

Then, Theorem 3 can be proved by a similar argument of Theorem 2, we give some details here.
We consider the following family of equations for ¢ € [0, 1]:

(U + 5 [(Agp)Q0 — 0004])" = et HoFeqn "
*)t
Q1+ ﬁ [(Agcpt)Qo — 88Jg0t] >0, suppo=0,

where Hy = log % and ¢; : [0,1] — R is a path from ¢y = 0 to ¢; = logb. Let us define
0

S ={te€[0,1] | there exists a pair (¢, c;) € C°(M,R) x R solving (*); }.

Note that (¢g,co) = (0,0) solves (x)o and hence S # (). To prove the existence of solutions to
(6), it suffices to show that S is both closed and open.

Step 1. S is closed. We first show that {c¢;} is uniformly bounded. Suppose ¢; achieves its
maximum at the point p; € M, then the maximum principle yields that d0;¢; is non-positive
at p;. Combining this with (x);, we obtain the upper bound for ¢;:

e < (—tH + Hp) (pr) < C,

for some C' depending only on H, 2 and ). The lower bound of ¢; can be obtained similarly.

Observe that the positivity of €1 implies that ¢ = 0 is a C-subsolution of (x);. Then C* a
priori estimates of ¢; follow from Theorem 1. Combining this with the Arzela-Ascoli theorem,
we conclude that S is closed.
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Step 2. S is open. Suppose there exists a pair (y;,c;) satisfies (x);. We shall prove that
when t is close to £, there exists a pair (¢, c;) € C®(M,R) x R solving (x);.

First of all, let © be a pointwise strictly positive (2n,0)-form with respect to I which is
I-holomorphic, namely 00 = 0. Equivalently, 00 = ;0 = 0.

For every function v : M — R of class C?, we define

. J1\n—1

n ((Ag) —0059) A + 717 [(Agp) 0 — 0052])"
n—1 (Ql + ﬁ [(AQQ)QO — 8&;@])” '
Since the operator L is second order elliptic its symbol is self-adjoint, and therefore the index
is zero. Then the classical maximum principle yields that

(37) ker(Lg) = {const} .

Denote by L:} the L2?-adjoint operator of Ly with respect to the volume form

Ly(¢) :=

1 no
dvol = (Ql + 71 [(Aggb)Qo - 8(9]@}) NO.
n—
By the index theorem, we know there is a non-negative function ¢ such that
(38) ker(L3) = Span{(} .

It follows from the strong maximum principle that { > 0. Up to a constant, we may and do

assume
/ (dvol = 1.
M
Define a Banach space

By = {90 € C* ‘ A <93T<Q§s + @35)) el /M ¢¢ dvol = 0} :

It is easy to verify that the tangent space of B; at ¢ is given by

T;B1 = {w € C?(M,R) | / ¢ dvol = o} :
M
Let us consider the map

N 0+ 2 [(Ay)Q — 0050])"
H(%C)Zlog( Rl ggfn) 0= 005l)”
0

which maps By x R to C%. The linearized operator of H at (¢,1) is given by
(39) Ly—c:TpBy xR — C™*(M,R).

On the one hand, for any real-valued h € C%%(M), there exists a unique real constant ¢ such
that

/ (h+ ¢)¢dvol = 0.
M

By (38) and Fredholm theorem, there exists a real function ¥ on M such that L;(1)) — ¢ = h.
Hence, the map Ly —c is surjective. On the other hand, let (¢1, ¢1) be a solution of Ly () —c = 0.
By (38) and Fredholm theorem again, we get ¢; = 0. Using (37) and (39), we also obtain ¢; = 0.
Therefore, Ly — c is injective.

As a consequence, we conclude that L; — ¢ is bijective. By the implicit function theorem, we
know that when |t — #| is small enough, there exists a pair (¢, ¢;) satisfying

H(got,ct) =tH + (1 — t)Ho.
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In the general case, when we assume M is a compact manifold which admits a flat hyperkéahler
metric g compatible with the underlying hypercomplex structure, we may take © = Q" and apply
the previous procedure to show existence of solutions to (6).

Uniqueness can be obtained with a very similar technique as in Theorem 2, therefore we omit
the proof here. O

Before we move on to the proof of Corollary 4 we need to lay down some preliminaries in
linear algebra in order to mimic the proof of [62, Corollary 1.3]. Let (M,I,J, K, g,Q) be a
compact hyperhermitian manifold. Let (2!, ..., 2%") be holomorphic coordinates with respect to

I and denote A]}”O(M ) the space of (p,0)-forms with respect to I. Consider the pointwise inner
product (-,-), defined by

L — 0
(o, B)g = 2;9”81 gy By s,y for every o, B € AT (M),

where any (p, 0)-form « is locally written as o = %arl...rpdz” A---Adz"™ and (¢g"®) is the inverse
of the Hermitian matrix (grs) induced by the I-Hermitian metric g.

We will need the following Hodge star-type operator x: AIIJ’O(M ) — A%n_p (M), defined by
the relation

1
aA*B:a<a»5>g 5, for a,BGA?’O(M).

We fix a point 29 € M and take holomorphic coordinates (z1, ..., 2%?)

that (grs) is the identity at xo, then we may compute

with respect to I such

(40) w(dB VN ) = dt A N dEL NN A

Observe that the Hodge operator sends g-real (2, 0)-forms to g-real (2n — 2, 0)-forms and vice
versa. Recall that, when the hypercomplex structure is locally flat, to any g-real (2,0)-form
is associated a hyperhermitian matrix (27s), thus, we may define the determinant of Q as the
Moore determinant of (). This definition naturally extends to any g-real (2n — 2,0)-form ®

by setting det(®) = ﬁ det(*®). In particular, for any g-real 2 € A?’O(M), we have

(41) det(Q" 1) = det(Q)" 1,

which can be checked by taking coordinates in which (£27) is diagonal at a given point and using
(40). Indeed, the fact that we can choose coordinates that diagonalize both (g,5) and (Q7s) is
ensured by [57, Lemma 3]. For any pair of g-real yx, () € A?’O (M), we also have

X" det(x) _ det(xx)
O det(Q)  det(xQ)

A g-real (2n — 2,0)-form @ is said to be positive if & A Q > 0 for all positive (2,0)-forms
. We observe that the Hodge star maps positive (2,0)-forms to positive (2n — 2,0)-forms and
conversely. On a locally flat hyperhermitian manifold the (n—1)" power Q — Q™! is a bijective
correspondence between the cone of positive (2,0)-forms and the cone of positive (2n — 2,0)-
forms. The proof of this fact is just a matter of linear algebra and it is entirely analogous to the
argument in [49, pp. 279-280], therefore we omit it.

(42)

Proof of Corollary 4. For starters, we claim

_ 1
(43) (0050 N2 = ] [(Agp)Q0 — 00,¢] ,

(n—1)!
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for any arbitrary function ¢ € C?(M,R). It is enough to prove that for every W € A?n_z’o (M),
we have

02
(n—2)!

Let Z = dz' A--- Adz?" for simplicity and fix a point g € M where € takes the standard form

0050 N

N (W) = (Age)W AQo — W AODje.

n
0 = Z N P
=1

Without loss of generality, we may assume W = AANA2ENABA - Ad2 Tt s easy to see
that
WAQy =2Z, W ANOD o= (p11+ ¢23)Z .

As «W = dz' A dz?, we obtain

Q2 Q2
0070 N n 0_ %) A (xW) =005p A n 0_ 2)!dz1 A dz?
:88Jg0/\2dz1/\dz2/\--~m/\c@/\---/\dz%
i>1
= Z(‘Pzi—lﬁ + o) Z = (Agp)Z — (11 + p2)Z
:(Zlggo)W ANQy—W Ay,
as claimed.

From (42) and (43), it follows that

(2 + w1 [(Age)2 = 0050]) " det (x (1 + 75 [(Agp)2 - 00,4 ) )
Qu N det(xQp)
det (57 + 00,0 A QG7)

det(Q)~1)

This implies that given a positive (2,0)-form ; and a smooth function H on M, the pair
(p,b) € C*(M,R) x Ry is a solution to (6) if and only if it solves

" det(Q1 + 0050 AQE72) = bel det(Q071),
44
ngl + 0050 N 9872 >0, supye=0,

where {25 is uniquely defined by
1

Q) = Q!
Yo T

because the (n—1)™ power is a bijection between the spaces of positive (2, 0)-forms and positive
(2n — 2,0)-forms.
Now, let (¢,b) € C*°(M,R) x R4 be the solution to (6), or equivalently (44), with datum

H = (n—1)H'. Define Q as the unique (n — 1) root of Q' + 99,0 A Q2. Then it is clear
that if Q9 is the (2, 0)-form induced by a quaternionic balanced (resp. quaternionic Gauduchon,
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quaternionic strongly Gauduchon) metric, then so is Q. Finally, set ¥ = b/~ then using
(41) we conclude

(1]

3

_1 _1
& _ det(Qn=1)\ "’ _ det (Qg—l + 0050 N 93—2) n—1 _ (b eH)ﬁ ol 0
0 det(Qg_l) det(Qg_l)
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