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Geometric formulation of generalized root-77T deformations
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We develop a generic geometric formalism that incorporates both TT-like and root-1'T-like de-
formations in arbitrary dimensions. This framework applies to a wide family of stress-energy tensor
perturbations and encompasses various well-known field theories. Building upon the recently pro-
posed correspondence between Ricci-based gravity and T7T-like deformations, we further extend this
duality to include root-T'T-like perturbations. This refinement extends the potential applications of
our approach and contributes to a deeper exploration of the interplay between stress tensor pertur-
bations and gravitational dynamics. Among the various original outcomes detailed in this article,
we have also obtained a deformation of the flat Jackiw-Teitelboim gravity action.

INTRODUCTION

Recent studies concerning deformations of classical and
quantum field theories have revealed rich connections be-
tween geometry and field dynamics. A prime example is
that of TT deformations [1, 2] of two-dimensional theo-
ries, driven by the irrelevant composite operator [3]

Opp = —det (T",) = % (TH T, — T, T%). (1)

Despite being irrelevant, two-dimensional 7T deforma-
tions remain well-controlled and even solvable at the
quantum level. In the deformed theory, various quanti-
ties can be computed exactly from their counterparts in
the original model. These include the finite-volume spec-
trum, the S-matrix [1, 2], the classical Lagrangian [4-6],
and the torus partition function [7-10]. 7T deformations
connect with different topics in theoretical physics, such
as string theory [11-14], holography [15-26], and quan-
tum gravity [27-32]. We refer the reader to [33] for a
pedagogical review on the subject.

Furthermore, the 77T deformation lends itself to a num-
ber of geometric interpretations. It was proposed in [7]
that TT-perturbing a theory is equivalent to coupling the
original theory to a random geometry. 7T deformations
can also be interpreted as coupling the original theory
to a flat space Jackiw-Teitelboim-like gravity [27, 28], or
equivalently, a topological gravity [29, 34, 35].

Another interesting deformation of two-dimensional
field theories, driven by the so-called root-TT operator
[36-38]

1 1
R = \/§THVTMV - ZT“HTVV, (2)

has recently attracted growing attention. While its
quantum-mechanical definition remains uncertain, the
root-T'T perturbation displays some surprising properties
at the classical level. Notably, it commutes with the T'T,

allowing for their simultaneous activation, and for some
integrable field theories, it preserves classical integrabil-
ity [39]. The relation between root-TT deformed con-
formal field theories and ultra-relativistic (BMS3) field
theories was discussed in [40]. Finally, the connection be-
tween the root-T'T deformation and the modified bound-
ary conditions in the holographic dictionary was studied
in [41]. These results were later employed to explore the
modular properties of deformed holographic conformal
field theories in [42, 43].

In higher space-time dimensions, stress-energy tensor
perturbations give rise to many interesting field theory
models [4, 7, 36]. Extensive research has focused on TT-
like and root-T7T-like deformations of four-dimensional
Maxwell’s theory, exploring the relationship between
electromagnetic duality invariance and stress tensor de-
formations [44-46]. The massive gravity formulation of
duality-invariant non-linear electrodynamics was studied
in [47] and, in three dimensions, it was shown that Born-
Infeld theory displays a classical T'T-like flow, connected
to free Maxwell theory [48]. Furthermore, recent studies
have explored nonlinear chiral two-form gauge theories
in six dimensions as T'T-like deformations [49)].

This paper introduces a generic geometric approach to
encompass a broader class of stress-energy tensor per-
turbations. We show that a two-dimensional theory de-
formed by both TT and root-T'T operators is dynami-
cally equivalent to the undeformed theory coupled to a
novel gravity action, at least at a classical level. We fur-
ther generalize the geometric formulation to accommo-
date various deformations in higher dimensions. While
prior studies have investigated geometric formulations of
TT-like deformations in higher dimensions within the
metric approach [36], our formulation is based on the
description in terms of eigenvalues of the product of the
vielbein. This approach allows us to study stress-energy
tensor-related flows within a simple and elegant setup.

The recent work [50] has emphasized that a TT-
type deformed matter action coupled with the standard
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Einstein-Hilbert action is equivalent to an undeformed
matter theory coupled with a Ricci-based gravity theory
[61]. Adopting this perspective, we incorporate this logic
into our geometric formulations and introduce Ricci-
based gravity actions linked with root-TT-like deforma-
tions. We develop a unified framework for 7T and root-
TT perturbations in field theories across various space-
time dimensions, which may extend the class of exact-
solvability preserving deformations and deepen our un-
derstanding of the fundamental principles of quantum
gravity and string theory.

UNIFIED GEOMETRIC FORMULATION OF TT
AND ROOT-TT DEFORMATIONS IN d =2

We denote by So[¢,ef] an arbitrary undeformed ac-
tion, where ¢ indicates a generic collection of matter
fields and e? denotes an auxiliary dynamical zweibein.
The associated auxiliary metric is g, = nabe“ el. We
couple the auxiliary zweibein to a second zwelbeln T
and the metric tensor h,, = nabf;jffj associated to fj
will eventually emerge as the metric of the manifold on
which the deformed theory lives. It is convenient to de-
fine two Lorentz invariant variables

y1 = te(e”'f) = fhel,
y2 = trl(e”'f)%] = fiep fren

We now show that the combination of TT and root-TT
deformations can be generated from the action:

Syalo, ez, fﬁ] = So[¢, eﬁ] + SgraV[eZa fﬁ]a (4)

where gravity action Sgray is

3)

1
Sgrav[(fz;f;ﬂ 2A /dedete

X (2+yf — Y2 —2ylcoshg +24/2y9 —y%sinh%) .
(5)

The parameters A and v represent the 77 and the root-
TT perturbing parameters, respectively. When v = 0,
Serav reduces to the topological gravity action associated
to the T'T deformation [29]:

ox [ Eaeeantes - 1)L

where € is the Levi-Civita symbol. Our analysis will be
carried out using the Euclidean signature, and the gener-
alization to the Lorentzian signature is straightforward.

The deformed action can be obtained by extremizing

Sgrav[ef“,fﬁ] = fll/))’ (6)

(4) with respect to the auxiliary zweibein ej,: performing
the variation of (4) with respect to ef;, we have
050 0Sgr:
dete (TI0)" = et el = — 5;@" es, (7)
m

where (T is the stress-energy tensor of the unde-
formed theory, computed with respect to e?. We denote
the solution of the equation of motion by e*®. Note that
(7) may admit multiple solutions e*}; related to the choice
of the branch for the square root of the root-7"T operator:
in this work, we ignore such branch ambiguities. How-
ever, in the quantum theory, we expect one should sum
over contributions from all branches in the path integral.
The deformed field theory is obtained substituting e*z
back into (4):

t’;

Sdeformed[¢7 f ] v A[¢7 wr ] (8)

The stress-energy tensor of the deformed theory can be
computed as

1 65, 1 65
T = g a _ grav. eq
YT detf ofe v detf ofg L N

where we have used the on-shell condition (7) for ef,
so that Sx[¢,e*};, fi] explicitly depends on f alone. To
simplify notatlon we will not distinguish between e and
its on-shell value e* #, unless necessary. One can verify
that the total action (4) obeys the following flow equa-
tions:

88 A 2 v

(’“)1 = —/d xdet fdet(1",), (10)
88’77)‘ _ 2 \/1 Ky 1 V)2

o _/d wdet f\/STUTY = 2(TY)? (1)

Therefore, the action (4) provides a geometric description
of the combined TT and root-TT deformations. Since
S x is defined as independent of the flow path, and since
the operators do not have explicit A and v dependence,
the two types of deformations commute with each other.

As discussed in Section 2.3 of [29], one can translate the
vielbein formulation to the metric formulation by choos-
ing a gauge such that e~ f = \/g~1h by using the local
Lorentz transformations of e and f, where we have omit-
ted indices to simplify the notation. The validity of the
flow equations (10) and (11) can also be verified in the
metric formulation, and the details are shown in the Sup-
plemental Material.

We now illustrate our methodology, starting from the
simple undeformed action of a free scalar:

1
Solg, en] = /d2:v dete (2 betey (’“)H¢8,,¢) (12)
The solution of the equation of motion for e? is

co w1 )
L) V1= 4heF' X H

sinh 2 +2\e*z X  sinh2
2 2 ab pv
( et x | 2X ) 11 O 9009

(13)




where X = %n“b fEfY 0,00, ¢. Substituting the solution
e*}, into the action, we get,

1
VA[(ZS? v 1(/1] :/de

which reproduces the result obtained in [38].

— V1 —4deF\X
2\ ’

(14)

UPLIFT TO HIGHER DIMENSIONS

In this section, we uplift the geometric description to
a family of deformations induced by functionals of the
stress-energy tensor in higher dimensions. In d space-
time dimensions, we consider the following general form
for the gravity action:

Sravlets, £2] = / drdeteBe ), (15)

where B is a Lorentz invariant function of (e=!f)*,
Therefore, B depends only on the Lorentz invariant vari-
ables y,, = tr[(e™1f)"], n = 1,...,d. For n > d, the y,
are not independent quantities. Since one can express B
in terms of the variables y,,, the stress-energy tensor can
be computed as

1 6Sgrav

T=37 of

d
= ; m@”ﬁ"%a (16)

where T' denotes the matrix T*#,. To construct higher-
dimensional deforming operators, we need to compute
Lorentz invariant functionals of the stress-energy tensor
(16). Although we can express each invariant tr(7*) in
terms of the y-variables, this approach is quite inefficient
in arbitrary dimensions, since there is no simple general
formula for y,, when n > d.

However, assuming e ! f can be diagonalized by means
of some matrix U as e~ f = U diag(ay, ..., aq) U™, the
function B can be expressed in terms of the eigenval-
ues «;, and each y, reduces to a power sum symmetric
polynomial of the «;. For this reason, working with the
eigenvalues of e~! f proves to be a far more convenient
strategy. The stress-energy tensor can be expressed as

d
= (][] ex)"'U diag(0100, B, ..., 0400, B)U ™", (17)
k=1

and

d d
= (Lo Yletu)  (3)

Expressing y; and ys in terms of eigenvalues of e~ f, the
two-dimensional gravity action (5) can be significantly
simplified:

1 5 _a
Suralefsff) = 3 [ #adetefar - ez — ). (19)

Note that Sgrav is not a symmetric function of the eigen-
values because of the non-analyticity of the root-7'T" op-
erator. Exchanging two eigenvalues is equivalent to cross-
ing a branch cut.

Motivated by the expression (19), we propose a gener-
alization in arbitrary d space-time dimensions:

d
H - B (20)

where A\ and S are perturbing parameters, pj are num-
bers characterizing the deformation, and ¥ = Z PR
When d = 2 and p;, = 1, the action (20) reduces to (19) if
we identify 8, = e? and By = e~ 2. We will show that the
parameters A and log 8 emerge as higher-dimensional
analogs of the two-dimensional 7T and root-17'T defor-
mation parameters, respectively. With the ansatz (20),
the eigenvalues of the stress-energy tensor can be com-
puted as

d
T, = OéiaaiB H 04;1

Jj=1

s -1
i 4 j=1

We also find

d

H 1/pk —

Therefore, the flow equation for \ is

)/dda:detf(H ”Pk) . (23)

The operator on the right-hand side of the equation (23)
is non-analytic and not symmetric in terms of the stress-
energy tensor eigenvalues 7;. Particularly, when all pj
are equal to p, we obtain a (det T)rlp deformation [4, 7].
When ¥ = 2, the deformation is of order O(T?). Let us
now consider the flow equation for the S-parameters. We
have:

d
B H (22)

aSg]raw o _(
o

d
Pip, B — B0, B = —(7i — 7; H (24)

Equation (24) suggests that the flow should be confined

to the surface defined by HZ:l Br = 1. Otherwise, the
perturbing operator would explicitly depend on A and S.
The resulting flow equation is:

d 055 d
k A / d k
Zv — == da:detf(Zv Tk), (25)
o Olog B k=1
where v¥ are constants satisfying EZ:I vk = 1. Varying

the [S-parameters on the surface HZ:1 Br = 1 leads to
non-analytic marginal deformations that commute with



the Hk 1T / Pk deformation. In two dimensions, the
root-TT operator can be understood as the difference
71 — T2. However, explicitly expressing the difference be-
tween the 74 in terms of tr (77) is more difficult in higher
dimensions. Let us now examine the initial conditions of
the flow equations. When integrating out the auxiliary
vielbein e, one needs the equations of motion of ej;:

OB 1 685 ,

B(eilf)(sllj ( 71f)a 8( _lf) = _deteﬁe”' (26)

The right-hand side is finite in the limit A — 0. Denoting

the eigenvalues of (T1)  as TIEO], the solution is

d

a; = (Av}“)-l( I1

1 1/p;
) +1> , (27
k=1

which implies that ar = Br + O(A) when A — 0.
When S = 1, we have e, — f; and the total action
S = Solo, eZ] + Sgrav [ez, f:f] reduces to the original ac-
tion So[o, f;]. Equation (27) can be interpreted as the
deformed boundary conditions in holography, formulated
in terms of eigenvalue variables. In the Supplemental
Material, we reproduce the root-TT deformed boundary

conditions proposed in [41].

EXAMPLES

Several deformed field theories can be explored within
this framework. A notable example is the ModMax
theory [52] and its Born-Infeld-like (MMBI) extension
[53]. The ModMax theory is a non-linear conformal-
and duality-invariant modification of Maxwell’s theory.
The MMBI extension maintains the duality invariance,
and the action satisfies two commuting flow-equations
[5, 54, 55]:

OLmvmpr 1 1

9EmMBL _ 2 (p v _ Zpoepv) (28

OLNMBI 1\/ 1

IEMMBL _ 2 [ v v, 2
a,s/ 2 K 4 H ( 9)

In the MMBI theory, the stress-energy tensor admits two
degenerate eigenvalues 71 and 7o, each of multiplicity 2.
Therefore, the following relations hold:

1
tr(T?%) — 5(trT)2 = —4Vdet T = —4 77, (30)

\/tr(T2) - i(tr TV = -  (31)

Turning off the irrelevant deformation momentarily, one
can notice that the flow (23) is satisfied in d = 4 by
fixing pr = 2 for each k, up to rescaling the irrelevant
flow parameter. On the other hand, setting 51 = [2 =

4

e’ = ﬁgl = 64_1, the flow equation (25) can be identified
with (29), up to a rescaling of «y. This shows that the
MMBI flows (28) and (29) can be realized by coupling
Maxwell’s theory to the gravity action (20) with d = 4
and py = 2. In this case, (20) simply reduces to

f[ (a2 — 52) 1/2} (32)

>/IP—‘

Sgrav[eﬁafs] Z/d4xdete[

Note that the quantities o represent the eigenvalues of
g"Ph,y: if we switch off the deformation induced by the
Bi’s, the corresponding action can be expressed explicitly
in terms of the metrics:

1
Surns s 9] = 5 / diay[det(im — gu). (33)

TT-like flows of six-dimensional two-form chiral theories
were recently studied in [49]. In these models, T' admits
two degenerate eigenvalues of multiplicity 3 (throughout
the flow), implying that our geometric construction can
be straightforwardly implemented. Another example is
the higher-dimensional generalized Nambu-Goto action
of a self-interacting scalar field in d dimensions:

1
SXZ/ddCC[

34)
The action (34) satisfies the flow equation (the V' = 0
case has been proven in [49])

88)\ o d L 2 _i
W_/d (2dtr(T) — (D)

d—2 ) 1 )
- mtr(T)\/tr(T ) - <(uT)?).
The stress-energy tensor has a non-degenerate eigenvalue
71 and a degenerate eigenvalue 7 of multiplicity d — 1.
In terms of eigenvalues, the deforming operator can be
written as —%7'172. Therefore, such deformation can be
achieved by setting 5; = 1, p1 = 1 and pr>o = d — 1
n (23). It was shown in [48] that the three-dimensional
Born-Infeld theory also satisfies the flow equation (35),
and one can show that 7" has a non-degenerate eigenvalue
71 and a degenerate eigenvalue 7o of multiplicity 2, allow-
ing for a similar description of the flow. Finally, alterna-
tive geometric formulations can be constructed when the
theory’s stress-energy tensor has two distinct degenerate
eigenvalues, as described in the Supplemental Material.

—V/T=2XA - \V)dHgd,p 2V
M1 = AV) 1=V

(35)

INCLUSION OF DYNAMICAL GRAVITY

In [50], it was pointed out that a TT deformed matter
action coupled to the Einstein-Hilbert action is equiva-
lent to an undeformed matter theory coupled to a Ricci-
based gravity. Continuing along the same line of thought,



we now make the metric h dynamical and include the
Einstein-Hilbert term within the first-order Palatini for-
malism. The total action is:

Sh,g,T,¢] = K/ddx\/det hh*" R, (T)
(36)

d?zy\/det gB(g~h) + Solg, 4],

where the Ricci curvature tensor is a functional of the
connection

Ry (T)

The equations of motion for the connection I"\ lead to
the compatibility conditions

1 o
Loy = P (h_l))\ (Ovhpa +Ouhay = Balyw) . (38)

=015, — 0,18, +To,T0  —To, T4, (37)

Integrating out ¢ in the action (36) we get

S[h, P, ¢] = ili /dde Vdet hhﬂyRuu (1—‘) + Sdeformed[hu ¢]7

(39)
which can be viewed as a deformed matter action
Sdeformed coupled to the standard Einstein-Hilbert ac-
tion.

To obtain the Ricci-based gravity description, one can
integrate out h in the action (36) and obtain,

Slg.T,¢] = [ d'wy/det gL(g™"R) + Solg, 6], (40)
0B
L= |Blg~'h) - —g" a”i] ’
[ (g~h) —59 (9" hgu) | |pen=q)
(41)

which can be interpreted as an undeformed matter action
coupled to a Ricci-based gravity theory £(g~'R). This
procedure yields a dynamical equivalence between an un-
deformed matter theory coupled to a Ricci-based gravity
and a deformed theory coupled to standard general rela-
tivity.

It is, however, difficult to obtain an explicit expression
for the Lagrangian £(g~ ! R) associated with the B func-
tion given by (20) because the equations of motion of
h are in general very complicated. In the Supplemental
Material, we derive a flow equation for £(g~'R):

L(p) _ e (TTa
2 =—(XX-1k <i1:[1al>
d d -1

_ 1 _
X H(%ka—§zaj 2pj)t/mn :
k=1 j=1
(42)
where we express L as a function of the eigenvalues py of
g 'R, and oy, can be determined through

OL(p
Bpk 2f$a2 H (43)

ki=1

The flow equation (42) allows computing the small X ex-
pansion of £(g~'R) (see the Supplemental Material).
Finally, in two dimensions, one can couple (5) to a
Jackiw-Teitelboim-like gravity. We find that an unde-
formed matter theory coupled with a deformed Jackiw-
Teitelboim-like gravity is dynamically equivalent to a de-
formed theory coupled to a Jackiw-Teitelboim-like grav-
ity. The details are given in the Supplemental Material.

INCLUDING MARGINAL FLOWS IN GENERAL
DEFORMATIONS

One can consider Ricci-based gravity theories associ-
ated with more general deformations. For instance, the
stress tensor deformation originating from Eddington-
inspired Born-Infeld gravity [56] plays a role in d = 4
TT-like deformations of Abelian gauge theories [50]. For
a stress tensor flow driven by an arbitrary operator f(;)
with parameter A, the associated B function satisfies the
flow equation:

d d
=f@) [[ow 7=, B]] ;" (44)
k=1 j=1

One can also include marginal flows by replacing a; —
a;/B; with szl Br = 1 in the B function. The eigenval-
ues 7; are modified as 7;(c;) — Ti(j/8;), and the form
of the flow equation (44) remains unchanged. The flow
equations associated with the g-parameters are,

d
0B 0B
ﬂz ﬁz ﬂj 66] ai% Jaa7 1;[
(45)
Therefore, it is possible to incorporate commutative

marginal flows for any stress tensor deformation that ad-
mits a geometric realization. It follows from (42) that the
associated Ricci-based gravity action should be modified

as L(pj) — L(8;%p)).

CONCLUSIONS

This work introduces a geometric formulation for the
combination of T'T and root-T'T deformations in d = 2.
We demonstrate that these deformations can be classi-
cally formulated by coupling the undeformed theory with
a massive gravity action. Additionally, we extend the
geometric framework to encompass various stress-energy
tensor deformations in higher dimensions. These defor-
mations are related to several well-known theories, in-
cluding ModMax and its Born-Infeld-like extension. Fur-
thermore, we study the Ricci-based gravities associated
with such deformations. These findings might have broad
implications in key areas of string theory and holography,



improving our understanding of the effects of stress ten-
sor deformations. Note also that our approach appears
suitable for studying various irrelevant and marginal de-
formations. However, challenges arise in finding exact
solutions for more complex B functions in (15). Not all
deformations will lead to explicit or unique solutions for
the relevant constraints, which generalize (44) and (45).

There are several compelling avenues for future ex-
ploration stemming from our current work. A natural
question is whether our formulation allows for the study
of root-T'T or more general deformations at the quan-
tum level. The quantization of root-TT deformed the-
ory poses a complex challenge, although some relevant
progress has been made recently [57, 58]. We anticipate
that our formulation could offer insights into this intri-
cate issue. Another avenue worth exploring is investi-
gating the holographic dictionary of these deformations.
Further, exploring the corresponding realization in ce-
lestial holography [59] would be valuable, as proposed
in [60], which offers a potential avenue for constructing
UV-complete gravity theories. The link between stress-
energy flows and classical string or D-brane actions can
provide insights into the UV completeness of deformed
theories. Consequently, one can envisage constructing
counterparts [60, 61] in the framework of celestial holog-
raphy to investigate their role in UV-complete theories.

Note added: After our work was submitted to arXiv,
[62] appeared, also investigating the massive gravity de-
scription of the root-T'T deformation and finding results
consistent with ours. [62] also examined deformations
with explicit A-dependence across various dimensions. In
addition, an auxiliary field method to define integrable
deformations of the principal chiral model was discussed
in [63-65]. Exploring the potential connections between
the two approaches remains an intriguing open problem.
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Appendix

Metric formulation

This section presents the geometric formulation of the combination of 7T and root-TT deformation in the metric

approach. One can choose a gauge such that

_1f

The gravity action Sgray can be expressed in terms of the metrics g,,, and h,, by using the relation

det (\/g‘—lh) = /(det g)~1 det(h) =

We have

yl—tr

ya = tr(g~ 1h) = 21,

where we denote z, = tr[(¢~'h)"]. Then the gravity action Sgray can be written as

Sgrav[g, h = /de\/det \/zl V2 22 — 29 s1nh—

Nr=ys (46)
% [tr( g—lh)}2 — S tr(g~"h). (47)
\/21 + \/M, (48)
(49)

(50)

—2\/\/5 zf—zz—l—zlcosh%—l-ﬁ zf—zz—l-Q).

One can also verify the flow equations in the metric formulation. The stress-energy tensor and related quantities are

THTY, =

1 65, 1 68
T, = i =2 erav avs 51
vV det h 6hy,o¢ V det h 5h ( )
- \/_\/21 \/_\/21—22s1nh'y \/_\/\/_\/21—22+zlcosh'y 2 (52)
Uu + 51 52
A 22— A/ 22— 29 A
2\/_\/21 \/_\/21—22smh7 2\/_\/\/_\/21—22+zlcosh7
(53)
A2y/23 — 29 A2y/2% — 29
-2 (\/222 — zZsinhy + 21 (coshy + 21) — 22)
+ . (54)

A% (27 = 29)
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The action satisfies the flow equations

aSv,)\ _ 2 v _1 N2
. _/d x\/deth<2TyTM ST ) (55)

1 1
057 _ / 2a/det h\/ STETy — J(TE)2. (56)

0y 4

Holographic boundary conditions

When ej; is on-shell, one can express «; and 7; in terms of 7',£ I as:

1/p;
@( (rl° (HT[Oll/m)E ' +1> : (57)

k=1

7= ( (ﬁ [0]1/:%) [O]> ﬁalzl. (58)

k=1

a2
2

To derive the root-TT deformed boundary conditions, we take d =2, pp = 1, f1 = e2, B2 = e~ 2 and A — 0. We get,

aj =B and 7; = 7'][»0]. We write T01#  explicitly:

o _ (@b
T u_<cd>7 (59)

which can be diagonalized by

U — Va2 —2ad+4bc+d®>+a—-d —vVa?2—2ad+4bc+d?>+a—d (60)
- 2¢ 2¢ '
Since U also diagonalises g~ 'h, we get
(a—d) sinh(7) 2b sinh(7)
~——— 4 cosh S
“1h = Udiag(e?,e UL = | Viemd ribe ) V/(a=d)?+4be (61)
g g ) 2c¢sinh(y) (d—a) sinh(~) + COSh( ) )
V/(a—d)2+4bc V/(a—d)2+4bc
inh R
= huy = g coshy + S Tl[f,)j] , (62)
\/%T[O]“VT[O]VH — L(rio, )2

where T is the traceless part of T1%. The deformed boundary conditions for the stress-energy tensors are T#, = T10#

On-shell geometric formulation of MMBI and generalized Nambu-Goto

When the stress-energy tensor of the undeformed theory has two degenerate eigenvalues 7'1 V of multiplicity di and

7'2 I of multiplicity do, we propose an alternative gravity action:

p2 P2

g 1 dd e (dzyl FVdids ((di + da) y2 — y1))
grav — —)\E—l / T d2 (dl + dz)

p1 P

67‘3_1 (dlyl + \/d1d2 ((dl + d2) Y2 — y%))
dy (dy + dg)
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When ej; is on-shell, the eigenvalues ay, and 75, have the same degenerate structure as TIEO]. One finds

OSgrav 1
T (2 1) [[dladet (g (04)
88 rav
;7 = / diz det f(mo — 7). (65)
For the MMBI case, we take dy = pr = 2 and (63) becomes
S 71 d4 d Y2 h n 2 : h y% Y2 ’
grav =7 xdete 1—?cos *y:l:z 4y — yi sinhy + 3 1 . (66)

For the generalized Nambu-Goto case, we take d; = p; = 1, do = po = d — 1, and (63) becomes

d—1
Sgrav :i /dd:v dete <(d _ l)yl + (\C{(_d 1_);) (dyQ - yl)) _1

d

== 1) [y2 —y]) +1 1] |

Flow equations of £(g 'R)

In this section, we derive flow equations of £(g~!R), which enable us to compute the perturbative expansion
of L(g7'R) in small deformation parameters. When total action is extremized with respect to hyuw, only explicit
dependencies must be considered when differentiating the Lagrangian with respect to fields or parameters. We have

) » o (1 o5
T (\/detgﬁ(g R)) T <%\/dethh Raﬁ>, (68)

% (VaetgLis'R))

It follows from the equations of motion of h,, that

% ( det gB(gflh)) . (69)

K

9" Ry = kg hopT", — d—

59" hav T, (70)

and therefore ¢g"* R, and g"%h,, can be diagonalized simultaneously. Denoting pj as the eigenvalues of g"“R,,, and
writing £ as a function of pg, equation (70) can be written as

d

KT = g 2pr — %; a;zpj, (71)
and equation (68) leads to
aLp) 1 1 oL\ (e o)\
o = 2na? il;[lai = qp = (2K)72 (3—171@) <11:[1 3—Pz> . (72)
Using (23), (69) and (71), we get the flow equation of £(p) with respect to A:
d d d -1
%E\p) = —(S -1k <1_[1 ai) lgl_[l(aﬁzpk - %ZlanPj)l/pk ; (73)
i= = =

where one should also substitute (72) into the right-hand site. The initial condition can be obtained using the limit
A — 0. We have:

ar = B+ O(N) (74)

d
L) = 5= 3 B0k + OV, (75)
k=1
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Using the flow equation and the initial condition, we can recursively solve the A expansion of £(p). Up to order A we
find

L
=1

d d d
1 _ _= _ 1 _
Lp) = 5~ > Bk —AE -1 w8 ek — 5 > B2y +0(M\?). (76)
k=1 k=1 j=1
For pure (det T)rlp deformations with S = 1 and px = p, the expression reduces to
1 d . 1 d 1
L==> pr=Nd/p—1)r" 77 [Jlor — 5D ps) 77 +O0(N?)
2K 24
k=1 k=1 j=1 (77)
1 1
:2—tr (g7'R) — \(d/p — 1),‘{%? det(¢g™'R — §tr (g_lR))dTIP +O0(\?).
K

However, for more general deformations, it is difficult to express the eigenvalues py in terms of tr [(g~* R)*] explicitly.

Coupling to flat Jackiw-Teitelboim-like gravity action in two dimensions

In two dimensions, we couple the action (5) to a flat space Jackiw-Teitelboim-like gravity action in the first-order
formalism for the zweibein f; and a vacuum energy term:

S =857 — A/d2:17 det f + /de deteB(e™' f) + Solo, ef], (78)
Syr = [ 22 (6400 (0a f2 — €y fB) + 00 79
JT = ze™” (€aco( o ff —€ bwafﬁ) + pdawp). (79)
The equation of motion for f gives
1 0B
Eeo‘ﬁeabug — Aeo"@eabfg + det ea—f&l =0, (80)
where we defined u% = 0,0% — €*,0,. The solution is
N 2k sinh 3
oo V/2wz — wiwy sinh 3 + (wi — 2ws) cosh 3 2wa—w? (81)
N (wf —2ws) (1 — AA) c k—rAA

where w,, = tr[(e"'u)"]. In terms of y,,, we find

2k cosh 2 — Ay B 2k2 coshy + A (—2/{«/274}2 —w? sinh 3 — 2rw; cosh 3 + /\wg)

h k—rM 2 K2(AA —1)2 (82)
Substituting back into (78), we get
g / Lo det 2k2AA + 4k2 coshy — 4k% + 26X/ 2wy — w? sinh § — 2kAwy cosh 3 4+ A2wi — A2w,
- e 2:2AMA — 1)
(83)
+ /dzxeo‘ﬁgo@aow + So.
Denoting the eigenvalues of et as vy, the action can be simplified as
S /d2 det (HQ/\A +r2e7 + k267 — 262 — kA2 — KAe T + /\2V1V2)
= xdete
2 —
KZA(AA — 1) (84)

+ /deEO‘ﬂgoaawB + So,

which can be interpreted as a matter theory Sy coupled to a deformed Jackiw-Teitelboim-like gravity. Alternatively,
integrating out the vielbein ej; in the action (78) results in a matter theory that is deformed by both T'T and root-T'T,
coupled to Jackiw-Teitelboim-like gravity. Consequently, the dynamics of a matter theory Sy coupled to a deformed
Jackiw-Teitelboim-like gravity is equivalent to that of a matter theory subjected to TT and root-T'T deformations
coupled to Jackiw-Teitelboim-like gravity.



