Appl. Numer. Math. 206 (2024) 269-282

Contents lists available at ScienceDirect

Applied Numerical Mathematics IMACS

journal homepage: www.elsevier.com/locate/apnum

Research Paper ,.) ]

Check for

Progressive iterative Schoenberg-Marsden variation diminishing —
operator and related quadratures

Elena Fornaca, Paola Lamberti *

Department of Mathematics, University of Torino, via C. Alberto, 10 - 10123 Torino, Italy

ARTICLE INFO ABSTRACT
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1. Introduction

Recently two kinds of approximation techniques have been introduced and studied in the literature. As far as we know, both
seminal papers [18,19], one dealing with the so called progressive iterative approximation (PIA) [9,11,16,17,20,28,29] and the other
one with the so called multilevel approximation (MA) [6,12,13,15,24] were published in 2004.

They are two different ways of triggering an iterative procedure, acting on some kind of remainder (or error) in the chosen base
method.

Induced by these ideas, in [12] the authors present and study MA, providing some new results on polynomial reproduction
and convergence, when applied to the well known variation-diminishing Schoenberg-Marsden operator, also in order to define new
quadrature formulas, based on it.

Similarly now we are interested in investigating PIA and comparing it with MA in a sort of a twin paper. So we are going to use
similar notation with application to the same operator as in [12].

The reason to use the simplest among quasi-interpolating (QI) operators [3] is to make evident such techniques. For MA a second
reason is explained in [6,13], where, even if in 2D, the best performance results are obtained right by this operator. The same is done
in [24]. Indeed the simplicity of such an operator definition limits a possible error propagation. For PIA a second reason is taken
from its very definition, born in the parametric setting. We remark that PIA has been widely used in the parametric setting for CAGD
purposes, but, as far as we know, no studies have been carried out in the functional setting for approximation theory scope.
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The aim of using such a spline quasi-interpolating (QI) operator [22,25] is to exploit the good properties of B-spline functions, as
locality, shape smoothness and approximation accuracy [2].

The aim of using PIA techniques is to improve the performances of the base QI spline results, by taking into account that in the
classical PIA method the limit of the generated sequence of QI spline functions is an interpolating spline at certain fixed points of the
approximation interval [a, b], while in an evolution of the classical PIA technique the limit function is the least square function of the
original data to be approximated [11,20].

Such a property of asymptotic interpolation is interesting, since, as we know, interpolation has a well-developed theory and
it is a very powerful tool for function approximation, but, since it needs to solve, often large, systems of linear equations with
possibly bad condition, the weaker form of asymptotic interpolation of QI operators becomes a very good alternative. In fact they
can directly yield approximations and do not require solution of any linear system. For this reason QI operators are very important
in the study of approximation theory and its applications, e.g. in solving partial differential equations and integral equations, curve
and surface fitting, integration, differentiation, approximation of zeros, and so on, and they have been widely studied in recent years
[1,7,14,21,23,26,27].

Therefore in this paper we continue the study of spline QI operators on bounded domains, restricted to the C! quadratic variation-
diminishing Schoenberg-Marsden operator, but suitably modified by PIA technique in order to bypass the problem of solving a linear
system of equations.

The paper is organized as follows. In Section 2 we recall the definition and the properties of the classical Schoenberg-Marsden
operator. In Section 3 we modify such an operator by PIA technique and study polynomial reproduction and convergence. Then the
new improved operator is used in Section 4 to approximate integrals, while in Section 5 we propose another approach of PIA. Finally
in Section 6 some numerical results and comparisons between the classical and the improved operators are presented, showing the
new operators provide better performances than the QI classical one.

2. The variation-diminishing Schoenberg-Marsden operator
Let I =[a,b] C R and A, be a uniform partition, dividing I in » subintervals, whose associated extended partitions are

X p<X_1<Xg=a<Xx; < <X, 1<X,=b<x,,1 <X, (€D)]

and

X p=X_1=xg=a<x) < <X,_1<X,=b=x,,1=X,,» 2

with x; =a+ih,i=-2,...,n+2and h= bn;”, except at multiple knots, where it is zero.

Let also S21(A,,) be the space of spline functions s € C!(I) on A, whose restriction on any subinterval is a polynomial in P,,
space of polynomials of degree at most 2. The set of n + 2 quadratic B-spline functions B, = {B; := B;, : i =0,...,n+ 1} is a basis
of Szl(An). In case of partitions (1) they can be obtained as scaled translated of the quadratic C' B-spline B centered at x = 0 with

support ‘radius’ %, i.e. Bi5(x)=B(nx—i+ %) (see also [5] for a similar definition in the bivariate setting on triangulations), while for
partitions (2) the multiplicity at the interval extrema is to be taken into account. Such basis functions satisfy the usual good properties
of non negativity, partition of unity, minimal compact support. In particular the support of B; is [x;_,, x;,]. Moreover they can be
generated by the well known Cox-de Boor recurrence relation [2]
X = Xi—d Xit1 ~ .
B, j(x)= ——B;_j 4_1(x) + B y_1(x), i=0,...,n+d -1 3)
Xi = Xj—d Xit1 = Xi—d+1

with

0 otherwise

1 ifxelx;,x;0)s
Byy(x) = { +

for B-splines of degree d.
Let us consider the quadratic version of the variation-diminishing Schoenberg-Marsden operator
S 1 CU*) = S}(A,), defined as

n+1
Sf= f(s)B;, @
i=0
where I* is an open interval containing I and where
X1 +x; Q-0 .
= ! 3 L=a+ 5 h, i=0,....,n+1
for partitions (1) and
Xi X .
So=Xp, §=—_—. coni= L...,n, s,,1=x,

for partitions (2) are the so-called Greville sites [2]. Moreover .S reproduces P; and ||.S|| = 1.
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Theorem 2.1. [12] Let f € C(Y), where 1 is the closure of I'*. Then

17 =571y <o(£.3h) ®)
for sufficiently small h. If f € C'(I), then

17 =571 <hal 1. 2)
and, if f € C2(I), then

1 =Sl < 3R

where || - || ; denotes the maximum normon I and w(f,6) = max{|f(x)— f(W|,x,y € T: ||x — y|| <6} is the classical modulus of continuity

of fonl.
3. The progressive iterative variation-diminishing Schoenberg-Marsden operator

The aim of modifying the operator (4) is to reach better performances by defining a progressive iterative operator starting from
the corresponding base one.

In literature progressive iterative approximation (PIA) is located in the parametric setting and it is meant to be an approxima-
tion technique where, starting from initial data points { P, },n:ol , at each iteration they are slightly modified till when some suitable
conditions are satisfied. In the case of classical PIA such conditions provide asymptotic interpolation of initial data points. The close
relationship between the value of a spline and the nearby B-spline coefficient has led to the definition and use of control points, term
that comes from Computer Aided Geometric Design, where spline curves, i.e. vector-valued spline, rather than spline functions, i.e.
scalar-valued spline, are used. However the graph of a spline function defines a spline curve (x, .S f(x)). Then, since by a B-spline
property x = ), s; B;(x), then we can call { P, :=(s;, f (Si)}::ol the control point sequence of the spline function S f [2]. Therefore
here with PIA we mean the above iterative technique, where, starting from initial function data {(s;, f(s;)}, at each iteration they
are slightly modified, so that the resulting spline sequence tends to interpolate them.

So we rewrite S f, given in (4), as

n+l

S F) = fols)By(x) ®)
i=0
with f(s;) = f(s;). Then the iterative procedure is thus triggered by defining

AOfi=fo(Si)—SOIf(S,»), i=0,1,...,n+1, o)

and, setting

f1G)=fols)+ Ao f; i=0,1,...,n+1, ®)
at the first iteration we get the new operator S/ defined as
n+1
S =Y fi(s)Bi(x). ©
i=0

In general we define the operator S?! after p iterations as

SPf(x) = i‘: Fp(s)Bi(x), (10)
with -

Fo(s)=fpmi(s)+ A, 1 f; and A,y f; = fo(s) = STV f(s). an
If

‘}Ln;oS”’f(si)zf(s,-), i=0,1,....,n+1, 12)

holds, then the initial operator S satisfies the property of progressive iterative approximation (PIA).
From (11) and (12) we note that

lim A,y f; = fo(si) = lim ST f(s) = fols) = fos) =0, i=01,....n+1. (13)
Moreover, from (7) and (8) we get
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n+l1

F1G)=20o(s) = Y fols;)Bj(s)i=0,1,....n+1. (14)

Jj=0
Iterating this process, we get

n+1 p—1

Fs) =@+ Dfols)= D0 f,(s,)B;(s)). (15)

Jj=0r=0
Indeed, starting from (14), by induction we suppose (15) hold for p — 1:

n+1 p=2

Frt ) =pfo(s) = 2 Y f,(s)B;(s)

Jj=0r=0

and prove it for p. From (11) we write

Fos) = Fpr(5)+ By f

n+1p-2
=pfols) = 0 D0 s B (s) + fols) = SV £(s)
j=0r=0
n+1p-2 n+1
=+ Dfols) = X, D fr(s)B;(s) = Y fre1(5)B;(s)
j=0r=0 Jj=0
n+l p—1
=+ Dfo(s) = X, X f(s)B;(s)).
Jj=0r=0

So, if PIA property holds, the coefficients in (15) for all i and for increasing p asymptotically tend to the unique coefficients obtained by
solving the linear system coming from the interpolation conditions, i.e., if I f = }’; a; B; is the unique spline such that I f (s )= f(s),

then lim,_, , S?! = I f, since lim,_, , f,(s;) = a; for all i, j.

Now, similarly to multilevel approximation in [12], we study the operator SP!I on both partitions (1) and (2).
3.1. PIA operator SP! on simple knot partitions

In case of partitions (1), from Ap_ Wf j in (11) let us analyse

n+1

SEVIf(s) =Y frmi(s)Bi(s)),
i=0
when j=0,...,n+1.If j =0, 57 € (x_;,x() and the B-splines containing such a point are B and B,. In particular

6 1
By(sg) = 3 Bi(s¢)= <.

8
Then
n+1
ST F(50)= Y Fyi6DB(50) = 2 Fpmr(50) + £ Sy 51
i=0

Ifj=1,...,n, 5; €(xj_1,x;) and the B-splines containing such a point are B;_i(x), B;(x) and B, 1(x). In particular

1 6 1
Bj_l(sj)zg’ Bj(Sj)Zg, Bj+|(sj):§~
Then

n+l

- 1 6 1
STV = Y Fpr (DB = g Lo (4o + G o1 )+ 5 Ly ()
i=0
If j=n+1, s, €(x,,x,,,) and the B-splines containing such a point are B, (x) and B, (x). In particular

1 6
Bn(sn+l)= g’ Bn+l(sn+l) = g
Then
n+1

ST F )= 2 Syt (DB Gri) = 3 Fpm1 5+ 2t S
i=0
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Therefore
A, 1 fo=folso) — gfp—l(so) - éfp_l(sﬂ;
Byt fy = 105D = 5 Fmr i) = 2 hpt (50 = 5 Syt ia) = 1o (16)

1 6
Ap—lfn-%—l = f0(3n+l) - gfp—l(sn) - gfp—l(sn+l)'
3.2. PIA operator S”! on boundary triple knot partitions

Now let us consider the case of partitions (2). The procedure is similar, but here the B-splines have different supports near a and
b, so let us study

n+l

SCOLf(s))= D Fpet(5)Bi(s) J=0,cn+ 1,
i=0

to get the correct value of A -1 f i in (11).
If j =0, sy = x, and the B-splines containing such a point are By(x), B;(x) e B,(x). In particular

By(xg) =1, Bj(xg)=0, By(xy)=0.
Then

n+l
SEDEf(s9) =Y fpo1(5)By(59) = fpo1(50)-
i=0

If j =1, s; €(xy,x;) and the B-splines containing such a point are Bj(x), B;(x) e B,(x). In particular

1 5 1
B()(Sl): Z, B](S]): g, B2(51)= g

Then

n+l

_ 1 5 1
SEVEf(s1)= 3 Fp1 DBy = 3 51 (o) + 5 F ot (1) + 5 Fypma(52):
i=0
Ifj=2,...,n—1, s; €(x;_1,x;) and the B-splines containing such a point are Bj_l(x),Bj(x) e Bj+1(x). In particular

1 6 1
Bj—](sj)= g, Bj(sj)= g, Bj+1(5j)= g

Then

n+l

- 1 6 1
SEVEL(s))= X Fom1 GBI = 5 Fpma () + 5 Fpma 65+ g ot G0
i=0
If j=n, s, €(x,_1,x,) and the B-splines containing such a point are B,_;(x), B,(x) e B, {(x). In particular

1 5 1
anl(sn): g’ Bn(sn): gv Bn+1(sn):

L
Then
n+1
SPVEL(5,)= . FyaGOB5) = £ Fyt G+ 2 Fy 5+ 3t G,
i=0

If j=n+1,s,,; =x, and the B-splines containing such a point are B,_;(x), B,(x) e B, (x). In particular

B, (x,)=0, B,(x,)=0, B, (x,)=1
Then

n+l

SO f ()= X Syt (DB ) = ot i)
Therefore ,_0

A, 1 fo = folso) = fp1(so):

Bgtf1 = Fol51) = 1Syt 60) = 2 Fyma 51 = £ F et 52
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1 6 1 . .
Ap_1f1=f0(5;)—gfp_l(s,-_ﬂ—gfp_1(5,-)—§fp_1(5,-+1), con i=2,....,n—1; 17)

1 5 1
Ap—lfn = fols,) — gfp_1(5n_1) - gf,,_l(sn) - pr_1(5n+1);
Ay Fur1 = FolSpa) = Fpo1(Spg)-
We remark that A,_; fo=A,_; f,41 =0, since

A, 1fo=So(s0) = fp-1(s0)
=fo(s0) = (fp—2(s0) + A, 2 fo)
= o(50) = (fp-2(50) + fo(50) = fp-2(50))
= fo(50) = fr-2(50) = fo(s0) + Fp—(s0)
=0.
Similarly it can be carried out for A_, f,,,; =0.

3.3. Polynomial reproduction
Now we present a result on polynomial reproduction, that holds for partitions (2), but not for partitions (1).
Theorem 3.1. In case of partitions (2) the operator SP! reproduces linear polynomials, as in the base case of operator S, i.e.
SPLfx)=fx) if f€Py.

Proof. If f €Py, thenall A,_, f; in (17) are zero. We show it by induction. The case i = 0 has already been shown and A,_, f, =0
holds for all f, so f,(sg) = f,_1(s0) = fo(sp)- Similarly in the case i=n+1 where A,_, f,,; =0 for all f, 50 f,(s,41) = fp_1(Sp41) =
Jo(Spe)-

Let be i =1 and set p =1 as base condition. In particular from (17)

Agf1=Folsp) — %fo(so) - %fo(sl) - %fo(sz)

3 1 1
=§fo(51) - Zfo(So) - gfo(sz)-

Setting f(x) = x, by definition of s; in partitions (2) we get

Ay fi :%<a+%h)—la—l(a+§h>

From (11) f{(s;) = fo(sy) holds.
Now let us assume f,_;(s|) = f,_(s;), that by recursion coincides with f(s,), hold and prove it holds for a general p:

A, 1 f1=fpils)— ifp—l(so) - %fp—l(sl) - éf,,—l(sz)
=2 ft 6D = $Fpr(60) = £ Fye(52)

3 1 1
=§fo(51) - Zfo(so) - §f0(32)~

For f(x) = x by definition of s; for partitions (2) we have

3 1 11 3
Aifi=g(at 3h) - ga-ga+ 34)
:§a+ih—la—la 3h

8" 160 47 8" 16

From (11) f,(s1) = fp_1(s1) = fols1) follows.
Letbei=2,...,n—1 and set p=1 as base condition. In particular from (17)

B =o(s) = g folsi-) = £0o(5) = g folsier)
2 1 1
=g 060 = 2 fo(sic1) = 5 fo(sis1)-
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Setting f(x) = x, by definition of s; in partitions (2) we get

Aof,v=%<a+2i_lh)—%<a+2i_3h)—l<a+2i+lh>

2 2 8 2
2, 21, 1 2i-3, 1 2i+l
8 8 8" 16 8 16
=0.

From (11) f1(s;) = fy(s;) holds.
Now let us assume f =105 = fp_a(sy), that by recursion coincides with f;(s;), hold and prove it holds for a general p:

Byt fy =Fpe1 650 = 5 Syt 1) = 2 Fpi 6D = 5 pmi )
S U ECORE VIR YAy
=2 fos) = L folsi) = L folsien)
=3 ols; 3 0lSi—1 3 olSiy1)-

For f(x)=x by definition of s; for partitions (2) we have

Apflff:2<a+bh>—l<a+ﬂh)_l(a_,_wh)

8 2 8 2 8 2
=ga+21—1h_la_21—3h_la_21+1h

8 8 8 16 8 16
=0.

From (11) Fpls) = fp_l(s,-) = fo(s;) follows.
Finally let be i = n and set p =1 as base condition. In particular from (17)

1 5 1
Aofn=Ffolsy) — gfo(sn—l) - ng(Sn) - Zfo(sn+1)
3 1 1
=§fo(5n) - gfo(sn_ﬂ - Zf()(sn+])~

Setting f(x) = x, by definition of s; in partitions (2) we get

Aof,,=%(b—lh>—l<b—§h)—lb

2 8 2 4
3 3 1 3 1
=0.

From (11) f1(s,) = fo(s,) holds.
Now let us assume f p=105,) = fp2(s,), that by recursion coincides with f(s,), hold and prove it holds for a general p:

By u =L i) = g Iy )= 2y (5= 3 i)

=2 Lo (5 = 3 Fy i G = 1St )

3 1 1
=§f0(sn) - ng(Sn—l) - Zf()(sn+l)'

For f(x)=x by definition of s; for partitions (2) we have
3 1 1 3 1
sy =361 4(o-30) -

=0.

From (11) f,(s,) = fp=1(s,) = fo(s,) holds.
From all these facts Fo(s)=Fpi(s) follows for all pand i =0, ...,n+ 1. Then

n+l

SP P =Y fols)By(x).

i=0

Therefore, since .S reproduces |, we get the thesis. []
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Remark 3.1. Note that the above theorem does not hold for partitions (1). This is due to the definition of Ap_l f; in (16), when
i=0,n+ 1, while in cases i = 1, ..., n the behaviour is similar to what happens for partitions (2). Indeed, if i =0 and p =1, from (16)
it results

By =Fols0) = 3 folsu) = g fuls)

2 1
=§fo(so) - gfo(ﬁ)-
For f(x)=x by definition of s; for partitions (1) we have

sut=H(o- )~ Lo 1)

=2g—Zh-—a—-—h
8 16 8 16
1 3
897 16"

Going on this way, increasing p, in general we never get A, fo=0.
A similar argument holds for i = n + 1. Indeed, for p =1, from (16)

B =Folne) = 1005 = G FoCsre)
2 1
=§f0(5n+1) - gfo(sn)~

For f(x) = x by definition of s; for partitions (1) we have

Aot =%(b+ 1h) - 1(1;— 1h)

2") 5073
2 2 1.1
—§b+Eh—§b+Eh
13
“Lyi 3
FRATS

Going on this way, increasing p, in general we never get A,_, f,,,; =0.
This fact holds for any n.

3.4. Convergence

In order to provide results on convergence, we recall some properties presented in [4,9,10,17].

Theorem 3.2. [17] Let U = (uy, ... ,u,) be a blending basis. Then, if the basis U is totally positive (TP) and its collocation matrix M at
ty <t; <...<t, is nonsingular, the curve y(t) = Yo Pl.ou,-(t) satisfies the PIA property, where t; is the assigned parameter value of the
pointPl.O, i=0,...,n

Thus such a sufficient condition ensures the convergence of PIA procedure. However we are interested in bases with fastest
convergence rates in a given space with normalized totally positive (NTP) bases.

Definition 3.1. [4,9] Let U = (u, ...,u,) be a TP basis of a vector space of functions U. Then we say that (u,...,u,) is a B-basis if
for any other TP basis (v, ...,v,) of U the matrix K of change of basis (v, ...,v,) = (ug, ..., u,)K is TP.

Let us recall that, if a vector space of functions has a TP (resp., NTP) basis, then it has a B-basis (resp., normalized B-basis). It has
been proved [4] that in a vector space of functions with NTP bases its normalized B-basis has optimal shape preserving properties
among all the NTP bases of the space.

Theorem 3.3. [10] Given a space of functions U with an NTP basis, the normalized B-basis provides a PIA with the fastest convergence rate
among all NTP bases of U.

A necessary and sufficient condition for PIA convergence is p(I — M) =1 — miny;., 4; < 1, where p(B) is the spectral radius of
matrix B and {4 };_ are the n+ 1 eigenvalues of M. So the higher min,;, 4; is, the faster is the convergence of PIA procedure [9].
An example of B-basis for polynomial spaces is the Bernstein basis. For such a basis the minimal eigenvalue of the corresponding
collocation matrix decreases quickly as the degree increases, so in this case PIA method is practically not interesting for its slow
convergence. In contrast to the case of polynomials, when applying PIA with a B-spline basis, that is a B-basis and so the optimal
NTP basis of the spline space [4], the convergence rate keeps high, even for high dimensional spaces, if degree is kept low. Indeed
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the minimal eigenvalue of the collocation matrix M of the B-spline basis of degree 2 keeps almost constant (from 0.45 to 0.49) in
spite of the dimension n = 10, ..., 100, while in case of B-spline of degree 3 the convergence is slower because of the behaviour of the
minimal eigenvalue of the corresponding collocation matrices, when » increases, since it is smaller [9]. So this is a good reason to
use quadratic splines.

4. Numerical integration based on SP!
Approximating the integral I(f) = fa b f of a function f on an interval [a, b] by quadrature formulas based on QI splines is a well
known topic in literature (see for example the wide bibliography in [8]). For the operator .S we have

n+l

b
Is(f)= " f(s) / B;.
i=0 2

Since w; = fab B, = %, i=0,...,n+1, here for degree d =2 and symmetric partitions, for which w,_;,; =w;, i =0,...,n+1,

we have wy =, =§,wl =w,,=2§,wjzh,j=2,...,n—l.Then

n+l

n—1
15 = Yol 50= 2[ 160+ S| + B [0+ 16| +1 X 750, as)
i=0 i=2

A quadrature formula J g, (f) associated to SP! in (10) is consequently obtained by substituting f with f, » in (18), in both cases
of partitions (1) and (2), only taking into account the definition of the corresponding s;’s.

5. Another approach to PIA property
Following [9], now we approach PIA property by considering the progressive iteration on the blending functions, instead of on

the functional coefficients, in order to keep the initial data unchanged.
So, starting from S°7 f in (6), in order to compute the second function of the sequence {S?T f}®  we modify the basis instead

p=0’
of modifying the coefficients. Then we have (9), rewritten as
n+1
SYF) =Y f1(s)BY()
i=0
and, taking into account (8), rewritten as
n+1
[0 = Fols)+ Bofi =2fo(s) = X fols)BYs).
j=0
we have
n+1 n+l n+l
SYFG) = fols2BY(x) = 3 Y fols)B)(s) B (x). 19
i=0 i=0 j=0

Changing the indices i and j in the second sum on the right hand side of (19), we can write

n+1 n+l

SUFE= Y, fols) 2B = Y BB,
i=0 j=0

Denoting B} (x) :=2B%(x) - 2;’:5 BY(s; )B?(x), i=0,1,...,n+1, itresults S f(x) = ,":01 fo(s)B] (x). Iterating this process, we get

SPLf(x) = 2:’:01 fo(s[)Bf’ (x), where, similarly to (15), but this time acting on the B-splines and not on the coefficients, we get the
new blending functions

n+l p—1
BI(x) :=(p+ DBYx) - ) ) BJ(s)BY(x),i=0,1,....,n+1,p>0. (20)
j=0r=0
In [9] the example of an NTP basis of [P, is considered, where by Theorem 3.2 the authors can state that the PIA approximant so
defined tends to the Lagrange interpolant of degree n as p tends to infinity. In particular the i-th polynomial of the NTP basis tends
to the i-th Lagrange interpolation polynomial, while the functional coefficients do not change with iterations. So, if we choose the
Bernstein basis of degree n, that is the normalized B-basis of P,, by Theorem 3.3 we get the fastest convergence to the Lagrange
interpolation polynomials.
Now, if in the B-spline case the iterations modify the coefficients, and not the blending functions, as we have shown in Section 3,
by Theorem 3.2 such coefficients asymptotically tend to the unique coefficients obtained by solving the linear system coming from the
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12+

T O o
(R
N = O

Fig. 1. Bf(x), p=0,1,2, x €[—1,1], defined on a partition of type (2) with n = 5. (For interpretation of the colours in the figure, the reader is referred to the web
version of this article.)

interpolation conditions. However, if we proceed as in the above polynomial case, i.e. by keeping the coefficients fixed and modifying
the B-spline basis, from (12) we can write:

n+l
f(s) =,}LH§°Splf(si) = Zfo(sf)plg?oB;(s")’i =0,....n+1.
i

By PIA property, while p increases, we know that S?! f tends to the unique spline interpolating f at the Greville sites, so

lim B’.J(x),j=0,...,n+ 1,
pooo J

comes out to be the unique j-th asymptotic nodal blending piecewise polynomial, where with nodal we mean a behaviour as Lagrange
interpolation polynomials, i.e.

. 1 ifj=i
P = R p—
pll)ngij(si)—{O if i ,i,j=0,...,n+1.

In Fig. 1 we show how Bf modifies its shape when p=0,1,2.
Consequently we can also immediately rewrite the corresponding quadrature formula, given in Section 4, taking into account the
new approach above described, as

It ()= fspw

1
with

b

SRR Y|
J r

a

6. Numerical results

Now we present some numerical results, obtained both on approximation and numerical integration and based on the operators
studied throughout this paper, applied to the following test functions:

pi(x)=2x, x€[0,1];
1

(Pz(x)=m, x €[0,1];

(p3(x)=2x2—5x+4, x €[2,3.5];

LRI

(p4(x)=§e 167727 xe[l.5,6];

@s5(x) =sin(4.5x), x€[1.5,3];

@e(x) =arctan(100(x — 0.3)), x €[2,4];

@;(x)=e""sin(57x), x€[2.8,5].
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Table 1

Maximum norm of A,_, f;, i =0,....,n+ 1, n=30, in (16) and in (17) for
increasing values of p and for the two test functions ¢, and ¢, in case of
partitions (1) and (2), respectively.

@,(x), x €[0,1] @;(x), x €[2.8,5]
p partitions (1) partitions (2) partitions (1) partitions (2)
8 1.19(-04) 1.80(=07) 1.22(-05) 1.69(—06)
16 2.31(=07) 4.71(-10) 2.28(—08) 4.10(-09)
32 1.77(-12) 4.94(—15) 1.71(-13) 4.20(-14)
40 5.44(-15) 5.55(-17) 5.27(-16) 1.46(—16)
48 5.55(-17) 5.55(-17) 7.59(-18) 5.20(-18)
64 5.55(-17) 5.55(-17) 3.47(-18) 5.20(-18)
96 5.55(=17) 5.55(-17) 3.47(-18) 5.20(-18)

Table 2
Maximum norm of the error in the approximation of the test function ¢, for increasing
values of n: on the left for partitions (1) and on the right for partitions (2).

n Eq Egqu Egu Eg Egu Egu

12 4.44(-16) 1.41(-01) 1.58(-01) 4.44(-16) 6.66(-16) 6.66(-16)
28 6.66(-16) 1.32(-01) 1.48(-01) 4.44(-16) 4.44(-16) 4.44(-16)
56 4.44(-16) 1.28(-01) 1.44(-01) 4.44(-16) 4.44(-16) 4.44(-16)
112 4.44(-16) 1.27(-01) 1.43(-01) 4.44(-16) 4.44(-16) 4.44(-16)
224 4.44(-16) 1.25(-01) 1.42(-01) 4.44(-16) 4.44(-16) 4.44(-16)

6.1. Numerical results on approximation

First of all, in order to verify (13), i.e. the convergence from approximation to interpolation, two examples of decreasing Ap_ Jis
while increasing p with n = 30, are shown in Table 1 for partitions (1) and (2), respectively. From Table 1 we can see that for
increasing p PIA operator tends to interpolate the given functions at Greville sites, as in the parametric case it tends to interpolate
the control points, iteration after iteration.

Now for O = S, SY, S we set Eo(f)=IIf — O(f)llw, evaluated on 500 equispaced points in [a,b]. Moreover we define the
numerical (or observed) approximation order as follows:

EQ|n:7-2"1

ro =log, for 0=.5,5",5* and =345,
Eol

n=7-2!
with E, 1= Ey(f), when it is not necessary to point out f.

Unfortunately results in case of partitions (1) are comparable or worse with respect to the ones of the base operator .S, so we do
not report them here, except the ones in Table 2, where [, reproduction for PIA operators on partitions (2) is confirmed.

Conversely, as we can see in Tables 3-4, for increasing » in general PIA operators improve the results obtained with the corre-
sponding base operator .S on partitions (2), already at the first iteration of p, i.e. p=1.

In Tables 5-6 the maximum norm of the error and the corresponding numerical approximation order are presented for the test
function @5 on partitions (2), confirming the asymptotic interpolation, as p tends to infinity. However, since here the maximum norm
on [a, b] and not at the Greville points is reported, one could even conjecture the ‘asymptotic reproduction’ of P,.

6.2. Numerical results on integration

For numerical integration we compare results obtained by quadratures Jg(f) and J g1/ (f) to evaluate the integral of some functions
whose exact value is known.

Let us set Eg(f) =I1(f) —Jo(f) and

|EQ |n:21—l

ro =log, for 0=5,8" 5 with 1=89,10.

|EQ (Y
In Tables 7-8 we approximate
1
I(g) = / mdx = i [arctan(4) — arctan(—4)| ~ 0.662908831834016,
-1
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Table 3
Maximum norm of the error in the approximation of test function ¢,-¢, for increasing values of n on
partitions (2).

n Eg Egu Eg, Eg Egu Eg

[ 12 8.17(-03) 1.21(-03) 6.92(-04) @5 3.93(-02) 5.39(-03) 2.31(-03)
28 1.57(-03)  5.61(-05)  3.49(-05) 7.23(-03)  9.49(-04)  3.08(-04)
56 3.95(-04)  9.80(-06)  4.40(-06) 1.82(-03)  2.37(-04)  7.92(-05)
112 9.91(-05)  1.35(-06)  5.56(-07) 4.54(-04)  3.56(-05)  6.99(-06)
224  2.48(-05)  6.34(-08)  6.32(-08) 1.13(-04)  2.18(-07)  6.37(-07)

@3 12 7.81(-03)  1.29(-03)  4.40(-04) ¢ 1.07(-05)  2.12(-06)  8.11(-07)
28 1.43(-03)  2.34(-04)  8.05(-05) 2.28(-06)  4.12(-07) 1.38(-07)
56 3.59(-04) 5.84(-05) 2.01(-05) 6.07(-07) 1.04(-07) 3.55(-08)
112 8.97(-05)  8.46(-06) 1.45(-06) 1.57(-07)  1.55(-08)  2.88(-09)
224 2.24(-05)  6.33(-15) 1.90(-07) 3.92(-08)  3.74(-11)  3.07(-10)

[N 12 5.12(-04) 3.39(-04) 2.78(-04) @7 2.59(-02) 1.83(-02) 1.72(-02)
28 2.04(-04)  8.16(-05)  5.21(-05) 1.01(-02)  2.84(-03) 1.56(-03)
56 8.03(-05)  2.08(-05)  6.33(-06) 2.60(-03)  1.72(-04)  8.06(-05)
112 2.77(-05) 3.78(-06) 9.67(-07) 6.59(-04) 1.05(-05) 1.09(-05)
224  6.86(-06)  5.21(-08)  4.00(-08) 1.66(-04)  1.31(-06) 1.58(-06)

Table 4

Numerical approximation order of test function ¢,-¢, for increasing values
of n on partitions (2).

n rs rsu rear rg rsu ro
», 28 - - - @5 - - -
56 199 251 2093 1.99 200 1.96
112 199 286 299 200 373 350
224 199 441  3.14 200 346 3.46
oy 28 - - - o - - -
56 200 200 200 199  1.99 1.96
112 200 279  3.79 1.95 275  3.62
224 199 30.00 157 200 870 3.23
o 28 - - - ¢ - - -
56 264 200  3.04 1.99 281 427
112 154 154  3.04 1.98 209 2.88
224 200 202 357 1.99 9.87 279

Table 5
Maximum norm Eg, (¢3) in [2,3.5] for increasing values of p in case of partitions (2).

n Egu Egur Egor Egu Egss Egui

@3 12 4.39(-04) 7.00(-07) 4.77(-10) 3.73(-13) 1.15(-14) 3.55(-15)
28 8.05(-05) 1.29(-07) 8.69(-11) 6.88(-14) 5.33(-15) 5.33(-15)
56 2.01(-05) 3.21(-08) 2.17(-11) 1.78(-14) 5.33(-15) 5.33(-15)
112 1.45(-06) 2.25(-09) 2.67(-12) 3.99(-15) 3.55(-15) 3.55(-15)
224 1.90(-07) 5.62(-10) 6.68(-13) 3.99(-15) 3.55(-15) 3.55(-15)

Table 6
Numerical approximation order rg, (¢3) in [2,3.5] for increasing
values of p in case of partitions (2).

n reu Fior Fgr rgar st F gaor

o3 28 - - - - - -
56 200 200 200 195 111 -
112 379 3.84 303 216 - -
224 293 200 199 - - -
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Table 7
Absolute errors and numerical approximation order for J(g,) and J(g,) on partitions (2) for p=1
and increasing values of n.

J(gy) J(g,)
n Eg I's Egu I'su Eg I's Egu Isi
128 6.86(-06) 5.11(-08) 1.65(-04) 6.67(-07)

256 1.70(-06) 2.00 6.23(-09) 3.03 4.13(-05) 1.99  8.40(-08) 2.99
512 4.24(-07) 2.00 7.70(-10) 3.01 1.03(-05) 2.00 1.05(-08) 3.00
1024 1.06(-07) 2.00 9.56(-11) 3.00 2.59(-06) 2.00 1.32(-09) 3.00

Table 8
Absolute errors and numerical approximation order for J(g;) and J(g,) on partitions (2) for p =1
and increasing values of .

J(g3) J(g4)
n Eg rg Egu rei Eg rg Egu rsu
128 2.03(-05) 5.09(-06) 1.63(-04) 5.43(-07)

256 5.09(-06) 1.99 1.27(-06) 2.00  4.09(-05) 1.99  4.64(-08) 3.55
512 1.27(-06) 2.00 3.18(-07) 2.00 1.02(-05)  2.00  4.44(-09) 3.39
1024 3.18(-07) 2.00  7.95(-08) 2.00 2.56(-06) 2.00 4.70(-10) 3.24

1

J(gy) = /xexdx =

-1

~ 0.735758882342885,

QN

1
2 1
Jgy)= [ Ix —0.25|dx=Z,
0

1

Iey) = / e sin(Szx)dx =

0

Sa(e+1)

~ 0.086730404755780.
e(2572 +1)

7. Conclusions

In conclusion, while for partitions (1) the results of base operator e PIA operators are comparable, so that we do not report them
here, we can see a good improvement in case of partitions (2).

We remark that partitions (1) and (2) tend to identify while n increases, but not while p increases, so, if on one hand for both
partitions convergence to interpolation holds while p increases, on the other hand it is reasonable that by increasing » we can get
improvements on the error maximum norm. However, while convergence to identification of both partitions with increasing » is
confirmed for MA approximation, here numerical evidence shows us that it seems not to be the same for PIA, for which partitions (2)
give always better results. Moreover better results on the speed of convergence are obtained with PIA quadratic than cubic splines.

Another good reason for presenting PIA in the functional setting is to have a tool for approximation and asymptotic interpolation,
without managing systems of linear equations.

Finally, for sake of clearness and completeness, in Table 9 we highlight similarities and differences of PIA versus MA. In general
we can remark that PIA on partitions (2) and MA operators improve the results obtained by the corresponding base method and the
numerical convergence orders confirm this fact. This means that for partitions (1) MA provides better results than PIA ones, while
for partitions (2) the results obtained by PIA and MA are comparable. Moreover all polynomial reproduction results are confirmed.
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Table 9
A comparison between PIA and MA.
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PIA

MA [12]

Sf=8"f=3" f(s)B,

with s, = %=L =0, n+1.

Sf=SO0f=3"" f(s)B,

with s, = %22 i=0,..n+1.

SUF=3"0 f1(5)B;,

with f(s;) = fo(s) + Ao fis
Aofi=fols) = Sf(s)
and f,(s;) = f(s)-

SiLf=850f +S<0)A1f,

with SO =327 70O
and A, f=f—SD 7.

SUf =30 f(5)B;,

with f,(s;) = f1(s) + A, f;
and A, f; = fo(s;) = S f(s,).

SLf=85Df 4 S“)Azf + S«”Aff,

with SO =32 (@B,
Apf=f-5Of
and A2f =A,f - SVA, f.

SPLf =30 (5B
SPLf(x) =2 f(s)Bl(x),

with f,(s;) = f,_1(s)+ 8, 1 fi

A, 1 fi=fols)— SE=DIf(s,).

BI(x) 1= (p+ DBY(x) = X% 200 BI(s;)BY(x),
i=0,1,...,n+1,p>0

SPLf =8P f 4+ SCDA, fx)+...
—1
w4 SOAT 4+ SOAP

: T2 (DR
with SO £ =327 £(s)BY,
N R
ey Ag;zf - s<2>A§;2f
and A?f = A2 f — SOAP 1.

On partitions (1): no polynomial reproduction.

On partitions (2): S”’, p>0
reproduce P, and numerical evidence
shows an asymptotic reproduction of P,.

S*L, p> 0 reproduce P;.

SPLop>1 reproduce P, on partitions (1).
SPL, p > 1 asymptotically reproduce P,
for increasing n on partitions (2).
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