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Abstract

In this Thesis we investigate properties of stability and unitarity of the string land-
scape in ten and lower dimensions. The dissertation explores these aspects by
intertwining a detailed analysis of string vacua, with and without supersymmetry,
with a bottom-up study driven by unitarity. In particular, in Chapter 2 the possib-
ility of formulating a necessary and sufficient condition for the classical stability
of non-supersymmetric string vacua is discussed, emphasising the examples in ten
and nine dimensions. In Chapter 3, new solutions are presented in six dimensions
both for non-supersymmetric BSB vacua and those with minimal ' = (1, 0) super-
symmetry, arising from a non-trivial cancellation of the R-R tadpoles. In particular,
solutions for the 7% /Zg supersymmetric and BSB orientifolds are discussed, includ-
ing a non-trivial non-supersymmetric vacuum that cannot be further deformed, a
property absent in its supersymmetric counterpart. In addition, the insertion of probe
strings charged with respect to R-R 2-forms is discussed in both cases, along with
the unitarity conditions for the theory living on the world-volume to be adapted to
these scenarios. Finally, Chapter 4 discusses the role played by a new kind of global
anomaly, arising from the inconsistency of effective field theories under topology
change. A systematic analysis of six-dimensional supergravity theories with SU(2)
gauge group and one tensor multiplet and U(1) gauge group with no tensor multiplets
is discussed. Novel constraints are found and their cancellation in string vacua is
verified. The latter discussion involves compactifications of supersymmetric heterotic
theories whose related anomaly is guaranteed to cancel by a known theorem in the
literature. In addition to supersymmetric heterotic theories, we have investigated the
SO(16) x SO(16) heterotic theory compactified on the T*/Zg orbifold and the Gepner
orientifold with no tensor multiples, showing how such anomalies are cancelled.
Even though expected, this result provides a non-trivial check for the consistency of
these vacua, which was not guaranteed to hold a priori by any theorem known in the

literature.
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2 Chapter 1. Introduction

1.1 Introduction

String theory [1-8] has provided a successful framework in which gravity, matter
and gauge interactions admit a consistent unified quantum description. Despite its
enormous success and despite the impressive progress in the last decades, many ques-
tions are still unanswered, especially when trying to make contact with low-energy
phenomenology. Indeed, string theory is characterised by universal dynamics in the
trans-Planckian regime [9-11] constraining the behaviour of scattering amplitudes at
the Planck scale, which, however, cannot be directly tested by nowadays experiments.
Thus, with the state of the art of our technology, making contact with the current
phenomenology requires studying the theory in the low energy regime, aiming to
incorporate the well-established standard model in a proper limit. However, the
infra-red (IR) physics admits manifold manifestations and the task turns out to be
challenging both technically and conceptually. In particular, the need to provide a
stringy description of supersymmetry breaking has dramatic consequences on the
phenomenology, and on the structure and dynamics of the theory itself. In the last
forty years, many ways of breaking supersymmetry have been realised in heterotic
string vacua [12-18], through non-trivial magnetic fields in open strings [19-27],
via type 0 [28, 29] and type II orientifolds with a non-trivial action on the compact
directions [30-33], with orientifold planes having positive tension and R-R charges,
both in ten [34] and lower dimensions [35-39], and via a combination of all these
effects [40, 41]. However, in most of these models, tachyonic instabilities arise,
implying that the background cannot be trusted even classically, since, after tachyon
condensation, it is expected to decay into a new, at least metastable, vacuum. This
process is relatively under control when the tachyon is associated to the instability of
(anti)brane configurations in simple set-ups [42—46], while only in recent years some
progress has been made in understanding the situation when the tachyon belongs
to a ten-dimensional heterotic spectrum [47-49]', and yet a systematic analysis is
lacking. Such features are characteristic of tachyonic theories and thus one may

wonder whether they underlie an intrinsic property which may distinguish them from

'A previous study showing similar features has been discussed in [50] for the type IIB superstring
theory at finite temperature.
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non-tachyonic ones.

In closed-string vacua, the interplay between the ultra-violet (UV) and IR degrees of
freedom, guaranteed by the presence of modular invariance, allows one to address
this issue by looking at the massive excitations of the string spectrum and thus at its
global behaviour. A first attempt in this direction was carried out in [51] and led to
the development of the so-called asymptotic supersymmetry, according to which the
IR finiteness of the cosmological constant implies an overall cancellation between
on-shell bosonic and fermionic degrees of freedom. A few years later, a refined
analysis involving the Rankin-Selberg-Zagier transform [52-54] revealed that the
sum of the degrees of freedom within a given cut-off is proportional to the vacuum
energy up to oscillating terms depending on the non-trivial zeros of the Riemann zeta
function [55]. This outcome extends the result of [51], since it gives an expression
for the sum over the massive states for a finite value of the cut-off, but fails to uncover
the origin of classical stability. Indeed, although very appealing from a mathematical
perspective, it is not clear how to adapt such theorems to the cases in which the
integrand grows exponentially at the cusp and admits a non-vanishing Fourier zero
mode, the relevant situation for tachyonic vacua?.

A different route was followed in [56], where it was observed that, in a tachyonic-free
vacuum, bosons and fermions follow an oscillating pattern as the mass increases®,
called misaligned supersymmetry. These oscillations have been described by the
large-mass behaviour of the partition function once the mass levels are continued to
real values, by defining the so-called sector-averaged sum. Indeed, such a continuation
interpolates among the physical masses of the tower associated to each character
of the conformal field theory (CFT), thus allowing to realise a mutual, if partial,
cancellation when bosonic and fermionic characters are added together. In [56],
the cancellation was proven to hold for the leading term and was conjectured to

take place also for the sub-leading ones if and only if tachyons are absent in the

2If the integrand function grows exponentially but admits a vanishing zero mode, there is the possib-
ility of regulating the partition function by subtracting the exponentially divergent piece, according to a
conjecture by Zagier. In this case the vacuum admits unphysical tachyons and an explicit realisation of
Zagier’s conjecture has been shown in [55].

3The same observation has been made in [57] where the oscillations between baryons and mesons
were traced back to an underlying modular invariance.
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spectrum. Moreover, the complete cancellation was conjectured to be reflected in the
observed oscillations, which would then provide a necessary and sufficient condition
for classical stability. These conclusions have been supported by the analysis in [58],
where a complete cancellation was shown to occur for the SO(16) x SO(16) heterotic
string in D = 10 [59, 60], with bosons and fermions following the conjectured
oscillatory pattern. Although a significant step forward was taken in [58], proving
Dienes’ conjecture calls for a better understanding of the features of tachyonic vacua.
Indeed, simple numerical computations (see also [61, 62] for previous analyses)
actually reveal a slightly more complicated story. For instance, oscillations have been
observed in all the non-supersymmetric heterotic theories in ten dimensions, as well
as for the tachyonic region of the moduli space for a Scherk-Schwarz compactification
of the heterotic and type IIB superstring in D = 9. These models provide counter-
examples to the presence of oscillations as a necessary and sufficient condition for the
absence of tachyons, but still leave the possibility of ascribing the latter to a complete
cancellation of the large-mass behaviour of the string spectrum. The issue was finally
settled in [63], where it was understood that oscillations are reflected in the presence
of fermions, which also determines the cancellation of the leading growth of the
sector-averaged sum. Furthermore, it was shown that a complete cancellation takes
place only when the spectrum has no tachyonic instabilities, thus proving Dienes’
conjecture”. In view of these considerations, the oscillations are not reflected in the
vanishing of the sector-averaged sum, and thus one needs to differentiate the two
concepts, which were originally thought to be linked. However, since the former is
trivially a consequence of the presence of fermions, it is more appropriate to define
misaligned supersymmetry as the vanishing of the sector-averaged sum.

It is natural to try to extend the analysis to the study of classical stability for orienti-
fold vacua [65-72]. However, in such a case, the interplay between the IR and UV
properties of the spectrum, previously guaranteed by modular invariance, is lost, and
thus the physical meaning of the orientifolded sector-averaged sums might not encode
tachyonic instabilities. Indeed, the modular group maps different descriptions of the

same amplitude, while one-loop vacuum amplitudes are mapped to the tree-level

“It can be shown that the behaviour of the sector-averaged sum is dictated by the deepest tachyon,
consistently with the observation in [64].
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propagation of unoriented closed-string states between boundaries or crosscaps (or
D-branes or O-planes) by an S or P transformation. This connection, as first noted in
[73, 741, implies that the sector-averaged sums for orientifold amplitudes grow expo-
nentially if and only if a tachyonic character is present in the dual description [75].
As a consequence, from such analysis, one can only draw either a necessary condition
for the absence of tachyons in the closed-string spectrum or a sufficient criterion for
the classical stability of the vacuum. Still, it fails to provide a necessary and sufficient
condition, since a non-trivial action of the orientifold projection implies the associated
sector-averaged sums are non-vanishing although the tachyon is projected away. It
would then be required to realise a mutual cancellation between sector-averaged
sum on different Riemann surfaces, which cannot take place. Therefore, misaligned
supersymmetry cannot be considered the right tool to uncover the reason behind the
classical stability of orientifold vacua, and new ideas and technologies are needed to
finally address the issue.

Although the vast majority of non-supersymmetric models contain tachyonic instabilit-
ies, a few allowed solutions are classically stable, as it happens, in ten dimensions, for
the aforementioned heterotic SO(16) x SO(16) model, the type 0’B superstring [68]
and the Sugimoto model [34]. Among the 10D tachyon-free vacua, the Sugimoto
model [34] stands out since the tree-level closed-string amplitudes are supersym-
metric, as reflected in the presence of the massless ten-dimensional gravitino, while
bosons and fermions transform into different representations of the USp(32) gauge
group, thus breaking supersymmetry. Although the simultaneous presence of the
massless gravitino and of non-supersymmetric matter seems at first sight puzzling, a
consistent coupling is achieved since supersymmetry is realised non-linearly [76] on
the open-string sector, with a massless goldstino playing the role of the Volkov-Akulov
field [77]. Furthermore, in such a setting, the breaking of supersymmetry must be
regarded as taking place at the string scale, since there is no order parameter that
may recover supersymmetry. Microscopically, such configuration is realised through
the presence of orientifold planes with positive tension and R-R charge, 09, which
calls for the introduction of anti-branes, D9, to avoid anomalies. As a result, the R-R

tadpole of the non-dynamical ten-form vanishes, but the uncancelled NS-NS dilaton
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tadpole contributes to the scalar potential. Such corrections, however, identify a new
vacuum in which the background geometry is modified [78, 79], but for which a
full-fledged string theory analysis is missing, since it is not known how to quantise
the theory on the new background nor how to describe it in the wrong vacuum
[80-83]. This feature is not peculiar to the Sugimoto model but also applies to the
other non-supersymmetric vacua that are classically stable. In this scenario, one can
thus, at most, develop a low energy effective field theory analysis that can be trusted
up to the order of the dilaton tadpole. Although not exhaustive, such approach has
been extremely successful in enriching our insights on the geometry characterising
these vacua, leading to interesting features such as spontaneous compactification on
a space with boundaries or a distinctive cosmological evolution [84-99].

A similar situation can be realised in lower dimensions, where however the pres-
ence of orientifold planes of different dimensionality provides richer scenarios. For
instance, in D = 6, the standard orientifold projection can be dressed with an invol-
ution, o, acting on the twisted two-cycles, which trades the standard O5_ planes
of the supersymmetric orientifolds [68, 100, 101] with O5., with positive tension
and charge®. Therefore one is forced to introduce D5 branes to cancel the R-R
tadpoles of the non-dynamical six-form, giving rise to a non-linear realisation of
supersymmetry [102], in a similar way as the 10D case. Such configuration realises
what in literature is known as Brane Supersymmetry Breaking (BSB), whose simplest
setting was first discussed in [35]. Here, the world-sheet parity operator {2 is dressed
with the involution ¢ and the Z, action arising from the point group of the orbifold
compactification T*/Z,. As a result, the fixed loci of the orientifold action identify
09_ and sixteen O5 planes whose contributions to the tadpole of the non-dynamical
R-R forms are cancelled by placing D5 branes on a single Z, fixed point. Such a
vacuum is anomaly-free but leaves behind a non-vanishing scalar potential generated
by the untwisted NS-NS tadpoles. However, although this is the simplest choice, this

is not the only possible one, and one still has the freedom to distribute the D5 branes

>This is not the only combination that can be realised in D = 6, since the trivial and ¢ involutions
are still compatible with the lower dimensional version of the Sugimoto vacuum involving 09, and
O5; planes and its variation with 09, and O5_, respectively. However, these cases are straightforward
generalisations of the results discussed in this thesis and we will not comment on these possibilities any
further.
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among all the fixed points [39]. This induces a non-trivial cancellation of the D9
branes twisted charge against that of D5 ones, with a corresponding reduction of the
open-string moduli that only allows deformations of the model via complete brane
recombination [103]. Furthermore, uncancelled twisted NS-NS tadpoles are present
and determine a richer potential, including contributions from twisted scalars. The
latter may lead to a very interesting dynamics since non-vanishing vevs would lead
to a spontaneous resolution of the orbifold singularities.

If for the T*/Z, BSB orientifold placing D5 branes on all the fixed points is optional,
and indeed such configuration is connected to the standard solution in [35] via brane
recombination, for the BSB orientifold built on the T*/Z,4 orbifold it is mandatory.
The crucial difference resides in the fact that now O5 planes carry twisted charges
for the non-dynamical R-R six-forms to be cancelled by those of D-branes. Hence, the
model in such a case is truly rigid since D-branes cannot be recombined altogether,
without leading to an anomalous model [39]. Fractional orientifold planes may seem
exotic but are present even in more standard supersymmetric realisations [100, 101]
involving the Z3 and Zg point groups or the four-dimensional Z orientifold [104].
The T* /73 orbifold does not admit a BSB variant, while the BSB version of the 7% /Zg
was discussed in [39], and still involves fractional 09_ and O5. planes. Similarly to
the 7% /7, case, the branes configuration guarantees the cancellation of the twisted
R-R tadpoles, but, since there is only one Zg fixed point, the main properties of this
vacuum follow closely those of the T /Z, model. Nevertheless, such a model admits
a solution with rigid branes, with a scalar potential comprising blown-up moduli,
potentially leading to a very interesting dynamics.

The low-energy effective action for these BSB vacua, with and without additional
contributions to the scalar potential, admits a geometric interpretation [102]. Indeed,
the gauge couplings can be expressed as a combination of scalars, J, which determ-
ines the metric of the moduli space in the tensor branch, similarly to what happens
for the /' = (1,0) supersymmetric vacua in D = 6 [105-108]. In the latter case,
however, the .J form® is related by supersymmetry to the Wess-Zumino counterterms

induced by the generalised Green-Schwarz-Sagnotti (GSS) mechanism [106, 110,

%In F-theory vacua the J-form plays the role of the Kihler form [109], but we will refer to it as such
even outside the realm of F-theory.
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111]. Therefore, with N' = (1, 0) supersymmetry, the gauge couplings are linked to
the data of the R-R tadpoles, which determine the structure of the reducible anomaly
polynomial. However, this connection is only present in supersymmetric settings,
since the real stringy origin of the gauge couplings is tied to the NS-NS tadpoles, and
thus one should a priori use these data to characterise the J-form. This is manifest
when supersymmetry is broken a la BSB, so that the naive construction of the J form
in terms of the 't-Hooft anomaly coefficients induces ghost-like couplings for scalars
and gauge fields in the low energy action [112], spoiling unitarity. This does not
imply that the Kéhler form cannot be defined, and indeed an explicit solution that
preserves unitarity is obtained using the structure of the NS-NS tadpoles, thus solving
the puzzle raised in [112]. Of course, this observation is consistent with the construc-
tion of the Kahler form for supersymmetric vacua, where R-R and NS-NS tadpoles
are equal, but allows to extend the definition also to cases when supersymmetry is
non-linearly realised.

Once the J-form is found, the unitarity conditions arising from the introduction of
probe string defects, demanded by the completeness hypothesis [113, 114], can
be analysed quantitatively adapting to the BSB context the results of [109]. These
models correspond to bona fide string theory vacua, and thus are expected to be
consistent, so that these unitarity bounds have to be interpreted as a consistency
check, in the same spirit as the cancellation of gauge and gravitational anomalies.
The original formulation of [109] requires the presence of N' = (0, 4) supersymmetry
on the defect, but the validity of the completeness hypothesis should go beyond the
realm of supersymmetry and can be adapted to BSB vacua, since the microscopic
theory living on the defect is known. This point of view is also instrumental in
extending the conditions of [109] to non-supersymmetric set-ups, completing the
task initiated in [112]. Actually, a generalisation of the latter is also required for
supersymmetric models, since in both cases defects admitting an interpretation in
terms of instantons of the gauge theory of the corresponding higher dimensional
brane realise a Kac-Moody algebra on both left and right moving sectors of the
CFT in the IR. Therefore, the precise formulation of the unitarity conditions of such

instanton defects would require a detailed knowledge of the CFT realised by the
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charged non-chiral bosons, which is notoriously difficult to achieve.

From a bottom-up perspective, the generalisation of the unitarity constraints of string
defects might play a non-trivial role in constraining the landscape of the consistent
effective field theories (EFT) that can be coupled to gravity. However, to make such
conditions relevant for the swampland program [115] (see [116-119] for reviews),
one ought to develop an independent low-energy argument through which they can
be formulated. In A/ = (1, 0) supergravity, the values of the central charges ¢, cg of
the CFT in the IR can be deduced from the knowledge of the 't-Hooft coefficient of
the SU(2) R-symmetry, since cg simply follows from the properties of the ' = (0, 4)
supersymmetry algebra in D = 2. Therefore, the unitarity bounds translate into a
correct identification, in the anomaly polynomial, of the R-symmetry that in [109]
has been associated with the maximal subgroup of the orthogonal group of the
non-compact space transverse to the defect. However, such an identification does
not apply to instanton defects, and thus one needs to extend the analysis to spot
it correctly’ (determining the central charge realised on the right moving sector of
the CFT). Despite the difficulties, unitarity conditions from probe defects supporting
the identifications of [109] and from anomaly cancellation of the bulk theory are
very effective in sharpening the supersymmetric landscape [109, 120-130], even
beyond the 6D case [131-133]. Further constraints can be deduced for theories with
at least one tensor multiplet through the null charge conjecture [112], which requires
the existence of a defect whose charge (@ satisfies @ - Q = 0. The latter implies that
every consistent realisation of an EFT in D = 6 should arise from an internal theory
admitting a description that is either geometric or dual to a geometric one.
Although these unitarity constraints have been extensively discussed, recently it
has been understood that the full extent of the consistency conditions arising from
unitarity has not yet been harnessed. Indeed, a new perspective on the meaning of
anomalies paved the way for the exploration of new consistency conditions, suited
for vacua both with and without supersymmetry. Traditionally, anomalies can be

traced to the presence of ambiguities in the definition of the partition functions of

’When supersymmetry is broken, there is no R-symmetry to be realised so that the argument should
be rephrased completely.
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chiral fields®. However, the set of theorems stated and proved by Dai and Freed
[134, 135], and further extensions [136, 137], allowed to resolve such ambiguities
by interpreting chiral fields living on X as a boundary mode of a non-chiral gapped
one living in one dimension higher, Y, such that 9Y = X. For a generic quantum
field theory (QFT), the allowed spaces Y can be properly restricted [138], but in a
theory of quantum gravity, topology is allowed to change, so that Y can be arbitrarily
chosen among the spaces preserving the structure of X. In this sense, the anomaly
is not related anymore to the failure of gauge invariance but to the dependence
of the theory on the arbitrary manifold Y. The latter is encoded in a topological
quantum field theory, denoted for clear reasons the anomaly theory, defined on all
the closed spaces Y, obtained by glueing two different choices for Y. The anomaly
theory evaluated on all the possible manifolds Y identifies the so-called Dai-Freed
anomalies [139], which comprise local anomalies [140-144] whenever Y is himself
a boundary and global ones [145-148] when Y, is a mapping torus, but they also
include more general anomalies arising from spacetime topology change. Computing
the anomaly theory on every closed manifold seems still a daunting task. However,
this is simplified by taking advantage of the Dai-Freed theorems. Indeed, it has been
shown that, for two manifolds that are equal up to a boundary, the anomaly theory
differs only through the local anomaly. Thus a vanishing local anomaly allows to
reorganise all closed spaces Y in terms of bordism classes preserving the structure
of X, for which the anomaly theory is a topological invariant. The set of bordism
classes forms a discrete abelian group Qgi‘l under the disjoint union, and thus it
is enough to show that the theory of interest is anomaly-free if the anomaly theory
vanishes on the generators of Q?Dfs;l.

In six-dimensional string vacua, local anomalies are cancelled via the GSS mechanism,
and thus we shall require the extended 7D closed manifolds to preserve the associated
Bianchi identity. Demanding that the Bianchi identity be preserved at the level of
integer cohomology identifies the twisted string structure used to organise bordism
classes. Specifically in six dimensions, the chiral 2-form fields entering the GSS

mechanism belong to the gravity and tensor multiplets, so that multiple Bianchi

8For chiral p-form fields even the action is ill-defined.
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identities are to be satisfied at the level of differential forms. Whether all the Bianchi
identities have to be uplifted to integer cohomology is the subject of an open debate,
since in [149] it was shown that satisfying only one Bianchi identity at the level of
integer cohomology implies anomaly cancellation for known heterotic string theory
vacua. In this thesis, following [149], we shall make the minimal choice of satisfying
at least one of the Bianchi identities, while still requiring the freedom to choose
consistently all the ones present at the level of de Rham cohomology. The shape of the
bordism groups associated to this choice is not known in the mathematical literature,
and therefore a systematic analysis of Dai-Freed anomalies for string theory vacua
along the lines of [150] cannot be performed’. Nevertheless, it is still possible to
perform the analysis on those backgrounds on which the anomaly theory can be
exactly computed'®, aiming on the one hand to verify its cancellation for string vacua
and on the other hand to exclude inconsistent low energy effective theories [149].
Such non-trivial backgrounds are the Lens spaces L;, obtained as the quotient S7/Z,,
satisfying at least one Bianchi identity, for which the anomaly theory of fermions is
well known [154, 155]. Furthermore, theories admitting chiral 2-forms contribute
through the so-called quadratic refinement, reproducing locally the GSS term and
defined through a characteristic equation linked to the cohomology pairing on the
closed D + 1 manifold. A priori every solution to the latter is a consistent quadratic
refinement, and up to now it is not known how to deduce such information from an
independent path. This piece of information is crucial for the anomaly cancellation
in D = 6 supersymmetric theories [156], and in [149] we considered all the possible
solutions on L; for which only a specific choice leads to a vanishing anomaly theory.
In particular, the shape of the quadratic refinement for spin bordism [157] turns out
not to be suited for the consistency of the EFTs, and thus for preserving unitarity.
Put differently, since the quadratic refinement characterises the partition function of
the chiral 2-forms, requiring a specific choice of the latter identifies specific classes

of chiral forms, excluding all the other vacua characterised by different choices. In

°A different route has been taken in [151], where using the technology of the equivariant topological
modular forms [152] they have been able to show the absence of such anomalies for all the heterotic
supersymmetric string vacua, generalising the 2D case of [153].

There could still be the possibility to have a bordism group generated by a background on which
our computational power is lost.
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[149], N = (1,0) supergravity theories in six dimensions with at most one tensor
multiplet were studied for abelian and simply-laced gauge groups, for which theories
admitting non-chiral 2-forms are free of Lens space anomalies, while the same result
does not hold for those theories admitting chiral forms unless a specific choice for
the quadratic refinement is made. In particular, up to this condition that still requires
an explanation, infinite families with arbitrary U(1) charges and no tensor multiplets
turn out to be excluded. Or, phrased differently, Dai-Freed anomalies for a U(1) gauge
group restrict the possible chiral 2-forms to a very specific choice whose features are
still unclear. On the other hand, the anomaly cancellation was verified for explicit
string constructions involving the compactification of the supersymmetric heterotic
theories on K3 orbifolds and the non-supersymmetric SO(16) x SO(16) heterotic
vacuum on the same compactification spaces, as well as the Gepner orientifold with
no tensor multiplets. The choice for the quadratic refinement in [157] is not suited

to guarantee the consistency of these string vacua.

Outline

In this thesis, we will review the results in [39, 63, 75] and [149], by discussing the
classical stability of non-supersymmetric vacua, the rigidity of brane configuration
in D = 6 orientifolds and unitarity conditions from probe strings and Dai-Freed
anomalies, intertwined with a bottom-up analysis for 6D supergravities. For each
aspect, we shall begin with a general discussion before addressing particular examples
in which these features are concretely realised. To this end, the present dissertation

is divided into four chapters, organised as follows:

Chapter 2 contains a discussion on the classical stability of non-supersymmetric
string vacua in ten and nine dimensions, focusing on the possibility of distin-
guishing the two cases. In particular, we will show that it is possible to identify
a necessary and sufficient condition for the absence of tachyons for closed-
string vacua, while a similar criterion cannot be formulated when orientifold

projections are performed.

Chapter 3 explores new solutions for six-dimensional vacua in cases where super-
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symmetry is realised both linearly and non-linearly, discussing local anomalies
and unitarity constraints from string probes. Particular emphasis will be placed

on the T*/Zg orientifolds.

Chapter 4 analyses the role played by Dai-Freed anomalies in six-dimensional string
vacua, with and without supersymmetry, and A" = (1,0) supergravity with
at most one tensor multiplet. In particular, we shall discuss, as examples,
supergravities admitting an SU(2) or U(1) gauge group with one and zero
tensor multiplets. Gepner orientifolds are then addressed, along with the

SO(16) x SO(16) heterotic string compactified on the 7 /Zg orbifold.

Chapter 5 summarises our results and provides possible extensions and outlook.
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2.1 Roots of Misaligned Supersymmetry: the sector-averaged

sum

Stability is one of the main issues to be faced when trying to characterise the dy-
namics and the features of a non-supersymmetric string theory vacuum. Indeed,
for models admitting space-time supersymmetry, the GSO projection [158, 159]
eliminates the tachyon from the string spectrum and the vacuum-to-vacuum amp-
litudes on a generic Riemann surface vanish. As a result, tachyonic instabilities and
quantum corrections to the background geometry are absent at each order in per-
turbation theory, thus implying that these models are perturbatively stable. However,
when space-time supersymmetry is absent or broken, nothing prevents tachyons and
quantum corrections from being present, and indeed characterising the stability of
non-supersymmetric string vacua is still the object of intense activity. Even though
understanding the final fate of these vacua is still an open problem, a significant step
forward has been taken in recent years in finding a property that protects the classical
stability’ of the vacuum, known in the literature as misaligned supersymmetry.

Misaligned supersymmetry was first introduced by Keith Dienes for closed-string
vacua in [56] and relies on the interplay between the UV and IR regimes implied
by modular invariance. The key observation in [56] was to address the question
of classical stability by looking at the large-mass behaviour of the string spectrum,
which for closed strings is encoded in the one-loop partition function computed on a
Riemann surface with the topology of a torus. We will limit ourselves to points of
the moduli space where the vacuum is described by a rational conformal field theory
(RCFT), which admits a finite number of conformal primaries M, tensored with the
CFT given by D —2 non-compact free bosons. In general, the characters which identify
the holomorphic and anti-holomorphic sectors are different but, for convenience,
we shall use the same symbol x to label both. Hence, the contributions from the
holomorphic sector will be denoted by x, and those from the anti-holomorphic

sectors by x,, while non-compact bosons always contribute with suitable powers of

'Here and in the rest of the thesis classical stability is used as a synonym for the absence of tachyons
in the tee-level spectrum.
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the Dedekind eta functions. As a result, we can write the torus partition function as

Z= /duT

. @.1)
/ (\/ET]U)D QZX(I ab Xb 5

where 7 = 71 + i7y is the complex structure modulus of the world-sheet torus, F is
the fundamental domain of SL(2;Z) and du = 7,  dry dr» is the modular invariant
measure. The so-called GSO matrix N, enforces the GSO projection and it is to be
invariant under the modular transformations affecting the holomorphic and anti-
holomorphic characters. To simplify the notation even further, we define the so-called
pseudo-characters, X, = 1>~ x4, which, strictly speaking, do not correspond anymore
to the characters of the RCFT, since they carry the non-trivial modular weight 1 — D /2.
As a consequence, the action of the modular group is dressed with additional phases

and powers of 7, identifying the pseudo-characters as vector-valued modular forms

Xa(7 - 7) = (er +d) P2 M(7)ap X(7) (2.2)

where ~ is a generic element of SL(2;Z), 1 — D/2 is the weight of the modular forms,
M () is a unitary matrix, including a non-trivial multiplier system, representing the
action of v on the xs, and a sum over the repeated index b is understood.

The pseudo-characters x,, from now on simply referred to as the characters y, with

the check omitted, admit power series expansions in the nome ¢ = e2™" of the form
[e.9]
q) = da(n)g’=™ (2.3)

with
H,=hy—c/24 (2.4)

expressed in terms of the conformal weight A, and the central charge c of the full
theory, including the D — 2 non-compact bosons. The variable 7 corresponds to the
Teichmiiller parameter describing the complex structure of the torus.

The content of the physical spectrum, encoded in (2.1), can be directly extracted by
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imposing the level-matching condition on the ¢-expansion of the characters, which in

the large-mass limit simply reduces to

= ZNabJa(nJFHb *f_fa) db(n) (2.5)

a,b

Therefore the behaviour of (2.5) depends on the expressions for the degeneracies
d.(n) of the characters y, which is dictated by the Rademacher exact formula [160-
162] for D > 22

_2772 S QY% futn), (2.6)

£=1b| Hy<0
adapted for the vector-valued modular forms [163, 164], through the known Circle
Method [165, 166]. In the expression reported above, |H;| < 1° and we have defined

the generalised Kloosterman sum
ng M j1-D/2 Z e 258 (Hyp' —p(n+Ha)) (]\4&01)@7 (2.7)
(P, ff) 1

where the generic modular transformation is parametrised as

_p/ 1+pp’
Vo = “, (2.8)

with p’ fixed by the condition ~, , € SL(2;Z). Furthermore, the behaviour of the
degeneracy (2.6) is dictated by

27dy, (0 o, \P/4 4
Follin) = ”lj’( ) (nL’}g > Iy (; \Hb|(n+Ha)> : (2.9)

which includes the modified Bessel function of the first kind 7, (z), admitting the

2The formula is conjectured to hold also for the zero weight D = 2 case, in which a refined estimate
for the error determining the convergence of the expression is believed to exist [163, 164].

30One can easily modify the previous expression whenever |H,| < h, with h a positive integer. In this
case, the sum over b includes all Fourier modes d;,(m) which have m + H;, < 0 for which we have to
replace |Hy| — |m + H,| into (2.6).
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asymptotic expansion

x 2
In(z) ~ e (1 - 40‘8x Ly ) . (2.10)

Therefore to deduce the large-mass behaviour of the spectrum, it is enough to plug
(2.6) into (2.5) and take the limit n > |H,|. However, one subtlety has to be kept in
mind: the connection between the asymptotic growth of states and the absence of
tachyons cannot be formulated in terms of the physical d(n). A comparison between
them requires the continuation of the variable n to the reals, thus "filling" the leftover
mass levels. As a result, this implies the introduction of the continuous enveloping
functions ®,(n), which reproduce the d,(n) for the special values of n associated
with the actual masses [56]. Using these functions, we can define the sector-averaged

sum as introduced in [56]

(d(n))(T) = Nup a(n + Hy — Ha)Pp(n) (2.11)
a,b

where the enveloping functions behave asymptotically

(d—1)/4 n)
Z |Hb| )/ Q 1/|Hb‘”+ \7}7 e 2w/ |Hp|n

n(d+1)/4 ab
b| Hp<0 (212)
Q(Svn) 4
+ \abf e?ﬂ’\/‘Hbm_i_'”
3

with the first two terms dictated by the S and P modular transformations

Qgévn) — ,L'l—d/Q S

ab »

QB = i1=4/2 (_1)"p,,, (2.13)

With the definition above, it has been possible to show in [56] that without tachyons
the leading term of the expression vanishes and it has been conjectured that actually
a complete cancellation among the enveloping functions would entail the stability

of the vacuum. To prove the conjecture, hence, it is required to extend the analysis



20 Chapter 2. Classical stability: Misaligned Supersymmetry

to the sub-leading orders. However, the study of the sub-dominant contributions to
(d(n))(T) is a bit more involved and we shall employ a refinement of the expression
(2.11) along the lines of [58, 167]. To this end, we notice that the (s are periodic

functions of n, with period /,
QY™ =", (2.14)

for any integer m. Moreover, since the number of physical states (2.11) depends on
the product of the @) functions from the holomorphic and anti-holomorphic characters,
it is convenient to decompose the degrees of freedom into classes organised by the
common periodicity v, ; = ¢ ¢/gcd (£, £) of the two Qs and associate to each class its
own enveloping function ®,(n,{w}). As a result, we can write the refined sector-

averaged sum

= Z ZNab @a(n, {w + Hy — ﬁa}) (I)b(n7 {w})

ab {w}
oo Ve o (2.15)
EZ DS Nabei“’ QU e=He) ¢ (¢ nY Fallym) .

a,b cd g p=1 w=0
He,Hg<0

It can be noticed that the refinement does not affect the leading growth so that the
considerations made in [56] still apply.

The definition of the sector-averaged sums can be extended to the vacuum-to-
vacuum amplitudes relevant for orientifold vacua. These are given by the remaining
(un)oriented Riemann surfaces with boundaries and cross-caps and vanishing Euler
characteristic [168]: the Klein bottle, the annulus and the Mdbius strip. We can write

them in a compact way as

M-—1 M-—1 (%)
= > Zixa= Y Z7)_ da(n)g" e, (2.16)
a=0 a=0 n=0

with I = 1,2, 3 labels the Klein bottle, annulus and Moebius strip amplitudes, re-
spectively, while the Z¢ are suitable integers. In (2.16), x, are the real characters

depending on the modulus 7 of the double covering torus whose real part is fixed.
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For K and A the Teichmiiller parameter is purely imaginary (7 = 2im, and 7 = ’%,
respectively) so that the characters defined in (2.3) are real, whereas for the Mobius
strip surface the modulus of the covering torus is £ + 4%, and one needs to introduce
the extra phase e~*"H« to make them real [68]. This extra phase will not play any
role in the following discussion and thus, with an abuse of notation, we shall omit
it. These amplitudes describe the one-loop propagation of closed and open strings,
which in £ and M flip their orientation. It is conventional to refer to this description
as the loop-channel which involves a vertical proper-time [68, 72]. Similarly, by
exchanging the length o' of the string with the proper time ¢" on the world-sheet
through the S or P transformation?, we can describe the free propagation of closed
strings between boundaries (i.e. D-branes) and cross-caps (i.e. O-planes) [68, 72]

via the tree-level amplitudes
M-1 M-1 0
e ~Qa ~Q
Zr=3 Zixa= Y. 27 da(n)g" e, (2.17)
a=0 a=0 n=0

2rl is written in terms of the new horizontal proper time ¢. For the

where ¢ = e~
Mobius amplitudes it carries an extra minus sign, which originates from the non-
vanishing real part of 7. As a result, the coefficients Z¢ and Z; entering the egs. (2.16)
and (2.17) are not independent but are connected to each other by the i'~/2§ or
i*~P/2 P modular transformations.

From the expressions (2.16) and (2.17), it is straightforward to extract the large
mass behaviour in the two channels encoded in the sector-averaged sums associated

to the corresponding amplitudes

M-—1 _ M-1 R
(dn) (Z20) = Y 2§ ®a(n),  (d0) (Z1) = D Zi du(n) . (2.18)
a=0 a=0

As in the closed-string case,

oo -1

D(n) =D ) Pu(n,w), (2.19)

/=1 w=0

“Actually, for the Mobius strip this inversion of proper time is realised via the P = T'/25T25T1/2
transformation [68].
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are the enveloping functions associated with the degeneracies of the real characters,
once the continuation of n to the reals and the refinement on the spectrum are
employed. Employing the same refinement used for closed-string vacua, we can
define the refined enveloping functions ®,(n,w) for the Klein bottle and annulus

amplitudes as

oo (-1
onw)= 3 Y3 QU ). (2.20)

b| Hy<0{=1w=0

In the Mobius strip amplitude, they involve the new Kloosterman sums
QY = (—1"Q", (2.21)

where the alternating sign is clearly associated to the fixed real part of the Teichmiiller
parameter. The presence of (—1)" affects their periodicity in w, which is now
¢ = lem(2, ¢). This little change has remarkable consequences for the property of the
sector-averaged sum associated with the Mobius strip amplitudes both in the direct
and transverse channel, and reflects itself in the need of using the P transformations
to connect the two channels, in the same way as the S transformation does for the
Klein bottle and the annulus amplitudes.

Now that we have defined the sector-averaged sums for all relevant amplitudes,
we can explore their properties and their links to the presence of tachyons in the
spectrum. This will allow us, on one hand, to clarify the role of oscillations and also
to prove Dienes’ conjecture for oriented closed-string vacua. On the other, we shall
only establish sufficient conditions for the classical stability of the vacuum, as well as

a necessary criterion for the absence of closed-string tachyons, for orientifolds.

2.2 Misaligned Supersymmetry for Closed String Vacua

Let us now dig into the study of the properties of the refined sector-averaged sum for
closed-string vacua. The leading order of (2.15) can be straightforwardly deduced
from the expression for the Rademacher expansion (2.6) and the asymptotic beha-
viour of the modified Bessel function (2.10). As can be extracted from (2.10), the

leading contribution is dictated by the deepest tachyon, with the smallest conformal



2.2. Misaligned Supersymmetry for Closed String Vacua 23

weight, included in yx(, associated with the ubiquitous NS vacuum which plays the
role of the identity in the RCFT. As a result, the leading growth of each character is
universal and reads

da(n) ~ emVen/2d L (2.22)

in agreement with the Cardy formula [169]. Plugging (2.22) into the definition of
the sector-averaged sum (2.15) allows one to identify the leading contribution to the

growth of states degeneracies

(d(n))(T) ~ mVEVarEVa/2) S™ A — (Covi SO, (2.23)

a,b a,b

determined by the SL(2; C) invariant vacuum, where we have defined the total central

charge® Cior = VeL/24 + /cr/24. However, whether or not the asymptotic growth
is controlled by Cio: depends entirely on the particular properties of N/, since the
GSO matrix must yield a modular invariant partition function. Consequently, we can
relate the entry for the NS-NS vacuum to the sum over all the characters appearing

in the partition function,

1
Noo = i %Nab (2.29)

since Sqo = i”/2~1/y/M, for a RCFT with all the M characters resolved. Moreover,

the entries \V,;, can only be +1 or zero, which yields the following two scenarios:

1. If the spectrum does contain the deepest tachyon, i.e. Nyy = 1, one has

S"Np#0 and  (d(n))(T) ~ eCorvr. (2.25)

a,b

2. If the spectrum does not contain the deepest tachyon, i.e. Nyg = 0, then

S"Nw=0 and  (d(n))(T) ~ eCeivm (2.26)
a,b

with an effective central charge Cegt < Ciot.

>This reflects the terminology used in literature since the work of [56]. Nevertheless, it is an abuse
of notation since the total central charge should correspond to ¢, + cr.
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The condition Ny = 0 clearly requires that fermions be present in the spectrum and,
in particular, the number of bosonic sectors must equal the number of fermionic ones.
On the contrary, in the absence of extended symmetries, namely when each character
appears only once in (2.1), the condition Ny, = 1 implies that the spectrum only
contains bosonic excitations. These observations were already contained in [56] and,
in fact, represent its main result. However, it is important to stress that Ceg < Ciot
does not imply classical stability since, although the leading tachyon must indeed
be absent, the condition Ny; = 0 does not automatically exclude the possibility that
other tachyons be present, as happens in most non-supersymmetric theories. This
also implies that the mere presence of oscillations, which have been observed in
all non-supersymmetric theories with space-time fermions, has to be ascribed to
the presence of the latter states and thus cannot be considered as a necessary and
sufficient condition for classical stability.

On the other hand, the full extent of this simple analysis can lead to a further
consideration. Indeed, as things stand now, the presence of fermions is not enough
of course to guarantee the absence of all tachyons but it is only a necessary condition.
Thus, on a perturbative level, requiring the vacuum to be at least classically stable
unavoidably introduces fermions, justifying their presence in a phenomenologically
meaningful universe.

We can now turn to the analysis of the sub-leading contributions. This is where the
refinement becomes effective and useful, since taking advantage of the expression in
(2.15), we can arrange the mass-levels in sub-classes w = k, + ¢r, determined by the

periodicity of the generalised Kloosterman sum (2.7) reported in (2.14)

i
f—1 ged(£,0)

Z N Ql()i,ke) le;kz—i-rf—&-Hb—Ha)
0 r=0 (227)

x fe(l,n) fa(l;n),

where we have used

d = ei > (2.28)
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This is the expression from which we can extract our main results. We have to
distinguish the two cases ¢ = ¢ and ¢ # ¢. In the latter case, if / does not divide /,

there is no contribution to the sector-averaged sum, since

_
ged(2, Z)

Z Q é Jkp+ri+Hy—Hg) —0. (2.29)
This property follows from
i i
w0 Ehtrt) _ RSN 2 g4 L) 1
rl) _ =22 (p(k+re)+p Hy —
> gtk _ > e (M),
r=0 p=0
(D=1
_ 7
gy <M ) 1 — ¢ Praen (2.30)
= e 7 pL
=0 40 ) ad 1 67271'1 7
(p,0)=1

since / is an integer multiple of ged (¢, £). Similarly, if ¢ = m/, for some integer m, eq.
(2.29) still holds since p and ¢ must be co-prime, and thus
m—1 B
> emEmiprim — . (2.31)
r=0
The case ¢ = ¢ is a bit more involved and, as we shall see, discriminates between
tachyonic and non-tachyonic string vacua. The ) functions have now the same
periodicity, which implies that in eq. (2.27) the sum over r is trivial, since nothing

depends on r, and

N
DD z z Nov (M5,),, (Miz),,
Y <o T mom Gom (2.32)

27

x o~ =D H~0 He='Ha)) £, 1) Tyl Z em ¢ Pk,
k¢=0

The sum over k;, imposes the condition p = p which identifies the holomorphic and

anti-holomorphic modular transformations. For large n, using the modular invariance
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of the GSO matrix N,;, and taking into account that in string theory tachyons have

—1 < H,, H, < 0, one arrives at the final result

AT =3 S £o(0) N folum) Fultim) (2.33)
=1 b

Hq=H,<0

where ¢(¢) is a function counting the number of co-prime integers with ¢, the so-
called Euler totient function. The exponential growth of the sector-averaged sum is thus
directly linked to the presence of tachyons in the physical string spectrum. In fact, if
physical tachyons, with H;, = H, < 0, are present in the string spectrum, then

(d)(T)~ Nabdb(O)Ja(O)Micﬂ(f)e%ﬂv"{b'”. (2.34)

- 9 nld+1)/2 =
Hy=Ha<0
The exponential growth is then dictated by the conformal weight H; of the deepest
physical tachyon, Cei = 87+/|H,|. Instead, in the absence of on-shell tachyons the

sector-averaged sum (d(n))(7) vanishes, and thus
Cogt = 0. (2.35)

All in all, thanks to modular invariance and employing the clever refinement used in
[58], we have proved that the asymptotic growth rate of the sector-averaged sum is

dictated by the mass of the lightest states, whether tachyonic or massless,
Ceff =4 |a/ml2ightest| < Ctot s (236)

and thus the necessary and sufficient condition for classical stability is the vanishing
of both the sector-averaged sum and the effective central charge, as conjectured
by Dienes in [56]. Notice that the deepest tachyon also determines the effective
Hagedorn temperature T of strings at finite temperature [64], and thus links it to
Cefr-

The analysis is fully general and applies to any vacuum of oriented closed strings.
It extends the discussion of [58], which heavily relies on the representation of the

characters in terms of eta quotients of special type, which is a rather restrictive
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requirement, not met by most non-supersymmetric string vacua. Obviously, when

both representations are possible the two results coincide.

2.3 Misaligned Supersymmetry for Orientifold Vacua

For orientifold vacua, the conclusion reached in the previous Section cannot hold since
modular invariance is no longer a property of the vacuum-to-vacuum amplitudes.
This means that the large-mass behaviour encoded in the sector-averaged sum does
not reflect anymore the presence of physical tachyons in the tree-level spectrum.
Nevertheless, one may naively expect that since the closed-string UV/IR mixing
translates into the connection between dual descriptions in orientifold amplitudes,
the sector-averaged sum may encode the presence of tachyonic characters in the dual
channel. This expectation is going to be confirmed in the following analysis, in which
the properties of the generalised Kloosterman sums (2.7), valid for the Klein bottle
and annulus amplitudes, and the (2.21), valid for the Mobius strip amplitude, play a
key role.

Indeed, the properties of the Kloosterman sum drastically simplify the expressions of

the enveloping functions. In fact, as shown previously,

-1 -1 -1 -
Z Q(&w) _ e~ 1 (pwtp Hy) (pr—1
ab £,p ab
w=0 w=0 p=0
(p,6)=1
-1 . -1
PN T
_ —=p'Hy —1 — = pw
= > e T (M) e, (2.37)
=0 =
(:Z)Zl w=0
-1 )
T _
= 3 (M) 0,
o P/ ab

which vanishes identically unless ¢ = 1, since only in this case p = 0 is coprime with
¢. Therefore, the only contribution to the growth of the sector-averaged sum comes

from /¢ =1,

o) = S QWY f(tin) =i'P2 ST Sy fiy(1,n), (2.38)

b ‘ H,<0 b ‘ Hy<0
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and, in the last equality, we have used the explicit formula (2.13) for QS)’O). Notice
that this expression only involves the S modular transformation that relates the
1-loop amplitudes, K and A, to their dual counterparts, K and A, describing the
tree-level propagation of closed strings between pairs of O-planes and D-branes.

The Mobius strip amplitudes depend on the modified Kloosterman sum, which also

vanishes unless ¢ = 2. In fact,

-1 ) -1 -1 oms
w) __ w 7” w—+p' H, -1
ZQ =D IC VLD DR N 077
w=0 p=0
(P@) 1
i
/—1 gcd(éf)
2w,/ 27mi
_ —=7p Hy - — =7 (p—3) (k+Lr)
= > et (M) Y Z@ 2 (2.39)
p=0 r=0 =
(p,0)=1
i _
-1 i ged(£,0) ,
_ — 25y Hy, -1 —2mi(p—2)r
= Z e ¢ (M&p)ab Z e 2 E%é,
p=0 r=0
(p,0)=1

where in the second line we have written w = k + ¢r and converted the sum over
w into the sums over k£ and r. Clearly, the only non-vanishing term is for ¢ = 2 and

p =1, so that
- ARw) _ 5:1-D/2 L om2 ol 1-D/2
3 QU = 241D/ (TEST STE) , =27 2p,, (2.40)
a

and we recognise the modular transformation P which connects the dual amplitudes
M and M, describing the orientifold projection of the open-string spectrum and the
propagation of closed-string states between a boundary and a cross-cap, respectively.
With these considerations, we can now state the main result of this Section, which

extends misaligned supersymmetry of oriented closed strings to the case of orientifold

constructions. In fact, eq. (2.38) implies

(d(n)) (21) =i~ P Z S ZiSwfln)= Y Z] f(Ln), (2.41)

a=0 b| H,<0 b| Hy<0
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for the Klein bottle and annulus amplitudes, I = 1,2, while eq. (2.40) implies that

M-1
(dn) (M) =2""P2 S S Ze Py f2n) =2 Y Zy fi(2n), (2.42)
a=0 b| H,<0 b| Hp<0

for the Mobius strip amplitude. In both cases, the sector-averaged sum associated
to the loop-channel amplitudes grows exponentially if and only if a closed-string
tachyons propagates in the tree-level channel. Using the explicit expression (2.9),
one can write

(d-1/4 ¢
(d(n)) (2 \/Z > Z7 dy(0 ‘Hb| err VM (2.43)

(d+1)/4
b| Hy<0

with ¢; = 1 ({; = 2) for I = 1,2 (I = 3). Similarly, the sector-averaged sum

associated to the tree-level amplitudes reads

(dn) (Z0) =tr Y Zf fallr,n)

a|Hy,<0

]Ha|(d_1)/4 aln
= \/% Z Z?da(O)WG I s

a|Ha<0

(2.44)

and grows exponentially if and only if a tachyonic character is present in the asso-
ciated loop-channel amplitudes. If no tachyons are present in the tree-level (loop)
channel, the sector-averaged sum (d(n)) (Z;) ({(d(n)) (Z;)) vanishes identically. This
means that (d(n))(Z;) carries information about the coupling of closed-string ta-
chyons to D-branes or orientifold planes, while (d(n))(Z;) encodes the presence of
tachyonic characters in the one-loop partition functions. Therefore the latter must be
considered for the study of the classical stability of the vacuum. This result clarifies
the physical meaning of the sector-averaged sum for orientifold vacua and thus
allows to extend the notion of misaligned supersymmetry to this context, matching
our expectations.

Notice that such considerations only provide either a necessary condition for the ab-
sence of closed-string tachyons or a sufficient criterion for the stability of the vacuum.
Indeed, closed-string tachyons could be present in the spectrum even though their

coupling to D-branes or O-planes vanishes, which implies that (d(n)) (Z;) = 0 cannot
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guarantee the classical stability of the vacuum. Furthermore, albeit the vanishing of
the sector-averaged sum of the parent closed oriented string and of the (d(n)) (Z;)s
automatically guarantees the classical stability of the orientifold vacua, it is not true
in general that a (d(n)) (Z;) # 0 implies that physical tachyons are present in the
spectrum. In fact, tachyons could be projected away by €2, and when this happens
each individual sector-averaged sum can experience a non-vanishing exponential
growth. Although one would naively expect that upon summing the contributions
from all amplitudes 7 and Z; this exponential growth should disappear, this cannot
occur. In fact, the sector-averaged sum (2.34) associated to the torus amplitude
contains infinite contributions with ¢ > 1, which clearly cannot be cancelled by
(d(n))(K), which has only the leading term, ¢ = 1.

A similar story goes on for the open-string sector. Because of the properties (2.37)
and (2.39) of the generalised Kloosterman sums, only one term contributes to the
sector-averaged sum, and has ¢ = 1 for the transverse annulus but ¢ = 2 for the
transverse Mobius strip amplitude, which yields different growth rates so that they
can never cancel.

This suggests that the sector-averaged sums associated with different Riemann sur-
faces cannot be directly compared. This is not surprising since they compute different
properties of the vacuum. On the one hand, (d(n))(7) controls the asymptotic
growth of physical degrees of freedom and therefore it is tied to the spectrum of
oriented closed strings. On the other hand, the quantities (d(n))(Z;) carry no global
information on the spectrum, but rather to the one-point couplings of closed-string
states to D-branes or O-planes.

Therefore, we can only conclude that it is enough for the classical stability of the
vacuum to satisfy (d(n))(7) = 0 and (d(n))(Z2;) = 0 . Actually, because the mere role
of the Klein bottle and Mobius strip amplitudes is to enforce the orientifold projection
on 7 and A, the simultaneous vanishing of the sector-averaged sums associated to
the torus and to the tree-level channel annulus amplitudes is a sufficient condition
for the classical stability of the orientifold vacuum. On the contrary, no information

can be drawn from the vanishing of (d(n))(K) and (d(n))(M), since tachyons could

be associated to oriented strings.
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All in all, these considerations show that the sector-averaged sums have nothing to
say for vacua in which classical stability is a consequence of a non-trivial action of
the orientifold projection. Some concrete examples will be now provided through

which the general discussions of the previous Sections can be shown at work.

2.4 An example in ten dimensions

A simple arena where to test our results is given by ten-dimensional string vacua with
no space-time supersymmetry. Indeed, in ten dimensions the number of consistent
constructions realised in string theory is finite [59, 170-175] and thus a systematic
analysis can be carried out. In all these cases, the spectrum is organised according
to the conjugacy classes of the ten-dimensional little group SO(8) combined with
themselves or with characters describing the representations of the gauge group for
the heterotic string. Furthermore, such characters are dressed with the Dedekind
7n functions from the non-compact bosons [166] giving rise to irrational CFT. Still,

following [166], we can overcome this problem by defining the pseudo-characters

(OQn’VZTUSQn,CQn)—) (OQn Van Son CQn) ’

R (2.45)
s g 8

and including suitable phases in the modular transformations

T : (O, Van, Son, Cop) — e~ TOH12(0y Vo ™4 Gy ™/ Oy,

(2.46)
and
Oan 11 1 1 Oop,
Van, 1fr 1 -1 -1 Von,
S S N 2 (2.47)
Son 211 -1 i —i | | Sy
Con 1 -1 —i™ ™ Con

All these theories can be studied at once by noticing that their partition functions can

be compactly written as

3
Ta= > X\ NavXo, (2.48)

a,b=0
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where y = (Os, Vg, Sg, Cs) denotes the left-moving characters, which are common to
all ten-dimensional non-supersymmetric theories, and ' denotes the right-moving
characters, which depend on the specific model A. Thus, once the characters are

identified, the partition functions are determined by the choice of the GSO matrices

that read
01 O 0
1 0 0 0
Nhet = : (2.49)
00 -1 0
00 0 -1
for the heterotic theories, while
1 0 0 O 1 0 0 O
01 00 01 00
Noa = ; Nog = ; (2.50)
0 0 01 0 010
0 010 0 0 01
for the type OA and type OB theories and
0 0 0 O 0 O 0 O
0 1 0 -1 0O 1 -1 0
M = N = , (2.51)
0 -1 0 1 0O -1 1 0
0 0 0 O 0 O 0 O

for the type IIA and type IIB theories.

The type IIB, OA and OB superstring vacua are left-right symmetric on the world-sheet
and thus can be modded out by the world-sheet parity 2 [65-70], possibly combined
with extra symmetries. Following the rules of the orientifold construction (see, for
instance, [72]), the Klein bottle projection for the type IIB and type OA superstrings
is unique [28, 68], while four independent choices are allowed for the type 0B [28,
68, 176].

The analysis for the ten-dimensional heterotic models has been carried out in great
detail in [63] reproducing the results of [58] for the SO(16) x SO(16) model. The

vacua with A/ = (1, 1) world-sheet supersymmetry and their related orientifolds have
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been discussed in [75] reproducing the results of [177] for the type 0'B superstring.
The analysis for the type OA superstring in [75] is somewhat quick and schematic,
and thus we take advantage of this opportunity to provide a more detailed discussion.
The type OA superstring [28, 68, 176] combines the left and right moving SO(8)
characters via the GSO matrix (2.50). In this case, the spectrum is purely bosonic,
and thus the tachyon related to the identity of the algebra is present. In addition,
the massless states comprise the dilaton, the metric, the Kalb-Ramond field, two RR
1-forms and two RR 3-form fields.

Compared to the type OB case, the only changes occur for the bosonic content in
the RR sector, and thus play no role in the computation of the sector-averaged sum
associated with the torus amplitude with the one reported in [75] for the type OB

superstring,
/n/2

= (0 @i (2.52)
(=1

where the exponential growth is dictated by the NS vacuum associated to the tachyon
with mass Hy = —1/2.
As already mentioned, the type OA superstring is left-right symmetric, but admits

only one type of orientifold projection [68], resulting in the Klein bottle amplitude
K =05+ V3. (2.53)

Under the action of the S modular transformation, the tree-level propagation of

unoriented closed-string states is encoded in the transverse channel
K =25{0g + Vg} . (2.54)

The structure of the amplitude is not affected when moving from the one-loop and
tree-level channel and vice versa. Furthermore, in both cases, there is a tachyonic
character, which shows that the closed-string tachyon is kept by the orientifold
projection® and couples to orientifold planes. Although there are only NS NS tadpoles,

and thus the introduction of the open sector is not mandatory, we shall be a bit more

%It eliminates the Kalb-Ramond field and one copy of the RR 1-form and 3-form.
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general and include D-branes into the game to exploit the properties of the sector-
averaged sums associated to each amplitude. Since in the transverse channel only
the Og and Vg characters may appear, the only available choice for the transverse

annulus amplitude is given by
A=27{(np —nr)?0s + (np +nr)*Vs } , (2.55)

where we have introduced the stack of branes np and np, leading in the direct
channel to

A= (HZB—FH%‘)(OS—FVS) — QHBnF(Sg—i-Cg). (2.56)

Aside for an overall sign ¢, we can compute the Mobius strip amplitude in the

transverse channel as

M :25{(HB_TLF)OA8+(”B+”F)VS} , (2.57)
that after a P transformation gives
M= —€{<nB—nF)Og— (TLB—FTLF)Vg} . (2.58)

Therefore we can read the massless open-string spectrum according to the choice of ¢.
If ¢ = 1, the open sector provides a gauge boson in the adjoint of USp(ng) x USp(nr)
gauge group, with a tachyon transforming into the (H, 1)+(1,[ 1) representations and
left and right fermion transforming in the bi-fundamental representation. If ¢ = —1
the gauge group becomes a product of orthogonal ones SO(np) x SO(nr) with a
tachyon in ("1, 1)+ (1, H) and still with fermions transforming in the bi-fundamental
representations.

The sector-averaged sums associated to the transverse amplitudes come straightfor-
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wardly

edm\/n/2

(d(n)) () = 557

edm\/n/2

(d(n) (A) = Gz (ns —np)? (2.59)

(d(n)) (M) = —e el (np —np) |

reflecting the coupling of the closed-string tachyon to boundaries and cross-caps.
Since all the terms are non-vanishing, this is enough to conclude that the closed-
string tachyon survives the orientifold projection. Indeed, this can be seen from
the one-loop Klein bottle amplitude and is reflected into the computation of the
sector-averaged sum associated to the transverse channel

N
() () = G5 57 (2.60)

The open-string tachyon is also unoriented, implying non-vanishing contributions to

the sector-averaged sums of both transverse annulus and Mobius strip amplitudes

(d(n) () = G507 (ny + %)

(2.61)
~ 2™ n/
(d(n) (M) = el (ng — )
Choosing ¢ = —1 and the Chan-Paton factors to be ng = 1 and nr = 0, the tachyon

is projected away from the open spectrum. Note, however, that there is no way to
provide a mutual cancellation between the associated sector-averaged sums, since

the powers and the coefficients characterising the expressions in (2.61) are different.

2.5 Anexamplein D =9

Aside from the ten-dimensional examples described so far, there are other ways to
build non-supersymmetric string vacua. A notable option is breaking supersymmetry
also via continuous deformations, employing the Scherk-Schwarz mechanism [178,

1791, or its T-dual version: M-theory breaking [31, 32]. Focusing on the simplest
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scenario with the internal manifold described by a circle S'(R), one can realise both
constructions as freely acting orbifolds [16], where the supersymmetry breaking
generator g is combined with a suitable shift § along the compact direction. Explicitly,
this means that g = (—1)¥, with F the space-time fermion number, while ¢ acts as
0 : y = y + 7R for the Scherk-Schwarz case and § : yrr — yr.r £ %w for the
M-theory breaking. The latter action has a natural interpretation in terms of the
T-dual variable § = y;, — yr implying that the two oriented closed-string vacua are
equivalent. However, new physics emerges in the orientifold case, since T-duality
changes the dimensionality of the orientifold planes and D-branes, as well as the
projection, providing for the M-theory breaking construction an additional projection
which eliminates the tachyon [87, 180, 181]. Therefore, we shall focus on the latter”
by first discussing the role of misaligned supersymmetry for the oriented spectrum
and then for the two orientifold projections.

Let us start from the torus partition function obtained from a freely acting orbifold of

the type IIB superstring generated by (—1)'§

T = 3lVs = SsI? D Amn(R) + 51Vs + S5 D (=1)" Amn(R)

m,n m,n

+ 3108 = Cs* D A1 o (R) + 5108 + Cs? D (=1)" A, y1 ,(R)

m,n m,n

(2.62)

where the action of § on the winding modes and its modular completion are shown.
The Kaluza-Klein momenta and windings associated to the compact direction contrib-

ute with the standard Narain lattice

In the R — 0 limit, the orbifold action is trivialised and one recovers the super-
symmetric IIB theory, while for generic values of the radius R supersymmetry is
spontaneously broken and the gravitini acquire a mass m ~ R. The excitations of

the NS-NS vacuum in |Og|? survive the GSO projection in the twisted sector, and the

"For a parallel discussion of misaligned supersymmetry for the Scherk-Schwarz and M-theory
breaking compactification see [63, 75].
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lightest state has mass

2
. = —2%/ + i (2;) . (2.64)
This scalar is then massive for small values of R, but becomes tachyonic above the
critical radius R, = Vo' /2+/2. As the radius increases, more and more states become
tachyonic, and it is clear that these models represent an ideal ground to study the
realisation of misaligned supersymmetry in string theory?®.

To illustrate the analysis of Section 2.2 on the degeneracies of states, we need to

select rational values for R?/a’ = s/t € Q since, in this case, the Narain lattice

reduces to a RCFT

2st—1
> Amn(R) = > Aada, (2.65)
m,n a=0
with the 2st characters defined as
st(m+i)2
q 2st
Xa(q) = —_— (2.66)
@ ; n(q)
Note that \g and A\ are real, while \, and \os; 4, a = 1,..., st — 1, form conjugate

pairs. The s have conformal weight h, = a?/4st, and thus H, = a?/4st — 1/24,
with conjugate pairs carrying the same weight. Notice that H, < 0 for a < v/2s and
p = 0, so that the associated characters can describe tachyonic states. In eq. (2.65)
the anti-holomorphic characters have index al, where [ = rt + sv, with the integers r
and v satisfying the relation

rt—vs=1, (2.67)

and the label al is defined modulo 2st. As shown in [63], these characters are
eigenstates of the shift operator § only for even ¢, but must be broken into sub-
characters for odd ¢. For simplicity, here we shall restrict the discussion to the even-¢
case, where

§ 0 da— (—1D)Y2 N, (2.68)

and we also take s = 1, so that the condition (2.67) can be easily solved by r = 0

8See for instance [182] for a first study of misaligned supersymmetry in the context of the T-dual
Scherk-Schwarz reductions.
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and v = —1, for any ¢°. In this setting, the action of the modular group on these

characters is encoded in the T and S matrices

(a2 1 2mi &b
i 5T~ 15 em 2
Ty =c¢ (Qt 12) 6aba Sab = \/ﬂ . (2.69)
The new characters that enter the partition function are thus [63]
{Xa}ao = (08, V&, S8, Cs) @ {Aa}ory - (2.70)
where the x, have shifted conformal weights Hy;1q = ‘i—i — %61,,0, withp=20,...,3.

In terms of the characters (2.70), the torus amplitude associated to the (—1)¥§

orbifold of the type IIB superstring reads

1

v = Z <|X2t+at|2 + |X4t+at’2>
a=0

|+

+ Z (X2t+26X2t—2b + Xat+2bX4t—2b
b=1
X2t 4425 X2t—t—2b + Xdt+t4+2b Xdt—t—2b)
t
11
- Z (X2t+2b+1X4t—2b—1 + Xdt4+2b+1X2t—2b—1
b=0

F X2t t42b+1 Xdt—t—2b—1 + Xdt41+2b-4+1 X2t—t—2b—1)

! 2
+ 3 (e )
0

+) (X5—2b>_<§+2b T Xot+ £ —26Xo6t+L+2b
b=1

(2.71)

2
+ ‘ 2a+1
Xet+ 201

[N

TX 3t _op X— £ 4op + Xet+3t—ap Xﬁt—gﬂb)

[V
I
—

(X%—2b—1x%+2b+1 + Xot+£ —26—1X6t+ £ +2b+1

b=0

X3t _9p—1 X—tyopt1 T Xet+3—op—1 XGt—%+2b+1) :

Given the expression for the torus partition function, we can proceed by computing

0Other choices for s and ¢ yield equivalent results.
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the sector-averaged sum, which reads, for t < 8§,

8 - t 4 1 & 2m (8 t)
— il T vieTtn 2.72
@)= (T ) 55 2 w0 HVEIT, .72
while it vanishes for ¢t > 8, as expected. The Scherk-Schwarz reduction at this level
can be obtained via a T-duality operation, in which the radius of compactification
is sent to R — «'/R. This means that the sector-averaged sum for this vacuum is
related to (2.72) by exchanging s <+ t. We can therefore define the effective central

charge in terms of the radius R

21\/8 —o//R? for R*>d'i,

Cefr = (2.73)
0 for R?<d/%,

where the limits R — 0 and R — oo recover the results for the type IIB and type
0B superstrings respectively, as shown in figure 2.1 once the radius is continued
to real values. Recalling that the sector-averaged sum is tied to the number of
degrees of freedom, the behaviour of (2.73) suggests that the M-theory breaking
compactification does not correspond to a continuous deformation which, as such,
should imply that the number of degrees of freedom does not change with the radius
R. It would be interesting to make this observation more quantitative, by deforming
the partition function whose free energy can be shown to depend quadratically on
Cefr [63]. This would characterise the phase transition as a first order and it would
be interesting to look for a holographic dual in AdS;3 for which, in the large central
charge limit, the Hagedorn-like phase transitions of the CFT are mapped to Hawking-
Page transitions of the gravity theory, dominated by the entropy of BTZ black holes
[183]. However, such a study would require a clearer picture on the meaning of the
averaging procedure in this context, and lies beyond the scope of this thesis.

The amplitude described in (2.71) is invariant under world-sheet parity, and can be

orientifolded by adding the Klein bottle amplitude that, for the standard choice of €2,
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0.2 0.4 06

Figure 2.1: The figure displays the dependence of the effective central charge on R
with o/ = 1 and shows that above the critical radius the M-theory breaking reduction
is not a deformation of the original theory.

reads

1 1

Km = Z (Xat+2t — Xat+4t) + Z (X@t - X@Hﬁt) . (2.74)
a=0 a=0

Notice that aside from the first two terms associated to the V3 and Sy characters
dressed with the KK and winding excitations, two extra contributions appear associ-
ated to Og and Cs. In the transverse channel

t/2-1

~ 2

Km = 25% > {Xotrab — Xarrap2} (2.75)
b=0

so that this vacuum involves pairs of 09_ and O9_ planes which do not carry a
net RR charge, as can be seen from the fact that the characters x 414512 = Ss Api2
are massive, m? o % = 1R? (4b+ 2)%. In the formal limit R — 0 they become
massless, the O9_ planes decouple and a net RR tadpole emerges from (2.75). Taking
this limiting case into account, we shall also impose the RR tadpoles associated to
the x4¢14p10 characters.

Following [31], we add (n1, n2) stacks of branes and (ns,n4) stacks of antibranes so
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that
5 1271
Am = 275@ > {(nl + g + 13+ 14)” Xaerap + (1 — na + 13 — na)” Xarr24 40
b=0
— (n1 + na — 13 — na)” Xaeap — (N1 — 2 — 0z +ng)’ X4t+4b+2} ;
(2.76)
and
o t/2-1
My = —2% > {(n1 + na +ng 4 n4) Rorap — (01 — n2 — N3+ n4) Rarravra} -
b=0
(2.77)
The tadpole conditions
n1+ng+ng+ng =32, ni+mne—ng—ng =0, (2.78)

associated to the massless characters yo; and x4, together with the “massive” tadpole

ny — ng — ng + ng = 32 for x4s14p12, admit the unique solution
n1:n4:16, n2:n3:0. (279)

The open spectrum can be then deduced by employing the S and P modular trans-

formations, yielding

2 2 2 2
Am = Z { (nl +ny+n3+ n4) (XQH_%% - X4t+27“t)
2(metnns) (s~ Xasiie) (g0,
+ 2 (ning + nany) (XQat — XGt-&-%“t)

2

+ 2 (ngng + ninyg) (X2a+1t — X6t+2“%t> } ,

2
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and

1

My = — Z;) {(m +n2 +ng +na) Xopy 20 — (N1 — g — 13+ 14) (—1)a>24t+27at} :
a=

(2.81)

At low energy, this M-theory breaking orientifold describes a graviton, the dilaton
and a RR two-form from the closed-string sector together with an SO(16) x SO(16)
gauge group coupled to a left-handed fermion in the adjoint representation. For large
values of the compactification radius, i.e. for ¢ < 8 a real closed-string tachyon and
an open-string one in the (16, 16) representation emerge.

The amplitudes can be shown to be compatible with those of [31] once the value
R? = o/t is chosen, and the momentum and winding sums are written in terms of
the \ characters.

We can now study the classical stability for this M-theory breaking vacuum by
computing the associated sector-averaged sums. An inspection of the direct channel
amplitudes gives (d(n)) (Z;) = 0, reflecting the absence of closed-string tachyons that
freely propagate between D-branes or O-planes. This, however, does not guarantee
the classical stability of the whole construction, since a tachyon can be present in 7Ty
for special values of t. A completely different story regards the sector-averaged sum

associated with the transverse channel. In fact, from K one finds

() (B = 2 () eV 2.82)
Vans \ 16

for t < 8, while it vanishes if ¢ > 8. This behaviour is consistent with the fact that

the closed-string spectrum is tachyon-free for ¢ > 8, while a tachyon is present when

t<8.

The sector-averaged sum from the transverse annulus amplitude has a similar beha-

viour

(d(n)) (Au) =2

8 —1)? my/ (8—t)n
5 g 2711714 ? e 5 (283)
n

reflecting the presence of a tachyon in the bi-fundamental representation (16, 16)
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when t < 8. When ¢ > 8, (d(n)) (Au) = 0 since all would-be tachyons are actually
massive. Finally, the sector-averaged sum of the transverse Moebius strip amplitude
vanishes identically, consistently with the fact that the open-string tachyon, when
present, is oriented and valued in the bi-fundamental representations of SO(16) x
SO(16). Therefore, in this case, the vanishing of the sector-averaged sum (d(n))(Awm)
is a necessary and sufficient condition for the classical stability of the open-string
spectrum, while for the stability of the closed-string sector we must require that both
(d(n))(Tm) and (d(n))(Ky) vanish.

As discussed at the beginning of this Section, the Klein bottle of eq. (2.74) is not
the only orientifold projection compatible with (2.71). Indeed, in [87, 180, 181] it
was shown that other options for 2 are possible, and in particular one can choose to

project away the closed-string tachyon by using
1 1
K=Y (Xat+2t — Xat+4t) — Y (X@t - X#HG,:) : (2.84)

a=0 a=0

This change of sign affects the geometry of the orientifold planes, since now

-1
Ky = \/ Z {X2t4ab+2 — Xat+ab} - (2.85)

which reveals the presence of 09 _ and 09 planes which have a net RR charge but
vanishing tension. The annulus amplitude is still given by egs. (2.80) and (2.76),

while the tree-level channel Mobius strip amplitude reads

. 9 =1 ) .
My = —27 {(n1 —n2 + n3 — n4) Xopyapr2 — (N1 + N2 — N3 — Ng) Xap4ap ) -
b=0
(2.86)
The RR tadpole conditions
ny+ne—ng—ng =32, ni—no—ng+ng =0 (2.87)

are clearly incompatible with the NS-NS tadpole n; + no + n3 + ng = 0 since the
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O-planes are tensionless. Upon a P modular transformation, we get

1

M{\/I = — z;){(nl — Ny +n3 — n4) (_1>a>22t+27at — (nl —I—TLQ — N3 — 714) X4t+27at} .
a=

(2.88)

The light spectrum from the closed strings comprises a graviton, the dilaton and a RR
two-form, and no extra light states emerge at special values of the compactification
radius, since the would-be tachyon is removed by the new orientifold projection. From
(2.80) and (2.88) we read the gauge group SO(n;) x USp(n2) x SO(n3) x USp(n4).
Left-handed fermions and tachyons transform in the representations (H, 1;1,1) +
(I,H; L, 1)+ (1, 1;000,1)+(1,1; 1,00 ) and (), 1500, 1) 4+ (1,07; 1,00), respectively. When
t < 8 additional tachyons in the representations (", 1;1,01) + (1,[ ;[ ], 1) appear. All
open-string tachyons can be eliminated by taking the minimal solution n; = ny = 16
and ng = nq = 0 of the RR tadpoles, but we shall focus on the more general set-up
allowing the simultaneous presence of branes and anti-branes to fully analyse the
behaviour of the sector-averaged sums. It is possible to show that, choosing the value
R? = o/ /t in the model of [87] one obtains the amplitudes presented in this section.
As in the case of the standard M-theory breaking, (d(n))(Z}) = 0 for every loop
amplitude, since no closed-string tachyon propagates between D-branes or O-planes.
The sector-averaged sums associated with the tree-level channels are, instead, slightly

modified and read

_ 2
() (Ryg) = ~2—— (55 ) VeI, (289)

and

i 1 8 —1\?
<d(n)> (A{V[) = 5 {2 (n1n4 -+ n2n3) 2 (16) eﬂm
1 (2.90)
+2 (n1ng + nany) 1 et n/2} ,

while (d(n)) (M};) = 0 since, also in this case, open-string tachyons are oriented.
Even though the only difference with the standard M-theory breaking analysis is in
the minus sign in eq. (2.89), the physical interpretation is deeply different. It tells

us that the tachyon that appears in the spectrum when ¢ < 8 is actually projected
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out. However, eq. (2.89) fails to cancel the sector-averaged sum (2.72) of the torus
because of the appearance of the sub-leading contributions, ¢ > 1.

To conclude, eq. (2.90) reflects the presence of tachyons in the spectrum, as long
as anti-branes are present. Also in this case, since all tachyons transform in bi-
fundamental representations, a necessary and sufficient condition for the stability of

the open-string sector is the vanishing of (d(n)) (Aj,).
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3.1 Orientifold vacua in six dimensions

Orientifold vacua in six dimensions have received much attention, since their dynam-
ics is highly constrained by anomaly cancellation, and thus are an ideal playground
for model building and for studying supersymmetry breaking. In particular, we will
focus on orientifolds obtained from the orbifold limits of K3 manifolds, 7% /Zy, with
N =2,3,4,6 [59, 184-186], on which the nonlinear sigma model is exactly solvable,
and thus we can use an exact world-sheet description to investigate these vacua.
In particular, in D = 6 the standard world-sheet parity operator can be dressed
with the orbifold action with fixed loci given by orientifold planes with different
dimensionalities, namely O9_ and O5_. One must thus introduce D9 and D5 branes
to avoid local anomalies [68, 100, 101, 187]. This configuration preserves N' = (1, 0)
supersymmetry, and the spectrum is organised in suitable super multiplets. However,
this choice of the orientifold action is also compatible with the presence of 09, and
05, planes requiring D9 and D5 branes, which thus provide a compactification of the
Sugimoto model, where, as in the ten-dimensional case, supersymmetry is broken in
the full open-string sector. Actually, this is not the only way to break supersymmetry,
since it is possible to dress the orientifold projection with an involution that flips
the twisted 2-cycles of K3 which implies the simultaneous presence of orientifold
planes with positive and negative tension and charge'. The possible configurations
in this scenario are given by 09, and O5_ or, alternatively, O9_ and O5_ planes,
requiring the introduction of D9 and D5 or D9 and D5 branes, respectively. These
scenarios are completely equivalent and are known in the literature as Brane Su-
persymmetry Breaking (BSB) [35] and will be the subject (with its supersymmetric
counterpart) of this Chapter”. The original construction [35] was based on the T* /Z
orbifold, while generalisations to the Z, and Zg cases® have been recently discussed
in [39]. These models are particularly interesting, since they do not have tachyonic

instabilities and admit a tree-level supersymmetric closed-string sector coupled to

The case of a non-vanishing background B-field [70, 188-190] will not be presented in this thesis.

2We will focus on the configuration with 09_ and 05, planes. The other aforementioned choices
are straightforward.

3The BSB version of the T*/Z3 cannot be realised since there are no O5 planes identified by the
orientifold action.
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non-supersymmetric open strings. The consistency of the vacuum is guaranteed
since supersymmetry is, actually, non-linearly realised [76, 102], with the massless
goldstino in the singlet of the gauge group playing the role of the Volkov-Akulov
field [77]. Its presence, together with the non-vanishing dilaton tadpole, is hence
crucial in writing down a consistent interaction term for the massless gravitino, which
is coupled to a conserved current. In this setting supersymmetry is broken in the
open-string sector, but such a breaking has to be thought of as occurring at the string
scale, since no order parameter is present which may restore the symmetry.

In [35], the simplest realisation of such class of vacua was presented, where, for
instance, the cancellation of R-R tadpoles was achieved by placing D5 branes on a
single Z, fixed point. However, this is not the only option at our disposal and one
can still choose to place D5 branes on all the fixed points. In this case, the charges
of D9 branes can be cancelled against those of D5 branes, following an observation
made in [68, 191] in a different setting. Such a mechanism may lead to non-trivial
solutions, since the D9 and D5 branes involved are fractional as one can see from
the particle interpretation of the vacuum-to-vacuum orientifold amplitudes. On the
other hand, this way of cancelling twisted charges may leave behind additional
uncancelled NS-NS tadpoles, thus providing new contributions to the scalar potential.
Therefore in addition to the usual dilaton contribution from the untwisted tadpoles,
new terms arise involving blown up moduli, which could be responsible for an
eventual spontaneous resolution of orbifold singularities, in case the dynamics forces
them to get non-trivial vevs. Furthermore, when BSB orientifolds are built from
higher order point group orbifolds, O-planes become fractional, as reflected in the
absence of open-string moduli that would allow partial recombination of branes
leaving the charge of orientifold planes uncancelled. As explained in [39], this is
manifest for the BSB orientifold built upon the T*/Z, orbifold, for which the presence
of fractional O5 planes located on the four Z, fixed points enforces the introduction
of four stacks of D5 branes on the top of them and local charge cancellation forbids
D5 branes to be moved away. A similar situation applies for the 7% /Zg orbifold in
which both O9_ and O5; planes are fractional but since the Zg action identifies

only one fixed point, such feature is less manifest. Nevertheless, a solution without
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open-string moduli is also available in this case and will be discussed in the present
Chapter.

Although this way of cancelling D-brane twisted charges seems to be specific to BSB
vacua, a similar situation applies to supersymmetric vacua as well*. Indeed, also for
the supersymmetric 7% /7, and T*/Zg orientifolds D9 and D5 branes are fractional,
and one can choose to cancel the R-R charges of D9 branes against those of the D5
ones, once the latter are placed over all the fixed points. As a result, we obtain a finite
number of non-trivial solutions to the R-R tadpole conditions that determine different
bona fide string vacua. However, when N' = (1,0) space-time supersymmetry is
present, orientifold planes are fractional only for the Zg” point group, for which the
previous considerations apply. In the rest of this Chapter, we will present a parallel
discussion of the BSB and supersymmetric vacua built from the T*/Z¢ orbifold and
we will enlighten the features just described.

For simplicity, we consider a factorised 7% = T? x T2, with complex coordinates
(21, 22). The Zg group acts as a 60-degree rotation on each 72, which is then a
symmetry for a torus with fixed complex structure U = e™/3. Compatibility with

supersymmetry requires an equal or opposite rotation on the two 7%s. Our choice is
g (21,2) = (2021, e72m/6 ) (3.1)

where g is the generator of Zg.

In orbifold compactifications, the structure of fixed points plays a crucial role, since
it gives the multiplicities of the twisted states and determines the structure of the
associated Hilbert spaces. The action of ¢ has a single fixed point with coordinates
¢ = (0,0), which is also fixed under the action of ¢°. The elements g and ¢* form
a Zs subgroup. Aside from the origin, eight of the nine fixed points arrange in four
Zs doublets, and the associated Hilbert spaces only support Zs projectors. Similarly,
g> generates a Z, subgroup and the fifteen fixed points different from the origin,

arrange into five Zg triplets, with only a Z» projection.

“For instance, the observation pointed out in [191] was made for D = 4 supersymmetric Zg
orientifolds.

5Also in the 7% /Zs orientifold O9_ planes are fractional, but we will not discuss the features of this
vacuum.
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This structure of fixed points is reflected in the various terms of the torus partition
function, which is well known and is explicitly written in [39]. Keeping only the
massless states, we can write the partition function in terms of the SO(4)-characters

associated to the little group of the six-dimensional Minkowski space, yielding

Tie = Vi — 284)° +2(204 — Cy?
+ 204 — Cu* + 204 — Cyf?

, , (3.2)
+(144) [[204 = Cuf* + [204 = Cuf?]

+(145) 204 — Cy]*.

The first line corresponds to the contribution from the untwisted sector, the second
one encodes the contribution from the unique Zg fixed point from the ¢ and ¢°-
twisted sectors, while in the third the extra multiplicity 4 takes into account the four
Zs3 doublets form the g2 and g*-twisted sectors. Similarly for the last line associated
to the g3-twisted sector, where the 5 encodes the five Z, triplets. This partition
function yields the (unique) massless spectrum with A/ = (2,0) supersymmetry, with
one gravity multiplet and twenty-one tensor multiplets.

Starting from this oriented closed-string sector, one can implement the two different
orientifold projections giving rise to the supersymmetric and BSB vacua.

Although in eq. (3.2) all the massless characters appear left-right symmetric, when
the full massive excitations are considered this parity symmetry only survives for
the first contribution in the untwisted sector and the last one associated with the
g>-twisted sector. Indeed, the geometric action of the orbifold combines the g* and
the ¢g/V—* twisted characters, resulting into a charge conjugate modular invariant
partition function. This means that the orientifold projection yields the Klein bottle

amplitude with massless characters
K = (Vi = 280) + (~1)7(1+5) (204~ Ca) , (3.3)

where we have introduced the involution o, which acts trivially on the g3-twisted
cycles in the supersymmetric case, o = 0, while it flips the parity of these cycles in

the BSB scenario o = 1. In the supersymmetric case, this means that the orientifold
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projection selects a A/ = (1, 0) hyper multiplet on each Z; fixed point, while for the
BSB case the projection selects a tensor mulitplet. As a result, we have one tensor
multiplet and two hyper multiplets arising from the untwisted sector, one tensor
multiplet and one hyper multiplet from the g and ¢° twisted sectors, five tensor
multiplets and five hyper multiplets from the ¢ and ¢* twisted sectors, while the ¢3
twisted sector yields six hyper multiplets in the supersymmetric case or six tensor
multiplets for the BSB construction, as a consequence of the non-trivial involution o.
To summarise, the choice o = 0 provides fourteen hyper multiplets and seven tensor
multiplets, while o = 1 leads to thirteen tensor multiplets and eight hyper multiplets.
The nature of orientifold planes is encoded in the transverse channel Klein bottle

amplitude, which reads

o) 27" 5 25\
o) =2 (95— (~1)7 2= 9
K : ( Vo —(-1) ﬁ) (Va—25y)
22 (g 2\ 20s—Ci420s—C
S b \/17+(—)\ﬁ (204 —Cy4+204 — Cy) 3.4)
24 2 o 2
+ 5 (8- 63, + (a2 = (=1)73¢24)°] (204 — Cu)
274 2 o 2
+ 9 [S'Q4,t+(Q4,t— (=1)73qa,) } (204 - Cy).

In the first line, we have presented the contribution to the untwisted tadpoles. It
explicitly shows that the choice of the involution determines which orientifold planes
are considered: o = 0 reflects the presence of O-planes carrying negative tension
and charge O9_ and O5_, while 0 = 1 requires orientifold planes with opposite
tension and charge, namely O9_ and O5.. The last two lines encode the contribution
from the g? and g¢*-twisted sectors, and reflect the geometry of the configuration of
orientifold planes. Indeed, the O9_ planes fill all space-time and are thus charged
under the twisted R-R forms located on all the Z; fixed points. The O5_. planes are
instead placed at the 7Z, fixed points, and thus only the one located at the origin
(which corresponds to the unique Zg fixed point) carries a non-trivial charge. The
g>*-twisted charges of O9_ planes are given by ga; = —(—1)%¢q4; = (—1)78, while

the O5- planes are coupled to the six-form through 3¢, , following the usual
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formula [37]

fixed point
q:qg\/ # fixed points 3.5)

# occupied fixed points -
To cancel irreducible anomalies [191, 192], one must introduce D9 and D5 branes
with the appropriate charges required to cancel the R-R tadpoles. In general, the
Chan-Paton factors do feel the action of the orbifold group, so that each element
of the point group ¢ identifies the corresponding brane images, and we label with
N, ( D,) the action of ¢® on D9 (D5 or D5) branes. Furthermore, since the Zg
orbifold has only one fixed point, we introduce a single stack of D5 or D5 branes on
it. Consequently, the massless contribution to the transverse channel of the annulus

amplitude reads

Al) = 265 {V4 <Nof+ D)2 — 28y <N0ﬁ+ (_1)0DO)2

Vv Vv
2 2
+40, (Nof—f;?—) —-2C, (Nof—(—l)g\l;g)
+22 3" [204(No = Da)? = Ca(Na = (~1)7 Da)?]
a=15
+;1 > [(204—Cu)8 N2 +204(No — 3 Da)? = Cu(No — (=1)73 Da)?|
a=2,4

+ [(2 Oy — Cy)15 N3 +204(N3 — 4 D3)? — Cy(N3 — (—1)74 Dsﬂ } :
(3.6)

while the massless terms in the transverse channel of Mébius strip amplitude can be
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computed as geometric means of K and A, as required by compatibility

e ) e )
i) (-2
— 25, (Vi + (172 ) (Nov+ (17 22 )
26, <\/5_ (_1)0\}5> <N0f_ (_1)0—3%) (3.7)
- 2; QXQ:A [8 Gt Na (204 — Cy)

+ 204 (Na -3 Da)(l - (_1)03)QQ¢

~Ca(Na = (-1)73Da)(1 = (~1)73)gas]

Given all the amplitudes (3.4), (3.6) and (3.7), one can straightforwardly deduce

the R-R tadpole conditions which then read
Ny = 32, Dy =32, (3.8)
from the untwisted sector,

Nis—(=1)"D15=0, (3.9)

)

from the g and ¢° twisted sectors,
Ny = —(=1)Ny = —(-1)°8, Noy—(—1)?3D9 4 = +(3—(—1)7)8, (3.10)
from the ¢ and ¢* twisted sectors, and, finally,
Ny — (~1)°4D5 =0,  N3=0, (3.11)

from the ¢> twisted sector.
Note that for 0 = 0 bosonic and fermionic degrees of freedom in the egs. (3.6) and

(3.7) have the same tadpoles, consistently with the presence of supersymmetry in
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this vacuum, while they are different for the choice ¢ = 1, when supersymmetry
is broken. This means that, for the supersymmetric case, satisfying R-R tadpoles
necessarily implies the cancellation of the NS-NS ones as well. However, in the BSB
case, one is left with an uncancelled tension that contributes to the scalar potential.
In general, we will choose to satisfy the twisted R-R tadpole conditions via a mutual
cancellation between the twisted charges of D9 and D5 branes, which schematically

implies

V($,€) = (Do+32) e~+e™% [(N1 = D1) (&1 + &) + (N2 — 3 Ds) (& + &) + O(2)]
(3.12)
where the field ¢ corresponds to the ten-dimensional dilaton while &, correspond to
massless scalars localised on the Zg and Zs fixed points. Such scalars are massless
and they could play a non-trivial role in the dynamics since a non-vanishing vev
would imply a spontaneous blown-up of the orbifold singularity.
In eq. (3.12), the first and last terms are always present since they are fixed by the
solution to the corresponding R-R tadpoles, Dy + 32 = 64 and Ny — 3 Dy = —16,
while the second term could be present or not according to our choice to cancel the

g(g®)-twisted R-R tadpoles.

3.1.1 The T*/Z¢ BSB orientifold

In this case o = 1 and the involution acts non-trivially, calling for the presence of
D5 branes. Furthermore, the choice of ¢ also affects the structure of the Chan-Paton
labels. In particular, in our setting the Chan-Paton factors are real and one can

decompose N, and D,, into labels that are eigenvalues of the orbifold action

5 5
Ng=> e/ n, Dy g=> ™0q,, . (3.13)
¥=0 v=0

The solution to the tadpole conditions is not unique and reads

no=8+2a, ni=nys=4+a, ny=ng=4—a, nz3=8-—2a,
(3.14)
do=8—2a, di=ds=4—a, do=dy=44a, d3=8+42a,
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with a = 0,...,4. This parameter controls the way the twisted charges are cancelled
between D9 and D5 branes. Performing S and P modular transformations on (3.6)

and (3.7), we can extract the direct channel amplitudes

Agg =(n2 + 2n1ns + 2ngnq +n3) (Vs — 2 Sy)
+ 2(?10?15 + ning + n2n3)(2 O4 — 04) (3.15)

+ 2(non1 + nsng +n4n3z)(2 04 — Cy),

and

Mg = —(ng +n3)(Va — 28,), (3.16)

for open strings stretched between D9 branes,

Ass =(d2 + 2d1ds + 2dady + d2) (Vi — 2 S4)
+ 2<d0d5 + didy + d2d3)(2 Oy — C4) (3.17)
+ 2(dod1 + dsdsy + d4d3)(2 O4 — 04) ,

and

M = (do + d3) (Vi +254) (3.18)

for open strings stretched between D5 branes, and

Agg =2(n0d0 4+ n1ds + nody 4+ n3ds + nado + n5d1)(—S4)
+ 2(nopds + n1dy + nods + ngdy + ngdy + nsdy) Oy (3.19)

+ 2(nody + nsda + nyds + n3dy + nods + n1dy)Oy

for open strings stretched between D9s and D5s. Supersymmetry is thus broken on
the D5 branes, since the gauge bosons and would-be gauginos come in different
representations in (Azz + Ms5)/2, while in Ay a different GSO projection determines

the presence of a left-handed symplectic Majorana-Weyl fermion and two reals scalars
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in different representations of the gauge group. The Chan-Paton gauge group is then

Gop =SO(8 +2a) x U(4 + a) x U(4 — a) x SO(8 — 2a)|
b9 (3.20)
x USp(8 — 2a) x U(4 — a) x U(4 + a) x USp(8 + 2(1)‘])75.

The charged matter can be readily extracted from the previous partition functions,
and comprises vectors in the adjoint representation of Gcp together with a left-handed

Majorana-Weyl fermions in the representations

+ (I x D)

o L+ (Ox D), +Hg4 +an + (x5, + (OxD)s, +Hg4 . (3.21)

four scalars and a right-handed Majorana-Weyl fermion (i.e. a full hyper multiplet)

in the representations

(Mo, Mo,) + (Do, Hog) + (Mo, Hou) + (5,5 05,) + (Us,005) + (Cs,005,) - (3.22)
a left-handed symplectic Majorana-Weyl fermion in the representations

(Coy,05,) + (Ko, [5,) + (Hlog, Lig,) + (Coy, Lig,) + (Cloy, Lls,) + (Clog, [5,), (3.23)
and two scalars in the representations

(Coys s,) 4 (Coy, g, ) 4+ (Tlog, L, ) + (Coy, L) + (Clog, L5, ) + (Clog, [ s,) - (3.24)

To lighten the notation, the representation [ ],, refers to the fundamental of the i-th
factor in the gauge group on the Dp (anti-)brane, as ordered in (3.20), and similarly
for the antisymmetric representations.

For a = 4, this vacuum configuration is rigid since branes cannot be recombined
further and moved into the bulk. Indeed, although scalars in bi-fundamental rep-
resentations are always present, moving branes into the bulk would lead to an
anomalous model, since tadpoles cannot be satisfied anymore. A more detailed
analysis would require the computation of the F' and D terms, which however lies

beyond the scope of this Thesis. However, other solutions allow a deformation to
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take place. For instance, one can consider the example where D9 and D5 branes are

recombined to

Gep = 50(4)’

USp(4)’ 30(4)2\ X USp(4)2‘ : (3.25)

X _ X —
D9 bulk D5 bulk D D5

with left-handed Majorana-Weyl fermions in the antisymmetric representation of all

group factors, four scalars in
(10,1;1,1;1,1) + (1,6;1,1;1,1), (3.26)
a right-handed Majorana-Weyl fermion in
(10,1;1,1;1,1) +(1,10;1,1;1,1), (3.27)
a left-handed symplectic Majorana-Weyl fermion in
(1,1;4,1;4,1) 4+ (1,1;1,4;1,4), (3.28)
two scalars and a left-handed symplectic Majorana-Weyl fermion in
(4,1;1,1;4,1) + (4,1;1,1;1,4) + (1,4;4,1;1,1) + (1,4;1,4;1,1) (3.29)

and in six copies of

(4,4;1,1;1,1). (3.30)

The branes on the fixed points cannot be further deformed, unless the scalars associ-
ated with strings stretching between the bulk branes and those on the fixed points
are turned on. This would imply a recombination of the various branes, although
one cannot bring everything in the bulk, since this would leave the g2 and ¢g* twisted
R-R charge of the O-planes un-matched. As before, the analysis of the allowed
higgsing requires a detailed knowledge of the ' and D terms and of the allowed

magnetisations of this model, which are beyond the scope of this study.
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3.1.2 The T*/Zs supersymmetric orientifold

The choice of o = 0 implies instead a "trivial" action on the twisted two-cycles which
induces O9_ and O5_ planes requiring D9 and D5 branes to cancel anomalies. The

action of the orbifold group on the Chan-Paton labels is summarised in
5 5
Nﬂ — eﬂ'iﬁ/ﬁ Z e27riﬁ'y/6 N, Dﬂ — eﬂiﬂ/G Z 627ri6'y/6 d»y, (3.31)
v=0 v=0

The extra phase implies that the Chan-Paton labels are all complex, leading to unitary

gauge groups. The general solution of the R-R tadpoles is

ng=ns=4+a, ni=ng4=8, no=ns=4—a,
(3.32)
dy=ds=44a, di=dy=8, do=dz3=4—a,

with gauge group
Gop = U(4+a) x U(8) x U(4 — a)‘D9 x U(4 +a) x U(8) x U4 — a)‘D5 . (3.33)

The parameter a = 0,...,4 depends on how the twisted R-R charges are cancelled
between D9 and D5 branes. The contribution of the massless states to the open-string

amplitudes reads

Aogg :(2n0 ns + 2n1 ng + 2n9 n3)(V4 -2 54)
+ (2n9 g + 2n1 n3 +n3 +n2)(204 — Cy) (3.34)

=+ (n% 4+ 2n1ns + 2ng9 ng + n%)(2 04 — 04)

and

My = —(ng +n5)(204 — C4) — (ng +n3)(204 — Cy) (3.35)
for open strings stretched between D9 branes,
A55 :(2d0 d5 + 2d1 d4 + 2d2 ds)(w -2 S4)

+ (2dg dg + 2dy d3 + d5 + d2) (204 — Cy) (3.36)

+ (d% 4 2dy ds + 2do dy + d2) (204 — Cy)
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and

Ms = —(dy +d5) (204 — Cy) — (do + d3) (204 — Cy) (3.37)

for open strings stretched between D5 branes, and

Ags =(nods +mnydy +nads +ns3de +nady +n5do) (204 — Cy) (3.38)

for open strings between D9 and D5 branes. The light spectrum is supersymmetric
and comprises a vector multiplet in the adjoint representation of the gauge group

(3.33), one hyper multiplet in the representations

Hh1L,11,1,1) + (0,0, 11,1, 1) + (1,050,051, 1, 1) + (1, 1,@; 1,1,1),
(1,1, 1;,1,1) + (1, 1,1;0,00, 1) + (1,1, 1; 1,05,0) + (1,1, 1; 1, 1,7) , (3.39)

(0,1,1,5,1,1) + (1,0, 1;1,05,1) + (1,1,051,1,0),

from open strings stretched between D9/D9, D5/D5 and D9/D5 branes, respectively.
In this supersymmetric vacuum, the tadpole conditions are weaker than in its BSB
counterpart, since a recombination of branes is always possible, even with the
minimal choice a = 4. Indeed, in such a case, one can move branes in the bulk

yielding the gauge group
Gop =USp(4)| < USp(4)|

><U(4)‘ ><U(4)‘ , (3.40)

D9 bulk D5 bulk D9 D5

whose light spectrum can be deduced by setting ng = no = 0 in the amplitudes of
eqgs.(3.34), (3.35), (3.36), (3.37), (3.38) and by adding the contribution from the
bulk branes. All in all, the spectrum comprises a vector multiplet in the adjoint of

(3.40), an hyper multiplet in the representations
(6,1;1;1) + (1,6;1;1) + (1,1;4:4) + (4,1;1;4) 4 (1,4;4; 1), (3.41)

and in three copies of

(4,4;1;1). (3.42)
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3.2 Anomaly polynomials and the Kahler J form

Tadpoles in orientifold constructions are deeply tied to the structure of the low-energy
effective action. In particular, the R-R tadpoles determine the charge through which
D-branes and O-planes are coupled to R-R fixed forms, including the topological
Chern-Simons terms entering the Green-Schwarz-Sagnotti mechanism [106, 110,
111]. All these terms are captured in the expansion of the Wess-Zumino coupling for

D-branes [193, 194] and O-planes [195, 196]

Spp = —/ trC Aefe A JA(R), (3.43)
M,

p

Sop, = — 2071 / CA \/ﬁ (f) : (3.44)
MP

where C' =37 C(;, collects the various p-form fields, R and F), describe the curvature

and

of the tangent and Dp-brane gauge bundle, A(R) corresponds to the A-roof genus
and L (R) the Hirzebruch polynomial. From egs. (3.43) and (3.44), one can directly
read the R-R tadpoles from the coefficients multiplying the non-dynamical 6-forms

and the topological coupling dictated by the Chern-Simons term
Sgs = / Qup Cs A XY (3.45)

where (2,4 is an SO(1, nt) invariant metric with mostly minus signature, and nr is
the number of tensor multiplets. The term X§ is a polynomial in the curvatures of

the tangent and gauge bundles
Xazl(aatrRQJrZ%trF?) (3.46)
4 2 - )\’L [ ) :

where the ’t Hooft coefficients a® and b® depend on the charges of Dp branes, ¢°P,

and Op planes, ¢°P,

Lo

b ba
2V N

T OUN

D; «
Aiqala a =

> adr, (3.47)
p
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as follows from eqgs. (3.43) and (3.44). In the expression above, \ is the group

theoretic factor tied to the highest root and /,, is a geometric factor given by

1
(=11 ———— 114, | | for N =2,
( V2 sin(r/2) ) or
1
€_<1’1’sin(27‘(/6)19>7 for N—3,
) ) (3.48)
£=11,1;— 1y 1i0s | , f N =4,
( sin(7/4) 4 V2 sin(2m/4) 10 ) o

1 1 1
£=11,1;— 5 — 1s; lgs | , for N =6,
( sin(m/6) " sin(27/6) /2 sin(37/6) 6)

with the coefficients sin(aw/N) clearly related to the number of fixed points in the
various twisted sectors, and 14 a d-dimensional vector whose entries are all equal to

one. For the BSB NV = 6 orientifold the charges are given by

¢°% = (—4,-4;0; —15;06), = (1,-1,0,-34%;0¢),

P = (1,1;1;15; 1), D51 — (-1,1;1;36%,48)),

" = (2,2;1; —15; —21¢), D52 — (—2,2:1;-38%,—86}) (3.49)
% = (2,2 -1;-15:21¢), PP = (-2,2-1;-3064;85}),

% = (1,1, -1;15; 1), D54:( 1,1;-1;385; —44g) ,

while for the supersymmetric N = 6 orientifold the charges are

qOQ, — ( 4 4 0 15) ’ 05Z ( i7 07 -3 6%) 5
" =(2,2,V3:15), > = (2,-2;-V3;383),
(3.50)
¢°%? = (2,2;0; —215), ¢°%? = (2,-2;0; -6 41),
P = (2,2, —V3;15), = (2,-2;V3;36%).

Here 0, denotes a d-dimensional null vector and 6/, is a d-dimensional vector whose
only non-vanishing component is {§}; = 6;

In eq. (3.45), we have chosen to write the topological coupling using a general basis,
although from the expansion of the terms (3.43) and (3.44) it appears in diagonal

form. This choice has the advantage of reflecting the geometry of D-branes and
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O-planes [106, 112] but obscures some features reflecting other properties of these
vacua. Indeed, it is always possible to find a basis where the self-duality of the lattice
is manifest, which follows [197] from the identification of the dyonic strings as gauge
instantons of charges b; for the gauge group G; [198] and a gravitational instanton
with charge a. Although this requirement plays a non-trivial role in constraining the
landscape of low-energy effective theories and will be discussed in great detail in the
next Chapter, in what follows we shall rely on the diagonal basis for the anomaly
polynomial.

The cancellation of R-R tadpoles [191, 192] implies the vanishing of all irreducible

anomalies and allows to factorise the anomaly polynomial as
Is = 10,5 X5 A XY (3.51)

which is then cancelled by the contribution from (3.45), via the celebrated Green-
Schwarz-Sagnotti mechanism [106, 110, 111]. In fact, requiring a non-trivial trans-
formation of the 2-forms

509 = Wi, (3.52)

«
provides the counter-terms that cancel the reducible anomaly, where wél) is tied to

the Chern-Simons form w§ and X' via the descent equations

o = dih” (3.53)

dH® = X§

with H* = d C§ —w$. In our case, the anomaly polynomial for the BSB Z¢ orientifold
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is given by

Iy= & (trF92’1 +2trFy, + 2tFy 5 + trky

2
2 2 2 2
—tF2, - 22, — 2 F2, — wFE)
— (—8trR2 FUFy | + 2t0Fy 5 + 2ttFy 5 + trFyy
2
HFZ | + 22, + 2trF2, + trFE 4)

- = (tngi |+ UFy — trFy s — trFy

+trF2. + trF2, — trF2, — trF? ?
5,1 52 5,3 5,4

(3.54)
— [(—4trR2 +trFy, — trFyy — trFg s + trkgy
+3 (tng%1 — trF2, — trF2, + 2 4))2
— <—trR2 + trF927 1— trF9272 — trF9273 + trF9274) ’
— o (tng%l —2trFyq + 2wk — trFy,
_ % (tng% L~ 2trF5272 + 2t1’F§73 — tng% 4)2
— % (t1rF9271 — 2tng% 9+ 2trF§ 3— trFQQA)2 ,
while for the supersymmetric one it reads
Is = % (—4trR2 +tFy, 4 tFyy + rFy s + ks | + wFey + ks 3)2
— L (ter |+ rFyy + trFy s — trFe | — b, — trF52’3)2
— L (trFQQ’ | —Fys —trFE, + trFEig)2
— L (_2trR2 Y — 2tFy, +trFys — 3 (trF5271 —2trF2, + trF5273>)2
-4 (trR2 + trF9271 -2 t1rF92,2 + trFQ% 3)2 .
(3.55)

In both expressions, we notice that the presence of fractional orientifold planes is
reflected in the appearance of the first Pontryagin class (roughly trR?) in the last two
lines of eq (3.55) for the supersymmetric case and in the seventh and ninth lines of
eq. (3.54), which are associated with the coupling to the twisted R-R forms.

All in all, there is a deep connection between the R-R tadpoles, encoding the charges

of O-planes and D-branes, and the Wess-Zumino coupling in the low-energy effective
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action, which is encoded in the expression (3.47) for the 't Hooft coefficients. For
vacua with A/ = (1, 0) supersymmetry, these in turn also determine the kinetic term
for the gauge fields [106]

3 T b tr Fy A%F. (3.56)

The J,.° function depends on the nt scalars 7 in the tensor multiplets, which para-
metrise the coset SO(1, nt)/SO(nt). Positivity of the kinetic term for the scalar fields

and the gauge vectors then requires [106]
J-J>0 and J-b; >0, (3.57)

where the inner product is taken with 3.

Although the supersymmetry invariance of the low energy effective action requires
that the gauge kinetic function be given in terms of the anomaly vector b;, its origin
in string theory is different. In orientifold vacua, the gauge fields originate from the
open-string sector, and it should thus be possible to extract the coupling (3.56) from
the tadpoles. Indeed, turning on a background magnetic field H; on the D-branes,

and expanding the J function as J, ~ 7, + O(72), eq. (3.56) becomes schematically
To b H?. (3.58)

This equation identifies the coefficients b$* with the tadpoles of the scalars in the
tensor multiplets, i.e. the one-point functions of the 7 fields with the various D-
branes. Now, while the anti-self-dual tensors C; originate from the R-R sector,
their scalar super partners are of NS-NS type, and therefore the b in (3.56) and
(3.58) are actually related to the NS-NS tadpoles, and not to the R-R ones. Clearly,
supersymmetry identifies them, and this is the reason why the same anomaly vectors
enter both in egs. (3.46) and (3.56).

This observation suggests that some care is needed when dealing with BSB vacua. In
fact, in this class of orientifolds, R-R and NS-NS tadpoles are, in general, no longer

related by supersymmetry, since for the D5 branes the tension and charges are not

SFollowing [109], the symbol J,, is used to identify the vector v" of [105]. J plays the role of the
Kahler form determining the geometry of the scalar manifold.
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equal. The kinetic terms for the gauge fields should then involve new coefficients b,

LT bitr Fy A%Fy, (3.59)
which can be extracted from the NS-NS tadpoles and are related to the "tension" of

branes tP: via

~ £y
" 2VN

Now tP = ¢P% for D-branes, but t” = —¢"" for anti-branes, and thus they differ

A tDi (3.60)

from the anomaly vectors by a sign flip in the entries associated with the gauge
factors living on the antibranes. This is fully compatible with supersymmetry, since
on the D5 branes (or, in general, in the non-supersymmetric sector) supersymmetry is
realised non-linearly, which implies that each term in the corresponding Lagrangian
is invariant by itself [102].

Replacing the coefficients b; with b; in the eq. (3.56) allows to define a J function

also for the T* /7, BSB orientifolds [39], since the conditions
J-J>0 and J-b; >0 (3.61)

are now compatible. This solves the puzzle on the non-existence of the J form
in [112], where the original condition (3.56) led to the presence of ghosts. If,
following [109], we also impose the positivity of the Gauss-Bonnet term, J - a < 0,
the components of the J vector must satisfy J, > —J; and J; < 0, where, for

simplicity, we have set to zero the remaining entries

J = (Jo, —|J1]; 04; 019) , Jo > |J1] - (3.62)

3.3 Defects and (new) unitarity constraints

In six dimensions the term described in (3.45) arises form the coupling of the R-R
2-forms C§ to D9 and D5 or D5 branes and allows to cancel the local anomaly of the

theory via an anomalous transformation of C''. However, the latter fields admit also
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a SO(1, nr) invariant coupling
Sop = —Q° Qaﬂ/cf, (3.63)

involving the presence of one-dimensional defect for this six-dimensional vacuum,
which in our case consist of D1 branes localised on the internal manifolds or D5’
branes wrapping the entire T*/Zy space’. However, the non-trivial behaviour of C§
under local gauge and Lorentz transformations, as required by the Green-Schwarz-
Sagnotti mechanism, induces an anomaly inflow on the world-volume of the defect
which, in a consistent vacuum, must be cancelled by the anomalous contribution of

its two-dimensional degrees of freedom [194]

Ii=Q X4+ 3Q-Qx(N)

Q (3.64)

b,
\ ! ter‘2> = _Ilnﬂow .
i

=§<Q-atrR2+Q-Qx(N)+Z

The pontryagin class in the above equation encodes the curvature of the tangent
bundle of the whole six-dimensional space-time which can be decomposed in terms
of the curvature of the tangent bundle of the 2D world-sheet and its SO(4)-normal
bundle N via

TR = —Lpi(To) + () + exv),  and y(N) = ea(0) — ea(w),  (3.65)

where we have used the decomposition SO(1,5) = SO(1,1) x SU(2),, x SU(2), and
the definition of the Euler class x(/V) of the normal bundle. Thus, the anomaly

polynomial can be written as

trF? .

b
Iy = = 1;3Q-ap1(T2) +3(Q-Q+Q-a) 2(v) +3(Q-Q=Q-a) 2 (W) + 3 ) %

A
(3.66)

When the theory on the defect flows to the IR, we can interpret the coefficient

of p1(T5) as the difference of the central charges from the left and right movers,

"Clearly, one can also have D1, D5 and magnetised D5’ branes. In these cases, the discussion would
follow a similar pattern.
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cr — ¢, = 6Q - a. In supersymmetric vacua, the correct identification of the SU(2)g
R-symmetry would allow to completely determine the cg, taking advantage of the
properties of the A = (0,4) superconformal algebra which implies cg = 3kg, with kg
the ’t Hooft coefficient of the R-symmetry. However, such identification is typically
difficult to determine. In [109], SU(2),, is identified with the R-symmetry, but such
an assumption cannot hold universally. In fact, both left and right moving fields
can transform non-trivially under SU(2),,, and thus both would contribute to the
coefficient of co(u). However, according to N' = (0,4) supersymmetry only right
movers should be allowed to transform under the true R-symmetry. As shown in
[112], it seems that SU(2), can be identified with the R-symmetry only if a single
D1 brane is moved away from the orbifold fixed points, for which the result in
[109] is thus reproduced. In all other cases, c2(u) also receives contributions from
left-moving excitations, and it is not known in literature how to get access to this
piece of information purely from anomaly inflow considerations.

For BSB orientifolds the situation is even worse. In fact, the D1 and D5’ defects do
not, in general, enjoy N’ = (0,4) supersymmetry on their world-volume. This is
due to the presence of anti-branes, which flip the chirality of the excitations of the
strings stretched between the D1 or D5 and the D5 branes, thus explicitly breaking
supersymmetry. This means that the notion of R-symmetry is lost, and thus the
relation cg = 3k does not hold.

Nevertheless we can take advantage of the fact that when flowing to the IR fixed
point, only the massless states survive, so that knowing the light spectrum of the UV
degrees of freedom living on the defects allows to determine the central charges of
the the left and right moving sectors of corresponding two-dimensional CFT. Such
a top-down approach allows then to accumulate empirical data on the 2D CFT on
the D1 and D5’ branes, instrumental for deriving refined consistency conditions in a
sought-after bottom-up approach.

We can therefore discuss the general features of the defects in our class of vacua with
D9 and D5 (anti-)branes. In this case, the D1 branes located on a Zy fixed point carry
the same gauge group of D9 branes [199], while the gauge group is orthogonal if

they are moved in the bulk. The Chan-Paton group of D5’ branes is equal in structure
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to that of D5 or D5 branes sitting on a Zy fixed point, although tadpole conditions
may force some of the group factors to be absent on the D5 branes. Open strings
stretched between D1 and D9 branes have ND boundary conditions along the eight
transverse directions, and therefore the light excitations involve left-handed fermions
which are singlets of the N’ = (0, 4) superalgebra. Open strings stretched between
D1 and D5 branes have DD boundary conditions along the internal space, so that the
light excitations now comprise a full right-moving super multiplet (two right-moving
scalars and Majorana-Weyl fermions) and a left-moving Majorana-Weyl fermion and a
pair of left-moving chiral bosons. Open strings stretched between D1 and D5 branes
give rise to the same fields but with flipped chirality, which is, indeed, incompatible
with A/ = (0, 4) supersymmetry, as D1 and D5 branes would preserve super-charges
of opposite chirality.

For the interactions of the D5’ branes with D9 and D5 branes we have a full super
multiplet, together with a left-moving fermion in the 95’ sector, while the 55’ sector
only involves a left-moving fermion. Trading D5 with D5 branes implies a chirality
flip for the fermionic singlet in the 55’ sector. The presence of massless scalars in
the 51 and 95’ strings suggests that D5’ (D1) branes can be interpreted as (anti-)
instantons of D9 (D5 or D5) branes. This identification is further supported by the
fact that the twisted charges of the putative instanton brane and of the physical brane
match. In these cases, the charge vector @) can be expressed in terms of the anomaly
vectors b; associated with the gauge groups of the D9 (D5 or D5) branes.

In general, the defects are charged under the gauge group of the vacuum. In the IR,
the theory decouples from the bulk, and the D9 and D5 or D5 gauge groups become
global symmetries realised on the defect CFT as Ka¢-Moody algebras in both left and
right moving sectors®. This is reflected in the sign of the Ka¢-Moody level k;, which
can be extracted from the coefficient of tr F? in the anomaly polynomial I, and in
its contribution to the central charge.

For instance, for the gauge group Gy ; on the D9 branes with dual Coxeter number

8Actually; this only occurs for the Kaé-Moody algebra associated with the gauge group admitting the
defect as an instanton.
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R}, the algebra on the D1 defect is realised at level k; > 0 and thus

. ki dim Gg’i

o= (3.67)

since the Kac-Moody algebra is realised by a left-moving fermion, which is a singlet of
the V"= (0, 4) superalgebra. For the gauge group G5 ; or G5 ; on the D5 or D5 branes,
the level of the Kac-Moody algebra can be positive or negative. An analogous feature
also emerges on the D5’ branes, where the levels of the D5 branes are positive, while
those associated with the D9 group can be positive or negative. Similarly, when D5
branes replace the D5 ones, the level of the associated Ka¢-Moody algebra is negative.
Upon removing the contribution of the centre of mass (CM) degrees of freedom (four
non-chiral scalars and four right-moving Majorana-Weyl fermions) which decouple in
the IR, a natural generalisation of the KSV unitarity constraints is

k; dim G;

——— < cL —4eum and >
i Vv
ki + h} o

\ki| + hY

D

i|]€¢>0

<cr—6bcm, (3.68)

both for the left and right-moving sectors. However, in the UV, charged (non-chiral)
scalar fields are present on the defect, and their role in the realisation of the Kac-
Moody algebras in the IR is unclear. These scalar fields are non-compact and their
dynamics in the IR is difficult to determine. They could be free and generate an
abelian algebra or describe an independent interacting sector of the theory. In both
cases, they are expected to contribute to the left and right central charges and, if this
happens, the inequalities (3.68) cannot be saturated. Indeed, this is the case in all
string constructions where the defects admit an instanton interpretation.

As a final comment, notice that it is always possible to introduce D1 branes in the
bulk of the compactification orbifold, which only couple to the two-forms C9 and C3
from the untwisted sector. In the decompactification limit, one is expected to recover
the ten-dimensional type I superstring with a defect coupled to the (non-chiral) R-R
two-form Cy existing in D = 10. Since in D = 6 CY and Cj are the two chiral
components of Cy, the D1 brane in the bulk must carry the same charge, Q° = +Q",
thus satisfying the null-charge conjecture, @ - Q@ = 0 [112]. We expect that this is the

case for any six-dimensional vacuum with at least one tensor multiplet. The existence



3.3. Defects and (new) unitarity constraints 71

of null-charge branes allowed to put in the swampland various models which pass
the KSV constraints, but do not admit a string or F-theory construction [112].
We can then now move to the discussion of the defects introduced in the examples

analysed in this Chapter, namely the supersymmetric and BSB orientifolds of T*/Zg.

3.3.1 Examples on 7% /Z;

The spectrum characterising the world-sheet theory of the D1 and D5’ defects can
be deduced, following [199], by performing an orbifold projection of the toroidal
construction, as done for instance in [39]. We will present only the light spectrum

and refer to the Appendix of [39] for the explicit construction of the amplitudes.

D1 branes in the 7*/Zs BSB orientifold

We start our analysis by considering D1 branes sitting on the Z¢ fixed point of the
T*/Z¢ orientifold discussed in Section 3.1.1. Such D1 branes support the Chan-
Paton gauge group SO(r;) x U(ry) x U(rg) x SO(ry4), reproducing the structure of
that of the D9 branes in the same vacuum. The light excitations are summarised
in table 3.1, where the representations of the various fields with respect to the
SO(4) ~ SU(2),, x SU(2), group, transverse to the D1 world-volume, are given. The
second line in the table includes the contribution of the centre of mass degrees of
freedom which are expected to decouple in the IR. From the microscopic data in the

table 3.1, we can compute the anomaly polynomial,

I1=3 (—(7“1 +ry) trR? — x(N) ((7"1 —19)2 4 (ra —73)% + (r2 — 7"3)2)
+ B rFy ) + B uFy o trFy, + r3trFy 3.69)
+ (T‘l - 7'2) tI'FL;)Q’1 + (7’4 — 7"3) tI'F5274

—(r1 + 73 — 21) trF52’2 — (r4a +1ro —2r3) trFﬁg) )
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Representation SO(1,1) x SU(2),, x SU(2), | Sector

Hl +Hl Ox D)y, + @O x0)y, (0,1,1) +2x (,2,1), | D1-D1
D311+D314+(D><D)12+(D><i)13 (1,2,2) +2 x (3,1,2)r

(thib) + (Dl47D13) + (Dlzaih) 4 x (17 1, 1) +2x (l 2, 1)R

(Chy, Chy) + (Chy, ) + (Chy, Chy) 2% (3,1,2)
(s Boy) + (g, Do) (5, 1,1)L D1-D9
(Chiy, Ty ) + (Chiy, o) (3,1,1)
(Chy,Os,) + (D, Os,) (1,1,2) +2 x (3,1,1) D1-D5
(Chy, Os,) + (D, O, 2x(1,1,2) +4x (3,1,1),

(Chy, g,) + (Chys Cgy) + (Chy, Cs)) 2x (3, L,1)r

(Chy,Cs,) 4 (D, Ug,) + (G, Us,) 2 x (3,1, 1)

Table 3.1: The light spectrum for a probe SO(r;) x U(rz) x U(rs) x SO(r4) D1 brane
at a Zg fixed point in the BSB T*/Z¢g vacuum with D9/D5 branes.

which cancels the bulk inflow if the charge vector is

Q =r1bs+robg+r3by + rybg

— (7’1+2T2+2T3+T4 7’1+2T2+2T3+T4 —ri— T2+T3+T4 (3.70)
2v/6 ’ 2v/6 V6 ’
—r1+ro+r3—rg. . —r1+2ro—2r3+4rg .
1 \2/53 1:0y; =1 \2/?: 3 4705>'

Notice that this solution for () guarantees the positivity of the tension of the defect,
Q@ - J > 0, with the Kihler form J given in eq. (3.62). From (3.69) we also extract
the levels of the Ka¢-Moody algebras in the IR,

ki =ry, ko =1y, k3 =r3, ks =14,
ks =711 —ra, ke = 2ro —r1 — 13, kr =2r3 —ro — 14, kg =14 —13.

(3.71)

Notice that, according to our choice of the Chan-Paton labels, k; may be positive or
negative, implying the associated the Ka¢c-Moody algebra to be realised on the left or
right-moving sector of the CFT.

From the solution (3.70), we read that the D1 branes can be interpreted as in-
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Representation | SO(1,1) x SU(2); x SU(2)r | Sector
= (0,1,1) + 2 x (%,2, 1)L D1-D1
T (1,2,2) + 2 x (%,1,2)R
EN 4><(1,1,1)—|—2><(%,2,1)R
H 2 x (%, 1,2)L
(Cy, O, + g, (%, 1, 1)L D1-D9
(Clt, Clog + Clo,) 2% (3, 1,1)L

Table 3.2: Spectrum for probe D1 branes in the bulk of the 7% /Z, orbifold, supporting
an SO(r) gauge group.

stantons of the gauge theories on the D5 branes, since ) o b5 7s. This observa-
tion is supported by the presence of moduli in the bi-fundamental representations
(L, Us,) + (Hhy, Ds,) + (D, Dsy) + (D, D)

Finally, one can check that the constraints (3.68) are satisfied with ¢y, and cg com-
puted from table 3.1, once the degrees of freedom of the centre of mass are re-
moved. As expected, this implies that the two-dimensional CFT is unitary and this
string construction is consistent. As an example, in the ¢« = 0 vacuum, where
the D5 support a USp(8) x U(4) x U(4) x USp(8) gauge group and D9 branes a
SO(8) x U(4) x U(4) x SO(8) gauge group on the fixed point, the simple choice r; =1

and ro = r3 = ry = 0 gives

Z m:4+6<CL—4CM:28,
ilki>0 " i
72
Iki| dimG; (3.72)
Z W:4<CR—6CM:20,
ilki<o 7 i

where the centre of mass degrees of freedom have been removed from the counting
of ¢ .

One has the option of moving the D1 branes away from fixed points. As in [112],
this turns out to be the configuration which satisfies the minimal constraints of [109].
The gauge group on the defect is SO(r) and the microscopic degrees of freedom are

listed in table 3.2, while the D1-D5 sector is absent, since the open strings with these
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boundary conditions are now massive. Also in this case, the second line in the table
contains the centre of mass degrees of freedom, associated with the singlet in the
decomposition of the twofold symmetric representation of orthogonal groups. The

anomaly polynomial now reads
Iy = ;( — 2r trR® + StrFy, + rtrFyy + rtrFy s + gtrF9274> , (3.73)
which cancels the inflow of the bulk theory if the charge vector is

Q= (r,—r;012) . (3.74)

As expected, the D1 branes couple only to the two-forms from the untwisted sector,
and therefore satisfy the null-charge condition [112]. For » = 1, i.e. for a single D1

brane, the left and right central charges
c, =204 4cm, crR =6+ 6am , (3.75)

agree with the those given in [109]. We would like to stress, though, that for the
case of an arbitrary stack of D1 branes, » > 1, the expressions of ¢y g in [109] seem
no-longer to be correct.

Upon reading the coefficients k1 = ko = k3 = k4 = 1 from I, and taking into account
that the Ka¢-Moody algebra is realised only in the left-moving sector, the unitarity

constraint reads

W =16 < CL, — 4CM = 20, (3.76)

i|ki>0

and is clearly satisfied.

D5’ branes in the 7*/Z¢s BSB orientifold

We can now consider the other kind of defects for this vacuum given by D5’ branes
wrapping the compactification space, whose associated Chan-Paton gauge group is
USp(r1) x U(re) x U(r3) x Usp(ry). The spectrum of light excitations is summarised in

table 3.3. Clearly, in general, the D5’ branes probe all Zy fixed points, which include
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Representation SO(1,1) x SU(2),, x SU(2), | Sector
T A () Py S () Py (0,1,1) + 2 x (3,2, 1), D5'-D5/
L OxD), + O x D)y, (1,2,2) +2 % (},1,2)r
(Chy,Chy) + (514,513) + ([Ch,,Thy) | 4% (1,1,1) +2x (3,2, 1)r
(O, Cny) + (T, Chy) + (D, ) x (3,1,2),
(Chys oy ) 4+ (Thy, Cloy) (1,2,1) +2x (3,1,1)r D5’-D9
(Chyy Clog) + (Thy, oy ) 2% (1,2,1)+4x (3,1, 1)
(ChysTgy) 4+ (Thyy Clag) + (Thy, [gy) 2 (3,1,1)L
(g, Doy) + (g, Doy) + Ty, o) 2x (3,1,1)
(Chy, Cg,) + (Chy, CB,) (3,1, 1) D5'-D5
(Chy, Us,) + (D, Ds,) (3,1,

Table 3.3: Spectrum for probe D5’ branes wrapping the entire internal space for
the BSB T /Zg¢ orientifold. The associated Chan-Paton group is USp(r1) x U(r3) x
U(Tg) X USP(T4)

the origin where D5 branes are placed. The second line contains the contribution
of the centre of mass degrees of freedom of the defects, associated to the various

singlets of the Chan-Paton gauge group. The anomaly polynomial is

Iy =% (1 + )R = x(N) ((r1 = 72)? + (r4 = 73)? + (r2 — 73)?)

- trF—2 — s trF2 — rotrF2, — rytrF?
2 5,1 5,2 5,3
' ’ (3.77)
+ (re — 1) tngJ + (rg —14) trF92’4
+(r1 + r3 — 2r9) trF92,2 + (rg + 179 — 2r3) trF9273> )
which cancels the anomaly inflow if
Q= (T1+27"2+21"3+T4 r142ro42r34ry . r1—ratro—r3. ri—ro—r3+r4. ri—ro—ratryq 14:
2\/6 ) 2\/6 ) \/g ) 3\/5 3 3 4,
(3.78)
r1—2ro42r3—ra. r1—2r9+2r3—ry 1
43 ’ 4

From this expression, we can see that Q) « b 234, implying that the D5’ branes
are naturally interpreted as instantons of the D9 ones. Indeed, the light spectrum

involves scalars in the corresponding bi-fundamental representations.
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The solution (3.78), together with the expression (3.62) for the Kéhler J-form,
guarantees that the D5 branes have positive tension as well, @) - J > 0. Moreover,

from eq. (3.77) we read

k1:2(r2—7“1), ko =11 +13—2r9, ks =1y +19 — 213, k‘4:2(7‘3*7"4),

ks = —r, ke = —ra, kr = —r3, kg = —ry.

(3.79)

The unitarity constraints are satisfied both in the left and right-moving CFTs. For

instance, still fora =0, ry = 1 and 79 = r3 = r4 = 0 and one finds

S BEE <o — o = 20,
i | k>0 ki + b

- 3.80
1| k;i<0 v (

D1 branes in the 7% /Z¢ supersymmetric orientifold

Analogous considerations can be made when supersymmetry is present. In such a case,
the spectrum is organised according to the A" = (0, 4) superalgebra representations
described in the Section 3.3. We can start by analysing the D1 brane defects. In such
a case the gauge group is given by U(r1) x U(r2) x U(rs) and gives rise to the light

spectrum summarised in table 3.4. The anomaly polynomial reads

L= 5 (=01 + )R = x(N) ((r1 = 2)? + (13 = 15)?)
+ritrFy )+ rotrFyy + ratrFy (3.81)

—(r1 —r2) trF52,1 — (2rg —mr —13) trF52,2 — (rg —r2) trF5273) ,

which cancels the bulk inflow if the charge vector is

_ (ridrotry _ ri4rodrs. rg—ri. —r1—2ra+4r3.
Q_(lﬁ -, non, Sl ,04). (3.82)
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Representation SO(1,1) x SU(2),, x SU(2), | Sector
Ox D)y, + (Ox D)y, + (O xD)y, (0,1,1) +2x (3,2,1), | D1-D1
O x D)y, + O xD)y, + O xD)y, (1,2,2) +2 x (3,1,2)r
T 4 (Chys Chy) + (Chy, Chy) + 00, | 4% (1,1,1) +2 % (3,2, 1)
Hl + (Fhy, Thy) + (D, Ty +513 2% (3,1,2),
(Chy, o) + (D, Toy) + (D, Clog) 2% (3,1,1) D1-D9
(Chy, Oy ) + (Dhyy Usy) 4+ (Thy, Uhy) | 2x(1,2,1) +4 x (3,1,1)r | D1-D5
(Chy,Csy) + (T, Us) + (Dhy, D) 2% (3,1,1)
(Thy, sg) + (Thy, Csy) + (Thy, Csy) 2% (3,1,1)

Table 3.4: The light spectrum for a probe U(r;) x U(ry) x U(rs) D1 branes at a Zg
fixed point in the supersymmetric T*/Zg orientifold with D9 and D5 branes.

From the anomaly polynomial, it is possible to read the level of the Kac-Moody

algebras

ki =r1, kg =1y, ks =rs,
(3.83)
k4=7”2—7“1, k5=T’1+T3—2’F2, kﬁZT‘Q—T‘g.

The minimal choice r; = 1, 7 = r3 = 0 induces a realisation of the algebra both

on the left and right moving sectors, which can be shown to satisfy the unitarity

constraints,

k; dimG;

S BT 448 =12 <o, — 4w = 32,

i| k>0 ki + R

R : 3.84

|k;| dimG; (3.84)

Z W:4<CR_6CM:24,

7| k;<0 ‘ Z’+ (

where we have taken a = 0 for simplicity.

D5’ branes in the 7% /Zs supersymmetric orientifold

Finally, we can discuss D5’ branes for such vacuum, which also support a U(r1) x

U(rg) x U(rs) gauge group. The light spectrum is summarised in table 3.5 and gives
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Representation SO(1,1) x SU(2),, x SU(2), | Sector
OxD)y + (@Ox0)y + (@O xD), (0,1,1) +2 x (3,2,1) D1-D1
1 2 3
(x D) + (Ix D)5, + (O x D)y, (1,2,2) +2x (3,1,2)r
s, + (Chy, Usy) + (Clsg, Dlsy) + 005, | 4% (1,1,1) +2x (3,2, DR
gy (T, Tsy) + (s, Osy) + gy x (5,1,2)
(Flsr, Doy ) 4 (Dl Do) + (g, o) | 2% (1,2, 1)+4 x (3,1,1)r | D5"-D9
(s, C0,) + (Dl Clgy) + (Hlsy, o) X (5,1, 1)L
(i ) (D5gvm92) (DB’ D9) (2 ) )L
(Dsy,05,) + (s, Do) + (Dsy 5 Dsg) x (3,1,1) D5'-D5

Table 3.5: The light spectrum for a probe U(r1) x U(ry) x U(r3) D5’ branes in the
supersymmetric T /Zg orientifold with D9 and D5 branes.

the anomaly polynomial

Ii=1 (—(m + 73) trR? — x(N) ((n —719)? + (ry — r3)2)
+ (re —1m1) tng’l + (r1 4+ 13 — 2r9) tI'F9272 + (rg —1r3) trF9273 (3.85)

+ritrFy |+ rotrFEy + 13 trF52’3) ,

which is cancelled by the bulk inflow if the charge vector is

Q= (T1+\r/%+r3’ r1+\r/%+r37 7“1\/%‘3’ r1 32\7"}+r37 fr1+%r2 31 ) (3.86)
The structure of the anomaly polynomial entails the levels of the Kac-Moody algebras
to be

ki =ry—r1, ko =1m1 413 —2r9, ks =19 — 13,
(3.87)

ks =11, ks =1y, ke =13.
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As before, we can thus evaluate the anomaly constraints again for the choice a = 0

al’ld’r‘lzl,TQZTg:O

Z m:4<CL—4CM:32,
ilki>0 " i
3.88
;| dimG,s (3.88)
— = = R — Ocm = 24.
> Tl b 448=12<cg—6 24

i‘k‘i<0
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4.1 A modern view on anomalies

The discussion in the previous Chapter makes it clear that the implications of unitarity
have not been fully exploited, yet despite the intense activity that has been devoted to
the subject since the ’70s [140-143, 200-202] (see e.g. [144, 203-205] for reviews).
Indeed, the analysis of the previous Chapter shows how admitting the possibility that
a one-dimensional defect be present in the spectrum entails further constraints on the
low-energy effective theory, beyond the simple requirement of anomaly cancellation
of the bulk theory. The introduction of this kind of defect, which is natural from
a string theory perspective, since it simply reflects the coupling to the ubiquitous
p-form fields, has been recently linked to the conjectured existence of a unique
theory of quantum gravity [206], resulting from the interconnected web of dualities
among the known string theory constructions [207]. This extended notion of duality
requires the knowledge of all processes allowed in quantum gravity (even at the
non-perturbative level) and of all possible defects, as suggested by the so-called
completeness hypothesis [113, 114]. Combining the latter with unitarity leads to
non-trivial requirements, which have been nevertheless shown to hold in F-theory
vacua [109], in D = 10 [109] and in D = 6 perturbative string theory constructions
[39, 112]. One can thus approach the issue of describing the shape of the string
landscape by adopting a complementary bottom-up view as part of the swampland
program [115], in which unitarity combined with the completeness hypothesis implies
further consistency conditions to be satisfied by low-energy theories admitting a UV
completion in quantum gravity, along the lines of [109, 112, 123-126, 128-133]. In
this perspective, one can combine unitarity with other general properties of the string
landscape to deduce additional constraints on the string landscape. Requiring that
topology change be part of the processes admitted by a theory of quantum gravity
entails additional constraints [139, 149, 150, 154, 208, 209]. This picture emerges
naturally in the current understanding of anomalies pioneered by the theorems on
the Dirac operator by Dai and Freed [134, 135].

Traditionally, anomalies can be described as the violation of gauge invariance of
the one-loop effective action under gauge transformations that are either connected

(local anomalies) or disconnected (global anomalies) to the identity [145-148]. Both
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can be ultimately traced back to the ambiguities occurring in the definitions of the
partition function of chiral fermionic and bosonic fields. The first can be described
by the descent procedure and are encoded in the anomaly density Ip. o, which is
a D + 2-dimensional polynomial in the curvature of the tangent and gauge bundle
[140-142], while the others are described by building a mapping torus X x [0,1]/ ~
where the equivalence relation identifies (z,0) with (g(x), 1), with ¢ the considered
gauge transformation. The mapping torus thus depends on the homotopy classes of
the gauge group [210] whose associated anomaly vanishes if the topological phase
o7 of the kinetic operator O on the mapping torus [143] does. Recently, it has been
shown [148, 157, 211] that these ambiguities can be clarified by describing the chiral
fields on a given spacetime X as a boundary mode of a gapped Dirac spinor or a
non-chiral p + 1-form living in a D + 1-dimensional space Y such that 0Y = X with
suitable elliptic boundary conditions' [148, 157, 211, 213], required in order for Op
to be self-adjoint on X. Schematically, we can write the partition function of these

chiral fields living on X = 9Y as
Z(L,Y) = |Zp(X)|e72mor) (4.1

where |Z7(X)| corresponds to the absolute value of the partition function of the
chiral field living on the boundary once we have imposed the elliptic boundary condi-
tions L. Note that, contrary to what happens in standard treatments of anomalies,
the definition (4.1) has a well-defined phase, at the cost however of a non-trivial
dependence a priori on the extension Y, that should preserve the structure charac-
terising X. The space Y has no physical meaning, and therefore for a physically
meaningful theory, the partition function should not depend on the choice of the
extension. The dependence on the latter is all contained in the phase ¢r(Y) and can

be quantified by taking the ratio of the partition function on two different extensions

Z(L,Y")
8 ZLY) 42

1

IThese results have been obtained working in Euclidean signature. The case of Minkowski’s signature
has been covered in [212].
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where YUY’ = Y is a closed manifold obtained by glueing Y and Y with the
opposite orientation along the common boundary. The resulting partition function
Ar(Yy) describes an invertible topological field theory? [211, 215], known in lit-
erature as the anomaly theory. This nomenclature is justified by the fact that the
usual treatment of anomalies is reproduced by specific choices of the closed manifold
Y,. Indeed, whenever it is a boundary of a D + 2 dimensional space Y, = 07 the

Atiyah-Patodi-Singer (APS) [216] theorem implies

Ar(0Z) = Index(Or) — / Ipio, (4.3)
A

where Index(Or) is the index of the operator Or and it is an integer number. Sim-
ilarly, the usual global anomalies are reproduced if we choose Y to be a mapping
torus. However, these two examples do not exhaust a priori all the possible D + 1
dimensional manifolds and therefore different choices of the manifolds Y, may be
new sources of anomalies, the so-called Dai-Freed anomalies [139]. It is then crucial
to determine the set of manifolds that are to be considered. For a generic quantum
field theory, constraints can restrict the choice of the closed manifolds Y, [138],
but for a theory of quantum gravity, topology is allowed to change and thus all the
manifolds should be considered. Luckily, our task can be simplified further, since it
can be shown that if two closed manifolds are equal up to a boundary the difference
between the anomaly theories on the two spaces is encoded in the local anomaly.
Thus if the latter vanishes, the anomaly depends on the equivalence classes of spaces
defined up to a boundary. This space actually forms an abelian group under the
disjoint union known as the bordism group Qgirl. Therefore to cancel anomalies it is
enough to evaluate A on the generator of this group.

In 6D (super)gravity, local anomalies are cancelled by employing the celebrated
Green-Schwarz-Sagnotti mechanism, introduced in the previous Chapter, which

requires the Bianchi identity

a® b
dHS = X§ = Zpl(R) -> " e (Fy), (4.4)

2An invertible topological field theory is quantum field theory whose Hilbert space on a closed
manifold is one-dimensional [214].
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to be satisfied where we have used the definition the characteristic classes® 1p;(R) =
—%trR2, co(F) = %trF2 in (3.53). This means that, in the procedure of extending
manifolds, one must preserve the structure inherited by the Bianchi identity, the
so-called twisted-string structure [149, 150, 217] (or string-G, for a given gauge
group (), in addition to the spin structure with a principal bundle* valid for the case
of gauge theories with fermions. Turning off any gauge contribution reduces to the
ordinary string structure, yielding the bordism group Q5" = (. This shows that
there are no purely gravitational Dai-Freed anomalies in six dimensions when the
Green-Schwarz-Sagnotti mechanism cancels the local anomaly. In the presence of
gauge fields, twisted string structures can instead generate novel anomalies [156].
If such an anomaly is found it may still be possible to cancel it with a “topological”
version of the Green-Schwarz-Sagnotti mechanism [154, 156], but we will not
consider this subtle possibility in the present discussion.

The right-hand side of (4.4), which we dub the Bianchi class, is thus trivial in de
Rham cohomology. However, one should require the Bianchi class to be trivial in
integral cohomology, which can include torsional classes undetected by differential
forms. This was originally argued in [147], and (at least for perturbative heterotic
strings) follows from Dai-Freed anomaly cancellation on the world-sheet [150].
However, specifically for theories in D = 6, there is an additional subtlety to be
taken into account. These settings allow for the presence of many chiral 2-forms
which lead to additional Bianchi identities. As discussed in [149], it seems that the
correct requirement to impose on admissible anomaly backgrounds is to satisfy at
least one identity (at the level of integral cohomology). This turns out to eliminate
all anomalies in string theory examples, and can produce non-trivial bordism groups.
Imposing multiple identities simultaneously generically kills all independent charac-
teristic classes. Therefore in the following examples, we shall focus on backgrounds
satisfying at least one Bianchi identity but spaces trivialising all the available ones

have been discussed in [149].

®For the abelian case studied in 4.3, the second Chern class should be replaced by —c3 /2.

“*In certain settings the spin structure can be modified to a pin®, spin® or spin’* structure. This
is crucial to find the correct consistency conditions, for instance when reducing M-theory over non-
orientable manifolds where I-fold defects emerge [131] and certain topological symmetries are broken
[206, 218].
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Nevertheless, even imposing one Bianchi identity, the computation of these bordism
groups is a complicated mathematical task that has not been fully addressed yet.
Therefore, we cannot push until the end the proof of the cancellation of Dai-Freed
anomalies for string theory vacua but, we can analyse backgrounds satisfying the
Bianchi identity on which the anomaly theory can be computed. These backgrounds
are Lens spaces, given by the quotient of the seven-sphere with a discrete group,
L; = S7/Z, [155]. On the one hand, this allows to verify, without knowing the
exact shape of the Q5™"¢°C  the cancellation of anomalies for (non-)supersymmetric
heterotic theories and for the Gepner orientifold with no tensor multiplets. On the
other hand, it allows to seek constraints for low-energy theories from a bottom-up
perspective.

For our discussion it is therefore crucial to specify which is the anomaly theory for
the fields of interest. In the case of 6D non-supersymmetric heterotic theories the
fields contributing to the anomaly are simply Majorana-Weyl fermions and the 2-form
fields, while if supersymmetry is present there is an additional contribution coming
from the gravitini. In the following, we are going to specify the structure of A for
each of these fields and their values on the Lens spaces that are needed for the rest

of the Chapter.

4.1.1 Anomaly: fermions

Let us start by discussing the contribution of fermionic fields to the anomaly theory.
This is the context in which the Dai-Freed theorems were originally formulated [134,
135]. The partition function for a chiral fermion is obtained from that of a massive
Dirac spinor defined on the extended space Y by imposing the set L of boundary
conditions which localises a chiral fermion of a given chirality on the boundary X
[148, 211]

21, (L,Y) = [Pf(DE (X)) | e2mm0) (4.5)

where the Pfaffian of the Dirac operator is the regularised product of the positive

eigenvalues®. The phase given by 7(Y) is the so-called eta invariant [134, 135]

>When the Dirac operator in the bulk Y has zero modes, the boundary conditions should be properly
modified (see for instance [135, 211] for details). However for the analysis of anomalies such subtleties



4.1. A modern view on anomalies 87

and corresponds to the regularised sum of the signs of the eigenvalues of the Dirac
operator. From the general considerations above, because of the glueing properties

of the n-invariant, the anomaly theory is nothing but the phase of (4.5)
Ap(Ya) = np(Ya), (4.6)
that, in the case Y = 97, reduces to [216]

Index” = 1p(9Z) +/

i (A(R) chr(F)) . 4.7)

Here chr(F) = trg 'f" is the Chern character for the associated gauge bundle in the
representation R.

In a similar fashion one can write the partition function of chiral gravitini. However,
one must take into account that a massive Rarita-Schwinger field in D + 1 dimensions
localises a chiral Rarita-Schwinger field and a Weyl fermion of opposite chirality
on the D-dimensional boundary® [154, 155], and that the D-dimensional Rarita-
Schwinger operator identifies the degrees of freedom of the propagating gravitino
and a Weyl fermion. As a result, the structure of the partition function for the
D-dimensional gravitino field is dictated by

Pf ( Diis(X) . .
Zgrav.+ (L, y) — M e~ 2imrs (Y)+4imnp (V) : (4.8)

]Pf (Dg(X)) ]2

where the operator Dig(X) is the Rarita-Schwinger operator defined on the product
between the spin and the tangent bundle. The anomaly is thus described by the

combination of eta invariants of the Dirac and Rarita-Schwinger operators [139, 157]

Ngrav(Ye) = mrs(Ya) — 2np(Ya), 4.9

where the phase 7rs(Y,) is related to the density index via the Atiyah-Patodi-Singer

play no role and we shall skip them.
We are assuming D to be even in these arguments.
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(APS) index theorem [154, 155, 216]

Index®® = 1ps(8Z) + /

(A(R) (ch(2R) - 1)) , (4.10)
Z

with ch(2R) = tre* R,

On Lens spaces the values of the n-invariants are known and we will use their
expression on L; to compute explicitly the anomaly theory for fermions. To do
so, we can embed the Z, line bundle into the gauge group bundle, implying the
decomposition of a given representation in terms of the Z, charge ¢. As a result, the
contribution to the anomaly theory of fermions transforming in a given representation
of the gauge group comes from 7-invariants carrying non-trivial Z, charges associated

to the representation itself [154, 155]

 p'+10p* — 11 — 30p*¢* — 60pq + 60pg® — 30¢* + 604

N
g (Lp) = 720p ’

4.11
7p* — 170p? + 163 (4.11)

720p ’

URSO(L;) =

where for our case we only need the uncharged n-invariant for the Rarita-Schwinger
field”.
The discussion presented so far describes the contribution to the anomaly theory of
the fermionic fields. This, however, is not the end of the story, since string theory and
(super)gravity include additional relevant fields in their spectra: the (chiral) p-form
fields.

4.1.2 Anomaly: bosons

In string theory, p-form fields are ubiquitous and may give a non-trivial contribution
to the anomaly theory. However, although the action and partition function of
non-chiral forms are well-understood and under control, there are difficulties in
the definition of similar actions for chiral forms, which prevents one from writing

down consistent partition functions straightforwardly. Furthermore, the standard

"When discussing the consistency of type IIB supergravity under the full S-duality group [154, 155,
219-221] charged n-invariants for the Rarita-Schwinger operator are relevant, but it will not be of
interest for us.



4.1. A modern view on anomalies 89

techniques that describe abelian gauge fields (whether chiral or not) in terms of
differential forms miss all restrictions arising from a consistent coupling to matter
in topologically non-trivial backgrounds. The formalism that naturally incorporates
the holonomy of the U(1) gauge bundle encoding a non-trivial topology describes
p-form fields as classes in a (generalised) differential cohomology H *(X), known as
Cheeger-Simons [222] or, equivalently, Deligne cohomology [223]. Following [157,
215, 224-226], we can translate such a piece of information in terms of cochains,

according to which an abelian p-form gauge fields is given by
A =(A,N,F) € H’(X), (4.12)

where A € CP(X,R) (the space of real p-cochains) is the gauge connection, N €
CP+1(X,7) defines the characteristic class and F € CPT!(X,R) is the associated field
strength. The non-trivial topological data are encoded in the characteristic integer
cohomology element [N] € HP*(X,Z), which carries torsional information invisible
to de Rham cohomology curvature classes [F] € H, 5{{ '(X). The two are connected
via to the co-boundary of A

N =F -4, (4.13)

which however hides a gauge redundancy [157]
A— A+da+n, N —- N —én, (4.14)

with @ € CP71(X,R) and n € CP(X,Z). This constrains the structure of the action
and of the partition function, which should make sense at the level of differential
cohomology, and, thus must be invariant under the transformations in (4.14).

The situation however is substantially different depending on whether the p-form
uplifted in differential cohomology is or is not chiral. For non-chiral forms, requiring
that the action be invariant under the gauge transformations (4.14) when A is
electrically coupled to B € HP*!(X) and magnetically to C € HP~7+1(X) implies
the presence of an additional SPT phase [136, 137, 227-230] (and local counter-

terms) defined on Y. As a result, one can write the partition function for the
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non-chiral p-form fields as

ZA(Y, L) — e27ri(_1)D_p (é, )Y / [DA.] e—S[A,X] , (4.15)
where we have introduced the cohomology pairing [157]

(Al,Az)Yz/ Ax A, (4.16)
Y

dictated by the product between differential characters®

NAl*AQ = NAl U NAQ )
Fi a, =Fa, NFi,, (4.18)

1
Ag ok, = Ax UFg, + (CUPHEL UAR +a(Fy Fg,) -

The definition in (4.15) holds only when the electrically coupled field B is topolo-
gically trivial on X. Although such requirement seems rather restrictive, it actually
corresponds to the unique available choice, since whenever B is non-trivial the parti-
tion function vanishes (see [157] for details). Furthermore, in writing the expressions
above we have extended the definitions of the background fields to C € HP—P+1(Y)
and B € HP—»t1(Y), for which the topological triviality must hold only on the
boundary X.

The anomaly is thus given by

Ax(Ya) = (-1)P7(CB),, . (4.19)

In our context, the background fields are the combination of the first Pontyagin and
the second Chern classes entering eq. (3.53). On Lens spaces, the fields are flat and
thus the cohomology pairing depends only on the integer flux. However, requiring

the twisted string structure to hold implies that at least one of the two fields is also

8The present definition uses the notion of the cup product [210] and the homotopy cochain g(w1,w2)
acting on differential forms w; and ws according to

w1 Awz — w1 Uws = q(dwi,ws2) + (=1)P g(w1, dws) + dq(w1, wa) . “4.17)
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topologically trivial, thus yielding a vanishing pairing.

If the p-forms are instead chiral, we can describe the partition function of the p-form
field as a boundary mode of a massive p + 1-form field, similarly to what has been
done for chiral fermions. The resulting expression is quite cumbersome and can be
found explicitly in [157] wich also provides a detailed derivation. For our purpose
it is enough to notice that the expression for the anomaly theory of chiral p-forms

coupled to a background field C € H?1(Y) is given by
AA(YCI) = éYcl(é) = QYcl(é) - QYd(O)v (4.20)

where we have introduced the (inhomogeneous) quadratic refinement Q [215] of the
cohomology pairing, defined via the characteristic equation (see e.g. [156] for an

application in a physical context)
Qw (A1 + As) — Quw (A1) — Quw(As) + Qw(0) = (A1, Ay, (4.21)

on a probe manifold W. In general, the choice of the quadratic refinement is dictated
by a general solution of the characteristic equation, subject to the constraint that

whenever Y, = 07

Qoz(C) = /

; {1 (w+ Fg)® - éﬁ(R)} , (4.22)

2

where L (R) is the Hirzebruch polynomial that has already appeared in eq. (3.44).
In eq. (4.22), we have introduced an integral lift w of the Wu class defined as
the characteristic element of the cup product pairing [208], corresponding in six
dimensions to w = —&. In our case the background field C is given by the Chern
character ¢, whose curvature and characteristic classes are simply given by the second
Chern class cz(F') as an element of de Rham and integer cohomology, respectively
[157]. In general, these requirements do not admit a unique solution and up to now
it is unclear how to choose the right quadratic refinement systematically. Moreover,
for the settings relevant for our discussion, chiral fields also take values in a lattice

of signature (1, nr), depending on the number ny of tensor multiplets. Hence, the
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previous considerations have to be slightly modified. Specifically, chiral forms arise as
boundary modes of H*(Y')® A [231], where A is the SO(1, nr) lattice determined by
the structure of local anomalies (3.51). In this scenario, the lattice-valued quadratic

refinement on Y, = 07 reads

1 1 & —1.
ng(é) = / {2 (apw + bOFé)2 —-3 Z (a;w + biFé)2 + nT8 L (R)} . (4.23)
z i=1

Notice that (4.23) can be equivalently interpreted as the contribution of one antiself-
dual and nr self-dual fields, as befits the traditional additive view on anomalies for
chiral p-form fields.

Determining the quadratic refinement on a generic manifold Y can be cumbersome
and is uniquely fixed only for null-bordant manifolds, as described in [157] for
Spin-bordism. In the settings at stake, we do not know if the twisted string bordism
group vanishes, nor if the relevant backgrounds actually lie in the trivial class, so Qy
could a priori be different. Nevertheless, we can exploit the fact that in the purely
gravitational case Q5™ = 0 to constrain Qy (0). Applying the APS index theorem to

(4.23), this gravitational contribution can be cast in the form’

a \2 . a2 — a2 —
Q2(0) = | (; (3n) - 1L<R>> =T 02+ Y an02)
(4.24)

where a is the relevant coefficient in the Bianchi classes in (4.4) and 7gray is defined
in (4.9). Then, one can use the formulae in (4.11) to evaluate this expression on
Lens spaces. However, turning on the gauge fields spoils the preceding observations
and one can only consider a generic solution of the characteristic equation. On Lens
spaces, a general solution to the characteristic equation can be explicitly computed

and can be parametrised by an integer m = 0,...,2p — 1 as [157]

a(a +m)

ok = - 2t

, (4.25)

9Strictly speaking, since the Bianchi class is either Bl or % p1, it is not obvious that the expression of
Q(0) is unique as in the case of the standard string structure trivialising Z'.



4.2. Dai-Freed anomalies for SU(2) in 6D supergravity 93

since the cohomology pairing on Lens spaces is

L b
(A,B)p; =~ % , (4.26)

where [Nx] = ay and [Ny] = by, with y a generator of the integral cohomology
group.

In top-down examples, the choice of the quadratic refinement may not be arbitrary.
For instance, in [156] it has been argued that F-theory selects a single possibility for
73 gauge groups, although a general rule to determine Q is not known. A complete
analysis that describes the combination of quadratic refinements allowing to cancel
the anomaly can be achieved in the simple setting of SU(2) models, but in general
one would need some restrictions on the possible quadratic refinements.

Now that we have specified all the ingredients of our anomaly theory, we can
proceed to evaluate Dai-Freed anomalies for supergravity and string theory vacua.
In [149], the analysis has been carried out for supergravity with at most one tensor
multiplet and simply-laced gauge groups. In the following, we shall only discuss the
simple setting for the SU(2) with ny = 1 and the abelian U(1) gauge group without
tensor multiplets, since the cases for all the other gauge groups have only increasing
technical difficulties, without any additional conceptual novelty. We shall then discuss
the compactification of the non-supersymmetric SO(16) x SO(16) heterotic theory on
the T*/Zg orbifold and the Gepner orientifold with no tensor multiples, following

the analysis in [149].

4.2 Dai-Freed anomalies for SU(2) in 6D supergravity

In this Section we shall focus on six-dimensional supergravity with one tensor mul-
tiplet and SU(2) as a gauge group. In such a setting, the contribution to the anomaly
theory involves 3 (the adjoint representation) vector multiplets, dr'® (dp) hyper
multiplets transforming into the trivial (fundamental) representation, the gravity
multiplet and the neutral tensor multiplet. The latter two comprise, aside from the

usual contribution coming from chiral fermions, 2-form fields, which, as described

1°In the following the multiplicities of the various representations R will be denoted dx.
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in the previous Section, play a non-trivial role in the structure of the anomaly the-
ory. The fermionic contribution is already highly constrained by local anomalies.
Indeed, the cancellation of the irreducible purely gravitational piece of the anomaly
polynomial implies that the number of trivial and fundamental hyper multiplets
satisfy

dr + 2dp = 247. (4.27)

Notice that here we are looking at constraints for would-be UV complete theories with
SU(2) as the full gauge group. If SU(2) is embedded into a larger gauge group, eq.
(4.27) still holds by defining dr as a signed integer, where the negative contribution
arises from the vector multiplets transforming into the adjoint representation of
the turned-off gauge groups. Such a case would imply a much larger family to
consider, and the control over these theories is lost. For the purpose of uncovering
the role played by Dai-Freed anomalies in sharpening the string landscape or testing
particular (top-down) examples, this consideration can be ignored. Therefore, taking
into account the cancellation of the irreducible gravitational anomalies, the reducible

anomaly polynomial takes the form
Is = (trR2>2 R P (- 1)+ (trF2)2 (dp — 16) (4.28)
8 24 F 48 F ’ '

where we used the decomposition tr F* = % (tr F2)2 valid for SU(2). In order
to cancel the reducible piece of the anomaly, we shall impose the factorisation
(3.51), where however the implementation of p-form fields as elements of differential
cohomology requires that the 't Hooft coefficients be integer-valued and embedded
into a self-dual lattice [197]. With one tensor multiplet, such embedding is possible
in two ways, depending on whether the metric €23 is either diagonal or off-diagonal.

This translates into constraints on the allowed values of dr and dp. For instance, the

01
o= ( ) | 29)
10

off-diagonal case,



4.2. Dai-Freed anomalies for SU(2) in 6D supergravity 95

allows a factorisation of the anomaly polynomial if dg = 4 + 125, which yields

Ig = (2trR2 - trF2> (2trR2 + (1 - s)trF2> . (4.30)

>~ =

This factorisation determines the structure of the twisted string bordism group
implied by the Bianchi identities

dHy = §p1 + ca, 4.31)

dHs = 3p1 + (s — 1)ca.

We now build SU(2) bundles on LZ backgrounds by including the defining line
bundle of Z, into SU(2). Following [155], there are two possibilities to describe such
inclusion. Indeed, we can embed Z,, as a subgroup of U(1) into k diagonal blocks in
the fundamental representation of SU(2), which however only allows two values for
k, namely k£ = 0,1. For k = 0 the gauge bundle is trivial and one only probes the

gravitational anomaly via the uncharged » invariants (4.11)

pt+11p? — 12

A(L]) = o

(4.32)

Notice that in this case there is no quadratic refinement in general, but the only
allowed backgrounds are ordinary string manifolds with & = 0. For Lens spaces
this requires p = 2, and L5 = RP7 is the real projective 7-space. The resulting
gravitational anomaly
ARPT) = -8
=0 mod1 (4.33)

510

consistently with the fact that it is a bordism invariant of Q™8 = 0. Therefore, in
the following analysis of n; = 1 models, we will not consider trivial gauge bundles.
Here and in the following we shall use the short-hand notation =), to indicate the
equivalence modulo p.

For k = 1, we are embedding the Z, subgroup into the Cartan subalgebra of SU(2),

and we can use the eigenvalues for the Cartan generator to deduce how the contri-
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bution of charged fermions decomposes into suitable combinations of 7,. The eta

invariants 7, are known and thus the anomaly for k& = 1 is given by

A(LT) = dp (m +n-1) — (02 +1-2 +10) + (dr + 1)n0 — Tgrav
d(p? — 1) — 4p* + 40 (4.34)
12p '

The Bianchi classes are now encoded in (4.31), and one must evaluate them on Lens
spaces by using the known fact that p; /4 = y generates the integer cohomology
group H 4(L}7,, Z) = Ly, and the second Chern class is given by ¢y(L7) = —ky. This
means that eq.(4.31) evaluates to (2 — k)y and (2 — k(s — 1))y. For k = 1, The
only Bianchi class that can be trivialised on a Lens space is (3 — s)y. Thus, setting
s = 3 + mp for some integer m the Lens background has the appropriate twisted

string structure, and one finds

ALT) =, - (- 1)§(p L (4.35)

which also vanishes because the numerator is always divisible by three.

For the diagonal lattice, in which the bilinear form reads

1 0
= ( ) , (4.36)
0 —1

the number of fundamentals allowing an integral factorisation of the anomaly poly-
nomial has to be of the form

drp =10+ 12s. (4.37)

For these values it is easy to see that the polynomial factorises according to

Iy = é {<3trR2 - strF2)2 — (trR2 + (1 - s)ter)z} . (4.38)

A complete study of Dai-Freed anomalies of such theories would require knowing

the proper SU(2)-twisted string bordism group, where the twisted string structure is
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spelt out by the Bianchi identities

dHy = 3p1 + s ¢z, 4.39)

dHy = ip1 + (s — 1)ca.

Following the analysis above, we restrict to Lens spaces LZ which provide particularly
simple families of candidate backgrounds to work with, even though we do not know
if these exhaust all the nontrivial bordism representatives.

We build SU(2) bundles on L; backgrounds by including the defining line bundle of
Z,, into SU(2) according to the possible embeddings described before for £ = 0, 1.

For k = 0, the anomaly theory reduces to the purely vanishing gravitational anomaly

pt+11p? — 12

= +04(0)—Q_(0)=0. (4.40)

A(Ly) =

For £k = 1, charged fermions decompose into representations with different Z,
charges, for which the eta invariants 7, are easily calculated. The anomaly for k = 1

is thus given by

dp(p? — 1) — 4p* + 40

+0,-Q, (4.41)

where we have added to (4.34) the contribution of the quadratic refinement for the
two chiral 2-forms that on Lens spaces is given by (4.25).

We can now proceed to find the Lens spaces which satisfy the twisted string structure
on which we are going to compute the relevant n-invariants and the quadratic
refinement. For £ = 1 the Bianchi classes are (3 — s)y and (2 — s)y and one can
show that for any Lens space trivialising one of the Bianchi classes, the fermionic
anomaly is always an integer multiple of 1/p. This means that there always exists an
appropriate choice of m4 in (4.25) that trivialises the anomaly theory. This is crucial,
since the heterotic and F-theory landscapes include models in this family. However,
the choice of the quadratic refinement constrains the dynamics of chiral p-form fields
in a very specific way, making other realisations of chiral forms inconsistent. In

particular, if one uses the suitable combination of n invariants reproducing locally
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the term (4.23) along the lines of [157], the anomaly cannot be cancelled.

Finally, there is a family of models that admits both the diagonal and off-diagonal
embedding given by dp = 16 + 24s. For this family, we can evaluate the anomaly
theory in the same way as it has been done for the off-diagonal model and indeed
the anomaly theory can be shown to be given by (4.35).

To summarise, 6D supergravity models with fermions in both trivial and fundamental
representations give rise either to a vanishing anomaly if the 2-form fields are non-
chiral in generalised differential cohomology, or to an anomaly that a specific choice
of the quadratic refinement can cancel. As shown in [149], the discussion follows
a similar pattern and leads to the same conclusions if the set-up is modified by
considering U(1), SU(n), Spin(2n), E; and Eg gauge groups with hyper multiplets
in fundamental, adjoint, symmetric and anti-symmetric representations, still under
the assumption of the presence of one tensor multiplet. We can perform a similar
analysis even for the case of no tensor multiplets that can be studied by considering

the sample of models given by the infinite families of [122].

4.3 Dai-Freed anomalies for U(1) in 6D supergravity

In this Section we are going to focus on U(1) models with no tensor multiplets,
that are known to give rise to different infinite families satisfying all the known
swampland criteria but for which no string or F-theory realisation is known [122].
Without tensor multiplets there is only one possible embedding of the anomaly which
unavoidably entails chiral 2-forms. This means that the choice of the quadratic
refinement is crucial in order to address the consistency of these theories, and indeed
we are going to argue that the anomaly theory is eventually non-trivial for large
charges, thus excluding all but a finite number of these models. Actually, it is always
possible to choose a quadratic refinement that cancels the anomaly but, to date, we

are still lacking a top-down mathematical principle selecting a suitable Q''.

"1t can be also argued that the presence of families with arbitrary large charge increase the effective
gauge coupling g.gr = g@Q, which in D = 6 has dimensions of length, and it can be observed to violate
perturbatively the (upper bound to the) quantum gravity cutoff Aqs determined by the magnetic weak
gravity conjecture [232, 233]. Intuitively, this may suggest that large charges are obstructed in weakly
coupled gauge theories when quantum gravity is involved.



4.3. Dai-Freed anomalies for U(1) in 6D supergravity 99

As we mentioned, without tensor multiplets there is only one possible lattice embed-

ding with a = 3, and the factorised anomaly polynomial is
2
Is=1%(3m+5e) . (4.42)

In [122] a family of charges ¢, r, ¢ + r admitting such factorisation was found, with

fixed multiplicities
dy =54, d, =54, dgir =54 . (4.43)

Here ¢, r are integers determining the anomaly coefficient b = —6(¢? + rq + r2).

The anomaly theory for these models is described by

A(Y) =27(ng + 1-q — 210) + 27(ny + n—r — 210)

b(b + 2m (4.44)

+27(ng1r + N—q—r — 200) — (8) ;
P

where we have considered the general form of the quadratic refinement in terms
of an integer parameter m'?. Using the expressions contained in (4.11), we can
compute the value of (4.44) for Lens spaces L/ with p a divisor of [3—3(¢* +rq+7?)],

which trivialises the Bianchi class. For general m and p, one has

B(p? + 3m — 18)

, (4.45)

where 3 = —b/6 = ¢% + qr + 72 is the only combination of charges that appears. This

is also true for the Bianchi class, which is 3(1 — 3)y. For p = 3 one has
A(LY) =, P =3) <m2_ 3, (4.46)

which vanishes either for even 5 (¢ and r even) or m = 3 (mod 2). For general £,
p = B — 1 remains a valid choice, and we now study this case for large charge. We

restrict to choices of quadratic refinement such that m is bounded (mod 2p), and

12Notice that the gravitational anomaly is cancels out because of the definition of the quadratic
refinement and the triviality of the corresponding string bordism group.



100 Chapter 4. Unitarity: Dai-Freed Anomalies

show that all but finitely many theories are excluded with this assumption unless
m = 6. For this family of models the choice of [157] amounts to m = p?> — 2, which
for p even is bounded mod 2p forp = —1>> 1. Forpodd, m =, p—2=/5 -3
with 3 even, so for this choice m is not bounded and a separate analysis is needed.

To begin with, notice that if (¢,r) — oo in R? then 3 — +o0. Indeed,
1
26— l(¢.n)’ = (¢ +71)? 20 = 5= |(@.r)f = +oo. (4.47)

For m = 6 the anomaly always vanishes. Assuming that m # 6 and bounded (taken

between 0 and 2p — 1), letting p = 8 — 1 one has

ﬁ(52—/3+3(m—6))+3(m—6)+3(m—6)

B>1
A(LE—Q ~

26 262 4.48
_ AN N Ny (4.48)
=23 232

where for our purposes we only need use that N(5) € Z[5] is a polynomial with
integer coefficients and that Ny € Z is an integer. The first term cannot be integer
for large enough S, since the numerator cannot be a multiple of 3, for 3 > Ny. The
second term is subleading for large 3, and thus cannot compensate the fractional part
since the series is asymptotic. Furthermore, having packaged the divergent part in
the first term, all other terms resum to a finite result, namely the limit of (4.45) (as a
rational number rather than mod 1) with its divergent contribution subtracted. All in
all, in order to cancel the anomaly on LZ%—1 one necessarily needs m = 6, whereas
for p = 3 only even charges survive unless m = 3 mod 2. If m does not depend on
the choice of background, one can save at most even charges, if any.

In order to conclude our analysis for the choice of quadratic refinement of [157],
for even 3 = 2z and p = 8 — 1, the parameter m = p> — 2 =9, p — 2 = 2z — 3is not

bounded for z > 1. The anomaly simplifies to

2224213 12
ALy, )= "= —

4.49
2z —1 2z —1" ( )

which once more shows that the anomaly is eventually non-vanishing.

The result just described is confirmed by a numerical scan. Indeed, fixing the
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(
(=
(=
(=
(1,—

(2, - )
(1,1)

Table 4.1: Anomaly-free families of the U(1) models in (4.43) with no tensor mul-
tiplets in terms of ¢, with ny = 0 and |q|, |r| < 10, choosing m = p? — 2.

quadratic refinement to the choice m = p? — 2, which corresponds to the definition in
[157], only 6 models out of 441 are anomaly-free'®. The charges are allowed to vary
with |¢| < 10 and |r| < 10, but the non-anomalous models are bounded by |¢| = 2
and |r| = 2, as listed in table 4.1.

To summarise our findings, without a mechanism indicating which specific quadratic
refinements are selected in string or F-theory, we cannot place these theories in the
swampland with certainty. Néively one can expect to exclude most of them, since
only a very specific choice for each background cancels all the anomalies that we have
investigated. It would be interesting to further explore this issue, trying to deduce a
top-down criterion to select the allowed quadratic refinement(s). Nonetheless, we
now know that, unless m = 6, no choice with m bounded can cancel the anomaly on
LE—1 for infinitely many charges, while the anomaly on L} only saves even charges

unless m = 3 mod 2.

4.4 The Gepner orientifold with no tensor multiplets

The importance and role played by the quadratic refinement can be further invest-
igated from the allowed top-down string theory realisations. Gepner [234] has

shown that consistent superstring world-sheet theories in a background with SU(n)

3There are additional models for which the analysis cannot be performed, since they
would formally yield p = 0 as valid backgrounds. These correspond to (¢,7) =

{(7170)7 (07 71)7 (170)7 (Ov 1)? (17 71)7 (71’ 1)}
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holonomy can be realised in terms of tensor products of N/ = 2 superconformal
minimal models, corresponding to special points of the moduli space of a compac-
tification on Calabi-Yau manifolds CY,,. Focusing on type IIB strings compactified
in D = 6 on CYj, the chiral spectrum is unique and comprises the gravity multiplet
and twenty-one tensor multiplets with A/ = (2,0) spacetime supersymmetry. The
orientifold algorithm [65-72] then allows to halve the number of supercharges to
N = (1,0), but the light spectra depend on the point of the moduli space in which
the model is constructed. In the following, we will focus on the orientifold projec-
tion of the Gepner model with 81 characters worked out in [235], comprising ten
hyper multiplets in the antisymmetric representation of the Chan-Paton gauge group
SO(8) from the open-string sector and twenty-one neutral hyper multiplets from
the closed-string sector. Our interest in this model is motivated by the absence of
tensor multiplets, which highlights the single chiral 2-form contained in the gravity
multiplet.

The full anomaly theory for a generic closed manifold Y contains a single quadratic

refinement, and takes the form
A(Y) = (10 = 1) n2s(Y) + 21 10(Y) — ngrav(Y) + Q(Y) . (4.50)
On boundaries Y = 07, (4.50) reproduces the anomaly polynomial
9 9 2\ 2
A0Z) =1 - | Is=— | (oR?—uF?)", (4.51)
z 8 Jz
from which one reads the Bianchi identity
dH =3 (ip1 1 cQ) —X,. (4.52)

The Green-Schwarz-Sagnotti term cancelling (4.51) arises from the quadratic re-

finement Qy (3&) = Oy (3&) + Qy(0), contributing to the gravitational anomaly
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as

a 2 a2 — a® —
o) = [ {; (57) - ;L} _TE ) vy + ),

8 8

(4.53)
where a = 3 in the present case. Thus the only unknown contribution is Qy (3¢),
which solves (4.21) and can be parametrised as in (4.25) on Lens spaces. To evaluate
the Bianchi identity, we need to specify the second Chern class for Spin(2n) bundles,
which corresponds to cz(L;) = —2ky [149], with £ = 0,1,2 parametrising the
allowed bundles. Eq. (4.52) singles out Lens spaces L; withp=3,p=1-2kor
p = 3(1 — 2k). Thus, p = 3,9 are allowed, depending on the value of k. In these

cases, the anomaly in (4.50) evaluates to

A(L]) = 9(k(2k — 1)(m1 + n—2) + 4k(4 = 2k) (m + 1-1) + Oy (38)
+ (18(k(2k — 1) + 4k(4 — 2k))28 - 9+ 21 — 7 - 39)no

3k (4.54)
:—(m+3(p2—2kp+p—2))
p
3k
=1 —(m—06),
1 p( )

where the quadratic refinement is parametrised as in (4.25),

_ —6k(—6k +m)

Oy (38) = %

, with m=0,...,2p—1 mod 2p. (4.55)
Choosing p = 3, valid for all k£, manifestly trivialises (4.54), while fork =2 and p = 9
one finds

A(Lg) =1 -m, (4.56)

wl N

which cancels only for m = 0 mod 3. This is not the value of m one finds for the
choice in [157], corresponding to m = 2. All in all, we have shown that the anomaly
vanishes in this model for a specific choice of quadratic refinement for all the allowed

k and p, although the rationale behind this choice remains obscure.
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4.5 Non-supersymmetric heterotic models

In the previous Sections we have discussed the role played by Dai-Freed anomalies
as a consistency swampland criterion for six-dimensional ' = (1, 0) supergravity
theories with simply laced and abelian gauge groups. The reason why one could call
this a swampland condition lies in the origin of Dai-Freed anomalies, which require
spacetime topology change. It is natural to think of this as an intrinsically quantum-
gravitational effect, whereby cancellation of such anomalies may be unnecessary if
the theory is not coupled to gravity.

The analysis performed in [149] of supergravity theories in D = 6 involve K3
compactification in the orbifold limit of the heterotic SO(32) [236] and Eg x Eg [236,
237] theories, for which it has been shown that anomalies are cancelled or there
exists a specific choice of the quadratic refinement to guarantee it. This result is
neither new nor surprising, since [153] has shown that anomalies of this kind are
always absent in heterotic constructions when supersymmetry is present.

However, an analogous general result is not available for non-supersymmetric vacua'*
and thus there is no a priori guarantee that Dai-Freed anomalies would cancel for
these theories as well. Nevertheless, the cancellation of Dai-freed anomalies is
connected to the consistency under topology change and thus makes no reference to
supersymmetry. Hence, it is important to check their absence in non-supersymmetric
settings. This program has been initiated in [150], where ten-dimensional tachyon-
free models have been shown to be free of Dai-Freed anomalies. This also implies
that any smooth geometric compactification thereof is anomaly-free, but, in principle,
lower-dimensional vacua may arise from different constructions. In light of these
considerations, the purpose of this section is to verify that Dai-Freed anomalies
on Lens spaces cancel for certain non-supersymmetric heterotic orbifolds in six
dimensions. For concreteness, we shall discuss SU(2) anomalies on Lens spaces for

the SO(16) x SO(16) heterotic model'®> compactified on K3 in its orbifold limits. For

4To our knowledge, neither for supersymmetric and non-supersymmetric orientifold vacua a similar
result is available. Hence, also the possibility to cancel anomalies for the Gepner orientifold was not
guaranteed.

>The global form of the gauge group is not in fact SO(16) x SO(16), but this subtlety will be
immaterial for our considerations.
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simplicity we shall study orbifolds [184, 185] whose point group P is a discrete
subgroup of the SU(2) holonomy of K3, and particular emphasis will be put on the
T* /7 orbifold realisation'®. In addition, in the following we shall also restrict our
attention to the standard embedding, in which the gauge connection on one of the
SO(16) factors is identified with the spin connection, so that the orbifold action on
the gauge world-sheet fermions and on those on space-time are identical. Since in
the settings at stake supersymmetry is absent, these restrictions are not imposed by
general principles. Rather, they are chosen for convenience and it is easy to relax
these requirements to investigate other corners of the landscape. With this setup, the

point group action on the world-sheet fermions is dictated by the shift vectors
/Ust = 6(1,_1)7 vgauge == 6(0 ,1,_1) ® (O ), (4-57)

for spacetime and gauge degrees of freedom respectively, acting on world-sheet

fermions and bosons via

g = e%ivéﬁugew% . gt = ezmv;fwi , and g-2 = 2yt (4.58)
where @Z)i r denotes the complex combinations of Majorana spinors determined by
the complex structure on the i-th torus 72 parametrised by z;. With this choice of
shift vectors, the point group yields a complex action on world-sheet fermions and
bosons, preventing the gauge group enhancement U(1) — SU(2) from taking place,
as in the case of Zo. This means that the breaking of the gauge group is maximal and

reflects a simple K3 compactification [237],
SO(16) x SO(16) — SO(12) x SU(2) x U(1) x SO(16). (4.59)

Furthermore, the SO(4) characters are no longer eigenvectors of the orbifold action,
and indeed the corresponding partition function can only be expressed in terms of
SU(2) and U(1) characters. However, there is no “algorithmic” procedure to determine

the level of the affine U(1) algebra, and thus the characters appearing in the partition

®The complete analysis can be found in [149].
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function, which means that we can only determine the SU(2) representations of the
string states from the the g-expansion of the modular blocks, leaving the U(1) charges
undetermined. This difficulty can be ignored if our aim is simply to study Dai-Freed
anomalies for the SU(2) gauge group, in which the U(1) factor in (4.59) is turned
off. In any case, a more complete discussion would require computing the relevant
twisted string bordism group.

Following the partition function reported in [149], it is possible to the deduce the
light spectrum, which gives the gauge boson in the adjoint of SO(12) x SU(2) x
SO(16) x U(1), the graviton, the non-chiral Kalb-Ramond field and the dilaton in the
singlet of the gauge group, eight scalars in the representation (1,1, 1), four scalars in
the representation (12,2, 1), a doublet of left-handed fermions in the representation
(324,2,1)® (1,1,128,) @ (1,2,16) and a doublet of right-handed fermions in the
representation (32.,1,1) ® (12,1, 16). From the twisted sectors we have instead two
hundred and sixteen scalars in the representation (1,1, 1), thirty-six scalars in the
representation (12,2, 1), nine doublets of left-handed fermions in the representation
(1,2,16) and nine doublets of right-handed fermions in the representation (32,1, 1).
Form the light spectrum the anomaly theory can be straightforwardly deduced,

yielding

Afermions (Y) = 77(1‘)325,1,1) (Y) + 77(22,1,16) (Y) + 977(1:)’)25,1,1) (Y)

(4.60)
- 778,1,1285) (Y) - 77(D323,2,1)(Y) - 778,2,16) (Y) - 977(D1,2,16) (Y) )
which locally reproduces the corresponding factorised anomaly polynomial
_ 1 212 2 1 g2 2 _ 2 2
Is = 5 (2R = } oF? — ok} — R} (wFf — 2 0P} + 8 teFy)
2 (4.61)

1
zixijj,

as required by the Green-Schwarz-Sagnotti mechanism. The above factorisation thus
tells us that the bosonic piece of the anomaly arises from a non-chiral 2-form field

and it is encoded in the cohomology pairing (4.19)

~ v

Ap gieias (V) = (A1, A?)y (4.62)
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where A’ = (N, A’, X}) are the Cheeger-Simons characters with [N?] = [X}]; and
[X%] = [Xi]qr [157, 224-226]. Thus, the complete expression for the anomaly theory

on a general background is given by
-A(Y) = Afermions (Y) - (Ala A2)Y . (4.63)

If the ¢ = 1 character is topologically trivial, i.e. [X}]z = 0, the coupling reduces to
the known Chern-Simons coupling A' A X?, and thus, when Y = 9, this contribution
reproduces the Green-Schwarz-sagnotti term X} A X3. Requiring that the differential
characters A’ be topologically trivial entails a twisted string structure on Y, since at

the level of de Rham cohomology one obtains the Bianchi identities

X =ip1+ Lea( ) + co(Fo) + Lea(Fy),
Lo ’ (4.64)
XI =4co(Fy) — 16 co(Fy) — 2co(F3).

One can choose to trivialise either class at the integral level, but of course the
consistency of the model should not depend on this choice. The corresponding
twisted string bordism groups ought to classify equivalent anomaly backgrounds.

We now study anomalies on Lens spaces, turning off all the groups aside from the
first SU(2)'7. In this case L] trivialises X7 for p = 2,4,8,16, since the Pontryagin
and Chern classes are %p1 = 2y and ¢; = —y with y a generator of degree-four
cohomology. On these backgrounds, the contribution from (4.62) vanishes, as in the
off-diagonal supersymmetric models, and thus the anomaly is simply given in terms
of the net number of fundamentals for the first SU(2), dp = 12 - 16 as in (4.34). As a

result,
p*-1

LTy =12-167; =121
*A( p) 7 6 12p

for our specific values of p. It is worth noting that the available backgrounds are the
only ones for which the anomaly vanishes, while it would not have been the case for

any other value of p.

Turning on only the second SU(2) makes the second Bianchi identity trivial. However, this forbids
the Lens space as a valid background for any p, as will be explained in the following.
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5.1 Summary and outlook

In the present dissertation we have analysed various aspects of the string landscape.
Particular emphasis has been devoted to the study of tachyonic instabilities and
the dynamics of (non-)supersymmetric string vacua, along with unitarity conditions
induced by the completeness hypothesis and the consistency under topology change.
This latter issue has been addressed both by looking at the consistency of the low-
energy supergravity models and by studying explicit examples of string theory vacua,
even without supersymmetry.

In Chapter 2, we have addressed the absence of tachyons, of non-supersymmetric
string vacua in various dimensions in connection with the large-mass behaviour of the
net number of degrees of freedom encoded in the sector-averaged sums associated
with one-loop amplitudes. When restricting to the closed-string case, we have shown
that the latter depends on the mass of the lightest state, independently of whether it
is a tachyon or massless particle, and is strictly smaller than Ci, in the presence of
fermions. This result allowed us to show that the necessary and sufficient condition
for classical stability is Cegs = 0 (and (d(n))(7T)), as conjectured in [56].

The analysis performed in this context is based on the analytic continuation of the
degrees of freedom obtained crucially continuing the physical discrete masses to real
values. This approach is different from those used in [51] and [55] which, using
number theoretic methods, allowed to connect the behaviour of the signed sum over
the physical spectrum with the vacuum energy, assumed to be finite. It would be
interesting to connect misaligned supersymmetry and the latter approach.

For orientifold vacua, the situation changes dramatically. In this scenario, the ex-
ponential growth of the number of degrees of freedom of the one-loop partition
functions is related to infrared divergences of the tree-level amplitudes, and vice
versa. This is not surprising, since this UV/IR interplay descends from the dual
interpretation of the Klein bottle, annulus and Mobius strip amplitudes as loop or
tree-level diagrams. This allowed us to interpret misaligned supersymmetry associ-
ated with the loop channel as the decoupling of closed-string tachyons from D-branes
and O-planes. Hence, it provides a necessary, but not sufficient, condition for their

absence from the physical spectrum. Similarly, the vanishing of the sector-averaged
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sums associated with both the torus and transverse annulus amplitudes is a sufficient,
but not necessary, condition for the absence of tachyons, since the Klein bottle and
Mobius strip amplitudes only implement the orientifold projection. However, such a
condition is not necessary, since tachyons might be removed through a non-trivial
orientifold projection. In these cases, misaligned supersymmetry would require
non-trivial cancellations among amplitudes with different topologies. However, the
sector-averaged sums for the torus and the tree-level K, A and M amplitudes are
built on CFTs on different Riemann surfaces, and thus carry different information. As
a result, it appears difficult, if not impossible, to compare them.

In this sense, misaligned supersymmetry cannot uncover the reason behind the IR
finiteness of the vacuum energy for general orientifold vacua, and the question is still
open. New ideas and technologies need to be developed to fully address this issue.
In Chapter 3, we have focused our attention on a class of classically stable vacua
in six dimensions, in which supersymmetry is realised non-linearly through the
insertion of orientifold planes of positive tension and charge. In particular, for K3
orientifolds, the orientifold action is dressed with an involution that introduces O5
planes, and thus requires D5 branes for tadpole cancellation. In this set-up, known
as Brane Supersymmetry Breaking, we have explicitly presented the orientifold of
T*/7Z¢ orbifold admitting a non-trivial solution of the tadpole conditions, which
forbids further recombination of branes. The situation is actually different in the
supersymmetric case, where, regardless of the choice of the specific solution to R-R
tadpole conditions, it is always possible to deform the model by moving brane into
the bulk, as shown for instance for the 7% /Zg example.

Furthermore, we have discussed the implications of the introduction of string defects
coupled to the R-R 2-forms of the bulk super multiplets. Such defects couple to
a combination of tensor-multiplet scalars, denoted as J, in such a way that the
tension of the defect and the contributions to the energy-momentum tensor from the
kinetic terms of scalars and gauge fields are positive, thus avoiding the presence of
ghosts. Although for the supersymmetric case the existence of such J-form has been
shown since the 90s [105, 106, 108, 176], doubts on the possibility of extending

its definition to BSB vacua were raised in the literature [112]. In the present thesis,
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we have uncovered its stringy origin, determining its correct expression in the case
of BSB vacua. Once the J form has been defined, it is possible to couple defects
with positive tension that are also required to support a microscopic unitary theory.
This translates into non-trivial conditions for the central charges of the Kac-Moody
algebras realising the D-branes gauge groups. In general, the algebra is realised
on either the left or right-moving sector, but whenever the defects are instantons
of a gauge group of the bulk theory, the algebra can be realised on both, implying
additional constraints. The bottom-up analysis known up to now in the literature
[109] only covers the first case when one defect is considered, and there is no
model-independent study describing instanton strings or situations in which more
coincident defects are involved. However, since for orientifold vacua the microscopic
theory living on string defects is known, it has been possible to evaluate these
conditions explicitly, and we have found a correlation between the presence of
scalars in the string/five brane-amplitudes and the interpretation of the defects as the
corresponding gauge instantons. However, up to now, there is no knowledge on how
to extend such results from a bottom-up perspective, which would provide sharper
unitarity conditions on string probes.

As shown in [39], non-trivial "rigid" solutions of the tadpole conditions, implying
the presence of fewer open-string moduli that forbid brane recombination are also
present in the 4D 7Z, x Zs orientifold with discrete torsion [37, 238]. Therefore a
straightforward extension would be seeking similar solutions for the other orientifolds
in D = 4, for which it would be interesting to study the consistency of probe defects
along the lines of [128].

In the last part of the dissertation, Chapter 4, we have continued to explore the
implications of unitarity by addressing the cancellation of generalised global an-
omalies arising from topology change, known as Dai-Freed anomalies. We have
adopted a twofold approach to address this issue based on the interplay between
a bottom-up study of the consistency of 6D supergravity theories with a minimal
amount of supersymmetry and a top-down analysis of known string models. In
particular, we have explicitly presented the case of supergravity theories with an

SU(2) gauge group and one tensor multiplet and the case of a U(1) gauge group
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with no tensor multiples. In the former case, we have found that the anomaly theory
changes according to the nature of the 2-form fields. If the latter is trivial the anom-
aly theory is trivialised on all the tested backgrounds satisfying the twisted-string
structure dictated by the Bianchi identity associated with the Green-Schwarz-Sagnotti
mechanism. If the 2-forms are chiral the anomaly theory depends on the choice of the
quadratic refinement describing the partition function of such fields, which cannot
be determined a priori. A similar conclusion is reached for the abelian case with no
tensor multiples, for which we have seen that Dai-Freed anomalies exclude infinite
families of vacua, up to a specific choice of the quadratic refinement. Extending this
analysis to theories with more tensor multiplets, and understanding the details of the
twisted string structure, i.e. whether the bordism groups depend on the choice of
Bianchi identity to trivialise, are interesting challenges to be pursued in the future.
On the other hand, we have studied how such anomalies are cancelled for string
vacua, including the non-supersymmetric heterotic theory with an SO(16) x SO(16)
gauge group compactified on the 7*/Zg orbifold and a Gepner orientifold with no
tensor multiplets that goes beyond the validity of the result of [151, 153], which
guarantees their vanishing for heterotic supersymmetric theories.

A natural development of the discussion in the last Chapter would be an investigation
of the anomaly inflow on defects at the Dai-Freed level. Indeed, even in a bottom-up
approach, exploiting the completeness principle [113, 114, 239, 240] arising from
cobordism triviality [206, 241] and holography [218, 242] can predict the existence
of novel non-perturbative defects in the theory (see e.g. [154, 155] for a detailed
analysis in type IIB supergravity). In turn, the consistency of anomaly inflow on
these defects can restrict the theory even with lower amounts of supersymmetry,
as exemplified in [128]. Another promising avenue is the study of equivariant
topological modular forms [152, 243, 244], a generalised cohomology theory believed
to encode deformation classes of 2D SQFTs (and thus of heterotic world-sheets)
[245] according to the Stolz-Teichner conjecture [246]. As already mentioned,
this approach was fruitfully employed in [151, 153] to exclude all anomalies in
supersymmetric heterotic strings, but an equivariant version [247, 248] could apply

to non-supersymmetric settings and to refined invariants taking into account gauge
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charges. This approach could exclude further models from the perturbative heterotic

landscape.
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