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A LAGRANGE-TYPE PROJECTOR ON THE REAL LINE

G. MASTROIANNI AND I. NOTARANGELO

Dedicated to Professor J. Szabados on the occasion of his 70th birthday

ABSTRACT. We introduce an interpolation process based on some of the ze-
ros of the mth generalized Freud polynomial. Convergence results and error
estimates are given. In particular we show that, in some important func-
tion spaces, the interpolating polynomial behaves like the best approxima-
tion. Moreover the stability and the convergence of some quadrature rules are
proved.

1. INTRODUCTION

In this paper we study the approximation of functions f : R — R, by means of
Lagrange interpolation, in some suitable weighted LP—spaces. To be more precise,
we consider functions increasing exponentially for |x| — oo and having a singular
inner point, which we assume to be 0.

Accordingly, we introduce a weight of the form

DN
u(@) = [a]? (L + |el) e, 720,
and we investigate the convergence of the interpolation process in LP, for 1 < p <
oo. We remark that, since u(0) = 0, the singularity of the function at 0 generates
further difficulties and requires a more careful study of the polynomial behaviour
in suitable neighborhoods of the origin (see for instance [23] 24] 25 [I] for the
case [—1,1], and more recent papers [2I], 22] for the case of unbounded domains).
Lemma [Alin Section @] answers this problem.

In order to introduce our interpolation process, we consider the weight w(x) =
\ar:|"‘e_“lc|A and the corresponding sequence {p.,(w)}men of orthonormal polyno-
mials with positive leading coefficients. Unfortunately, the behaviour of the pro-
jectors related to {pm(w)}men is poor. For instance, in [19], the corresponding
Fourier sums S,,(w, f) have been considered for functions f € LP and, similarly
to the cases of Freud and Laguerre systems, it has been proved that the inequality
|Sm (w, flull, < C||fullp, with C > 0 a constant, holds true only if p € (4/3,4).
Furthermore, the Lagrange polynomials £,,(w, f) interpolating f at the zeros of
pm(w) behave as those based on Freud zeros.
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To overcome such a problem, in [26] [I7, [30] the authors have suggested to in-
terpolate a “finite section” of the function and then to estimate a finite section
of the interpolating polynomial in suitable weighted norms. A similar method
has been used for Fourier sums in [26] [I9]. To fix the idea, denoting by a, =
am(w) the Mhaskar-Rahmanov—Saff number of w and by x,, the characteristic
function of the interval [—0a.,,fa,], 0 < 6 < 1, the LP—convergence of the se-
quences {Xm L (W, Xmf)}men and {XmSm(w, Xm f)}men has been proved in [26],
forl<p<ooand a=7v=p=0.

But xm L (w, xm [f) is a “truncated” polynomial, and therefore XLy, (w) does
not project a function belonging to L{° into the space P,,_; of the polynomials
of degree at most m — 1. On the other hand, bounded projectors as well as those
having the smallest norm are crucial tools in different contexts, for instance in the
numerical treatment of functional equations.

In order to obtain these kinds of projectors, following an idea previously used in
[33, 10], we denote by L,42(w, f) the Lagrange polynomial interpolating f € L
at the zeros of p,,(w) and the extra points +a,. Then we set Ly  o(w,f) =
Ly yo(w, x; f), where f € L° and x; denotes the characteristic function of [—xz;, z;],
with x; = 2;(,,) = ming {zx : 2x > Oa,,}, 0 € (0,1). The operator L, ,o(w) does
not project LS onto P11, but onto a subspace Ppy1 C Prp1. We prove that
U,,, Pm+1 is dense in L%, for 1 < p < oo, and that for each element of Py, 41,
both Marcinkiewicz inequalities hold true. As a by-product, we characterize the
Marcinkiewicz bases in P,,+1. Moreover, under simple necessary and sufficient
conditions on the weights w and u, we show that L} | ,(w) is a uniformly bounded
operator in some important subspace of LP, with 1 < p < oc.

Finally, using the same operator, we introduce a Gauss-type rule and a “product
rule” and we prove their stability and convergence.

This paper is structured as follows. In Section 2] we recall some basic facts. In
Section [3] we give our main results and in Section fl we prove them.

2. BASIC FACTS

Function spaces. Let v : [0,+00) — R* be a continuous and nondecreasing
function with v(0) = 0. Additionally assume that, for each ¢ > 0, v(z)/x° is non—
increasing and lim, g+ [v(z)/2°] = +00. Simple examples of such kinds of weight
functions are given by v(z) = log®log(e + z) and v(z) = log™® (14 1/z), with
a, B > 0. Setting o(z) = |2 (1 + |z])*v(|]z|), v > 0, u € R, we introduce the weight
function
PR
(2.1) u(z) = g(:ﬁ)e_% , A>1.

For 1 < p < oo we denote by L the set of all measurable functions f such that

1/p
1Ay = N fullp, = (/le(w)U(w)lp dw) <00,

while for p = oo we introduce the space

{rec®: sl o}, Y =0,
Cy =L =

u

{fEC’O(R\{O}) : lim f(x)u(x)z()}, >0,

z—0 or oo
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with the norm
[fllLee = [[fullse = Slelglf(ff)U(ff)\-

Such spaces LP with the above-defined norms are Banach spaces. Note that a
function in L? does not belong necessarily to L” and that the Weierstrass theorem
implies the limit conditions in the definition of C,.

We remark that, by definition of v, if a weight of the form |z|7(1 + |z|)” is
integrable on R, so is also |z|? (1 + |z|)"v(]z|) (see for instance [20]).

Let us define the Sobolev spaces by

Wr) = {f et [0 e ACR\{O}), Ifull, <o}, r=1,

where AC(R\ {0}) denotes the set of all the functions which are absolutely contin-
uous on every closed subset of R\ {0}. We equip these spaces with the norm

£ llwe ey = [l Fullp + 1 ull, -

For any f € L2, 1 < p < oo, we consider the following rth (r € Z) modulus of
smoothness (this definition appeared in [21] [22])

3
W (£ iy = V(i ip+ Y it (= Phullonca,)
k=1 "

with step t < tq (to sufficiently small), Z; = (—oo, —Art=VA=D) T, = (—4rt, 4rt)
and Ty = (Art~ /(=D 1 00). Its main part Q" (f, t);, p is defined by

O (fit)up = sup [IAL(Hulliez, )
0<h<t '
where Z,.j, = [-Ar h=Y/O=D —dr h]U [4r hy Ar A=/ A=D] A > 0 is a constant and

Apf(z)=f <x+ Z) —f <x Z) , AT =A(ATT.

In the sequel, C will stand for a positive constant that could assume different
values in each formula and we shall write C # C(a,b,...) when C is independent
of a,b,.... Furthermore A ~ B will mean that if A and B are positive quantities
depending on some parameters, then there exists a positive constant C independent
of these parameters such that (4/B)*! < C.

Let us denote by P, the set of all algebraic polynomials of degree at most m and
by Enm(f)u,p = infpep,, |[(f — P)ul|, the error of best polynomial approximation
in LP. In [21] 22] the following Jackson and Stechkin-type inequalities have been
proved:

(2.2) Eu(f)up < Cu” (f%") Cr<m,

u,p
il
am

o) =) X ()

k=1

where f € L2, 1 < p < 00, Gy ~ m!/* is the Mhaskar-Rahmanov—Saff (M-R-S,
for short) number related to the weight u; in both cases, C is independent of f and
m, and |a| stands for the largest integer smaller than a € RT or equal.
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An estimate, weaker than ([Z2]), for the error of best polynomial approximation
is given by

CXN O [mf, >*,,+me 17 = PYlur-rary

C/ SRLA RS AL A

where 1 < p < oo and C # C(m, f) Inequality ([2:4) can be deduced from [22] (see
also [2]). In order to estimate the second addend in (24]), we can use the following
lemma, proved in [T}, 22].

dt

Lemma A. Let f € WP(u), 1<p<oo,r>1,v>0. Ify+1/p>r, then
@5 Ifulr-en < CE (Ifulliram + 1D ulir-am), a>t.

While if y+1/p <r,y+1/p# 1,2,...,7 and fr=177(0) exists, with T = |y + 1/p],
then there exists a polynomial P € P._1_, such that

26) I = Pl < CF (Ifullran + 1Fulran)
In both cases, C is independent of f and t.

To complete Lemma[Al we remark that if v+ 1/p = r, then ([Z.H) holds true with
t"logt~! in place of t" and if v+ 1/p = v € N, v < r, then (28] holds true with v
and t"logt~! in place of 7 and t", respectively.

For simplicity, in the sequel we will assume that v 4+ 1/p is not an integer.

By means of the modulus of smoothness, for 1 < p < oo, we can define the
Zygmund spaces

W (f, )5 p

Zf(u){fELﬁ:sup P < o, 7">5} s €RT,
t>0 ts

equipped with the norm

(f, p

) = [ fllze +sup

We remark that, by inequalities ([24) and 23], sup,~q A" (f,t)upt ® < 00 im-
plies sup;~.qw"(f, 1)y, ,t~° < oo. Therefore, in the definition of the Zygmund space,
w"(f, 1)y, can be replaced by A"(f,t)up

Orthonormal polynomials and Lagrange-type projector. Let us consider
the weight w(x) = |96|‘Xe_|x‘k7 a > —1, A > 1, and the related M-R-S number a,,,
defined by (see for instance [I1])

) 1/x "
s «

- 1 _) 1A
AB (A2 )] ( tom) ™
where B is the beta function.

Let {pm(w) }men be the corresponding sequence of orthonormal polynomials with
positive leading coefficients. These polynomials, sometimes called generalized Freud
polynomials, have been extensively studied in [5, 13} 28] [6] [7].

(2.7) A, = am (W) =
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We denote by zx, 1 < k < |m/2], the positive zeros of p,,(w) and by z_j the
negative ones. If m is odd, then xg = 0 is a zero of p,,(w). These zeros are located
as follows:

c C
—Qm <1—W> §$_Lm/2j <~-~<{E1<$2<"'<$Lm/2j < am <1_m2/3> ’

where C is a positive constant independent of m (see [13]).
In order to introduce a subspace of P,,+1, we assume m to be even and, for a
fixed 6 € (0,1), we set

(2.8) ;= 1<H,§1<nm {z: x> ban}.

So we call Py, 1 the subspace of P, 1 defined by
Prs1 ={Q € Ppy1 : Q(Fam) = Q(z;) =0, |i] > j}.

Setting
& (w;x) ,
x)=—"——==, |k <7,
outa) = EED i <

with

\ pm(wiz) — (ap, —2°)
2.9 f(wyx) = )
(29) ) = ) — o) (2 — )
the collection {p_j,...,0_1,¢1,...,¢;} is a basis of Py, 41 and, therefore, every

polynomial @) € P,,4+1 can be written in a unique manner as
= Y er(@)Qr)ulzr) = Ly, y(w, Qi ).
|k|<j
Extending the operator L} ,,(w) to the functions f € C,, we introduce
Lm+2 w fv Z ek w; QC )
|kI<j

This polynomial interpolates the function f at each zero zy, (|k| < j), and it vanishes
at the points +a,, and z; (|i| > j). So it belongs to Py,+1. Therefore Ly  ,(w) :
Cy — Pmy1 is a projector.

Notice that the Lagrange polynomial, L,,+2(w, f), interpolating f at the knots
x; (1 <m/2) and +a,,(w), can be written as

Lyio(w, f;x) Z O (w; ) f (k)
k<41
where £} (w) are defined as in ([2.9) for |k| < m/2 and

U £ pr(w; )

2.1 * z) = .
(2.10) ei(%‘“)(w’x) 20, Ppm(w; £am)

Then Ly, ,5(w, f) is not a “truncated” polynomial as in [26, 30], but it satisfies
L:q,+2(w7 f) = Lm+2(wa fj) )

where f; = x;f and x; is the characteristic function of the interval [—x;, z;].

Up to now we supposed m to be even. Nevertheless, if m is odd, we can replace
Pm(w; x) by pm(w; x)(xz — Tg)/x, where Tg # 0 is such that 1 — Ty ~ a,,/m. For
instance we can choose Tp = x1/2 (see [30] for more details). So, without loss of
generality, from now on we tacitly assume m to be even.
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From a numerical point of view, in order to compute Lj, ,,(w, f), we observe
that if A = 2, i.e. w(x) = |x|ae’“’2, then {p,,(w)}men is the sequence of Sonin—
Markov polynomials, which are simply related to Laguerre polynomials (see [§]).
In the case A # 2 we can use the Mathematica Package “OrthogonalPolynomials”
(see []).

The following Marcinkiewicz-type inequality holds true.

Jz|*

Lemma 2.1. Let 1 <p < oo, u(x) = o(z)e” 2 , A > 1. Let x, k < m/2, be the
zeros of pm(w) and set

_ Th41 — Tk, k>07
(2.11) Az, { Y

For any polynomial Q € Py,,, with b a fized integer, there exists 01 € (0,1) such
that

(212) > An @l v @) <€ [ Q@) v () d.
[kI<i A
where A, = [—01am, —21] U [21,01an], 7 and 0 are defined in 28) and C is a

positive constant independent of m and Q.

If u(z) = e="/2 and x are Hermite zeros, an inequality similar to (Z12) was
first proved by P. Nevai in [29].

We will omit the proof of Lemma 21 because it follows by the same method
as in [26, B0]. But we emphasize that (ZI2]) seems to be false for j = m/2 and
Q € Py, (see [14, [15] for similar remarks).

3. MAIN RESULTS

First of all we are going to show that (J,, Pm+1 is dense in L%, 1 < p < oco. To
this end in the next lemma we will prove a stronger statement.

In order to state the lemma we need some notation. We say that Py, € Py is
a “near best polynomial approximant” of f € L if ||(f — Pum)ullp < CEnm(f)up,
with C # C(m, f). Moreover, with 6 and j defined in (23)), we choose

(3.1) M= KJL)A ZLJ —:cm,

with 0 < ¢ < 1. Finally, we set

Eur(Fup = o inf 1(f = Qully-

Pm+1

Lemma 3.1. Suppose that w and u are the weights defined above with arbitrarily
fized parameters A > 1, a, ~, u. Then, for every function f € LY, 1 < p < 0o, we
have

(32)  Euws1(Nup < |[f = Liga(w, Pa)] ul|, < C{EM(f)up + ™| full, }

and

Am\" A\ * Am\"

am x | < r(y 4m am
33 () st | <o for (292)7 4 (%) 1ul
wherer € Z+, M is defined by B1)), and C and A are positive constants independent
of m and f.
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Therefore, by virtue of Lemma[B] every f € L can be approximated by means
of elements of P,,+1. Moreover if Py; € Py, is a near best polynomial approximant
of f, its projection in P,,41 has an analogous behaviour with respect to f.

Now we are able to study the interpolation process {L;,  o(w)}men in C,.

Theorem 3.2. Let w and u be the weights defined above and assume that their
parameters o, 7y, b satisfy

(3.4) Ogy—%gl and 0<p<1.

Then, for every f € C,, we have

(3.5) [ Lmt2(w, flull, < Clogm || fullo ,

(3.6) I[f = Lmg2(w, )l ull o < Clogm Epi1(f)u,co

and

(3.7) |[f = Lo (w, ] uf| < C{logm En(f)uoo + e ™| fulloo }

where M = cm, 0 < ¢ < 1, is defined by @), C # C(m, f) and A # A(m, f).

Hence, by virtue of a result due to P. Vértesi [34], Lyq2(w) : Cy — Py
and consequently LY . ,(w) : Cy — Ppy41 are projectors having the smallest norm
(as order), but L}, ,,(w) has the advantage of requiring only [bm] (0 < b < 1)
evaluations of the function f.

In the case A = 2 and a = v = pu = 0, Theorem recovers a result due to
J. Szabados (see [33]).

The following lemma states a converse inequality of (212 for polynomials be-
longing to P,,+1. To this purpose we recall that u(x) = |x|7(1 + |:E|)”’u(|:r|)e*‘zp/2
and w(z) = |x|ae_“”|x, a > —1, A > 1; moreover we denote by xj (Jk] < m/2) the
zeros of p,(w) and by Az the distance between two consecutive zeros defined in

E.II).

Lemma 3.3. Let 1 < p < oo and > 0. Then, for every polynomial Q € Ppi1,
we have

1/p
(3.8) 1Qull, <C | > Az Q)| uP(ax) , C#C(m,Q),
|k|<j
if and only if
1 « 1

We remark that (39) implies p < 1. Moreover, recalling Lemma 2T under the
assumptions of Lemma B3] the equivalence

1/p
(3.10) Qully, ~ | > Azy |Qax)|” u? (xx)
|k|<j

holds true for all polynomials @ € Py,41.

If j = m/2 and Q € P41, equivalence [B.I0) is in general false, as has been
proved in [26] when w(z) = e~l71" and u = \/w (see also [16]).

We want to show an interesting consequence of Lemma [3.3] and equivalence
BI0). Let u be a weight function in (a,b), —co < a < b < +oo. A basis of
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P, {t1,...,%m}, is said to be a Marcinkiewicz basis if, for every polynomial
gm(z) = D010, Bibi(x), it satisfies

m 1/p
<Z|ﬁi|p> ~ ||Qmu||LP(a,b) :
i=1

These bases appear in different contexts. If p = 2 they are the well-known Riesz’s
bases. In the numerical treatment of functional equations, they play a crucial rule in
the estimates of the condition numbers of matrices, coming from the discretization
of operators.

J. Marcinkiewicz was the first one who introduced these kinds of bases, in the
case of trigonometric polynomials. In the algebraic case, the Marcinkiewicz bases,
related to the interval (—1,1) and to generalized Jacobi weights, were constructed
in [9] and [20]. According to our knowledge, up to now in the literature there
were no examples of Marcinkiewicz bases on (—oo, +00) and related to exponential
weights.

Now, by LemmaB3l and by BI0), we can deduce that the functions

0 (w; ) )
%(fﬁ)—ma k| <J,
form a Marcinkiewicz basis of P11 with respect to the weight u if and only if (39)
is satisfied.
A further consequence of Lemma [3.3]is given by the following corollary.

Corollary 3.4. Let u be defined by 1)) and o(z) = (1 + |z|)"u(z). Assume
l<p<ooandv > %. If BA) is fulfilled, then, for any f € Cy, we get

(3.11) | Lol P, < Cllfole
where C is a positive constant independent of m and f.

Now we want to show that Ly ,,(w, f) behaves like the best polynomial approx-
imation in the Zygmund spaces ZP(u) and in the Sobolev spaces WP (u). We will
prove that in these spaces the operator Ly, ,(w) is uniformly bounded (obviously

if (3.9) is fulfilled). To this end the following lemma is crucial.

Lemma 3.5. Let 1 < p < co. Let w and u be defined as before and assume that
f € L? satisfies

(3.12) Q(f,t);,t P e LH0,1).
Then (BA) is equivalent to each of the following estimates:

. am\1/p [T Q(f, )k
(3.13) | Lz (w, fluf|, < C{Ifu||p+ (Hm) /0 —tr 4
and

(314) ||[f = Lypo(w, H)] ]|

: C{wr (f’ %):,p * (%)r | full, + (%ﬂ)l/p/o“ %dt}’

with C a positive constant independent of m and f.
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In particular, if f € ZP(u) and r > 1/p, i.e. sup;sqw”®(f, ) pt " <oo,k>1>
1/p, then by [BI4]) we have

(3.15) 11F = Livsalw, )] e, < € (22) 12z -

m

The following theorem shows the uniform boundedness of the operator Ly, , ,(w)
in ZP(u).

Theorem 3.6. Let 1 < p < co. Under the assumption B9), for every f € ZP(u),
r > 1/p, we have

(3.16) HL:@-i-Q(w’f)HZ?(u) <C ||f||Zf(u) :

Moreover, for every f € ZP(u), s >r > 1/p, we get

Qm

(3.17) 1 = Lo, Dl gy < € (32) 111

where in both cases, C is a positive constant independent of m and f.

ZE(u)»

Concerning the behaviour of L}, »(w, f), with f € WP(u), we will assume (in
addition to (39)) that v+ 1/p is not an integer. Then from (BI4]) the inequality

(3.18) 117 = Lisaw, D] wl, < € (2) 1A hweca

follows.

Theorem 3.7. Let 1 < p < oo, assume v + 1/p is not an integer and let [B9) be
fulfilled. Then, for every f € WP(u), we have

(3.19) [E5r2(@, Dllyp ) < €I llwe) -

Moreover, for every f € WP(u), s > r, we have

(3.20) 1£ = Lineal0, Al <€ (52) I lwe

where C in both cases is a positive constant independent of m and f.

We finally remark that, for @ = 0, hypothesis ([B3]) becomes —1/p < v < 1 —
i — 1/p, and thus all the previous results are true for a more restricted class of
functions.

Quadrature rules. We want to establish two statements concerning the main
quadrature rules. Let us first consider a Gauss-type rule defined as

(3.21) /Rf(x)w(x) de = 3 M) flar) + em(f)

|k|<j

where m is even, w is the weight defined above, xj, are the zeros of p,,(w), Agx(w)
are the Christoffel numbers and e, (f) is the remainder term. Rules of the form
B21) for Laguerre and Freud weights appeared for the first time in [17, [3] [I§].

The rule B2I) can be obtained by replacing the integrating function f by
Ly, o(w, f) and using the ordinary Gaussian rule. Obviously e, (f) = 0 if f €
Pr+1- In the following proposition we give a simple estimate of the error, which
can be useful in different contexts.
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Proposition 3 8. Let f € C,, where o(z) = |z (14 |z|)"v(|z|)e P, 0 < b < 1.
If [ w( (x)dz < oo, then
(3.22) lem (N < C{EM (oo +e 47| folloo}

where M = c¢m, ¢ € (0,1) is fized, and C is a positive constant independent of m
and f.

In many applications the following “product rule” can be useful:

(3.23) /f z)de = > Ay en(f) = Gum(fry) +en(f),

[k|<j

where € (f) is the remainder term, u(z) = |z|7(1 + \x|)“e"g”|x/2 and

(3.24) Axly) = / 02 (w; ) k(e y)u(z) d,

with £ (w) the fundamental polynomials of L}, ,(w, f), defined in 29), w(x)
\x|ae*‘z|x, ;= minlSkS%{xk cx > ban}, 0 € (0,1).

We will treat in a further work the construction of the coefficients A (y), which
depend on the parameters of the weights u and w, and strongly on the form of the
kernel k. Here, we want to assign the conditions under which the quadrature rule
Gn(f,y) converges to the integral uniformly with respect to the parameter y.

Theorem 3.9. Let us assume that k : R? — R and the weights u and w satisfy:

w(z)
3.25 su < 00
(3:25) "R )
and
(3.26) sup |k (z,9)| (1 +log*|z| + log™ |k(z,y)|) dz < oo,

yeERJR /W

where log™ x = log(max{l,x}). Then, for every function f such that || fulls < 00,
we have

(3.27) supsup |G (f, y)| < C|[fulls, C# C(f).

mye

Moreover B2Z1) implies

(3.28) sup

yeERJR /W

Thus, under the assumptions of Theorem [3.9] for every function f € C,, we have

|€%(f)‘§ Ciin+1(f%ng

and to estimate Em+1(f)u7007 we can use Lemma [B.1]

Furthermore, we emphasize that if k(z,y) = 1, then, by [B28)), inequality (321
is not true. However, Theorem comes in useful for a wide class of kernels. For
instance, let us consider a kernel of the form

P(z,y)
Q(z,y)’

|k:xy|dx<oo

(3.29) k(w,y) =
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where
P(z,y) = ch|x — tn| ™y — 7|,
hyi
Qa,y) =Y dyle —ay|*|y —b,|*™ >0,
v

with ¢;, do, vn, 0i, y, By, thy Ti, ay, by, € Roand h, i, n, v < N € N. In this case,
Theorem [B.9] turns into the following corollary.

Corollary 3.10. Let k: R?2 — R be as in 29). Assume that the weights w and
u satisfy B28). Then, for every f such that || fulle < 00, we get

sup |G (f,y)] < Cllfulloe, C# C(m, [),
yeR

if and only if
u(x)

EEE/R V()

4. PROOFS

‘%(x,y)‘ dz < oo.

First of all we recall some known results. The following lemma states some
polynomial inequalities, which can be found in [21I] (see also [31], pp. 277-343).

1A

Lemma B. Let u(z) = |z|7(1 + |x|)“e_%, with A > 1, p € R and v > —% if
l1<p<oo,v>0ifp=oco. Moreover let ay, = amn(u) be the M-R-S number
related to u. Then for any polynomial P € P,,, we have

m
@) 1P'ull, < G 2 P,
and
1_1
m p q
(4.2 Pty < e (2)" Tiral, 1<p<asoo.

where C is a constant independent of m and P in both cases.
Moreover, for any fizred d > 0, there exists C = C(d) # C(m, P) such that

(4.3) [Pull, < CllPullzra,,)
where A, = [—am, —d%} U [daﬁ, am]. Finally, V6 > 0, the inequality
(4.4) 1Pull o5, < Ce™ ™| Pull,

holds with By, = {x € R: |z| > (14+6)am}, C and A positive constants independent
of m and P.

The following inequalities deal with the behaviour of the orthonormal polyno-
mials and their zeros . In [5] it has been proved that
~1

sup

|22 a/2
pm(w;x)ef1T (|x|+@) Va2, — x?
Ie[*amgam] m

and

45) ol Vo) < ¢ Cae A,

— 22 +m~2/3a2,
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where A,, is the subset defined in Lemma [B] with a,,(w) in place of a,,(u). More-
over, the equivalence

4/ 2 2, G
~ Az y[a2, — a3 + k| <

1 m
1D (w0, 1) /() 2’

holds. Finally, the distance between two consecutive zeros of p,,(w), defined by
@II) (setting xm 41 = —x_m 1 = am(w)), can be estimated by

2
1
Axy, ~ 2m k<2,
2
from which we have

(4.7) Ay~ ™ K <5
m

Here C and the constants in “~” are independent of m and k.
Using the previous inequalities, we can estimate the fundamental Lagrange poly-

nomials, defined by (2.9) and ([2.10). By [.5) and (4.0), if |k| < 7, we get

Glwia)lu@) _ [pw(wse)| (a2 - ?)ul)
u(wy,) 1 (wi )| @ — xx| (a2, — 23 )u(w)
olfal) | T3 (14 lal \* Ay
(48) <Ol |z <1+xk|> EEr

for z € A, and z # x4, x4 being a node closest to x. Furthermore, the following
equivalence is well known (see [11], or [12, pp. 320-321)):

£ (w; )| u(x)

(4.9) en

~1

uniformly with respect to d and m. Finally, by ([3) and [@0]), with = a,, and
zq =z, it follows that

1/3
(4.10) P (w3 am)| v/ (am) > c,/”; .
By {I0) we get

*

paa)|u) ) Ve () W-%(1+|x|)u
u(am) T pm(w; am)| Jw(am) v(am) 1+ am

C am v(|x])

Va2, — x2 +m=2/3a2, m'/3 v(ay,)
TR 14 o]\
14+ am ’

for z € A,,. An analogous inequality holds for éigil(w).

T

A

am

IN

Qm

(4.11) <C % ’

am
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Now, for z € A,,, the sum

v(|x z |72 1+ |z| \* Az
D 1 (1 e
k|<%, ketd
-5
g elel) |2 7 (1l

v(am) |am 1+ anm
can be estimated as follows:
(4.12) S, vy, 1, z) < C logm ifogy—%gl,ogugl;
otherwise
(4.13) S0, y, pyx) < CmT,

for some 7 > 0 and «, vy, p arbitrarily fixed.

Proof of Lemma Bl We are going to prove [B.2]) and (B3] only for 1 < p < oo, the
case p = oo being simpler. Let Py; € Py; be a near best polynomial approximant

A
of fell, M= {(%) %J and Q = L}, o(w, Prr). Using (@.3), we have

Eni1(Nup < [1(F = Qully

< Q= Pa)ully + C Eni(f)up

= [[[Lyura(w, Par) = Linga(w, Pag)] ul|, + C Bar(fup

< C H[ m+2 ’Z,U PM) Lm+2(w7PM)] UHLP(Am) + CEM(f)u,p
The first addend is dominated by

05 (w;
Cam(u)l/p sup  |Py(z)u(x)| sup Z M ,
|20, (w) cedn sy W)

where A,, = [fam(u), fda’#(u)] U [da’#(”),am(u)], d > 0. Using (@3) and ({I3)

the sum is not greater than Cm7 for some 7 > 0. Therefore it remains to estimate
the quantity

Ym = am(W)PmT  sup  |Pa(x)u(z)].
|z[>0am (w)

But, for the choice of M, it is easily seen that 0a,,(w) > (14 6)ay (u). Then, using

@A) and ([@2), we get
Ym < Ce ™2™ Parull, < Ce™™|| full,,

from which 32)) follows.
Now we prove ([33]). By the Bernstein inequality (1), we have

( )HLm+2 w,PM)(’")uH
p
< (%) [ [at P = Lot Pan)) | ()" |7

< C|[Lmta(w, Par) = Liyya(w, Pa)] ul| | + (am) Hp}} uH
m P
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We have already seen that the first addend is less than Ce2™| ful|,, while, in
order to estimate the second addend, we can use the inequality

(52) ], = oo (522, (22) s}

proved in [22]. This completes the proof. O

Proof of Theorem B2l By the Remez-type inequality (£3]) we have
[Lim2(w, ull o < C | Lms2(w, flullpoa,,) -

For every x € A,,,, we can write

| Lno(w, fi2)|u(e) <ule) Y |G (w;a) flay)]

|k]< 3 +1

|£a(w; x)| u(x) |45 (w; )| u(z)

< IfUIloo{du(x) o2 kuT
d kAd, |k|<2 k
Naaafue) ey @) ue
u(am) u(—am)
= [fulloo {Ix + T2 + I3 + 14},
where 24 € {—2m,...,xm} is a zero closest to x.

By (£9) and (£I2) we have
L +1, <C[1+ Sp(a,v,u2)] <Clogm,

recalling the assumptions on «, v, x4 and z.
Let us estimate only the term I3, since I, can be handled in a similar way. By
O (w5 x)‘ u(x)
m 4 q 3
; (%)

@11, since vy — § > 0 and 0 < p < 1, we have
Y3 H
< <1+_|x|> <c.
u(am) v(am) 1+a,,

v being a nondecreasing function. Thus ([B.3) and ([B.0) remain proved.
Finally, by [8.2)), inequality (37) follows from (B3]). O

In the sequel we will need the following proposition.

Proposition 4.1. Let t(z) = pp(w; z)Jw(z) /a2, — 2% and g € LP, 1 < p < 0.
Then we have

(414) (/ |g<a:>t<x>”dx)l/p e [” |g<a:>|”dx)1/p

with C # C(g, t).
Proof. Let m be even. Set

I, = U (xk — gAxk,mk + gAmk> ,

k<%

T

Qm

with a fixed § > 0 sufficiently small and xj the zeros of p,,(w). Moreover, define
Crm = (—am,am) \ In.-
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From (£9) it follows that

s )| (o) /a2, =2~ L2,
Zq

where x4 is a zero closest to x, and then we have

t(z)| >C, z€Cp.

Hence we get

lotl = ¢ [
Cm

~c{/f " rars [l i

m

=Cam {/_1 lg(amy)l” dy+/l* lg(amy)l” dy},

m

lg(x)]” da

with

The measure of the subset I, is less than C§/2 and, by the absolute continuity of
the integral, we can choose § such that the integral extended to I, is one half of
that extended to [—1,1] and then we obtain ([@.I4]).

Note that the same proof works if m is odd. (I

In order to prove Lemma B3] we need the following result, proved in [27].

Lemma C. Denote by 2™° = |z|"(1 4+ |z)* " and 1 < p < oco. Ifr > R, s < 5,
r > —%, s<1— %, R<1- %, S > —%, then there exists a constant C, independent

of f, such that
I

Proof of Lemma[33l Let us first prove that (39]) implies (B.8). By (£3) and since
Q € Pimt1, we have

1Qullp < CllQullzr(a,,)

f(y)xr’sdy'pdx <C / |f(a:)a:R’S|pdx.
R

RL—Y

=C sup / Q(x)g(x)u(z) dz
lgllLacamy=11J Am

—C sw [ L@y ds
[l9llLa(anm)=1 m

=C sup  [A(g)],

lgllLacanm,)=1

1,1 _
where;—i—a—l.
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Using (0] we get

Qon)u(zr) Pon(wi) (02, = 2)g(w)u(x)
A61= |3 et D s, v o
C A Q)| w7 / pm(wi2)(a3, — 2)g(@)u(w)
R AT ) e EA I RV 2=
€ Awe Q) ulew)lza 27
i iz VU@ fal)m )l
where
[ (@ = P R@) ~ (0~ v y) R() glo)u(a)
= [ — ) o
= Ha, (Giy) ~T@)Ha, (Fi9).

G(y) = (az, — v*)pm(w; y)g(y)u(y) ,
L(y) == (a;, — y*)pm(w; y)R(y) ,

R is an arbitrary polynomial of degree bm (b > 0), which will be specified in the
sequel, and H 4,, is the Hilbert transform extended to the subset \A,,. Here and in
the sequel, for each set A, we denote by

de and H(f;y) = Lx)dx

Halfsy) =
ALY RT—Y

the Cauchy principal values of these integrals.
Note that II is a polynomial of degree at most m + 2 + bm.
Using the Holder inequality and Lemma BT we get

1/q
C Nk ?
' (mzq Ao St | )
o q 1/q
< ly|z " .
ai’#s@){ (/A ST e G| dy)
o q 1/q
I | R gu,
: </Am it e T ()| d‘”) }

o q 1/q
C ly|= " .
: ﬁ?s@){ </A S e G0 dy)

\/
'A:(n

[A(9)]

IN

oy u q 1/q
v(|y|)y(|1w ’F(y)HAm (%ay)” dy) }

(4.15) =: %S(Q){Bl + By},
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where
1/p

SQ) = | Y Az |Qul” (1) )

[k|<j
A= [—Glam, —daﬁ] U [d%,@lam], d is a fixed constant and 0 < 6 < #; < 1.
Using ([@35]) we have

(4.16) IG(y)| < CadPlyl" 2 v(ly)) (L + [y)* lg(y)]

for every y € A,,.
Settingr = R = § —v and s = S = § —v— u, with p replaced by ¢, and recalling
3), we can use Lemma[Cl Thus, by ([@I6), we get

g3 . \va
e / a1 = Tone Han (G } d
1 <A:,L S e G y>

(. [ e o)
</R [wﬁ IH(XAmG;y)q dy)

¢ (/Am M'iyu—m G@)'de) :

<cap(f [Mw‘%(l ¥ y|>“|g<y>|rdy)

(4.17) < Ca¥?||gllpo(a,,) = Cal?,

where x4, is the characteristic function of the set A,,.
In order to estimate By we choose R € Py, (see for instance [11]) such that

IR(y)| ~ Vw(y), ye€An.

1/q

IN

1/q

I
Q

IN

1/q

By (&5) we have

(4.18) ID(y)] < C (a2, — y2)%/* [R(y)

IN
Q
S
3L
3]

Using the same arguments as in the estimate of By, by ([@I8]), we obtain
9(y)uly)

me<cal(f, [t s "Ry Tdy)w

<car(f P b o] )

(4.19) < Ca¥?||gllpa(a,,) = Ca’l?.

m
Combining the estimates ([LI7) and (@I9) with (£.I5]) and taking the supremum

on g, we get (B3).
It remains to prove that (3.8) implies (3J). Since (B8] holds true for every
Q@ € Pp+1, in particular we have

165 (w)ull, < C(Azy) P u(zy),

1/4q
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i.e.

2577 (M) t(z)(a2, — 22) p ) 1
(4.20) C> 1+~ (/R (1'—$1)(a,2n—1‘%) d ) ,

where t(z) = pm(w; ) Jw(x) /a2, — 2.
For x € [0,1] we have 2; ~ Ax; ~ a,/m and a? — 2? ~ a? — 22. Using
Proposition 1] it follows that
P 1/p
dx)

@ _1 1

C>Cal T (/

0

%7 +171 1 N 1/p

se() ()
m 0

since |x — x1| <1 and 14 2 > 1. Hence

77 E (1 + ]

t(z) I (

14+ x)*
r —

1 o 1
— <y-—=<1--.
P 2 P
1
Iffyfgzlfg,then
1 p 1
/ H2) 4] g > / 2051 g
0 r — T Z2
/1dx (m)
= — ~log | —
zzx Am
Thus we get
1 o 1
——<y-o<1——.
D 2 D

Moreover, by ([E20), we obtain

a-,"/2 1/p a_q 1
c>C / L5 —1u)p 4, ~an 2 thty :
am /4

then we must have v — § — 1+ pu + % < 0. But, as before, we cannot have the
equality; otherwise the integral would have order log a,,. Therefore it must be
o 1
Y=o tu<l——.
2 P
This completes the proof. O

Proof of Lemma B3l We first show that (3.9) implies (3.13) and (B.14]). By Lemma
and using well-known arguments (see [26] for more details), we get

1/p

[ Lz (w, ull, < C | Y7 Ay |f () P P ()

[k[<j

Um 1/p K QT(fJ)Z,p
<C {lquLp(gm) + <E) /0 t1+1/p dt o,

where A, := [~0a,,, —d2%=] U [d%= a,], d > 0.
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Let Pps € Py be a near best polynomial approximant of f € LP and set @ =
Ly yo(w, Pyr). By B.13) we get

If = Lo o (w, Hlully < N(f = Qullp + 115, 2(w, f = Q)ull,

m\1/ mw QN (f—Q, )k
gc{|<fcz>u||p+(‘jn) AR ”’dt}

W\ [ QU(f, ) N
(421) sc{w—@unw(%) g P qr (42 >u||p},

m
since, for any g € WP(u), 1 < p < oo, if v+ 1/p is not an integer, then we have
(see [22])
(4.22) W (g,1)5, < Ct" g,

u
with C # C(g, ).
Hence, using Lemma B.J] and the Jackson-type inequality (2.2)), inequality (B.14)
follows from ([Z2]).
On the other hand, it is easily seen that (313) is equivalent to ([BI4). Therefore
it remains only to prove that (BI3]) implies (B:9]). To this end, let us consider the
function

07 .’L'S_xl,

T 1

2_+§7 _I1<.’IJSI1,
fo(z) = Ty + o

Al’l Axl’ 1 2

0, T > Ty,
Thus we have L, »(w, fo) = {1 (w). By B.I3) we get
[ Lyigz(w, fo)ul|, < Cllullio(—y,25) »
ie.
(4.23) 65 (w)ull, < C (M) u(ay),
using the Marcinkiewicz-type inequality (3.8). As in the proof of Lemma B3] con-

dition (B3] follows from (23] O

Proof of Theorem BBl We note that, using the Stechkin-type inequality (23], for
every f € ZP(u) we have

i

12200y ~ | Fullp + sup ( ) B/
i>1 a

3

Therefore, for every f € ZP(u), s > r > %, we get
||f - L;m+2(wvf)||z£(u)
= Zhvesto Nl 500 (L) B (7 = Lratwn 1),

(4.24) =:A+B.
By using Lemma [3.5] we obtain

Am \ 3
(4.25) A<C (2 Nl -
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Since
SH[fiL;kn—i-Q(waf)}quv Z§m+1,

Ei (f - L:(LJFQ(wa f))u,p
:Ei(f)u,pv i2m+27

then we have

posm () B Ltw ),

i>1
-l o, (a%) R A YR,

gmax{c@) (%) Wm0 (1) <>E(f)}

am S—r
. < — .
(4.26) _C(m) 2w
Combining (£25) and ([@.26)) with (£.24)), we obtain (B.10) and BI7). O

Proof of Theorem Bl We first prove inequality ([B.20). Assume f € WP, s > r,
and set Q41 = L, o(w, f). By (BI4) we have

(o)
f=Qmy1 = Z (Qor+1(ms1) — Qat(ms1))  a-e.

k=0
and, by the Bernstein inequality (4], it follows that

oo
H(f B Qmﬂ)m qu < Z H (Q2’“+1(m+1) - QQk(mH))(T) qu
2k+1(m+ 1)
<03 (Triyl) sy ~@uincn]ul,

By [B.I8) and taking into account that agr+1(mq41) ~ 20kt Ag, . we get

[0 = @ < Clshr S (it
k=0

a s—r o s—r
~ m v (k+1)(1=X)/X
(%) e 3 (2 )

k=0

Am \ 5T [e'e] )
=0 (H) £l D 2E+DA=0/
k=0

< (™) I lwr

since 21-M/A < 1 for A > 1.
Now let us prove inequality (B19). We have

(4.27) ||Lm+2 '(U,f)HW?g ||Lm+2 w, f)UHp + HL:n—i—2(wa f)(T)UHp~
By BI]) we get
(428)  |[LisaCw, D, < Ifully + € (2 1w < C 1A lwec
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Let us consider Py € Py, with M ~ m defined by BI)), a near best polynomial
approximant of f € WP (u). We can write

|Enatw )Ou|| < || Ernsat, £ = Pan) O
By B3) and [@22]) we have
(4:29) |Eansatw. )| < Clllwe.

+ HL:‘,H_Z(w, Pr) M
P

p

since f € WP(u) and v+ 1/p is not an integer.

Finally, by (£I)) and 28], we get

HL:@H(@U,JC - PM)(T)UH <C ( > | Lz (w0, f = PM)qu

m
<€ () Bulfun+CIf - Pl
Qm
Using Lemma [3.1] and the Jackson-type inequality ([2.2]), we obtain
(4.30) |Ztnsatw. =P < Cllfllweco

By ([#23), (29) and {30), inequality BI9) follows from (@21T). O
Proof of PropositionB8. Let Py € Py, with M given by ([B]) being a “near best

polynomial approximant” of f € C,. Then we can write

(4.31) lem (F)] < lem (f = Par)| + |em (Par)l-

Since the ordinary Gaussian rule is exact for Py, for the choice of M, by (@4
and by the hypotheses, we get

lem (Par)l = | D Ak(w) Pas ()
[k[> 37

1Paco ]| oo (> 0am (w)} D
[k|>j7

)\k(w
o(zk)

~

IN

w()
< ||Pmo||lp=1)z anr o / dx
| Prro|| Lo flz)> (140)an (o)} o)

(4.32) < Ce A Py0loe < Ce ™ ™| £0]oo -

Moreover, we have

>\k

enf = )l < 106 = Pudol | [ 25 o 3 2

|k|<j
(433) S C EM(f)U,oo .

Hence, by (@31)), @32)) and @33)), we get ([B22]). O
Proof of Theorem B4 First of all we remark that ([B.27) is equivalent to
(4.34) Sp sup | Loz (w, Fkyul; < Cllfulloo

Yy m

where ky(x) := k(z,y).
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Let us prove that (3:25) and (3:26)) imply (@34). By definitions ([3.23]) and ([3.24)

we can write

m+2 w’ f)kyqu
S HLer2 w, f)kyuHLl(Im) + HL:nJr2(wa f)kyuHLl(R\lm)
(435) =: A1 + A2 y

where I,, = [—am, G-
Using arguments and notation similar to those in the proof of Lemma [B.3] we
get

||f Hoo |xk‘ 27 Axy
A <C E 11 ,
' dm/2 |k|<j 1 | k| | (xk)|

where

10) =, (6730) = T ()0, (2%t

G*(z) == (ay, — 2*)pm(w; 2)g(2)ky(x)u(z) ,

I*(t) := ( o = P )pm(wit)R(t),
g(z) :=sgn {L},  o(w, f;x)ky(z)}, R is an arbitrary polynomial of degree bm (b >
0), which will be specified in the sequel and #Hj,, is the Hilbert transform extended

to I,,.
By the Marcinkiewicz-type inequality (2:12]), we have

Ul 5
A <C II(¢)|dt.
1<CTsE ) are M)

Moreover, by ([B.23)), it follows that
A <C ”f“”°°/ IT1(t)| dt
I

3/2
ail

m

[ fullso .. . gkyu
<C 3 /1 |H,4m(G,t)|dt+/I IT* ()| |H1,, = ,t ]| dt

u
el (5,
am

=:C
In order to estimate B, we can write
* 3
G™(2) = (a2, — 2%) """ /a8 = 22pm(ws 2)g ()b (w)u) = a3[2Gh(x),
with G; € Llog™ L, and by (IE) we have
|G1(2)] < Cla"™ % (1 + [2])* [y (2)] -

|
Therefore, using a well-known result (see for instance [32]), we get

B :CaSm/Z/ |H1,, (G1,t)|dt

Im

§Ca3m/2/ 1GL ()] (1 + log* |G1(1)]) dt

m

(4.36) < Cay/? /th\”*%(l + [E)* [y (8)] (1 +log™ [ky (t)] +log™|¢]) dt
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By (B:26) the previous integral is bounded.
The term By can be estimated in the same way. In fact, choosing R such that

x) ~ y/w(x) for x € I,,, we obtain

IT*(t)] < Cay?

and
@) B Cal? [ Pyl o (14 10g" [k (o)) + log"fa] s
- Im Vw(z)

From the estimates ([£30) and (£37), it follows that
(4.38) A < Cf|fulles -
Concerning the term A,, we can write

Ay = |‘L:n+2(w7f)kyu||Ll
= Dl + D2 )

+ || Lo (w, £kl

(Js,m) {lz[>am (1+8)})

where Js ., 1= {am < |z] < am(1+9)}.
By virtue of (£6), D; can be estimated as

Sullso Z k|2 ”Afﬂk/ [ (w; ) (a3, — 2?)ky (2)] u(a)
Js

22 _
an’ o2 (1+ |zg])® T — Tk

,m

Moreover, by inequalities ([£3), for p = oo, and (@A), we get

Dyl So g [y @llers a4 farar
J,

Am .
[k|<j

5,m

< Cllfulloo /R [y (@) =2 (1 + [a])*dz < C| fulls ,

since @ — zj, > (1 — 0)ay, and |22 — a2, [¥/4 < Ca¥/?, and using (325).
Let us estimate Dy. By (£4) and (£I13), for some 7 > 0, we have
Dy < Ce ™ || Ly, o(w, full 1Kyl
< Ce ™ m7|| fullso [yl < Cl fullos -

It follows that
(4.39) Az < Cf|fullos -

Combining ({38)) and (£39)) in (£35]), and taking the supremum over all y € R we
get (B.27).

Finally, in order to show that (£34) implies ([3:28)), let us consider a function
fo such that |fo(x)] < 1 for every z € R, fo(zr) = sgn[p,,(w;zk)(x — xy)] for
x1 < ap <1land fo(xg) =0 for zx > 1 and for z; < x;. Hence we have

. 2 .2
Dl foze) = Y L@ 2]

o lws )T — axl(a, = 3)
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Using ([&.4]), for z € [0, 1], we obtain

2 .2
’L:T+2(w7f;x)‘:|pm(w;x)| Z (am x2> T 1

oo a2, — a3 w;zk)| [T — xp
~ [pm(w; )| V/az, — 22 Z Azp/w(ry,)
1<z <1

> (i) Vg =22 S [ Vemd

z1 <z <1 Tk
1
> |pm (w; x)] {‘/a?n — a2 \/w(t) dt
1/2

= C lpm(w; )| Va3, — 22

By [@34), for every y € R, we have

lufloo > C / Lo (w, fos 2)k(z, )| u(z) de
R
1
> / [P (w; 2)h (2, )| /@B, — Pu(x) de
0

> [ Ik “—% dz,

using Proposition @1l Since

/ )] -4y <o WyeR,
R\[0,1] w(x)

taking the supremum over all y, we get ([B.28). O
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