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1 | INTRODUCTION

In this article we provide two alternative proofs of a general compactness theorem for independence logic and related
logics based on team semantics. In particular, we prove the following claim:

Theorem. Let I be a set of formulas of independence logic. If every finite subset Iy of I is satisfiable, then I' is satisfiable.

Team semantics is a general semantic framework, originally introduced by Hodges [9], which allows to consider sev-
eral logics extending first-order logic. In particular, Vddndnen [17] used team semantics to provide a new approach to
independence-friendly logic, called dependence logic. This was later extended to inclusion and independence logic, which
were respectively introduced in [5] and [8]. The interest in these logics arises from the fact that they are capable of
expressing dependencies between variables. Armstrong’s axioms of functional dependencies are, for instance, sound in
dependence logic.

Already in [17], Védédninen proved several metatheoretical properties of dependence logic, and in particular he gave
a translation from dependence logic to the existential fragment ESO of second-order logic. This translation was later
adapted in [5] and [8] also to inclusion and independence logic, the latter of which proved to be equivalent to ESO. Using
this translation, and the compactness of ESO, Vdidninen [17] proved a version of the compactness theorem for sentences
of dependence logic, and the same technique shows compactness for sentences of inclusion and independence logics.
However, unlike in classical first-order logic, in logics over team semantics compactness for formulas does not follow
straightforwardly from compactness for sentences. In fact, in the context of team semantics, variables represent a vector
of values, and their semantic value cannot be mimicked by constants. Compactness for formulas has been considered
only recently by Kontinen and Yang [13], who proved a version of compactness for sets of formulas with countably many
free variables.
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The structure of the present article is the following. In § 2, we recall the basic definition and terminology of dependence
and independence logic and we introduce the problem of compactness for formulas in greater details.

In § 3, we provide a proof of L.o§’ Theorem for several extensions of first-order logic by team semantics, resulting in a
compactness proof which resembles the standard proof of compactness of first-order logic. Following Liick [16], we adapt
the ultraproduct construction to the setting of team semantics and extend his proof of a suitable version of Lo§’ Theorem
for rather weak team-based logics to cover, among others, independence logic both with lax and strict semantics.

Differently, in § 4 we show that, by working with suitably saturated models, the underlying idea of Kontinen and Yang’s
proof can be adapted to sets of formulas with arbitrarily many variables. The key ingredients of this second proof are thus
the translation of formulas of independence logic into the existential fragment of second-order logic and the use of models
which are suitably saturated in the first-order sense and whose existence is guaranteed by basic model-theoretic results.
We conclude the paper with a few suggestions of further research.

2 | LOGICS OVER TEAM SEMANTICS

In this section, we recall the syntax, semantics and basic properties of (in)dependence logic and related formalisms. We
refer the reader to Galliani [5], Gridel and Viidninen [8] and Viidninen [17] for a general introduction to logics based on
team semantics.

2.1 | First-order logic in team semantics

The logics which we shall be dealing with are all extensions of first-order logics (which we will denote by FO) by means
of team semantics. As negation has a subtle role in team semantics, we shall work with first-order formulas in negation
normal form and treat negated atomic formulas similarly to atomic formulas. Let 7 be a first-order signature. Then -
formulas of FO are given by the syntax

pii=t=t'|at=t'|RO|-RO|oAp|oVe|Ixp | Vxe,

where ¥ = (t;);<p,, t,t’ are 7-terms and R € 7 is an n-ary relation symbol.

We use teams to provide first-order formulas with a semantics. Let D be a set of variables, and M a 7-structure. Note
that we do not make a distinction between a structure and its domain in our notation. An assignment of M is a map
s : D — M, while a team of M is a set of assignments X C MP. The set D is called the domain of X and denoted by
dom(X). The interpretation of a r-term ¢ in a structure M with assignment s is defined as usual, and, abusing notation,
we denote the interpretation by s(t). If f = (t, ..., t,_1) is a tuple of terms, we denote by s(f) the tuple (s(p), ... , S(tp—1))-
The interpretation of a quantifier-free first-order formula in a structure M and team X is defined as follows.

(i) MExt="tifs(t)=s(")foralls € X.
(ii) M Ex -t =t"if s(t) # s(t') for all s € X.
(iii) M Ex R®)ifs(f) € RM forall s € X.
(iv) M Ex =R(7) if s(f) ¢ RM forall s € X.
V) MExpAxifMExpand M Ex yx.
(vi) MEx pV yifthereareY,Z C XsuchthatYUuZ =X, M Ey ¢ and M E, y.

Disjunction with the above semantics is often called the tensor disjunction, as opposed to, for instance, intuitionistic
disjunction (see below).

Interpreting quantifiers requires us to introduce two operations on teams, supplementation and duplication. Let M
be a r-structure and s an assignment of M. Then, given a variable x and an element a € M, we denote by s(a/x) the
assignment s’ such that s'(x) = a and s'(y) = s(p) for all y # x. Let then X be a team of M, and denote gp+(M) :=
@(M) \ {2}. Given a function F : X — gt (M), we call

X(F/x) :={s(a/x)|s € X and a € F(s)}
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the supplemented team of X over x by F, and the team

XM /x) :={s(a/x)|s € X and a € M}

the duplicate team of X over x. The interpretation of existential and universal quantifiers is then defined as follows.

(vii) M Ex 3xy if there is a function F : X — g*(M) such that M Ex /) ¥.
(viil) M Ey Vi if M Exag )y 9.

We remark that the semantics that we obtain in this way is equivalent to the usual Tarski semantics of first-order logic
(or, that first-order logic is flat; see below) in the following sense: for any FO-formula ¢, any model M and any team X,
we have that M Eyx ¢ if and only if M E ¢ for all assignments s € X.

2.2 | Dependency atoms

Despite being conservative over first-order formulas, team semantics allows us for a greater expressive power. In particular,
it makes possible to add to the basic vocabulary of first-order logic a set of different dependency atoms, with the purpose
of expressing several ways in which variables relate to each other. We shall be interested in the dependence atom =(...),
the independence atom L, the inclusion atom C and the exclusion atom |, for their role in expressing dependencies over
databases (e.g., functional dependency, inclusion dependency and embedded multivalued dependency). We redirect the
reader to [4] for a survey. Next we give the semantics of these atoms.

(ix) MEx =(X,y)ifforalls,s’ €X,ifs(xX) = s'(X) then s(y) = s’ ().
(x) M Ex X Cy, where X and y are tuples of the same length, if for all s € X there is some s’ € X such that s(X) =
' ().
(xi) M Ex X L; yifforalls,s’ € X such thats(Z) = s'(Z), thereis s”” € X such that s(XZ) = s’/(X¥Z) and 5'(}) = 5" ();
(xii) M Ex X | y, where X and y are tuples of the same length, if for all 5,5’ € X we have s(X) # s'(y).

Note that we do not need to allow terms to occur in the above atoms, as an atom of the form =(t,, ..., t,,) is equivalent
t0 3xg ... 3%, (=(x0, s Xp) A N\ oy Xi = 1)

For any set of atoms C C {=(...), L., C, |}, we write FO(C) for the extension of first-order logic obtained by closing the
first-order atomic and negated atomic formulas and the atomic formulas using symbols of C under conjunction, disjunc-
tion and existential and universal quantifiers (but not negation; negation only occurs in front of first-order atoms). In
particular, we refer to FO(=(...)) as dependence logic, to FO(|) as exclusion logic, to FO(C) as inclusion logic and to FO(L,)
as independence logic. More precisely, the syntax of, e.g., independence logic is

pui=t=t'|~t=t'|RO|-RO|IXL:V|prpleVe|Ixe|Vxe.

Notice that the previous list of dependence atoms is by no means exhaustive. In particular, a notion of generalized
dependency atoms was introduced in [14] and further studied, e.g., in [6].

2.3 | Strict semantics and further operations

Besides for atomic dependencies, team semantics also makes it possible to express a wide range of different connectives
and operations. One source of variation with respect to the framework that we introduced above is that of so called strict
semantics (as opposed to the lax semantics). This refers to the following alternative semantics for disjunction and existential
quantification.

(xiii)) M Ex ¢ Vg yifthereareY,Z C XsuchthatYNZ =@, YUZ =X, M Ey pand M E; y.
(xiv) M Ex J,x3p if there is a supplement function F : X — g (M) such that M Fx /x) Y and, forall s € X, F(s) =
{a} for some a € M.

We refer the reader to [5] for several results on logic with strict semantics.
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Some further connectives often considered in team semantics are the following ones.

(xv) if MEx@ or M Ex 9;

(xvi) M Ex ¢ - ¢pifforallY C X, M Ex ¢ entails M Ex 9;
(xvii)) M Ex ~@ifX = @ or M Ex ¢;
(xviii) M Ex ~pif M Ex ¢.

The operations and — are respectively called intuitionistic disjunction and intuitionistic implication and were originally
considered in [1]. The operations ~ and ~ are respectively called weak classical negation and simply classical negation, and
were respectively introduced in [20] and [17].

Finally, one further source of variation can be given by the quantifier clauses, as one can consider the quantifiers 3*
and V! from [12] whose semantics is the following.

(xix) M Ex 3'xy if there is an element a € M such that M Fxa/x) ¥s
(xx) M Ex V'xy if for any element a € M we have M Ex(a/x) P-

where we denote by X(a/x) the set {s(a/x) | s € X}.

We abide to the convention set above and we write FO(C) for any extension of first-order logic by a set of dependencies,
connectives and quantifiers C. Of course, the list of operations that we provided is by no means exhaustive. As flexibility
is one key feature of team semantics, several other choices are possible. We shall focus here on the present ones as they
are the most studied in the literature. It will often be clear how to extend the methods of this article to other contexts.

2.4 | Basic properties and translation into ESO

We shall briefly recall some basic properties and facts about logics over team semantics. We refer the reader to [5, 8, 17]
for the proofs. We focus on formulas of independence logic and related fragments as they are the most common ones.

Given a formula ¢, we denote by Fv(p) the set of free variables occurring in ¢. Also, if V' C dom(X), we denote by X [V
the team {s|V | s € X}.

Fact. The following hold.

1. Locality: For any model M, any team X C MP and any formula ¢ of FO(=(...), L., C, |), we have M Ey ¢ if and
only if M I:X[FV((p) ®.

2. Empty team property: For any model M and any formula ¢ of FO(=(...), L., C,|) we have M E ¢.

3. Downwards closure: For any model M, any team X C Y C MP and any formula ¢ of FO(=(...), |), if M Ey ¢, then
M Ex ¢.

4. Union-closure: For any model M, any X,Y C MP and any formula ¢ of FO(C), if M Ex ¢ and M Ey ¢, then
M Exyy @

5. Flatness: For any model M, any team X C MP and any formula ¢ of FO, we have M Ey ¢ if and only if M k&, ¢
foralls € X.

It is easy to show that flatness is equivalent to the combination of the empty team property, union-closure and
downwards closure, thus showing the connection between the former properties.

We notice in particular that locality does not hold if one replaces disjunction and existential quantification by those
defined via strict semantics. Given the empty team property, it is important that when we consider whether a formula,
or a set of formulas, is satisfiable, we require the satisfying team to be nonempty. Allowing the empty team would render
every formula satisfiable in most logics we are interested in.

Definition 2.1 (Satisfiability). We say that a set T of formulas is satisfiable if there is a structure M and a nonempty team
X of M such that M Ex T.
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The expressive power of logics over team semantics ranges from that of first order logic to full second-order logic. Before
providing a precise characterisation of the expressive power of independence logic, we shall first recall several definitions
related to team properties.

If X is a team of M and X, ..., X,,_; € dom(X), we denote by X[xy, ..., X,_;] the relation

{(S(xo), ey S(xn—l)) | s e X}

Definition 2.2 (Team property). 1. We say that a class P of pairs (M, X), where M is a structure and X is a team of M,
is a team property with domain D if
(@) M, X) e P=>D C dom(X)and
(b) P is closed under isomorphism, i.e., if (M,X) € P and 7 : M — N is an isomorphism, then (N, 7(X)) € P,
where 7(X) = {mos | s € X}.
2. A team property P with domain D is local if for all structures M and teams X of M with D C dom(X) we have

M,X)eP < (M,XID)eP.

3. A team property P has the empty team property if for all structures M, (M, @) € P.
4. A team property P is downwards closed if for all structures M and teams Y C X of M,

M, X)eP=>(M,Y) eP.

5. A team property P is union-closed if for all structures M and teams X, Y of M,

M, X)ePand M, Y)eP > (M, XUY)eP.

6. A team property P is flat if for all structures M and teams X of M,

M,X)eP <= (M,{s}) e Pforalls € X.

7. A team property P with domain {x,, ..., x,_1} is first-order (or elementary) if there is a first-order 7 U {R}-sentence
@(R) such that

P = {(M9X) | (MaX[XO’ 9xn—1]) '= @(R)}’

where 7p = T ) and 7, is the vocabulary of M.

m(M,X)EP
8. A team property P with domain {x,, ..., x,_1} is existential second-order if there is an existential second-order 7 U

{R}-sentence @(R), such that
P ={(M,X) | (M, X[x0, -, Xp1]) F @(R)}.

A formula ¢ of a logic £ based on team semantics gives rise to a team property [[¢]] o, whose domain consists of the free
variables of ¢, in the obvious way:

M, X) € el &= MFEx .

The notion of a team property allows us to characterize the expressive power of logics over team semantics. Most specif-
ically, the logics which we are most interested in, i.e., dependence logic, inclusion logic and independence logic, can be
all seen as fragments of the existential fragment of second-order logic (ESO). In particular, it was shown in [5, 8] that inde-
pendence logic is expressively complete with respect to all team properties which can be defined in ESO. The following
theorem makes this statement more precise.

Theorem 2.3 (Translation to ESO). Independence logic is expressively equivalent to existential second-order logic in the
following sense.
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1. Let ¢(vy, ..., U,_1) be a -formula of independence logic. Then there is a 7 U {R}-sentence y(R) of ESO, where R is a
fresh n-ary predicate symbol, such that, for all teams X with vy, ..., v,_; € dom(X),

M Ex 9y, -, Up1) = (MX[U]) E x(R).

2. Let y(R) be an T U {R}-sentence of ESO for a fresh n-ary predicate symbol R. Then there is a 7-formula p(vy, ... , U,—_1)
of independence logic such that, for all teams X with v, ..., v,_; € dom(X),

MEy ¢ &= (M, X[V]) EIxR(Kx) = x(R).

Similarly, it can be proved that dependence logic FO(=(...)) and exclusion logic FO(]) are complete with respect to
all downwards closed existential second-order team properties, and that inclusion logic FO(C) is complete with respect to
team properties definable in positive greatest fixed point logic; we refer the reader to [5, 7, 12, 17] for a proof of these results.
In particular, this means that dependence, exclusion and inclusion logic are included in independence logic. Interestingly,
the addition of either —, ~ or ~ to FO(L.) makes the resulting system equi-expressive with full second-order logic [11, 19].
As in the present context we are interested in compactness, and full second-order logic is not compact, we will therefore
exclude such systems from our considerations.

2.5 | Compactness in team semantics

The previous characterisation of the expressive power for logics of dependence motivates the interest on the issue of
compactness. Like ESO, independence logic and its fragments are not abstract strong logics in Lindstrom’s sense ([15]),
and thus the fact that they extend FO is not an immediate reason to conclude that they are not compact, or do not satisfy the
Lowenheim-Skolem theorem. In fact, it is easy to use the compactness theorem for first order logic to conclude that ESO,
which is a proper extension of first-order logic, is compact. Similarly, there are several logics which are closely connected
to logics of team semantics and which are known to be compact, e.g., first-order logic with Henkin quantifiers [3, 18] and
IF-logic [10].

For logics over team semantics compactness turns out to be quite a subtle issue. Already in [17], Vddnédnen proved that
dependence logic is compact with respect to sentences, i.e., he proved the following claim.

Theorem 2.4 (Viidndnen). Let I be a set of sentences of dependence logic. If every finite subset I'j of T is satisfiable, then
I is satisfiable.

Viidndnen’s proof is based on the translation to ESO, and on the fact that this latter system is compact. Compactness
for sets of sentences of inclusion and independence logic follows in the same way by using the translation to existential
second-order logic.

It should also be remarked that the previous version of compactness, which we can dub “satisfiability compactness”,
is not equivalent to the “consequence compactness”, namely the statement saying that, if I' F ¢, then there is some finite
Ty C T such that Ty E ¢. This follows immediately from the fact ([17, §4.2]) that there is a sentence @, of dependence
logic such that

ME &, < Misinfinite.

If we let ¢,, be the first-order formula stating that there exists at least n-many elements, then {¢,, | n < w} F ¢, but for
any finite subset Iy C {¢, | n < w}, we have that Ty ¥ ¢ .

Now, although compactness for sets of sentences of independence logic and its fragment has been known for long, it
is not immediately obvious that the same property holds for sets of formulas with free variables as well. In fact, variables
have a different role in team semantics compared to the standard Tarski semantics. In the context of first order logic,
one can use the method of replacing free variables by fresh constant symbols to prove that compactness for formulas is
equivalent to compactness for sentences.

In stronger logics with team semantics, however, the role of free variables cannot be mimicked by constants, as their
interpretation may vary in different assignments of a team. Replacing a variable x by a constant would be equivalent to
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adding the constancy atom =(x) to the set of formulas one is inspecting. Next we present an example of a set of formulas
where adding constancy atoms for the free variables destroys the satisfiability of the set.

Example 2.5. Let T = {Vy y C x,3dy3dz -y = z}. Clearly T is satisfiable, as demonstrated by a model with domain {0, 1}
and the team {{(x, 0)}, {(x, 1)}}. On the other hand, " U {=(x)} is not satisfiable, which is seen as follows. Let M Ex I'. Then
M has at least two distinct elements, say a and b, and M Fx/yy ¥ € X. By the definition of duplication, both a and b
occur as values of y in X(M /y), and by the semantics of the inclusion atom, they also must occur as values of x. But then
there are s, s’ € X such that s(x) = a # b = s'(x). Thus M Ex =(x).

Interestingly, the use of the inclusion atom (or alternatively, e.g., the independence atom) in the previous example turns
out to be of fundamental importance. If we concentrate only on the downwards closed fragment of independence logic,
then it is possible to use constants to prove compactness for formulas in a method analogous to that of first-order logic.
We first recall the following fact, which is an easy generalization of [17, Lemma 3.28].

Fact (Substitution Lemma). Let ¢ € FO(=(...), L., C, |) and t(x, y) a t-term. For any model M and team X,
MEx ¢(t/x) = MFExq/x) ¢
where X(t/x) = {s(s(t)/x) | s € X} and ¢(¢t/x) is the formula one obtains by replacing each free occurrence of x in ¢ by ¢.
If a logic is downwards closed, we can then derive the compactness theorem for formulas from that of sentences.

Theorem 2.6. The two following versions of compactness are equivalent for any downwards closed fragment £ of
FO(=(...), L., G, ).

1. Let I be a set of formulas of L. If every finite subset 'y of I is satisfiable, then I is satisfiable.
2. Let T be a set of sentences of L. If every finite subset Iy of I is satisfiable, then I is satisfiable.

Proof. Direction from (1) to (2) is obvious, for every sentence is a formula. Suppose for the converse that I is a finitely
consistent set of £-formulasin some signature 7. Let x;,i < x, enumerate all the free variables of I'. We expand the signature
7 with x-many fresh constants ¢;, i < x, and we let I” := {p(¢/X) | ¢ € T} be the theory obtained by replacing every free
variable x; by the corresponding constant c;.

Let I'; C I be finite. Then we can find a finite Iy C I such that I'; = {p(¢/X) | ¢ € I'p}. By assumption, Iy is satisfi-
able, and thus there is a 7-structure M, and a non-empty team X, such that M, Fx, Ty. Pick sy € X,,. Then, since L is
downwards closed, it follows that Mg F, To.

Let N be the expansion of M, to the signature T U {c; | i < x}such that foralli < x, ciN0 = 50(x;). It clearly follows that

Ny E Fg, showing that I” is finitely consistent. By (2) we then obtain that I is consistent, and hence for some N we have
N ET,ie., N Fgy I'. Let M be the reduct of V' to the signature 7, and fix an assignment s of M such that s(x;) = cij‘/
for all i < x. By the Substitution Lemma we then obtain that M F; T', which proves our claim. O

In previous literature, there has been some interest in the issue of compactness for logics over team semantics. In
particular, Liick [16] has introduced a suitable notion of ultraproduct, which he used to prove the compactness of FO(~),
which he calls first-order team logic. In a different direction, Kontinen and Yang [13] have provided a proof of compactness
for sets of formulas of independence logic with countably many variables. In the following sections we build upon these
previous accomplishments and provide two different proofs of the compactness theorem for formulas. In § 3, we build
upon Martin Liick’s ultraproduct construction, whilst in § 4, we use model-theoretic tools to generalize Kontinen and
Yang’s proof to arbitrary sets of formulas of independence logic.
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3 | COMPACTNESS VIA £E0S’ THEOREM

In this section, we recall the ultraproduct construction of Liick [16] and generalize 0§’ Theorem for a variety of team-
based extensions of first-order logic, providing a proof of compactness for each of them. We start by introducing team
ultraproducts in § 3.1 and proceed to show in Lemma 3.4 some key properties of them. The desired version of L.o§’ Theorem
then follows from Liick’s result that the validity of atomic formulas of independence logic is closed under ultraproducts,
together with the fact that its connectives and quantifiers preserve such property. We establish this and related properties
in § 3.2 and conclude our proof in § 3.3, deriving compactness from Lo$’ Theorem in the standard way.

3.1 | Ultrafilters and ultraproducts

We recall the notion of ultraproducts and introduce our notation regarding them. For a thorough introduction to
ultraproducts in classical model theory, cf., e.g., Chang and Keisler [2].

For any index set I, given a set A; for each i € I, we denote by Hl. <; Ai the Cartesian product of the sets A;, i.e., the set of
all functions f with dom(f) = I such that f(i) € A; for all i € I. We also denote by (a;);¢; the element f € [],_; 4; such
that f(i) = q; foralli € I.

A (proper) filter on I is a family 7 C ¢(I) such that

1. ¢ FandI € F,
2. forallA,BC1I,ifA,Be€ F,then AnB e F, and
3. forallA,BCI,ifADBe€F,thenA€EF.

A filter U" on I is an ultrafilter if for any A C I, either A € U or I \ A € U'". Note also that,as An (I \ A) = @, it cannot
be the case that they both are in U". An ultrafilter is principal if it contains a finite set. We are usually interested in non-
principal ultrafilters.

A family F C ¢o(I) has the finite intersection property ifforalln < w and A, ..., A,,_; € F, we have ﬂi < Ai # @. Clearly
every filter has the finite intersection property, and it is easy to show that any family of subsets of I with the finite
intersection property can be extended into an ultrafilter on I.

Given A; for each i € I and an ultrafilter V" on I, we define an equivalence relation

f=g mod VU < {iel|fi)=gi}el
on [],; A;. We denote by [],_; A;/U" its set of equivalence classes and by f/U" the equivalence class of f € [],_; A;.

Definition 3.1 (Ultraproduct of structures). Let T be a vocabulary and M; a t-structure for each i € I. We define the
r-structure M := []._, M,/ as follows and call it the ultraproduct of M,.

iel
1. The domain of M istheset M := Hie[ M; /U, where M; = dom(M,).
2. Given a constant symbol ¢ € 7, we let cM = (cMi);¢; /U

3. Given an n-ary relation symbol R € 7, we let RM be the set of all tuples (fo /1, ..., fn_1/U") such that
i€l (foDs, fra(@) €RMYE V.

4. Given an n-ary function symbol F € 7, we let

FM(fo/U s ey frna /U = FEM(fo(@), woes fra(D))ier /U
If each M, is the same model M,, we call M the ultrapower of M, and denote it by Mé JU .

For the rest of this section, we fix a vocabulary t, an index set I, t-structures M;, i € I, and an ultrafilter U" on I, and we
denote by M the ultraproduct Hiel M; /U

Given assignmentss; : D — M,,i € I, we denote by (s;);¢; the assignments : D — [],_; M; such thats(x) = (5;(x))ies
for all x € D. Given an assignment s : D — [],_; M;, we denote by s/U" the assignment ¢ : D — M such that t(x) =
s(x)/U for all x € D. Next we define the ultraproduct of teams, first introduced in [16, Definition 5.32].
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Definition 3.2 (Ultraproduct of teams). Let D be a (possibly infinite) set of variables. Given a team X; of M; with domain
D for each i € I, we define its team ultraproduct [],_; X;/U" as the set of all assignments s : D — M such that there are
S; : D> M, iel,withs =(s;)ie;/U and{iel|s; €X;} e V.

Lemma 3.3. 1. Every assignments € ([[,_; M, P is of the form (s;);c; for some s; € Ml.D , and every assignment s € M”
is of the form ¢ /U for some t € ([],, M;)".

2. Givens € ([1,; M)P, f e [1,c; M; and x € D, we have
s f _
F(?/x> =s(f/x)/V.

3. Lets e (HieIMi)D’ f €1l,c; M; and x € D, denote t = s(f/x), and let s;,t; € Mlp be such that s = (s;);ey and t =
(t)ier- Then t; = ;(f(D)/x).
4. Lets = (sy)ier/V and t = (¢;);¢;/ U be assignments of M with domain D. Thens =tif{iel|s; =t} € U.

Proof. Routine work with ultraproducts. O
The following basic lemma will be crucial later.

Lemma3.4. Let X; and Y; be teams over M;, leta = (;);e;/U" € M andletF; : X; — g*(M;) be a supplement function
of X;. Denote X = []._, X;/V and Y = []._, Y;/VU . Then the following hold.

iel iel

L XUY =[],.,X; UY;)/U; moreover, if for some J € V", X; and Y; are disjoint for all i € J, then X and Y are
disjoint,

2. X(a/x) =[], Xi(a;/x)/ VU,

3. X(M/x) = [];¢; Xi(M;/x)/V", and

4. X(F/x) = [I,¢; Xi(Fi/x)/ U, where F : X — g*(M) is such that

F((s)ier/ V) = {f/U | f € HFi(Si)} ;

iel
moreover, if for some J € U, F;(s) is a singleton for all s € X; for every i € J, then F(s) is a singleton for all s € X.

Proof. 1. Lets = (5));e;/V € X.AsX; CX;UY,;foralli € I, wehaves; € X; UY;,whences € HieI(Xi UY;)/U.Thus
X C[l,o,X; uY)/U. Similarly Y C [],_,(X; UY;)/U', whence X UY C [],_,(X; uY)/U.

For the converse, suppose that s = (5;);c; /U € HieI(Xi UY;)/U. Now there is J, € U such that s; € X; U'Y; for all
i € Jo. We wish to show that s € X U Y. For this, it is enough to show that either of the sets

{fiells;eX;} and {iel|s €Y}
isin V. So suppose not: then both of the sets
{fiells;¢X;} and {iel|s ¢Y;}

and thus their intersection J; :={i €I |s; ¢ X; UY;} are in /. But then we have 5; € X; UY; and s; ¢ X; U Y; for all
i € JonJ;,whenceJ, NJ; = @, which is a contradiction because @ ¢ U". Thus one of the claimed sets is in the ultrafilter,
which proves our claim.

For the “moreover” part, suppose thatJ, :={i € I | X; and Y; are disjoint} € U". Suppose for a contradiction that there
is s = (5))ier/VU € X NY. A dual argument to the above shows that X N Y = [[,_,(X; N Y;)/V", so now there is J; € U’
such that s; € X; nY; for all i € J;. But then again, @ = Jy nJ; € U, a contradiction.

2. Follows from 4, as X(a/x) is just X supplemented by the constant function F(s) = {a}.

3. Follows from 4, as duplication is supplementation by the constant function F(s) = M.
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4. Lets/U € X(F/x). Then thereist/U" € X and f /U € F(t/U") such that

t(f
S/U = i(v/X) .
Lett; € M? be such that ¢ = (t;);c;. Now by the definition of ultraproduct of teams and Lemma 3.3 (4), there is J, € U

such that t; € X; for all i € J,. By the definition of F, there is J; € U such that f(i) € F(¢t;) for all i € J;. Thus for i €
Jo N J; we have t;(f(i)/x) € X;(F;/x) and hence, by definition of ultraproduct of teams,

(D xNier/V € [[ XuFi/x) /U

il
By Lemma 3.3 (2) & 3), s/ U = t(f /x)/U = (t;(f(i)/x));e1 /U, whence we conclude

s/U € HXi(Fi/x)/U

iel

as desired.

For the converse, lets/U" € [, Xi(F;/x)/U". Then s = (s;);¢; for some s; such that there is J € U" with s; € X;(F;/x)
foralli € J.Now, foreach i € J thereist; € X; and a; € F;(t;) with s; = t;(a;/x). Define f € [],_, M, by setting f(i) = q;
fori € Jand f(i) = s;(x) fori € I \ J. Lett = (¢;);c;, Where t; = s; | dom(X) fori € I \ J. Then by Lemma 3.3 (3), t(f /x) =
)/ x))ier = (Si)ier = 8. By Lemma 3.3 (2), s/U = t(f/x)/U = %(%/x), andast; € X;forallieJ, t/U € X. As
f(@) = a; € Fi(t;) foreach i € J, we have f /U € F(t/U"), whence s/U" € X(F/x) as desired.

For the “moreover” part, suppose that

Jo :={i € I| F;(s)is asingleton forall s € X;} € U".

Now for all i € J; and s € X;, there are a; ; such that F;(s) = {a;s}. Let s € X. Now there are 5; and J; € U such that
s = (s)ier/V and s; € X foralli € J;. NowJ :=Jy,nJ; € U, andforalli € J, Fi(s;) = {a;,}. Fori € I \ Jy,leta;;, € M
be arbitrary, and let a = (a; 5, )ic;- Now for every b = (b);es € [[,; Fi(si), we have b; = a; for all i € J and hence b/U" =
a/U.Thus F(s) = {a/U}. O

3.2 | Preservation in ultraproducts

We define what it means for a team property to be (strongly) closed under ultraproducts, and what it means for an oper-
ation on team properties to preserve (strong) closure under ultraproducts. The notion of being strongly closed under
ultraproducts was originally introduced by Liick in [16].!

Definition 3.5. 1. Let P be a team property with domain D. We say that P is closed under ultraproducts if for all sets I,
structures M; and teams X; of M; with domain D, i € I, and ultrafilters U" C g(I), we have

iel|(M,X))eEP}elU > (H Mi/U,HXi/U> €P.
iel iel
2. We say that a team property P is strongly closed under ultraproducts if both P and its complement P¢ are closed
under ultraproducts.
3. We say that an n-ary operation f on team properties preserves being closed under ultraproducts if whenever P;,
i < n, are closed under ultraproducts, also f(P,..., P,_1) is. We say that f preserves being strongly closed under
ultraproducts if whenever P;, i < n, are strongly closed under ultraproducts, also f(P, ..., P,_1) is.

The following theorem was proved in Liick [16, Lemma 5.33, Theorem 5.36].

I'What we have decided to call “being strongly closed under ultraproducts” here, is called “being preserved in ultraproducts” in [16].
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Theorem 3.6 (Liick). 1. Flat team properties are strongly closed under ultraproducts.
2. First-order team properties are strongly closed under ultraproducts. In particular, dependence, independence,
inclusion and exclusion atoms are strongly closed under ultraproducts.

Considering the weaker notion that we call being closed under ultraproducts, we can prove a version of £.o§’ Theorem
for a larger class of logics. First, we consider those operations which preserve both being closed under ultraproducts and
also being strongly closed under ultraproducts.

Lemma 3.7. The following operations on team properties preserve both being closed and being strongly closed under
ultraproducts:

1. conjunction, i.e., the binary operation

PAQ=PnNO,

2. intuitionistic disjunction, i.e., the binary operation
PvQ=PUQ,
3. universal quantifiers, i.e., the unary operations
Vx(P) ={(M,X) | (M, X(M/x)) € P}

for every x € D, where D is the domain of P,
4. universal 1-quantifiers, i.e., the unary operations

Vix(P) = {(M,X) | (M,X(a/x)) € P forall a € M}
for every x € D, where D is the domain of P, and
5. existential 1-quantifiers, i.e., the unary operations
I'x(P) = {(M,X) | (M,X(a/x)) € P for some a € M}

for every x € D, where D is the domain of P.

Proof. We prove the cases for conjunction and universal quantifier; the other ones are similar. We show that the operations
preserve being strongly closed in ultraproducts. In each case, it is easy to see how to modify the proof so that it shows that
the operation in question preserves being closed under ultraproducts.

For the proof, let I be an index set, M; a structure and X; a team of M; with domain D for i € I, and U" an ultrafilter
onI. Denote M :=[[._, M;/V and X :=[]._, X;/V".

i€l i€l

1. Suppose that P and Q are strongly closed under ultraproducts. From the properties of ultrafilters, it follows that
el M,X) ) EPAQIeU = {icl|M,X))eEPIn{iel | M;,X;) €0Qtel
S {iel| M, ,X)ePlelUand{iel | (M;,X;)) EQte U
= M,X)ePand (M, X)eQ
= M, X)ePAQ.

Hence P A Q is strongly closed under ultraproducts.
3. Suppose that P is strongly closed under ultraproducts. First suppose that

el | M;,X;) evx(P)e .
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Then (M;, X;(M;/x)) € Pforalli e {i € I | (M;,X;) € Vx(P)}, and hence
iel| M, Xi(M;/x))eP}2{iel|(M;X;) e Vx(P)}
By upwards closedness of U, now
el | M;,X;(M/x)) e Pte V.

As P is closed under ultraproducts, we have (M, [, X;(M;/x)/V") € P. By Lemma 3.4 (3),

XM/x) = [[xi/0)/ v,

iel

and thus (M, X (M /x)) € P. But this means that (M, X) € Vx(P). Hence Vx(P) is closed under ultraproducts.
Then suppose that

fiel|(Mj,X;)e (Wx(P)tel.
Now for alli € {i € I | (M;,X;) & Vx(P)}, we have (M,;, X;) & Vx(P), i.e., (M;,X;(M;/x)) ¢ P, whence
fiel| M,X;(M;/x)) e Plel.

As P¢ is closed under ultraproducts, we have (M, Hl. X;(M/x)/U") € P¢, whence by Lemma 3.4 (3) we then obtain
that (M, X (M /x)) € P¢. Thus (M, X) € (Vx(P))‘. This shows that (Vx(P))¢ is closed under ultraproducts, and thus
Vx(P) is strongly closed under ultraproducts. O

Next, the following lemma proves that (weak) classical negation preserves being strongly closed under ultraproduct.

Lemma 3.8. The following operations on team properties preserve being strongly closed under ultraproducts:

1. the weak classical negation, i.e., the unary operation
AP ={M,X) | X =gor(M,X) &P},

and

2. the classical negation, i.e., the unary operation
~P = PE.

Proof. For the proof of preserving being strongly closed under ultraproducts, let I be an index set, M; a structure and X;

a team of M; with domain D for i € I, and U" an ultrafilter on I. Denote M := [[,_, M;/V and X :=[],_, X;/V".

1. Suppose that P is strongly closed under ultraproducts and that
Jo:={iel|(M;,X;) €E~Ple.
Now if X = @, we have (M, X) € ~P and we are done, so suppose that X # @. Then there is J; € U such that for
allieJ;, X; # @. NowJ :=JynJ; € U, and for all i € J, (M;,X;) € P°. As P¢ is closed under ultraproducts, it

follows that (M, X) € P¢, whence (M, X) € ~P. Thus ~P is closed under ultraproducts.
Then suppose that

J={iel|M;,X;) e P)el.
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Now foralli € J, @ # X; € P.Butthen X # @ and as P is closed under ultraproducts, (M, X) € P. Hence (M, X) €
(~P)¢, and (~P)¢ is closed under ultraproducts. This shows that ~P is strongly closed under ultraproducts.

2. If P is strongly closed under ultraproducts, then, just by definition, ~7 also is. |
To see that neither ~ nor ~ preserves being closed under ultraproducts, consider the following example.

Example 3.9. Fix the signature 7 = {<} and define P, with domain {x} as follows. Denote by T the first-order 7-theory of
N. For any pair (N, X), we let (M, X) € P, if N E T and every a € X[x] is a non-standard number, meaning that there
are infinitely many elements strictly less than a. Now, notice that the property of being non-standard can be expressed in
first-order logic by an infinite set of formulas %, (x) for n < w, where

Y, = Jxg ...Elxn_1< /\ X = X /\/\xi < x).

i<j<n i<n
It thus follows immediately by L.o§’ Theorem for first-order logic that P, is closed under ultraproducts. However, consider

now the team property ~P,. Let N® /U be an ultrapower of the natural numbers by a non-principal ultrafilter 1/, and,
foreach n < w, let s, : {x} - N be the assignment x — n. Then, we have that

n<w|N{s,)e~Pl=wel.

However, we also obtain (N“/U, [],_ {s,}/V) & ~P,, as the element (n),,/V" is non-standard. The case of ~P is
handled analogously.

Finally, we consider those operations which only preserve being closed under ultraproducts.

Lemma 3.10. The following operations on team properties preserve being closed under ultraproducts:

1. tensor disjunction with lax semantics, i.e., the binary operation

Pv={M,XUY)| (M, X)eP,(M,Y) € Q},

2. tensor disjunction with strict semantics, i.e., the binary operation

PVsQ={M,XUY)| (M, X) EP,(M,Y)EQ,XNY =@},

3. existential quantifiers with lax semantics, i.e., the unary operations
Ax(P) = {M,X) | (M, X(F/x)) € Pforsome F : X — gt(M)}

for every x € D, where D is the domain of P, and
4. existential quantifiers with strict semantics, i.e., the unary operations

A x(P) = {M,X) | (M, X(F/x)) € P forsome F : X — M}
for every x € D, where D is the domain of P.

Proof. For the proof, let I be an index set, M, a structure and X; a team of M; with domain D fori € I, and U" an ultrafilter
onI. Denote M :=[[._, M;/V and X :=[]._, X;/U.

iel iel

1. Suppose that P and Q are closed under ultraproducts, and that

J={iel|(M;,X;))ePVQ}lel.
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In order to show that (M, X) € P v O, we need to find teams Y and Z of M suchthatYuUZ =X and (M,Y) e P
and (M, Z) € Q. Now, foralli € J, the team X; can be divided into two teams Y; and Z; of M, such that(M,,Y;) € P
and (M;,Z;) € Q. ForieI\J,letY; =Z;=X;andletY =[]._, Y;/U and Z = [[._, Z;/U". We show that these
Y and Z suffice.

Clearly Y and Z are teams of M with domain D, and by Lemma 3.4 (1) X = Y U Z. Also, since for any i € J we
have (M;,Y;) € P and (M;, Z;) € Q, we get

iel iel

{lEI | (Ml,Y,)EP}QJand{l el | (Mi,Zi)GQ}QJ,
whence
{l el | (Ml-,Yi)EP}EU'and{i el | (Mi,Zi)EQ}GU.

Then, as P and Q are closed under ultraproducts, we have (M,Y) € P and (M, Z) € Q, as desired.

2. In the proof for the lax tensor, insert the assumption of disjointness of Y; and Z;, and Lemma 3.4 (1) ensures that
also Y and Z are disjoint. This yields a proof for the strict tensor.

3. Suppose that P is closed under ultraproducts, and that
J:={iel|M;,X;) eIx(P)}el.

Now for all i € J, we have (M;, X;(F;/x)) for some function F; : X; — g+ (M;). Fori € I\ J, let F;(s) = M for all
s € X;. We then have that

fiel| M, X(Fi/x)) e P}2J
and hence

As P is closed under ultraproducts, we have (M, HiXi(Fl- /x)) € P. By Lemma 3.4 (4) we then obtain that
(M, X(F/x)) € P, where F is defined as in the statement of the lemma. It follows that (M, X) € 3x(P), which
proves our claim.

4. In the proof for lax existential quantifier, insert the assumption that each F; maps every assignment to a single-
ton, and Lemma 3.4 (4) ensures that also F maps every assignment to a singleton. This yields a proof for the strict
existential quantifier. O

The case of intuitionistic implication is slightly more subtle, as the definition of its semantics contains a second-order
universal quantifier. The proof method of Lemma 3.7 shows that if 7 and Q are (strongly) closed under ultraproducts and
P°¢ U Q is downwards closed, then

P->Q:={(M,X)|(M,Y)eP‘uQforallY C X}
is also (strongly) closed under ultraproducts. However, as is the case with ~ and ~, it is not possible that — preserves

being closed under ultraproducts in general, as otherwise Theorem 3.14 would imply a compactness theorem for full
second-order logic.

3.3 | Lo$’ Theorem and compactness

We are now in a place to prove a version of Lo§” Theorem for several extensions of first-order logic via team semantics,
and thus derive compactness. We first define what it means for a logic to have a Lo§’ Theorem.
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Definition 3.11. We say that a logic £ has a £o§’ Theorem if the following holds.

Let I be a set, for each i € I let M; be a t-structure and X; a team of M; with a shared domain D, and let U
be an ultrafilter on I. Denote M := [],_; M;/U and X :=[],_, X;/V". Then, given any 7-formula ¢ of the
logic £ such that the free variables of ¢ are contained in D, we have

{lEIlMl ':Xi (P}GU:M'ZXgD
We say that £ has a strong £0$” Theorem if the above holds in both directions:

We can then derive from our previous results the following propositions, which correspond to a version of £.o§’ Theorem
in our context.

Proposition 3.12. Let £ be a team-semantic extension of first-order logic whose atomic formulas are (strongly) closed
under ultraproducts and whose logical operations preserve being (strongly) closed under ultraproducts. Then £ has a
(strong) L.o§’ Theorem.

Proof. Trivial induction. O

Corollary 3.13. 1. LetC C {=(...), L., C, |}. Then FO(C), both with strict and lax semantics, has a ¥.0§’ Theorem.

2. The fragment of FO(L,) that contains neither the tensor disjunction Vv nor the existential quantifier
J has a strong L.o$§’ Theorem.

Proof. After Proposition 3.12, it follows from Theorem 3.6 and Lemmas 3.7, 3.8 & 3.10. O

Finally, we obtain a compactness theorem for formulas of a whole family of extensions of first-order logic under team
semantics. The following proof of compactness from Lo§’ Theorem is standard and can be found, e.g., in [2].

Theorem 3.14 (Compactness). Let £ be a logic with a £.o§’ Theorem, and let T be a set of formulas of L. If every finite subset
T, of T is satisfiable, then T is satisfiable. In particular, FO(C) is compact, both with strict and lax semantics, whenever
Cci{=(..),L.,S I}

Proof. We prove only the first claim as the second claim follows immediately from the first and Corollary 3.13. Let S be
the set of finite subsets of I'. By the assumption, for any S € S there is a model Mg and a nonempty team Xg such that
M Ex, S.For¢p €T, define [p] :={S € S| p € Standlet F = {[p] | ¢ € T}. Now F has the finite intersection property:
if g, ..., py—1 € T, then

ﬂ[%] = {S €S | P05 s Pn-1 € S} E] {q007'" ’gon—l}’

i<n

and hence ), _,[¢;] # @. Let U" be an ultrafilter on S extending F. Let

M=J][Ms/v and Xx=]]xs/V.
Ses SeSs

Now for any ¢ € ', we have {S € S | M Fx, ¢} 2 [¢] € U', whence {S € S | Mg Fx, ¢} € U'. Then by Lo$’ Theorem,
MEyx pforallp €T, ie., M Ex I'. As X is nonempty, this shows that I' is satisfiable. O

85U8017 SUOWWOD A1) 8|l jdde ay) Ag peusenob a1e sooile VO ‘8sN JO S8|nJ o} Akeiq18uljuO A8]IA UO (SUOTIPUCO-PUB-SWIBIW0D" A8 | 1M AJeiq 1 Bul [UO//:Sdny) SUORIPUOD pue swie 1 8y} 89S *[yZ0z/60/c2] Uo Ariqiaulluo A8|Im ‘elfeleUeIL0D A] 220002202 bew/2Z00T 0T/10p/woo A8 Im Aselq puljuo//Sdiy Wwolj pepeojumod ‘Z ‘¥20¢ ‘028ETZST



J. PULJUJARVI and D. E. QUADRELLARO MATHEMATICAL LOGIC QUARTERLY E | 157

4 | COMPACTNESS VIA ESO-TRANSLATION

In this section, we provide a proof of compactness for several logics over team semantics that generalizes the proof of
Kontinen and Yang [13] for compactness for sets of formulas with only countably many free variables. Even though we
also have a proof for compactness using ultraproducts, we believe the proof ideas presented here may be of separate
interest. We are grateful to Tapani Hyttinen for suggesting this approach for the proof.

We shall assume in this section that £ is always a logic over team semantics which is local and admits a translation to
ESO in the sense of Theorem 2.3. It is clear that independence logic and its fragments are examples of such logics.

First, we fix some preliminary notation and terminology.

Definition 4.1. Suppose I'is a set of 7-formulas of £ and let x;, i < x, enumerate the free variables occurring in formulas
of I'.

1. Given ¢ € T, we denote by I, the set of all indices i € x such that x; occurs free in ¢.
2. GivenI Cx,letl'; ={p €T | I, C I} be the set of formulas whose free variables are indexed by elements of I.

3. Foreach ¢ €T, we let R, be a fresh |I,|-ary relation symbol. We denote by x,,(R,) a translation of ¢ to ESO of the
form EIR; EIRg‘loc(p where a, is a first-order sentence in the vocabulary 7 U {R(p, Rg, ,Rg_l} and both R, and each
R, are fresh.

4. For every finite I C x, we let S; be a fresh |I]-ary predicate symbol and
T =7U{R, | p €TFU{S; | I Cx, || <}

We write S;((x;);gr) for the formula S;(x; , ..., X;,_, ), where iy, ...,i,_; is an enumeration of I in increasing order.
5. We let Ar be the following set of 7r-sentences:

(a) 30R, (D),

(®) V(xier, Rp((Xi)ierg) < S1,((Xi)ier,)), and

(©) V(xier(Si((xier) < IxiensSi((xier))

where I CJ C x, I and J are finite, and ¢ € T

The next lemma makes explicit the motivation behind the choice of Ar.
Lemma 4.2. Let M be a tr-structure. For ¢ € I'and I C x, we denote
X$A ={s:{xliel}—> M| (()er, € RQA} and
YM={s:{x |i€el} > M| (s(x))er € S}

Then M E Ar if and only if the following hold.

1. Xé”;é@forallgoel“.
M _ M
2. X5 _Y1¢ forallp €T.

3. Forallfinite I,J C x, if I CJ, then Y;"' = Y |1
Proof. We associate the properties above with the schemas of formulas from Ar. First,
MEFR,D) < R)'+0 <= X'+ 0.
Second,

MEV)ier, Rp(Xierp) < St (xier,)) < Ry' = S}:: = X,'= YIJ:;-

85U8017 SUOWWOD A1) 8|l jdde ay) Ag peusenob a1e sooile VO ‘8sN JO S8|nJ o} Akeiq18uljuO A8]IA UO (SUOTIPUCO-PUB-SWIBIW0D" A8 | 1M AJeiq 1 Bul [UO//:Sdny) SUORIPUOD pue swie 1 8y} 89S *[yZ0z/60/c2] Uo Ariqiaulluo A8|Im ‘elfeleUeIL0D A] 220002202 bew/2Z00T 0T/10p/woo A8 Im Aselq puljuo//Sdiy Wwolj pepeojumod ‘Z ‘¥20¢ ‘028ETZST



158 | MATHEMATICAL LOGIC QUARTERLY E COMPACTNESS IN TEAM SEMANTICS

Third, let I,J C x be finite, I C J. Then

MEV(x)ier(S1((xier) < 3xienySi(xie) < S ={(adier € M! | Haiens @ies € 577}
= YM={si{xliel->M|I eYM (s Hx | i€l =s)}
= yM=y"MxlieD,
proving our claim. O

Informally, the above lemma states that if M E Ar, then there is a coherent directed system of teams (YIM)IQKJ I|<w
such that when restricted to the free variables of any ¢ €T, YIM[FV(go)] is a relation that we would like to satisfy the
ESO-translation of . Hence Ar allows us to attempt to merge these teams into a single team with domain {x; | i < x} that
would satisfy the whole of T.

The proof of compactness using the translation into ESO consists of two steps. The first step is finding a single model
M and, for every finite subset Iy of T, a team X, such that M Fx  I'y. The second step consists in merging all the teams
satisfying the finite subsets of I to find one team satisfying I" itself. The following lemma provides us with the first step
and follows exactly as in [13].

Lemma 4.3 (Kontinen, Yang). Let T be a finitely satisfiable set of formulas of £. Then there is a structure M in the
expanded vocabulary 7 such that M F x,(R,) for all ¢ € T" and, additionally, M F Ar.

Proof. LetT’ = {a, | ¢ € I}, where ay, is as in Definition 4.1. Let Fg be a finite subset of I”. Then 'y := {¢p | a, € Fg} isa
finite subset of I', whence by assumption there are a model N and a non-empty team Y such that A Ey T,. By locality
we may assume that dom(Y) = {x; | i < x}. Then, since L satisfies a version of Theorem 2.3, (N, R;Y ) E x4(R,) for every
¢ € I'y, where Ré‘/ = Y[Fv(gp)]. Now, for every ¢ € T, there is a tuple R{;/ = ((Rg)N y s (R;(”)N ) of relations such that
(W,RY,RY) E a,. Then let

N = (N R pers Ry yeres S gk 1<0)s

where Sjv = Y[(x;)ier]. It follows that N = a,, for all ¢ € T'y. By Lemma 4.2, it is also clear that N/ = Ar.

Thus we have that N/ & 1“6 U Ar. Therefore, since 1“6 was an arbitrary finite subset of I”, it follows by the compactness
theorem of first-order logic that there is a model M’ E I U Ar. Finally, let M be the tp-reduct of M’. Then M E Ar and,
since for all ¢ € T we have M’ E oy, it also follows that M F x(R,). O

We now move to the second step of the compactness proof. In [13], Kontinen and Yang achieve it by using the fact
that M E Ar to merge all the relations R$4 into a unique team. However, when assuming the uncountability of Fv(T')
one cannot proceed in the same fashion, and first needs to consider a suitably saturated elementary extension M’ of
M. Tt can then be shown that, in such extension M’, each R(’,}’l can be merged together to obtain the team that we
need.

We recall some definitions from model theory.

Definition 4.4. Let M be a T-structure.

1. Let A C M. An n-type over A in variables v, ..., U,_ is any nonempty set p of first-order r U {a | a € A}-formulas
(v, ..., Uy_1), where an element a € A is thought of as a constant symbol whose interpretation in M is the element
itself.

2. We say that a type p is reglized in M if there is b € M" such that M E qo(I;) for all p(0) € p. We call such a ba
realisation of p and write b F p.

3. We say that a type p is consistent if each of its finite subtypes is realized in M.
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4. Let x be a cardinal number. We say that a model M is x-saturated if for every A C M such that |A| < x, every
consistent type p over A is realized in M.

5. A t-structure A is an elementary extension of M if M is a substructure of N and for all first-order formulas ¢(0)
and @ € M, we have

ME (@) <= N E ¢(a).
For the proof of the following fact, cf., e.g., [2].

Fact. Let M be a 7-structure, and let x be a regular cardinal such that x > |r|]. Then M has a x-saturated
elementary extension.

Theorem 4.6 (Compactness). Every finitely satisfiable set I of formulas of L is satisfiable.

Proof. Let x;, i < x, enumerate the free variables of I'. By Lemma 4.3, we obtain a structure M, in the vocabulary
tr such that Mg E x,, for all ¢ €T and M, E Ar. Let N, be the expansion of M, with interpretation for Réf“ =

((Rg)NO, ...,(RZ,¢)N0), for every ¢ € I'. Then N E a, forevery g € T.

Let £ > x be a regular cardinal, and let N be a £-saturated elementary extension of ;. By elementarity, N' = Ar and
N Ea, for all p € T. Let M be the rp-reduct of N'. Then we have M = Ar and M E y,(R,) for all €T, and M is
&-saturated.

To show that I" is satisfiable, we need to merge the several finitary relations R;}”‘ into a unique infinitary relation. We
define the infinitary relation

S :={(a))ick € M| M E S;((a;);er) for every finite I C «}.

We then let Y ={s : {x; | i <x} > M | (5(x;))i<xx € S}. For all ¢ €T and finite I C x, we let Xj,” and Y;Vl be as in
Lemma 4.2. By the version of Theorem 2.3 for the logic £, M E,u: @ forall ¢ € I'. Since by Lemma 4.2 we have YIM =X, év‘
4 4

and Xéw # @ for any ¢ € I', we obtain

MEymg and YM#@. o))
Iy 2

Now it suffices to show that for any finite I C x, we have Y [{x; | i € I} = Y;”, as then
1. in particular, Y | Fv(p) = YIM for all ¢ € T, whence, by (1) and locality, M Ey ¢ forallp €T, ie., M Ey T,
¢

2. Y is nonempty, as otherwise the restrictions Y;Vl would be empty, which by (1) they are not.
¢

We proceed to prove that Y Mx; | i € I} = YIM for all finite I C «. For this, fix a finite I C «.

(©) Lets € Y{x; | i €I}. Then there is s’ € Y such that s = s’ }M{x; | i € I}. By the definition of Y, (s'(x;))i<x € S. Now
by the definition of S, we have M & S;((s"(x;))icr), i.€., (8" (x;))icr € SIM. But as s(x;) = §'(x;) for all i € I, we have
(8(x))ier € S;Vl. By the definition of Y?*!, this means that s € YIM.

(D) Wefixs e YIM and let a; = s(x;) for all i € I. To show that s € Y [{x; | i € I}, it is enough to find b;, i < x, such that
(by)i<x € S and b; = q; for i € I. To simplify notation, we assume without loss of generality that I is a (finite) initial
segment (and thus an element) of x, and we denote a = (a;);c;. We define b;, I < i < x, recursively as follows. When
bj, j <, have been defined, define the 1-type

Pi i= S10jgunjnrip(@ bjos s by 00) [ R <@, T < jo < -or < oy <0}

over the set of parameters {b; | j < i}, and let b; be an element of M that realizes p;.
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We show by induction on i that the element b; that realizes p; always exists. If i = I, then p; = {Slu{i}(?l, Ug)}. As
M E Ar, in particular

MEV(x))jer(S1((x))jer) < 3xiS1u (X)) jeruip))s

and since M E S;(a), we then obtain M E EIx,-SIU{l-}(Ei, X;). Hence we find b; € M such that b; F p;.

Then suppose thati > I and by the induction hypothesis b; & p; forI < j <i.Then, astheset{b; | j < i} of param-
eters has power |i| < x < £ and M is £-saturated, p; is realized in M as long as it is consistent. So left is to show that
p; is consistent.

Let g C p; be finite. Now g = {s,ujmu{i}(a, (bj)jes,,»vo) | m <k} for some finite Jy,...,Ji_y Ci\I. Let J =
Um<k Jn- If J is empty then g C p; and q is realized by b;, so we may assume J # @. Let jy, ..., j; enumerate J
in increasing order. Now, as J C i, we have j; <i, and hence by the induction hypothesis, b; & p;. Notice that
Srur(@, bj,, ..., bj,_,,v) € pj,» and hence M E S;;(d, bj,, ..., bj,). Since M E Ar, we have

MEY(x))jerus S ((xpjen (X)) jen) < 3xiSiuum (X)) jer (X)) jer» X1,

whence M E 3x;S105063(d, bjy» .., bjp, X))

Jo’

It then follows that, for somec € M, M E S[UJU{i}(a, bi,.., bj[ ,¢). Then, for any m < k we have

Jo?
M E (X)) jeng,, Sturui(@ (x))jer b /x)jer,, -

Moreover, since M F Ar, in particular for any m < k, M satisfies the sentence

V(xj)jerur,uiiy [Stur, (X)) jer (X jer,» i) < 3(x))jeny,, Sturon((X))jen (X)) jer Xi)]-

We then obtain M E S;; (@, (b)) ey, »¢), showing that ¢ = g. This finishes the proof. O

5 | CONCLUSION AND FUTURE DIRECTIONS

In this article we provided two proofs of the compactness theorem for several extensions of first-order logic over team
semantics, including in particular independence logic and its fragments. In fact, although compactness for sets of sen-
tences of (in)dependence logic had already been studied in the literature, compactness for sets of formulas was considered
only recently by Kontinen and Yang [13], who proved compactness for sets of formulas with countably many variables. In
this work we strengthened this result and showed that several logics over team semantics satisfy the compactness theorem
with respect to arbitrary sets of formulas. In § 3 we built upon Liick’s previous work [16] and we proved compactness by
providing a suitable version of Lo§’ Theorem. On the other hand, in § 4, we used saturated models to generalize Kontinen’s
and Yang’s proof to arbitrary set of formulas.

We conclude by noticing that, while team semantics has been largely studied from the point of view of finite model
theory, there has not been an extensive study of the (infinite) model theory of teams. Given the central role played by
compactness in elementary model theory, it is natural to inquire how much of model theory could be successfully repli-
cated in the context of team semantics. In particular, we believe that one possibly fruitful direction could be to define a
suitable notion of type (of a team, instead of an element or tuple) and prove that there is a (notion of) monster model.
One could also search for a natural definition of Galois types for teams and adapt the framework of abstract elementary
classes to the setting of team semantics. At the same time, it seems also important to provide examples of theories which
could be studied under the light of team semantics. We leave these and other questions to future research.
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