The Journal of Geometric Analysis (2023) 33:281
https://doi.org/10.1007/s12220-023-01271-4

®

Check for
updates

W12 Bott-Chern and Dolbeault Decompositions on Kahler
Manifolds

Riccardo Piovani'2

Received: 25 May 2021 / Accepted: 26 March 2023 / Published online: 21 June 2023
© The Author(s) 2023

Abstract

Let (M, J, g, w) be a Kihler manifold. We prove a W!-2 weak Bott-Chern decom-
position and a W% weak Dolbeault decomposition of the space of W2 differential
(p, q)-forms, following the L? weak Kodaira decomposition on Riemannian man-
ifolds. Moreover, if the Kéhler metric is complete and the sectional curvature is
bounded, the W2 Bott-Chern decomposition is strictly related to the space of W12
Bott-Chern harmonic forms, i.e., W2 smooth differential forms which are in the
kernel of an elliptic differential operator of order 4, called Bott-Chern Laplacian.

Keywords Bott-Chern harmonic forms - Dolbeault harmonic forms - Kéhler
manifolds - L? Hodge theory

Mathematics Subject Classification 53C55 - 32Q15

1 Introduction

Let (M, g) be a Riemannian manifold of dimension n. Assume, for simplicity, the
manifold is oriented, and consider M endowed with the standard Riemannian volume
form. Denote by A the space of smooth k-forms, by A’C‘ the space of smooth k-forms
with compact support, and by L?AF the space of possibly nonsmooth measurable
k-forms which are square integrable on M. Let % : A¥ — A"~k be the star Hodge
operator. Indicate by d the exterior differential on forms, and by d* its formal adjoint.
Define L2H* c L?A* the subset of L2 forms ¢ such that the forms d¢ and d*¢ are
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equal to zero in the sense of distributions. Kodaira, in 1949, [1], proved the following
fundamental orthogonal decomposition of the Hilbert space L>A*:

Theorem 1.1 [2, Theorem 24] Let (M, g) be a orientable Riemannian manifold. Then
L2AK = 275 & dAT @ de AR
Moreover, L*H* c A, and
124K N Ak = 127 @ ( dAk= 1mAk)@(WmAk).

After the establishment of Theorem 1.1 by Kodaira, this new born L? Hodge theory
was contextualized into the theory of unbounded operators between Hilbert spaces.
See, e.g., [3-5] for some classical reviews, and, e.g., [6, 7] and [8, Chapter VIII] for
some modern reviews of the topic. See [8, Chapter VIII] also for various applications
of this theory on complex manifolds, e.g., L? estimates for the solutions of equations
du = v on weakly pseudoconvex manifolds.

Denote by Ay = dd* + d*d the Hodge Laplacian. If the Riemannian manifold
(M, g) is complete, given a form ¢ € L>A* N A¥, Andreotti and Vesentini, in 1965,
[9, Proposition 7], proved that dp = 0 and d*¢ = 0 if and only if Ay =0, i.e.,

L*H* = L*H* .= {p € L*AFn A¥ | Agp = 0},

These results by Kodaira, Andreotti, and Vesentini hold without any significant
modifications in the context of Hermitian manlfolds (M, J, g, w), substltutmg the
operators d, d*, and Ay, respectively, either with 3, 9" := —x0*,and Ay = 90" +0"0,
or with 9, 9* := — % 9x and Ay = 99* + 0*0, where x : AP?9 — A"~P-""49 ig the
complex anti-linear Hodge operator associated with g, and A?¢ denotes the space of
complex forms of bidegree (p, q).

Kodaira and Spencer, in 1960, [10], while developing the theory of deformations
of complex structures, introduced the following elliptic and formally self-adjoint dif-
ferential operator of order 4

Apc = 990 9" +9 900+ 000 0+9 999 +9*d +9 0

to prove the stability of the Kéhler condition under small deformations. Schweitzer,
in 2007, [11], developed a Hodge theory and proved a Hodge decomposition for the
operator Agc on compact complex manifolds, naming it the Bott-Chern Laplacian,
since its kernel turns out to be isomorphic to the Bott-Chern cohomology. The Hodge
decomposition proved by Schweitzer is called Bott-Chern decomposition. The kernel
of the Bott-Chern Laplacian is called the space of Bott-Chern harmonic forms, and it
is denoted by H ?. He proved
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Theorem 1.2 (Bott-Chern decomposition) [11, Theorem 2.2] Let (M, J, g, w) be a
compact Hermitian manifold. Then

AP = HEE B 0TAP 1471 @ 9 APHLY L G AP,

During the last years, Tomassini and the author of the present paper studied W!-2
Bott-Chern harmonic forms, namely smooth forms which are in the kernel of the
operator ABC with bounded W2 norm, on d-bounded Stein manifolds [12], and on
complete Hermitian manifolds [13]. We proved some characterizations of W2 Bott-
Chern harmonic forms and vanishing results following Gromov [14]. In particular,
on complete Kéhler manifolds with bounded sectional curvature, we generalized the
classical characterization of Bott-Chern harmonic forms holding on compact Kéhler
manifolds. The result can be viewed as the Bott-Chern analog of the Theorem by
Andreotti and Vesentini we discussed above. Denote by ||-|| the standard L? norm
defined on tensors, and by V the Levi—Civita connection.

Theorem 1.3 [13, Theorem 4.4] Let (M, J, g, w) be a complete Kdihler manifold.
Assume that the sectional curvature is bounded. Let ¢ € AP4, with ||| < 400 and
IVl < 4+00. Then

Apcp=0 <= 03¢=0,00=0,0%=0,0¢=0.

Taking into account Theorem 1.3, we are motivated to investigate a decomposition of
a Sobolev space of differential (p, g)-forms, involving the abovementioned space of
W12 Bott-Chern harmonic forms. To do this, we introduce the following W12 inner
product, as in [9, Section 2].

Let {( -, - )) be the standard L? inner product defined for (p, ¢)-forms on Hermitian
manifolds. For «, B € AP"4, set the W12 inner product:

(o B N2=( e ) + (90,3 ) + (97,3 B ),

and denote by W21’2AP"1 the completion of the space of (p, ¢)-forms with compact
1

support AZ*? with respect to the norm ||-[|> :=(( -, - )); . Define the space
Wl,Zﬂp,q i Wl,zAp,q v A*,* d* _ 35 =0
) THpe =1{p € W, |Vy € AZ" (9. d%y )o=( 9,90y ))2=0}.

Then, we are able to prove the following W!-? weak Bott-Chern decomposition. See
Theorem 5.2 and Proposition 5.3.

Theorem 1.4 Let (M, J, g, w) be a Kdihler manifold. Then, we get the following
orthogonal decomposition of the Hilbert space (W21 2APG (-, W)

- L1 —
Wy 2 AP = Wy PGS @ 99 AL @ oAl 4 3T A
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Moreover, Wzl’zHg’g C AP and

W2 AP 0 AP

~ N S 1 —
= W;’QHgg I (331451,(11 N Ap,q) ® (8*Af+1"1 + B*Af’qﬂ n Af”q> .
Define also the space
1L.245p, 1,2 — _
Wy "HET = (g € Wy "AP |Vy € ATT (( o, 3y Ma=(( ¢,y N2=0}.

Arguing in a similar way as before, we obtain the following W2 weak Dolbeault
decomposition. See Theorem 5.6 and Proposition 5.7.

Theorem 1.5 Let (M, J, g, w) be a Kdhler manifold. Then we get the following orthog-
onal decomposition of the Hilbert space (Wzl’zAp'q, {( - M)

~ 1 = — 1L =
Wy 2APa = Wy HE @ aAlY T @t Al

Moreover, W21’27:[§’q C AP, and
1.2 4p.q Pq 127500 & (5 4701 pa\ & (35 4r-at] P-q
Wy ARG 0 AP = Wy HDT & (DAL 0 AP ) & (3T ALT nard ).

This notes are divided in the following way. In Sect. 2, we briefly recall some
concepts from the theory of unbounded operators on a Hilbert space, introduce the
maximal and minimal extension of differential operator on a manifold, and state the
classical results of elliptic regularity which will be useful in the following. In Sect.
3, we set the notation of complex and Kihler manifolds and recall the definitions and
the main properties of the differential operators which will be studied later. In Sect. 4,
we describe four W12 norms of differential (p, ¢)-forms, which turn to be equivalent
on Kihler manifolds with bounded sectional curvature. In Sect. 5, we prove a rule
of integration by parts for the W12 inner product introduced above, from which we
derive our main results, Theorems 1.4 and 1.5. Finally, in Sect. 6, we highlight the
relation between these W !-2 weak decompositions and the spaces of W!-2 Bott-Chern
or Dolbeault harmonic forms, on complete Kéhler manifolds with bounded sectional
curvature. We also generalize, to the noncompact case, the well-known property that
on compact Kéhler manifolds, the kernel of the Dolbeault Laplacian and the kernel of
the Bott-Chern Laplacian coincide.

We remark that the Kihler condition is fundamental for the kind of proof of a
W12 weak Bott-Chern or Dolbeault decomposition presented in this work. It would
be interesting to understand if a W' weak Bott-Chern or Dolbeault decomposition
can be determined in full generality for Hermitian manifolds.
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2 Unbounded Operators on Hilbert Spaces and Elliptic Regularity

We briefly recall some concepts from the theory of unbounded operators on a Hilbert
space. If H is a Hilbert space, the graph of a linear operator P : H — H with domain
D(P) is the set {(x, Px) € H x H|x € D(P)}. An operator is closed if its graph
is a closed subset of H x H. By the closed graph theorem, an everywhere defined
operator with a closed graph is automatically bounded, therefore, when dealing with
unbounded operators we need to also keep track of their domain.

An extension of P is an operator P’ such that D(P) C D(P’) and Px = P’x for
every x € D(P). An operator is closable if the closure of its graph is the graph of a
linear operator.

If D(P) is dense in H, then we say that P is a densely defined operator, and we can
define the adjoint of P, indicated by P?. Its domain is

D(P'") :={y € H|x —{( Px,y)) is continuous on D(P)},

where here (( -, )) denotes the Hermitian inner product of the Hilbert space. If
y € D(P?), then P'y is defined by the relation:

(( Px.y )=(x.P'y)) Vx e D(P).

This definition makes P’ a closed operator. If P is closed, then P! is densely defined
and P = P.

An operator is symmetric if {{ Px,y ))=( x, Py )) whenever x, y € D(P), and
self-adjoint if moreover D(P) = D(P'). A symmetric operator is always closable
since its adjoint is a closed extension. An operator is essentially self-adjoint if it has
a unique closed self-adjoint extension.

Let M be a differentiable manifold of dimension m, and let E, F be C-vector
bundles over M, with rank E = r, rank F = s.

A C-linear differential operator of order [ from E to F is a C-linear operator
P:T'(M,E)— I'(M, F) of the form

Pu(x) = Z ag(x)D%u(x) Vx € Q,

lell<!

where Ejq >~ Q x C", Fig >~ Q x C* are trivialized locally on some open chart
Q C M equipped with local coordinates x!, ..., x™, and the functions

aq(x) = (Agij(X))1<i<s,1<j<r
are s X r matrices with smooth coefficients on 2. Here
D% = (3/9x")% ... (3/ax"™)%m,

andu = (uj)1<j<r, D%u = (D%u )<<, are viewed as column matrices. Moreover,
we require a, # 0 for some open chart 2 C M and for some ||«| = [.
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Let P: '(M, E) — I'(M, F) be a C-linear differential operator of order / from
E to F. The principal symbol of P is the operator

op:T*M — Hom(E, F) (x,&) Z aq (x)EY.
llell=t

We say that P is elliptic if op(x,&) € Hom(E,, Fy) is an isomorphism for every
xeMand0#& e TM.

Let (M, g) a Riemannian manifold of dimension m. Assume, for simplicity, the
manifold is oriented, and consider the standard Riemannian volume form locally given
by

Vol(x) = | det g;;(x)|2dx" .. .dx™,

where g(x) = 3" g;;(x)dx’ ® dx/ for local coordinates x!, ..., x™. Let E be a C-
vector bundle over M, and take a Hermitian metric & over E, i.e., a smooth section
of Hermitian inner products on the fibers. The couple (E, h), or simply E, will be
called a Hermitian vector bundle. We define the Banach space L E, p > 1, of global
sections u of E with measurable coefficients and finite L? norm, i.e.,

1
lullp = (/ |u<x>|PVol<x)>” < f00,
M

where | - | = ({-, -))% and (-, -) is the Hermitian metric on E. We denote by Ll’;cE the
space of global sections u of E with measurable coefficients such that fu € LPE for
every smooth function f € C°(M) with compact support. For p = 2, we denote the
corresponding global L? inner product by

(v )= /M (u(x), v(x)) Vol(x).

The space L>E together with {{ -, - )) is an Hilbert space. Denote by ||-|| the L? norm

-1 L2
Let E, F be Hermitian vector bundles, and let P : '(M,E) — I'(M, F) be a

differential operator. We define the formal adjoint
P*:T(M,F)— I'(M, E)
of P by requiring that for all smooth sections u € I'(M, E) and v € I'(M, F), then
{( Pu,v )=(u, P*v))
whenever supp u N supp v is compactly contained in M.

We remark that the formal adjoint P* is a differential operator, it always exists and
it is unique, see e.g., [8, Chapter VI, Definition 1.5]. Note that 7** = T
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Let E, F be Hermitian vector bundles, and let P : '(M,E) — I'(M, F) be a
differential operator. Then it defines an unbounded linear operator P : L?E — L*F
which is densely defined and closable. It is densely defined since its domain contains
the set of smooth sections with compact support I'.(M, E), and we are going to show
two canonical closed extensions of P. The minimal closed extension Py, or strong
extension Py, is defined by taking the closure of the graph of P, i.e.,

D(Py) :={u € L’E|3{u;}; CTe(M, E), v € L’F, uj — u, Pu; — v},

and P (u) := v. The maximal closed extension Py, , or weak extension Py, is defined
by letting P act distributionally, i.e.,

D(Py) :={u € L*E |3 € L’F, Yw € To(M, F) {{v,w )=( u, P*w )},

and Py (u) := v. Note that D(P;) C D(Py,). Moreover, it is easy to see (P*)! = P,,.
A densely defined operator and its minimal closed extension have the same adjoint,
[15, Theorem VIII.1]; therefore, ((P*)s)" = Py, implying

(P*)s = (Pw)t» (P*)w = (Ps)t-

Then, a formally self-adjoint operator, i.e., P = P*, is essentially self-adjoint if and
only if Py = Py, see [15, p. 256] for a proof.

Finally, we state the following result about elliptic regularity, for which proof we
refer to [16, Corollary 10.3.10]. Let E, F be Hermitian vector bundles, and let P :
I'(M, E) - I'(M, F) be a differential operator. We say that the section u is a weak
solution of Pu=vifu e L! (E),velL! (F)and

loc loc

{u, PPwh=(v,w)) YweTl.(M,F).

Theorem 2.1 Let (M, g) aorientable Riemannian manifold, andlet E, F be Hermitian
vector bundles over M. Let P : '(M,E) — ['(M, F) be an elliptic differential
operator. If u € L}OCE, u is a weak solution of Pu = v and v is smooth, then u must
be smooth.

3 Complex and Kahler Manifolds

Let (M, J, g, ®) be a Hermitian manifold of complex dimension n, where M is a
smooth manifold of real dimension 2n, J is a complex structure on M, g is a J -invariant
Riemannian metric on M, and w denotes the fundamental (1, 1)-form associated to the
metric g. We denote by & the Hermitian extension of g on the complexified tangent
bundle 7TCM = TM ®g C, and by the same symbol g the C-bilinear symmetric
extension of g on TCM. Also denote by the same symbol w the C-bilinear extension
of the fundamental form w of g on TCM. Recall that h(u,v) = g(u,v) forallu,v €

@ Springer



281 Page 8of 21 R. Piovani

T1.9M, and w(u,v) = g(Ju,v) forall u, v € TM. We denote by A" the space of r-
forms with real values I'(A” M), and by A”-4 the space of (p, g)-forms with complex
values I"(A P9 M). We will consider only manifolds without boundary.

Let (M, J, g, ®) be a Hermitian manifold of dimension n and let Vol = “’ be the
standard volume form. We consider M endowed with the corresponding Rlemanman
measure. Given a (possibly nonsmooth) measurable (p, ¢)-form ¢, the pointwise norm

|@| is defined as |¢| = (@, go)%, where (-, -) is the pointwise Hermitian inner product
induced by g on the space of (p, g)-forms. More generally, we define in the same
way | - | and (-, -) on tensors. Then, L2AP4 is defined as the space of measurable
(p, g)-forms such that

1
ot = ([ 1P vol) <o
M

The space L>AP4, together with the Hermitian product

(v )= /M<"” ) Vol,

is a Hilbert space. The space L2AP-4 can be also seen as the completion of AZ*?, the
space of smooth (p, g)-forms with compact support, with respect to the norm ||-|.
Again, more generally, we define in the same way ||-|| and {{ -, - )) on tensors.

For any given tensor ¢, we also set

lollLoo := sup |e],
M

and we call ¢ bounded if ||¢|| L~ < oo.

Denoting by * : A”*9 — A"7P-"74 the complex anti-linear Hodge operator asso-
ciated with g, we recall the definitions of the following well-known 2nd-order elliptic
and formally self-adjoint differential operators:

Agi=dd* +d*d, A;:=099 +0 0, Ay:=0dd*+3%9,

which are respectively called Hodge Laplacian, Dolbeault Laplacian, and 0-
Laplacian, where, as usual

0¥ = — % 0%, 0 :=—%0%, df=—sxdx,

are the formal adjoints respectively of 9, 9, d. Moreover, the Bott-Chern Laplacian
and Aeppli Laplacian A gc and A 4 are the 4th-order elliptic and formally self-adjoint
differential operators defined respectively as follows:

Apc = 990 9" +9 900+ 000 0+9 99*9 +9*d +9 0
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and

Ay = 800 9% +0 0*00 + 99 90" +90*80 + 09" + 09 .
Bott-Chern and Aeppli Laplacians are linked by the duality relation
*AA = Agc*, *ABC = AA X .

We will be only interested in studying differential (p, g)-forms lying in the kernel
of the Bott-Chern Laplacian. The same study can be done for the Aeppli Laplacian,
using this duality relation when necessary.

If (M, J, g, w) is a Kédhler manifold, i.e., dw = 0, then the Bott-Chern Laplacian
and the Aeppli Laplacian can be written in a more concise form. Indeed, by Kihler
identities, see e.g., [8, Chapter VI, Theorem 6.4], we know that d and Fl anticommute,
as well as * and 9. Moreover, it follows Ay = 2Ay = 2A5. Therefore, we derive

ABC = AzA5+ 9*0 +5*5
and
A= AgAz+ 00" +30 .
In the following, we will make use of normal holomorphic coordinates on Kihler
manifolds. We recall that, if (M, J, g, ) is a Hermitian manifold of complex dimen-
sion n, then g is Kéhler iff for every zg € M, there exist local complex coordinates

z', ..., 7" centeredin zg such that g = gi]dzi®d2j+gi]d2j®dzi and g, - = &;;+[2],
where [2] indicates terms of order > 2, which is equivalent to say

8gl
’( )— (Zo)—O Vi, j.k=1,.

4 Sobolev Spaces on Kahler Manifolds

Let (M, J, g, w) be a Hermitian manifold of complex dimension n. Denote by V the
Levi-Civita connection. On the space of (p, ¢)-forms with compact support AZ*?, let
us consider the following global Hermitian inner products:

(o B i = o )+ Ve VB),

(o= G )+ (B BB )+ (T 08,

Cor s = o )+ o 8 )+ (%, 58 ),

KB = (e B ) +5 (B, 08 ) +5 (77, 0° )
3 (00,98 ) 5 (9 078 )
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Denote by ||-||; the norms defined by {{ -, - ))l% fori = 1, 2, 3, 4. Define the Sobolev
space Wil’zAp"f as the completion of AZ*? with respect to the norms |-||;, for i =
1,2,3,4. By section 2, we may write W21’2A1’*q = D@ + 5*)5), W31’2A1’"1 =
D((@ + 8%),), W, 2 AP = D((d + d*)y).

Remark 4.1 Let us con31der, on a Hermitian manifold (M, J, g, w), possibly non-
Kibhler, the Hilbert space W2l 2 APd just defined, as in [9, Section 2]. If the Hermitian
metric is complete, Andreotti and Vesentini, [9, Proposition 5], proved that W2l 2 APd

can be identified with the space of forms ¢ € L>A”*9 which admit ¢ € L?>AP-4F!
ok . . . . .

and 0 ¢ € L?>AP97! in the sense of distributions, i.e., forms Y E L% AP such that

there exist @ € L?AP4"! and B € L2AP-9~! such that for every y € AF*

)
{( By D= e. 0y ).

By section 2, this is equivalent to say W21’2A1"q = D@, N D((g*)w). Moreover,
they proved that if ¢ € W,’ 2AM then 350 = 9y and (3 )5 = (3" )we. With
analog proofs, we also derive W 2AP9 = = D(3y) ND((0%)y), and if p € W1 2 AP 4,
then 83<p = 0y and (0%);¢ = (0™)ye. Mutatis mutandis, the same holds also for
W4 2P,

Note that on A?*?, integrating by parts, we have

(B M=, B )+ {{a Az8 ), (1)
(. BN3=( . B) + (@ AsB ). )
(o B Na=(c. BN +5 (. AsB+ A58 ). 3)

Now, if we assume that g is Kéhler, then Ay = 2A5 = 2Aj5 by Kihler identities,
and (( -, N2=(( -, )3={ -, - ))4. Thus, the norms |-||2, ||-]|3 and ||-||4 are equal on
AP Therefore,

W 2AP4 — W12qu W12qu

and the couples (W,"*AP4, (( -, ));) are the same Hilbert spaces for i = 2,3, 4,
when g is Kéhler.

Remark 4.2 In the following, when proving a result for {{ -, - ));, with j equal to 2, 3
or 4 on a Kihler manifold, it means the result holds the same way also for ({ -, - ));,
withi =2, 3, 4.

‘We now focus out attention on the relation between ||-||1 and ||-||; fori = 2, 3, 4. Let
(M, J, g, w) be a Kihler manifold of complex dimension n. For any given ¢ € AP"4,
and for

Ap=(ar,...,0p), By = (B1,....B9)
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multiindices of length p, g, respectively, with oy < -+ < ap and B < -+ < By,
write

o= D Uugdt ndZ

AI”BQ

in local complex coordinates. Using local normal holomorphic coordinates at zop € M,
we have

I94, 8, |*
pbq
‘ P )(Zo)-

VolPGo)=2 Y Z(‘ wa/;f

Ap.By y=1

Moreover,

dp(z0) = Y Z ”(z ydz?4rBa (zg),

Ap.BgyEAp
dp(zo) = ) Z - q(z ydz7ArBa (z0),

Ap,Bg y¢By

99y 4,\71B, B
e == Y 3 I o) P ),
Ap,By yeEA)
= 04, 7B\[7)
o) = -1 Y Y 2 N( 0)dz 7B\ (zg),
Ap.By yeBy

where the signs of the last two equations can be deduced, e.g., from [17, Chapter 3,
Proposition 2.3]. By the previous equations, it follows that 3C > 0 depending only
on p, g, n, such that

(1991 + 139 + 180> + 13" ¢|*) (z0) < C|Ve|*(z0). )

Summing up, from equation (4) we get the following result.

Lemma4.3 Let (M, J, g, w) be a Kdhler manifold. Then, 3C > 0 such that for all
g e ALY (M)

lells < Clielh. )

The converse inequality turns out to hold when the sectional curvature is bounded.

Lemmad4.4 Let (M, J, g, w) be a Kdahler manifold. Assume that the sectional curva-
ture is bounded. Then || - ||| and | - |4 are equivalent.

Proof The Weitzenbock formula for ¢ € AP is
Aap = V*Vo + R(p), (©6)
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where V* is the formal adjoint of V, and R denotes an operator of order zero of which
coefficients involve the curvature tensor. In particular, since the sectional curvature is
bounded, then R is a bounded operator. We compute the L? product of both sides of
equation (6) with the form ¢:

{{ Aap. 0 )= V*'Vo, 0 ) + { R(¢). ¢ ) -
Integrating by parts, we get
ldo > +1d*e 1> =11 Ve >+ { R@).¢ ).

Since R is a bounded operator, we derive there exists C > 0 not depending on ¢ such
that

[ R@), o) I <Clel?

and
lde >+ 1d*e|I> = [ Ve I* =C ¢ %,

which implies

lelf <2(C+ Dol
This, together with (5), ends the proof. O

Lemma 4.4 implies that
W/ ZAPG = W) 2 AP = W2 AP = W2 AP,

for a Kihler manifold with bounded sectional curvature.

5 W'-2 Weak Bott-Chern and Dolbeault Decompositions

In this section, we prove our main results, i.e., W12 weak Bott-Chern and Dolbeault
decompositions. The following lemma is essential to derive these decompositions.

Lemma 5.1 (Wl’2 integration by parts) Let (M, J, g, w) be a Kdhler manifold. Let
a, B € A**. If at least one between o and B has compact support, then

{(9a, B o= . 0% N2. (e, B N2=(( . 5B ))2 -
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Proof By Kihler identities, we know that d and 3 anticommute, as well as 9* and 3.
Using these facts and integrating by parts, we conclude as follows:

To prove the second equality, recall that (( -, - ))2={(( -, - ))3 and proceed as before:

{( 9cr, B )3 ={( v, B ) + (( 89cx, 8B )) + (( 37 9ex, 3 )
={((8a. B ) — (900, 9B )) — (90", 8B ))
=((0. 3B ) — (9097 0B ) — (0.7 0B )
=( .0 BN+ (9009 B ) + ({07 09" B )
=((c. 9B )3 .

m}

Thanks to Lemma 5.1, the formal adjoint operators of 9, 9, d, with respect to the
Wl.l’zAr"*q -norms, for i = 2, 3, 4, are the same usual formal adjoint operators 9*, 5*,
d* computed with respect to the L?AP”9-norm, on Kihler manifolds.

Let (M, J, g, w) be a Hermitian manifold of complex dimension n. Given P :
AP4 — A" a differential operator, then it defines an unbounded linear operator
f’i : Wil’ZAP’q — Wil’zA”, fori =1, 2, 3, 4, which is densely defined and closable,
as in the L2 case. Now, assume that P is defined by a linear combination of 9, 9, 9%, El
and their compositions, so that its L formal adjoint is also the formal adjoint with

respect to the W,.I’ZAI7 "4 inner products, fori = 2, 3, 4, by Lemma 5.1. We define
D(Py) = fu € W'2AP9 | 3v € W2A™S, v e AT (v, w Ni=( u, P*w )i},
and set Py, ;(u) := v. The operator Py ; : Wil’zAp"] — Wil’zA” is a closed and

densely defined operator, which extends P;.
In the following, if P : Wl.l’zA*’* — Wil’2A*~* is an operator, by Ker P, we denote

the space Ker P N Wi]’zAp "4, when the bi-gradation (p, g) is clear.

5.1 Bott-Chern Decomposition of the Space W;’ZAP"’
Let (M, J, g, w) be a Hermitian manifold and define the space
WERES = kerdy, ; Nker(3" 8%y,
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ie.,
L29p.q _ 1,2 yp.q . % o = _
W, "Hpe =1{p € W "AP1|Vy € AT" (@, d"y ))i=(¢, 09y ))i=0}.

We can now prove the analog of Theorem 1.1 by Kodaira in the W!-2 Bott-Chern case.

Theorem 5.2 (W !2 weak Bott-Chern decomposition) Let (M, J, g, w) be a Kdihler
marILijzcold. Then we get the following orthogonal decomposition of the Hilbert space
(Wy “APA (-, 2):

~ 1l — 7.7 1L —
Wyt Ara = WyrHES B 09 AL T @ ot Al 1T AL ()

~ e A
Kerdy = Wy *Hid @ aaAl 17", ®)

Proof First of all, note that the spaces JaAL 1! and gx AT L FEAPIT e
orthogonal. Indeed, by Lemma 5.1, it is immediate to show that 85Af —la-t and
F*ALTY L 5F AP are orthogonal. Set

—— 7l —
X = 99AP T g gr AP T L FE AP
which is a closed subspace. Therefore, we get the orthogonal decomposition of the
L
Hilbert space W21’2Ap’q = X @ X*. Note that
— s _ 1L ~
Xt = (03A27M ) T (Al 1 3L = WP

by definition. This proves Eq. (7). Equation (8) follows by intersecting Eq. (7) with
Kerdy ». O

It remains to understand the regularity of the spaces involved in the decomposition
of Theorem 5.2.

Theorem 5.3 (Bott-Chern Regularity) Let (M, J, g, w) be a Hermitian manifold.
Then, fori = 2, 3, 4, we get the characterization

WAL = g € AP9dp =0, 3°9%¢ =0, [lgll; < oo},
Moreover, if g Kdhler, we also get the decomposition

W, 2 AP 0 AP

~ R e €L —
= Wy HEL & <aaA{.’ bl AM) ® (a*A{?“*" +3° AP AM) .
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Proof Fori = 2, leta; € W, *Hud. Forevery y € A2, keeping in mind the very
definitions of W21 ’27:[11;’(? and A BC, We get

{( @1, Agcy )= 0.

If we see o] as a Wzl’z—limit of a sequence of compactly supported smooth forms
(ar1)y € AP? and apply Eq. (1), we get

(a1, 1+ A9 Apcy )=0.

That is, o1 is a weak solution of ABc(l + Az)ay = 0. Since ABC(I + Ay) is elliptic,

then « is smooth by Theorem 2.1. Furthermore, by the very definition of Wz1 ’zﬂg’g ,
we immediately derive

day =0, 9 9% =0, Apcaj =0.

For i = 3, 4, it suffices using respectively Eqgs. (2) and (3) instead of Eq. (1).
To finish the proof, let « = o1 + a2 + a3, with a € W21’2A”"1 NAPY «a) €

Wzl’zﬂg’g,oq € 9AL M and s € % AP 4+ 3T AP 1T We have to prove that
a2, a3 are smooth. Note that dyyan = 0 and (3 9%)paz = 0, ie., forall y € AF*

(a2, d™y =0,
({ a3, 99y h=0.

Also note that o5 is a weak solution of A BCOy = Bﬁ*a*a, indeed
(( o2 Apcy N=(( a2. 800 9"y )=(( . 000 9*y )=(( 990 0%,y ).

and a3 is a weak solution of A gcaz = 9 9*99a+9*99 da+0 00*0a+9*da+a o,
indeed

(a3, Agey ) =(( 3,9 0%90y + 090 dy +0 90*dy + 9 0y +0 oy )
(30" 30y + 000 0y +0 90*dy + 9 0y +0 0y )
=(( 979" 000 + 0%90 da + 0 90*da + 0*dar + 9 O, y ) .

By elliptic regularity, i.e., Theorem 2.1, it follows that since « is smooth, then o, a3
are smooth. O

Remark 5.4 (Aeppli decomposition) Note that Theorems 5.2 and 5.3 holds also in the

Aeppli case with analogous proofs. Indeed, let (M, J, g, w) be a Hermitian manifold
and define the space

Wil’zﬂf{q = ker(d*)y.; Nker(99) .,
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ie.,
WIPHEE = (o € W2AP9 Yy € AT ((9.dy Ni=(¢.3"9"y )i=0}.
I,ZHz,q

Then, forms in the space W, are smooth, and the following characterization

holds
WAHET = {p € AP |d* g =0, 399 =0, [lgll; < oo}

Let (M, J, g, ) be a Kédhler manifold. Then, we get the following orthogonal decom-
position of the Hilbert space (W21’2Ap*q, {( - N2

WIZAP’] W12Hpq@a B*APHqH@aAP lq_l_aqu 1’

Ker(93)u2 = W3 2HET & AL +5AL,
and of the space of smooth forms W21’2AM N AP

W, 2 AP 0 AP

T 1 1 — — _
= W, HE <a gx AP A AP, q) @ <aA£? La 4 5aPa lﬂAp"]).

Remark 5.5 In this work, we are interested in a W12 weak Bott-Chern decomposi-
tion. Nonetheless, we remark that with the same structure of proof of Theorem 5.2,
substituting the application of Lemma 5.1 with the classical L? integration by parts,
it is possible to show the following L? weak Bott-Chern decomposition.

Let (M, J, g, w) be a Hermitian manifold. Then we get the following orthogonal
decomposition of the Hilbert space (LZAP9, {( -, - ))):

1 — iR —
L2AP = AP © 99 AP~ @ gx AL L 5F ALY

~ L — a1
Kerd,, = L*H0E & 9921171

where Lzﬂg’g = kerdy, N ker(g*a*)w, and here the closure and the orthogonal
symbols are intended with respect to the L? inner product. The regularity result holds
the same way in the L? case, and in particular Lzﬂp’q C AP14,

However, in the L? case, it is not clear how the space Lz’Hg ¢ is related to the space
of L? Bott-Chern harmonic forms L>H%? pc» namely the space of smooth L? forms

¢ satisfying Agce = 0. It would be interesting to find geometric assumptions on a
Hermitian manifold yielding a link between the spaces L>H5? and L*HE 2.
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5.2 Dolbeault Decomposition of the Space W;’ZAP"’
Let (M, J, g, w) be a Hermitian manifold and set

Wll,zﬂgsq = kergw’i N kel‘(g*)w,i’

WPHDY = (g € W2 AP | Yy € AT* (9,3 y Ni=( ¢, 3y ))i=0}.

Arguing in the same way as before, we obtain the following W!? weak Dolbeault
decomposition.

Theorem 5.6 (W12 weak Dolbeault decomposition) Let (M, J, g, w) be a Kdihler

manifold. Then we get the following orthogonal decomposition of the Hilbert space
1.2 4p.g .

(Wy AP (-, - )2):

~ 1= 1=
, q—1 * 0 pg+l
Wy 2 AP = Wyt HET @ oAl @9 AL,

_ - 1l =
Ker 9,0 = W) 2 HEd @A

Proof First of all, note that the spaces dA” 41 and g*Af 4t are orthogonal, by
Lemma 5.1. Set

- 1 L=
X =03AP @ AL,

which is a closed subspace. Therefore we get the orthogonal decomposition of the

Hilbert space W1 ZAPda = X EB X1, Note that
— o \L e s\ L 5
Xt = <8A£’q ) n (a*A{.’ 4+ ) = Wy HD

by definition. O

Concerning the regularity of the spaces involved in the decomposition of Theorem
5.6, we get

Theorem 5.7 (Dolbeault Regularity) Let (M, J, g, ®) be a Hermitian manifold. Then,
fori =2,3,4, we get the characterization

W PHDY = (g € AP9199 =0, 3¢ =0, |l < oo},

Moreover, if g is Kdihler, we also get the decomposition

Wy 2AP4 0 AP = Wy PHD @ (aA” "'nar ‘1> 3 (5*A5””1 mAM).
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Proof Fori = 2,leta; € Wzl’zﬁg’q. For every y € A, keeping in mind the very
definitions of W21 ’zﬂg’q and A7, we get

(1, Azy )= 0.

If we see o] as a Wzl’z—limit of a sequence of compactly supported smooth forms
(ar1)y € AP? and apply Eq. (1), we get

(a1, A+ ApAzy )= 0.
That is, ; is a weak solution of Az(1 + Az)a; = 0. Since Az(1 + Ay) is elliptic,

then a; is smooth by Theorem 2.1. Furthermore, by the very definition of W, *H%:4,
we immediately derive

50[1 =0, 5*0{1 =0, Aﬁal =0.

For i = 3, 4 it suffices using respectively Eqgs. (2) and (3) instead of Eq. (1).
To finish the proof, let « = o + oy + a3, with a € W21’2Ap’q NAPY, a) €

Wzl’zﬂg’g, ar € AP and a3 € 37APT! We have to prove that s, a3 are
smooth. Note that 9,00 = 0 and (3" )pa3 = 0, i.e., forall y € AS*

(a2, 3y )=0,
(a3, 0y )=0.

Also note that o5 is a weak solution of Aoy = ﬁ*a, indeed
(( o2, Agy N=(( 02,39 y )= @. 30 v )=( 99 o, ¥ )).

and o3 is a weak solution of Az = 5*505, indeed

By elliptic regularity, i.e., Theorem 2.1, it follows that since « is smooth, then oy, a3
are smooth. O

6 Complete Kahler Manifolds with Bounded Sectional Curvature
In this section, we gather the known relations between the spaces of W!-2 Bott-Chern

harmonic forms and the spaces of W12 or L2, Dolbeault harmonic forms, and the
relations between these spaces of forms and the W2 weak decompositions just proved.
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Let (M, J, g, ®) be a Hermitian manifold. For i = 1, 2, 3, 4, the spaces of Wil’2
Bott-Chern and Dolbeault harmonic forms are defined respectively as follows:

12 ~
W2l = {g e AP | Apcp =0, flgll; < oo},
Wl 2HPD = {p € AP | Agp =0, llpll; < o).

If the metric is complete, then by [9, Proposition 7] and the characterization of Theorem
5.7, we get, fori =2, 3, 4,

WlAHDS = WAl

Let (M, J, g, w) be a complete Kédhler manifold with bounded sectional curvature.
Theorem 5.3 tells us

WIS C WG,
Then, Theorem 1.3, together with Lemma 4.4 shows

Wy P HES S Wy P HE,
thus, yielding

Wy Hyd = Wy P HEE

Furthermore, Theorem 1.3 and Lemma 4.4 also imply, fori = 1, 2, 3, 4,
wh ZHBC _ il,zHg,q’

generalizing, to the noncompact case, the well-known property that on compact Kihler
manifolds the kernel of the Dolbeault Laplacian and the kernel of the Bott-Chern

Laplacian coincide. Investigating a little more in this direction, let us set

LD = {p € AP | Az =0, llgl| < oo}

Theorem 1.3 implies W11’2Hg’cq c L*HP2Y on complete Kihler manifolds with
bounded sectional curvature. The following Corollary shows that this inclusion is,
in fact, an equality. Arguing like in [18, Lemma 3.10], one gets

Lemma 6.1 Let (M, J, g, w) be acomplete Kiihler manifold. Assume that the sectional
curvature is bounded. If ¢ € L2Hp 4 then ||lg|l1 < +o0, ie., L2Hp 4= W1 ZHP A

Proof The Weitzenbock formula for ¢ € AP 9 is
Agp =V*V¢ + R(p),
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where R denotes an operator of order zero whose coefficients involve the curvature
tensor. In particular, since the sectional curvature is bounded, then R is a bounded
operator. By Kihler identities, we know Ay = 2Aj. Therefore, if ¢ € LzHg’q, then

0= V*V¢+ R(9).

Since the metric is complete, there exists a sequence of compact subsets { K}, en, such
thatU, K, = M, K, C K,41 and a sequence of smooth cut-off functions { f, },en such
that 0 < f, <1, f, = | in a neighborhood of K, supp f, C Ky+1,and [V f,| < 1.
For this last fact we refer, e.g., to [8, Chap. VIII, Lemma 2.4]. For every v € N, we
compute

0={ V*Veg+ R(p). fl¢ )

( Vo. V(20 ) + ((R(@). f0)

( Vo. 26V @0 )+ (( Vo, f2V0 ) + ( R(0). fl¢))
2( fiVe. V@9 ) +IAVel*+ ( R(). f2o ) .

Moreover,

« VAi®e+ iV, Vi, ®e+ fiVe »
IVf ®@ll> + 1 £ Vell* +2 ( /1Ve, VA @ ¢ )

IV£ ®el*= ( R(@), fie )
< Clol?,

IV(fo)l?

for some C > 0. Therefore, by the Fatou’s lemma, it follows
IVel* < liminf|V(£,0)[1* < Cligll,

which implies ||¢|; < +o0. O

We immediately derive

Corollary 6.2 Let (M, J, g, w) be a complete Kdhler manifold of complex dimension
n. Assume that the sectional curvature is bounded. Then Wil’2H§’g = LzHg’q, for
i=1,2,3,4.

Remark 6.3 Note that Theorems 5.6, 5.7, Lemma 6.1 and Corollary 6.2 still hold if we
. = ok . . y

substitute the operators 9, 9, Ay respectively with 9, 9%, A;.
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