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A FRACTIONAL HOPF LEMMA FOR SIGN-CHANGING SOLUTIONS

SERENA DIPIERRO, NICOLA SOAVE, AND ENRICO VALDINOCI

Abstract. In this paper we prove some results on the boundary behavior of solutions to fractional elliptic
problems. Firstly, we establish a Hopf Lemma for solutions to some integro-differential equations. The main
novelty of our result is that we do not assume any global condition on the sign of the solutions. Secondly,

we show that non-trivial radial solutions cannot have infinitely many zeros accumulating at the boundary.
We provide concrete examples to show that the results obtained are sharp.

1. Introduction

In this paper we prove the validity of a Hopf Lemma for sign-changing solutions of some nonlocal elliptic
problems under an additional growth assumption that cannot be removed.

The motivation for our study comes from the following natural problem:

Question 1.1. Suppose that we have a sign-changing solution of a fractional linear elliptic problem in a
domain. Suppose moreover that u does not change sign in a neighborhood of a boundary point x0, with u(x0) =
0. Is it true that the fractional normal derivative of u at the boundary cannot vanish, unless u ≡ 0?

The answer to Question 1.1 is affirmative for the corresponding local issue, where the Hopf Lemma
holds under merely local assumptions (see e.g. [GT83, Lemma 3.4]). In contrast, as far as we know, the
nonlocal versions of the Hopf Lemma available in the literature so far require either the positivity of u in the
whole space (or some sign-condition for potential of source terms; see e.g. [GS16] and [RO16, Lemma 7.3]),
or the antisymmetry of u across an hyperplane (see e.g. [FJ15, Proposition 3.3], [SV19, Proposition 2.2]
and [CDP+23, Lemma 4.1]). This prevents any direct application to sign changing solutions in domains,
which is the main reason for which Question 1.1 is still open.

In our first main result, namely Theorem 1.2, we will give an affirmative answer to Question 1.1 under
an additional “second order fractional” growth assumption. Then, in Theorem 1.11, we will show that this
additional assumption cannot be removed.

We stress that even believing that the answer to Question 1.1 were positive under a suitable additional
local assumption was not obvious. Indeed, the maximum or minimum principle for integro-differential
equations holds only under global assumptions, and, very differently from the classical case, solutions of
fractional elliptic equations are known to have local extrema (see [DSV17a]). Furthermore, the classical
Harnack inequality fails in the nonlocal setting, unless the positivity of the function is assumed in the whole
space (see e.g. [Kaß01], [Kaß11] and [BV16, Theorem 3.3.1]). Therefore, the analysis of qualitative properties
of solutions to nonlocal problems which relies on the maximum principle cannot be separated from a global
information on the sign of the solution itself and therefore these types of arguments typically do not go
through for sign-changing solutions (see e.g. [CI18]).

Since the maximum principle and the Harnack inequality are conceptually strictly linked to the Hopf
Lemma, the failure of these tools for sign-changing solutions in nonlocal cases might suggest that also
Question 1.1 had a negative answer (and this even in the presence of additional assumptions of local nature):
hence we believe that the positive answer that we instead provide in Theorem 1.2 is genuinely interesting.
We also think that the fact that the additional growth assumption cannot be removed, as established in
Theorem 1.11, provides a nice clarification in terms of the importance of this type of hypotheses.
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To state our first main result in a precise form, we consider the class of integro-differential operators L
defined1 by

(1.1) Lw(x) = PV

∫

Rn

w(x) − w(x + y)

|y|n+2s
a

(
y

|y|

)
dy,

where PV stands for “principal value”, s ∈ (0, 1) and a : Sn−1 → [0,+∞) is a nonnegative function
in L∞(Sn−1) such that

(1.2) a(θ) = a(−θ)
for every θ ∈ Sn−1 (the unit sphere in R

n), and, for some positive constants 0 < λ 6 Λ,

(1.3) λ 6 a(θ) 6 Λ for all θ ∈ Sn−1.

Integro-differential operators of the form (1.1) arise naturally in the study of stochastic processes with jumps,
and have been widely studied both in Probability and in Analysis and PDEs. We refer the reader to the
introduction of [RO16] and to the references therein for more details.

Let us now introduce a natural functional space to look at when dealing with operators as in (1.1).
Given Ω ⊆ R

n, we denote by ZΩ the space of continuous functions u : Rn → R such that
∫

Rn

|u(x)|
1 + |x|n+2s

dx < +∞

and for which the following limit exists for every x ∈ Ω:

lim
εց0

∫

Rn\Bε

u(x)− u(x+ y)

|y|n+2s
a

(
y

|y|

)
dy.

We now describe in further detail the type of additional assumption that ensures the validity of Ques-
tion 1.1, stating it in terms of the interior sphere condition. Namely, as customary, given an open subset Ω
of Rn and a point x0 ∈ ∂Ω, we say that Ω satisfies an interior sphere condition at x0 if there exists r̄ > 0
such that, for every r ∈ (0, r̄], there exists a ball Br(xr) ⊆ Ω with x0 ∈ (∂Ω) ∩ (∂Br(xr)).

In this setting, given a continuous function u : Rn → R such that u(x0) = 0 and |u| > 0 in Br(xr) for
every sufficiently small r, we say that u grows faster than the power 2s at x0 if

(1.4) lim sup
r→0+

Φ(r) = +∞, where Φ(r) :=

inf
Br/2(xr)

|u|

r2s
.

This is the additional growth condition needed for an affirmative answer to Question 1.1, according to
the following result:

Theorem 1.2. Let Ω be an open subset of Rn, and let x0 ∈ ∂Ω. Assume that ∂Ω satisfies an interior sphere
condition at x0.

Let L be any operator of the form (1.1)-(1.2)-(1.3), and let u ∈ ZΩ be such that u(x0) = 0 and u− ∈
L∞(Rn).

Suppose that

Lu > V (x)u in Ω

pointwise, where V ∈ L1
loc(Ω) is such that V − ∈ L∞(Ω).

Suppose moreover that there exists R > 0 such that u > 0 in BR(x0), u > 0 in BR(x0) ∩ Ω, and that u
grows faster than the power 2s at x0.

Then, for every β ∈ (0, π/2) we have

(1.5) lim inf
Ω∋x→x0

u(x)

|x− x0|s
> 0,

whenever the angle between x− x0 and the vector joining x0 and the center of the interior sphere is smaller
than π/2− β.

1Here we skate around the minor regularity requirements on w in order to write (1.1) pointwise: at this level, we are implicitly
assuming w to be “regular enough”, but a more precise setting will be discussed in the forthcoming Remark 1.10.
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In particular, if d(x) := dist(x, ∂Ω), and u/ds can be extended as a continuous function on a neighborhood
of x0 in ∂Ω, then

u

ds
(x0) > 0.

In Theorem 1.2 and in the rest of this paper, we use the standard notation f+, f− for the positive and
the negative part of a function f , namely

f+(x) := max{f(x), 0} and f−(x) := f+(x) − f(x) = max{−f(x), 0}.
Changing u with −u in Theorem 1.2, we obtain the following statement:

Corollary 1.3. Let Ω be an open subset of Rn, and let x0 ∈ ∂Ω. Assume that ∂Ω satisfies an interior sphere
condition at x0.

Let L be any operator of the form (1.1)-(1.2)-(1.3), and let u ∈ ZΩ be such that u(x0) = 0 and u+ ∈
L∞(Rn).

Suppose that
Lu 6 V (x)u in Ω

pointwise, where V ∈ L1
loc(Ω) is such that V − ∈ L∞(Ω).

Suppose moreover that there exists R > 0 such that u 6 0 in BR(x0), u < 0 in BR(x0) ∩ Ω, and that u
grows faster than the power 2s at x0.

Then, for every β ∈ (0, π/2) we have

lim sup
Ω∋x→x0

u(x)

|x− x0|s
< 0,

whenever the angle between x− x0 and the vector joining x0 and the center of the interior sphere is smaller
than π/2− β.

In particular, if d(x) := dist(x, ∂Ω), and u/ds can be extended as a continuous function on a neighborhood
of x0 in ∂Ω, then

u

ds
(x0) < 0.

As a direct consequence of Theorem 1.2 and Corollary 1.3, we have the following result:

Corollary 1.4. Let Ω be an open subset of Rn of class C1,1, and let x0 ∈ ∂Ω. Let u ∈ Cs(Ω) ∩ L∞(Ω) be
such that {

(−∆)su = V (x)u in Ω,

u = 0 in R
n \ Ω,

with u > 0 (resp. u < 0) in BR(x0) ∩Ω,

for some R > 0 and V ∈ L∞(Ω).
If u grows faster than the power 2s at x0, then

|u|
ds

(x0) > 0.

Let us now put forth some observations related to the above results.

Remark 1.5. We stress that the condition V ∈ L∞(Ω) in Corollary 1.4 cannot be removed, not even in the
case of radial and positive solutions. See Appendix A for an explicit example.

Remark 1.6. For positive solutions of linear problems with V ∈ L∞(Ω), one always has u/ds > 0 at
boundary points, by [GS16, Lemma 1.2]. Therefore Corollary 1.4 is of particular relevance in case of sign-
changing solutions.

Note indeed that in our setting we do not assume u to be nonnegative in the whole space Rn, but only to
have a sign in the vicinity of a boundary point.

Remark 1.7. We also point out that the assumption that u− ∈ L∞(Rn) can be considerably weakened. It
is sufficient to suppose that

(1.6) u−(y) 6 C̄
(
1 + |y − x0|2s−δ

)
for all y ∈ R

n,

for some C̄ > and δ ∈ (0, 2s). For the sake of completeness, we will provide the proof of Theorem 1.2 under
the more general assumption (1.6), rather than u− ∈ L∞(Rn).

3



Remark 1.8. Concerning the role of β in Theorem 1.2, as customary, a Hopf Lemma needs to avoid
“tangential derivatives”: in this sense, when Ω is a domain of class C1, the requirement of Theorem 1.2 is
that the limit in (1.5) occurs along a given cone of directions which are separated from the tangent hyperplane
(say, by an angle β): in particular, in this situation, the limit in (1.5) can always be taken along the inner
normal direction.

Remark 1.9. Comparing (1.4) and (1.5), we see that Theorem 1.2 can be considered as a “growth improving”
result: very roughly speaking, under a growth assumption with exponent “slightly better than 2s” as in (1.4),
one obtains a suitable growth assumption in (1.5) with exponent s (which is almost “twice as better” as the
initial assumption) in a conical subdomain (as detailed in Remark 1.8).

Remark 1.10. The regularity assumptions in Theorem 1.2 (and in particular (1.6)) are rather natural. For
instance, let u be a bounded weak solution of a Dirichlet problem of the type

(1.7)

{
Lu = f(x, u) in Ω,

u = 0 in R
n \ Ω,

with Ω open and bounded. If f ∈ C0,1
loc (Ω × R), then u ∈ C2s+α(Ω) ∩ Cs(Rn) for some α > 0, as explained

in [RO16]. Thus, u solves the problem in (1.7) pointwise, and, plainly, condition (1.6) holds.
Furthermore, if Ω is of class C1,1, the function u/ds can be extended up to ∂Ω as a C0,α function. More

generally, one could also consider distributional solutions, see [ROS16, ROSV17].
Finally, we recall that the quantity u/ds plays the role that the inner normal derivative plays in second-

order PDEs. This fact was already observed in the Serrin problem for the fractional Laplacian [DGV13,
DSV17b, FJ15, SV19].

We now observe that the condition that u grows faster than the power 2s at x0 cannot be removed from
Theorem 1.2:

Theorem 1.11. Let x0 ∈ ∂B1 and k ∈ 2N ∩ [2,+∞). There exist ̺ ∈ (0, 1) and a compactly supported
function u ∈ C(Rn) ∩ C∞(B1) such that u(x0) = 0 with

(−∆)su = 0 in B1,

u > 0 in B̺(x0) \ {x0}

and lim sup
x→x0

u(x)

|x− x0|k
= 1.

In particular, the claim in (1.5) does not hold for this u.

The previous construction exploits the fact that every functions is locally s-harmonic up to a small error,
see [DSV17a], and requires the possibility of playing with the values of u outside of B1, the set where the
equation of u is given. At this point it is natural to wonder what happens if instead we fix such values, for
instance posing u ≡ 0 in R

n \ Ω. In other words, one may consider the following variant of Question 1.1.

Question 1.12. Suppose that we have a sign-changing solution of a fractional linear elliptic problem (that
is, (−∆)su = V u, for some regular potential V ) in a domain, with prescribed exterior datum u ≡ 0. Suppose
moreover that u does not change sign in a neighborhood BR(x0) of a boundary point x0. Is it true that the
outer fractional normal derivative of u cannot vanish, unless u ≡ 0?

We will give an answer, in the negative, to Question 1.12 in the forthcoming Theorem 1.14. Before that, let
us stress that, by Theorem 1.2, the answer to Question 1.12 is affirmative if u has a strict sign in Ω∩BR(x0),
and u grows faster than the power 2s at x0. In trying to better understand the admissible behaviors for u,
we focus at first on the radial problem in a ball for the fractional Laplacian (in fact, we could consider any
radially symmetric subset of Rn, but we focus on the ball for the sake of simplicity). In this setting, we can
show the following result.

Theorem 1.13. Let ρ > 0, s ∈ (0, 1), V ∈ W 1,p(Bρ) for some p > n/(2s), and x0 ∈ ∂Bρ. Let u ∈
Cs(Rn) ∩ L∞(Rn) be a radial solution to

(1.8)

{
(−∆)su = V (x)u in Bρ,

u = 0 in R
n \Bρ.
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Suppose that u has infinitely many interior zeros accumulating at the boundary of Bρ; namely, suppose that
there exists a sequence {ρm} ⊂ R

+ such that ρm → ρ− and u|∂Bρm
= 0 for every m.

Then u ≡ 0 in R
n.

The proof of this theorem uses the recent characterization of the blow-up boundary behavior of solutions to
linear fractional elliptic problems of type (1.8), given in [DLFV22] (we need the assumption that V ∈W 1,p(Ω)
precisely in order to exploit the main results in [DLFV22]). In fact, we show that under the assumptions
of Theorem 1.13 the blow-up limit around any boundary point must vanish identically, and this is possible
only if u ≡ 0 from the beginning.

By Theorem 1.13, we deduce that any non-trivial radial solution to the linear problem (1.8) cannot vanish
infinitely many times in a neighborhood of a boundary point. Therefore, if x0 ∈ ∂Bρ, then either u > 0
or u < 0 in Bρ ∩BR(x0), for some R > 0. Moreover, by Theorem 1.2, the following alternative holds:

(i) either u grows faster than 2s at the boundary, and then

u

ds
(x0) 6= 0 at any boundary point x0.

(ii) or u does not grow faster than 2s at the boundary, and then

u

ds
(x0) = 0 at any boundary point x0.

It is interesting to investigate under which conditions phenomena as in alternative (ii) take place. With
respect to this, by leveraging some explicit representations and careful expansions at boundary and interior
points, we give a negative answer to Question 1.12, according to the following result:

Theorem 1.14. Let ρ > 0. Then, there exist V ∈ C∞
c (Bρ) and u ∈ Cs(Rn) satisfying

(1.9)

{
(−∆)su = V (x)u in Bρ,

u = 0 in R
n \Bρ,

such that u does not vanish identically and does not change sign in a neighborhood of ρe1 in Bρ, with

lim
Bρ∋x→ρe1

u

ds
(x) = 0.

Also, u is rotationally symmetric.

For completeness, we recall that the radial eigenvalue problem (which corresponds to V (x) = const.
in (1.8)) presents a different structure and in this case we note that u

ds never vanishes along the boundary
of the ball, as expressed by the following result:

Corollary 1.15. Let ρ > 0 and s ∈ (0, 1). Let u ∈ Cs(Rn) ∩ L∞(Rn) be a radial eigenfunction of the
fractional Laplacian in Bρ with homogeneous Dirichlet exterior datum, namely u 6≡ 0 is such that

(1.10)

{
(−∆)su = λu in Bρ,

u = 0 in R
n \Bρ,

for some λ > 0. Then

lim
Bρ∋x→x0

u

ds
(x) 6= 0 at any boundary point x0 ∈ ∂Bρ.

This corollary follows directly from the Pohozaev identity for the fractional Laplacian [ROS14], and
crucially relies on the specific form of the right hand side in (1.10).

The paper is organized as follows. In Section 2 we provide the proof of Theorem 1.2, Section 3 is devoted
to the proof of Theorem 1.11 and Section 4 to the proof of Theorem 1.13. The proof of Theorem 1.14 is
contained in Section 5.
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2. Proof of the Hopf Lemma in Theorem 1.2

Here we prove Theorem 1.2. For this, we recall from [RO16, Lemma 5.4] that whenever L is a stable
operator of the form (1.1)-(1.3), the function

(2.1) v(x) = (1− |x|2)s+
is a solution to {

Lv = k in B1,

v = 0 in R
n \B1,

for some positive constant k. This allows us to prove that:

Lemma 2.1. There exist a nonnegative function ϕ ∈ Cs(Rn) and a constant C > 0 depending on n, s, λ
and Λ such that 




Lϕ 6 −1 in B1 \B1/2,

ϕ > (1− |x|2)s+ in B1,

ϕ 6 C in B1/2,

ϕ = 0 in R
n \B1.

Proof. Let η ∈ C∞
c (B1/4) be a nonnegative function with

∫
Rn η = 1. For x ∈ B1 \B1/2, we have that

Lη(x) = −PV
∫

Rn

η(x+ y)

|y|n+2s
a

(
y

|y|

)
dy 6 −λ

∫

B1/4(−x)

η(x+ y)

|y|n+2s
dy,

thanks to (1.3). Notice that if y ∈ B1/4(−x) then |y| 6 |x+ y|+ |x| 6 1
4 + 1 = 5

4 , and thus

Lη(x) 6 −λ
(
4

5

)n+2s ∫

B1/4(−x)

η(x+ y) dy = −λ
(
4

5

)n+2s ∫

B1/4

η(z) dz = −λ
(
4

5

)n+2s

.

Therefore, the function ϕ := v + C1η fulfills all the desired requirements, for C1 > 0 sufficiently large. �

Now we present an integral computation of general use, to be employed in the proof of Theorem 1.2.

Lemma 2.2. Let Ω be an open subset of Rn, and let x0 ∈ ∂Ω. Let L be any operator of the form (1.1)-
(1.2)-(1.3), and let u : Rn → R be a continuous function such that

(2.2) u−(y) 6 C̄
(
1 + |y − x0|2s−δ

)
for all y ∈ R

n,

for some C̄ > and δ ∈ (0, 2s).
Suppose that u > 0 in a ball BR(x0). Let also S ⋐ BR(x0) and d0 denote the distance between S

and ∂BR(x0).

Then, there exists C̃ > 0, depending on n, s, Λ, R and C̄ such that, for every x ∈ S,

−Lu−(x) 6 C̃

(
1

d2s0
+

1

dδ0

)
.

Proof. Since x ∈ S ⊂ BR(x0) ⊆ {u > 0}, we have that u−(x) = 0.
Furthermore, if y ∈ R

n is such that u−(x + y) > 0, then necessarily x + y ∈ R
n \ BR(x0). Hence,

|y| = |(x+ y)− x| > d0.
Consequently, making use of (1.3) and (2.2),

−Lu−(x) =

∫

Rn

u−(x+ y)

|y|n+2s
a

(
y

|y|

)
dy

6

∫

Rn\Bd0

u−(x+ y)

|y|n+2s
a

(
y

|y|

)
dy

6 C̄Λ

∫

Rn\Bd0

1 + |x+ y − x0|2s−δ

|y|n+2s
dy

6 C̄Λ

∫

Rn\Bd0

1 + (|x − x0|+ |y|)2s−δ

|y|n+2s
dy

6



6 C̄Λ

∫

Rn\Bd0

1 + (R + |y|)2s−δ

|y|n+2s
dy

6 22sC̄Λ

∫

Rn\Bd0

1 +R2s−δ + |y|2s−δ

|y|n+2s
dy,

from which the desired result follows. �

Proof of Theorem 1.2. Under the assumptions of the theorem, there exists r̄ ∈ (0, R/4) such that, for ev-
ery r ∈ (0, r̄], there exists an interior ball Br(xr), tangent to ∂Ω at x0, and such that Br(xr) ⊂ BR(x0) ∩Ω.
Let C and ϕ be as in Lemma 2.1. Also, set

αr :=
1

C
inf

Br/2(xr)
u and ψ(x) := αr ϕ

(
x− xr
r

)
.

We observe that, since u > 0 in BR(x0) ∩Ω ⋑ Br/2(xr), we know that αr > 0. Then, by Lemma 2.1,




Lψ 6 − αr

r2s
in Br(xr) \Br/2(xr),

ψ >
αr

r2s
(r2 − |x− xr|2)s+ in Br(xr),

ψ 6 αrC in Br/2(xr),

ψ = 0 in R
n \Br(xr).

Let w := ψ − u−. Then, clearly, w 6 u in R
n \Br(xr). Moreover, in Br/2(xr),

w = ψ 6 αrC = inf
Br/2(xr)

u 6 u.

We now utilize Lemma 2.2 with S := Br(xr) \ Br/2(xr). To this end, we point out that the distance
between Br(xr) and ∂BR(x0) is larger than R/2, as long as r is sufficiently small with respect to R. Therefore,

by Lemma 2.2, for every x ∈ Br(xr) \Br/2(xr),

−Lu−(x) 6 C⋆,

with C⋆ > 0 independent of r. Accordingly, for every x ∈ Br(xr) \Br/2(xr),

Lw(x) = Lψ(x)− Lu−(x) 6 − αr

r2s
+ C⋆.

Therefore, for all x ∈ Br(xr) \Br/2(xr), we have that

L(u− w)(x) > V (x)u(x) − Lw(x) >
αr

r2s
− C⋆ − V −(x)u+(x)

>
αr

r2s
− C⋆ − ‖V −u+‖L∞(BR(x0)) =

Φ(r)

C
− C⋆ − ‖V −u+‖L∞(BR(x0)),

where Φ is as in (1.4). As a consequence, by (1.4), we can choose r > 0 sufficiently small, such that L(u−
w)(x) > 0 for all x ∈ Br(xr) \Br/2(xr).

Summarizing, we have that, for r small enough (that is now given once and for all),
{
L(u− w) > 0 in Br(xr) \Br/2(xr),

u− w > 0 in R
n \
(
Br(xr) \Br/2(xr)

)
,

and the comparison principle yields that

(2.3) u > w = ψ in Br(xr) \Br/2(xr).

We can thus complete the proof of Theorem 1.2 by combining (2.3) and a geometric argument, reasoning as
follows. We let ν̄ be the vector joining x0 to the center of the interior sphere (note that ν̄ is pointing “inward”
the domain Ω). Given β ∈ (0, π/2), we consider the set Cβ of points x for which the angle between x − x0
and ν̄ is smaller than π/2− β, that is

(2.4) Cβ :=

{
x ∈ Ω s.t.

x− x0
|x− x0|

· ν̄ > cβ

}
, where cβ := cos

(π
2
− β

)
> 0.
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With this notation, to prove (1.5) we have to check that

(2.5) lim inf
Cβ∋x→x0

u(x)

|x− x0|s
> c,

for an appropriate c > 0 as in the statement of Theorem 1.2.
Thus, to establish (2.5), we take a sequence of points xk ∈ Cβ such that xk → x0 as k → +∞ and we

claim that, for k large enough,

(2.6) xk ∈ Br(xr) \Br/2(xr).

Indeed, on the one hand,

|xk − xr|2 =
∣∣xk − (x0 + rν̄)

∣∣2 =
∣∣(xk − x0)− rν̄

∣∣2 = |xk − x0|2 + r2 − 2r(xk − x0) · ν̄

= r2 − |xk − x0|
(
2r(xk − x0) · ν̄

|xk − x0|
− |xk − x0|

)
6 r2 − |xk − x0|

(
2cβr − |xk − x0|

)

6 r2 − cβr|xk − x0| < r2,

as long as k is sufficiently large, whence xk ∈ Br(xr).
On the other hand,

|xk − xr | > |x0 − xr| − |xk − x0| = r − |xk − x0| >
r

2
,

as long as k is large enough, therefore xk 6∈ Br/2(xr).
The proof of (2.6) is thereby complete.
Now, owing to (2.6), we are in the position of applying (2.3), thus finding that

u(xk) > ψ(xk) >
αr

r2s
(
r2 − |xk − xr|2

)s
+
=
αr

r2s
(
r2 −

∣∣(xk − x0)− rν̄
∣∣2)s

+

=
αr

r2s
(
2r(xk − x0) · ν̄ − |xk − x0|2

)s
+
>
αr

r2s
(
2cβr|xk − x0| − |xk − x0|2

)s
+

and consequently

lim inf
k→+∞

u(xk)

|xk − x0|s
> lim inf

k→+∞

αr

r2s
(
2cβr − |xk − x0|

)s
+
=

2sαr c
s
β

rs
.

This completes the proof of (2.5), as desired. �

3. The necessity of additional conditions and proof of Theorem 1.11

Proof of Theorem 1.11. We exploit [DSV17a, Theorem 3.1] and we find r2 > r1 > 0 and a continuous
function v such that

(−∆)sv = 0 in Br1 ,

v = 0 in R
n \Br2 ,

Dγv(0) = 0 for all γ = (γ1, . . . , γn) ∈ N
n such that |γ| := γ1 + · · ·+ γn 6 k and γ1 6= k

and ∂kx1
v(0) = k!.

We take µ := r1/4 and define

w(x) :=
v(µ(x − x0))

µk
.

Note that w is compactly supported, since so is v. Additionally, if x ∈ B2 then |µ(x− x0)| 6 µ|x|+ µ|x0| <
3µ 6 r1 and therefore, for all x ∈ B2,

(−∆)sw(x) = µ2s−k(−∆)sv(µ(x − x0)) = 0.

Also, Dγw(x) = µ|γ|−kDγv(µ(x − x0)), from which we obtain that Dγw(x0) = 0 for all γ ∈ N
n such

that |γ| 6 k and γ1 6= k and ∂kx1
w(x0) = k!. Hence, a Taylor expansion gives that, in a neighborhood of x0,

w(x) =
(
(x− x0) · e1

)k
+O

(
|x− x0|k+1

)
.
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Now, for each j ∈ {1, . . . , n} we denote by wj the function obtained by the previous procedure when
the variable x1 is replaced by xj (of course, w1 = w) and we set u := w1+···+wn

n . In this way, we have
that (−∆)su = 0 in B2, u is compactly supported and

u(x) =
n∑

j=1

(
(x− x0) · ej

)k
+O

(
|x− x0|k+1

)
.

In particular, recalling that k is even (i.e., k = 2ℓ, with ℓ ∈ N ∩ [1,+∞)), if ̺ > 0 is small enough, t ∈ (0, ̺]
and ω ∈ ∂B1 then

u(x0 + tω) =

n∑

j=1

(tωj)
k +O(tk+1) = t2ℓ




n∑

j=1

ω2ℓ
j +O(t)



 >
t2ℓ

nℓ







n∑

j=1

ω2
j




ℓ

+O(t)




>
t2ℓ

nℓ
(1 +O(̺)) >

t2ℓ

2nℓ
> 0.

Besides,

lim sup
x→x0

u(x)

|x− x0|k
= lim sup

x→x0

n∑

j=1

(
(x− x0) · ej

)k

|x− x0|k
= lim sup

y=(y1,...,yn)→0

yk1 + · · ·+ ykn
|y|k = 1

and the proof of Theorem 1.11 is thereby complete. �

4. Radial solutions for the Dirichlet problem and proof of Theorem 1.13

Proof of Theorem 1.13. Without loss of generality, we can suppose that ρ = 1.
In what follows, we will denote by R

n+1
+ := R

n × (0,+∞) and points z = (x, y) ∈ R
n+1
+ . When needed,

we will also use the notation z = (x1, x
′, y) ∈ R × R

n−1 × (0,+∞) for points in R
n+1
+ . Additionally, balls

centered at the origin with radius r in R
n+1 will be denoted by Br and B+

r := Br ∩ R
n+1
+ .

We argue by contradiction and suppose that (1.8) has a non-trivial radial bounded solution u(x) = ũ(|x|),
with infinitely many interior zeros accumulating at 1: namely, we suppose that there exists a sequence {ρm} ⊂
R

+ such that ρm → 1− and u|∂Bρm
= 0 for every m. It is convenient to rewrite ρm = (1 + rm)/2,

with rm → 1−.
Let us consider now the Caffarelli-Silvestre extension of u(x), denoted by U(z), with z = (x, y) ∈ R

n+1
+ .

Since u is a solution of (1.8), exploiting [CS07], we see that U solves




div(y1−2s∇U) = 0 in R
n+1
+ ,

U = u on R
n × {0},

U = 0 on (Rn \B1)× {0},
− lim

y→0+
y1−2s∂yU = κn,sV (x)u on B1 × {0},

where κn,s is a positive constant depending on n and s.
Let x0 = (1, 0′) ∈ ∂B1 and z0 = (x0, 0) = (1, 0′, 0). Then, by [DLFV22, Theorem 1.3], there exists k0 ∈ N

such that the blow-up sequence

Um(z) :=
U(z0 + λmz)

λk0+s
m

, where λm := 1− rm → 0+,

converges to a homogeneous non-trivial function Ψ(z) = |z|k0+sY (z/|z|) 6≡ 0, in the weighted Sobolev
space H1(B+

1 , y
1−2s dz), as m→ +∞. More precisely, Ψ satisfies






div(y1−2s∇Ψ) = 0 in R
n+1
+ ,

Ψ = 0 in Γ+ := [0,+∞)× R
n−1 × {0},

lim
y→0+

y1−2s∂yΨ = 0 in Γ− := (−∞, 0)× R
n−1 × {0},

see [DLFV22, Appendix B].
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We claim that

(4.1) Ψ

(
−1

2
, x′, 0

)
= 0 whenever |x′| < 1

4
.

To prove this claim, we recall that, by definition of rm and λm, the scaled function Um|{y=0} vanishes on
the scaled sphere

∂B 1+rm
2

− (1, 0′)

1− rm
= ∂B 1+rm

2(1−rm)

((
− 1

1− rm
, 0′
))

=: Sm.

Now, if x ∈ {x1 = −1/2, |x′| < 1/4}, then
(4.2) there exists a sequence yxm → x as m→ +∞, with yxm ∈ Sm for every m.

Indeed, given x = (−1/2, x′) with |x′| < 1/4, we set yxm := (y1,m, x
′) with

y1,m :=

(
1

1− rm

)

1 + rm
2

√

1−
(
2|x′|(1− rm)

1 + rm

)2

− 1



 .

Notice that y1,m is well-defined, since

2|x′|(1 − rm)

1 + rm
<

1− rm
2(1 + rm)

6
1

2
.

We observe that yxm ∈ Sm, since

∣∣∣∣y
x
m −

(
− 1

1− rm
, 0′
)∣∣∣∣ =

∣∣∣∣∣∣



 1 + rm
2(1− rm)

√

1−
(
2|x′|(1 − rm)

1 + rm

)2

, x′





∣∣∣∣∣∣

=

√√√√
(

1 + rm
2(1− rm)

)2
(
1−

(
2|x′|(1− rm)

1 + rm

)2
)

+ |x′|2 =
1 + rm

2(1− rm)
.

Furthermore, we have that yxm → x as m→ +∞, since

∣∣∣∣y1,m +
1

2

∣∣∣∣ =

∣∣∣∣∣∣

(
1

1− rm

)
1 + rm

2

√

1−
(
2|x′|(1− rm)

1 + rm

)2

− 1


+

1

2

∣∣∣∣∣∣

=
1 + rm

2
·
1−

√
1−

(
2|x′|(1−rm)

1+rm

)2

1− rm

=
2|x′|2(1 − rm)

(1 + rm)

(
1 +

√
1−

(
2|x′|(1−rm)

1+rm

)2
) ,

which converges to 0 as m→ +∞. This completes the proof of (4.2).
Now, note that each Um solves






div(y1−2s∇Um) = 0 in R
n+1
+ ,

Um = 0 on

(
R

n \B1/λm

((
− 1

λm
, 0′
)))

× {0},

− lim
y→0+

y1−2s∂yUm = κsλ
2s
mV (x0 + λmx)Um(x, 0) on B1/λm

((
− 1

λm
, 0′
))

× {0}.

Moreover, if x ∈ B1/3

(
− 1

2 , 0
′
)
, then

∣∣∣∣x−
(
− 1

λm
, 0′
)∣∣∣∣ 6

∣∣∣∣x−
(
−1

2
, 0′
)∣∣∣∣+

∣∣∣∣
(
1

2
, 0′
)
−
(

1

λm
, 0′
)∣∣∣∣ 6

1

3
+

∣∣∣∣
1

2
− 1

λm

∣∣∣∣ =
1

3
+

1

λm
− 1

2
<

1

λm
,
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and thus

B1/λm

((
− 1

λm
, 0′
))

× {0} ⊃ B1/3

((
−1

2
, 0′
))

.

Therefore, taking into account the boundedness of Um in H1(B+
1 , y

1−2s dz), Lemma 3.3 in [FF14] ensures
that ‖Um‖Cα(B1/3((−1/2,0′))×[0,y0]) 6 C, for some y0 > 0 and α ∈ (0, 1). This in turn gives that Um → Ψ

locally uniformly in B1/3

((
− 1

2 , 0
′
))

× [0, y0].
Furthermore, recalling (4.2), if |x′| < 1/4 and m is sufficiently large,
∣∣∣∣Ψ
(
−1

2
, x′, 0

)
− Um (yxm, 0)

∣∣∣∣ 6
∣∣∣∣Ψ
(
−1

2
, x′, 0

)
− Um

(
−1

2
, x′, 0

)∣∣∣∣+
∣∣∣∣Um

(
−1

2
, x′, 0

)
− Um (yxm, 0)

∣∣∣∣

6

∣∣∣∣Ψ
(
−1

2
, x′, 0

)
− Um

(
−1

2
, x′, 0

)∣∣∣∣+ ‖Um‖Cα(B1/3((−1/2,0′))×[0,y0])

∣∣∣∣
(
−1

2
, x′, 0

)
− (yxm, 0)

∣∣∣∣
α

6

∣∣∣∣Ψ
(
−1

2
, x′, 0

)
− Um

(
−1

2
, x′, 0

)∣∣∣∣+ C

∣∣∣∣
(
−1

2
, x′
)
− yxm

∣∣∣∣
α

.

From this, we obtain that, if |x′| < 1/4,

Ψ

(
−1

2
, x′, 0

)
= lim

m
Um (yxm, 0) .

Thus, since Um|{y=0} vanishes on the scaled sphere Sm and yxm ∈ Sm, we conclude that

Ψ

(
−1

2
, x′, 0

)
= lim

m
Um (yxm, 0) = 0 for |x′| < 1

4
,

which proves the claim in (4.1).
We now complete the proof of Theorem 1.13 as follows. Since Ψ is homogeneous with respect to 0,

equation (4.1) entails that Ψ vanishes in an open cone of Γ−, containing the ball B1/4(−1/2, 0′) × {0} ⊂
R

n × {0}.
In particular, 





div(y1−2s∇Ψ) = 0 in R
n+1
+ ,

Ψ = 0 on B1/4(−1/2, 0′)× {0},
lim

y→0+
y1−2s∂yΨ = 0 on B1/4(−1/2, 0′)× {0}.

By the unique continuation principle proved in [Rül15, Proposition 2.2], this gives that Ψ ≡ 0 in the extended
ball B+

1/4(−1/2, 0′, 0). Therefore, the standard unique continuation principle gives that Ψ ≡ 0 in R
n+1
+ . This

is the desired contradiction, and the proof is thereby complete. �

5. Proof of Theorem 1.14

This part is devoted to the proof of Theorem 1.14, relying also on the following boundary expansion of
the fractional Green function of the ball (see e.g. [DSV19, Lemma 6] for related results).

Lemma 5.1. Let e ∈ ∂B1. Let G be the fractional Green function of the ball of radius ρ. Let ρ0 ∈ (0, ρ).
Then, for z ∈ Bρ0 , for small δ > 0 we have that

G((ρ − δ)e, z) = a0(z, e) δ
s + o(δs),

where

a0(z, e) :=
2s(ρ2 − |z|2)s
sρs |ρe− z|n ,(5.1)

up to normalization constants that we omit, where o(δs) is uniform in z ∈ Bρ0 .

We also recall the interior blow-up behavior of the fractional Green function:

Lemma 5.2. Let n 6= 2s. For every e, y ∈ B1,

lim
ρ0ց0

ρn−2s
0 G(ρ0e, ρ0y) = |e− y|2s−n,

up to a dimensional constant that we omit.
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For the reader’s facility, we postpone the technical proofs of Lemmata 5.1 and 5.2 to Appendix B. Now
we prove Theorem 1.14.

Proof of Theorem 1.14. Let ε ∈ (0, 1), to be taken appropriately small in what follows. Let also ρ0 ∈ (0, ρ)
and φ ∈ C∞

c ((−1, 1), [0,+∞)) with φ not identically zero.
Let

φ1,ε(x) :=
1

εn
φ

( |x|
ε

)
and φ2,ε(x) :=

1

ε
φ

( |x| − ρ0
ε

)
.

We consider the solutions u1,ε and u2,ε of the problem

(5.2)

{
(−∆)suj,ε = φj,ε in Bρ,

uj,ε = 0 in R
n \Bρ,

with j ∈ {1, 2}.
We remark that the functions uj,ε are radial. To check this, one can observe that the Green functionG(x, y)

of the ball Bρ is invariant under rotations (that isG(Rx,Ry) = G(x, y) for every rotationR, as can be checked
from [Buc16, Theorem 3.1]) and then deduce that uj,ε is radial due to the Green function representation
(see [Buc16, Theorem 3.2]).

Using the Green function, one can also check that uj,ε > 0 in Bρ. Also, by the fractional Hopf Lemma
(see e.g. [RO16]), we have that

cj,ε := lim
Bρ∋x→∂Bρ

uj,ε
ds

(x) > 0.

We need now to extract some more quantitative information and we will do so via Lemma 5.1, which entails
that, for all e ∈ ∂B1,

c1,ε = lim
δց0

u1,ε((ρ− δ)e)

δs

= lim
δց0

1

δs

∫

Bρ

φ1,ε(y)G((ρ− δ)e, y) dy

= lim
δց0

1

δs εn

∫

Bρ

φ

( |y|
ε

)
G((ρ− δ)e, y) dy

= lim
δց0

1

δs

∫

B1

φ(|w|)G((ρ − δ)e, εw) dw

= lim
δց0

1

δs

∫

B1

φ(|w|)
(
a0(εw, e) δ

s + o(δs)
)
dw

=

∫

B1

2s φ(|w|) (ρ2 − ε2|w|2)s
sρs |ρe− εw|n dw

12



and that

c2,ε = lim
δց0

u2,ε((ρ− δ)e)

δs

= lim
δց0

1

δs

∫

Bρ

φ2,ε(y)G((ρ − δ)e, y) dy

= lim
δց0

1

δs ε

∫

Bρ

φ

( |y| − ρ0
ε

)
G((ρ− δ)e, y) dy

= lim
δց0

1

δs ε

∫∫

(∂B1)×(0,ρ)

tn−1φ

(
t− ρ0
ε

)
G((ρ − δ)e, tω) dHn−1

ω dt

= lim
δց0

1

δs

∫∫

(∂B1)×(−1,1)

(ρ0 + ετ)n−1φ(τ)G((ρ − δ)e, (ρ0 + ετ)ω) dHn−1
ω dτ

= lim
δց0

1

δs

∫∫

(∂B1)×(−1,1)

(ρ0 + ετ)n−1φ(τ)
(
a0((ρ0 + ετ)ω, e) δs + o(δs)

)
dHn−1

ω dτ

=

∫∫

(∂B1)×(−1,1)

2s (ρ0 + ετ)n−1 (ρ2 − |(ρ0 + ετ)ω|2)s φ(τ)
sρs |ρe− (ρ0 + ετ)ω|n dHn−1

ω dτ.

These observations entail that

(5.3) lim
εց0

c1,ε =

∫

B1

2sφ(|w|) ρs−n

s
dw =: c1

and

(5.4) lim
εց0

c2,ε =

∫∫

(∂B1)×(−1,1)

2sρn−1
0 (ρ2 − ρ20)

s φ(τ)

sρs |ρe− ρ0ω|n
dHn−1

ω dτ =: c2.

We stress that c1, c2 ∈ (0,+∞) thus, assuming that ε is conveniently small, we can suppose that

c1,ε ∈
(c1
2
, 2c1

)
and c2,ε ∈

(c2
2
, 2c2

)
.

Now we define
uε := c2,ε u1,ε − c1,ε u2,ε.

In this way,

(5.5) lim
Bρ∋x→ρe1

uε
ds

(x) = lim
Bρ∋x→ρe1

c2,ε u1,ε(x) − c1,ε u2,ε(x)

ds(x)
= c2,ε c1,ε − c1,ε c2,ε = 0.

Furthermore, we claim that, if ε is small enough,

(5.6) {uε = 0} ∩ suppφ1,ε = ∅

and

(5.7) {uε = 0} ∩ suppφ2,ε = ∅.

We postpone the proofs of these claims at the end and we now complete the proof of Theorem 1.14, by
assuming the validity of these claims.

Thanks to (5.6) and (5.7), we can define

Vj,ε :=
φj,ε
uε

,

with the implicit notation that Vj,ε = 0 outside the support of φj,ε. Let also

Vε := c2,εV1,ε − c1,εV2,ε.

Thus, it follows from (5.2) that, in Bρ,

(−∆)suε = c2,εφ1,ε − c1,εφ2,ε = (c2,εV1,ε − c1,εV2,ε)uε = Vεuε.

Additionally, uε does not vanish identically, as a byproduct of (5.6), and it does not change sign in a
neighborhood of ∂Bρ, owing to Theorem 1.13. In this way, recalling also (5.5), the function u := uε satisfies
all the desired requirements in Theorem 1.14.
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It remains to prove (5.6) and (5.7). For this, we will use that

uε(x) = c2,ε u1,ε(x)− c1,ε u2,ε(x)

=
c2,ε
εn

∫

Bρ

φ

( |y|
ε

)
G(x, y) dy − c1,ε

ε

∫

Bρ

φ

( |y| − ρ0
ε

)
G(x, y) dy

= c2,ε

∫

B1

φ(|w|)G(x, εw) dw − c1,ε
ε

∫∫

(∂B1)×(0,ρ)

tn−1φ

(
t− ρ0
ε

)
G(x, tω) dHn−1

ω dt

= c2,ε

∫

B1

φ(|w|)G(x, εw) dw

− c1,ε

∫∫

(∂B1)×(−1,1)

(ρ0 + ετ)n−1φ(τ)G(x, (ρ0 + ετ)ω) dHn−1
ω dτ.

(5.8)

In the proof of (5.6) and (5.7), we need to distinguish the case s ∈
(
0, 12

]
from the case s ∈

(
1
2 , 1
)
.

(1). The case s ∈
(
0, 12
]
. Let us start by proving (5.6). To this end, we argue by contradiction and we

suppose that there exists a point pε ∈ {uε = 0} ∩ suppφ1,ε ⊆ {uε = 0} ∩Bε.
We recall that, for |X−Y | small (and X and Y away from ∂Bρ), we have (see e.g. [Buc16, equations (1.17)

and (1.19)])

(5.9) G(X,Y ) >

{
c|X − Y |2s−n if n > 2s,

c| log |X − Y || if n = 2s.

This and (5.8) give that, for small ε,

0 = uε(pε)

>
c2
2

∫

B1

φ(|w|)G(pε, εw) dw − 2c1‖φ‖L∞((−1,1))

ε

∫

Bρ0+ε\Bρ0−ε

G(pε, y) dy

>
c2
2

∫

B1

φ(|w|) dw inf
X,Y ∈Bε

G(X,Y )− C.

(5.10)

Since, by (5.9), the Green function G(X,Y ) has a singularity when X = Y (in fact, here we are using only
that n > 2s), it follows that the last term is as large as we wish, and in particular strictly positive. This is
a contradiction and (5.6) is thereby established in this case.

Now we prove (5.7). For this, we suppose that there exists a point qε ∈ {uε = 0} ∩ suppφ2,ε ⊆ {uε =
0} ∩Bρ0+ε \Bρ0−ε.

Hence, recalling (5.8), for small ε, since uε is radial, for all e ∈ ∂B1 we have that

0 = −uε(|qε|e)

>
c1
2

∫∫

(∂B1)×(−1,1)

(ρ0 + ετ)n−1φ(τ)G(|qε|e, (ρ0 + ετ)ω) dHn−1
ω dτ

−2c2 ‖φ‖L∞((−1,1))

εn

∫

Bε

G(|qε|e, y) dy

>
c1
2

∫∫

(∂B1)×(−1,1)

(ρ0 + ετ)n−1φ(τ)G(|qε|e, (ρ0 + ετ)ω) dHn−1
ω dτ − C.
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The contradiction here is obtained2 by considering an η ∈ (0, 1) sufficiently small and noticing that the limit
as εց 0 gives, up to a subsequence, and recalling (5.9),

0 >
c1ρ

n−1
0

2

∫ 1

−1

φ(τ) dτ

∫

∂B1

G(ρ0e, ρ0ω) dH
n−1
ω − C

>
c c1

2ρ1−2s
0

∫ 1

−1

φ(τ) dτ

∫

∂B1∩{|e−ω|<η}

dHn−1
ω

|e− ω|n−2s
− C

= +∞.

(5.11)

This is a contradiction and the proof of (5.7) is thereby complete in this case.

(2). The case s ∈
(
1
2 , 1
)
. To prove (5.6), we observe that the argument in (5.10) goes through whenever n >

2s and therefore we focus here on the case n < 2s, which gives n = 1. Thus, in this case we use (5.8) and
we find that, if there existed a point pε ∈ {uε = 0} ∩ suppφ1,ε ⊆ {uε = 0} ∩ (−ε, ε), then

0 = c2,ε

∫ 1

−1

φ(|w|)G(pε, εw) dw

−c1,ε
[∫ 1

−1

(ρ0 + ετ)n−1φ(τ)G(pε, ρ0 + ετ) dτ +

∫ 1

−1

(ρ0 + ετ)n−1φ(τ)G(pε,−ρ0 − ετ) dτ

]
.

We now send εց 0 and utilize that G(0, 0) = 0 in this case (see [Buc16, equation (1.17)]), thus finding that

0 = −c1
[∫ 1

−1

ρn−1
0 φ(τ)G(0, ρ0) dτ +

∫ 1

−1

ρn−1
0 φ(τ)G(0,−ρ0) dτ

]
< 0.

This proves (5.6) also in this case.
Now we turn to the proof of (5.7). Again, we suppose by contradiction that there exists a point qε ∈

{uε = 0} ∩ suppφ2,ε ⊆ {uε = 0} ∩Bρ0+ε \Bρ0−ε such that u(|qε|e) = u(qε) = 0, for all e ∈ ∂B1.
We recall (5.8) and we write that

0 = c2,ε

∫

B1

φ(|w|)G(|qε|e, εw) dw

−c1,ε
∫∫

(∂B1)×(−1,1)

(ρ0 + ετ)n−1φ(τ)G(|qε|e, (ρ0 + ετ)ω) dHn−1
ω dτ.

Hence, sending εց 0,

c2

∫

B1

φ(|w|) dw G(ρ0e, 0) = c1

∫∫

(∂B1)×(−1,1)

ρn−1
0 φ(τ)G(ρ0e, ρ0ω) dH

n−1
ω dτ.

On this account, substituting for c1 and c2 in light of (5.3) and (5.4), after a simplification we find that

(5.12)

∫

∂B1

(ρ2 − ρ20)
s

|ρe− ρ0ω|n
dHn−1

ω G(ρ0e, 0) = ρ2s−n

∫

∂B1

G(ρ0e, ρ0ω) dH
n−1
ω .

Note that we are still free to modify ρ0 if needed.
Therefore, taking ρ0 as small as we wish, we infer from Lemma 5.2 and (5.12) (in the limit as ρ0 ց 0)

that

(5.13) Hn−1(∂B1) =

∫

∂B1

|e− ω|2s−n dHn−1
ω .

When n = 1, this boils down to

2 = |1− 1|2s−1 + |1 + 1|2s−1 = 22s−1,

which is a contradiction.

2For simplicity, we wrote (5.11) when n > 2. Notice that we have used there that n − 2s > n − 1. When n = 1, we just
obtain

c c1

2ρ1−2s

0

∫ 1

−1

φ(τ) dτ | log 0| − C = +∞.
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Hence, we now deal with the case n > 2. Choosing e := en in (5.13), we obtain that

Hn−1(∂B1) =

∫

∂B1

|en − ω|2s−n dHn−1
ω

=

∫

∂B1∩{ωn>0}

|en − ω|2s−n dHn−1
ω +

∫

∂B1∩{ωn<0}

|en − ω|2s−n dHn−1
ω

=

∫

∂B1∩{ωn>0}

(
|en − ω|2s−n + |en + ω|2s−n

)
dHn−1

ω .

(5.14)

Now we look at the function

(0,+∞) ∋ σ 7→ F (σ) :=
1 + σ2s−n

(1 + σ)2s−n
.

We note that

lim
σ→0

F (σ) = +∞ = lim
σ→+∞

F (σ)

and

F ′(σ) =
n− 2s

σn+1−2s
(1 + σ)n−2s−1(σn+1−2s − 1).

In particular, F is strictly increasing when σ > 1 and strictly decreasing when σ ∈ (0, 1), thus exhibiting a
minimum at σ = 1, with F (1) = 2n+1−2s.

As a byproduct, for every a, b > 0, if σ := b
a ,

a2s−n + b2s−n = a2s−n(1 + σ2s−n) = a2s−n (1 + σ)2s−n F (σ)

> a2s−n (1 + σ)2s−n F (1) = 2n+1−2s(a+ b)2s−n,

with strict inequality unless a = b.
Therefore, choosing a := |en − ω| and b := |en + ω|,

|en − ω|2s−n + |en + ω|2s−n > 2n+1−2s
(
|en − ω|+ |en + ω|

)2s−n

> 2n+1−2s
(
|(en − ω) + (en + ω)|

)2s−n

= 2n+1−2s|2en|2s−n = 2,

with strict inequality when ωn 6= 0.
For this reason,

∫

∂B1∩{ωn>0}

(
|en − ω|2s−n + |en + ω|2s−n

)
dHn−1

ω > 2Hn−1(∂B1 ∩ {ωn > 0}) = Hn−1(∂B1),

which provides a contradiction with (5.14). The proof of (5.7) is thereby complete in this case as well. �

Appendix A. An interesting example

Here we observe that the condition V ∈ L∞(Ω) in Corollary 1.4 cannot be removed, not even in the case
of radial and positive solutions. To see this, let us consider an even function u0 ∈ C(R) such that u0 = 0
in [1,+∞), u0 ∈ C∞((−1, 1)) and u′0 < 0 in (0, 1). In particular, we have that u0 > 0 in (−1, 1). For
every x ∈ R

n, we define u(x) := u0(|x|).
For every x ∈ B1, we also define g(x) := (−∆)su(x) and we stress that g ∈ C∞(B1) (but it may become

unbounded at ∂B1). Since u > 0 in B1, we can define, for all x ∈ B1,

V (x) :=
g(x)

u(x)
.

We stress that V ∈ L∞
loc(B1), but V is not necessarily in L∞(B1), and, by construction,

{
(−∆)su = V (x)u in B1,

u = 0 in R
n \B1,

with u > 0 in B1.

However, we are free to choose any growth of u0 from the point 1 that we like and therefore the result in
Corollary 1.4 does not necessarily hold in this case.
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Appendix B. Proof of Lemmata 5.1 and 5.2

For completeness, we provide a self-contained proof of Lemmata 5.1 and 5.2 about the boundary and
interior behavior of the fractional Green function for the ball. We will use suitable Taylor expansions (in
fact, higher order expansions can be obtained similarly).

Proof of Lemma 5.1. Up to a rotation, we can assume that e = e1.
First, we suppose that n 6= 2s and we let

(B.1) r0(x, z) :=
(ρ2 − |x|2)(ρ2 − |z|2)

ρ2|x− z|2 .

We observe that

rδ := r0((ρ− δ)e1, z)

=
(ρ2 − (ρ− δ)2)(ρ2 − |z|2)

ρ2|(ρ− δ)e1 − z|2

=
(2ρ− δ)(ρ2 − |z|2)

ρ2(|ρe1 − z|2 − 2δρ+ 2δz1 + δ2)
δ

=

(
1 +

2δρ− 2δz1
|ρe1 − z|2 +O(δ2)

)
(2ρ− δ)(ρ2 − |z|2)

ρ2 |ρe1 − z|2 δ

= b1δ +O(δ2),

where

b1 :=
2(ρ2 − |z|2)
ρ |ρe1 − z|2 .

Now we point out that a Taylor expansion gives that, for small σ,

1

(σ + 1)
n
2
= 1− n

2
σ +O(σ2)

and therefore, for small τ ,
1

(τ
1
s + 1)

n
2

= 1− n

2
τ

1
s +O(τ

2
s ).

For this reason, for small η,
∫ η

0

dτ

(τ
1
s + 1)

n
2

=

∫ η

0

[
1− n

2
τ

1
s + O(τ

2
s )
]
dτ

= η − sn

2(1 + s)
η

1+s
s +O(η

2+s
s ).

Hence, using the substitution τ = ts, we conclude that

∫ η
1
s

0

ts−1

(t+ 1)
n
2
dt =

1

s

∫ η

0

dτ

(τ
1
s + 1)

n
2

=
η

s
− n

2(1 + s)
η

1+s
s +O(η

2+s
s ).

Substituting for η = rsδ , we find that
∫ rδ

0

ts−1

(t+ 1)
n
2
dt =

rsδ
s

− n

2(1 + s)
r1+s
δ +O(r2+s

δ )

=
1

s

(
b1 +O(δ)

)s
δs +O(δ1+s)

=
bs1
s
δs + o(δs).

From this, using the explicit expression of the fractional Green function (see e.g. [Buc16, equation (1.17)]),
up to a normalizing constant that we neglect we have that

G((ρ− δ)e1, z)
17



= |(ρ− δ)e1 − z|2s−n

(
bs1
s
δs + o(δs)

)

=
(
|ρe1 − z|2 − 2δρ+ 2δz1 + δ2

) 2s−n
2

(
bs1
s
δs + o(δs)

)

= |ρe1 − z|2s−n (1 +O(δ))

(
bs1
s
δs + o(δs)

)

=
|ρe1 − z|2s−n bs1

s
δs + o(δs).

This gives the desired result in this case, since

|ρe1 − z|2s−n bs1
s

=
2s(ρ2 − |z|2)s
sρs |ρe1 − z|n = a0(z, e1).

Having proven the desired result when n 6= 2s, we now focus on the case n = 2s, which is n = 1 and s = 1
2 .

Here, we will use the logarithmic representation of the fractional Green function in this case (see e.g. [Buc16,
equation (1.19)]).

To this end, we observe that
√
(ρ2 − (ρ− δ)2)(ρ2 − z2) =

√
(2δρ− δ2)(ρ2 − z2)

=
√
2ρ(ρ2 − z2) δ

1
2 + O(δ

3
2 ).

Besides,

1

|z − (ρ− δ)| =
1

ρ− z
+O(δ)

and accordingly

ρ2 − (ρ− δ)z +
√
(ρ2 − (ρ− δ)2)(ρ2 − z2)

ρ|z − (ρ− δ)|

=
(
ρ(ρ− z) + δz +

√
2ρ(ρ2 − z2) δ

1
2 +O(δ

3
2 )
)( 1

ρ(ρ− z)
+O(δ)

)

= 1 +

√
2ρ(ρ2 − z2)

ρ(ρ− z)
δ

1
2 +O(δ).

For this reason,

G((ρ − δ)e1, z)

= log

(
ρ2 − (ρ− δ)z +

√
(ρ2 − (ρ− δ)2)(ρ2 − z2)

ρ|z − (ρ− δ)|

)

= log

(
1 +

√
2ρ(ρ2 − z2)

ρ(ρ− z)
δ

1
2 +O(δ)

)

=

√
2(ρ2 − z2)

√
ρ (ρ− z)

δ
1
2 +O(δ).

The proof of the desired result is thereby complete. �

Proof of Lemma 5.2. We use the explicit representation of the fractional Green function of the ball (see
e.g. [Buc16, equation (1.17)]). Namely, up to a dimensional constant that we neglect, and using the notation
in (B.1),

ρn−2s
0 G(ρ0e, ρ0y) = |e− y|2s−n

∫ r0(ρ0e,ρ0y)

0

ts−1

(t+ 1)
n
2
dt.

Thus, since

lim
ρ0ց0

r0(ρ0e, ρ0y) = lim
ρ0ց0

(ρ2 − ρ20)(ρ
2 − ρ20)

ρ2ρ20|e− y|2 = +∞,

18



we conclude that

lim
ρ0ց0

ρn−2s
0 G(ρ0e, ρ0y) = |e − y|2s−n

∫ +∞

0

ts−1

(t+ 1)
n
2
dt,

which is the desired result, up to neglecting normalizing constants once again. �
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