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Sommario (Italian)

In questa tesi sono affrontati alcuni problemi relativi a due aree alla frontiera tra
I'analisi e la fisica matematica (quantizzazione e integrali sui cammini di Feynman)
per cui 'impiego di tecniche e strategie dell’analisi tempo-frequenza risulta essere
particolarmente utile.

Per quanto riguarda il problema della quantizzazione, ci occupiamo di operatori
pseudodifferenziali parametrizzati da matrici come

ol f(x) = /de VG (1 = Tz + Ty, &) f(y)dydé = (o, Wr(g. f)),

dove il simbolo ¢ in generale una distribuzione temperata (o € S'(R*?)) e T' € R*4
e una matrice arbitraria; abbiamo introdotto la distribuzione tempo-frequenza di
tipo Wigner associata

Wrlg. ), = [ e g(a+ )l = (T =Ty
Nella tesi determiniamo in che misura i ben noti risultati che caratterizzano il
calcolo di Weyl e la trasformata di Wigner (corrispondenti al caso T = I/2) possano
essere estesi in questo contesto piu generale, con particolare riguardo ai risultati
di continuita su spazi di modulazione e Wiener amalgam con simboli nelle stesse
classi. Sebbene regole di quantizzazione ancora piu generali possano essere prese in
considerazione, la scelta precedente e particolarmente rilevante perché, in un certo
senso, esaurisce la classe delle ragionevoli modificazioni lineari delle trasformate di

Weyl/Wigner.

Motivati poi dalle applicazioni dell’analisi di Gabor allo studio delle equazioni
differenziali dispersive, ci occupiamo dell’analisi di operatori metaplettici tramite
pacchetti d’onda; ricade in questa classe di operatori il propagatore di Schrodinger
associato a una Hamiltoniana di tipo quadratico. Dimostriamo, nella fattispecie,
alcune stime per le corrispondenti rappresentazioni nello spazio delle fasi in cui
gli attesi fenomeni di dispersione, sparpagliamento e sparsita dei pacchetti d’onda



sono tutti rappresentati. Si considerano infine applicazioni alla propagazione di
singolarita nello spazio delle fasi.

Un altro problema affrontato e quello delle stime di continuita su spazi di
modulazione e Wiener amalgam per le soluzioni dell’equazione di Dirac

i0p)(t, ) = (Dp + V)t 2), (t,2) €ERxRY (t,z) € C,

sotto ipotesi di bassa regolarita per il potenziale V. Si studia inoltre, nel caso
libero, la buona positura per nonlinearita reali di tipo analitico a valori vettoriali; in
questo scenario ricade il noto modello di Thirring. Lo studio dell’equazione di Dirac
con tecniche di analisi tempo-frequenza e ancora limitato: il nostro contributo sul
tema e solo il secondo che si registra nella letteratura.

Per quanto riguarda gli integrali sui cammini di Feynman, grazie a tecniche
dell’analisi di Gabor e stato possibile risolvere il problema della convergenza pun-
tuale dei nuclei integrali nell’approccio sequenziale alla Nelson (formulazione di
Feynman-Trotter) per una vasta classe di Hamiltoniane quadratiche con pertur-
bazioni di bassa regolarita. Questo problema risale alla formulazione originale
proposta da Feynman ed e rimasto a lungo aperto. Il nostro risultato di convergenza
vale per quasi ogni istante fissato (anche tutti, ammettendo una formulazione piu de-
bole) e generalizza risultati precedenti ottenuti per altri schemi di approssimazione
sotto forti ipotesi di regolarita per i potenziali.

Abbiamo inoltre introdotto nuovi propagatori approssimati del tipo opera-
tore integrale oscillante (a la Fujiwara), la cui ispirazione proviene dalla pratica
corrente in fisica e chimica, dove e uso introdurre versioni approssimate del fun-
zionale d’azione. Nonostante queste approssimazioni e le ipotesi di bassa regolarita
sui potenziali, la nostra formulazione permette di garantire la stessa velocita di
convergenza che caratterizza costruzioni piu sofisticate.
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Abstract

This dissertation deals with several aspects of two broad research areas which lie at
the interface between analysis and physics, namely quantization and path integrals,
where the techniques of Gabor analysis naturally play a significant role.

We consider the class matrix-parametrized pseudodifferential operators such as
o @)= [ TG = T+ Ty, f(y)dyd = (0. Wr(g. )
RQ

where the symbol is in general a temperate distribution (o € &'(R??)) and T € R4*4
is an arbitrary matrix. We introduced the associated phase-space distributions of
Wigner type

Wr(g, f)(a,€) = / e G (e 4 Ty) o — (T~ Ty)dy.

R4

We then investigate whether the well-known results for Weyl quantization and the
Wigner distribution (7" = I/2) extend to this more general context, with a focus on
boundedness results on modulation and Wiener amalgam spaces for symbols in the
same classes. While more general quantization rules of this type can be taken into
account, we characterize the relevance of our choice - which, in a sense, exhausts
the family of appropriate linear modifications of Weyl/Wigner transforms.

Motivated by the applications of Gabor analysis to dispersive equations, we deal
with the wave packet analysis of metaplectic operators - which include Schrodinger
propagators with quadratic Hamiltonians. We prove refined estimates for their
phase-space representations where dispersive, spreading and sparsity phenomena
for Gabor wave packets are simultaneously represented, with applications to
propagation of singularities on the phase space.

We also provide a broad set of continuity estimates on modulation and Wiener
amalgam spaces for the solutions of the Dirac equation

i0p)(t, ) = (Dp + V)(t,2), (t,2) €ERxRY (t,z) € C,

1l



under several choices of potentials V' of low regularity. We also study the local well-
posedness in the free case for vector-valued real-analytic nonlinearities, including
the Thirring model. The study of the Dirac equation from a time-frequency analysis
perspective can be further broadened - our contribution is only the second one on
the topic appeared in the literature.

As far as Feynman path integrals are concerned, thanks to the machinery of
Gabor analysis we solve the problem of pointwise convergence of integral kernels
in Nelson’s sequential approach (also known as the Feynman-Trotter formulation),
for a large class of quadratic Hamiltonians with rough potential perturbations.
This issue has been conjectured by Feynman and its solution has been open for a
long time; our result is almost global in time (even global, if a weaker formulation
is allowed) and generalizes known results for different time-slicing approximation
schemes and well-behaved potentials.

Finally, we consider a new family of approximate propagators in the form of
oscillatory integral operators (a la Fujiwara). The inspiration comes from the
custom in physics and chemistry, where approximations of the action functional
are usually considered. In spite of these approximations and the low regularity
of potentials, the same rate of convergence of more sophisticated parametrices is
guaranteed.

v



Acknowledgements

I would like to take this occasion to express my heartfelt gratitude to my mentors,
Elena Cordero and Fabio Nicola. I had the good fortune and privilege of having
both of them to guide me during this training path, as I could take part into
an active research team since my very first day. This condition gave me the
opportunity to confront with intriguing problems, but most of all with manifold
perspectives on mathematical issues and aspects of professional life. I can safely
claim that they taught me all the important things that I know, as well as many
others that I have not been able to learn.

I am specially grateful to Elena for setting me on the way of time-frequency
analysis, when she accepted to supervise my Master thesis. In spite of her countless
commitments, she always found time and enthusiasm to advise me over these
years and continuously provided me with precious suggestions on mathematics and
career. I learned from her the way of concreteness and the audacity to take all the
opportunities that may show up on the road.

At the beginning of my Ph.D. training I was given a desk at Politecnico, where
Fabio accepted to guide me along the way. In many occasions I stressed his generous
availability beyond the reasonable borders of acceptability; still, there is not a
single time when he did not reply to my (long!) messages or give an answer to
my questions, even the silly ones, always with peace and clarity. I am especially
thankful for his honest advice, even in moments of discouragement. We had so
many stimulating discussions on several topics, ranging from puzzling mathematical
problems to non-elementary aspects of elementary physics, but also on good reads
and teaching. I truly hope that I will be able to make all the time I borrowed from
him bear fruit.

Thanks to the funding offered by the joint Ph.D. program I had plenty of
opportunities to meet and discuss with leading mathematicians and experienced
researchers, as well as young colleagues. I wish to express my gratitude to all
of them for accepting to collaborate with me when I was taking the first steps
in research. I am particularly indebted to José Luis Romero for his invitation
and support to visit him at the the University of Vienna - sadly, right before the



COVID-19 outbreak in Europe.

I am particularly grateful to Professors Sergio Albeverio and Franz Luef, who
kindly accepted to be the referees of this dissertation, for precious recommendations
and generous words on my work. I wish to thank as well the members of the
examination committee for their availability and service: Professors Maurice de
Gosson, Sonia Mazzucchi and Luigi Rodino.

I cannot hope to name all the people who made my daily experience at Politec-
nico di Torino so enjoyable, which range from my office mates to the department
staff. I shall make an exception for Guillermo Quelali, who held the Calculus
course for which I gave exercise classes for two years. I thank him very much for
his advice on teaching, but most of all for the complete trust he showed since the
very first time I went in front of hundreds of students - which, by the way, has been
an amazing experience. I am indebted to all the students of the aforementioned
courses for challenging me, even unwittingly, and for several hilarious moments.

I am glad to take this occasion to publicly thank Professor Luigi Picasso and
to let him know once again how his legacy really set me on the road when I was
moving the first steps of my education.

Last, but certainly not least, I wish to thank Eleonora for sharing joys and
pains of everyday life over these years.

Above all, I wholeheartedly thank my family for endless support and encour-
agement, as well as for their constant example. I hope that my achievements will
repay their efforts with pride.

vi



Table of Contents

[Sommario (Italian)| . . . . . .. .. ... ... ... 0., i
[Abstract] . . . . . . . . i i i e e e e e e e e e e iii
[Acknowledgements| . . . . . . .. .. ... . . o 00000 v
[Table of Contentsl . . . . . . .. ... ... . .. vii
Outline] . . . . . . . . e e e e e e e e e 1
1__Introduction and Discussion of the Results/ . . . ... ... ... 3
(1.1 'T'he elements of Gabor analysis| . . . . . .. .. ... ... ..... 3
(1.1.1 The Gabor analysis of functions and distributions| . . . . . . 5

(1.1.2  The analysis of operators via Gabor wave packets| . . . . . . 8

(1.2 The problem of quantization| . . . . . . . . ... .. ... ... ... 9
(1.2.1 Linear perturbations of the Wigner transform and the Weyl |

[ quantization| . . . . . . . ... L 12
1.3 Wave packet analysis of metaplectic operators and applications|. . . 17
(1.4 Time-frequency analysis of the Dirac equation . . . . . . . .. ... 22
[1.5 Gabor analysis meets Feynman path integrals . . . . . . ... ... 27
(1.5.1 T'he sequential approach| . . . . . . ... .. ... ... ... 30

(1.5.2  The time-slicing approximation| . . . . . .. .. ... .. .. 32

[1.6 Pointwise convergence of integral kernels in the Feynman-"Trotter |

[ formulal . . . ... 38

(1.7 Approximation of Feynman path integrals with non-smooth potentials| 44

I  Background Material| 49
2 Basic Facts of Real, Functional and Fourier Analysis . . ... .. 51
21 General motationl . . . . . ... . ... oo o 51
[2.1.1 Function spaces| . . . . . . . . .. ... 53

vil



TABLE OF CONTENTS

[2.2  Function spaces| . . . . . . . ... 55
2.2.1  Weight tunctions| . . . . . .. ... ... ... ... 55
[2.2.2  Lebesgue spaces| . . . . . . . . ... ... 57
2.2.3  Differentiable functions and distributions . . . . . . . . . .. 59
[2.2.4  Basic operations on functions and distributions| . . . . . . . 61

2.3 The Fourier transform| . . . . . . . .. ... ..o 62
[2.3.1 Convolution and Fourier multipliers| . . . . . . . .. ... .. 63

[3 Preliminaries of Time-Frequency Analysis| . .. ... ... ... 67

[3.1 Time-frequency representations| . . . . . . . . ... ... ... ... 67
B.1.1 The short-time Fourier transform| . . . . . .. ... ... .. 67
[3.1.2  Quadratic representations| . . . . . . .. .. ... ... ... 70

[3.2  Modulation spaces| . . . .. ... ... L 74
[3.2.1  Vector-valued modulation spaces| . . . . ... ... ... .. 7
[3.2.2  Modulation spaces as Wiener amalgams on the Fourier sidef. 78
[3.2.3 A Banach-Geltand triple of modulation spaces| . . . . . . .. 82
[3.2.4  'T'he Sjostrand class and related spaces| . . . . . . ... ... 84

3.3 Gabor framed . . . .. ... o 88

[4 The Gabor Analysis of Operators| . ... ... ........... 91

[4.1  Fourier multipliers| . . . . .. ... .. .. ... ... ... 91

[4.2  The Weyl quantization| . . . . . . . . .. .. ... ... .. ..... 93
[4.2.1 Vector-valued Weyl transtorm| . . . . . . .. ... ... ... 96

[4.3  Metaplectic operators|. . . . . . . ... ... oL 98
[4.3.1 Notable facts on symplectic matrices| . . . . . . . ... ... 98
[4.3.2  Metaplectic operators: definitions and basic properties| . . . 101
[4.3.3 Important examples of metaplectic operators|. . . . . . . .. 103
[4.3.4 Symplectic covariance of the Weyl calculus| . . . . . . . . .. 104
[4.3.5  Generalized metaplectic operators| . . . . . . . . ... .. .. 105

[II Time-Frequency Analysis of Operators and |

| Applications| 107
[ Linear Perturbations of the Wigner Transform and the Weyl |
[ Quantization| . . . . . . . . . .. L L s e 109
BEI _Outlind. . . . . . . . 109
(5.2  Preliminary results| . . . . . ... ... ... ... ... ... 110
b.2.1 Bilinear coordinate transformationsl . . . . . . . ... .. .. 110

(.22 Partial Fourler transformd . . . . . .. ... ... ... ... 112

(5.3 Matrix-Wigner distributions| . . . . . . ... ..o 112

viil



Table of Contents

[>.4  Cohen class members as perturbations of the Wigner transtorm| . . 116
[>.4.1 Main properties of distributions in the Cohen class| . . . . . 120
[5.4.2  Time-frequency analysis of the Cohen kernel| . . . . . . . .. 125

[5.5 Boundedness results tor matrix-Wigner distributions/. . . . . . . . . 127
[.5.1 Boundedness on Lebesgue spaces| . . . . ... .. ... ... 127
[5.5.2  Boundedness on modulation and amalgam spaces| . . . . . . 129
[5.5.3  Sharp estimates for 7-Wigner distributions| . . . . . . . . .. 133

[5.6  Pseudodifferential operators| . . . . . .. ... ... ... 138

[5.7  Boundedness results for matrix-pseudodifferential operators|. . . . . 141
[>.7.1 Boundedness on Lebesgue spaces| . . . . .. ... ... ... 141
[5.7.2  Boundedness on modulation spaces| . . . . .. .. ... ... 144
[5.7.3  Sharp results tor 7-pseudodifterential operators| . . . . . . . 146

[5.8  Symbols in Sjostrand’s classes| . . . . . .. ..o 147
[>.8.1 Almost diagonalization of T-operators| . . . . . ... .. .. 152

[5.9  Symbols in Fourier-Sjostrand classes) . . . . . ... ... ... ... 154
[5.9.1 Boundedness results and other consequences| . . . . . . . .. 157

[6 Dispersion, Spreading and Sparsity of Gabor Wave Packets for |

[ Metaplectic and Schrodinger Operators| . . . . . ... ... ... 163
[6.1 Preliminary results| . . . . . ... ... ... ... ... ... 163
0.2 Prootofthemamvresults . . . . ... ... ... ... .. 165
[6.3  Applications to the free particle propagator|. . . . . . . . . . .. .. 170

[7 Time-Frequency Analysis of the Dirac Equation|. . . . . . . .. 173
[l Proofofthemamzresultd . . . ... ... .. ... ... ... .... 173

(1.1 Thetfreecase . .. ... ... ... ... ... ... . . ... 173
[7.1.2  'T'he case where V' is a rough bounded potential . . . . . .. 175
[7.1.3 The case where V' 1s a rough quadratic potential| . . . . . . . 176
(7.2 'The nonlinear equation| . . . . . . . ... ... ... ... ...... 177

(LIl Time-Frequency Analysis of Feynman Path |

| Integrals| 181
[8  Pointwise Convergence of Integral Kernels in the Feynman- |
[ Trotter formulal . ... ... ... ... o 183
(8.1  Preliminary results| . . . . . ... ... ... ... ... ... 183
8.2 Proofof themainresultsf . . . . . ... ... ... ... ... ... 186
B.2.1 Proof of TheoremM.6.11. . . . . ... ... ... ... .... 186

[8.2.2  Proof of Corollary|[1.6.2] . . . ... ... ... ........ 189

8.2.3 Proof of TheoremI1.63 . . . . .. .. ... ... ... .... 190

X



TABLE OF CONTENTS

[8.3  Convergence at exceptional times| . . . . . . . . ... .. ... ... 193
[8.4  Physics at exceptional times| . . . . . . ... ... 195
[9  Approximation of Feynman Path Integrals with non-smooth Po- |
Ctentialsl . . . . v v o e e e e e e e e e e e e e 197
9.1 Short-time action and related estimates . . . . . .. ... .. .. .. 197
[9.2  Short-time approximate propagator| . . . . . . . . . ... ... ... 201
9.3  An abstract result and proof of the main result| . . . . .. ... .. 206
(Bibliography| . . . . . . . . .. .. o o oo 209




Outline

We briefly describe the organization of the material in this dissertation.

First of all, in Chapter (1] the reader can find a detailed introduction to the
problems that have been taken into account, together with an exposition of the
main results.

The rest of the thesis is organized in three parts.

e Part I collects the background material on time-frequency analysis. In an
attempt of providing an essentially self-contained presentation, in Chapter
we fix the notation and recall the general notions of analysis that are needed
below, whereas Chapter |3| and Chapter [4] are devoted to the basic results
of Gabor analysis of functions/distributions and operators respectively.

e In Part IT we collect the results concerning the problem of quantization and
its applications. More in detail:

- In Chapter [5| we deal with matrix-parametrized quantization rules and
the related time-frequency distributions. The results come from the
papers [BCGT20; CDT19; CNT19b; CT20].

- Chapter [6]is devoted to the wave packet analysis of metaplectic oper-
ators, in the spirit of the paper [CNT20].

- The time-frequency analysis of the Dirac equation conducted in the
paper [Tra20| is the main content of Chapter [7]

e Part III contains the results concerning Feynman path integrals. In partic-
ular:

- The problem of pointwise convergence of integral kernels is the focus of
Chapter . The original results can be found in the papers [FNT20;
NT20].

- In Chapter [9] we report on the results proved in [NT19| on the conver-
gence of suitable sequences of operators.






Chapter 1

Introduction and Discussion of
the Results

This dissertation deals with several aspects of two broad research areas which lie at
the interface between analysis and physics, namely quantization and path integrals,
where recourse to techniques of phase space analysis is particularly well suited.

1.1 The elements of Gabor analysis

To be precise, the ensemble of techniques used in this thesis should be referred
to as time-frequency analysis or, even better, Gabor analysis. The origin of this
fascinating branch of modern harmonic analysis dates back to D. Gabor’s article
Theory of Communication of 1946 [Gab46|, where the author suggested that a
family of functions obtained by translation and modulation of a single Gaussian
signal may provide a collection of elementary building blocks (usually known as
atoms, wave packets or coherent states depending on the context) for any square-
integrable signal, meaning that for any f € L?(R) there exist ¢,,, € C, m,n € Z,
such that

f(z) = Z Crn€™ " g(x —m), g(z) =e . (1.1)

m,ne”L

The same problem can be considered in the general d-dimensional Euclidean setting
and also with different atoms than Gaussian functions, provided that suitable
decay and smoothness conditions are guaranteed - for instance, one may assume
g € S(RY), the Schwartz class of rapidly decreasing functions.

Interestingly enough, Gaussian wave packets were already well known in physics
since the early work of E. Schréodinger on minimum uncertainty states [Sch82]
and also in connection with coherent states of the Weyl-Heisenberg group [Gla63;

3



1. INTRODUCTION AND DISCUSSION OF THE RESULTS

Per86] and von Neumann lattices |Neul8)]. In fact, it was J. von Neumann
the one who claimed (without proof) in [Neul8| that the family of Gaussians
G = {e¥rimeemmle—m)Y | spans a dense subset of L*(R).

Both the claims by Gabor and von Neumann turned out to be true, but proofs
were given only in the 1970s [BBGKT1}; Per71]. Nevertheless, the expansion (|1.1)
is unstable in many aspects: for instance, even for f € S(R) the series in (|1.1))
converges only in the sense of distributions [Jan81]; moreover, the sequence of
coefficients (¢,,,) is not uniquely determined and does not precisely characterize
the signal f in terms of its energy, meaning that ||¢ymn||e(z2) is not comparable
in general with || f[|2(). More precisely, this means that G is not a frame nor a
Riesz basis for L?*(R) |[Chr16; [Heill]. In fact, the main obstruction here resides
in the choice of a critical time-frequency density: it is now well known that the
family {e27#1ee=m@=0m)’1 ig o frame for L*(R) if and only if a8 < 1 (overcritical
sampling) - see in this connection the celebrated series of papers by Kristian Seip
[Sei92; [SW92] and also |[ALS09; |LS99]. The mathematical literature on Gabor
expansions and their applications has astonishingly grown in sophistication in
the last forty years; we recommend the classic monograph |Gro01] as a point of
departure.

On the other hand, expansions like those in (1.1)) unravel only the discrete
facet of time-frequency analysis. Let us first elaborate more on the notion of wave
packet, that is a function which does possess good localization in phase space. To

be more concrete, recall that good energy concentration of a non-trivial function
g € S(Rd) on a measurable set X C R? is achieved if there exists 0 < §y < 1/2

such that
1/2
([ towrar) <ol
R\ X

The spectral content of g is well concentrated on a set = C R? if the analogous
estimate is satisfied by its Fourier transform g for some small é= > 0. Therefore g
is concentrated on the cell (or “logon” |Gab46]) X x = in the phase space and the
Donoho-Stark uncertainty principle prescribes a lower bound for the measure of
such cell in terms of dx and 0z, namely | X||Z| > (1 — dx — d=z)* [DS89).

The essential phase-space support of g can be moved to (z+ X) x (§+Z) for any
choice of (z,&) € R? by applying a so-called time-frequency shift w(z,&) = M¢T,
to g, namely as a result of the joint action of the modulation operator M and the
translation operator T}, respectively defined by

Meg(y) = e*¥%g(y),  Tugy) =g(y —z), yeR™

Functions of the type 7(z)g for some fixed z € R* and g € S(R?) are called
Gabor wave packets or atoms. We retrieve Gaussian wave packets for the choice

4



1.1. The elements of Gabor analysis

g(y) = e*’r‘y|2; note in particular that the Gabor expansion in (1.1)) coincides with
> mmez CmnT (M, 0)g.

In according with the program of modern harmonic analysis, the dictionary
of atomic elements provided by Gabor wave packets can be used to decompose
functions and operators into elementary pieces - that is the so-called analysis
step. The focus is then shifted to the level of phase space, where one is lead to
investigate how Gabor atoms interact or how they evolve under operators. Finally,
one collects all these results and tries to read the overall effect on the original
objects (synthesis), hence coming back to the primary domain hopefully with new
information.

1.1.1 The Gabor analysis of functions and distributions

Let us briefly discuss how this program is carried out for functions and distributions.
As far as the analysis step is concerned, we can design a phase-space representation
of a signal f € L?(R%) by means of a decomposition along the uniform boxes
in phase space occupied by the Gabor atoms m(z)g, z € R*, for some fixed
g € L*(R9) \ {0}. This is the continuous analogue of the expansion and is
called the Gabor transform of f with window function g - also known as short-time
Fourier transform (STFT) or sliding/windowed Fourier transform:

V,f(2,€) = {f.m(z,€)g) = / L) gy — D) dy, (0,6 €R¥, (12)

Rd

where the bracket (-,-) denote the inner product in L? - or its extension to the
duality 8’ — S in the case where f is a temperate distribution and g € S(R?) \ {0}.
In order to understand the heuristics behind this expression, it is worth noting
that it can be equivalently recast as follows:

Vol (2,€) = F(f - Tog)(€) = e 2<(f + Meg™)(a),

where we set g*(y) = g(—y). Now, fix € R? and assume for simplicity that g is
a real smooth function with compact support; then f - T,g is just a slice of the
original signal f near the “instant” z and V, f(z,§) provides the spectral content
of this piece of the signal. It is clear the role of T,¢g as sliding cut-off function
as = varies on R but due to overlaps we have that V,f is a highly redundant
representation; the design of the window function is in fact a major problem for
obtaining a satisfactory resolution. For this and other problems of interest for
applications we suggest the comprehensive references [Boal5; [HAOS].

The idea behind the STEF'T encodes the paradigm of local Fourier analysis, which
first appeared in the signal processing community in an attempt to overcome the



1. INTRODUCTION AND DISCUSSION OF THE RESULTS

practical limitations of the Fourier transform - see the pioneering papers by Jean
Ville [Vil4g] and the classic monographs [Coh95; F1a99]. It is indeed well-known
that the standard Fourier analysis suffers from several limitations for the purposes
of signal processing. Just to mention some of them, note that the computation
of a single frequency value of the Fourier transform requires the knowledge of the
entire history of the signal; conversely, the inversion of the Fourier transform shows
that the value of a signal at one instant comes from superposition of everlasting
monochromatic waves t¢(y) = e*™¥ which are global in nature. As a result, the
Fourier transform is not stable under local perturbations in the time (or frequency)
domain.

Another concrete experience of the drawbacks of the Fourier transform is
provided by listening to music; in a sense, this just amounts to the knowledge of a
signal in the time domain, where the transition between notes can be perceived
but the latter cannot be identified. Conversely, on the spectral side we may easily
derive a statistics on the abundance of single notes forming the piece, at the cost
of little information on when (and for how long) they are in play. The solution
here is provided by the musical score, which is ultimately the prototype of a
joint time-frequency representation of a signal. The Gabor transform can be
thought of as a mathematical analogue of the musical score (or, in more evocative
terms, a rough mathematical model of hearing). We stress that the analysing
function t¢(y) = €?™¥ of the Fourier transform (formally F(f)(§) = (f,t¢)) is
replaced here with the phase-space localized Gabor atom 7(z)g - note that the
latter belong to L?(R?) while the former do not.

The short-time Fourier transform is a rich source of intriguing mathematical
problems, including invertibility /reconstruction of a signal from the knowledge of
its STFT and the connection with discrete samples and Gabor expansions in the
spirit of (with ¢ = (f, 7(m, n)g)), see again |Gro01] for a comprehensive
account. Moreover, the Gabor transform can be used to perform fine-tuning of
the phase-space properties of distributions and thus introduce new function spaces.
For instance, the so-called modulation spaces were designed by H.G. Feichtinger
in the 1980s [Fei03} Fei81; Fei83] and can be thought of as the parallel of Besov-
Triebel-Lizorkin spaces for wavelets, with uniform rather than dyadic geometry.
This can be equivalently obtained by constraining the summability /decay of signals
on phase space, that is the global behaviour of their time-frequency representations.
To be precise, given a continuous and positive function m on R?? with at most
polynomial growth and 1 < p, ¢ < oo the modulation space MP:4(R?) is the subset
of all the distributions f € &'(R%) such that

1/q

Il = ( [(] d\v;f<x,s>|pm<x,5>pdx)q/pd5> SSEE
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for some (in fact, any) non-trivial g € S(R?), with obvious modifications in the
case where p = oo or ¢ = oco. We omit the subscript in the unweighted case m =1
and also write MP(R?) when p = ¢. Even if general weight functions will be taken
into account below, we are usually concerned with weights of polynomial type: for
s € R we set vy(x) := (1+ |z|)*, z € R We then consider amalgamated weights of
type m(z) = vs(2), z = (x,€) € R*, or splitted weights like m(z, &) = v,(z)vs(€)
for r,s € R - in this case we write M?J(R?) for clarity. As a rule of thumb, the
decay and smoothness of f € M;ff’sq(Rd) are related to the weighted LP and L?
summability of V, f(x, &) with respect to z and & respectively.

In addition, reversing the order of integration in (|1.3]), namely

a/p 1/
= (Ad(/m\ng<x,§>|p<1+\s|>mdé) <1+|:c|)$"d“”> ,

gives rise to a norm that characterizes the so-called Wiener amalgam spaces
W,Z:;q(Rd). In fact, they are strictly related to modulation spaces via the Fourier
transform, since W24(R%) = FMPJ(RY).

These families of Banach spaces enjoy a large number of nice properties and
connections with other well-known spaces of harmonic analysis - notably M?(R%) =
W2(R?) = L?(R%); we refer to Section for an account of the main features
of these spaces. Modulation and Wiener amalgam spaces provide an optimal
framework for the the problems of Gabor analysis, but in the last twenty years
they had a non-negligible impact on the study of pseudodifferential operators and
nonlinear partial differential equations. We cannot hope to frame all the relevant
literature here; we just mention the classic monographs [FS02; FS98; |Gro01] and
the more recent ones [BO20; |CR20; WHHG11]| for a wide perspective and further
references. We also recommend the survey [RSW12] for applications to PDEs.

While the Gabor transform is a well-defined continuous mapping
V, © MP9(RY) — LP9(R?*®) that performs the analysis of a function in terms
of Gabor wave packets, the inverse problem of synthesis/reconstruction is en-
coded by the so-called adjoint Gabor transform. Precisely, fix a non-trivial atom
v € S(RY); for any measurable function F : R?* — C on phase space that grows at
most polynomially (i.e., |F(2)| = O(|z|") for some positive integer N), the adjoint
Gabor transform is the distribution-valued integral defined by

* — / d
VIF = /R Fm(a)yds € SR
The choice of the name is justified by the identity
(VJE f)=(FV,f), feSRY.
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It can be proved that the mapping V¥ is continuous from L&¢(R*?) to ME4(RY),
and the following crucial inversion formula holds if (v, g) # 0:

fL * :L (2~ dz P:q (R4
f=rgViVal = gy | Vel Orydz feao®y. (1)

The role of the adjoint Gabor transform in the synthesis step is thus clarified.

1.1.2 The analysis of operators via Gabor wave packets

The machinery developed so far can also be used to perform the Gabor wave packet
analysis of operators. Given a linear continuous operator 4 : S(RY) — S'(RY),
if we fix two windows g,v € S(R?) such that ||g|[z: = ||y||zz = 1 and apply the
inversion formula twice we obtain

A= VIV,AVV, = VAV,

where we set A = V,AV;. It turns out that A corresponds to a representation of
the operator A on phase space; precisely, a straightforward computation shows
that A is an integral operator satisfying

AV, f)(w) = Vo(Af)(w) = | Ka(w,2)V,f(2)dz, weR¥,

R2d

where the integral kernel corresponds to the so-called Gabor matriz of A with
respect to analysis and synthesis windows g and v respectively:

Ka(w,2) = (An(2)g, 7(w)y), w,z € R*.

Indeed, the Gabor matrix K4 can be thought of as an infinite-dimensional matrix
encoding the whole information on the phase-space features of A, since it does
precisely characterize how wave packets evolve and interact under the action of A.

The phase-space analysis of an operator thus corresponds to a detailed inves-
tigation of the properties of the corresponding Gabor matrix. In particular, it is
clear that some form of sparsity of K4 is a highly desirable property, for both
theoretical and numerical purposes.

The techniques of Gabor analysis are the backbone of all the results contained
in this dissertation, hence in the first part - Chapters [3| and [4] - we provide
a hopefully extensive review of the background material with pointers to the
literature and proofs of new technical results needed below.



1.2. The problem of quantization

1.2 The problem of quantization

The first class of problems that we are concerned with may be labelled “quantization
and related issues” for the sake of conciseness. More precisely, this amounts to the
Gabor analysis of pseudodifferential and related operators, with applications to
the analysis of PDEs.

We already mentioned that Gabor analysis has been largely influenced by
problems arising in quantum physics; in fact, several notions have usually un-
dergone parallel and independent developments, such as Gabor expansions (they
were introduced by J. von Neumann in [Neul8| within a rigorous theory of the
measurement, process). Another example is the origin of the Wigner transform:
recall that for f, g € L2(R?) it is defined by

672m'§-yf <l‘ + Q)Mdy.

(.98 = [ (e -2

Rd

If f =g we write W f. Even if its appearance is not much revealing, this sort
of Fourier transform of the two-point cross-correlation between f and ¢ was
mysteriously introduced by E. Wigner in a celebrated paper of 1932 [Wig32| as a
quasi-probability distribution on phase space in order to derive quantum corrections
to classical statistical mechanics, where the relevant terms are functions of jointly
position and momentum. It was later rediscovered in the context of signal analysis
by J. Ville [Vil48] and eventually became a popular tool in this community because
it enjoys several properties desired from a good time-frequency representation
[Jan97; MHO7]. In fact, some of such features are shared with the STFT since

W(f,9)(x,§) = 2% Vyu f (22, 2€),

where we set ¢¥(y) := g(—y). Nevertheless, there is an intrinsic difference: the
Wigner transform W f is a quadratic time-frequency representation - in the sense
that W(cf) = |c|*W [ for any ¢ € C, while the Gabor transform (with fixed
window ¢) is linear. Heuristically, W f(z,&) is interpreted as a measure of the
energy content of the signal f in a “tight” spectral band around £ during a “short”
time interval near z. See Section B.1.2] for further details.

The Wigner transform plays a key role in the problem of quantization. In a
nutshell, this requires to associate in a “robust” way a classical observable o (i.e.,
a suitable function on the phase space) with a quantum observable op(o) - which
is represented by a self-adjoint operator on the Hilbert space of the system in the
canonical Schrodinger picture of quantum mechanics. A naive way to perform
quantization is provided by the following recipe: given an observable o : R?? — R,

9
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then op(co) is obtained by formally replacing x; with the position operator X; and
§; with the momentum operator D;, where

h 0

i 8x]

Xif(z) =z f(x), Dif(z)= (x), fESRY), j=1,....d,
where h > 0 is a small real parameter (the analogue of the Planck constant).
The well-posedness issues related to such a functional calculus of operators are of
primary concern. It should be also emphasized that the operators X; and D; may
be defined in a different way as long as they satisfy the canonical commutation
relations

[Xj,Xk] :0, [DJ,D]C] :0, QW[Xj,Dk] :zhéjkl, j,]{?: 1,...,d,

where [A, B] = AB — BA is the commutator of the operators A and B. Moreover,
the correspondence o — op(o) should depend on the parameter h in such a way
that the classical observable o can be recovered by taking the “classical limit”
limy,_,o op;, (o) in a suitable sense (this is known as the correspondence principle
[Boh76]). For simplicity we temporarily ignore this aspect and fix A = 1 in this
discussion, in line with the custom in harmonic analysis. Note that it is customary
to introduce the reduced parameter h = h/2m, hence we have h = 1/27 for the
moment.

There is plenty of quantization schemes in the literature, each with its own
strengths and weaknesses. Let us commence our discussion with the case of
monomial observables for concreteness, namely o(xz,§) = 27'¢} for some m,n € N
and j = 1,...,d. We immediately remark that a clear ordering problem occurs
due to the non-commutativity of X; and D;, which is an unavoidable source of
ambiguity in the definition of op(c¢). In this respect, providing a quantization rule
corresponds to fixing an order for the quantization of monomials. Two options are
quite natural: the normal and antinormal orderings, also called left (resp. right)
or ¢ — p (resp. p — q) quantization, the name being clear from the very definition:
n Tight

Z‘mén left XmDn .I §

; CEL DX,

A compromise between these prescriptions which favours symmetry is provided by
the Weyl quantization:

n

men 1 b n—k yvn Nk
opy, (] y)_QnZ(k>Dj XDy

The correspondence introduced by H. Weyl in the late 1920s [Wey] is usually
acknowledged as the one having optimal properties. In fact, we highlight that M.

10
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de Gosson has recently made a strong case for the Born-Jordan quantization as
the optimal quantization rule, cf. [Gos16|; this is an equally weighted average of
the operator orderings, namely

men 1 - m—k myn vk 1 - n—k yvm nk
OpBJ(xj§j>:_m_|_1ZXj Dij:n+1ZDj Xj Dj'
k=0 k=0

Note that the Weyl and Born-Jordan orderings coincide for m = n = 1 and both
yield the operator (X;D; + D;X;)/2.

The quantization of polynomial observables ultimately reduces to the previous
rules. The coverage of more general functions crucially relies on a simple though
powerful remark. Let P(X,D) = Z|a\§m X*D¢ be a linear partial differential
operator of order m € N - we use the multi-index notation; note that P(X, D)
corresponds to the normal quantization of the polynomial P(z,§) = Z\al <m THEY
The inversion formula for the Fourier transform yields

P(X,D)f = | VP (2, 6) f(y)dydE, f € SRY).

R2d
It is quite tempting to take this integral representation as a definition of the
normal quantization of a general function o of both position and momentum
beyond the polynomial case, at least formally; the hard work of providing a
rigorous and consistent framework for the study of these operators is left to the
theory of pseudodifferential operators [BS72; |Fol89; Hor85; Kg81; INR10; [Shu87;
Tay11; Won98|, with the aim to relate the properties of the operator o(x, D) (e.g.,
invertibility, composition, etc.) to those enjoyed by the corresponding symbol
o(xz, &) at the algebraic level.

Operators of the form
obrex(0)] = [ (0,6 )y (1.5
R

are usually known as classical (or Kohn-Nirenberg) pseudodifferential operators.
In the case of the polynomial symbol we retrieve the normal ordering discussed
above. Similarly, given a generalized phase-space symbol o € S'(R??), the Weyl
quantization prescribes that the operator 0% = opy(o) : S(RY) — S'(R?) is
(formally) defined by

onulo)flo) = [ i ( L0 ) plonaue (16)

The rigorous handling of the integral expressions in ([1.5]) and ([1.6)) is non-trivial
and easily becomes a quite technical issue - one is required to precisely adjust

11
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the regularity and decay assumptions on the symbol under which they can be
meaningfully interpreted. Nevertheless, a straightforward computation reveals the
role of the Wigner transform in the Weyl quantization:

(opw(o)f.g) = (0. W (g, [)), [f.g€SRY. (1.7)

This weak formulation is certainly easier to handle and allows one to cover dis-
tributional symbols without further effort. More importantly, this is also the
bridge to Gabor analysis, since modulation and Wiener amalgam spaces may be
used both as symbol classes as well as background where to study boundedness
of pseudodifferential operators; the basic results in this connection may be found
in |Gro01; (Gro06a], while [CR20] is devoted to more advanced outcomes, also
including applications to PDEs.

1.2.1 Linear perturbations of the Wigner transform and
the Weyl quantization

Let us focus on the Wigner distribution, in order to understand the role of time-
frequency representations in quantization rules. It is well known that not all
properties which are desired from a time-frequency representation are compatible.
For instance, the Wigner transform is real-valued, but it may take negative values;
this is a serious obstruction to the interpretation of the Wigner transform as
a probability distribution or as an energy density of a signal. A key result in
the problem of the positivity of the Wigner distribution is Hudson’s theorem
(cf. Proposition , stating that generalized Gaussian functions have positive
Wigner transforms [Jan84]|. The question of zeros of the Wigner distribution is a
highly non-trivial problem which requires the contribution of several branches of
analysis, see the recent paper |GJM20)].

In order to obtain time-frequency representations that are positive for all
functions but still retaining the nice properties of the Wigner distribution (marginal
densities, orthogonality relations, etc.), one is lead to take local averages of the
Wigner transform in the hope of taming sign oscillations. This is usually done by
convolving W f with a suitable kernel # and such a procedure yields a general class
of quadratic time-frequency representations, which is called Cohen’s class after L.
Cohen |Coh66].

Time-frequency representations in Cohen’s class are parametrized by a kernel
6 € S'(R?d), in the sense of the following definition:

Qo(f,9) =W(f.9) %0,  f.gecSER. (1.8)

Most of the time-frequency representations proposed so far belong to Cohen’s class
[Coh95; [HAO08], and the correspondence between properties of 6 and Qg is well

12
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understood [HAO08]. In many respects @)y can be interpreted as a perturbation of
the Wigner distribution and the Cohen class provides a unifying framework for the
study of several time-frequency representations appearing in signal processing - see
for instance [Coh89; (Coh95; HAO0S; [HB92].

For every time-frequency representation in Cohen’s class one can naturally
introduce a quantization rule in analogy to the Weyl quantization (|1.7]), namely,

(opa(0)f,g) = (0, Qolg, )) = (o % 0", W(g, [)), [fgeSRY, (1.9)

whenever the expressions make sense [Coh13; Gro01].

Although the new operator opy(o) is just a Weyl operator with the modified
symbol o x #* (whenever defined in S(R??)), the variety of pseudodifferential calculi
given by definition adds flexibility and a new flavour to the description and
analysis of operators. For example, a first important variation of the Wigner trans-
form are the 7-Wigner transforms [BDDO10; BDDOC10|, which are parametrized
by a real number 7 and defined by

W, (f,g)(x.€) = / e Ef(o 4 ry)gle — (1 Tg)dy, f.g€SRY. (L10)

Rd

Such distributions belong to Cohen’s class, their kernel 0, € §'(R??) being given
(on the spectral side) by

Or(w,€) = e M2 (3 6) € R, (1.11)

The corresponding pseudodifferential calculi are known as Shubin’s 7-pseudo-
differential operators [Shu87]; according to formula (1.9)) these are explicitly given
by

o, () (@) = [ D= e+ )y (112)

In some sense, the dependence on x and y of the symbol is now amalgamated in
an affine combination of the variables. Note that for the parameter 7 = 1/2 this is
just the Weyl transform, while for 7 = 0 we recover the standard Kohn-Nirenberg
quantization. We highlight that the already mentioned Born-Jordan quantization
rule [BJ25] also belongs to the Cohen class and in fact can be obtained as an integral
average over 7 € [0, 1], see [BDDO10; (CGN17a] and the monograph |Gos16].

While the distributions in the Cohen class are definitely more general, 7-
distributions provide a precise control over the deviation from the Wigner distri-
bution thanks to the parameter 7 - or equivalently u = 7 — 1/2. Accordingly, it
is interesting to investigate whether some of the most relevant properties of the
Wigner distributions and the Weyl operators “survive” the perturbation, that is if

13
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they extend (possibly in a weaker form) to 7 distributions and the corresponding
quantizations. This is the motivation for the papers [CDT19] and [CNT19b|, which
are now briefly described; expanded accounts are given in Sections [5.5.3} [5.7.3]
and (5.9

The main purpose of the paper [CDT19|, which is a joint work with E. Cordero
and L. D’Elia, is to derive uniform upper bounds with respect to 7 € (0,1) for
the operator norm of op, (o) on modulation and Wiener amalgam spaces for
several symbol classes of the same type, cf. Theorem [5.7.7, This is achieved by
duality, in the sense that we first derived uniform continuity estimates for 7-Wigner
distributions - see Theorem We stress that the endpoint quantizations 7 =0
and 7 = 1 are more delicate to handle, being unbounded in general - see Proposition

[5.7.8 below.

In the article [CNT19b] (joint work with E. Cordero and F. Nicola) the focus is
on Weyl operators with symbols in the modulation space M°>1(R%). In fact, this
space of rough symbols (essentially, bounded continuous functions which locally
coincide with the Fourier transform of an integrable function) was independently
discovered by J. Sjostrand in 1994 [Sjo94] in an attempt to extend the well-
behaved Hormander class S . He showed that this exotic symbol class still yield
pseudodifferential operators which are bounded on L*(R¢). In addition, it is a
Banach algebra under the Weyl product, namely if p,o € M°>1(R?*?) then p¥ o o™
is again a pseudodifferential operator with Weyl symbol in M1 (R?) - see Section
[4.2] for further details.

Later on, K. Grochenig exploited the full power of time-frequency analysis to
further study the features of this symbol class [Gro06¢c] and proved an important
characterization that could be condensed in the following statement: the Gabor
matrix of ¢% is approximately diagonalized by Gabor wave packets. More precisely
(see Theorem for further details): o € M°>!(R??) if and only if there exists
H € L*(R*!) such that, for all g € M*(R?),

(o (2)g, m(w)g)| < H(w — 2), w,z € R*, (1.13)

This sparsity estimate is a rich source of consequences as far as boundedness results
for Weyl operators are concerned. For instance, it can be used to easily prove
that if ¢ € M°!(R??) then " is bounded on every modulation spacdl] M74(R?),
1 < p,q < oco. Indeed, recall that lifting the continuity problem to the level of
phase space by means of the Gabor transform amounts to study the continuity

I This result can be interpreted as a generalization of the classical result by Caldéron and
Vaillancourt [CV71], since the space CF(R??) of k-times continuously differentiable functions with
bounded derivatives up to k-th order is embedded in M>!(R2) for k > 2d |[Gro01, Theorem
14.5.3].
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of a phase-space representation of ¢V, that is an integral operator with integral
kernel given by the Gabor matrix K,~. Using the estimate above we see that
the action of 0% on phase space is essentially that of a convolution operator with
kernel H € L'(R??), that is continuous on LP4(R?*?), 1 < p,q < oo (cf. [Gro01,
Proposition 11.3(a)]). We refer to Theorem for further details and related

results.

In [CNT19b| we extended this result to T-operators and used it to prove new
boundedness results on Wiener amalgam spaces. In some sense, this family of
results is stable under the perturbation represented by 7; this is expected for many
reasons, including the fact that the change-of-quantization map

ol =0y = (& n) = e TG (€ ),

is well behaved on modulation spaces (cf. [Tof04a, Proposition 1.2 and Remark
1.5]). The same is not true for Wiener amalgam spaces [CN10, Proposition 6.4],
therefore the results for Weyl operators with symbols in some W?¢ do not extend
in general to other quantizations; for instance, Weyl operators with symbols
in LY(R*) ¢ W*!(R*) are bounded on L*(R%) (cf. WHHG11]) but neither
Kohn—Nirenberg operators (7 = 0) nor anti-Kohn-Nirenberg operators (7 = 1) are
[Bou95; Bou97]. See also [DT18] and Proposition in this connection.

It is then interesting to investigate whether almost-diagonalization results in
the same spirit also hold for operators with symbols in the Fourier-Sjostrand class
Weel(R*) = FM°>! which contains rougher functions and distributions - as an
example, the Dirac delta belongs to W1, As expected, the path is somehow more
involved due to the peculiar way 7 comes across; nevertheless, this has been done
in [CNT19b, Theorem 4.3], leading to several boundedness and algebraic results on
modulation and Wiener amalgam spaces for T-operators with 7 € (0, 1) - weaker
results hold also for endpoint quantizations. We highlight that some properties of
the Weyl quantization are destroyed by 7-perturbations, like the discrete version

of (LT3).

In view of this discussion, it is therefore tempting to stress the resistance of
the Weyl quantization under more general perturbations in the Cohen class, still
with some loose control on the perturbation. One could try to fill the gap between
generality and controllability by allowing general parametrizations 7 : RY — R?
in (1.12). For instance, in the recent paper [ER20] the authors consider smooth
quantizing functions with bounded or unbounded derivatives. While in the nonlinear
scenario there is still too much freedom in choosing the function 7, the linear case
can be characterized in full generality. This just amounts to replace the scalar
parameter 7 with a matrix parameter 7' € R%*¢,
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The resulting family of T'-pseudodifferential operators under our attention is
o fa) = [ I Ty + Ty, ()dyd = (0. Walg. £), (119
R

where I = I; € R% is the identity matrix and we introduced the matriz- Wigner
distribution

Wr(g, f)(a,€) = / e 2wy 4 Ty f@ — (I - Dgddy.  (L15)

Rd

These are members of the Cohen class in ([1.8) with a kernel 67 given by

Or = F'Or € S'(R™), Op(u,v) = e 2m&T=1/2n,

An even more general definition in the spirit of ((1.15)) uses an arbitrary linear

AH A12 2d . .
€ R?4%2d he an invertible,
A21 A22 v

real-valued 2d x 2d-matrix. We define the bilinear time-frequency transform B4 of
two functions f, g by

mapping of the pair (z,y) € R?%. Let A = {

Ba(f, 9)(x,§) = / e P f(Ana + A1y)g(Aniz + Asay)dy. (1.16)

Rd

Note that this general framework also encompasses the Gabor transform (|1.2)).
Clearly, Wr in (1.15]) is a special case by choosing

A:AT:{] r ]

I —(I-1T)
Once again, every matrix-Wigner transform B, is associated with a quantization

rule: given an invertible 2d x 2d-matrix A and a symbol o € S'(R??), we define
the operator o4 by

(0"f,9) =(0,Balg, [)),  f.g€SRY). (1.17)

The class of matrix-Wigner transforms has already a sizeable history. To the
best of our knowledge they were first introduced in [FM89] in dimension d = 1 for a
different purpose, but the original contribution to the subject went unnoticed. The
first thorough investigation of matrix-Wigner transforms 5,4 is contained in the
unpublished Ph.D. thesis [Bay10] of D. Bayer, who studied the general properties
of this class of time-frequency representations and the associated pseudodifferential
operators. Independently, in [BCO11] the authors introduced and studied “Wigner
representations associated with linear transformations of the time-frequency plane”
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in dimension d = 1. In [GG13| matrix-Wigner transforms were used for a signal
estimation problem. Recently, in [Tof17] the author discusses “matrix parametrized
pseudo-differential calculi on modulation spaces”, which precisely correspond to
T-operators in in the context of modulation space, while in [CT17] they are
studied in the Gelfand-Shilov regularity setting.

Finally, E. Cordero and the author in [CT20] reworked and streamlined several
results of [Bay10] and showed that matrix-Wigner distributions as in are all
and only the members of the general family that belong to Cohen’s class.
Several results concerning such distributions, including boundedness results on
modulation and Wiener amalgam spaces, are given.

In the joint contribution [BCGT20] with D. Bayer, E. Cordero and K. Gréchenig,
we used the accumulated knowledge on the topic to provide several results for
T-pseudodifferential operators, including broad sets of norm estimates in the spirit
of [CDT19| and almost-diagonalization properties in the spirit of [CNT19b]. As
expected, the results involving modulation spaces are somehow stable under matrix
perturbations, while those in the framework of Wiener amalgam spaces are less
easy to extend. Moreover, the Wigner distribution and the Weyl calculus have
stood out for their remarkable properties.

All these results are presented in Chapter [5] A detailed outline of the findings
can be found at the beginning of that chapter. In some sense, our effort can be seen
as a complete time-frequency characterization of pseudodifferential operators and

associated distributions for the general linear case of quantizing parametrization
7: R — R% in ((1.10).

1.3 Wave packet analysis of metaplectic
operators and applications

We have already mentioned that the analysis of a linear continuous operator
A S(RY) — S'(RY) in terms of Gabor wave packets comes through a detailed
study of the corresponding Gabor matrix K 4 with respect to fixed g,y € S(R%)\ {0},
namely

Ka(w,2) = (An(2)g, m(w)y), w,z € R*,

In the previous section we have seen this principle in action in the case where
A is a Weyl operator with symbol in the Sjostrand class M°>1(R?). Results in
the same spirit have been appearing in the literature for several families of op-
erators, including pseudodifferential operators [CNT19b; GROS8; |Gro06¢; RT98;
Tat04], Fourier integral operators [CGNR13; CGNR14; CNR10; Tat04] and propa-
gators associated with Cauchy problems for Schrodinger-type evolution equations
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[CNR1b5a; CNR15b; CNR15¢; KT05; MMTOS; Tat04]. We also recommend the
recent monograph |[CR20] for a more systematic account.

We stress that wave packets should be tailored in order to best fit the geometry
of the problem. For instance, the Gabor matrix of Fourier integral operators arising
as propagators for strictly hyperbolic equations does not display a sparse behaviour,
while analogous representations involving curvelet atoms do enjoy super-polynomial
decay, cf. [CDO5; (CE78]. See also |GLOT; |[STO05; [Tat04] for other applications of
wave packet analysis.

For the sake of concreteness let us focus on the Schrodinger propagator for the
free particle U(t) = '/2M2 ¢ ¢ R, and fix g € S(R?) \ {0}. It has been proved
that the corresponding Gabor matrix is well organized |[CNR09; |CNR10; CNR12|;
precisely, for any ¢ € R and N € N there exists a constant C' = C(¢, N) > 0 such
that the following decay estimate for the Gabor matrix elements of U(¢) holds:

(A (g, m(w)g)| < OO+ w —Siz) ™, w2 € BR¥ (L18)

where S; € R2¥*24 ig the block matrix

I 2t]
Sy = {O I ], (1.19)

where O € R%9 is the null matrix. We remark that ¢t — S; coincides with
the Hamiltonian flow for the free particle in phase space; precisely, the classical
equations of motion with Hamiltonian H (z, &) = |£]? and initial datum (g, &) €
R? are solved by (z(t),&(t)) = Si(wg, &). Hence the wave packet analysis
shows that the time evolution of wave packets under U(t) approximately follows the
classical flow, in according with the correspondence principle of quantum mechanics
mentioned before.

Nevertheless, a distinctive feature of wave propagation dynamics is the unavoid-
able effect of diffraction. In the situation under our attention it does manifest itself
as the well-known phenomenon of the spreading of wave packets [Dir78, Section
31]. Moreover, a straightforward consequence of the dispersive estimates for the
Schrodinger propagator [Tao06] is that there exists C' > 0 such that

(€A n (g, m(w)g) < L+ ™2 wzeR™ (120

It may therefore appear quite unsatisfactory that there is no trace of such issues in
quasi-diagonalization estimates as ([1.18)).

This question has been addressed in the article [CNT20], which is a joint work
with E. Cordero and F. Nicola; the results therein are presented in Chapter [6]
below. Our purpose was exactly to prove refined estimates for the Gabor matrix
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1.3.  Wave packet analysis of metaplectic operators and applications

of U(t) where sparsity, spreading and dispersive phenomena are simultaneously
represented. To the best of our knowledge, we are not aware of results in this spirit
for pseudodifferential or evolution operators.

Our quest is in fact motivated by the more general situation where U(t) is
the Schrodinger propagator corresponding to the Hamiltonian H = QV, where
Q@ is a real homogeneous quadratic polynomial on R?? and Q% denotes its Weyl
quantization as in (|1.6). To be precise, consider

Q(z,&) = %Aﬁ-f—l—Bmf—i—%C:&x, (1.21)

where A, B,C € R™? and A,C are symmetric matrices. It is not difficult to
compute the corresponding Weyl quantization, that is

1

82

d . d d .
w i 1 i
Q = E Aj7k8j8k — % E Bj’k$jak + 5 E Cj,kxjxk — ETI‘(B) (122)

The Schrodinger propagator U(t) = e 2™@" + € R, is in turn an instance of a
metaplectic operator. In short, the metaplectic representation is a machinery which
associates a symplectic matrix S € Sp(d,R) with a member of the metaplectic
group 1(S) € Mp(d, R), that is a unitary operator on L?(R?) defined up to the sign.
If R >t S; € Sp(d,R) denotes the classical flow on phase space associated with
the quadratic Hamiltonian H(z,&) = Q(x, €) then u(S;) = e 29" _ gee for
the free particle case. We refer to Section {.3| for further details.

It is therefore convenient to focus on metaplectic operators as primary objects
of our investigation. The spreading of wave packets under u(S) is now connected
with the singular values of S € Sp(d, R) [CNT19a], which occur in couples (o,071)
of positive real numbers. We fix the ordering by labelling the largest d singular

values in such a way that oy > ... > g4 > 1; moreover we set 3 = diag(oy,...,04)
and introduce the matrices
i 2 O ! Eil O "o I O
R R L R FNCA

The singular value decomposition of S € Sp(d,R) (also known as the FEuler
decomposition in this setting) has a peculiar form due to the symplectic condition,
namely there exist (non-unique) orthogonal and symplectic matrices U,V such
that S = UT DV, cf. Proposition and Section below. Such factorization
is identified by the triple (U, V,X). In the following for a given S € Sp(d,R) we
will denote by (U, V, ) an Euler decomposition of S and by D, D', D” the above
defined related matrices.
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1. INTRODUCTION AND DISCUSSION OF THE RESULTS

We are now in the position to state our first result, concerning rapidly decaying
Gabor wave packets.

Theorem 1.3.1. For any g,7 € S(RY) and N > 0 there exists C' > 0 such that,
for every S € Sp(d,R) and any Euler decomposition (U,V,%) of S,

{((S)m(2)g, m(w)7)| < C(det £)"V2(1+ |D'U(w—S2)|)™N, =z weR™. (1.24)

We see that the simultaneous occurrence of sparsity, spreading and dispersive
phenomena is represented by the quasi-diagonal structure along S, the dilation by
D'U and the factor (det X)71/2 respectively. An equivalent form of the previous
estimate where the spreading phenomenon is somehow more distributed follows by
noticing that D'U(w — Sz) = D'Uw — D"V 2.

The special case of the free particle propagator is treated in detail in Section
[6.3] We just mention here that, for any fixed ¢ € R and any Euler decomposition
(Ut, Vi, 2¢) of Sy, the estimate (1.24)) reads

(0225 (2)g, m(w)y)| < C(1+ )20+ (DU (w — Si2)) ™, w,z € R

We see that the features of both (1.18)) and (1.20)) are now represented, whereas
the spreading phenomenon manifests itself as a dilation by the matrix D;U;, the
nature of which is investigated in Section [6.3

We also provide results in the same spirit of Theorem for wave packets
associated with less regular atoms; in particular we assume that g and v belong
to suitable modulation spaces. The latter provide an optimal environment where
to investigate the behaviour of the Gabor matrix of a metaplectic operator, as
evidenced by the following result.

Theorem 1.3.2. (i) Let 1 < p,q,r < oo satisfy 1/p+ 1/qg = 1+ 1/r. For
any g € MP(R?), v € M4(R%), S € Sp(d,R) and any Euler decomposition

(U, V,X) of S, there exists H € L"(R??) such that, for any z,w € R??,
[(1(S)m(2)g, m(w)y)| < H(D'U(w — 5z)), (1.25)

with
IH] - < (det £)7 gl 7 e (1.26)

(it) Let s > 2d. For any g,y € M;°(RY) there exists H € LY
(1.25)) holds, with

I1H]

(R%?) such that

Ly . < (det 2)71/2”gHMg§(Rd)”7|’M§;’(Rd)'
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1.3.  Wave packet analysis of metaplectic operators and applications

Here we used the notation ||H||pe = [[Hvs| 1. We remark that the best decay
in is achieved in the case where p = ¢ = r = 1, namely for Gabor atoms
belonging to the Feichtinger algebra M!(R?). We also highlight the inclusion
Me(R?Y) ¢ MY (R?) for s > 2d, which follows directly from the definition.

In Theorem we prove an estimate in the same spirit of Theorem for
the Gabor matrix of the so-called generalized metaplectic operators. This family
of operators characterized by the sparsity of their phase-space representation
has been introduced and studied in [CGNR13; (CGNRI14] in connection with

inverse-closed algebras of Fourier integral operators. In short, a linear operator
A S(RY) — §'(R?) is in the class FIO(S) if there exists H € L*(R??) such that

(Ar(2)g, m(w)g)| < H(w — Sz), w,z e R*,

The main properties are recalled in Section 4.3.5| In particular, it can be proved
that A € FIO(S) if and only if A is the composition of a metaplectic operator
w(S) and a Weyl operator 0% for a suitable symbol o € M1 - cf. Theorem [4.3.10

Theorem 1.3.3. Let 1 < p,q,r < oo satisfy 1/p+ 1/q = 1+ 1/r. Consider
S € Sp(d,R) with an Euler decomposition (U, V%), a € M*1(R?*?) so that
A= a"u(S) € FIO(S), cf. Theorem[{.3.10 For any g € MP(R?), v € M9(R?)
there exists H € L"(R?*®) such that, for any z,w € R*,

[(Am(2)g, m(w)y)| < H(D'U(w — 5%2)),

with
IH | < (det )27l ygoon |91z 1] go-

Finally, we provide an application of the enhanced estimates for the Gabor
matrix to the propagation of singularities for the Schrodinger equation. The fruitful
interplay between time-frequency and microlocal analysis lead to new notions of
global wave front sets after Hérmander [Hor91]. Several notions of global wave
front set have been introduced to detect (the lack of) regularity at modulation
space level, see [RW14] for a more detailed discussion and [PSRW18; |Wah18| for
further applications.

Given an open cone I' in R?? and g € S(R?) \ {0} we define the space M(lg)(F)

of M'-regular distributions on the cone I' with respect to g as the set of all the
distributions f € &'(R?) such that

= [ 1Sz < o, (1.27)

The next result shows that M'-regularity of a function f on a conic subset of
the phase space is preserved by the action of p(S) provided that a slightly smaller
cone, evolved under S, is taken into account. We set S?*~! for the sphere in R??.

21



1. INTRODUCTION AND DISCUSSION OF THE RESULTS

Theorem 1.3.4. Let S € Sp(d,R), g,v € S(R?) \ {0} and T, C R** be open
cones such that T'NS2-1 c T NS¥1. If f € S'(RY) is M'-reqular on T with
respect to g then p(S)f is M*-reqular on S(I") with respect to .

Precisely, given r > 0 there exists C' > 0 such that, for any f € M; (R%)N
M(lg)(F) (cf. (3.10) ) and S € Sp(d,R) the following estimate holds:

18) s csieny < (et D2 (1L oy + (@A) 1 gy gy
If we specialize the previous result to the free particle propagator we get

i(t/2m)A /2 d(1/24r
1292 £y s < € (L D72y oy + @+ D20 gy gy )

where S; is the classical flow in (1.19)). The latter can be regarded as a microlocal
refinement of known estimates, cf. for instance [WHHG11, Proposition 6.6] and

Corollary below.

1.4 Time-frequency analysis of the Dirac
equation

As already evidenced in the previous sections, the study of dispersive equations may
certainly take advantage from the techniques of modern harmonic analysis. In the
last decades we have witnessed an increasing interest in the application to PDEs
of strategies and function spaces arising in time-frequency analysis. Even if it is
impossible to offer a comprehensive list of results, we suggest the papers [BGOROT}
BO09; (CF12; (CNO8b; (CN09; CN14; CNR15b; KKI12; KKI14; (WHOT7; ZCG14] and
the monographs [CR20; WHHG11| as examples of the manifold aspects one can
handle from this perspective.

The relevance of modulation and Wiener amalgam spaces to the study of
dispersive PDEs is closely related to the evolution of the phase-space concentration
under the corresponding propagators. As an example, while the Schrodinger
propagator e"? is not bounded on LP(R?) except for p = 2, it is a bounded
unimodular Fourier multiplier on any modulation space M?4(R%) [BGOR07]. Many
results of this type, including improved dispersive and Strichartz estimates, are
also known for the wave equation and the Klein-Gordon equation (see the list of
papers above).

In spite of this established trend, little is known concerning the Gabor analysis
of the Dirac equation. Recall that the Cauchy problem for the n-dimensional Dirac
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1.4. Time-frequency analysis of the Dirac equation

equation with a potential V' reads

{i&sw(m) = (D +V)(t, @), (t,2) € R x R% (1.28)

(0, ) = ¢o(),

Here ¢(t, z) = (¢Y1(t,x), ..., Yu(t, x)) € C™is a vector-valued complex wavefunction
and the Dirac operator D,, is defined by

d

D, = 2mmag — i » a0, (1.29)
j=1
where m > 0 (mass) and «ag, aq, ..., aq € C"™ is a set of Dirac matrices, i.e. n X n
Hermitian matrices satisfying the identities
Q04 + a0 = 2(52']'[71, V0 S Z,] S d. (130)

For d = 3 and n = 4 the standard choice for such matrices is the so-called Dirac

representation:
o 0 g; . o [2 0
Q; = |:0i 0:|) 1_17273a Qo = |:0 _]'2:|a

where we introduced the Pauli matrices

101 |0 —1 |10
Tl o P70l BT o -1
In general, for any d there exist several iterative schemes to obtain a set of Dirac

matrices and in general the dependence of the (even) dimension n = n(d) on d is a
consequence of the chosen construction [KYO01].

To the best of our knowledge, the only contribution on the Dirac equation
in the perspective discussed above is the recent paper [KN19] by K. Kato and 1.
Naumkin. The authors proved estimates for the solutions of the Dirac equation
in the free case (Theorem 1.1) and also for quadratic and subquadratic
time-dependent smooth potentials (Theorem 1.2); the latter setting also includes
an electromagnetic potential with linear growth.

Broadly speaking, the main difficulty in dealing with lies in that it is a
system of coupled equations, hence a strategy for disentangling the components is
needed. For instance, this can be done approximately at the level of phase space
(see [KN19, (3.17)]) or by projection onto the spectrum of the Dirac operators (see
the proof of the dispersive estimate [KN19, (1.8)]). Another standard procedure
consists of exploiting the connection with the wave and Klein-Gordon equations
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1. INTRODUCTION AND DISCUSSION OF THE RESULTS

when m = 0 and m > 0 respectively. Nevertheless, when a non-zero potential V' is
taken into account most of these procedures loose their usefulness and new ideas
are required (cf. for instance |[CD13; |(CF17; DF0O7; EGG19]).

Some aspects of the Gabor analysis of the Dirac equation have been considered
by the author in [Tra20] - proofs and further details are to be found in Chapter
[7l The first aim of this contribution is to offer a different point of view that does
not require an explicit decoupling technique nor any preliminary knowledge about
the Klein-Gordon equation. A naive look at would suggest to treat it like
a Schrodinger-type equation with matrix-valued Hamiltonian ‘H = D,, + V. For
the free case (V = 0) the corresponding propagator U(t) = e~#Pm can be formally
viewed as a Fourier multiplier with matrix symbol

1 (§) = exp [—2%@'25 (mao + Z Ozjfj>] : (1.31)

j=1

This perspective naturally leads to consider estimates on vector-valued modula-
tion and Wiener amalgam spaces by studying the regularity of ;; and extending the
ordinary boundedness results for Fourier multipliers and more general pseudodiffer-
ential operators. Vector-valued modulation spaces were first considered by J. Toft
[Tof04b| and then extensively studied by P. Wahlberg [Wah07]. Roughly speaking,
the F-valued modulation space MP? (R?, E), E being in general a Banach space,
is defined by above with | - | replaced by the Banach space norm | - |z. We address
the reader to Chapter (3| for a rigorous discussion.

The study of the Dirac equation would only require to consider finite-dimensional
vector spaces such as C" and C"*", so that the subtleties connected with infinite-
dimensional target spaces are not relevant here and most of the proofs reduce
to componentwise computation. Nevertheless, we decided to embrace a wider
perspective and thus in the preparatory Section |3.2] we extended several results of
scalar-valued time-frequency analysis to the vector-valued context; this framework
allows us to derive very natural and compact proofs for the main results on the
Dirac equation. In passing, we remark that the core of results concerning vector-
valued time-frequency analysis is in fact of independent interest and falls into the
larger area of infinite-dimensional harmonic analysis. We plan to devote future
investigations to the topic.

In that spirit, we are then able to prove the following estimates for the free
Dirac propagator.

Theorem 1.4.1. Let 1 < p,q < o0 and r,s € R; denote by X any of the spaces
MPA(RY,C™) or WPA(RY,C"). Let i(t,z) be the solution of (L.28) with V = 0.
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1.4. Time-frequency analysis of the Dirac equation

For any t € R there exists a constant Cx(t) > 0 such that

[(E, )llx < Cx(®)llvoll -

In particular, if X = M§d(R? C") there exists a constant C' > 0 such that

Cx(t) < C'(1 4 [¢])H/2=1/el, (1.32)

While the results are not unexpected in themselves in view of the discussion
above on the connection with the Klein-Gordon propagator, we stress that our
method improves the known estimates in two aspects. First, we are able to cover
weighted modulation and Wiener amalgam spaces with no extra effort, resulting in
a more precise description of the action of the propagator (no loss of derivatives in
Theorem or asymptotic smoothing in Theorem below). On the other
hand, at least for modulation spaces we are able to explicitly characterize the
time-dependence of the constant C'(¢) in in a straightforward way, essentially
by inspecting the symbol (L.31).

The second purpose of our contribution is to provide boundedness results on
modulation and Wiener amalgam spaces for suitable potentials V' in . We
relax the regularity assumptions in [KN19] in two aspects. First, we replace the
multiplication operator by V with a genuine matrix pseudodifferential operator
oV in the Weyl form, where the matrix symbol o belongs to the Sjostrand class
Mo (RE, C™™). In addition, while the dependence on the time of the potential V/
is assumed to be smooth in [KN19], we require here a milder condition, namely
continuity for the narrow convergence - cf. Definition below. In the following
claim we use the spaces MP'? and W2, defined by the closure of the Schwartz class
in the corresponding modulation and Wiener amalgam spaces respectively; they
coincide with the standard spaces except for p = co or ¢ = co. This is necessary
in order to avoid technical difficulties arising in those cases.

Theorem 1.4.2. Let 1 <p,q<o0,v>0 andr,s € R be such that |r| + |s| <~;
denote by X any of the spaces MPI(R?, C") or WPA(R?,C"). Let T > 0 be fived
and assume the map [0,T] >t — o(t,-) € M{fg’l(Rd, C™ ™), to be continuous for the

narrow convergence. For any g € X there exists a unique solution ¢ € C([0,T], X)
to (1.28)) with V- = o(t, ). The corresponding propagator is bounded on X.

Note that the result stated here contains a slight improvement of the regularity
of the symbol compared to [Tra20, Theorem 1.2].

We then consider the case of potentials with quadratic and sub-quadratic growth
as in [KN19]. As a consequence of a useful splitting lemma, namely Proposition
3.2.20, we are able to prove a generalized rough counterpart of the smooth scenario
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1. INTRODUCTION AND DISCUSSION OF THE RESULTS

considered in [KN19, Theorem 1.2]. In particular, the potential contains non-
smooth functions with a certain number of derivatives in the Sjostrand class plus a
pseudodifferential perturbation in the Weyl form.

Theorem 1.4.3. Let 1 < p < 0o and ¢y € MP(C"). Consider the Cauchy problem
(1.28) with potential
V=QL+L+0o", (1.33)

where
- @ :R?— C is such that 0°Q € M (R?) for « € N¢, |a| = 2,
— L:R? — C™" is such that 9°L € M°>'(R?,C™") for « € N, |a| =1, and
— 0 € M>YRY, Cvn).

For any t € R there exists a constant C(t) > 0 such that the solution ¢ of

satisfies

[ ) e < CO[ Y0l po-

Furthermore, if V' is as in (1.33)) and Q =0, then for any 1 < p,q < oo andt € R
there exists a constant C(t) > 0 such that the solution ¢ of (1.28)) satisfies

||¢(t7 ')”szq < C(t)”?vDOH/\/[p,q'

Finally, we study the local well-posedness for the nonlinear setting, namely

{i&ew(t,x) = Dutp(t, ) + F(4(t, ), (t,2) € R x RY, (1.34)

(0, 2) = tho(x),

where the nonlinear term F' considered below comes in the form of a vector-valued
real-analytic entire function F': C* — C" such that F'(0) =0, i.e.

Fi(z)= Y 428" d,eC j=1..n, (1.35)

a,EN”

with absolute convergence for any z € C. We remark that this general choice
includes nonlinearities of power type, such as

F(p) =™y,  keN,; (1.36)

and the cubic nonlinearity known as the Thirring model, namely

F(¢) = (a0, ¥)agt;
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1.5. Gabor analysis meets Feynman path integrals

The choice of even powers in ((1.36]) and entire functions as in ([{1.35]) are standard
in the context of modulation and amalgam spaces, because of the Banach algebra
property enjoyed by certain spaces of these families [STW11]. On the other
hand, the nonlinear spinor field appearing in the Thirring model has been largely
investigated; cf. for instance [BH16; Huh11; MNOO3; [Naul6], also in view of its
physical relevance - it is a model for self-interacting Dirac fermions in quantum

field theory [Sol70; Thi58|.

The main result in this respect reads as follows.

Theorem 1.4.4. Let 1 < p < oo and r,s > 0; denote by X any of the spaces
MPHRE,C™) or WEP(RY,C). If 1hy € X then there exists T = T(|[o]| ) such
that the Cauchy problem (1.34) with F as in (1.35]) has a unique solution ¢ €
([0, 77, X).

We conclude this discussion by emphasizing a few aspects that may be further
developed in the context of modulation spaces, such as Strichartz estimates and
perturbations due to a magnetic field, i.e. the Dirac operator in becomes
D4 = 2mmag — iZ;.lzl a;(0; —iA;), where A(z) = (A1(z),..., Ag()), z € RY,
is a static magnetic potential. We also point out that more general nonlinear
terms could be considered, for instance as in the Soler model [Sol70] and other
interactions arising in condensed matter; cf. [Pelll| for the state of the art in 141
dimensions.

1.5 Gabor analysis meets Feynman path
integrals

There has been plenty of opportunities to discuss the fruitful interplay between
Gabor analysis and physics for what concerns motivations as well as applications;
the problem of quantization is perhaps the most striking example in this respect. In
fact, another problem arising in mathematical physics has recently benefited from
the techniques of Gabor analysis, that is the rigorous formulation of Feynman path
integrals. From the mathematical point of view, while the quantization problem
deals with the characterization of an operator A in terms of its symbol a and
the correspondence a — A, path integrals are basically a way to provide explicit

representation formulae for the evolution operator e=#4 (and also e~ in general).

The path integral formulation of non-relativistic quantum mechanics is a para-
mount contribution by R. Feynman (Nobel Prize in Physics, 1965) to modern
theoretical physics. The origin of this approach goes back to Feynman’s Ph.D.
thesis of 1942 at Princeton University (recently reprinted, cf. [Bro05]) but was
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first published in the form of research paper in 1948 [Fey48|; see also [Sau08| for
some historical hints. In rough terms we could say that this approach provides a
quantum counterpart to Lagrangian mechanics, while the standard framework for
canonical quantization as developed by Dirac relies on the Hamiltonian formulation
of classical mechanics. Path integrals and Feynman’s deep physical intuition were
the main ingredients of the celebrated diagrams, introduced in the 1949 paper
[Fey49], which gave a whole new outlook on quantum field theory.

For a first-hand pedagogical introduction we recommend the textbook [FH10],
where it is clarified how the physical intuition of path integrals comes from a deep
understanding of the lesson given by the two-slit experiment. We briefly outline
below the main features of Feynman’s approach.

Recall that the state of a non-relativistic particle in the Euclidean space R?
at time t is represented by the wave function ¢ (t,z), (t,z) € R x R?, such that
P(t, ) € LA(R?). The time-evolution of a state f(z) at t = 0 is governed by the
Cauchy problem for the Schrodinger equation:

{matw = (Ho + V(t,x))y (1.37)

¥(0,2) = f(x),

where 0 <A< 1lisa parameterﬂ, Hy = —h?A/2 is the standard Hamiltonian for
a free particle and V is a real-valued potential; we conveniently set m = 1 for
the mass of the particle. The map U(t, s) : ¥(s,) — ¥(t,+), t,s € R, is a unitary
operator on LQ(Rd) and is known as propagato or evolution operator; we set
U(t) for U(t,0). Since U(t) is a linear operator we can formally represent it as an
integral operator, namely

vit.0) = [ wlen) )y

where the kernel u,;(z, y) is interpreted as the transition amplitude from the position
y at time 0 to the position x at time ¢. In a nutshell, Feynman’s prescription is a
recipe for this kernel, the main ingredients being all the possible paths from y to z
that the particle could follow. The contribution of each interfering alternative path

2This is the reduced Planck constant A = h/27. We temporarily keep track of its presence in
view of semiclassical arguments below, but then we restore the harmonic analysis convention
h = 1. We stress that h denotes a dimensionless parameter which should not be systematically
identified with the true Planck constant - the latter being just a physical motivation for this
mathematical scenario.

3We remark that in the physics literature the term “propagator” is usually reserved to the
integral kernel u; of U(t), see below. This may possibly lead to confusion since it is in conflict
with the traditional nomenclature adopted in the analysis of PDEs.
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1.5. Gabor analysis meets Feynman path integrals

to the total probability amplitude is a phase factor involving the action functional
evaluated on the path, that is

St = / Ly(r),4(r), 7)dr. (1.38)

where L is the Lagrangian of the underlying classical system, namely
Lo
L(z,v,T) = §|U| —V(x, 7).

Therefore, the kernel should be formally represented as

us (2, y) = /G;?SMD% (1.39)

that is a sort of integral over the infinite-dimensional space of paths satisfying the
conditions above. This intriguing picture is further reinforced by the following
remark: a formal application of the stationary phase method shows that the
semiclassical limit A~ — 0 selects the classical trajectory, hence we recover the
principle of stationary action of classical mechanics.

h—0

Figure 1.1: Some of all the possible trajectories with given endpoints (0, z¢) and
(t,z) that a particle could follow (in red). In blue: the classical path, which is
recovered in the semiclassical limit A — 0.

It is well known after R. Cameron [Cam60]| that Dy cannot be a Lebesgue-
type measure on the space of paths, neither it can be constructed as a Wiener
measure with complex variance - it would have infinite total variation [Maz09|. The
literature concerning the problem of putting formula on firm mathematical
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ground is huge; the interested reader could benefit from the monographs [AHKMOS;
Fuj17; |Maz09| as points of departure. We will describe below only two of the several
schemes which have been manufactured in order to give a rigorous meaning to
; they both rely on operator-theoretic strategies and are called the sequential
approach and the time slicing approach. Basically, one is lead to study sequences
of operators on L?(R?) which converge to the exact propagator U(t) in a sense to
be specified, the strength of convergence competing against the regularity of the
potential V.

This is the point where time-frequency analysis enters the scene: the accumu-
lated knowledge on the wave packet analysis of operators will be crucial in the
study of approximate propagators arising in the theory of path integrals. Moreover,
function spaces of time-frequency analysis enjoy a fruitful balance between nice
properties (Banach algebra structures, embeddings, decomposition, etc.) and
regularity of their members, so that they can be used as reservoirs of potentials.

We now briefly outline the main features of a pair of mathematical schemes
which are in fact two faces of the same philosophy: the closest approach to Feyn-
man’s original intuition (cf. [FH10]) requires to interpret formula by means
of a limiting procedure involving suitably designed finite-dimensional approxi-
mations. While in the literature one may easily notice that different names are
interchangeably used for them, we consider the classification below for the sake of
clarity.

1.5.1 The sequential approach

The so-called sequential approach to path integrals was first introduced by E.
Nelson in [Nel64] and relies on two basic results. First, recall that the free evolution
operator for the Schrédinger equation Uy (t) = e~ #tHo, Hy = —h?A /2, is a Fourier
multiplier; routine computation yields the following integral representation [RS75),
Section IX.7]:

; i |z —y)?
e%tﬂoﬂx):—(mjmdp /Rdexp<ﬁ| " >f(y)dy, feSE).  (140)

Notice that the phase factor in the integral actually coincides with the action
functional evaluated along the line v.(7) = y + (x — y)7/t, namely the classical
trajectory of a free particle moving from position y at time 7 = 0 to position z at
time 7 = t in the absence of external forces.

Next, we need a result from the theory of operator semigroups. Provided that
suitable conditions on the domain of Hy and on the potential V' are satisfied (see

below), the Trotter product formula holds for the propagator U(t) = e~ wt(Ho+V)
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Figure 1.2: The broken line approximation 7% introduced in (|1.43]).

generated by H = Hy + V:

Ut)f = lim E,(t)f, feL*RY),  E,(t) = (e*%%HOe*%%V) . (1.41)
n—oo

hence we have convergence of the approximate propagators E,(t) (also called

Feynman-Trotter parametrices) in the strong topology of operators in L?(R%) to

the exact propagator U(t). Combining these two ingredients yields the following

representation of the complete propagator e~
[RS75, Theorem X.66]:

as limit of integral operators

nd

i t\ 2 ig (4
e itV f(z) = lim (27Thi—) / e S50 Tn1®) f (o )dg . . dn oy,
Rnd

n—oo n
(1.42)
where we set
St " x):nfl M2—V(m) PR
n\lty L0y ---yLn-1, nl2 t/n k)| n .
k=1
With the aim of understanding the role of S,,(¢; zo, . .., z,), consider the follow-

ing argument. Given the points g, ..., 2,_1, 7 € RY, let 5 be the polygonal path
(broken line) through the vertices x = J(kt/n), k =0,...,n, z, = z, parametrized
as

— t t t
T(T)zxk+$k+t1/ fbk(T_lg—>, TE|:]€—,(]€—|—1)—:|7 k=0,....n—1.
n



1. INTRODUCTION AND DISCUSSION OF THE RESULTS

Hence 7 prescribes a classical motion with constant velocity along each segment.
The action for this path is thus given by

SE =Y - (%%‘”)2 - /Ot V(F(r))dr.

k=1

According to Feynman’s interpretation formula (1.42) can be thought of as an
integral over all polygonal paths, where S, (t;zo,...,x,) is a finite-dimensional
approximation of the action functional evaluated on them. The limiting behaviour
for n — oo is now intuitively clear: the set of polygonal paths becomes the set
of all paths and in some sense we recover . We remark that the custom in
the physics community after Feynman is exactly to employ the suggestive formula
as a placeholder for and the related arguments - see for instance [GS98}
Kle09).

For what concerns the assumptions on the potential perturbation V' under which
the Trotter product formula holds, a standard result shows that it is enough to
choose V' in such a way that Hy+ V is essentially self-adjoint on D = D(Hy)ND(V)
in L2(RY), cf. for instance [RS72, Theorem VIII1.31]. The power of Nelson’s approach
is that one can cover wide classes of wild perturbations, such as Kato potentials,
including finite sums of real-valued functions in LP(R?Y) with 2p > d and p > 2
[Nel64, Theorem 8|.

There exist several generalizations of the Trotter formula for semigroups on
Banach spaces, see for instance [EN06, Corollary 2.7]. The following simpler variant
will be enough for our purposes.

Theorem 1.5.1 ([EN06, Exercise 2.9]). Let Hy be a self-adjoint operator on the
domain D(Ho) C L*(R?) and let V € L(L*(R?)) be a bounded perturbation. The
Trotter product formula for the propagator U(t) = e~ #"Ho+V) holds: for any t € R,

U@)f = lim E,(t)f VfeL*RY),  Eut)= (ef%%Hoefgg\/)”_

1.5.2 The time-slicing approximation

We now consider another scheme that could be informally called “the Japanese
way” to rigorous path integrals, in honour of the leading players in its construction:
D. Fujiwara and N. Kumano-go, with further developments by W. Ichinose and T.
Tsuchida. The main references for this approach are the papers [FKg05; Fuj79;
Fuj80; [Ich03} Ich97; [Kg04; [Kg95] and the monograph [Fujl7], to which the reader
is referred for further details.

Let us briefly reconsider equation (1.42)) and its interpretation in terms of finite-
dimensional approximations along broken lines; a similar result can be achieved
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1.5. Gabor analysis meets Feynman path integrals

without recourse to the Trotter formula as detailed below. First, let us specify the
class of potentials involved in this approach.

Assumption (A). The potential V : R x R? — R satisfies 92V € CO(R x R?)
for any a € N¢ and

00V (t,z)| < Cu, |a| >2, (t,z) € R xR

for suitable constants C, > 0.

In particular, V (¢, z) is smooth in z and has at most quadratic growth. Consider
then the Hamiltonian

H(t,z,§) = %|§|2 + V(t,x).

We denote by (z(t,s,y,n),£(t,s,y,m)) (s,t € R, y,n € R?), the solution of the
corresponding classical equations of motion

& =¢
£=—-V,V(t,z)

with initial condition at time ¢ = s given by z(s, s,y,n) =y, (s, s,y,n) = n. The
flow
(@(t, s,9,m),&(t, s,9,m) = x(t, 5)(y, )

defines a smooth canonical transformation x(t, s) : R? — R2? satisfying for every
To > 0 the estimates

0000z (t,s,y,n)| + |0507(t, s,y,m)| < Cap(To), y,meR?

for some constant C, 3(Tp) > 0, if |t — s| < Ty and |a] + [8] > 1 (see [Fuj80,
Proposition 1.1]). In particular the flow is globally Lipschitz and the same holds
for its inverse.

Moreover, there exists § > 0 such that for 0 < |t — s| < § and every z,y € R%,
there exists only one classical path v such that v(s) =y, v(t) = x. By computing
the action functional along this path v, as in (1.38)), we define the generating
function

S(t,5,2,y) = Sp] = / Ly(r).4(r),7)dr,
for 0 < |t —s| <.

Then Fujiwara showed [Fuj80] that the propagator U(t,s) is an oscillatory
integral operator (for short, OIO) provided that |t — s| is small enough, that is

U(t,s)f(z) = (%m(tl_ e /R St 5) () f)dy, (1.44)
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1. INTRODUCTION AND DISCUSSION OF THE RESULTS

for an amplitude function a(h,t,s) € C°(R?*?) - the space of smooth functions
with bounded derivatives of any order, also known as the Hérmander class Sj , in
microlocal analysis. Moreover, a(h,t, s) is such that 8;“85@(71, t,s) is of class C! in
t, s and satisfies

Ha(ﬁﬂtv S)HC? = sup Haaa(hatvS)HL‘x’ < Cn,

lal<m

for0<t—s<6,0<h<1 meN.

In concrete situations, except for a few cases, there is no hope to compute the
exact propagator in an explicit, closed form. Due to this difficulty and inspired by
the free particle operator ((1.40)), one is lead to consider approximate propagators
(parametrices), such as

1

E(O)(t’ s)f(x) = (2rih(t — 5))

/ RS f(y)y (1.45)
R

As suggested indeed by the case of the free particle, this operator is supposed to
provide a good approximation of the U(t, s) for |t — s| small enough. The case of a
large interval |t — s| can be treated by means of composition of such operators in
the spirit of the time slicing method proposed by Feynman: given a subdivision
Q = tg,...,t; of the interval [s,t] such that s = tg < t; < ... < t;, =t and
tj —tj_1 <6, we define the operator

E(O)(Q7 t,s) = E(O)(t/:, tL—1)E(0) (tr—1,trL—2) - E© (t1,%0),

whose integral kernel e (€,¢,s)(z,y) can be explicitly computed from (T.45)),
namely

e(Q,t,5)(z,y)
L L L1

1 )
B H (2mi(t; — tj_l)h)d/Q /Rd(L—l) exp (f—L Z S(ty, i1, zj, $j—1)> ]1;[1 dx;,

Jj=1 Jj=1

with x = 2, and y = xo. A detailed analysis can be found in [Fuj17, Chapter 2].

The parametrix £ (Q,¢,5s) is then expected to converge (in some sense) to
the actual propagator U(t, s) in the limit

UJ(Q) = max{tj — tj—l, j =1,... ,L} — 0.

Note that this scheme is definitely more sophisticate than Nelson’s one discussed
before, also because of the fact that the broken line approximation is now replaced
with more refined piecewise classical paths. This issue will be relevant in view of
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1.5. Gabor analysis meets Feynman path integrals
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Figure 1.3: A piecewise classical path in spacetime.

the semiclassical limit, as will be shown in a moment. However, a quite complete
theory of path integration for approximations on straight lines in this spirit has
been developed by Kumano-go [Kg04].

Among the large number of results proved in the framework discussed so far
we mention two milestones from forerunner papers by Fujiwara. In [Fuj79] he
proved convergence of E®(Q, ¢, s) to U(t,s) in the norm operator topology in
L(L*(R%)). Under the same hypotheses convergence at the level of integral kernels
in a very strong topology was proved in [Fuj80|. It should be emphasized that the
aforementioned results are also given for the higher order parametrices EY)(t, s),
N = 1,2,..., also known as Birkhoff-Maslov parametrices [Bir33; Mas70| and
defined by

1
(2mih(t — s))/?

where o™ (R, t,s)(x,y) = Z;V:l(%)l_jaj(t, s)(z,y) and the functions a;(t,s) €

Cee(R?*?) uniformly with respect to 0 < h < 1,0 < |t —s| < 6.

EM(t,s)f(x) = / eiStoe )M (1t 5)(x,y) f(y)dy, (1.46)
Rd

As before, the case of larger |t — s| can be treated by means of composition

over a sufficiently fine subdivision Q = {to,...,t;} of the interval [s, ¢] such that
s=ty <ty <...<tp=t, namely
EMQ t,s) = EM(tp, t, ) EMN(tp_q,tr_s) - B (ty, 1) (1.47)

The core results of the L? theory for the time slicing approximation read as follows.

Theorem 1.5.2. Let the potential V' satisfy Assumption (A) and fix Ty > 0. For
0<t—s<Tyand any subdivision Q0 of the interval [s,t] such that w(Q2) <6, the
following claims hold.

(i) There exists a constant C' = C(N,Ty) > 0 such that
| BN (Q,t,5) — U(t, s)]| < CRNw(Q)NTHt —5), NeN. (1.48)

L2—[2
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1. INTRODUCTION AND DISCUSSION OF THE RESULTS

(i) There exists C' = C(m,N,Ty) > 0 such that

|a(h,t, s) — a™(Q, 1, s < ORNw( )Nt —s), m,N €N

ey

cf. (1.44). In particular,
lim o™ (Q, R, t,s) =a(h,t,s) in C(R™).

w(Q)—0

The proof of these results ultimately relies on fine analysis of OIOs. The
underlying overall strategy can be condensed as follows:

1. prove that “time slicing approximation is an oscillatory integral” (cf. [Fujl17]),
i.e., that the operators arising from (1.46) are well-defined OIOs under
suitable assumptions;

2. derive precise estimates for the operator norm of such OIOs;

3. deduce corresponding results for the compositions in ((1.47)).

The last step is extremely delicate because estimates uniform in L, the number of
points in the partition 2, are required. Moreover, the composition of OIOs results
in an OIO only for short times, due to the occurrence of caustics.

For the sake of completeness we also mention that F. Nicola showed in [Nic19]
how parts of the conclusions in Theorem still hold under weaker regularity
assumptions for the potential. Assumption (A) is now replaced by the following
one.

Assumption (A’). The potential V : R x R — R belongs to Li, (R x RY) and for
almost every t € R and |a| < 2 the derivatives 03V (t, ) exist and are continuous

with respect to x. Furthermore
oV (tx) € LR HE(RY), o] =2

where H™(R?) is the Kato-Sobolev space (also known as uniformly local Sobolev
space) of functions f € LL.(R?) satisfying HfHHn1 = supg||fllgn(p) < oo, the

loc

supremum being computed on all open balls B C R? of radius 1.

Theorem 1.5.3 (|Nic19, Theorem 1.1]). Let the potential V' satisfy Assumption
(A’). For any T > 0 there exists C = C(T) > 0 such that for any 0 <t —s <T
and any subdivision Q0 of the interval [s,t] with w(2) <6 and 0 < h <1,

|EO(Q,t,8) = U(t,s)|| 2, < Cw(Q)(t—s).
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1.5. Gabor analysis meets Feynman path integrals

It is natural to wonder whether there exists an L” analogue of Theorem [1.5.2
with p # 2. We cannot expect a naive transposition of the claim for several reasons.
First of all, notice that the Schrédinger propagator is not even bounded on LP(R?)
for p # 2. The parabolic geometry of its characteristic manifold implies that a
peculiar loss of derivative, ultimately due to dispersion, occurs [BTW75; |Miy80]:

HemAfHLp < CH(l _ hA)k/szLpa k=2d]1/2—1/p[, 1<p<oco.

On the basis of this observation one is lead to consider the following scale of
semiclassical LP-based Sobolev spaces: for 1 < p < co and k € R define

LYRY) ={f € S'RY) : |[fllzp = |1 = BAY2 ]|, < o0}
This is indeed a suitable setting for the analysis Fourier integral operators arising

as Schrodinger propagators associated with quadratic Hamiltonians, cf. [DN16].

In addition, one is also confronted with another issue: the space of bounded
operators f/i — LP (or viceversa) is clearly not an algebra under composition. This
is a major obstacle for a proficient time slicing approximation, having in mind the
construction of the parametrices E™V)(Q, ¢, s) in and the role of this feature
in the L? setting.

A significant breakthrough in this respect comes from Gabor analysis, since all
these issues become manageable as soon as one transfers the problem to the phase
space setting. The first key results in this context are due to Nicola [Nic16| and
read as follows.

Theorem 1.5.4 ([Nic16, Theorem 1.1)). Assume the condition in Assumption (A)
and let 1 <p < oo, k=2d|1/2—1/p|.

1. For any T > 0 there exists a constant C = C(T) > 0 such that for all
feSMY, |t—s|<T and 0 < h < 1:

1O )l <Clfllgp, 1<p <2
U )l < Clfl 20 < o0,
2. For any T > 0 and N € N there exists a constant C = C(T") > 0 such that
for 0 <t—s <T and any subdivision Q of the interval [s,t] with w(2) <4,
feSMRY and 0 < h < 1:

(B @.t,5) = Ut )) [, < OBV w(@ (1t = 9)Ifllz, 1<p<2,
I(ED Q1 5) = U 8) flln, < OBV @ E=8) [l 2P <00
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1. INTRODUCTION AND DISCUSSION OF THE RESULTS

A discussion of this result is beyond the purposes of this introduction. In short,
the strategy goes as follows: one lifts the analysis to the phase space level by
means of non-trivial embeddings relating modulation and Sobolev spaces [KS11],
then proves that the approximate propagators in the form of OIOs belong to a
family of operators characterized by the sparsity of their Gabor matrix - hence
well behaved on modulation spaces. One should also keep track of A by means of
suitable dilations (semiclassical modulation and Sobolev spaces).

1.6 Pointwise convergence of integral kernels in
the Feynman-Trotter formula

A concise way to resume the philosophy behind the operator-theoretic approaches
to rigorous path integral discussed in Sections|1.5.1{and [1.5.2 could be the following
one: design suitable sequences of approximation operators and prove that they are
bounded together with their compositions, where the latter should converge to the
exact propagator in a suitable topology on £(L?(RY)). There are good reasons for
not being completely satisfied with this state of affairs. First of all, looking back at
Feynman’s original paper |[Fey48| and the textbook [FH10] one immediately notices
that the entire process of defining path integrals can be read in terms of a sequence
of integral operators (finite-dimensional approximation operators as in or
(1.46])); in particular, Feynman’s insight calls for the pointwise convergence of
their integral kernels to the kernel u; of the propagator. This remark strongly
motivates a focus shift from the operators to their kernels, which may appear as an
unaffordable problem in general: approximation operators should be first explicitly
characterized as integral operators, at least in the sense of distributions by some
version of the Schwartz kernel theorem, then one should determine if the kernels
are in fact functions and finally hope for convergence to the integral kernel u; of the
propagator U(t). Both the approximation schemes discussed insofar are well suited
for this purpose and a clue in this direction, already mentioned at the beginning of
the previous section, is that the regularity assumptions in Theorem imply
convergence in a finer topology at the level of integral kernels.

In this connection, some new results in the framework of the sequential approach
as presented in Section have been recently obtained by the author and F.
Nicola in the paper [NT20|, where techniques of time-frequency analysis of functions

and operators are heavily used. The results are extensively discussed in Chapter
below.

In order to state the main results in full generality we need some preparation.
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1.6. Pointwise convergence of integral kernels in the Feynman-Trotter formula

First of all, the Schrodinger equation under our attention (with A = 1/27) is

Zaﬂl} = 27THO’¢)
$(0,2) = f(x)

where Hy = @V is the Weyl quantization a real-valued, time-independent, quadratic
homogeneous polynomial @ on R?, cf. and above. Note that a linear
magnetic potential or a quadratic electric potential are allowed and included in
H,. Moreover, notice that the factor 2m can be harmlessly embedded in @ (or V
below) so that we can formally reduce to the case i =1 in order to have lighter
formulae - semiclassical aspects are not taken into account here.

We already discussed above that the associated propagator is a metaplectic
operator, that is Uy(t) = e~ Ho = 14(S;), where the mapping

RBtr—)St:[At Bt

o DJ € Sp(d, R) (1.49)

is the phase-space flow determined by the Hamilton equations for the corresponding
classical model with Hamiltonian Q(z, £); we refer to Section for an extensive
account.

It is a standard result of harmonic analysis in phase space (see Theorem m
below) that if S, is a free symplectic matriz, namely the upper-right block B,
of S; is invertible, then the corresponding metaplectic operator coincides with a
quadratic Fourier transform (up to a phase factor), namely

Uo(t) f(z) = e(t)] det B,V / T £ () dy, (1.50)

R4

where ¢(t) is a variable phase factor (¢(t) € C, |¢(t)] = 1) and we introduced the
quadratic form (also known as generating function of Sy, cf. (4.3)) below)

1 1
Oy(z,y) = EDtBt_lx v — B lw -y + iBflAty -y (1.51)
This representation of p(S;) is a main ingredient of our results, hence we stress
that it does hold for any ¢t € R \ &, where we define the set of exceptional times to
be

¢={teR: det B, =0}.

Some of the properties of this set can be immediately deduced from the fact that
it is indeed the zero set of an analytic function: apart from the case € = R (which
trivially happens when Hy = 0), € is a discrete (hence at most countable) subset
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1. INTRODUCTION AND DISCUSSION OF THE RESULTS

of R which always includes ¢ = 0 - in particular € = {0} in the case of the free
Schrédinger equation.

It is known that Hy = Q" is a self-adjoint operator on the maximal domain

(see [Hor95])
D(Hp) = {f € L*(RY) : Hyf € L*(RY)}.

We can thus consider the perturbed problem

{zatw = (Ho+ V)¢ (1.52)

¥(0,2) = f(x),

where we included the potential perturbation V' € L£(L?(R%)). We are in the
position to use the Trotter product formula in the form of Theorem [1.5.1} if
U(t) = e~ ™Ho+V) denotes the evolution operator associated with (1.52)), then

Ut)f = lim E,(t)f Y[ e L*(RY),
n—oo
where the Feynman-Trotter approximate propagators E,(t) are defined by
Eo(t) = (e—i%Hoe—i%V>”, neN, n>1. (1.53)

We denote by e, :(z,y) the distribution kernel of E, (t) and by w;(z,y) that of
U(t) = e ™Ho+V) We study the problem of the convergence of e, ;(z,y) to us(z,y)
as n — +00.

Let us first discuss the case where the potential perturbation is just the pointwise
multiplication by a function V € L*°(R?). There is some room left for tuning the
regularity of potentials and we have indeed available from time-frequency analysis
a scale of decreasing regularity spaces.

1. The best option for our purposes is given by the Hérmander class C2°(RY),
the space of smooth bounded functions on R? with bounded derivatives of
any order.

2. At an intermediate level we have the (scale of) modulation spaces Mg%(R?),
s > 2d, consisting of distributions f € &'(R?) such that for any g € S(R?) \
{0}

Vof (2. Ol < CA+[EN), (2,6) €R™,

for some C' > 0. M(‘)”C?S(Rd) contain bounded continuous functions, becoming
less regular as s N\, 2d - the parameter s can be thought of as a measure of
(fractional) differentiability.
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1.6. Pointwise convergence of integral kernels in the Feynman-Trotter formula

3. We finally consider the Sjostrand class M°1(R%) as a maximal space, where
the partial regularity of the previous level is completely lost. Recall that
€ M>1(RY) if for any g € S(R?) \ {0}

| f1l agoen :/R sup |V, f(x, €)|d¢ < oc.

d xcRd

It is still a space of bounded continuous functions which locally enjoy the
mild regularity of the Fourier transform of a L! function - cf. Section m
for further details.

We have indeed the following chain of strict inclusions for s > d (cf. Proposition
3.2.16)):

C*(RY) € MgS(RY) € MM R?) C (FL (R N L=(RY) € Ch(RY).

It seems worthwhile to highlight that results on the convergence of path integrals
are already known for special elements of the Sjostrand class; for instance, a class
of potentials widely investigated by means of different approaches in the papers of
S. Albeverio and co-authors [AB93; ABHKS82; AHKT77; |AM16] and K. 1t6 [[t661;
1t667] is FM(R?), namely the space of Fourier transforms of (finite) complex
measures on R%. In fact, we have FM(R?) C M1 (R?), cf. Proposition
and the above inclusion is strict; for instance, f(z) = cosl|z|, z € R?, clearly
belongs to C£°(RY), but it is easy to realize that f ¢ FM(R?) as soon as d > 1,
by the known formula for the fundamental solution of the wave equation [Eval0)].

We are able to cover a more general family of potential perturbations in the
form of Weyl operators, namely we assume that V = ¢“ where the symbol o
belongs to any of the spaces Cp°(R?*?), Mg3(R*?) with s > 2d, M>>'(R*?). Notice
indeed that the multiplication by a function V on R? is an easy example of Weyl
operator with symbol oy (z,§) = V(z) = (V ® 1)(«,€), and the correspondence
V + o is continuous from M*!(R?) to M°!(R??) and similarly for the other
spaces mentioned above, cf. Remark below.

Let us first state our main result on the pointwise convergence at the level of
integral kernels, at the intermediate regularity encoded by Mg5.

Theorem 1.6.1. Consider the problem (1.52)) with Hy = Q% as discussed above
and V = o% with o0 € M (R?*?) and s > 2d. Let S; denote the classical flow
associated with Hy as in (1.49)). For anyt € R\ &:

1. the distributions e=*™®te, , n > 1, and e ?™®ty, belong to a bounded subset
of Mg (R*?);
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1. INTRODUCTION AND DISCUSSION OF THE RESULTS

2. eny — up n (FLD)e(R?*) for any 0 < r < s — 2d, hence uniformly on
compact subsets.

The first part of the claim assures that the kernel convergence problem is well
posed in this case - the amplitudes are bounded continuous functions. The second
part precisely characterizes the regularity at which convergence occurs, hence the
desired pointwise convergence.

We expect to improve the convergence result in the smooth scenario in view of
the characterizations

C(R™) = () M3 (R*),  C=(R*) = () (FL}),,.(R*)

oc
s>0 r>0

(cf. Propositions [3.2.16| and below).

Corollary 1.6.2. Consider the problem (1.52)) with Hy = Q% as discussed above
and V = % with o € C°(R??). Let S; denote the classical flow associated with Hy
as in (1.49). For anyt € R\ €&:

1. the distributions e"*™ e, , n > 1, and e ?™®ty, belong to a bounded subset
Of Cﬁo (R2d),’

2. eny — uy in C(R?), hence uniformly on compact subsets together with any
derivatives.

This result should be compared with the second claim in Theorem by Fujiwara,
which motivated our quest. In spite of the different assumptions and approximation
schemes, we stress that our result is almost global in time - more details on
exceptional times are given below.

We conclude with the analogous convergence result for potentials in the
Sjostrand class.

Theorem 1.6.3. Consider the problem (1.52)) with Hy = Q% as discussed above
and V = % with o € M°1(R?*?). Let Sy denote the classical flow associated with
Hy as in (1.49). For anyt € R\ €:

1. the distributions e_Qﬁi‘I’ten,t, n > 1, and e~ *™®ty, belong to a bounded subset

Of MOO’1<R2d);
2. ent — up in (FLY)10e(R??), hence uniformly on compact subsets.
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The occurrence of a set of exceptional times in Theorems and
comes not as a surprise from a mathematical point of view. For instance, the
correspondence between free symplectic matrices and quadratic Fourier transforms
as in (cf. Proposition for a precise formulation) can be used to determine
the abundance of free matrices in Sp(d, R): not being free is an exceptional feature
of a symplectic matrix, in the sense that follows.

Proposition 1.6.4 (|Gosl7, Proposition 171]). The subset Spy(d,R) of free sym-
plectic matrices has codimension 1 in Sp(d,R).

Moreover, it may very well happen that the integral kernel of the evolution
operator degenerates into a distribution. A standard example of this phenomenon
is provided by the harmonic oscillator, namely

i 1 1
— = [ ———=A+ =|z|* ).
3tV ( g8+l )w
The integral kernel of the corresponding evolution operator is known as the Mehler
kernel and can be explicitly characterized |Gosll; [ KRY97|: for k € Z,

?

) = c(k)| sinzf\_d/2 exp (Wi—xfatf — 27rz'sfr'lyt> (rk <t<m(k+1))
t ) -
d(k)o((—=1)fx —y) (t = k)

for suitable phase factors c¢(k),d (k) € C. This shows the expected degenerate
behaviour at integer multiples of m, which is consistent with the fact that the
associated classical flow S; is given by

=[Sty me]

and we retrieve € = {t ¢ R:sint =0} = {kn : k € Z}.

It is natural to wonder whether convergence of integral kernels still occurs in
some distributional sense, hopefully better than the broadest one (that is S’(R?)).
This question has been settled in the paper [FNT20], joint work with H. Feichtinger
and F. Nicola, where we show that a suitable framework is offered by the Banach-
Gelfand triple (M*, L?, M*) of modulation spaces, which has better properties
than the standard triple (S, L? S8’) of real harmonic analysis. This is further
discussed in Section [3.2} see also [FLCOS| in this connection.

Our main convergence result at exceptional times reads as follows.

Theorem 1.6.5. Assume V = o% for some 0 € MY (R?*?). Let {E,(t)} be
the sequence of Feynman-Trotter parametrices defined in (1.53)) and U(t) be the
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Schréidinger evolution operator U(t) associated with the Cauchy problem (|1.52)).
For any fixed t € R we have

lim E,(t) = U(t), lim E,(t)" = U(t)

in the strong topology of operators acting on M*(R®). In particular, for all t € R
and f € M*(RY), the functions

(ena(@,-), ), ens(y), [ (wl,) ), (wl9), f)
belong to M*(R?), and

<6n,t($’ ')’ f> - <ut(x> ')’ f>’ <en,t('a y)> f> - <ut('7y)7 f>

in M*(R?), hence in LP(RY) for every 1 < p < oo.

Let us conclude this presentation with a few words on the techniques employed
for the proofs. The main idea is to exploit the very rich structure enjoyed by
the modulation spaces Mg (R*?) (with s > 2d) and M°>!(R*?): they are Banach
algebras for both pointwise multiplication and Weyl product of symbols (cf. Remark
and the corresponding families of Weyl operators are inverse-closed Banach
subalgebras of £(L*(R?)) (cf. Theorem below).

There is a certain number of questions which seem worthy of further considera-
tion. For example, Theorem and Corollary should hopefully extend to
Hamiltonians H, given by the Weyl quantization of a smooth real-valued function
with derivatives of order > 2 bounded, using techniques from [Nic16; Nic19]. We
observe that the strategies introduced here could hopefully be useful to study simi-
lar convergence problems of the integral kernels for other approximation formulas
arising in semigroup theory; cf. [ENOG|.

1.7 Approximation of Feynman path integrals
with non-smooth potentials

Let us reconsider the time-slicing approximation for Feynman path integrals dis-
cussed in Section [1.5.2] and in particular Theorem by Fujiwara, in order to
make some important remarks. First, the occurrence of convergence results at two
different levels, a coarser one (parametrices in £(L?(R%))) and a finer one (OIO
amplitudes in C°(R??)), suggests that the assumptions may be relaxed in order to
preserve convergence in operator norm. A first step in this direction is the aforemen-
tioned paper [Nicl9], where a delicate analysis of low-regular potentials leads to the

44



1.7.  Approximation of Feynman path integrals with non-smooth potentials

desired result. We are now going to consider another class of non-smooth potentials.

Assumption (A). V(t,z) is a real-valued function of (t,x) € R x R* and
there exists N € N, N > 1, such thaﬁ

oFo*V € Cy(R, M (RY)),
for any k € N and o € N¢ satisfying 2k + |a| < 2N.

Roughly speaking, potentials satisfying Assumption (A) are bounded continu-
ous functions together with a certain number of derivatives. Assumptions in the
same spirit, or even stronger (e.g., smooth potentials with compact support), are
quite popular in scattering theory [Mel95].

In the second place, the estimate reveals other interesting aspects of
the parametrices EY). In particular, notice that while the approximation power
increases with N from the point of view of semiclassical analysis (positive powers of
h), the rate of convergence with respect to the length of the time interval does not
enjoy any improvement. Moreover, sophisticate parametrices like those introduced
in have limited applicability to concrete situations and computational
problems since the knowledge of the exact action functional is required, the latter
being an intractable problem except for a number of simple systems. These remarks
lead one to consider short-time approximations for the action by means of the
so-called midpoint rules [Sch81]. In short, given the action functional corresponding
to the standard Hamiltonian H(z, &) = |£[>/2 + V(z), that is

S(t, s, z,y) = % —V(t,s,1,y), V= / V(y(r))dr,

the latter integral involving paths with (s) = y and v(t) = x, V is replaced with
approximate expressions such as

Vlzw(t—s), or V2:V<x;_y>(t_3)'

A simple test in the case of known models reveals that, in spite of their popularity
within the physics literature, these procedures are not sufficiently accurate. For
the harmonic oscillator and the corresponding approximate actions 57, S, one has
indeed

S(t,s,x,y) —Si(t,s,z,y) =0t —s), j=12.

10,(R, E) is the space of bounded continuous functions f : R — E, see Chapter
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The quest for a correct short-time approximation was initiated by N. Makri and
W. Miller [Mak91; MM88a; MMS88b|, leading to the integral average

V(s,x,y) = /01 V(re 4+ (1 — 1)y, s)dr.

This procedure satisfies a correct first-order approximation, i.e. S(¢,s,z,y) —
S(t,s,z,y) = O((t — s)?) for small ¢t — s. We refer the interested reader to the
aforementioned papers and the recent one [Gos18| by de Gosson.

Chapter [9] of this dissertation is based on the joint article [NT19] with F.
Nicola. Inspired by this discussion and the current practice in physics and chemistry;,
we considered different time slicing approximation operators than ((1.46[), namely

EM(t,5)f(z) = (2m’h(t1— I /R de%W)(t,s,w’y)f(y)dy, (1.54)

where the approximate action SOY) ultimately is a Taylor-like expansion of the
exact action S at t = s:
N
+Y Wils,z,y)(t — )", (1.55)
k=1

z =y
SNt s, x, |

The coefficients Wy (s, z,y) are recursively constructed after careful analysis of
power series solutions for the modified Hamilton-Jacobi equation

2s 1 , ihd ik
s _ALS =
5+ 5lVaS| +V(t,x)+2(t_8) A5 =0

The last two terms are tailored to enhance the approximating power of EW)
parametrix. Nevertheless, the “counterterm” is first order in A and identically
vanishes in the free particle case (V' = 0). Plus, we remark that Wi(s,z,y) =
V(s,z,y) as expected. All these aspects are discussed in detail in Section
which is devoted to a rigorous short-time analysis of the action functional.

Given a subdivision 2 = {t¢,...,t.} of the interval [s,t] such that s = t5 <
t; <...<tp =1, we introduce the long-time composition
EM(Q,t,5) = E™(tp, tp 1) EM (tp 1, tr_9) - EM(t, 1), (1.56)

which has integral kernel

:h

K(N)(Q,t,s,x Y)

(2mi(t; — tj—1)h)¥?

j:1
L L—-1
o BT[> SLLIORARP )
j=1 e
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with x = x;, and y = x. [t is reasonable to believe that the operators E(N)(Q, t,s)
converge to the actual propagator as w(€2) = sup{t; —t;_1:j7=1,...,L} = 0, in
line with Feynman’s insight. The main result in [NT19] reads as follows.

Theorem 1.7.1 ([NT19, Theorem 1]). Let V' satisfy Assumption (A) above. For
any T > 0 there exists a constant C = C(T) > 0 such that, for 0 <t —s < Th,
0 < h <1, and any sufficiently fine subdivision Q of the interval [s,t], we have

IEM(Q,t,5) — Ut 8)|[ 122 < Cw(Q)N.

We remark that the increasing semiclassical approximation power of Birkhoff-
Maslov parametrices is lost when one considers rougher parametrices as those
in (|1.54)), where the balance weights in favour of accelerated rate of convergence
with respect to time. A cursory glance at the estimates for the operators EW)
reveals that negative powers of h are involved, making them completely unfit for
semiclassical arguments. Nevertheless, one can also notice that all the estimates
are uniform in A as soon as time is measured in units of A, which is a particularly
interesting feature.
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Chapter 2

Basic Facts of Real, Functional
and Fourier Analysis

The purpose of this chapter is to fix the notation used in the manuscript, as well as
to collect the basic facts and main results of real, functional and harmonic analysis
that are needed below.

2.1 General notation

We denote the set of positive integer numbers by N = {0,1,2,...}, while Z, R
and C are the usual sets of integers, real and complex numbers respectively. In
particular, ¢ denotes the imaginary unit and Z is the complex conjugate of z € C.
We also set R = RU {—o00, +00}.

If f is a function from some set A with values in some set B we write f : A — B.
We assume to deal with complex-valued functions, i.e. B = C, if not otherwise
specified. The characteristic function of a set A is denoted with y 4, hence

(a)_{o (a ¢ 4)
XA ZN1 (aea)

Given two real numbers z,y € R, the symbol z < y means that the underlying
inequality holds up to a universal positive constant factor, namely

xSy = dJC>0:2z<Cy.

If the constant C' = C(a) > 0 depends on some “allowable” parameter a € A we
write © S, y. Moreover, x < y means that x and y are equivalent quantities, that
is both x < y and = < y hold.
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2. BaAsic FACTS OF ANALYSIS

We will be mainly concerned with the d-dimensional real Euclidean space R¢.
The standard inner product on R? and the induced Euclidean norm are denoted by

d

voy =Y wyy, ol =Vreor= (a4

j=1

We write z? in place of |z|* = z - x. Notice that |z| is the absolute value of = in
the case where d = 1. Examples of equivalent norms on R are

|zl = |z1| 4+ .. Jzal,  |%]eo = max{|z1],. .., |24}
The open ball of radius R > 0 and center z, € R? is the set
Bgr(wo) = {r € R?: |z — x| < R}.

We use several symbols for partial differential operators on R%:

0 1
0 =0, =—, D:=—0;, j=1,...,d.
/ 7 Oy 7T o Y
We employ the multi-index notation: given a = (v, ..., aq) € N and z € R?, we
write
o =lai=a1+...4+as, al=arl aql, 2% =z 25

o __ Qo g o al Qg
g2 = ... 9%, DY =D& ... Do,

Tq?

The following relations between multi-indices o, 3 € N? are defined:

a<lBea;<B,7=1,....d, a<fea#pand a<f,

() =11(3) = gty o)

7j=1
If 2 € R and a € N¢ we write 2 in place of z!®! to lighten the notation.

We repeatedly make use of the Japanese brackets to denote the inhomogeneous
magnitude of z € R?, namely (z) := (1 + 22)/2. Given m > 0 we similarly define
() = (m? 4+ 2%)1/2; note that (z) = (z);. It is useful to remark that the so-called
Peetre inequality holds:

(r+y)* S @)yl z,yeRY seR (2.1)

The set of real matrices of dimension d x d is denoted by R4*¢. In particular,
I = I; € R4 is the identity matrix and O = Oy € R%*? is the null matrix.
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R2d X2d

Recall that the canonical symplectic matrix J € is the nonsingular and

skew-symmetric block matrix

O I
-[o 1
The direct sum A @ B of A, B € R¥? is the 2d x 2d matrix defined by
A O
A®B= [O B} )
Given a list ay, . .., aq of real numbers, we define the matrix diag(ay, ..., aq) € R?*?
by
. aj (i =)
[dlag(a’h s 7ad)]i' = ! . NE)
0 G#9)

where [M];; is the element on the i-th row and the j-th column of the matrix
M € R4 1 <4, j <d. Accordingly, we extend the notation to block matrices by
setting diag(A, B) = A® B.

We will thoroughly work with invertible matrices, namely elements of the group
GL(2d,R) = {M € R**>?¥| det M # 0}.
We employ the following symbol to denote the transpose of an inverse matrix:

M#*=(MH"=M""',  MeGL(2d,R).

2.1.1 Function spaces

In general we denote by E a complex Banach space with norm | - |g, whereas
the symbol H is usually reserved for a complex separable Hilbert space. The
topological dual space of E' is denoted by E’. The brackets (-, -) are used for the
duality between £’ and E and in particular for the inner product in H - we assume
(+,+) to be conjugate-linear in the second argument.

Consider the space L£(X,Y) of all the continuous linear mappings between two
Hausdorff topological vector spaces X and Y (we write £(X) if Y = X). It can be
endowed with different topologies [Tre67], in which cases we write:

(i) Lp(X,Y), if equipped with the topology of bounded convergence, that is
uniform convergence on bounded subsets of X;

(i) L(X,Y), if equipped with the topology of compact convergence, that is
uniform convergence on compact subsets of X;
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(i) Ls(X,Y), if equipped with the topology of pointwise convergence, that is
uniform convergence on finite subsets of X.

Notice that if Y = C, L,(X,Y) = X] (the strong dual of X), while £L;(X,Y) = X!
(the weak dual of X). It is tacitly assumed that £(X,Y) = L£,(X,Y) unless
otherwise specified.

The symbol F; ~ F, means that E; and E, are isomorphic Banach spaces,
namely there exists a bijective linear operator T : Ey — Ey such that T' € L(FE4, E»)
and T_l S £(E2, El)

Recall that the singular values s;(T") of a compact operator 1" € L(H) are the
positive eigenvalues of |T| := T*T', where T* denotes the adjoint operator of T'; we

arrange them in a sequence (1) = (s;(T));>1 in such a way that s; > s5...... > 0.
The p-th order Schatten class &P(H), 1 < p < oo, is the subset of all compact
operators T" on H such that ||T'||grz) = [|5(T)|lervy < 00. In particular, operators

in &'(H) are said to be in the trace class, while G?(H) is known as the set of
Hilbert-Schmidt operators. We also recall that an equivalent norm for G2(H) is
given by ||||T%;|| iy, for any orthonormal basis {1;},en of H. Similarly, for
T € G'(H) we have ||T||e: = Tr|T|, where the trace of an operator A € &'(H) is

Tr(A) = Z(ijﬁ wj)H’

JEN

for any orthonormal basis {¢;} of H. We also recall that if S € £(H) and
T € &' (H) then ST, TS € &'(H) and Tr(ST) = Tr(TS).

We will occasionally make use of the Dirac notation for projection operators:
given ¢, € H, we define

) (0] € &' (H), [¥){ol(w) = (w,¢)¥, w€EH.

Given a triple E, Fy and E3 of complex Banach spaces, we say that the map
o: F X Fy — E5, (x1,29) — x3 =11 X9

is a multiplication |[Amal9| if it is a continuous bilinear operator such that
o[l () x By, ) < 1. The following are common examples of multiplications that
will be used below:

(i) multiplication with scalars: C x £ — E, (A, x) — Az;
(ii) the duality pairing: £’ x E — C, (u,z) — u(z);

(iii) the evaluation map: L(Ey, Es) X By — Ey, (T, x) — Tx;
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(iv) multiplication in a Banach algebra.

Remark 2.1.1. To unambiguously fix the notation: whenever concerned with a
product of elements aq,...,ax in a Banach algebra (A,x), we write

N
Hak =Qa1*xQ2 k... k%xAaAN.
k=1

This relation is meant to hold even when (A,x) is a non-commutative algebra,
provided that the symbol on the LHS exactly designates the ordered product on the
RHS. Moreover, if A is a unital algebra, it is a well known general fact that one
can provide an equivalent norm on A for which the identity element has norm equal
to 1 (cf. [Rud91, Theorem 10.2]). From now on, we assume to work with such
equivalent norm whenever concerned with a Banach algebra.

2.2 Function spaces

We collect below some fundamental results of real analysis and fix the related
notation once for all. We also devote a part of this section to the presentation of
such results in the broadest setting of vector-valued analysis. The reason behind
this choice is that some tools are directly needed below in order to extend the results
of scalar time-frequency analysis. In fact, the main parts of this dissertation would
only require to consider the standard case FF = C or at most finite-dimensional
vector spaces such as F = C" and F = C™", so that the subtleties related to
infinite-dimensional target spaces are not relevant here and most of the proofs
ultimately reduce to componentwise arguments. Nevertheless, we decided to
embrace this wider perspective because developing these tools in full generality
does not require an excessive effort. Moreover, this approach is repaid by a unifying
and powerful framework which provides very natural and compact proofs also in
the cases £ = C" or £ = C™"*".

The notation and the basic results of analysis on infinite-dimensional spaces
are rather standard. All the proofs and further details on the results mentioned
below may be found for instance in [Amal9; GW03; HNVW16|.

In what follows we always consider functions f : R — E, where R? is provided
with the Lebesgue measure and F is a Banach space.

2.2.1 Weight functions

We will constantly employ weight functions, that is families of non-negative func-
tions, to precisely tune the decay or the regularity of other functions. Several types
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of weight functions are used in harmonic and time-frequency analysis depending
on the need. We collect below some basic definitions and facts, possibly under
slightly more restrictive assumptions than usual. We refer the reader to [Gro07]
for generalizations and further details.

Definition 2.2.1. (i) We say that v : R? — (0, 4+00) is a weight function if it
1S a continuous and symmetric function in each coordinate:

v(£xy, ..., xxg) =v(x,...,24), xR

(i1) v is called submultiplicative if

v(z +y) <v(z)v(y), =,ycR

11) Given a submultiplicative weight v, we say that a weight function m is v-
p g Y g
moderate if
m(z +y) Sv(@)m(y), w,yeR"

In general, we say that m is moderate if it is v-moderate for some submulti-
plicative weight v.

(iv) A weight v satisfies the Gelfand-Raikov-Shilov (GRS) condition if

lim v(nz)'/" =1, zeR%

n—oo
A standard family of weights is
Mapsi(T) = e (1 + |z|)¥log’ (e + |z|), a,b,s,t €R.

Note that tuning the parameters allows us to control polynomial, (sub)logarithmic
and (sub)exponential rates of decay/growth. In particular,

(i) if a,s,t > 0and 0 < b <1 then mgps; is submultiplicative;
(ii) if a,s,t € R and |b| <1 then mg; s is moderate;
(iii) if @, s,t > 0 and 0 < b < 1 then m, s, satisfies the GRS condition.
Moreover, a convenient characterization of the GRS property is as follows: if v is a

submultiplicative weight, then v is a GRS weight if and only if v(z) < e~ for any
¢ >0 [FGTI4.

Weights of particular relevance for our purposes are those of polynomial type,

namely
ve(w) == (14 |z|)*, s€R,zcR%
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Note that
V() < {(x)* < (14 || + ...+ |24])®, =€ R

hence we will tacitly switch from one form to another one whenever convenient. In
particular, for a polynomial weight v, on R?? we have

vs(2) X (2)° =< (L+ [a| + [€])°, 2= (2,€) € R*.

We collect below some elementary properties of weight functions that will be
used below.

Lemma 2.2.2. Let v be a submultiplicative weight and m be a v-moderate weight
on RY.

(i) The weight 1/v is v-moderate.

(i1) v grows at most exponentially, namely there exist C' > 0 and a > 0 such that
v(z) < Cel?l x € RY,

(iii) For any x,y € R,

m(z)
v(y)

S m(z —y) S m(z)v(y).

In particular, 1/v Sm Sv and 1/v S 1/m S wo.

(iv) If s > 0 then vs is submultiplicative. Moreover, if 0 < |r| <'s, then both vy
and v_g are v,.-moderate.

Important. In order to avoid the technical difficulties related with the expo-
nential growth of general submultiplicative weights, in the rest of the dissertation
all the weight functions are always assumed to grow at most polynomially. We thus
denote by M, (R??) the space of all the weight functions on R*® which are moderate
with respect to an admaissible weight function v, that is a submultiplicative weight
satisfying the GRS condition and of temperate growth (that is, v < vs for some
s € R); the same applies when we say that m is a moderate weight.

2.2.2 Lebesgue spaces

Fix 1 < p < oo and let m be a moderate weight on R¢. Consider the set LP, of
measurable functions f : R? — C such that

e = ([ 1@y <o
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The Lebesgue space L, (RY) is the quotient set of £P, by the equivalence relation

f~g=f=glw =0

The space L2 (RY) is defined similarly, where

[fllzee = eSS%gplf(x)lm(ﬂf)-

As usual, we write f € LP (R?) instead of [f] € LE,(R?), where [f] is the equivalence
class of functions which coincide with f € £P almost everywhere on R.

The family of Lebesque-Bochner spaces is the natural analogue of Lebesgue
spaces for vector-valued functions R? — E. They are defined by above with | - |
replaced by | - |g. When there is no risk of confusion, we will write L? for LP(R?)
and LP (E) for L?,(R? E); we omit the subscript for the weight when m = 1 and
write LP(E). In the case where m = v,, s € R, we write L?(E).

Most of the usual properties from the scalar-valued case extend in a natural
way (with the remarkable exception of duality [HNVW16]). We list those that are
needed below.

Proposition 2.2.3. (i) For any 1 < p < oo and m € M,(R?), LF (E) is a
Banach space with the norm || f|| e ) = I/ ()| gll 1o -

(ii) L*(H) is a Hilbert space with inner product given by

gy = [ (P90t

Rd

(111) (Hélder inequality) Given a multiplication e : Ey x Ey — Ej5, s1,$2 € R and
1 < pu,p2, p < 00 such that 1/p1+1/py = 1/p, if f € L (Eq) and g € L (E,)
then feg € Ly s, (Es) and | f .g||L§1+52(E3) <|f

L (E1)||9 LE2(Eo)

(iv) (Duality) For 1 < p < oo define the conjugate index p’ in such a way that
1/p+1/p =1 - with the understanding that p’ =1 if p = co. If m € M,
and E is reflexive then (LP (F)) ~ L’fl/m(E’) for 1 < p < oo, the duality
being given by

)= [ (10,90
for f € LP (E), g € Lf;’/m(E’).

(v) Fizr s € R and 1 <p <oo. Then f = (f1,...,fn) € LE(C™) if and only if
fi €L foranyj=1,...,n.
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For 1 < p,q < oo and a moderate weight m on R??, we introduce weighted
mized-norm Lebesque-Bochner spaces LP¥(RY, E) as above, the norm being

afp \ M4
wmwm:(@(wuu@%Maww)dg ,

with trivial modifications for the cases p = oo or ¢ = oo. In the case where
m = v, ® v, for some r, s € R we write L2I(E).

Most of mixed-norm Lebesgue spaces coincide with vector-valued Lebesgue
spaces as above. Precisely:

Proposition 2.2.4 ([Wah07, Lemma 3.8]). If 1 < p,q < co and m is a moderate
weight on R?? then LP4(RY, E) = L4(RY, LP (R4, E)) with equal norms. If p = oo
or ¢ = oo then LI(R? LP (R4 E)) C LPA(RY E) with equal norms and possibly
strict inclusion.

As a result, such spaces enjoy most of the expected properties from the scalar-
valued case, cf. |Gro01, Lemma 11.1.2] and [Wah07, Lemma 3.5-8].

2.2.3 Differentiable functions and distributions

Recall that a function f : R? — E is said to be differentiable at 2, € R? if there
exist vy, ...,vqy € F such that

T = fleo) = TG = ()

=0.
|x—z0|—0 ]35 — l’o’

The vectors vy, ...,vq are called first partial derivatives of f at xg, that is we set
0;f(xo) = v;. A differentiable function at x, is clearly continuous there; a function
f is said to be differentiable (on RY) if it is differentiable at every z € R

Let C(R% E) = C°(R%, E) denote the space of continuous maps R? — E. We
also write C,(R? E) for the set of uniformly continuous maps, Cy,(R?, E) [resp.
Cup(R?, E)] for the set of [resp. uniformly] bounded continuous functions and
Co(R?, E) for the set of continuous functions vanishing at infinity, namely such
that |f(x)|p — 0 as |z| — +oo.

Given k € N, k > 1, we recursively define the vector space C*(R%, E) as
the space of differentiable functions f : R — E such that 9;f € C* (R E),
j=1,...,d. We similarly define C}(R? E) as the space of k times continuously
differentiable E-valued bounded functions on R? with bounded derivatives up to
k-th order; it is a Banach space with norm

[fllcx(zy = max sup |0 f(z)]p-
a|<k ;cRrd
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We denote by (R, E) = (5, C*(R?, E) the space of smooth functions. We
also introduce the space C23,(R?, E) of smooth functions with bounded derivatives
of any order larger than k£ € N, namely

%RUE) ={feC®R,E) : |0°f(z)| < C, VzeR! aeN |a|>k}.

Notice that C2°(RY) = C%(RY) = Ni>oCF(RY) coincides with the well-known
Hormander class SQ,(R?) [GROS8; Hor85]. Recall that the latter is a Fréchet space
under the family of seminorms {{| - ||cx(g) tken. We emphasize that the class C'%}, is
also known as S((fo) in microlocal analysis [Tat04].

The set C*(RY E), k € NU {00}, is the subspace of functions in C*(R?, E)
with compact support.

Recall that the Schwartz class of E-valued rapidly decreasing functions S(RY, E)
is the subset of C*°(R¢, F) such that

Pme(f) = max sup|z®d’f(z)|, <oo, VmeN.
lol+[Bl1<m ;R

It is a Fréchet space with the topology induced by the family of seminorms
{pm.E}men and is a dense subset of LP(RY, F)) for any 1 < p < ooc.

The space of E-valued temperate distributions S'(R¢, E) consists of bounded
(complex-)linear maps from S(R?) to E, that is S'(R%, E) = L(S(R?), E), and we
set

(f.9)=f(¢) € E, feSRLE), ¢ SR

Example 2.2.5. 1. For 1 <p < oo any p-integrable E-valued function f can
be identified with a FE-valued temperate distribution as usual:

(F.6)= [ fota  geSEY,

Notice that this is a further meaning for the brackets (-, -).

2. Recall that a vector measure n on R? is a E-valued o-additive map on
the Borel o-algebra Bra of R? satisfying p(0) = 0. The total variation
|| = Bra = [0, +00] of a vector measure p is defined by

ul(B) = sup 3 ),

A€7T(B

where the supremum is taken over all the partitions w(B) of B into a finite
number of pairwise disjoint Borel subsets. The space M(RY, E) of all the E-
valued measures on RY such that |p|(R?) < oo (bounded variation) is provided
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2.2. Function spaces

with the norm ||p||pm = |p|(R?) < co. We have that M(RY E) C S'(RY, E)
(cf. [Amal9, Appendiz 2]):

06) = [ F0dutt). o€ SR,

We will use the following results concerning approximation of distributions and
extension of functionals, which are slight modifications of [Amal9, Theorems 1.3.3
and 1.7.2] - cf. [Wah07].

Theorem 2.2.6. 1. Firu € S'(RY E). There exists a sequence u, € S(R?, E)
such that u, — u in S'(R%, E).

2. Let e : Ey X Ey — E3 a multiplication on Banach spaces and consider the map
F:S(RY E)xS(R?, Ey) — Es defined by F(u,v) = [gq u(x)ev(x)dx. There
exists a unique continuous bilinear extension of F to S'(R%, Ey) x S(RY, Es).

We restrict now to the case £ = C for future reference. Given a normed linear
space of distributions X C S'(R%), we set

Xeomp = {u € X : supp(u) is a compact subset of R},

Xioe = {u € S'(RY) : ¢u € X Vo € C=(RY)}.

2.2.4 Basic operations on functions and distributions

Consider a function f: R? — E and let z, £ € R?. The translation and modulation
operators T, and M, are respectively defined by

Tf(t) = f(t =), Mcf(t) = e f(t), te R
Note that such operators do not commute unless x - £ € Z, since

Composition of translation and modulation operators are of primary relevance
in time-frequency analysis. We fix the ordering once for all and define the time-
frequency shift operator along z = (r,€) € R* as 7(2) == M,T,.

The reflection operator Z acts on a function f : R? — F as Zf(t) = f(—t),
t € R% We usually write fV in place of Zf for the sake of readability. We also
define the involution f* of f as f*(t) == f(—t), t € R%
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2. BaAsic FACTS OF ANALYSIS

Recall that the tensor product of two functions f, g : R¢ — C is defined by
f@g:R* = C: (2,y) = (f®g)(x,y) = f(2)9(y).

The tensor product ® maps S(R?) x S(R?) into S(R??). The tensor product
of two temperate distributions f,g € S'(R?) is the distribution f ® g € S&'(R??)
acting on any ® € S (R%g’y)) as

(f®9,®) = ([, {9, P(x,9))y)z;

meaning that g acts on the section ®(z,-) and then f acts on (g, ®(z,-)) € S(R?).
In particular, f ® g is the unique distribution such that

(f @ 9,01 ® da) = (f,01)(g,2), V1,02 € S(RY).

In conclusion, recall that the complex conjugate of a temperate distribution
f € 8'(RY) is denoted by f € S'(RY) and defined by the rule

(f.o) =(f.0). oeSR)

Given a matrix A € R%*? the dilation operator D4 acts on a function f : R —
E as Daf(t) = f(At). If A= A, = A for some X\ € R we write D) for Dy,. In
Section we will use the notation T4 for D4 as it is customary in that context.
We also introduce the unitary dilation Uaf(t) := |det A|Y2f(At); if A= Ay =\
for some A € R we write U, for Uy, .

2.3 The Fourier transform

The Fourier transform can be initially defined by a Bochner integral for f &€
LY (R4, E). Precisely, it is the operator F : L'(R?%, ) — L®(R? E) defined by

F©) = f(6) = / e 2 f(2)dr, € € RY

Rd

As a rule of thumb, the results which holds in the L' scalar-valued case
generally extend to the vector-valued case, but this principle does not hold in
the L? framework. For instance, we have the Riemann-Lebesgue lemma (that is

fe Co(R?, E) and |]ﬂ|Lw(E) < || fllzx(r)) and the inversion formula, namely if
£, f € LNR%, E) then
f(z) = / ETTEf(E)dE,  for ae. x € RY,
R4
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2.3. The Fourier transform

but the Hausdorfl-Young inequality does not hold in general [HNVW16]. In partic-
ular, it is a deep result by Kwapien [Kwa72| that the Plancherel theorem holds
only for Hilbert spaces. To be precise, F : L'(RY E) N L*(RY, E) — L*(R%, E)
extends to a unitary operator on L?(R¢, E) if and only if E is isomorphic to a
Hilbert space, namely E ~ H. In that case we have HfHLz(H) = || flle2ca)-

The restriction of F to S(R?, E) yields a continuous automorphism that enjoys
the usual properties, in particular the inversion formula F~! = ZF. Moreover, the
Fourier transform extends by duality to an isomorphism on &'(R¢, E) as follows:

(f.9)={(f.9), feSRLE) ge SR

For future reference we also define the (Bochner-)Fourier-Lebesgue spaces
FLY(RY E), where 1 < g < oo and s € R, consisting of distributions f € §'(R¢, F)
such that

1l Free) = “F_lf“Lg(E) < 0.

The following Bernstein-type lemma can be proved just as in the scalar-valued
case, cf. [WHHG11, Proposition 1.11].

Lemma 2.3.1. Let N > d/2 be an integer and 05 f € L*(R?, H) for any j =
1,...,d and 0 < k < N. Then

d d/2N
1-d/2N
1 lLresny < 1A (Zua;vfum)) . (2.2)
j=1

The symplectic Fourier transform F, of a function F € LY(R* E) is defined
by
FoF (2,€) = FF(J(2,€)) = FF(§, ~2), (2,6) €R™.

Note that this is an involution, that is F,(F,F) = F.

2.3.1 Convolution and Fourier multipliers

The convolution of vector-valued functions can be meaningfully defined as long as
the target spaces are provided with a multiplication structure. We consider some
easy examples and refer to [Amal9; HNVW16] for extensive accounts on the topic.

The convolution of two functions f € LP(R% E), 1 < p < oo, and g € L}(R?),
is defined by

frg(z) = » flz —y)g(y)dy.
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It is a well-defined Bochner integral for a.e. x € RY and satisfies the Young
inequality || f *gHLP(E) < ||f||LP(E)||g||L1‘

The convolution of f € §'(RY, E) with a Schwartz function g € S(R?) is defined
by the distribution f x g € §'(R¢, E) such that

(fxg.0)=(f,g"xd), Vo€ SR).

In fact, f * g € C*°(R% E) is a function of polynomial growth together with all its
derivatives.

In general, the e-convolution f; *, fo of fi € S(R% E}) and f, € S'(RY, Ey)
can be similarly defined by a smooth Fs-valued function for any multiplication
o F1 X By — E3 |[Amal9, Theorem 1.9.1]. We state some results that will be used

below; the proofs of more general versions of these facts can be found in [Amal9),
Sec. 1.9] and [Ker83|.

Proposition 2.3.2. (i) (Young inequality) Let 1 < p,q,r < oo satisfy 1/p +
1/g=1+41/r and sy, s2, s3 € R satisfy

$1+53>0, s5+4+53>0, 51459 >0.

If f € Lt (RY, Ey) and g € LY (R, Es), then f*, g € L (R%, Ej), with

—s3

1f *e QHU_SS(ES) S I/ L§1(E1)Hg LY, (Ea)

(ii) For any f € 8'(RY, E;) and g € S(RY, Ey):
J—"(f*.g):fog,

In the standard scalar-valued setting we have the following version of Young
inequality for mixed-norm spaces, cf. [BP61].

Proposition 2.3.3. Let m € M,(R*®) be a v-moderate weight on R*, and 1 <
Pi,GisD,q < 00,0 = 1,2. If F € LPv%(R?*?) and G € LP2®2(R??) then F * G €
La(R*), with 1/pr+1/p2 =1+ 1/p, 1/q1 +1/¢s = 1 +1/q and

IF * Glligs < |Fll o Gl gz (2.3)

We also introduce for future convenience the twisted convolution |Gro01] of

F,G € L*(R??) to be

(FiG)(z,€) = / em @I Py NG(x — 2l € — &) da'de!. (2.4)

R2d
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2.3. The Fourier transform

We finally define the Fourier multiplier with symbol p € S'(R?, E}) to be the
linear map

(D) f=F e f)=F 'ux feS R E),

the domain consisting of all f € S'(R?, E,) such that the latter convolution is well
defined.
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Chapter 3

Preliminaries of Time-Frequency
Analysis

In this chapter we provide an exposition of the main results of time-frequency
analysis of functions and distributions. We do not always provide pointers to
the literature for each result, not even proofs and heuristic comments, since our
presentation is largely inspired to the reference monographs [BO20; CR20; Gro01]
and the papers [Tof04a; [Tof04b; Wah07|. The reader is invited to consult these
references for further details.

3.1 Time-frequency representations

3.1.1 The short-time Fourier transform

The first example of a phase-space representation of a signal f € L?(R?) is provided
by the short-time Fourier transform (STFT), also known as windowed/sliding
Fourier transform or Gabor transform. As already mentioned in the introductory
Chapter [1], it does ultimately amount to a decomposition of f along the uniform
boxes in phase space occupied by the Gabor atoms 7(2)g, z € R??, for some fixed
window function g € L2(R%) \ {0}. Precisely, it is defined by

Vo f(2,€) = (f.m(z,€)g) = / e f(y) gly —a)dy,  (2,€) € R

R4

Recall the following equivalent representations:
Vof(2,8) = F(f - Tog)(€) = e 72 f x Meg™)(2). (3.1)

Note that the while we assumed g # 0 in the definition of the STFT, that is
natural in view of the related motivational discussions, is not essential from the
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3. PRELIMINARIES OF TIME-FREQUENCY ANALYSIS

mathematical point of view. The case g = 0 is clearly of little significance, but
still admissible, and the same holds for most of the properties given below. For
this reason we usually do not explicitly require the condition g # 0 to hold, unless
strictly necessary.

We stress that if f € LP(R?), 1 < p < oo, and g € L¥' (RY), then V, f is defined
pointwise on R??. In general, V,f is defined pointwise by duality if f € S'(R?)
and g € S(R?), and also if f € X’ and g € X for any Banach space X such
that S(RY) — X with dense inclusion (so that X’ — S’(R?)) and such that X
is invariant under time-frequency shifts. It can also be defined by a temperate

distribution in the case where f,g € S'(R?), see Section below. Note that
the definition also extends to the infinite-dimensional case for f € LP(R? E) and
ge LP(RY or f € S'(RY, E) and g € S(RY).

In any case where the STFT is defined in some sense, notice that the map
(f,g) — V,f is a sesquilinear mapping - namely linear in f and conjugate-linear in
g. In particular, for a fixed window ¢, the map V, : f — V, f is linear.

As far as the regularity of the STFT is concerned, we have the following result.

Proposition 3.1.1. 1. If f € LP(R%), 1 < p < oo, and g € LY (R?) then
V,f € Co(R*) and
Vo fllse < [1f1lzollgllor-

2. If f € S'(RYLE) and g € S(R?) then V,f € C*(R*) and there exist N € N
and C > 0 such that

Vof(2)le < C(A+]2)Y, = €R™
Moreover V, : 8'(RY) — S'(R??) is continuous.

3. Fiz g € S(R)\ {0}. If f € S'(R?Y) then f € S(RY) if and only if V,f €
S(R?4), or equivalently: for all N > 0 there exists Cy > 0 such that

Vof(2)| < On(1+2))7N, 2eR*™
Moreover V, : S(R?) — S(R*?) is continuous.

The following fundamental properties of the STFT will be used below.

Proposition 3.1.2. 1. (The fundamental STFT identity)

Vol (2,6) = e V5 (€, —a),

for all f,g € L? and (z,£) € R,
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3.1. Time-frequency representations

2. (Switching identity) If f,g € S(R?) then V,f(z,&) = e 2™ V,g(—x, =€),
(z,€) € R

3. (Covariance property) Fiz (u,v) € R*. Then
Vy(m(u,0) ) (,€) = e >V fa —u, € —v),
for all f,g € L? and (z,£) € R,

4. (Orthogonality relations) If fi, fo € L*(H) and g1,92 € L*, then V,, f; €
L*(H), 1=1,2, and

<V91 fl? Vg2f2>L2(H) = <f17 f2>L2(H) <g17 92>L2-

5. (Adjoint STFT) The adjoint STF'T with window g is the operator V,;* which
maps a measurable function F: R* — E of at most polynomial growth (i.e.,
|F(2)|e = O(|2|Y)) for some N € N) into the temperate distribution

x /(o d
Ve = /R F(2)r(2)gd= € 8'(R%, B)

which satisfies (VSF, ¢) = (F,Vy¢), ¢ € S(RY). If F € S(R*') then V/F €

S(RY).
6. (Inversion formula) Let f € S'(RY, E) and g,y € S(R?) be such that {g,~) #
0. Then,
1 1
f:—V*VfZ—/ Vo f(2)m(2)ydz. 3.2
o)V = gy e TN 32)

In particular, the STFT is injective on S'(R?, E).

7. (Change-of-window identity) Let g, h,y € S(RY) be such that {(h,v) # 0.
Then, for any f € S'(R4, E),

1
[{7, )]

8. (Tensor product) Let fi, fo € S'(R?) and g € S(R?*?) be such that g = g1 @ go
for some g1, 9o € S(RY). Then

‘/91®92(f1 & f2)<z7 C) = ‘/Qlfl(zl7 Cl)vngé(z% <2)7
for any z = (21, 2) € R, (= (G, ¢2) € R*.

Vaf (2] < (IVafle = Vil)(2), =€ R*. (3:3)

It is easy to see that the definition of V}F, g € S(R?), extends naturally
to F € S'(R*), and defines continuous mappings V;* : §'(R*) — S'(R?) and
Vv S(R) — S(RY).
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3. PRELIMINARIES OF TIME-FREQUENCY ANALYSIS

3.1.2 Quadratic representations

It is useful in several settings to produce time-frequency representations that depend
quadratically on the signal. For instance, similar functions are interpreted as phase-
space energy densities in signal analysis or as quasi-probability distributions in
quantum physics.

A standard way to obtain a quadratic representation given a sesquilinear one,
say L(f,g), is to consider either Q(f) = |L(f, g)|? for fixed g or Q(f) = L(f, f) -
possibly up to complex factors. In the latter case, for any aq, as € C and suitable
functions fi, fo we have

Qlan fi + asfo) = [u|*Q(f1) + cudzL(f1, fo) + aasL(fo, f1) + |aa?Q(f2)-

The non-linear behaviour due to the occurrence of interference cross-terms is
distinctive of quadratic representations. It is a major drawback both for applications
and theoretical purposes, but it is somehow compensated by other nice features as
showed below.

The most common quadratic representations (also called quadratic functions,
distributions or transforms) in signal analysis are the spectrogram and the radar
ambiguity distribution, which are derived from the short-time Fourier transform
as described above. In particular, the spectrogram of the signal f € L?(R%) with
respect to a window g € L?(R?) such that ||g||z2 = 1 is defined by S,(f)(z) =
[V, f(2)|?, 2 € R* while the ambiguity function of the signal f € L*(R?) is defined
by

Ambf(w,€) = é IS 4y 2 f @ - y/2)dy, () €RM.

In general, the cross-ambiguity function of the signals f, g € L*(RY) is
Amb(f, g)(z,€) = /d eI (x4 y/2)g(x —y/2)dy, (2,€) € R*.
R

A trivial substitution in the previous definitions reveal that

Ambf(x,€) = €™V, f(2,€), Amb(f,g)(x,&) = ™V, f(x,€).

It is then clear that most of the properties of the short-time Fourier transform
are inherited by the spectrogram and the ambiguity function, hence we omit an
explicit description here; we also mention that further properties are established in
Section 5.3 below.

The Wigner distribution (WD) of a signal f € L?(R%) is defined to be

WE(r,€) = / e IEf(y 4 o/ Ty~ 2/Ddy,  (x,€) € R,

R4
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while its polarized version (also known as the cross-Wigner distribution) for signals
f,g € L*(R?) is given by

W08 = [ ey + /25— /Dy, (5.6) € B
R
It is not difficult to show that the Wigner transform is related to the STFT as
follows: A
W(f,9)(x,€) = 2%e* ™"V f(22,2€),  (2,€) € R*. (3.4)

Moreover, it is related to the ambiguity function by means of the symplectic Fourier
transform:

W(f,g) = FoAmb(f,g), Amb(f,g) = F,W(f,g).

As a result of these connections, most of the properties of the STFT in Propositions
[3.1.1] and |3.1.2 extend to the Wigner distribution. Nevertheless, there are some
properties which are quite distinctive of this representation; we list below those
which are used in the rest of this dissertation.

Proposition 3.1.3. Let g, 1,92 € L*(R?) \ {0} and f, f1, fo € L*(R?). For any
z = (z,§) € R*:

1. We have
W(f, 9) = F%(f®7),

where Fy is the partial Fourier transform with respect to the second variable
on R?* and T, acts on F : R?** - C as

T F(z,y) = F(IT“/:C - y).

These operators are automorphisms of S(R??), hence extend to S'(R*?) and
allow one to define W (f,g) for f,g € S'(R%) (see also Chapter[3 below).

2. (Schwartz regularity) If f,g € S(R?) then W(f,g) € S(R*?). In particular,
the correspondence S(RY) x S(RY) 3 (f,g) — W (f, g) € S(R*?) is continuous.

3. (The fundamental WD identity) W(f,g)(x,§) = W(f, 9)(&, —x).
4. (Real-valuedness) W (f, g)(z) = W(g, f)(2). In particular, W f : R* — R.
5. (Covariance property) Fiz u,v € R*!. Then

W(n(u)f, 7(0)g)(2) = ot Comwn T W () () (35)

In particular,

W(r(u)f)(z) = Wf(z = u).
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6. (Moyal’s formula) W (f;,g;) € L*(RY), i = 1,2, and

<W(f17gl>7W(f2792)> = <f17f2><91792>‘ (36)
In particular, |Wf|rz = ||f]|3..
7. (Marginal densities) If f,g € S(RY) then

R P —

y W(f, 9)(z,8)d¢ = f(x)g(x), W(f, 9)(x,&)dx = f(§)g(s)-

R4

8. (Projective identification) If W f = W g then there exists ¢ € C, |c| = 1, such
that f = cg.

9. (The “magic formula” [Gri06d]) Let ¢ € S(RY) and set ® = W¢ € S(R*).
For all z = (21, 29),( = (1, () € R*,

VoW (g, [)(2,¢) = e ™2V, f(z1 + (2/2, 22 — 1/2)Vpg(21— (2/2, 22+ (1/2).
(3.7)

10. (Hudson’s theorem) W (f,g)(z) > 0 for all z € R*® if and only if f = cg for
some ¢ > 0 and g is a generalized Gaussian function, namely g(t) = e9®
where Q : RY — C is a quadratic polynomial such that Re Q(z) — 400 as
|z| — 0.

We stress once again that finding a remedy to the lack of positivity of the
Wigner distribution is a central issue in signal analysis and mathematical physics.
Inspired by heuristic arguments on the uncertainty principle, the following class of
phase-space representations were introduced by L. Cohen [Coh95]. The following
definition is widely accepted in the mathematical literature.

Definition 3.1.4 (|Gro01]). A sesquilinear form Q : S(RY) x S(R?Y) — S(R*?)
belongs to the Cohen class if there exists 0 € S'(R*?) (the Cohen kernel) such that

Q(f.9) = Qo(f.9) =W(f.g)x0,  Vf ge SR

More details on this topic may be found in Chapter |5 below.

We conclude this section with a brief description of the Wigner distribution in
the infinite-dimensional setting (in addition to the obvious considerations related
to (3.4)). Given f,g € L*(R?, H), the Wigner distribution W(f, g)(z,€) € L(H),
r,& € R?, is defined by follows:

W(f,9)(x,&) = [FL,P(f, 9)(x,)I(&),
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where we introduced the projector-valued function

P(f.g) :R* = &'(H),  P(f,9)(=y) =|f(2)) g,

and T, acts on F : R*? — H as T,F(z,y) = F(x +y/2,z — y/2). It is therefore
clear that W (f,g) : R* — G*(H) and in particular [Fol89; [Wah(7]

(W (f, 9)(z,&u,v)y = / e V(@ +y/2),0) y(g(x — y/2), u) ydy,

Rd

for any u,v € H. More concisely, we have (W (f,g)(x,&)u,v),; = W (fo, Gu)(z,€),
where on the right-hand side we have the ordinary Wigner distribution of the
functions () = (/(£),0) and Gu(t) = (g(t), ).

The following properties of the Wigner distributions are similar to those listed
in Proposition [3.1.3| and can be easily derived in the vector-valued context.

Proposition 3.1.5. For any f,g € S(R? H) and x,£ € R4:
(i) W(f,9) € S(R*, &' (H)).

(ii) W(f.9)(x,€) = W(f.9)(& —a).

(iii) o W (f, 9)(x, &)dz = | £(£))(G(£)]-

(1) [pa W(f,9)(x,§)d€ = [f(x))(g()].

The Wigner transform can be extended to f,g € S’'(R¢, H) as follows [Wah07].

Let ® = W (¢, o) for ¢1,¢2 € S(R?); then W(f,g) € S'(R* &' (H)) is the
distribution satisfying

(<W<f’ g)7q)>u7U>H = <<f7 ¢1>7U)H(<g7¢2>7u)H7 u,v S H

The following result is crucial for the results on pseudodifferential operators. It
is the parallel of the magic formula (3.7)).

Proposition 3.1.6 ([Wah07, Lemma 4.5]). Let f,g € S'(R% H), ¢ € S(R?) and
O =Wo e S(R*). For all 2= (21,2),( = (¢1, () € R*,

VoW (g, f)(z, Ol = Vo f (214+C2/2, 22— Ci /2) || || Vog(21 — (2 /2, Z2+C1/2()HH)-
3.8
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3.2 Modulation spaces

Modulation spaces were introduced by H. Feichtinger in the early 1980s [Fei03;
Fei81]. According to the inventor [Fei06], the original motivation in defining
modulation spaces is rooted in the theory of harmonic analysis over locally compact
Abelian groups; in particular, the need of a whole family of Banach spaces closed
under duality and complex interpolation lead to the definition of modulation spaces
in terms of uniform decompositions on the spectral side of their members. Therefore,
in the first instance they can be thought of as Besov spaces with isometric boxes in
the frequency domain instead of dyadic annuli. A much more insightful definition
is given in terms of the global decay/summability of the phase-space concentration
of a function or a distribution; this is in fact the so-called coorbit representation
of modulation spaces, which falls in the perspective of the general coorbit theory
developed by Feichtinger and Gréchenig around 1990 [FG88; FG89a; FG89b|.

Definition 3.2.1. Let m € M,(R??) be a moderate weight and 1 < p,q < 0o, and
fir g € S(RY)\ {0}. The modulation space MP4(RY) is the set of all temperate
distributions f € S'(R?) such that

a/p 1/q
I lgs = IIngIILng(/R ([t grme. o) dg) <o0, (39)

with suitable modifications in the cases p = oo or ¢ = oco. If p = q we write
MP (R%); we omit the subscript for the weight if m = 1 and write MP(R?). If
m(z, &) = ve(z)vs(€), 7,5 € R, we write MPJI(RY).

Remark 3.2.2. 1. The name “modulation space” comes from noticing that
\Vof(x,6)| = |f* Mcg*(z)|. The test function g is thus deformed by means of
modulation, while in context of Besov spaces one is ultimately concerned with
the Lebesgue regularity of f x Deg, where Deg is a suitable dilation. Such
characterizations were used by Peetre and Triebel and lead to develop the
theory of modulation spaces by paralleling that of the Besov spaces, cf. [Pee76;
Tri7§].

2. The definition of modulation spaces can be given in more general settings.
A definition of MP? in the case 0 < p,q < 0o (quasi-Banach setting) was
provided by Galperin and Samarah in [GS04], while mized modulation spaces
were considered in [CN19/.

3. Recall that we always restrict to weights of temperate growth in order to frame
the theory of modulation spaces in the context of temperate distributions. More
general weights can be taken into account, at the price of enlarging the universe
space to ultra-distributions [Teo06].
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3.2. Modulation spaces

We collect in the following result the main properties of modulation spaces that
will be used throughout the dissertation.

Proposition 3.2.3. Let m € M,(R*) be a moderate weight.

1. (Banach space property) For any 1 < p,q < oo, the modulation space MP;%(R?)
is a Banach space with the norm (3.9)) which is invariant under time-frequency
shifts. The definition does not depend on the window function g in (3.9), in

the sense that ||V f| pa is an equivalent norm for MP? for any choice of

¢ € M} (RY).

2. (Density of S) The Schwartz space S(R?) is a subset of MP4(R?) for any
1 < p,q < o0, in particular a dense subset if p,q # oco. Moreover, the
following characterization holds for any 1 < p,q < oco:

SRY) = MPIRY), SR =[] MR (3.10)

s>0 s>0

3. (Reconstruction formula) If g,y € ML(R?) \ {0}, then V, : MPY(RY) —
LEa(R?*) and V- LE9(RY) — MEA(R?*?) are bounded operators. Moreover,
if (g,7) # 0 then the inversion formula holds for any f € MP4(R?); in
short, 1dymagay = <7,g>*1V7*Vg.

4. (Duality) If 1 < p,q < oo then (MP4(R?)) =~ Mf}f;(Rd) and the duality
pairing is given by

4= [ VTR

for f € MP4(RY), h € Mf/,;?; (RY) and g € M}(R?)\ {0}. As a consequence,
for any 1 < p,q < oo,

[l = sup [{f, Bl

v .q
heMl/m

' : d : d
5. (Inclusions) If p1 < pa, q1 < g2 and my 2, my then MPL®(R®) C MP292(R?).
In particular, for any 1 < p,q < oo,

M;(R?) € MEA(RT) € M5, (RY).
6. (Local properties) For any 1 < p,q < oo,
(MPI(R))ioe = (FLI R ioe,  (MPU(R))comp = (FLI(R?))comp-
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3. PRELIMINARIES OF TIME-FREQUENCY ANALYSIS

7. (Complex interpolation) Let 0 < 6 < 1, 1 < p1,p2, q1,q2 < 00 and my,mg €
M, (R*). Then [MP 9 (R?), MP2%(R)]jg = MEA(RY), where

frd + -, - = ‘I— I m = ml m2-
p b1 D2 q q 42

The boundedness of some operations on modulation spaces is established in
the following result.

Proposition 3.2.4. 1. (Convolution) Let 1 < p,q,p1,q1,p2,q2 < 00. Then

1f % gllarpa S N f lagrran || gllasrziae
if and only if

2. (Multiplication) Let 1 < p,q,p1,q1,p2,q2 < 00. Then

1f - gllarea S [ fllaeran ||l arez.a
if and only if

1 1 1 1 1 1

pr p2 P q1 Q2 q

3. (Dilation) Let A € GL(d,R) and 1 < p,q < co. For any f € MP9(R?),
[1Dafllara S Cpg(A)f[asra,
where C, ,(A) = | det A|~(/PHU/d) (det(1 + AT A))1/2.
4. (Tensor product) Let m; € M,,(R**) and f; € MEA(R?), i = 1,2. Then
111 @ fallazs S N Fillaezell f2llamg, (3.11)
g?lsre m(z,¢) = ma(21, Q)ma(z2, Go) for 2 = (21,22) € R* and ¢ = (G1,G2) €

In conclusion, we mention that many common function spaces are embedded in
modulation spaces.

Proposition 3.2.5. (i) Ifm € M,(R?), then M2, (R?) coincides with L? (R?),

while M12®m(Rd) coincides with FL?,(R%). In particular, M&S(Rd) coincides

with the usual L?-based Sobolev space H*(RY), s € R.

(i1) The following continuous embeddings with Lebesque spaces hold:
MP(RY) C LP(RY) € MP2(RY), ¢ <min{p,p'}, ¢ > max{p,p'}.
Stmilarly,
M®P(RY ¢ FLP(RY) ¢ M29(RY), ¢ <min{2,p'}, ¢ > max{2,p'}.
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3.2. Modulation spaces

3.2.1 Vector-valued modulation spaces

The generalization of modulation spaces in the infinite-dimensional setting is quite
natural.

Definition 3.2.6. Let 1 < p,q < oo and m € M,(R*®). The E-valued modulation
space MPA(RY, E) consists of distributions f € S'(R?, E)) such that

1/q

q/p
||f\|M;;{q<E>:(/Rd(/Rd\vgf<x,s>%m(x,@pdx) d§> <00, (312)

for some g € S(RY), with suitable modification for p = oo or q = co.

We will mainly focus on the case where m = v, ® v, for some r, s € R. In this
case we write M;f’sq(]Rd, E). Furthermore, when there is no risk of confusion we
write MP9 in the ordinary setting £ = C and M24(E) in general.

Most of the ordinary theory extends to the vector-valued context by simply
substituting | - | with | - |g in the proofs. For our purposes, it is enough to mention
the following properties.

Proposition 3.2.7. Let 1 < p,q < oo and m € M,(R??) be a moderate weight.

(i) MPA(E) is a Banach space with the norm (3.12)), which is independent of the
window function g € M} (i.e., different windows yield equivalent norms).

(ii) If p,q < oo the Schwartz class S(RY, E) is dense in MP:4(E).
(i) If p1 < pa, @1 < g2 and may 2, my, then MELT(E) C MP%%(E).

(iv) If fi € SR E"), fo € S(RY E) and g1, g2 € S(R?), then
/ Vi f1(2), Viu Fol2))d2 = (g1, 92) / (1 (9), Foly))dy.
R2d R4

(v) If g,y € M)(R?)\ {0}, then V, : MEYR E) — LEA(R* E) and V> :
LPA(R?* E) — MP4(RY E) are bounded operators. Moreover, if (g,7y) #
0 then the inversion formula (3.2)) holds for any f € MPA(E); in short,

Idymam) = (v, 9) ' VIV,

(vi) If E = C™, then f € MEY(C*®) if and only if fi; € MPY for any i =
1,...,a,7=1,...,b.
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3. PRELIMINARIES OF TIME-FREQUENCY ANALYSIS

Remark 3.2.8. In contrast to the aforementioned properties, duality is a quite
subtle question (cf. [Wah07]). In order to avoid related issues, which usually occur
when p,q € {1,00}, it is convenient to introduce the space MPI(E), namely the
closure of S(E) with respect to the MP:? norm. In particular we have MPA(E) =
MPYE) for1<p,q< occ.

3.2.2 Modulation spaces as Wiener amalgams on the
Fourier side

Let us consider the action of the Fourier transform on f € M?4 where 1 < p,q < oo
and m € M, (R?*?). Recall from Proposition that, for g € S,

Vof ()| = [Vaf (J2)],
hence

. a/p 1/a
g = ( [ (Vadtoypmi-g opag) ")

Therefore, the space FMP4 comes with a Banach norm given by

1/q
1Pllage = ( /R (Voh(a, O)Pmie, —x)pd5>q/pdx) |

We see that this norm is similar to that of the corresponding modulation space but
with reversed order of integration over time and frequency and a swap of variables
in the weight function.

We define in general the space W24(R?, E) as WE4(R%, E) .= FM}? (R E).
The related notation is derived from that of modulation spaces, in particular we
write WP when £ = C, WP{(E) in the case where m = u ® w, u = v, and w = v,

for some r,s € R, and WP(E) for p = ¢ and m = 1.
It is worth mentioning that if m = u ® w, where u,v are (even) moderate
weights on R?, then for f € MDY (E) we have
[ f g

uRv

(BE) = ||||f'm(g)H}'Lﬁ(Rd,E)HLZJ(Rg) = ||f||MW (E)-

URv

Note that the norm of this space is defined by imposing a global Li-regularity
condition on a “sliding” local FLP-regularity measure. This structure in fact
characterizes the norm of Wiener amalgam spaces, where global and local features
of functions are “amalgamated”. The seminal papers on the topic date back to the
work of N. Wiener [Wie26 Wie32; Wie8§|; for a systematic review of the subject
we address to the references [BS81; [Fei90; F'S85; |Hei03; Hol75|.

The formulation of amalgam spaces can be given in greater generality, we
restrict to those spaces appearing in the dissertation.
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3.2. Modulation spaces

Definition 3.2.9. Let (B, || - ||g) any of the spaces LP(RY, E), FLP(RY E) or
LPA(R?* E) for some 1 < p,q < oo and moderate weights u,m. Let (C,| - |lc)
be any of the spaces LE(R? E) or LP4(R* E) for some 1 < p,q < oo and v,-
moderate weights u,m for some s > 0. The Wiener amalgam space W (B, C') with
local component B and global component C' is defined by

W(B,C)(R") = {f € Bic : Fy(f) € C},

where g € CX(RY) \ {0} is a fized window function and F, is the associated
control function: F,(f)(x) = ||f - Twglls. The natural norm on W(B,C) is

1fllws.c) = Fylle-

It turns out that Wi (R?) = W (FLP, L?)(R?). This should not come as a
surprise, since Wiener amalgam spaces were introduced before modulation spaces
and in fact Feichtinger admitted that the latter were originally designed as amalgam
spaces on the Fourier side |Fei06]. Note that W?(E) = MP(FE) for any 1 < p < o0,
in particular M?(E) = W?(E) = L*(E).

We now state the more important properties of Wiener amalgam spaces.

Proposition 3.2.10. Let B, B; be local component spaces and C,C; be global
component spaces, (i =1,2,3).

1. (Banach space property) (W (B,C)(R?),| - lw,c)) is a Banach space con-
tinuously embedded into S'(R?); moreover, different window functions provide
equivalent norms.

2. (Embeddings) If By < By and Cy < Csy, then W (B, Cy) < W (Bs, Cs).
3. (Complex interpolation) For 0 < 6 < 1 we have
(W(B1, C1), W (B, Cy)lig) = W([By, Baljg), [C1, Calpey)
if C1 or Cy has absolutely continuous norrrﬂ

4. (Duality) If B', C" are the topological dual spaces of B, C' respectively, and
the space of test functions C° is dense in both B and C, then W(B,C) =
W(B',C").

'Recall that a Banach space (Y, || |ly) of functions R™ — C has an absolutely continuous norm
if the Banach dual Y’ coincides with Yx := {g : R® — C measurable : gf € L'(R?), Vf € Y}.
For instance, LP(R?) has an absolutely continuous norm for 1 < p < co. See [BS88| for further
details.
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3. PRELIMINARIES OF TIME-FREQUENCY ANALYSIS

5. (Admissible windows) If u; € M,,(R%), i =1,2, and 1 < p,q < oo, the class
of admissible windows for the norm in the definition of W%, (E) can be
extended from C° to W}

v1 QU3

Note that this general framework allows one to use the tools of decomposition
spaces to further study the properties of such spaces. In order to exploit this
connection for future purposes we introduce a useful equivalent discrete norm for
the amalgam spaces W2¢(R?, E); the general case is covered in [Fei83]. Recall that
a bounded uniform partition of function (BUPU) ({4 }ier, (%i)icr, U) consists of
a family of non-negative functions in F L|1T|(Rd) {%:}ier such that the following
conditions are satisfied:

L e vi(x) = 1, for any x € R
2. SupieIHwiH}‘L‘lﬂ < 00;

3. there exist a discrete family (z;);e; in R? and a relatively compact set U C R4
such that supp(;) C z; + U for any ¢ € I, and

4. supje; #{j i+ UNx; + U # 0} < o0

A general result in the theory of amalgam spaces is the following norm equivalence
in the spirit of decomposition spaces:

1/q
“fHWﬁ*Sq(E) = (Z“f 2/%‘H?‘LI;(E) <xi>sq> : (3'13>
el

A similar characterization holds for modulation spaces [Fei03; [WZGO06|, provid-
ing a norm comparable to that of Besov spaces:

1/q

||f”Mﬁ1;1(E) = <Z||Dz’f”ng(E)<xi>sq> (3.14)
iel

where we introduced the frequency-uniform decomposition operators

0O, = F ', F, iel.

In particular, a Young type result can be obtained after a suitable modification
of the proof of |Fei83, Thmeorem 3].
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3.2. Modulation spaces

Theorem 3.2.11. Let e : Ey X Es — E3 be a multiplication for the triple of Banach
spaces (B, By, E3). For any 1 < p1,pa, 3, q1, G2, g3 < 00 and 11,732,713, 51, 52,53 € R
such that

FLP(RY, Ey) xg FLP2 (R, Ey) — FLP*(R?, Ej),

L% (R?) « L=(RY) — LB(R?),
the following inclusion holds:

Wena (]Rd, El) xq VWP2:92 (Rd, EQ) s J/Psias (Rd, E3>.

71,51 72,52 73,53

Proof. For the benefit of the reader we sketch here a short proof in the spirit
of [Hei03, Theorem 11.8.3]. We consider as a BUPU for WF2(R?, E) the family
{Wn heze C C2(RY) C .7-'L|17,|(Rd) defined by

_ o(t—h)
Zkezd (b(t - k)’

for a fixed ¢ € C°(R?), ¢ > 0, such that ¢(t) =1 for ¢t € [0,1]¢ and ¢(¢) = 0 for
t € R?\ [—1,2]¢. After introducing the control functions

\Ilﬂpﬂ",E(k) = Hf %HM(W,E), ke Zd,
the equivalent norm (3.13)) becomes

Ur(t) t € RY,

624

1/q
||f||W£*5q(E) = (an ¢k||§:L£(Rd,E)<k>qs> = H\IIfWEE

kezd

For f € WPa (R4 E)) and g € WP2%2(RY, Ey) set frn = fm, gn = g for

71,81 72,52

m,n € Z% In view of the support property |[Amal9, Remark 1.9.6(f)] and the
properties of BUPUs, we have

supp(fm *e gn) C supp(fin) + supp(gn) = m + n + 2 suppy.

It is then clear that the cardinality of the set Ji :== {(m,n) € Z>? : supp((fo *.
gn)¥r) # 0} is finite for any k € Z? and is uniformly bounded with respect to
m,n, k. In fact, notice that

Je={(m,n) €Z*:m =k —n+a, |a| < N(d)},

for a fixed constant N(d) € N depending only on the dimension d. Therefore, an
easy computation yields

\ij*ogvp377’37E3(k> = Z \ij,Pth,El * ‘11971)277’27152(]{; + Oz),

la|<N(d)
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3. PRELIMINARIES OF TIME-FREQUENCY ANALYSIS

and hence

|f *e 9||W£§;§§(E3) S ||f||wf11;§11(131)||9||Wf.’;,;q22(E2)a

that is the claim. O

Remark 3.2.12. In view of the relation with modulation spaces and Young in-
equality for convolution, under the same assumptions of the previous theorem we
also have
M2 (R, By) o M2 (R, Fp) > ME (RY, B).
An interesting relation between modulation and Wiener amalgam spaces is
given by the following set of generalized Hausdorff-Young inequalities, which are a
direct consequence of Minkowski’s integral inequality:

MPHE) — WIP(E), 1<q¢<p<oo,rseck (3.15)

WPI(E) = MPUE), 1<p<q<oo,rs>0.

3.2.3 A Banach-Gelfand triple of modulation spaces

The modulation space M*(IR%) has a rather special role in the theory of modulation
spaces. It is in fact the first kind of modulation space introduced by Feichtinger
as a special, new Segal algebra [Fei81]. It is known since then as the Feichtinger
algebra; we address the reader to the recent paper [Jakl8] for a comprehensive
survey on the topic.

Note that M* C MP4 C M™ for any 1 < p,q < oo, and in particular
MYRY) c L*(R?Y) c M*>(R?). There has been an increasing interest for the
triple (M, M?, M) as a replacement of the standard Gelfand triple (S, L* S)
of real harmonic analysis [FLCO8|. Recall that a Gelfand triple (also known as
rigged Hilbert space in quantum mechanics) consists of a separable Hilbert space
H and a topological vector space ) such that the inclusion ¢ : Q — H is an
injective bounded operator with dense image [Ant98]; note that the adjoint map
i*: H ~ H — (@ is injective too and the inner product on H extends to the
duality pairing (Q — @' in a natural way.

In particular, Feichtinger’s algebra is a good substitute of the Schwartz class of
test functions for the purposes of Gabor analysis - except for applications to PDEs
or to situations where a control on the regularity is required [Feil9; FJ20]. We list
below the main properties of M*! as a function space - it may be helpful to recall
that M' = W1

Proposition 3.2.13. 1. f € M if and only if f € L* and V,f € L' for all
g € M. In particular f € M*' <= Ambf € L.
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2. If f € M*, then f,f € L' and f is continuous.

3. M is a time-frequency homogeneous Banach space: for any z € R*?, f €
M*(RY), one has w(2)f € MY (RY) and |7 (2)f||anr = || fllar- In particular,
it 1s the smallest time-frequency homogeneous Banach space containing the
Gaussian function.

4. The Schwartz class S is a dense subset of M' and L? is the completion of
M?' with respect to the L? norm.

5. M* is invariant under the Fourier transform, i.e. for any f € M*(RY) one
has f € MY(R?) and || f|lar = || flar-

6. M*' is a Banach algebra under both convolution and pointwise multiplication.

The Feichtinger algebra is also well behaved under tensor products and we list
a few results in this respect.

Proposition 3.2.14. (i) The tensor product @ : M*(R%) x M'(R?) — M?!(R%)
s a bilinear bounded operator.

(i) M* enjoys the projective tensor factorization property:
MY (R*) ~ MY (R)@M'(RY),

namely the space M (R??) consists of all functions of the form

f:Zgn®hna

neN

where {g,}, {hn} are (sequences of ) functions in M*(R?) such that

S llgallar [hallan < .

neN

(iii) The tensor product is well defined on M*>: for any f,g € M*®(RY), f ® g is
the unique element of M>(R?) such that

(f®g,01®@ ) = (f,d1){g, d2), V1,05 € M'(R?).

The parallel with the standard triple (S, L? &') is further reinforced by a
fundamental kernel theorem; just as the (temperate) distributions are related to
the Schwartz kernel theorem, the Feichtinger kernel theorem [FG97] characterizes
operators M! — M> as follows - see also [CN19).

83



3. PRELIMINARIES OF TIME-FREQUENCY ANALYSIS

Theorem 3.2.15. (i) Every distribution k € M>(R??) defines a bounded linear
operator Ty, : M (R?) — M>(R?) according to the rule

<kaag>:<k7g®7>7 vfageMl(Rd)a
with [Tyl sage < ¥l

(ii) For any bounded operator T : M*(RY) — M>(RY) there exists a unique
kernel kp € M (R??) such that

(Tf,g) = (kr,g® f), Vf g€ M (RY.

3.2.4 The Sjostrand class and related spaces

Another special member of the family of modulation spaces is M. This is
also known as the Sjostrand class after the seminal paper [Sj694], where it was
introduced as an exotic symbol class still yielding bounded pseudodifferential
operators on L?. It was later recognized that operators with symbols in this space
enjoy several other properties, see Section for a thorough account.

Pseudodifferential operators with Sjostrand symbols have also been used as
potential perturbations for the Schrodinger equation, since they are particularly
well suited to the Gabor analysis of the corresponding propagator - cf. Chapter
below.

For the moment we highlight some important properties that will be used
below.

Proposition 3.2.16. 1. MY E) C (FL'(E)),. N L®(FE) C Cy(FE).
2. (MY E))oe = (FLY(E))ioc-

3. If k € N and k > d then CF(E) C M*'(E). Moreover, C°(E) =
Nuso M3 (E) = N0 Mgosl(E)

4. FM(E) C M>Y(E), where M(E) is the space of E-valued vector measures
of bounded variation on RY.

Proof. 1. It is a direct consequence of the definition.
2. See Proposition - for the proof, see [BO20, Proposition 2.9].

3. The proof in the scalar-valued case can be found in [Gr601, Theorem 14.5.3]
and |[GRO8, Lemma 6.1]. The proof in the vector-valued case goes exactly as
the previous one, with | - | replaced by | - |g.
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4. We prove equivalently that M(E) C W°'(E). Recall that M(E) C S'(E),
hence for any non-zero window g € § we can explicitly write the STFT of

pe M(E):
Ve, = (1. MeTog) = [ e G0y = 2du(n)

Therefore,

il = / sup [Vypa(z, €)| pde

d {ERd

< [ s [ e GG ) de
R

£eRd JRE

N / / l9(y — 2)|dlu|(y) dz
- / / l9(y — 2)ldz dlul(y)

= llgllz ]l (RY) < 0.
0

We mention that the (scalar-valued) Sjostrand class is provided with a Banach
algebra structure with respect to the pointwise multiplication, as a result of the
following characterization - in fact, it also enjoys a non-commutative algebra
structure under Weyl product of symbols, see Section below.

Proposition 3.2.17 ([RS16, Theorem 3.5 and Corollary 2.10]). Let 1 < p,q < o0
and s € R. The following facts are equivalent.

(1) M&’g is a Banach algebra for pointwise multiplication.

(i4) MEd — L.

(i1i) Fither s=0 and g=1 or s >d/q.

Remark 3.2.18. We clarify once for all that the preceding results concern the
conditions under which the embedding Mg! - Mgd — Mg is continuous, hence
there exists a constant C' > 0 such that

||f9||Mg;g < C“f”Mg;gHgHMg;ga Vf, g€ Mgy,

Thus, the algebra property holds up to a constant. Recall that we always assume to
normalize the norm in such a way that C =1, in according with Remark|2.1.1]

Functions in M°*! enjoy nice low-pass decompositions, in the sense of the
following results.
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Proposition 3.2.19. For any € > 0 and f € M*™Y(E), there exist f; € C2°(F)
and fy € M°Y(E) such that

f=h+/f 1 follareea ) < €

Proof. Fix g € S with ||g||2 = 1, and set
fily) = Vi (Vo - Tag)(y) = /A Vo (2,€)e*™ < g(y — x)dxdg, (3.16)

in the sense of distributions, where Ar = {(z,£) € R* : |¢] < R}, and R > 0 will
be chosen later, depending on e.

The integral in (3.16)) actually converges for every y and defines a bounded
function. Indeed, setting S(§) = sup,cpa |Vyf(@,&)|p, we have S € L' by the
assumption f € M°1(E), and for any y € RY,

rﬁwmﬁgéwwﬂm@mmw—xwm%

< gl lISllze.

Similarly one shows that all the derivatives 9% f; are bounded, using that £*S(&) is
integrable on |¢| < R. Differentiation under the integral sign is permitted because
for v in a neighbourhood of any fixed vy, € R? and every N,

Vo f (2, )05 [ g(y — 2)]|p < Cn(1+ [€)™S(E) (1 + |yo — =),

which is integrable in Ar. Hence f; € Ci°(E).

Now, let fo = f — fi =V (V,f - 1a¢ ), where in the second equality we used
the inversion formula for the STFT (3.2). The continuity of V,* : L>>!(R*!, E) —
MR E) yields

[ fallareer iy = 1V (Vo f - Lag,) [ areor (i)
SIVof - Lag )

:/‘ S(E)de < e
|€[>R

provided that R = R, is large enough. O]

Proposition 3.2.20. Let f : R — E be such that 0°f € M°(E) for any o € N¢
such that || = k for some k € N. Then there exist fi € C3,(E) and f, € M*'(E)
such that f = f1 + fo.
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Proof. Fix a smooth cut-off function y € C>°(R?) supported in a neighbourhood
of the origin and such that x = 1 near zero, then consider the Fourier multiplier

x(D) with symbol . Set fi = x(D)f and fo = (I — x(D))f. Clearly f = fi + fo
and we argue that f; and fs satisfy the claimed properties.

Indeed, f; € C°°(E) and for any a € N%, |a| = k, we have
0° fi = 9°(x(D)f) = x(D)(0° f) € M>!(E),

since 9°x (D) is a Fourier multiplier with symbol (27i&)*x(£) € C>°(R?), hence
0°x(D) = x(D)d* and x(D) is continuous on M°>!(E) by Proposition below.
Furthermore, similar arguments imply that for any a € N¢, |a| > k,

0°fr = 0°PO (X(D)f) = (0°7x(D)(9°f) € M (E).

where 8 € N¥ satisfies | 3| = k. In order to prove the claim for f, consider the finite
smooth partition of unity {¢; }jvzl of the unit sphere S¢~1 C R subordinated to

the open cover {U;}9_,, where U; = {x € S*"' : x; # 0}. Then we extend each

function ¢; on R?\ {0} by zero-degree homogeneity, namely
Z(pj(ac) =1, p;(ar) = pj(x), Vo € S a > 0.

This procedure gives a finite partition of unity {goj}zzl on R4\ {0}. Then

fle) = [ s - o)

d

=3 [ (rasae )]

= > GO @)

and thus f, € M*!(E) since each x;(D) is a Fourier multiplier with symbol
(1 — x(&);(€)/(2mi&;)" € CFH(RY), hence bounded on M>!(E). O

Narrow convergence. Convergence in M°! norm is a quite strong requirement.
For instance, it is well known that C'° is not dense in M°>! with the norm topology
[Sj694]; this fact inhibits the standard approximation arguments and leads to restrict
to subspaces such as M®!. Another way to cope with this problem consists in
weakening the notion of convergence as follows [CNR15b; [Sjo94].
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3. PRELIMINARIES OF TIME-FREQUENCY ANALYSIS

Definition 3.2.21. Let m € M,(R*) and let Q be a subset of some Euclidean
space and s € R. The map Q > v — o, € MY R?, E) is said to be continuous
for the narrow convergence if:

1. it is a continuous map in S'(R%, E) (weakly), and

2. there exists a function h € L*(R?) such that for some (hence any) nonzero
window g € S(RY) one has sup,cga |Vy0.,(z, E)m(z,&)|g < h(€) for any v € Q
and a.e. £ € R,

The advantages of narrow convergence will be used below in connection with
the Weyl quantization. For the moment, we just stress that S(R?) is dense in M°!
with respect to the narrow convergence [Sj694].

3.3 Gabor frames

We already stressed that the STFT V,f may be heuristically interpreted as a
continuous expansion of the function f with respect to the system {7 (z)g: z =
(z,€) € R?*} of highly localized wave packets on phase space. The theory of Gabor
frames may be used to give a precise meaning to this suggestion in terms of discrete
samples and expansions.

To be precise, given a non-zero window function g € L*(R?) and a full-rank
lattice A C R?*? (namely, a countable and discrete additive subgroup of R?? with
compact quotient group R*/A), the Gabor system G(g,A) is the collection of
time-frequency shifts of g along A, namely

G(g,\) ={n(2)g : z € A}.

Standard examples of lattices are A = MZ?? where M € GL(2d,R), in particular
separable lattices such as

A =aZ x BZ = {(ak,pn) : k,n € N},

for suitable lattice parameters «, 5 > 0; we write G(g, «, 3) for the corresponding
Gabor system.

Recall that a frame for L?(R?) is a sequence {¢;};c; C L*(R?), J being a
countable index set, such that for all f € L*(R?)

Alfllze < D1 00P < BIfIE:,

jeJ
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3.3. Gabor frames

for some positive constants A, B > 0 (frame bounds). We say that a frame is tight
if A= B and Parseval if A= B =1.

One may naturally define some bounded linear operators related to a given
frame:

— The analysis operator C': L*(RY) — (*(J), C'f = {{f, ;) }ies-
— The synthesis operator D : (*(J) — L*(R%), Da = D ics ajb;.

— The frame operator S : L?(R%) — L*(R?), Sf = DCf = > el 0505

If a Gabor system G(g, A) is a frame for L%(R?) it is called Gabor frame. Notice
that the Gabor frame operator reads

Sf = Vof(Nr(N)g,

AEA

and is a positive, bounded invertible operator on L?(R¢). A remarkable result of
frame theory is that a function can be reconstructed from its Gabor coefficients, in
the sense that

F=> VafNr(h)y, (3.17)

AEA

where v = S71g is the canonical dual window and the sum is unconditionally
convergent in L2

Discrete Gabor analysis can be extended to modulation spaces under suitable
assumptions (cf. [Gro01, Corollary 12.2.6 and Corollary 12.2.8]); for instance, if
g € MY (R?) and G(g,, ) is a tight frame for L?(R?) then for any 1 < p < oo,

1/q

q/p
I/ llhsze = 5 Z(Z|%f(ak,6n)lpm(ak76n)p|> ,

n€Zd \kezZd

and the Gabor expansion (3.17)) holds with v = g/A and unconditional convergence
if 1 < p < oo (weak*-convergence if p = 00).
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Chapter 4

The Gabor Analysis of Operators

The inversion formula for the short-time Fourier transform given in (3.2)) enables
an efficient phase-space analysis of operators. Consider a bounded linear operator
A S(RY) — S'(RY) and g,v € S(R?) \ {0}; it is not restrictive to assume
llgllz2 = lI7]l;2 = 1. Therefore, have that

A= VIVAVY, = VXAV, (4.1)

where A = VAV is an integral operator in R?¢ with integral kernel given by the
Gabor matrixz K 4, that is

AF(w) = Ka(w,2)F(2)dz, Ka(w,z2)= (An(2)g,n(w)y), w e R*.

R2d
(4.2)
This decomposition will be of primary concern for the time frequency-analysis
of operators. We consider below some special classes of operators and derive
fundamental boundedness estimates that will be repeatedly used to prove the main
results.

4.1 Fourier multipliers

We provide sufficient conditions on the symbol of a Fourier multiplier in order for
it to be bounded on modulation and Wiener amalgam spaces.

Proposition 4.1.1. Let o : Ey X Fy — Ey be a multiplication and pu € W}jf’;(Eo)
for some 1,6 € R. The Fourier multiplier u(D) is bounded from MPI(E;) to
Mz;q+5(E2) forany 1 <p,qg < o0 and s € R. In particular,

D) Fll gy < el iy | F gy F € MES(ER).

[r],é
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4. THE GABOR ANALYSIS OF OPERATORS

Proof. The proof is a straightforward generalization of the argument used in the
scalar-valued case; see for instance [BGOR07, Lemma 8]; we report it here for the
sake of completeness. Choose as window a function g € S that factors as g = go* go
for some gy € S - consider for instance go(t) = e~™"_ Tt is then easy to prove that

Meg* = Megj * Megg;. Thanks to (3.1)), Proposition [3.2.11 and the associativity of

convolutions [Amal9, Remark 1.9.6(c)] we have

1/q
) g e = ([ IO 5 My (6
1/q
= ([ i 7 = Megi o My, € >S+6d§)
1/q
= (] e Mg v £ 5 MegilEy e, 6 >S+6d§)

1/q
( s Megil 17 My 604

1/q
sup 1+ Megi 1 1, >6) ([ 17 ety crvac)

”W\l 76 (Fo)

B

The cases where p = 0o or ¢ = oo can be handled after slight modifications. [

A similar result holds for Fourier multipliers on Wiener amalgam spaces.

Proposition 4.1.2. Lete : EyxEy — E5 be a multiplication and p € M;‘rsll (R4, Ey)

for some s,6 € R. The Fourier multiplier with symbol pi is bounded from WP (RY EY)
to W, (Rd7E2) forany 1 <p,q < oo andr € R. In particular,

r+6,s
(D) Fllwra, () S Nttllasze o 1 F llwpae,y, e WEH(EL).

5,15l

Proof. Recall that W24(RY, E) = W(FLE(RY, E), LY(R%)). Theorem [3.2.11| and
the relation FMP? = WP thus yield

(D) fllwra ¢

r+68,s

) = I F 1k fHWffM(Ez)
N HF_I’U/HWO’O';(EO)||f||W£’sq(E1)

S el e EO)Hf“W{j’Sq(EI)'

5||
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4.2. The Weyl quantization

4.2 The Weyl quantization

In this section we provide some basic results on the Weyl transform from the
perspective of time-frequency analysis. The topic of quantization will be thoroughly
developed in Chapter [5 hence here we confine ourselves to provide the essential
notions.

The standard definition of the Weyl transform ¢% = op, (o) of the symbol
o:R¥ — Cis

0" f(x) = /R Pt (“” -4 é) f(y)dyde.

The meaning of this formal integral operator heavily relies on the function space
to which the symbol o belongs; the classical symbol classes investigated within
the long tradition of pseudodifferential calculus are usually defined by means of
decay /smoothness conditions (such as the general Hérmander classes S%(RM) in
[Hor85]).

We adopt below the perspective of time-frequency analysis |Gro06a] and define
the Weyl quantization of a rough symbol o € §'(R?*®) via duality as follows:

o SRY) = S'RY),  (0"f.9)=(.W(g.f).  VfgeSR

Equivalently, o can be defined in terms of the so-called spreading representa-
tion:
o f = | F(E u)e n(—u, €) f dud.
R2d
Remark 4.2.1. The multiplication by a function V s a special example of Weyl
operator with symbol

ov(z,€) =V(z) = (V@1)(z,§), (2,6 €eR™

It is not difficult to prove that the correspondence V +— oy is continuous from
Mg (RY) to Mgu*(R*) for any 1 < ¢ < o0 and s € R, ¢f. (3.11). This identi-
fication shall be implicitly assumed whenever needed below; by a slight abuse of
notation, we will write V' also for oy; for the sake of legibility.

One may similarly prove that a Fourier multiplier with symbol u(¢) is a Weyl
operator with symbol 7, (z,&) = (1 ® p)(x, ).

Modulation spaces can be used both as symbol classes as well as target spaces

for pseudodifferential operator. For instance, we mention that symbols in the
Sjostrand class yield Weyl operators which are bounded on any modulation space.
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4. THE GABOR ANALYSIS OF OPERATORS

Theorem 4.2.2 (|Gr601, Theorem 14.5.2)). If o € M°>'(R?*?) then o™ is bounded
on MP4(R?) for all 1 < p,q < oo, with

lo™ [[apasarpa < lo][arees.

The symbolic calculus relies on the composition of Weyl transforms, which
provides a bilinear form on symbols known as the Weyl (or twisted) product:

oo p" = (o#p)”, o#p=F (51p),

where the twisted convolution is defined in . Although explicit formulas for
the twisted product of symbols can be derived (cf. [Won98|), we will not need
them hereafter. Nevertheless, this is a fundamental notion in order to establish
an algebra structure on symbol spaces; the problem has been studied in several
papers (cf. for instance |[CTW14; (Gro06b; HTWO7]). For the sake of completeness
we provide here sufficient conditions in a simplified form.

Theorem 4.2.3 (JHTWO07, Theorem 0.3°]). Let r,s € R be such that 0 < r < 2s.
Let 1 <pj,q; <00, j=0,1,2, satisfy

1 1 1 1 1 1

—+—+—+—=1+—4+—, q,¢% <q,

p1 P2 q1 q2 Po Qo

1 1 1 1 1 1 1 1 )
0<—+—-—<——<—+—-—, j=0,1,2

PP P PG @ @ Q@
The map S(R??) x S(R*) > (0, p) — o#p € S(R?*?) uniquely extends to a contin-
uous map MEL(R*) x MP222(R?*) — MPo©(R*) and there exists C' > 0 such
that
Jo#oll g < Cllolpin Il

Remark 4.2.4. [t is a quite distinctive property of M (R??) as well as the scale
of spaces M&‘;(Rw) with s > 2d, to enjoy a double Banach algebra structure:

e a commutative one with respect to the pointwise multiplication as detailed in

Proposition [3.2.17;
e a non-commutative one with respect to the twisted product of symbols [GROS;
S7694)].
In fact, much more is true, as detailed in the following statement.

Theorem 4.2.5 (|GRO8; Sj694]). Let X be any of the spaces C°(R*?), Mgs (R*)
with s > 2d or M (R**). The corresponding family of Weyl operators op,(X) is
a Wiener subalgebra of L(L*(R%)) under composition, that is:
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4.2. The Weyl quantization

(i) (Boundedness) If o € X, then 0% is a bounded operator on L*(R?).

(i1) (Algebra property) If 01,09 € X then o} ooy is a Weyl operator with symbol
ov#oy € X.

(iii) (Wiener property) If o € X and 0¥ is invertible on L*(R?), then there exists
p € X such that (o%)~! = p“.

New proofs of this and more general results (see Theorem below) in the
spirit of time-frequency analysis were provided by Grichenig (Gro06d], unravelling a
deep and fascinating analogy between Weyl operators with symbols in the Sjostrand’s
class and Fourier series with (' coefficients. Similarities of this kind come under

the multifaceted problem of spectral invariance, a topic thoroughly explored by
Gréchenig in [Grol0]; see also the related papers (CGNR15; |GROS].

We stress that the latter algebra structure has been deeply investigated from a
time-frequency analysis perspective. Indeed, it is subtly related to a characterizing
property satisfied by pseudodifferential operators with symbols in those spaces,
namely almost diagonalization of the Gabor matrix by time-frequency shifts. We
address the reader to [CGNR13; [CGNR14; (GROS; |Gro06¢| for further discussions
on these aspects and to Section below for generalizations.

Theorem 4.2.6. Fiz g,v € S(R?) and consider o € §'(R??).

1. 0 € M5 (R*) if and only if

(o m(2)g, m(w)y)| < C(L+ Jw = 2])7*,  z,w € R*.

2. o0 € M>=>YR2) if and only if there exists a function H € L'(R*?) such that
(o m(2)g, m(w)y)] < H(w - 2),  z,w e R™
The controlling function H can be chosen as

2€R2d
hence ||H| 1 < |0 | yroon-
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4. THE GABOR ANALYSIS OF OPERATORS

4.2.1 Vector-valued Weyl transform

Let H be a separable Hilbert space and consider an operator-valued Schwartz
function o € S(R*, L(H)). The Weyl transform o of f € S(R?, H) is well defined
by a Bochner integral by

oV f(x) = / eQWi(gﬁ_y)'ga(x * y,{)f(y)dydf € H.
R2d 2
As in the scalar-valued setting, we wish to extend this definition in order to cover
more general symbols o € S'(R*, L(H)) and to make a connection with the
vector-valued Wigner function. In this respect we note that, under the previous
assumptions, a straightforward computation yields

(0.9 = [ Tlo@ OW(f.0)(w.Sldode,  f.g € SRLH)

Motivated by this identity, let us first consider o € S'(R?!, £L(H)) and fix
f € S(RY H). Recall from Theorem m that there exists a sequence o, €
S(R* L(H)) such that ¢, — o in 8’ We thus define the H-valued functional
o% f in such a way that

(0" f.0) = (0. W(. f)), ¢ € SR,

where the multiplication on the RHS denotes the unique extension to &'(R?¢, L(H)) x
S(R?* H) of the underlying functional, originally defined on S(R??, L(H)) x
S(R*!, H), in according with Theorem[2.2.6]- that is (o, W (¢, f)) = lim,,—0 (00, W (¢, f)).
It is easy to prove that 0% : S(R? H) — S'(R?, H).

Under the same assumptions and again in view of the extension Theorem [2.2.0]
(with the multiplication by scalars H x C — H) one also has that the sequence
{o¥f} C S(R?, H) converges to o f in §'(R?, H). Therefore, once again by the
extension theorem (with the multiplication H x H — C given by the inner
product on H) we define

(0" f.9) = lim (07 f,9), g€ SR H).

Arguing as before one can prove that

(0" f,9) = lim [ Tx[on(z, YW (S, 9)(x, )|, )dde,

n—oo R2d

where H is the largest closed separable subspace of H where o, (z, )W (f, g)(x,§) :
Hy — H, for all n and almost all (z,£) € R*® - see [Wah07] for more details.
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4.2. The Weyl quantization

Moreover, by enlarging Hy and using the magic formula (3.8) and Proposition
3.2.7 for any ® € S(R??) with ||®]|z2 = 1 we can write

@9 = [ [ TVars OVl (7, ) =) e,

This representation is the main ingredient for proving boundedness results for
symbols in modulation and amalgam spaces. For instance, the classical result of
Theorem for symbols in the Sjostrand class extends to the vector valued case
as follows.

Theorem 4.2.7. Let 1 < p,q < oo, v > 0 and r,s € R be such that |r| +
s| < v; denote by X any of the spaces MPI(RY, H) or WPA(RY, H). If o €
MS’;} (R, L(H)) then the Weyl operator o% is bounded on X.

If H = C" then, under the same assumptions, the same claim holds for
o € Mgt (R, Cmm),

Proof. The case X = MP2(H) is covered in [Wah07, Corollary 4.8|, and it is stated
here with small modifications in the spirit of |Gro01, Theorem 14.5.6] in order to
take the weights into account. In the case where H = C the regularity of the symbol
can be improved using the characterization in Theorem and and convolution
relations for weighted Lebesgue spaces, in particular LP:4(R??)* L} (R?*?) c LP4(R??)
(cf. Theorem . The case H = C", n > 1, follows arguing as above for each

component.

For the case X = WP{¥(H) we need a special case of the symplectic covariance of
Weyl calculus, namely

Fo¥ =0 F, o€ S'(R* L(H)),
where 0,1 = 0 o J~1; the proof is a straightforward application of Proposition

above. In view of this property, consider the following diagram:

MPA(RY H) o Mp9(RY, H)

T]—"l l}'
Wed(RY, H) —=—Wri(R, H)
It is easy to prove that if o € Mgy, (R*, L(H)) then o € My (R*, L(H)) too
(cf. for instance the proof of Lemma below in the scalar setting), hence the

preceding case implies that oY% is bounded on M{f;g(]Rd, H) for any 1 < p,q < o0
and 7, s € R such that |r| + |s| < 7.

The case H = C" is covered by identical arguments. O]
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4. THE GABOR ANALYSIS OF OPERATORS

To conclude, we mention that the benefits of narrow continuity in the scalar-
valued case carry over to the Hilbert-valued case. The following property will be
used below.

Theorem 4.2.8. For any 1 < p,q < oo and v > 0, r,s € R such that |r| +
s| < v, let X denote either MEIRY, H) or WPA(RY H). If Q3 v 0, €
Mé’ozi (R4 L(H)) is continuous for the narrow convergence then the corresponding
map of operators v+ o) s strongly continuous on X.

If H = C" then, under the same assumptions, the same claim holds for
o € Mg (R, C™m).

Proof. The proof for X = MP(R? H) is a suitable adaption of the one given
in [CNR15b, Proposition 3]. For the strong continuity on X = WrI(R?, H) we
reduce to the latter case by the same arguments in the proof of Proposition [4.2.7]
which imply that o)u = F(0,)5F 'u for u € WPI(R? H). The claimed result
easily follows from the continuity of the map v — (0,)yF 'u on MERY H). O

4.3 Metaplectic operators

4.3.1 Notable facts on symplectic matrices

We recall the definition and the main properties of symplectic matrices, cf. [Gosl]]
and the references therein for further details.

The canonical symplectic matrix J € R?*2? ig defined by

J:{_O[ (f)]

Note that J' = J=! = —J. An invertible matrix S € GL(2d,R) is said to be
symplectic if ST.JS = J. In this case, the matrices ST and S~' are symplectic too;
note that the product of two symplectic matrices is clearly symplectic. As a result,
the set of all symplectic matrices is a (Lie) group: we define the real symplectic
group Sp(d,R) as

Sp(d,R) = {S € GL(2d,R) : S"JS = J}.
We list below some well-known properties of symplectic matrices.

Proposition 4.3.1. 1. The eigenvalues of a symplectic matriz S € Sp(d, R)
occur in quadruples, meaning that if A\ € C\ {0} is an eigenvalue of S then
so are X\ and 1/\ - hence 1/\.
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4.3. Metaplectic operators

2. If S € Sp(d,R) then det S = 1.
3. Let S € GL(2d,R) have the following block structure:

[t 3]

Then S € Sp(d,R) if and only if any of the two sets of conditions are satisfied:
A"C, B"D are symmetric, and A'D — C"B = I
ABT, CD" are symmetric, and AD" —CBT =1.

Moreover, in that case the inverse matrix is explicitly given by

_ D" —BT

4. The complex unitary group U(d, C) is isomorphic to the subgroup of symplectic
rotations U(2d,R) of Sp(d,R) defined by U(2d,R) = Sp(d,R) N O(2d,R). In
particular, the following characterization holds:

U@¢R):{[g :f}ER%“d;AAT+BBT=1,ABT=£ﬂA}.

We recall a result on a SVD-like decomposition of symplectic matrices, also
known as the Euler decomposition in the literature; see [Serl7, Appendix B.2| for
details and proofs.

Proposition 4.3.2. For any S € Sp(d,R) there exist U,V € U(2d,R) such that
S=U'DV, D=Ygex !,

where ¥ = diag(oy,...,04) and o1 > ... > 04 > ad_l > ... > 07" are the singular
values of S.

We stress that while X is uniquely determined for given S once the order of
the singular values is fixed, the matrices U and V appearing in such factorization
are not unique in general due to possible occurrence of degenerate singular values.
We identify any Euler decomposition of S as U DV with the triple (U, V,X).

Let us introduce the notion of free symplectic matriz.

Definition 4.3.3. Let S € Sp(d,R). We say that S is a free symplectic matriz if
any of the following equivalent conditions is satisfied:
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4. THE GABOR ANALYSIS OF OPERATORS

(1) If S = {é ZB)} then det B # 0.

(ii) Given (z,y) € R* there exists a unique (£,m) € R* such that (z,§) =
Sy, n)-

(iii) Set (z,€) = S(y,m), (y,n) € R*. Then det(d,x) # 0.
The subset of free symplectic matrices is denoted by Spy(d, R).

Free symplectic matrices are naturally associated with quadratic forms. These
are also called generating functions, in connection with those of canonical transfor-
mations in classical mechanics [Gol80].

Proposition 4.3.4. Let S € Sp,(d,R) and define the generating function

1 1
bg(x,y) = §DB_1:1: cx— B 'z -y + 53_1Ay - . (4.3)

Therefore,
g = ax(DS(xv y)
fl = _ayq)S(x7y)

Conversely, let L, P,Q € R be such that P =P, Q = Q" and det L # 0, and
set

(z,8) = 5, &) <= {

1 1
O(x,y) = 5P$-9§—L:p-g—|—§Qy-y.
Then,
L71Q Lt
Sq) = |:PL_1Q - LT PL_1:| 6 Spo(d, R)

We finally recall a factorization result in terms of free matrices and provide a
special set of generators of symplectic matrices.

Proposition 4.3.5. 1. For any S € Sp(d,R) there exist (non unique) S1, Sy €
Spo(d,R) such that S = S1.55.

2. Given P, L € R™? with P = P" and det L # 0, define

Vp UD ﬂ Up = {_P] é} My, = {g LO#} (4.4)

A B
If S = {C D} € Spy(d,R) then

S =Vpp-1MpUp-14 = Vpp-1MpJVp-14.
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4.3. Metaplectic operators

As a consequence, any of the sets {Vp,My,J : P = PT detL # 0} and
{Up, My, : P=PT detL # 0} generates Sp(d,R).

4.3.2 Metaplectic operators: definitions and basic
properties

The metaplectic group Mp(d,R) is the double cover of the symplectic group

Sp(d,R) and the corresponding faithful, strongly continuous unitary representation

in L2(RY) allows us to identify Mp(d, R) with its range, the subgroup of unitary

operators on L? consisting of metaplectic operators. Comprehensive accounts on

the topic can be found in [Fol89; |Gos11]; below we prefer to pay some precision and

omit the technicalities since the finer aspects of the construction of the metaplectic
representation will not be relevant to the applications in this dissertation.

By a slight abuse of language we use the notation p(S) to denote meta-
plectic operators defined up to sign, where S = pMP(u(S)) € Sp(d,R) and
pMP : Mp(d,R) — Sp(d, R) is the group projection, hence

W(AB) = £pu(A)u(B), A, B € Sp(d,R).
Depending on the need, we think of ;(S) both as a pair of operators that differ

only in sign or as one of the members of this pair.

Note that an operator p(S) satisfies the intertwining relation
©'(S2) = p(S)a' (2)p(S)™!, 2 eR¥,

where we introduced the symmetric time-frequency shifts [Gro01] (also known as
Weyl-Heisenberg operators |[Gosl11])

7(2,€) = MepyTpMejg = e ™ (x,€), (z,€) € R*.

To be concrete, we recall the following representation result for metaplectic
operators associated with free symplectic matrices in terms of quadratic Fourier
transforms |Gos11].

Theorem 4.3.6 ([Fol89, Theorems 4.51 and 4.53]). Let S = {é g} € Sp(d, R).

1. If det B # 0 then

w(S) f(z) = c|det B]_l/z/ eQWi@S(I’y)f(y)dy, f e SRY, (4.5)

Rd

for some ¢ € C with |c| = 1, where ®g is the generating function of S defined

in ([4.3).
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2. If det A # 0 then
()5 (@) = clder A2 [ o figay, f e SR,
Ra

for some ¢ € C with |c| = 1, where
Lo -1 L
<I>5J71:§CA r-r+A x'y—iA By - y. (4.6)

In fact, the metaplectic group can be equivalently designed as the subgroup of
unitary operators on L? generated by quadratic Fourier transforms [Gos11].

Metaplectic operators have been thoroughly studied in the framework of phase-
space analysis. We mention below two relevant results concerning the Gabor matrix
of a metaplectic operator and the boundedness on modulation spaces.

Theorem 4.3.7 ([CGNR13|). Consider u(S) € Mp(d,R) and g,v € S(R?). For
any N > 0 we have

{(u(S)m(2)g, m(w)Y)| Sns (L+|w—Sz))™N,  w,z € R*.

As a consequence, for any 1 < p < oo and s € R, the operator p(S) is bounded
from MP (R?) into itself; the continuity of u(S) on MPU(RY) with p # q fails in
general, cf. [CNR10, Proposition 7.1].

In view of Theorem we observe that the Gabor matrix (1(S)m(z)g, m(w)7y)
of a metaplectic operator p(S) € Mp(d, R) is well defined in the case where

1 1
g€ MP(RY), v € MY(R?), 2_9+5 > 1. (4.7)

To be precise,
1n(S)w(2)gllare < Nl(S)asrosae |7 (2)gllare = 10(S) rre—nssllgllam, = € R,
hence by Proposition (1v)

[((S)m(2)g, m(w)7)| < [|p(S)[ar—aze gl aae 17 (w) [ g
< NpCS) azr—saar gl nae 1]z
< () aze—s e | gl nae 1y aza,

since from ([4.7)) we infer ¢ < p’ and the inclusion M4(R?) C M* (R?) (Proposition
(v)) yields the last inequality.
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4.3.3 Important examples of metaplectic operators

Using the results in Theorem we provide some elementary examples of
metaplectic operators which are associated with the special elements of Sp(d, R)
highlighted in (4.4)). In the sequel we let ¢ € C be a phase factor, namely |c| = 1,
which can be different from time to time.

1. The Fourier transform is a metaplectic operator associated with the canonical
symplectic matrix, that is u(J)f = ¢F(f). Notice in particular that u(—J) =
cF L

2. Let L € GL(d,R). The metaplectic operator p(My) acts as a rescaling by L:

pw(Mp) f(x) = c|det L|7V2f (L x).

3. Let P € R™? be a symmetric matrix. The metaplectic operator u(Vp) is a
chirp multiplication:

In fact, it turns out that {u(Vp),u(Mr),J : P = PT det L # 0} is a set of
generators of Mp(d, R), cf. [Gosl1, Corollary 112].

An important example of metaplectic operator is provided by the Schrédinger
propagator for the free particle U(t) = e~(#/?7)2 't ¢ R. This can be easily derived
from the examples above since U(t) is a Fourier multiplier with chirp symbol
my(§) = 2™ on R? hence

I 2t]

Ut) = F 'muF =c(t)u(Sy), Si= [O 7

} €Sp(d,R), teR,  (4.8)

where c(t) € C satisfies |c(t)| = 1. In general, let Q : R* — R be a homogeneous
quadratic polynomial, namely

Q(r,€) = JAE-E+ Br £+ 30z,

for some A, B,C € R™4with A = AT and C = C'". Let us consider the Schrodinger
equation (with the normalization i = 1/27)

{iatf(ta ZL’) = QWQWf(t,[E) (t .75) cR x R2d

f(O,.’L') = fO(x)
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4. THE GABOR ANALYSIS OF OPERATORS

where the Hamiltonian is the Weyl quantization of (), namely

d . d . d
1 ) 0} 1
Q" =—g5 2 Ar0i0k — 5 > BjxwO — - (B)+ 5 > O
Jik=1 J:k=1 j.k=1

It turns out that the propagator U(t) = e 2"@" is an example of metaplectic

operator |Gosll, Section 15.1.3]. In particular, the classical phase-space flow
determined by the Hamilton equations (the factor 27 derives from the normalization
of the Fourier transform adopted here)

2wz = JVZQ<Z> = |:_BC _g‘r:| = S? z = (l’,y) € R2d7

defines a mapping R > ¢ +— S, := e{/?MS ¢ Sp(d, R). It follows from the general

theory of covering manifolds that this path can be lifted in a unique way to a
mapping R 5 ¢t — M(t) € Mp(d,R), M(0) = I; hence pMP(M(t)) = S; and we
have U(t) = e~ 27" = [;(S,).

4.3.4 Symplectic covariance of the Weyl calculus

The Weyl quantization satisfies a special intertwining property involving metaplectic
operators, called symplectic covariance.

Proposition 4.3.8 (|Gosll, Theorem 215]). For any S € Sp(d,R) and o €
S'(RQd),
(008)" = pu(S) "o u(S). (4.9)

Symplectic covariance is in fact a distinctive property of the Weyl quantization
among all possible quantization rules, as detailed below.

Theorem 4.3.9 ([Won98]). Let op : S'(R?*?) — L(S(R?), S'(R?)) be a continuous
linear operator such that:

1. if o(x,€) = m(z) and m € L>®(RY) then op(o)f(z) = m(z)f(z);
2. for any S € Sp(d,R) and o € S'(R*?), op(c 0 S) = u(S) Lop(o)u(S).

w

Then, op(c) = o™.
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4.3. Metaplectic operators

4.3.5 Generalized metaplectic operators

General families of operators characterized by the sparsity of their phase-space
representation were introduced in [CGNR13; |(CGNR14]. Given S € Sp(d,R),
g € S(R?) and s > 0, we say that a linear operator A : S(R?) — &'(R?) is in the
class FIO(S,v,) of generalized metaplectic operators if there exists H € L!(R*?)
such that

(Ar(2)g, m(w)g)| < H(w — Sz2), w,z e R*, (4.10)

We write FIO(S) in the case where s = 0. The definition of FIO(S,vs) does not
depend on the choice of g € S(RY) \ {0}. In fact, careful inspection of the proof of
[CGNR14, Proposition 3.1] reveals that for s = 0 the class of admissible windows
for FI10(S) may be extended to M*(R?), hence the estimate is equivalent
to its polarized version with two arbitrary windows g,y € M'(R?), that is,

(An(2)g, m(w)y)| < H(w — S2), w,z € R*.

Sparsity of the Gabor matrix of generalized metaplectic operators provides
non-trivial algebraic properties for FIO(S) in the spirit of Theorem {.2.6| as
detailed in the following result.

Theorem 4.3.10. Let S, 51,5 € Sp(d,R) and s > 0.

1. An operator T € FIO(S,v) is bounded on MP (R?) for any 1 < p < cc.
If Ty € FIO(Sy,vs) and Ty € FIO(Sy,vs), then TYTy € FIO(S1S2, vs).
If T € FIO(S,v,) is invertible on L*(R?) then T~ € FIO(S™,v,).

Let T : S(RY) — S'(R?) be a linear continuous operator. T € FIO(S,v,) if
and only if there exist 0,09 € M(S’Z’l(RQd) such that

T = oy u(S) = pu(S)oy.

In particular, o9 = 010 5.

A B
. LetS:{C D

be a linear continuous operator. T € FIO(S,vs) if and only if there exists
o€ M(?;’I(RM) such that it can be represented as a Fourier integral operator,
namely

1 € Sp(d,R) be such that det A # 0 and T : S(R?) — S'(R?)

Tf(x) :/ s g (3, y) f(y)dy,
R4
where ®gy-1 is given in (4.6)).
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4. THE GABOR ANALYSIS OF OPERATORS

In view of Theorem and arguing as we did before for metaplectic operators,
we observe that the Gabor matrix (T'w(z)g, m(w)y) of a generalized metaplectic
operator T € FIO(S) is well defined in the case where

11
g€ MP(RY), v € MY(RY), =+->1.

p gq
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Time-Frequency Analysis of
Operators and Applications
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Chapter 5

Linear Perturbations of the
Wigner Transform and the Weyl
Quantization

5.1 Outline

In this chapter we provide a systematic survey of the accumulated knowledge about
the matrix Wigner transforms and their pseudodifferential calculi introduced in
Chapter |1} In the first part we discuss the general properties of the matrix Wigner
transforms.

1. We state the main formulas for covariance, the behaviour with respect to
the Fourier transform, the analogue of Moyal’s formulas, and the inversion
formula.

2. Tt is well known that, up to normalization, the ambiguity function and the
short-time Fourier transform are just different versions and names for the
Wigner transform. This is no longer true for the matrix Wigner transforms,
so we give precise conditions on the parametrizing matrix A so that B4 can
be expressed as a short-time Fourier transform, up to a phase factor and a
change of coordinates.

3. Of special importance is the intersection of the class of matrix Wigner
transforms with Cohen’s class. The main result in this respect is that By

I T dxd
7 —(I—T)} for some T' € R*¢,

namely is a matrix generalization of the 7-Wigner transform. A thorough

belongs to Cohen’s class, if and only if A =
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

time-frequency analysis of the corresponding Cohen kernel and the related
properties is carried out.

4. A further item is the boundedness of the bilinear mapping (f, g) — Ba(f,g)
on various function spaces. These results are quite useful in the analysis of

the mapping properties of the pseudodifferential operators 4.

In the second part we study the pseudodifferential calculi defined by the rule
(1.17)).

1. We first show that every “reasonable” operator can be represented as a
pseudodifferential operator 0. We remark that the map (o, 4) — o4 is
highly non-injective and, given two matrices A and B and two symbols o, p,
we obtain formulas characterizing the condition o4 = p?.

2. A large section is devoted to the mapping properties of the pseudodifferential
operator o on various function spaces, in particular on LP-spaces and on
modulation and amalgam spaces. Sharp results for 7-operators derived in

[CDT19] are highlighted.

3. Finally, we extend the boundedness results for symbols in the Sjostrand class

and related spaces to those pseudodifferential operators for which B, is in
Cohen’s class, in the spirit of [CNT19b].

For most results we will include proofs, but we will omit those proofs that only
require a formal computation. The organization of the chapter follows the structure
of the paper [BCGT20].

5.2 Preliminary results

5.2.1 Bilinear coordinate transformations

Let us summarize the properties of bilinear coordinate transformations in the

A A 2dx2d -
Aoy Azz} eR with d x d blocks

A;j € R4 5 =1,2, we use the symbol T4 to denote the corresponding dilation
of F: R?* — C, namely

time-frequency plane. Given a matrix A = [

‘IAF(QE, y) = F(AI) = F(AHQ? —+ A12y7 A21$ + A22y>.
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5.2. Preliminary results

For A € GL(d,R) and u € &'(R?), the dilated distribution T, u € S'(R?) is
defined by follows:

(Tau, @) = (u,|det A|"Ty-19), ¢ € S(RY).

The following lemma collects elementary facts on such transformations.
Lemma 5.2.1. (i) For any A, B € R?*¥2? we have ToTp = Tpa.

(i) If A € GL(2d,R), the transformation T4 is a topological isomorphism on
L2(R2%) with inverse T3 = Ty-1 and adjoint T4 = |det A|7'T 1.

(i) If A € GL(2d,R), the transformation T 4 is an isomorphism on M'(R??).
(iv) For any A € GL(d,R), f € L*(R?) and z,& € RY,

CATf =Ta-1,%af, TAM f = My=Zaf.

(v) For any A € GL(d,R) and f € L*(R%),

FZaf = |det A|7'T .o Ff.

(vi) For any A € GL(d,R) and u € S'(R?),

TAF tu = |det A|_1]-"_ITA#U.

Proof. The only non-trivial issue is the continuity on M. By Proposition we

have
1/2 |

|TaF |y < Cldet A (det (I + ATA)) || F [y,

for some constant C' > 0. ]

Two special transformations deserve a separate notation. The first is the flip
operator

F(z,y) = X;F(x,y) = F(y, z), I= [? é] € GL(2d,R),

while the other one is the reflection operator:
IF(z,y) =%_;F(z,y) = F(—x,—y).
Sometimes we will also write Z = —I € GL(2d,R).
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

5.2.2 Partial Fourier transforms

Given F € L*(R??), we use the symbols F; and F, to denote the partial Fourier
transforms

FiF(Ey) = / e MR (t y)dt, &y € RY,

Rd
FoF (x,€) ::/ e TR (2, 1) dL, r,& € R
R4
The partial Fourier transforms of F' are well defined pointwise as a consequence

of Fubini’s theorem. The Fourier transform F is related to the partial Fourier
transforms as

F=FF=FF.

Using Plancherel’s theorem and properties of modulation spaces (Proposition
3.2.13)), the following extension of the partial Fourier transform is routine. For a
different proof in a more general context see [FK98, Lemma 7.3.6].

Lemma 5.2.2. (i) The partial Fourier transform Fy is a unitary operator on
L*(R?Y). In particular, after setting I, = I & (—1),

FyF(x,y) = Fy 'F(v,y) = FoF (v, —y) = I, F2F(x,y).

(i) The partial Fourier transform Fy is an isomorphism on S(R??) and M (R??),
hence on 8'(R??) and M (R*).

5.3 Matrix-Wigner distributions

Let us define the main characters of this chapter.

A Ap
Ag1 A
bution of Wigner type for f and g associated with A (in short: matriz- Wigner
distribution, MWD) is defined for suitable functions f,qg as

When g = f, we write Baf for Ba(f, f).

Definition 5.3.1. Let A = [ € GL(2d,R). The time-frequency distri-

Explicitly, B4 is given by

Ba(f,9)(x,§) = / e P f(Ana + Aiy)g(Anz + Assy)dy.

R4
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5.3. Matrix-Wigner distributions

This definition is meaningful on many function spaces. We state a result for
the Banach triple (M?!, L?, M), but it also holds if the latter is replaced by the
standard (S, L?, &).

Proposition 5.3.2. Assume A € GL(2d,R).
(i) If f,g € M*(RY), then Ba(f,g) is defined pointwise and belongs to M*(R?).
Moreover, the mapping B4 : MY (R?) x MY (R?) — MY(R??) is continuous.

(ii) If f,g € L*(RY), then Ba(f,g) € L*(R*)) and the mapping Ba : L*(RY) x
L*(RY) — L*(R*?) is continuous. Furthermore, span{Ba(f,9)|f,g € L*(R%)}
is a dense subset of L?(R?d).

(iii) If f, g € M>®(R?), then Ba(f,g) € M*>°(R?%) and the mapping Ba : M>°(R?)x
M>=(R?) — M (R??) is continuous.

The standard time-frequency representations covered within this framework
include for instance:

e the short-time Fourier transform:

Vo f(z,6) = / e 2V f(y)g(y — @)dy = Bag, (f,9)(x, ),

Rd

where

e the cross-ambiguity function:

6’2“5'yf<y + £>g<y — £>dy = Bap (f,9)(x,6),

Amb(f,9)(z.¢) = [ o(v-3
(5.2)

]Rd
where

Anmb = {—11//22 ﬂ

e the Wigner distribution:

6_2”i€'yf (x + y)g(x——%dy;

(.90 = ’

Rd

e the Rihaczek distribution:

R(f. g)(x, ) = / Y f(2)g(z — gy = e f (2)5(0).

R4
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

The latter two distributions are special cases of the 7-Wigner distribution introduced
in [BDDO10]. For any 7 € [0, 1], we have

Wr(fa g)(x7§) - BAT(fa g)(x7§>7
where

I 7l } (53)

Ar = L —(1=n1|

It is well known that the Wigner distribution and the ambiguity transform
coincide with the STFT up to normalization. It is natural to wonder whether
a similar relation holds for general matrix-Wigner distributions. Note that a
characteristic which is common to the corresponding matrices is right-regularity:
A Ap
Ay A
regular) if the submatrices A;y, Ay € R™? (resp. Ao, Agy € R¥*9) are invertible.

we say that a block matrix A = [ ] € R2?<24 g left-regular (resp. right-

The right-regularity of A is an essential condition to express Ba(f,g) as a
short-time Fourier transform. In fact, this characterization is very strong, as stated
in the subsequent results. Beware that (A%);; # A?; = (A) i =12

Theorem 5.3.3 ([Bayl0, Theorem 1.2.5]). Assume that A € GL(2d,R) is right-
reqular. For every f,g € M*(RY) the following formula holds:

BA(f> g) (‘Ta UJ) = ‘det A12|71€2mAﬁw.Auva§f(c(x)> d(w)), T,we Rd? (54)
where c(z) = (A1 — ApAy; An)z, d(w) = Afw and §(t) = 9(AAL't).

An equivalent and slightly more clear formulation is the following one.
Theorem 5.3.4. Given matrices M, N, P € R™? and Q, R € GL(R, d), set
- Q¥NT™M Q7 '
R(Q#*NTM — P) RQ*
Then A is right-regular and for any f,g € M*(RY) we have
Ba(f, g)(z,w) = |det Q|*™ M= NV p(Px,Qw), =,w e R%

The peculiar way the blocks of A are combined in ¢(x) = (A — A Ay Agy ) is
a well-known construction in linear algebra and is usually called Schur complement.
The Schur complement comes up many times in our results, ultimately because of
its distinctive role in the inversion of block matrices (cf. [LS02, Theorem 2.1]).

The right-regularity of A is not only a technical condition required for (5.4) to
hold, but also has unexpected effects on the continuity of B4.
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5.3. Matrix-Wigner distributions

Theorem 5.3.5 ([Bayl0, Theorem 1.2.9]). Assume A € GL(2d,R) such that
det Agy # 0 but det A1y = 0. Then there exist f,g € L*(R?) such that Bs(f,g) is
not a continuous function on R??.

The study of the properties satisfied by general bilinear time-frequency distri-
butions (including orthogonality relations, inversion and reconstruction formulae,
algebraic identities, etc.) is mostly a matter of computation; it has been carried
out in Bayer’s Ph.D. thesis [Bay10] and slightly expanded in [CT20]. Moreover,
a complete survey with all pointers can be found in [BCGT20|. We confine our-
selves to mention two results that will be heavily used below. The first one is the
behaviour under phase-space shifts, leading to the covariance formula.

Theorem 5.3.6 ([Bayl0, Theorem 1.5.1]). Let A € GL(2d,R). For any f,g €
MYR?) and a,b,a, B € R%, the following formula holds:

Ba(MoT,f, MsTog)(z,€) = e*™* M, o Tir.\Ba(f, 9)(z,€) (5.5)
= 627”'0.5627”4(%’0_68)BA(f7 g) (.1' - T,f - 0)7

= El=rls)

This result clearly encompasses the covariance formula for the 7-Wigner dis-
tribution with A = A, as in (5.3)), cf. [CNT19b} Proposition 3.3] and also for the
STFT with A = Agp, cf. [3.1.2

We mention an amazing representation result for the STFT of a bilinear time-
frequency distribution, sometimes called the short-time product formula or magic
formula in similar contexts (cf. [Gro06a]).

where

Theorem 5.3.7 ([Bay10, Theorem 1.7.1]). Assume A € GL(2d,R) and f,g,%,¢ €
MYRY), and set z = (21, 22), ¢ = (¢1, () € R*L. Then,

Viaou)Ba(f, 9)(z,¢) = e 72V, f(a, ) Vyg(b, B), (5.6)

al z1| _ [Anz — A
R r el e

o] mae 8] = [ e

where
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

We also mention the following generalized Moyal formula, which extends the
Parseval identity to matrix-Wigner distributions. In fact, the generalization of
the orthogonality relations was one of the main motivations for introducing B4 in
[Bay10].

Theorem 5.3.8 (|Bayl10, Theorem 1.3.1]). Let A € GL(2d,R) and fi, f2, 91,92 €
L*(RY). Then

1 -
<BA(f1, gl), BA(fQ, 92)>L2(R2d) - |de—tA|<f17 f2>L2(Rd)<gla g2>L2(Rd)- (57)
In particular,
1
|1Ba(f, g)HLQ(de) - |detA|1/2HfHL"’(Rd)HgHLZ(Rd)'

Thus, the representation By, : L*(RY) 3 f — Ba(f,g) € L*(R*) is a non-trivial
constant multiple of an isometry whenever g # 0.

The proof follows directly from the definition in (5.1)), since F is unitary and
T 4 is a multiple of a unitary operator.

Let us underline that the benefits of linear algebra should be appreciated in view
of the very short and simple proofs. This aspect should not be underestimated: the
proof of similar results for certain special members has lead to quite cumbersome
computations (cf. the proofs for the 7-Wigner distributions in [CNT19b]).

5.4 Cohen class members as perturbations of
the Wigner transform

We already described the heuristics behind the Cohen class of distributions in
Section [I.2.1] Although the Wigner distribution was the main inspiration for the
bilinear distributions studied so far, the connection to the Cohen class is by no
means clear. This question is the point of departure of the paper [CT20] and the
following result completely characterizes the intersection between these familied]

Theorem 5.4.1 (|[CT20, Theorem 1.1]). Let A € GL(2d,R). The distribution Ba
belongs to the Cohen class if and only if there exists M € R such that

I M+ (1/2)1
I M—(1/2)I]

'We take this opportunity to highlight a minor mistake in the published proof, namely the
expression of A™! is wrong. This issue does not affect the result, as showed in the corrected

proof below. Moreover, the explicit formula for 8, in |[CT20, Eq. (7)] and [BCGT20, Eq. 31]
has been mistakenly reported with M~ in place of M# in the exponent.

A:AM:{
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5.4. Cohen class members as perturbations of the Wigner transform

Furthermore, in this case we have
Wai(f.9) = Bay (f.9) =W(f.9) %O, f.g € SR,
where the Cohen kernel 0y € S'(R?*) is
O = F'On,  with Op(u,v) = e My (y,0) € R*,
If M s invertible, the kernel 0y, is explicitly given by
Orr(z, &) = | det M| 'e™EM 72 (5 ¢) € R, (5.8)

We say that A = Ay is a Cohen-type matrix associated with M € R4,

Proof. We prove necessity first. It follows directly from the definition that a
member of Cohen’s class must satisfy the covariance property:

Qr(2)f) =T.Qf, »eR* fe M R?.
For fixed 2z = (x,£) € R%, by Theorem [5.3.6|witha =3 =¢ a=b=zand f =g

we get
el .l & 10 N o N
A~ R R ]

Converting the relations for p and ¢ into conditions for the blocks of A yields

Ay = Ao, Ajg — Agg = 1.

Moreover, the conditions on r and s yield that Ay, = As; = I. In conclusion, if
B4 belongs to the Cohen class, then A has the form

. I M+ (1/2)I
L M= (/21|
where M € R?? is such that Ay, = M — (1/2)1; other parametrizations are of
course allowed, provided that Ajs — Ay = 1.

For what concerns sufficiency, assume that A = A,; has this prescribed form.
We shall show that Wy, = W * 6, for some 6,; € S’'(R??). Applying the symplectic
Fourier transform to both sides of the latter relation, this is equivalent to showing
that, for any f,g € S(RY),

]:UWM(f7g) :]:aW(fag)'FUQM:Amb(fag)'fagMa

where Amb(f, g) is defined in (5.2). A straightforward computation (cf. [CT20,
Proposition 3.5] for the details) shows that

fWM(fa g)(“?”) = BAMJ(f? g)(%u)? u,v € Rda
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

where

Therefore

FoWu(f; 9)(u,v) = FWar(f, 9)(J (u,v))
= FWu(f,g)(v, —u))
= Baya(f,9)(—u,v)

, 1 1
= / 6_2””"tf<t+ (M—i— —[>u)g(t—|— (M — —I)u)dt.
R4 2 2
The substitution ¢ + (M — (1/2)])u = z — u/2 yields

(e )l B

fa'WM(f7 g)<u’v) — 62m‘v-Mu/
Rd

— e27riv-Mu . Amb(f, g)(U,U>,

so that F, 0y (u, v) = €™M Defining y s (u, v) = e*"Mu and using that F2 = I,
we finally obtain

QM(uv U) = JT:OXM(“) U) =Fs [627riv~Mu] S S/(RQd)'

We finally compute the expression of 8, in the case where M € GL(d,R). Let
us denote by ©); the Fourier transform of the Cohen kernel, namely

Onr(u, v) = Fbrr(u,v) = xar(—v,u) = e 2™Mv (4 v) € R*,

Note that ©y = T,;;0, where we set O(u,v) = ™ and M = (—I) ® M. We
deduce from Lemma [5.2.7] that

O = F 'Oy = F'T50 = |det M‘_ISM#}—A@'

Notice that F~'© = ZFO and from [Fol89, Appendix A, Theorem 2|) we have
FO(u,v) = e 2™ hence ) (z,€) = |det M| 'e?™EM % a5 claimed. O

It is clear from the previous proof that a Cohen-type matrix A should be defined
by the following conditions on the blocks:

All - AQl == [, A12 - A22 - [ (59)

The choice Ay = M — (1/2)1 with M € R?¥*? is thus a suitable parametrization,
but by no means the only possible one - and in fact neither the most natural one.
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5.4. Cohen class members as perturbations of the Wigner transform

The reason underlying our choice is clarified by writing down the explicit formula
for Wy, that is

Wi (f, 9)(x,€) = /Rd e P f (:v+ (M+ %I>y>g(ﬂc+ (M— %l>y) dy,

which reveals the similarity with the Wigner distribution. A sort of symmetry with
respect to the Wigner distribution (corresponding to M = 0) immediately stands
out. We interpret these representations as a family of “linear perturbations” of
the Wigner distribution and M as the control parameter, exactly as 7 controls
the degree of deviation of 7-Wigner distributions. For this reason, we will refer to
A = Ay as the perturbative form of a Cohen-type matrix.

The analogy with the 7-Wigner distributions naturally leads to another repre-
sentation, hence another choice of Ayy in . A closer inspection of the kernel
and also of reveals that the role of perturbation parameter is not
played by 7, rather by the deviation y = 7 — 1/2. In this analogy one chooses
Ay =T € R and Ay, = —(I — T) and obtains

Wi/, g) (2. €) = Ba, (f. 9)(x, €) = / e 2EV f (o 1 Ty)gle — (T = Tg)dy,

R4

which should be compared to ((1.10]) (see also (5.3)). Occasionally, we refer to Ar
as the affine form of the Cohen-type matrix A. It is clear that the two forms of a
Cohen-type matrix are perfectly equivalent, the connection being

M=T—(1/2)I. (5.10)

The notation W), for the perturbative form and Wy for the affine form is in fact
ambiguous but we prefer to keep the notation as light as possible; the correct
alternative will be clear from the context.

Therefore, the choice of a form is just a matter of convenience: when studying
the properties of B4 as a time-frequency representation, it seems better to explicitly
see the effect of the perturbation M (which could be easily turned off setting M = 0)
and use the perturbative form accordingly. As an example of this, the perturbed
representation of a Gaussian signal is provided below.

Lemma 5.4.2 (|[CT20, Lemma 4.1]). Let A = Ay € GL(2d,R) be a Cohen-type
matriz and ¢\(t) = e ™ /> X > 0. Then,

Warda(z,€) = (20)"*(det 5)~Y/2e=2m"/2
) 687T(MTQ;.S*1MT$>/)\egﬂ'is_1§.MT,7:€727T)\§.S—1§, (5.11)

where S = I +4M ™M € R4,
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

5.4.1 Main properties of distributions in the Cohen class

The properties of a time-frequency distribution belonging to the Cohen class are
intimately related to the structure of the Cohen kernel. There is an established
list of correspondences between the kernel and the properties, which can be used
to deduce the following results.

Proposition 5.4.3. Assume that Bs belongs to the Cohen class, namely that
By =Wy For any f,g € MY (RY), the following properties are satisfied:

(i) (Correct marginal densities)

/ Warf (e, €)d€ = |F(0)]", / Warf (e, €)dz = |[fOF, z.¢ € RY
R4 R4

In particular, the energy is preserved:
[ warteepdsds = 11
R2d

(ii) (Moyal’s identity)
(Warf, Warg) pageay = [ ).
(iii) (Symmetry) For all z,& € RY,
Wu(Zf)(@,&) =IWy f(z,§) = Wa f(—z, =),
Wit (f)(,6) = LWy f(x,€) = War(z, —€).

(iv) (Convolution properties) For all z,& € RY,

W (f * g)(@, &) = Warf 1 Wg,

Wi (f - 9)(@,§) = W f 2 Wig.

Here *1 (resp. x3) denotes the convolution with respect to the first (resp.
second) variable.

(v) (Scaling invariance) Setting Uy f(t) = [NY2f(At), A € R\ {0}, t € RY,
Wi (U f)(,§) = Wi f (A, A71€).

Proof. The properties above are directly related to conditions satisfied by the
Fourier transform ©,; of the Cohen kernel, cf. for instance [Coh95; |Jan84; |Jan97|
(for dimension d = 1 - the stated characterization easily extends to dimension
d > 1), that is:
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5.4. Cohen class members as perturbations of the Wigner transform

(i) ©1(0,€) = Op(x,0) = 1 for any z, & € R? (in particular ©,,(0,0) = 1);
(ii) [On(w,8)] =1 for any z,{ € RY

(ili) Op(—z, =) = Op(x,&) and Opf(x,€) = Op(—x, &) respectively, for any
z, & € RY

(iV) @M('afl + 52) = @M(',fl)@M(‘,fz) and @M(331 + Tg, ) = @M(ﬂvl, ')@M(ﬂiz, )
respectively, for any z;,& € RY, i =1, 2.

(v) On(Az, A71E) = On(2,§).
The kernel ©y/(z, &) = e~ 2% M¢ trivially satisfies conditions (i)-(v) above. O

We now give a few hints on several aspects of interests for both theoretical
problems and applications; extensive discussions on these issues may be found in
[Bay10; CT20].

Real-valuedness. An easy computation shows that B, f, f € L?(R?), is a real-
valued function if and only if Ay = A and Ajp = — Ay, cf. [CT20,, Proposition
3.3]. Therefore, the Wigner distribution is the only real-valued member of the
family Wj,. This is one of the properties which does not survive the perturbation.

More on marginal densities. The marginal densities for a general distribution
B4 can be easily computed, see [Bay10, Lemma 1.6.1] for details. For f, g € M(R%),

/Rd Baf(z,8)d = f(Anz)f(Anz),
|, Baf, )z = det A F((4%)12) F—(AF)as).

The correct marginal densities are thus recovered if and only if Ay = Ay =1
and (A%)y = —(A#)y = I. These conditions force both |det A| = 1 and the
block structure of A as that of Cohen’s type. This fact provides an equivalent
characterization of the distributions B4 belonging to the Cohen class: these are
exactly those satisfying the correct marginal densities.

Relation between two distributions. Let A; = Ay, and Ay = Ay, be two
Cohen-type matrices in perturbative form. The two distributions Wy, and Wy,
are connected by a Fourier multiplier as follows. For f,g € M'(R%),

FWan, (f, 9)(u,v) = e 2GR FWor (f, g) (u, 0). (5.12)
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

Furthermore, if My — M; € GL(d,R), we have explicitly

-1

Win, (f,9)(2,€) = |det(My — My)| " e ML= s 7y, (f, g) (2, €).

The proofs follow at once from Theorem [5.4.1]

Covariance and magic formulae. For any z = (21, 20), w = (w1, wy) € R*,
the covariance formula (5.5)) now reads

Wit ((2) . () ). €) = 23 Crmmn Mo
X MJ(z—w)TTM(@w)WM(fv g) ('I? f)a (513)

where .
-M 0
TM(Z,w)—é(z+w)+ [ 0 M](z—w).
Alternatively, adopting the affine representation of A (5.10)), we introduce
=T 0 I-7 0
PT_{O _(]_T)], I+PT_[ 0 T}, (5.14)
and then we can write
. ([—T)z1+Tw1 o _
Tr(z,w) = [TZQ (= Thws| ~ (I + Pr)z — Prw. (5.15)

For future use, let us also specialize the magic formula (5.6)) to representations
in the Cohen class: we have

Virr@ayWr(f, 9)(2,¢) = e 2™V, f(2 + Prd()Vyg(z + (I + Pr)J¢).  (5.16)

Support conservation. A desirable property for a time-frequency distribution is
the preservation of the support of the original signal. A scale of precise mathematical
conditions can be introduced in order to capture this heuristic feature. Following
Folland’s classic approach (see [Fol89, p. 59]), we define the support of a signal
f :R? — C as the smallest closed set outside of which f = 0 a.e., hence we may
assume f = 0 everywhere outside suppf.

Definition 5.4.4. Let Qf : R?g’@ — C be the time-frequency distribution associated
to the signal f : R — C in a suitable function space. Let T, : R%ig) — RY and 7¢
R%g,é) — R{ be the projections onto the first and second factors (R%fcl@ ~ RY x R{)
and, for any E C R%, let C(E) denote the closed convex hull of E.
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5.4. Cohen class members as perturbations of the Wigner transform

We say that Q) satisfies the time strong support property if f(z) = 0 <
Qf(x, &) = 0 for all § € R?. Similarly, Q satisfies the frequency strong support

property if f(&) =0 Qf(z,&) =0 for all v € R%
Moreover, @ satisfies the time (resp. frequency) weak support property if
o (supp@f) C C(suppf) (resp. if me(supp@f) C C(suppf)).

We say that Q satisfies the strong (resp. weak) support property if both time
and frequency strong (resp. weak) support properties hold.

We characterize the MWDs in the Cohen class satisfying the aforementioned
properties, showing the optimality in this sense of 7-Wigner distributions.

Theorem 5.4.5. The only MWDs in Cohen’s class satisfying the strong correct
support properties are Rihaczek and conjugate-Rihaczek distributions.

Proof. This result can be inferred by directly inspecting the Fourier transform of
Cohen’s kernel. Indeed, by adapting the proof of Janssen (see [Jan97, Sec. 2.6.2]) to
dimension d > 1 one can show that the only members of the Cohen class satisfying
both time and frequency strong support properties are linear combinations of
Rihackez and conjugate-Rihaczek distributions. This is equivalent to the following
condition on the Fourier transform of the kernel ©,;: for any z, & € R?,

On(z,§) = Cre™ ¢ + C_e ™4,

for some C,,C_ € C. Since Oy (x,&) = e 2™ M this can happen only if
M = +£(1/2)I with C; = 1,0 and C_ = 0, 1 respectively. O

Theorem 5.4.6. Let A = Ar € GL(2d,R) be a Cohen-type matriz. The only
associated distributions satisfying the weak support property are the 7-Wigner
distributions, namely T'= 71 for T € [0, 1].

Proof. Assume x € suppBaf(-,€) for a fixed ¢ € R, The only way for this to
occur is x + Ty, x — (I — T))y € suppf. In order to have = € C(suppf), we require
that

=Nz +Ty) + pulx— (I -T)y),

for some A, > 0 such that A + p = 1. Rewriting this condition as x = (A +
w)x + (A4 p)Ty — py gives the constraints A+ p =1 and (T — pl) = 0, and the
claim follows. Similar arguments apply to the case of the frequency weak support
property. ]

Perturbation and interferences. The emergence of unwanted artefacts is a
well-known drawback of any quadratic representation. The signal processing
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

literature is full of strategies to mitigate these effects (see for instance [Coh95;
HAOQS]). For what concerns the Cohen class, it is folklore that the severity of
interferences is somewhat related to the decay of the Cohen kernel. In fact, a
precise formulation of this principle is rather elusive and recent contributions
unravelled further non-trivial fine points (JCGDN18, Proposition 4.4 and Theorem
4.6]). We remark that the chirp-like kernel ©,, = F6,, does not decay at all, and
thus no smoothing effect should be expected for the perturbed representations.
In order to experience this, we limit ourselves to dimension d = 1 and follow the
geometrical approach employed in [BCO11]. As a toy model we consider signals
consisting of pure frequencies confined in disjoint time intervals. It is well known
that the Wigner transform displays “ghost frequencies” in between any couple of
true frequencies of the signal. A similar phenomenon can be studied also in higher
dimension considering Gaussian signals in the so-called “diamond configuration”,
see again |[CGDN18§|.

We remark that for d = 1 the perturbation matrix M boils down to a scalar
m € R. Let f be a signal with a frequency w; appearing in the interval [} =
[z1,21 + hy] and wy in Iy = [x9, 29 + hol, with he > hy > 0 such that x; + hy < 2.
We are then dealing with a 7-Wigner distribution (in perturbative form, namely
m =71 —1/2), that is

et [ems(es (o Y (o

We see that B, f is supported in the diamond-shaped regions D;, i =1, ..., 4, (see
Figure obtained by intersecting the following straight lines passing through
the endpoints of the time intervals:

T+ (m + %)y =T
(mi%)y x1+
(mj:%)y To
(mj:%)y To + ho.

With the notation of the figure, we see that D; and D3 give account for the
true frequencies of the signal, while Dy and D3 are non-zero interferences. A short
computation shows that the coordinates of the two points Vi and V5 are

2m +1 2m —1
VlZ( 5 (xo + hg) — 7 $1,$1—($2+h2))>

2m+1 2m —1
Vo = —
2 ( 9 L1 9

(g + ha), (x2 + ha) — xl),
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5.4. Cohen class members as perturbations of the Wigner transform

Figure 5.1: Support of B,,f with m =0, I, = [3,5], I = [9, 13].

hence we see that the only effect of the perturbation parameter m is the horizontal
translation of the diamond’s corners, giving no room for damping. Moreover, as
already seen before and also noticeable from the coordinates of V; and V5, when
m e R\ [—%, %}, the support of the signal is no longer conserved - neither in weak
sense.

To sum up, the only effect of the perturbation consists of a distortion and
relocation of interferences, but there is no damping. Following the engineering
literature, we suggest that convolution with suitable decaying distributions may
provide some improvement, probably at the price of loosing other nice properties.

5.4.2 Time-frequency analysis of the Cohen kernel

In this section we deepen the study of the Cohen kernel 0,,. Recall that Oy (u,v) =
FOyr(u,v) = e 2mwMv (4 p) € R, At a first glance we notice that ©), €
Cre (R2d) and Oy € L7 (RQd) for any 1 < p < oo. Hence, we are dealing with
distributions whose Fourier transforms are well-behaved dilated chirps, and intuition
suggests that the kernels themselves should belong to the same family. In the case
where M € GL(d,R) this outcome is clear from Theorem [5.4.1] Moreover, such a
heuristic statement is enforced by the following result, already proved in [CGN18§|,

Proposition 3.2 and Cor.3.4].

Lemma 5.4.7. The function ©(z, &) = ™% belongs to M1°°(R??) N Whoo(R2).
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

Proposition 5.4.8. Let A = Ay € GL(2d,R) be a Cohen-type matriz with
M € GL(d,R). We have

eM c Ml,oo(RQd> N WLOO(RQd)'

Proof. Recall that Oy (u,v) = e 2mMv = T -0 (u,v), where O(u,v) = €*™* and
M = (—I) @ M. Note that M is invertible since M € GL(d,R) by assumption.
Therefore, according to the dilation properties in [CN08al, Proposition 3.1 and
Cor. 3.2], the results in [CGN18, Proposition 3.2] and Lemma above, we
have O € M1 (R??) N WH*(R*). Since Oy = FOy and WH® = FM1>° we
conclude that 0y, € M1>°(R2) N Weo(R24). O

In the case of 7-Wigner distributions, that is M = (7 — 1/2)I with 7 €
[0,1] \ {1/2}, we recover a known result [BDDO10, Proposition 5.6]:

0.(z,&) = 2927 — 1|~ 5Tt

Notice that one cannot say much without assuming the invertibility of M. We
do not explore this situation, apart from mentioning that for M = 0 most of
these results do not hold: for instance, since 6, = ¢, it is easy to verify that
Oy € MH>(R*) \ WLoo(R2), cf. [CGN1T7h].

To conclude this section we prove that, in according with heuristic expectations,
the time-frequency regularity of a Wigner distribution survives linear perturbations.
Similar results have been proved for the Born-Jordan distribution in [CGN18|
Theorem 4.1] and its n-th order generalization in [CDGN18], although with a
significant difference: no directional smoothing effects occur in our scenario, as
already remarked above.

Theorem 5.4.9. Let A = Ay € GL(2d,R) be a matriz of Cohen’s type with
M € GL(d,R) and f € 8'(R?) be a signal. Then, for any 1 < p,q < oo,

Wfe MPY(R™) <= Wy f € MP4(R™).

Proof. Assume first Wf € Mp’q(RQd), for some 1 < p,q < oo. Taking the
symplectic Fourier transform, the claim is equivalent to showing that

O - Amb(f) € WPI(R*),

Since Amb(f) € WP4(R??) because of the assumption on W f, the desired result
follows from Proposition [5.4.8 and the boundedness of Fourier multipliers with
symbols in W1 on MP4 (cf. [BGOR0T7, Lemma 8]), or equivalently W (R??) .
WPa(R*) C WP4(R?*) [Fei83, Theorem 1].
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5.5. Boundedness results for matrix-Wigner distributions

Conversely, assume Wy, f € MP1 (R2d), for some 1 < p,q < oo. Taking the
symplectic Fourier transform yields

Orr - Amb(f) = F,Warf € WPI(R2).
In view of (5.8) and Proposition we have 0, € WH(R?), therefore

Amb(f) = 0y, - F,Wa f € WHh2(R?) . WP4(R*) ¢ WP4(R*).

5.5 Boundedness results for matrix-Wigner
distributions

5.5.1 Boundedness on Lebesgue spaces

We characterize the boundedness of a matrix-Wigner distribution B4(f,g) on
Lebesgue spaces using that this is a completely established issue for the STFT, cf.
[BDDOO0Y).

Proposition 5.5.1 (|CT20, Proposition 3.9]). Assume that A € GL(2d,R) is

right-reqular. For any 1 < p < oo and qge2 such that ¢ <p <gq, f € L’(RY) and
g € LP(RY), we have

(i) Ba(f,g) € LY(R2), with

1Batf. )y < —— el 5
|detA|5|detA12|5_5|detA22|F_5

(i) If 1 < p < oo then Ba(f,g) € Co(R??). In particular, B4(f,g) € L>®(R?).

(i) If 1 < p,q < oo such that p < ¢ or p > q, the map Ba(f,g) : LP(R?) x
LP(RY) — LY(R?*?) is not continuous.

Proof. (i) Set W = (Ay; — A A5t Ayy) @ A%, and note that W e GL(2d,R),

since

1 det A

det W = det (Au - A12A2_21A21) " det Ay, ~ det Aqgdet Agy

£ 0.
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

We use Theorem and the estimate [BDDOO09, Proposition 3.1] for the
Li-norm of the STFT, that is

1BA(f,9)l o = |det Ava| ™| Tw V3 £l
— |det Ao~ det W[ V5 /]l
< |det Am\_l\det W|_1/q‘|fHLpH§HLP/

_ _ det Ag,|'"
= ’detAH’ lldetW\ l/qu“Lp (&HgHm)

|det A22|1/p/
_ 1/l o llgll
|det W9 det Ags|'/P|det Agy |’
£ 1l o llgl o

1 _1-
7

" |det A9 det Ao|r 7 |det Ago|

(ii) Arguing by density, there exist sequences {f.},{g.} € S(R?) such that

fn— fin L? and g, — g in L?. Therefore Ba(fn, gn) € S(RQd) C Cy (de)
and we have

< 1Ba(f, 9n = 9l + 1Balf = fus 9l

< Wfllzollgn = gllpor + 1f = full o llgll 12

— 1 1_1 i_1 -
|detA|q|detA12]P q|d€tA22|p/ 4

Since the sequence {|| f,||,,} is bounded, we conclude
i [[Ba( i g) — Balf.)o = 0.

This implies Ba(f, g) € Co(R??), as desired.
(iii) This is a direct application of [BDDO09, Proposition 3.2].
]
We can specialize the previous result to distributions of Cohen type as follows.

Theorem 5.5.2. [CT20, Theorem 4.14] Let A = Ar € GL(2d,R) be a right-
reqular Cohen-type matriz. For any 1 < p < co and q¢ > 2 such that ¢ <p < g,
felr? (Rd) and g € LP (Rd), the following facts hold.
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5.5. Boundedness results for matrix-Wigner distributions

(i) Ba(f,g) € L1(R*), with

||WT(fag)HLq < HfHLPHgHLp’ —

\det(T)|7 3 |det(I — T)|7 &

(it) Wr(f,g) € Co(R*).

5.5.2 Boundedness on modulation and amalgam spaces

We provide here some results on the continuity of the distributions Wz on modula-
tion and Wiener amalgam spaces. We would like to point out that results of this
type were already proved for 7-Wigner distributions in [CDT19] and [CNT19b]. In
fact, we prove generalized versions of [CDT19, Lemma 3.1 and Proposition 5.1].

Theorem 5.5.3. Let m € M,(R*) and A = Ar be a Cohen-type matriz. Set
vy =T 0.

(i) Let the indices 1 < p;, qi,p,q < 00, i = 1,2, satisfy the conditions

and 1.1 1 1 1_1 1
— =>4, =>4 (5.19)
pr p2 P g g9 42 p g
If f € MPri(RY) and g € Mf/l;gz(]Rd) then the T-Wigner distribution
Wr(g, f) belongs to Mf§1/vJ(R2d), with
IWrlg. Dlisrzs,. So WLz gl (5.20)

(ii) Let 1 < py,py < 0o and assume that Ar is right-regular. If f € MPP2(R9)
and g € Mf/l;SZ(Rd) then the T-Wigner distribution Wr(g, f) belongs to

Wi5e o1 (R*), with

W (g, Nllwree S a@upn) (DI sz gl ot

(1/v)®1 1/m

where we set

(o) (T) = (det T)~V/PiFLP2) (det (1 — T))~ (/e +L/es), (5.21)
(i) If Ar is right-reqular, f € Mp(R?) and g € M7, (R?), then Wr(g, f) €
Wi, yo1 (R*), with
vy

W lg: Dllwzz S llf g llgllaz,, -

(/v y)®1
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

Proof. We start with the proof of (7) in the case where p < g < oco. We fix ¢ €
S(R?)\ {0} and compute the STFT of Wr(g, f) with respect to the window function
&, = Wr¢ by means of the magic formula (5.16). Therefore, the substitution
n=z+ (I + Pr)J¢ yields

W (g, F)llmzg

1®1/v
1

</de (/de \Vog(z + PrJQO)P |V f(z + (I + PT)JC)!de> p vq(bC)dC) E

(/R (/R Vogl =7 <>|pIV¢2f<n>!pvp<bc>dn) Zdé) ’

Since m is a v-moderate weight and v is even, there exists C' > 0, independent of
T, such that

5]

1 ¢ m(n)

v(JO) T mln—JC)

Therefore,

||WT(g7f)||Mp’q

1®1/vJ

<o [ ([ Wweatn = sorvasinr—=2 ) gdc);

) (/R ((’(V‘“’ ) rm) <\V¢frpmp><J¢>) Zd<> a
— C||(|(Vg) Y [PmP) 5 (|Vi f]PmP) || 117

La/p*

The rest of the proof goes exactly as in [CN18| Theorem 3.1] using the convolution
inequalities in Proposition [2.3.3]

Let us consider the case p = ¢ = co. A similar computation yields

W (g, F)llares

1®1/’UJ

S ([ fllargellgllags,

1/m

and the claim follows by the inclusion properties of modulation spaces.

Finally, assume p > ¢. Again by the inclusion properties of modulation spaces
we have

IWr(g, Ollag,,, < IWrlg, Allagg,,, < CllFlampaligllamse-

1®1/vy 1®1/v;
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The proof of (ii) goes along the same lines. In particular we have

1
[, WaWaa. (e 056

1
= [ Weate + PraOIVaf -+ (1 + PO

=i [ Wagle+ Prll+ Py Ve G + )l

ES R

where we set Cr = (det T')(det(I — T")). Since m is a v-moderate weight and v is
even, there exists C' > 0, independent of 7', such that

1 m(z +n)
< .
v((L+Pr)~'n) = m(z+ Pr(l + Pr)~'n)
Consequently,
Welo, Dl
~ B m(z+n)
<CClsu/ Vig(z + Pr(I+ Pr) " 'n)||Vaf(z + d
= T zelRI:Q)d de’ ¢g< T( T) 77)” ¢f( n)’m(z_i_PT([_{_PT),ln) Ui
< CCH Ve fmllworwa | T pp s pey-1 Vogm ™ || o0,
det(I —T) 1/p2—1/p1
-1 -1 getid — 1) . L
< ey et =) () Wl g
and the claim follows.
The proof of (ii7) is a slight variation of the previous one. O

In the case of polynomial weights we can similarly extend a characterization
for the Wigner distribution proved in [CN18, Theorem 3.1]. Note that this is not a
special case of the previous result, in general.

Theorem 5.5.4 (|[CT20, Theorem 4.12].). Let A = Ay € GL(2d,R) be a Cohen-
type matriz. Let s € R and 1 < p;,q;,p,q < 00, 1 = 1,2, be such that conditions

(5.18) and (5.19)) are satisfied.

(i) If fi € MPr1(RY) and f, € M5827q2(Rd), then Wr(f1, f2) € M&’E(R%), and

Yls|

the following estimate holds:
IWe(Fi, £ g S 1 Fullggun 1 ell gz
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(ii) Assume further that both T and I — T are invertible (equivalently: Ar is
right-reqular, or Pr is invertible, cf. (5.14]) ), and define By = (I + Pp)~! and
Ur = (I + Pyt Set vPr = T v, W47 = Tyv,. If f1 € M (R%) and

fo € M¥EP(RY), then Wr(f1, f2) € ng s, (R?%), and the following estimate
holds: ’

IWe(fi, folllwna - S (Cr)Y* 2 fullggun | oll e

1Quvg

where Cp = |det T'||det(I — T')| > 0.

Proof. Arguing as in the proof of Theorem [5.5.3| we get the estimate

* 1/
IWr i o)l = [Vadel? (Va5

From now on, the proof proceeds exactly as in |[CN18, Theorem 3.1]. Similar
arguments also apply in the case where p = 0o or ¢ = 0.

For what concerns the boundedness on Wiener amalgam spaces, notice first
that if Az is right regular, (I + Pr) and also (I + Pr 1) are invertible, with

(I+ P ' =({I+Pr)'Pr=Pr(1+Pr)"

Arguing as before, one similarly gets

IWr(frs fo)llwra <o G IV 5 (Vo fo) @) ) Tl
where Cp = | det T'|| det(I — T")|. Again, the proof proceeds hereinafter as in [CN18,
Theorem 3.1]. O

Remark 5.5.5. 1. We remark that the given estimates are not sharp, since
we employed window functions depending on T in order to perform the
computations and thus the hidden constants in the symbol <r may depend
on T. However, the comments of |[CN18, Rem. 3.2] are still valid here. In
particular, the result holds for more general weight functions: for instance,
sub-ezxponential weights or polynomial weights satisfying formula (4.10) in
[Tof04b] are suitable choices. Notice that the proof of the theorem in fact
reduces to the study of continuity estimates for convolutions on weighted
Lebesgue mized-norm spaces.

2. The previous results can be easily specialized to T-Wigner distributions. For
instance, we recover [CNT19b, Lemma 4.2 (i1)] by noticing that (I + Pr)™' =
B, and (I + Py~ = U, for T = 71, where the matrices B, and U, are
defined in (CNT19b, (5) and (26)].

132



5.5. Boundedness results for matrix-Wigner distributions

We will also need the following boundedness result involving more general
weights; we omit the proof since it is just a slight variation of the previous ones.
The details in the case of 7-Wigner distributions may be found in [CNT19b, Lemma
49].

Proposition 5.5.6. Let A = Ar € GL(2d,R) be a Cohen-type matriz and m €
M, (R*).
1. Let 1 <p<ooand setv_y =T ;1. If fi € MP(R?) and fo € M}(RY) then
Wr(f1, f2) € MiE, (R*), with
IWe(hr. llagz, S Il ol

2. Let 1 <p;,q;,p,q < 00,1 =1,2, be such that conditions (5.18)) and (5.19) are
satisfied. Assume further that Ar is right-reqular and define By = (I + Pp)~1

and Uy = (I + P;')~L, where Pr is defined in (5.14)). Set mPr = Ty, m,
mir = Ty m. If fi € MP29(RY) and fo € Mf:féq;(Rd) then Wr(fi1, fa) €
WP, (R2), with

IWilg, f) St (CoYT P fllaggrn [ ol

where Cp = |det T'|| det(I —T")| > 0.

||WP,q
1®muT

5.5.3 Sharp estimates for 7-Wigner distributions

We already pointed out that the results in Theorems [5.5.4] and [5.5.3] are not sharp
with respect to the “parameter” T. In the slightly more manageable case of

7-Wigner distributions, namely for 7' = 71 with 7 € [0, 1], sharp estimates were
obtained in the paper [CDT19].

First, for 1 < py, ps < 00 let us define the function

@ -

Q(pr,po)\T) = . o\
Td(ﬂ+5) (1 — T)d(pl+p/2)

Note that the this function just coincides with oy, p,)(7") defined in ([5.21)) in the

case where T' = 71. The function o, p,)(7) is unbounded on (0,1) at least on one
endpoint for any choice of pq, ps.

In order for the results of Theorem to be made sharp, we provide two
preliminary results. Given a moderate weight m on R??, we say that a measurable
function f on R2¢ x R belongs to the space L°(L¢,,)(R3%) if

7€ (0,1). (5.22)

iz, = s, [ 1 Om(GC < . (523

z€R2d
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

The following convolution inequality holds.

Lemma 5.5.7 (|CDT19, Lemma 2.11]). If m € M,(R*), f € Li,, (R*) and
g € LP(Lg,,)(RY), then f+g e LP(Lf,,)(RY), with
1 *glleecer ) < Il Ngllpeecey )

1®v

Proof. Using the definition of L*(L¢,,)-norm in (5.23)),

T *alliz, = s, [ 1F +sl( m(O

2€R2d

= sup
z€R2d JR2d R4d

< swp /de /de </de |1y, m)lgl(z =y, ¢ — n)d77> m(¢)dyd(

= swp [ (810 ol = 5D OmiC) e

2€R2d

gz —y.¢ — n)dydn]m@)dc

A

By Young’s inequality ({2.3]),

r=sw [ A Mullol: = v )y dy

z€R2d JR

< [ W11y 509 gl = 9. )y o
R2d

2€R4

= ||9 Lgc(Lg,m)HfHL%@v,

as claimed. O
The second result is an estimate for the 7-Wigner distribution with a Gaussian
window, uniform with respect to 7. This is an essential result for the purpose of

obtaining sharp estimates but we just sketch the main steps of the proof, which
ultimately amounts to a lengthy and painful computation.

Lemma 5.5.8 ([CDT19, Lemma 3.2]). Let 7 € [0,1] and consider ®(x,§) =

e @) (&) € R, Set . = W, (¢, $), where ¢(t) = e ™, t € RE. Let v be
an admissible weight and set vy = € v. There exists a constant C' > 0 such that

1 lazs,,, =< Va®rll,, < C, ¥rel01].
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5.5. Boundedness results for matrix-Wigner distributions

Sketch of the proof. Recall that a generalized Gaussian function is defined by
¢a,b,c(xy 5) — e—wam26—7rb§2 e27ricm~§7 (l‘, g) c R2d,

for arbitrary positive parameters a, b, c > 0. It is proved in [CN18, Proposition 2.2]
that the STFT of such a function with window ®(xz, &) = e "@*+€) ig given by

V®¢a,b,c(za C) — O(a, b, C)
(ol 0l o s e 04106+ o 1= -5
X exp| —m
(a+1)(b+1)+ 2

e+ (a+ 1)z
+1 ’

o
xexp(a il (21 G+ (ez — (a+1)<2)(a+1)(b+1)+02

for any z = (21, 22), ¢ = (1, &) € R* with C(a,b,¢) = [(a+1)(b+1) + 22, It
is easy to see from (5.11) with M = (7 — 1/2)] and A = 1 that

WTQS(,I’, g) = C(T)e—ﬂ'a(’r)x2e—ﬂb(7)52627ric(7')x.£’

where

1 21 —1

a(r) = b(r) = 0(7)2/d _ 5T o T o(r) = 5

T2 -27+1
By combining the previous results we thus have

1
(272 — 27 + 5)4/2
322+ 22)+ (212 =27+ 2)(C+ )+ (2—47)(21 - (o + 29 - gl))

Ve ®-[(2,¢) =

X —
exp( T 272 — 27+ 5

We now recall from Proposition that a submultiplicative weight has at most
exponential growt, namely v(z) < e®?l for some a > 0. Note that for 7 € [0, 1]
the coefficient in front of the exponential is uniformly bounded, hence

3(2%-!—2%)

Vol < C/RM e "#aris [dzydz,

where

_ 2T 2742) ((F+B)+(2-47) (21 Co 221 alJC|
I = e 2722745 e dC1d(s.
R2d

2In fact, admissible weights used in this dissertation grow at most polynomially, but it is
better to use a rougher exponential estimate for the purposes of the proof.
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

The integral I; can be estimated as follows:

(272 —2742)¢2+(2-47)29Cy (272 —2742)¢23+(2—47)z1 (o
I < e T 272 2745 €a|Cl|d€1 e’ 2r2-2715 6a|<2|dC2 )
R4 R4

We compute the integral with respect to the variable (; (the other one is analogous):

. (2r2—2r42)¢3+(2—47)23-C; (1-27)223
e
Rd

222745 ea|41|dC1 — ¢ (@r2—2rt2)(2r2—2715) I,

where we set

_ (@ —2r42)¢ +(1-27)29)? alci]
1—2 — e (27'2727'4»5)(27'27274»2) e 1 dCl
R4

After the substitution (272 — 27 +2)¢; + (1 — 27)29 = 11 we have

2

_ m a
1 / e ”(272727%)(27272#2)6272—2r+2|’71_(1_27)32‘d771
R4

(272 — 27 + 2)d
all1—27| )
S Cld€27_2_27_+2 |22 / e*ﬂCQm eaCﬂm\dnl7
R4

IQI

where

c 1 2 c ) 1 1
= max == = min =—.
T oeom (22 =27 +2) 3 7 e (22 —2r+5)(2r2 —2r+2) 10

. . _-C1,2
Using limy,, |y €™ "2 "M e?C2ml = 0 we conclude that

all—27| 29|
2_ 22
IQ < Ce2r?—27+2 ,

hence

Gad i Gt o
I < CBW (272 —-2742)(272 —27+5) Torrori2 |22 6” (272 —27+42)(272 —27+5) Torrort2 |1 .

Finally,

322 (1-27)222 N all1—27| 21
e z
1V, 1y, SC’/ oIt " B a3 a2 g,
vy
Rd

322 (1-27)222 a|l1—27|
% e "2 —2r 75 o (2r2—2r12)(2r2—2745) | 2122742 |Z2|d22.
Rd
The latter integrals can be uniformly estimated arguing as before for I, in particular

2
||V<1>¢7—||L%®UJ S Cl (/Rd @_Wz2/2+(l|z/2dz) < o0,

where the constant C’ > 0 does not depend on 7. O
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5.5. Boundedness results for matrix-Wigner distributions

We are then ready to prove sharp version of Theorem for 7-Wigner
distributions.

Theorem 5.5.9 ([CDT19, Proposition 3.1-3.2-5.1]). Under the assumptions of
Proposition [5.5.5 with T' = 71, there exist constants C,C",C" > 0 independent of
T such that

W= (g, £)llar g

1®1/’UJ

S Cllf g llgllaezee, 7€ [0,1].

||WT(gaf)||W(]-'Li/UJ,L°°) < C,a(pl,m)(7—)||f||M7’[;}’p2 ||g||Mp’1,p’27 TE (0’ 1)7

1/m

”WT(g7 f)HW(z’

2
1/v5)®1

< flagllgllagz,, . 7€ (0.1). (5.24)

Proof. Note that the estimate ([5.20)) in the case where 7 =0 or 7 = 1 is already
sharp; for instance, using the magic formula (5.16]) in the case "= 0 we have

HWO(Q, f)HMM

1®1/v

a/p 1 1/q
— (/Rd </Rd [Vsg(z1, 20 + C)P [V f (21 + Co 22)|pdz1d22> de1d<2>

qa/p 1/q
— (/Rd< » |Vog(z1 — oy 22 + Cl)\P|V¢f(Z1,zz)\pmdzld@) deCg)

<o [ ([t sopmser i) a)
= CIN(Vag)* P ) 5 (Vo P,

and similarly for 7 = 1.

Assume then 7 € (0,1). We use the results of Theorem with T'= 71, the
change-of-window lemma for the STFT in (3.3), Lemma and Moyal’s formula
(3.6). Therefore, there exists a positive constant C' independent of 7 such that

1
D,q < — P,q
HWT(Q: f)HM1®1/vJ —= ’<q)77 ®T>’ HlV‘I)-,-WT(g7 f)’ * |V<I>®T‘HL1®1/UJ
1
< s IWelgs Dllra - 1@][an
16117219117 1ei/ey e

< Cllfllamzrorllgllazza-
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

In a similar fashion, also by Lemma

1
Ve Wr(g: ez, ) < ﬁ\ll‘/@Wr( Pl Vool , )
< —5——5 Vo W:(9, [)ll Lo Vo® | ;1
H¢|| 2||¢||2 || ( )HL LCl/v ” HL1®U
< Cxpypo) (Dl azrr2 Mgl g -
1/m
The proof of ((5.24]) is similar. O

5.6 Pseudodifferential operators

In this section we discuss the formalism of pseudodifferential operators that is
associated with every time-frequency representation B4.

Imitating the time-frequency analysis of Weyl operators, we introduce the
following general pseudodifferential calculus.

Theorem 5.6.1 ([Bay10, Proposition 2.2.1]). Let A € GL(2d,R) and o € M (R>?).
The mapping op 4(c) = o defined by duality as

(0" f,9) = (0,Balg, f)),  f.9€ M'(RY)

is a well-defined linear continuous map from M*(R?) to M*>(R?) (and also from

S(RY) — S'(RY) if o € S'(R*).

The proof easily follows from the continuity of the distribution B4 : M*(R?) x
M*(RY) — M*(R??), from Proposition m

Definition 5.6.2. Let A € GL(2d,R) and 0 € M*> (RQd). The mapping defined

in Theorem [5.6.1], namely
MR 2 feotf e MPRY (o f,g) = (0, Balg. f)), Vg€ M'(R?),

15 called quantization rule with symbol o associated with the matriz- Wigner dis-
tribution B, or pseudodifferential operator with symbol o associated with the
matriz- Wigner distribution By.

Sometimes we use the equivalent notation op 4(c) for 0. Moreover, if A = Ar
is of Cohen type we write o7 in place of 047 with a slight abuse of notation. In
particular, we retrieve T-pseudodifferential operators op. (o) for T =71, 7 € [0, 1];
we use the traditional notation o™ for Weyl pseudodifferential operators (7 = 1/2).
Using Feichtinger’s kernel theorem (Theorem , we now provide a number of
equivalent representations for o4 f.
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5.6. Pseudodifferential operators

Theorem 5.6.3. Let A € GL(2d,R). Let T : M'(R?) — M>(R%) be a continuous
linear operator and A € GL(2d,R). There exist distributions k,o, F € M> (R
such that T admits the following representations:

(i) as an integral operator with kernel k: (Tf,g) = <k:,g ®7> for any f,g €
Ml (Rd);

(ii) as pseudodifferential operator with symbol o associated with Ba: T = o*;

(111) as a superposition (in weak sense) of time-frequency shifts (also called spread-
ing representation,):

T= / /R  F(a, )T, Medude.

The relations among k,o, F' and A are the following:

o=|det A|FoTak,  F=FTa,k.

Proof. The first representation is exactly the claim of the kernel theorem. Now set
o = |det A|FoTak € M (de . this is a well-defined distribution, since F, and
T4 are isomorphisms on M*°(R??). In particular, for any f,g € M'(R?) we have

(Tf.9)=kg®[)
= <|det A|71§21]:2_10, g 7>
= (0, F:%a(9® f))
= (0,Bal(g, f))
= <0Af, g>.
This proves that Tf = o4 f in M*>°(R?). The relation between the kernel repre-

sentation in item 1 and the spreading representation in item 3 is well-known, e.g.

[Gr601]. It can also be deduced from item 2 from the special matrix Agy = [_O I ﬂ

and
(Tf,9) = (F,Vig) = (F,Bas(9,f)),  [.g€ M'(R?).
O

Remark 5.6.4. Since k = |det A| 'S4 F, Lo = |det A| "7, 41 F; 15, one can
formally obtain another representation of the third type with a special spreading
function:

o f(w) = —

— ~ . Afl . Afl 27ig-[(A~ D) 1124+ (A1) 22y] )
\det A| 2 0(57 ( )21:6 ( )223/)6 f(y)dﬁdy
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

Notice that the inverse of a Cohen-type matriz A = Ar has the form

Apt = [—(11— T _TI]

thus the previous formula becomes
o f(z) = / ) o (&, u)e 2 I=Tws M, f(x)dédu. (5.25)
RQ

This should be compared with [Gro01, (14.14)] for the Weyl quantization and
[/CDT19, (20)] for T-quantization.

We now study the relations among pseudodifferential operators associated with
MWDs and the corresponding symbols.

Proposition 5.6.5. Let A, B € GL(2d,R) and o,p € M>(R*). Then,

_|det A

A_ B
7= |det B

o =p <~

FoTp-1aFy'p

Proof. Assume that T = 0 = pP. According to Theorem m, T has a distribu-
tional kernel £ such that

o = |det A|Fo% 4k, p = |det B|F>2%gk.
Therefore,

o = |det A|FoT 4k
_|det A
~ |det B
_|det A

—_ -1 ~1 .
- |detB\F2TB aFyp

FolaT5 Fylp

On the other side, if ¢ = |det A||det B|™' F, T 5-14F; 'p, then for any f, g € M*(R?)

<0Af,g> = (0, F2Ta(f ®7))
= (|det Al|det B| ' FS 4T3 Fy o, FaTa(f ©79))
=(p"f.9).
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5.7. Boundedness results for matrix-pseudodifferential operators

In the case of Cohen-type matrices we have a more explicit relation that covers
the usual rule for 7-Shubin operators (cf. [Tof04a, Remark 1.5]). The proof is a

straightforward application of (5.12)).

Proposition 5.6.6. Let A} = A, Ay = Ap, be Cohen-type invertible matrices,
and o,p € M (RQd). Then,

of' =0y = G ) = e TG (¢ y).

Moreover, if Ty — Ty € GL(d,R) then

ol =6l = gy(x, &) = |det(Ty — Ty)| 12T 20 ().

It is also interesting to characterize the matrices yielding self-adjoint operators.

Proposition 5.6.7 ([Bayl0, Proposition 2.2.3]). Let A € GL(2d,R) and o €
M>(R*). Then
(o) =p",

where

_ . Ay —A
p =70, B:IAIQ:{Ai _Afj.

In particular, o is self-adjoint if and only if o = & (real symbol) and B = A,
hence

A21 - A11> A12 = _A22'

Remark 5.6.8. The previous result shows that only matrices of the form [i _QQ} ,
with P,Q € GL(d,R), give rise to pseudodifferential operators which are self-adjoint
for real symbols. This occurs only for Weyl calculus as far as the class of T-operators

1s concerned.

5.7 Boundedness results for
matrix-pseudodifferential operators

5.7.1 Boundedness on Lebesgue spaces

The boundedness of a pseudodifferential operator o associated with B, is inti-

mately related to the boundedness of the distribution B4 on Lebesgue spaces, in
view of the duality in the definition of 0 and Theorem [5.5.1]
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

Theorem 5.7.1. Let A € GL(2d,R) be right-reqular and o € L(R*'). The
quantization mapping

= Lq(RQd) — O_A c ﬁ(Lp(Rd))

is continuous if and only if ¢ < 2 and ¢ < p < ¢, with norm estimate

o]l o
1

|det A|7 |det Auo|?~ 7 |det Agol?

gl
”‘7 Lr—sLp =

»Q\‘ —

Proof. Assume f € LP(R%) and g € LP (R%), with p # 1 nor p # oco. Therefore, by
(5.17)) (switch ¢ and ¢') and Holder inequality:

‘<0—Afag>| = ‘(Uv BA(ga f>>|
< lloll ol Balg, )l o

o]l
< 1 -, 1/l llglle
|d€t A| q |detr Alle a |det A22|Pl q

]

Remark 5.7.2. Note that the closed graph theorem implies the non-continuity of
the quantization map. This means that there exists a symbol o € L1 for which the
operator o is not bounded on LP(R*?), cf. [BDDO0Y, Proposition 3.4].

One can also study compactness and Schatten class properties for these opera-
tors. We confine ourselves to state a result for symbols in the modulation spaces
M?' and M2,

Theorem 5.7.3 ([BCGT20, Theorem 16] and [Bay10, Theorem 2.2.9]). Let A €
GL(2d,R).

(i) If o € M (R*") then the operator o € L(L*(R?)) belongs to the trace class
S (LA(RY)), with

[0l 6x < Idet A2l

(it) If o € L*(R*) then o* € L(L*(R?)) is a Hilbert-Schmidt operator in
S*(LA(R?)), with

lo*]lge < Idet A" [lo] 2 < [det A]2 o]z
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5.7. Boundedness results for matrix-PSDOs

Proof. We give a sketch of the proof of the first item, since the technique used
is of independent interest. Proposition immediately yields 4 € E(L2(]Rd)),
since M*(R?*!) C L'(R?*) N L*(R??). In line with the paradigm of time-frequency
analysis of operators (cf. [Gro01, Section 14.5] and |Gro96, Theorem 3]), let us
decompose the action of o into elementary pseudodifferential operators with
time-frequency shifts of a suitable function as symbols. The inversion formula for
the STFT allows to write

0':/ / Voo (z, ()M T,dzd(,
R2d JR2d

for any window function ® € M*(R*) with ||®||;» = 1. Therefore, for any
fr9.€ M'(RY):

(o f,9) = (0, Balg, [))
B /de /de Voo (2, Q) (M(T.®, Ba(g, f))dzd¢

_ /R /R Vo (2, (M TL®)  f, g)dzdC.

This shows that ¢# acts (in an operator-valued sense on L?) as a continuous
weighted superposition of elementary operators:

A _ A
o _/R?d /]R?d Voo (z, () (M T, Q)" dzd(. (5.26)

The action of the building blocks (MCTZCIJ)A can be unwrapped by means of the
magic formula ([5.3.7) provided one takes ® = By for some ¢ € M!(RY) with
o]l > = |det A|"* (see the orthogonality relations (5.7)):
(MT.2)"f, g) = (MT.®, Ba(g, f))
= VBA@BA(gv f)(zv C)
= X2V £ (b, B)V,9(a, a),

where a, a, b, § are continuous functions of z and (. In particular, we have
(MT,®)" - LA(RY) — L2(RY) = f = X222 (f, MgTyp) My T,

hence (M:T.®)" is a rank-one operator with trace class norm given by ||(M T, ®)" || =

o], = |det A2, independent of z,¢. To conclude, we reconstruct the operator
o4 and compute its norm by means of the estimates for the pieces:

lotler < [ [ Vool QUML) erdzdC < Calol
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5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

Remark 5.7.4. The superposition formula (5.26]) should be compared with the
inversion formula (4.1)), which in this case reads

olf = | V,f(z)o(n(2)g)dz.

R2d

5.7.2 Boundedness on modulation spaces

We now study the boundedness on modulation spaces of pseudodifferential operators
associated with Cohen-type representations.

Theorem 5.7.5 (Symbols in MP7). Let A = Ar € GL(2d,R) be a Cohen-type
matriz and consider indices 1 < p,p1,p2,q,q1,q2 < 00, satisfying the following
relations:

1 1 1 1 1 1 1 1
/ ! /
P1,P2,41,9 SQ> _+_2_+_, _+_2_+— 527
b bR mophy P o v (5.27)

1. Let m € My(R*) and set v; = Tyv. If 0 € MYy, (R*) then the pseudodif-
ferential operator o is bounded from MP»%(RY) to MY (RY), with

L ——

2. Let s € R. If o € MJI(R*) then the pseudodifferential operator o™ is
bounded from MPLT(RY) to MP2%(R?), with

—|sl

o sy sy S llollagger

Proof. Under the given assumptions on the indices, Theorem (7) implies that
Wr(g, f) € Mfé@"{/w(l[{d) for any f € Mp(R?) and g € M7 2(R?). Therefore,
by the duality of modulation spaces we obtain

[(o" f,9)| = [{o, Wr(g, )|
< llollaga, Wrlg, )l

1®1/’UJ

Sallollagg, 1o ||g||Mp;2,q/2.
1/m

The remaining claim follows by a similar argument using the results in Theorem
5.5.4] (7). O

We are also able to consider symbols in Wiener amalgam spaces, as detailed
below.
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5.7. Boundedness results for matrix-PSDOs

Theorem 5.7.6 (Symbols in W??). Let A = Ar € GL(2d,R) be a right-regular
Cohen-type matriz and m be a v-moderate weight on R??; set vy = T v. Consider
indices 1 < p,q,r1,1m9 < 00, satisfying the following relations:

q S p/7 1, rlla T2, TIQ S p. (528)

For any o € W%, (R*®) the pseudodifferential operator o™ is bounded on M1 (RY),
with

o™ gz w2 sngzims S Crav (Do lwra,,

where Cp = |det T||det(I —T)| and o, v,)(T) is defined in (5.21]).

Proof. We divide the proof into three parts.

Step 1. Let o € ijgl(RQd). For any 1 < py,pa < 00, f € MPP2(RY) and
g€ Mf};f;/? (R%), by Theorem [5.5.3| (i7) and duality of amalgam spaces we have

(o™, 9)| = (o, Wr(g, f))]

< ||U||W;;§1||WT(9>f)||W11/!33®1
<

~T O[(Pl,m)(T)HO-HWU";’él HfHMmym ”gHMp’l,pé .

Step 2. Let 0 € W7o (R). If f,g € M2(R?), by Theorem m (#73) and
duality of amalgam spaces we get have, arguing as before,

||UAHM§L»M}; St HUHWff@'

Step 3. We proceed now by complex interpolation of the continuous mapping
op; on modulation spaces; in particular, we are dealing with

opy © Woo (R*) x MPoP»2(RY) — MPoP2(RY),

opy : Wik, x MP(RY) — M*(R?).
For 6 € [0, 1], we have

(W(FLy, L"), W (FL;

vy vy

L2)}9 =W(FL?

vy?

L), 2 < p< oo,

P1,P2 2,21 _ T1,72
[MEEP2 M2, = M,
with

1 1—60 6 1—-0 1 ]
= + == + -, 1=1,2.
r; Di 2 Di 4
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From these estimates we immediately derive the condition ry, 7}, 79,75 < p. The
inclusion relations enjoyed by amalgam spaces allow us to extend the result to
WL, (R*) for any ¢ < p/. The norm estimate is given by

HO’T”[:(WS(’;I@lXM;}’TZ,M:,}’W) < ||O'

il gl

! 00,1 P1,P2 P1,P2 ||O-
L(WS gy x MRET2 MELT?)

%
LWy x M2, M2,)
ST (a(Pl,pQ)(T))l_e

=T O‘(mﬂ“z)(T)C’.?“

fST CTO‘(T‘LT‘Q)(T)'

This concludes the proof. O

5.7.3 Sharp results for 7-pseudodifferential operators

The sharp results for 7-Wigner distributions obtained in [CDT19| and reported
in Section have a counterpart for boundedness results of the corresponding
T-operators. The proof follows the same pattern of those of Theorems and
[5.7.6] using the results of Theorem [5.5.9]instead of Theorem [5.5.3

We highlight that the norm estimate in ([5.29)) below is slightly better than the
one originally proved in [CDT19, Theorem 4.3], where we used that Cp = C, =
(r(1—7))¢ < 1.

Theorem 5.7.7 (|[CDT19, Theorem 4.3 and 5.1]). Let m be a v-moderate weight
on R?* and set vy = T jv.

1. Consider indices 1 < p,p1,p2,q,q1,q2 < 00, satisfying the conditions ([5.27)).
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For any 7 € [0,1], if 0 € M7}, (R*®) then the pseudodifferential operator o™
is bounded from MPv%(RY) to My (RY) and there exists a constant C' > 0
independent of T such that

o7 llsgenysazse < Cllollps V7 € [0,1)

Consider indices 1 < p,q,r1,r9 < 00, satisfying the conditions (5.28)). For
any 7 € (0,1), if o € W)L, (R*) then the pseudodifferential operator o™ is
bounded on M!"2(R?) and there exists a constant C > 0 independent of T
such that

o lagar2 s nazars < C(F(L = 7)) ) (Pl V7 € (0,1), (5.29)

where oy, ) (T) is defined in ((5.22)).
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We finally consider the endpoints 7 = 0 and 7 = 1, for which the boundedness
result of Theorem [5.7.7] (#4) does not hold in general. The following counterexample
is inspired by an argument of Boulkhemair [Bou95].

Proposition 5.7.8 (|CDT19, Proposition 4.4]). There exists a symbol o € W1 (R??)
such that the corresponding Kohn-Nirenberg opy(o) and anti-Kohn-Nirenberg op, (o)
operators are not bounded on L*(R?).

Proof. Consider the symbol

0(1}1, ey, 51, ce 7£d) == iL‘;l/Q ce 1‘;1/21(071} (I'1> ce 1(0,1] ($d)€_ﬂ§2,

with €2 = & + -+ + &. An easy computation shows that o € L'(R*) =
W (L', LY)(R??) ¢ W*>1(R??). We prove that the Kohn-Nirenberg operator op,(a)
is unbounded on L2(R%), in particular given the Gaussian function f(t) = e™ €
L?(R%) we have that op,(a)f ¢ L*(R?). Indeed, by a tensor product argument, we
reduce to compute the following one-dimensional integral:

/62”ix”5x_1/21(071](m)e‘”52d§ = (23@)_1/21(0,1] (x)e‘”Q/z,
R

resulting in a function that does not belong to L*(R).

The proof of the unboundedness of the anti-Kohn-Nirenberg operator op, (o) is
an immediate consequence of the fact that op,(c)* = opy(o). O

5.8 Symbols in Sjostrand’s classes

We already mentioned in Section that an important space of symbols is the
(unweighted) Sjostrand class. It has been introduced by Sjostrand [Sj694] to extend
the well-behaved Hormander class Sy, = C5°(R*?) and later recognized to coincide
with the modulation space M°1(R??). Accordingly, it consists of bounded symbols
with low regularity in general, namely temperate distributions o € S'(R??) such
that
/ sup (o, m(z,()g)|d¢ < oo.
R2d zcR2d

As a rule of thumb, notice that a symbol in M°1(R??) locally (i.e. for fixed
z € R??) coincides with the Fourier transform of a function in L'. Nevertheless,
symbols in the Sjostrand class lead to L2-bounded pseudodifferential operators.
Sjostrand’s results have been put into the context of time-frequency analysis by
Grochenig in [Gro06¢] and were further generalized in [GRO8; (GS07]. In particular,
weighted Sjostrand’s classes with weight functions of type 1 ® v, where v is an
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admissible weight on R??, have been taken into account. The key ingredient
is a characterizing property of Weyl operators with Sjostrand symbols, namely
approximate diagonalization by Gabor wave packets; this means that the Gabor
matrix of ¢% defined in shows some kind of off-diagonal decay. In more
evocative terms, we could say that Gabor wave packets are almost eigenvectors of
o%. More precisely, the claim is the following.

Theorem 5.8.1. Let v be an admissible weight on R* and fix an atom g €
MYRY\ {0} and a lattice A C R*® in a way that G(g, ) is a Gabor frame for
L3(R%). The following properties are equivalent:

1.0 M2 1 (R¥).

2. 0 € 8'(R*!) and there exists a function H € LL(R??) such that

[{o"m(z)g, m(w)g)| < H(w — z), w, z € R*,

3. o € 8'(R*Y) and there exists a sequence h € L1(A\) such that

(o m()g, (Mg < h(A—p), A peA

The proof of this result heavily relies on a simple but crucial interplay between
the Gabor matrix of o% and the short-time Fourier transform of o, which will be
discussed in complete generality below. We mention that in |[Gro06¢| Grochenig
established a strong link with matrix algebra, heading towards a more conceptual
discussion of the almost diagonalization property; we give some hints on this
connection below. The proofs of Sjostrand’s results provided by Grochenig are to
certain extent more natural, in view of this fresh new formulation, Furthermore,
they extend the previous ones since weighted spaces are considered. We summarize
the main outcomes in the following claim.

Theorem 5.8.2 (|Gro06¢c]). Let m € M, (R?*) and set v_; = T j-1v.

1. (Boundedness) If o € Mﬁ;’i] then o is bounded on MP? for any 1 < p,q <
00.

2. (Algebra property) Mﬁ;& 1s a Banach x-algebra with respect to the Weyl
product # and the involution o +— .

3. (Wiener property) If (and only if) v is an admissible weight then op,, (Mo, )
is inverse-closed in L(L*(RY)): if o € Myor(R*?) and o™ is invertible on L?
then there exists p € My, (R*) such that (o)~ = p*.
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4. (Spectral invariance on modulation spaces) Let v be an admissible weight.
Ifo € Mf;vl (R*) and o™ is invertible on L*(R?) then o is simultaneously
invertible on every modulation space MP4(R?), for any 1 < p,q < oo.

In this section we extend Theorem to general T-pseudodifferential op-
erators, in the spirit of the paper [CNT19b| where T-operators were considered.
Moreover, we explore the consequences of the approximate diagonalization in terms
of boundedness results for the corresponding operators.

Let us first provide some general conditions on the matrices for which the
associated pseudodifferential operators with symbols in M°!(R??) are bounded
on modulation spaces.

Theorem 5.8.3 ([BCGT20, Theorem 20]). Let o € M**(R*?) and assume A €
GL(2d,R) is a left-reqular matriz. The pseudodifferential operator o is bounded
on all modulation spaces MP4(R?), 1 < p,q < oo, with

1 1

AHMP#I*)MP,Q S/A 1/p 1/p 2 (1/d “ 1/qHO-HM°°’1'
|det A11| |det A21| ’det(Alz) | |det(A22) ’ (5 30)

lo

Proof. Let f,g € M'(R?) and ® € M*'(R?*)\{0}. Then,

(o 1,9)]

{0, Balg, /)
[(Vao, VaBa(g, f))
< Vool peca[VeBalg, f)ll 1

where in the last line we used Holder inequality for mixed-norm Lebesgue spaces.
Let us choose for instance ®4 = B¢ for a fixed non-zero ¢ € M (R?). We fix
¢ € R?* and introduce the affine transformations

Ay 0 2 0 —Ap| |G
FPe(z1,20) = Pz + B( = [ 0 (A12)#} LJ " [(Au)# 0 ] [@}

Ay, 0 2 0 —Axn| G
Qcla1,22) = iz + Qo = [ 0 —(A22)#} L“J i [_(Azl)# 0 } [QJ’

in according with the magic formula (5.6)), and using again Holder’s inequality we
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get

Vo ,Ba(g: ll 1 = sup /RQd|V¢9(Pc(21,Z2))||V¢f(Q§(21,Z2))|d21d22

(C1,62)ER24

S sup H(V¢f) OQCHL?(IH(V(ﬁg) OPCHLé,I,q/
(¢1,¢2) R

_ Vo /Nl oo Vo9l oo
| det Aglll/p| det(Agg)#P/q | det A11|1/p'| det(Alg)#P/q/
1/ arp.a 191 arr .0

| det Agy |1/7| det(Agy)*|1/a | det Ayp|V/P| det(Agq) |1/
where the constant C' does not depend on f, g or A. On the other hand,

Va0l oor Sa llollpeer- (5.31)

We conclude by duality and get the claimed result. O]

Remark 5.8.4. This result broadly generalizes |Gro01, Theorem 14.5.2] and
confirms that the Sjostrand class is a well-suited symbol class leading to bounded
operators on modulation spaces. It is worthwhile to stress that the left-reqularity
assumption for A covers any Cohen-type matriz A = Ar.

Unfortunately, it is not easy to sharpen the estimate (5.30) neither in the
case of Cohen-type matrices, the main obstruction being the estimate in (5.31)).
Nevertheless, a sharp result can be proved for 7-operators as detailed below.

Corollary 5.8.5. Let 0 € M*'(R*?) and 7 € [0,1]. The pseudodifferential
operator o™ is bounded on all modulation spaces MP4(R?), 1 < p,q < co. In
particular, there exists C' > 0 such that

HO—THMpyanp,q S C”O—HMooJ, V1 € [0, 1]

Proof. Let ¢(t) = e~™ be the Gaussian function on R? and set ®, = W, ¢. From
the proof of the previous result we have, for any f,g € M*(R%),
(o™ ;)| < Vo, 0l oo Ve, We g, )l 1.
< O'Va, 0l oo | fllareallgll agorar
for some universal constant ¢’ > 0. Consider now ®(z) = e ™, z € R, the
change-of-window formula (3.3) and Young’s inequality for mixed-norm spaces in
Proposition yield
IV, ollpees < [[[Voo| * [Vo®r || pea
< Voo zeea|[Vo®r ||
< "ol areert,

150



5.8. Symbols in Sjostrand’s classes

where the universal constant C” > 0 in the last step comes from Lemma with
v = 1. The claim follows with C' = C'C". O

We now prove a similar boundedness result on Wiener amalgam spaces for
T-operators with Sjostrand symbol. We need first to derive a result similar to the
symplectic covariance property satisfied by the Weyl quantization - cf. [CNT19b),
Lemma 5.1] for the 7-Wigner case. This identity will provide a natural way to
transfer boundedness results from modulation to amalgam spaces.

Lemma 5.8.6. For any symbol 0 € M (RQd) and any Cohen-type matrix A =
Ap € GL(2d, R) :
FolF = (oo HI T

Proof. We sketch a formal argument in the spirit of [Gro01, Lemma 14.3.2]. Recall
the spreading representation of o from (5.25):

ol f(z) = / o(&, u)e 2 I=TwEr M, f(2)dudé.
RQd
Since FT_,MF~1 = 2™ ST M, we get
Fol Fl= /R (& u)e MM, dud = (00 J 7).

]

Remark 5.8.7. We stress that a comprehensive account of the symplectic covari-
ance for perturbed representations is out of the scope of this dissertation, since
it would require to investigate how the metaplectic group should be modified in
order to accommodate the perturbations. As an example of the non-triviality of this
issue, we highlight the contribution of de Gosson [Gos16, Chapter 13] in the case
of T-operators.

Theorem 5.8.8. For any Cohen-type matric A = Ap € GL(2d,R) and any symbol
o € M1 (R*), the operator o™ is bounded on WP4(RY), with

lo" llwraswes S llollare.

Proof. The proof follows the pattern of [CNT19b, Theorem 5.6]. Set 0; = 0o o J
and consider the following commutative diagram:

(O.J)IfT

MPI(R?) ———= MP9(R?)
‘}'—1 |J~'
Wra(RY) —2 o JWpa(RY)
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From the identity Vg(0s)(2,¢) = Vgos-10(J2,J¢), where G € S(R*) is an ar-
bitrary non-zero window (cf. Lemma below), it follows easily that o €
Meet(R?*) implies 07 € M°!(R?); see [CNT19b, Lemma 5.2] for details in the
weighted case. The operator op;_5(o;) is bounded on MP4(R?) as a consequence
of Theorem [5.8.3 and the claim follows at once thanks to the previous lemma. [J

Remark 5.8.9. Note that the result can be made sharp in the case of T-operators
in view of Corollary[5.8.5; in particular, there exists C' > 0 such that

lo"wraswra < Cllofyeer, v €[0,1].

This improves the estimate originally proved in [CNT19b, Theorem 5.6] in the
unweighted case.

5.8.1 Almost diagonalization of T-operators

We already mentioned that the backbone of Theorem [5.8.2]is the interplay between
the entries of the Gabor matrix of % and the short-time Fourier transform of the
symbol . Theorem can be extended without difficulty to 7-pseudodifferential
operators, see [CNT19b, Theorem 4.1]. We now indicate a further generalization
to operators associated with Cohen-type matrices.

Lemma 5.8.10. Let A = Ar € GL(2d,R) be a Cohen-type matriz. Fiz a non-zero
window ¢ € MY (R?) and set &y = Wrp. For any o € M> (RQd),

(o' m(2), m(w)e)| = [Varo(Tr(w, 2), J(w = 2))| = [Varo(z(z,w),y(z,w))],
for any z,w € R*, where Ty is defined in and
r(z,w) =Tpr(w,z) = (I + Pr)w — Prz, y(z,w)=J(w — z).

Moreover,
Varo(z,y)| = [{o" 7(2(2, )¢, m(w(@,y))e)l,

for any x,y € R*, where
2(z,y) =x+ (I + Pr)Jy, w(z,y) =z + PrJy.

Proof. Using the covariance formula ([5.13]) we have

(0" m(2)¢, m(w)$)| = [{o, Wr(m(w)¢, 7(2)9))|
= |<0’, MJ(wfz)TTT(w,z)WTQSH
= |v‘1>TO-(7}(w7 2)7 ‘](w - Z))’

Now, setting z = Tr(w, z) and y = J(w — z) we immediately get Eq. (5.8.10). O
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Theorem 5.8.11. Let v be an admissible weight on R* and set v_; = T 1.
Let g € MY(R?) be a non-zero window function and assume that A C R* is q
lattice such that G(g,A) is a Gabor frame for L*(R%). For any Cohen-type matriz
A = Ar € GL(2d,R), the following properties are equivalent:

(i) o € Mg, (R
(ii) o € M (R??) and there exists a function H = Hy € LL(R?) such that

(oT7(2)p, m(w)¢)| < Hp(w — 2), w, z € R*,
(iti) o € M>(R*') and there exists a sequence h = hy € LL(A) such that
(o ()b, 7(N)d)| < hr(A—p), A p € R

Proof. The proof faithfully mirrors the one provided for Weyl operators in |Gro06¢,
Theorem 3.2]. We detail here only the case (i) = (i), the discrete case for hr is
similar. For g € M} (R?) the T-Wigner distribution ®7 = Wrg is in M|y, (R*?)
by Proposition [5.5.6] This implies that the short-time Fourier transform Ve,.o is

well-defined for o € M%) (R?%) (cf. [Gro01, Theorem 11.3.7]). The main insight
here is that the controlling function Hy € LL(R?) can be provided by the so-called

grand symbol associated with o, which is defined by Qr(y) == sup,cged |Vo, 0 (2, y)|.
By definition of M7y, | (R?®), we have Q7 € LL(R??), so that Lemma 5.8.10| implies

(o7 (2), m(w) )| = [Varo(Tr(z,w), J(w — 2))]
< sup |Vo,o(u, J(w — 2))|

u€R2d
= Qr(J(w — 2)).
Setting Hr := Q1 o J yields the claim. [
We note that the same claim holds in the standard framework (S,S’) instead

of (M*', M), and similarly all the related results.

The previous characterization is quite strong; we have indeed the following
result, which says that T-operators with symbols in Sjostrand classes are all and
only the operators which satisfy such almost-diagonalization estimates of this type.

Corollary 5.8.12. Under the assumptions of Theorem |5.8.11], fix T € R™? and
assume that the operator P : M (R?) — M (R?) is continuous and satisfies any
of the following conditions:

1. (Pr(2)g,m(w)g)| < H(w — z) for any z,w € R* and some H € LL(R?);
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2. {Pr(p)g, m(N)g)| < h(\ — p) for any \,u € A and some h € (L(Z%).

Therefore, there exists o € Mﬁ;’ij(de) such that P = ot
Proof. From Theorem we have that P = o7 for some symbol o0 € M>(R?).
The claim then follows from Theorem [5.8.11] O

We conclude by highlighting that the properties established in Theorem [5.8.2]
extend from Weyl operators to any 7T-quantization. There are essentially two
reasons behind this fact; first, Theorem can be recast as follows: o €
Mﬁ;ﬁo ;-1 if and only if the discrete Gabor matrix of o7 belongs to the class C,(A)
of matrices A = (ax ) uea such that there exists a sequence h € (i which almost

diagonalizes its entries, i.e.
Ha’)\,HH Sh()‘_:u’)7 /\,,UEA

It is easy to see that C,(A) is indeed a Banach *-algebra under convolution with the
norm || Alle, = inf{||h|e : |aru] < h(A—p), VA, u € A}, and this insight suggests
to considers other matrix algebras and investigates the relation between symbols
and the membership of their Gabor matrices in a matrix algebra (cf. for instance
[GROS]). The proof of Theorem in |Gro06¢| crucially relies on the properties
of C,(A), which is thus identified with the Sjéstrand class.

Moreover, the extension to other quantizations is not surprising, since the
operator involved in the change of quantization in Proposition is a convolution
with a chirp-like function (provided that Ty — T} is invertible) and all modulation
spaces MP4, 1 < p,q < oo are invariant under the action of such an operator, cf.
[Tof04al Proposition 1.2(5)] and [Tof04al, Remark 1.5] in the case of T-quantizations.

We conclude this section by mentioning that the results in [Gro06¢| also extend
to pseudodifferential operators defined on locally compact Abelian (LCA) groups
with symbols in M1 (G x CAJ), the time-frequency analysis approach to this problem
shows then its full power, since the original methods of [Sj94] do not apply here.

5.9 Symbols in Fourier-Sjostrand classes

Let us further discuss the main trick of the proof of Theorem The choice of
the grand symbol Qr(y) = sup,eged |Va,0(x,y)| as controlling function is natural
in view of the weighted M°!'-norm; moreover, according to Lemma the
effect of the perturbation matrix 7" is confined to the window function 1 and to the
time variable of the short-time Fourier transform of the symbol. A natural question
is then the following: what happens if we try to control the time dependence of
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Ve, 0? Following the pattern of [CNT19b, Theorem 4.3], this remark is the starting
point of a parallel characterization for symbols belonging to the Wiener amalgam
space W H(R?) = F M1 (R?*), which will be referred to as the Fourier-Sjéstrand
class. The almost diagonalization of the (continuous) Gabor matrix does not
survive the perturbation, but the new result can be interpreted as a measure of
the concentration of the time-frequency representation of ¢’ along the graph of
the map Ur.

Theorem 5.9.1. Let A = Ar be a right-reqular Cohen-type matrixz and define
By = (I + Pr)™ and Uy = (I + P;')~!. Let v be an admissible weight on R*
and set vg, = Tp,v, vy = Tyv. Let ¢ € S(RY) be a non-zero window function.
The following properties are equivalent:

(i) o € Wfé’leT.
(ii) o € S'(R*?) and there exists a function H = Hy € LL(R?) such that
[(o"m(2)¢, 7(w)e)| < Hr(w — Urz), Yw, z € R* (5.32)
where

(I-7)"'T 0

Z/[T:([+P7:1>_1:_ 0 T—l([_T) :

Proof. The proof is a straightforward extension of the one provided for 7-operators
in [CNT19b, Theorem 4.3]. Again, we detail here only the case (i) = (i) for
the purpose of tracking the origin of Ur; the proof of (i) = (i) is an easy
consequence of Lemma [5.8.10L If ¢ € S(R?) C M} (R?) N MI}MT (R%), ¢ # 0, then
Op = Wro € Wllé@lvsT (R??) by Proposition |5.5.6, For o € Wf’g’leT (R??) we have
that Ve, 0 is well defined (cf. Proposition (3.2.10))) and

Qr(z) = sup |Va,o(z,y)| € Ly, (R*).

yeRQd

From Lemma [5.8.10] we infer

(o 7 (2)d, m(w)g)| = [Va,o(Ti(w, 2), J(w — 2))|

S sup |V¢.TO'(7}('(U,Z),Q)|
yERQd

= Qr(Tr(w, 2)).

Recall that if Ap is right-regular, then I + Pr is invertible (and the converse holds
too, cf. (5.14))). Recalling the definition of 77 in ((5.15]) and setting By = (I + Pr)~*
yield

Br(Tr(w, 2)) =w — (I + Pr) 'Prz = w — Uyz,
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and thus Q7 (7Tr(w, 2)) = Qr(By' (w — Urz)). The conclusion follows after setting
HT = QT o B;l L]

Example 5.9.2. Consider o = § € WY(R24). In this case, using formula (5.13)),

(077 (2)¢, m(w)d)| = |6, Wr(m(w)g, m(2)¢))]
= {0, Mjw—Tr(w,) W1 9)|
= |Trz(w,) Wré(0)]
= [Wro(=Tr(w, 2))
= [Wrp(=Br' (w — Urz))|.

Choosing H,(2) = [Wré(—Bz'(2))| we obtain (5.32)), which reduces to an equality

i this case.

We remark that in this framework the discrete characterization of Theorem
5.8.11] is lost. The main obstruction is the following: for a given lattice A, the
inclusion UrA C A holds if and only if Uy = Uyjo; = —I, the (minus) identity
matrix. In particular, B/, = 21 and Theorem can be improved as follows.

Corollary 5.9.3. Let v be an admissible weight function on R* and set vy = Tosv.
Consider ¢ € S(R?)\ {0} such that G(¢, A) is a Gabor frame for L*(RY). For Weyl

operators, the following properties are equivalent:

1. 0 € Wig, (R?).

V2

2. o € 8'(R*Y) and there exists a function H € LL(R??) such that

[{o"n(2)p, m(w)p)| < H(w + 2) Yw, z € R,

3. o € 8'(R*Y) and there exists a sequence h € (1(A) such that

(o™ T ()@, m(A) D) < h(A+p) VA pe A

The statement and the proof of Theorem [5.9.1] require the right-regularity of
Ar in order to work. In the degenerate case where A is not right-regular, namely
if Tor I — T is not invertible, one can similarly prove a weaker version of that
result.

Theorem 5.9.4. Let A = Ar be a Cohen-type matriz and v be an admissible
weight on R*. Fiz a non-zero window ¢ € S(R?). The following properties are
equivalent:
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1. 0 € Wiy (R%).
2. 0 € S(R*) and there exists a function Hy € LL(R??) such that
(oTn(2)p, m(w)e)| < Hr(Tr(w,2)), Vw,z € R,

where Tr is defined in ((5.15)).

5.9.1 Boundedness results and other consequences

The almost-diagonalization estimate for the Gabor matrix of a T-operator with
symbol in a Fourier-Sjostrand class can be used to derive boundedness results and
algebraic properties in the spirit of Theorem [5.8.2]

Theorem 5.9.5. Let m € M,(R??). Let A = Ar be a right-regular Cohen-type
matriz and consider a symbol o € ng;}BT (R?Y), where By = (I + Pr)~' and

Pr defined in (5.14)). The operator o™ is bounded from ME(R?) to MP?, (R7),
I <pg=<oo.

Proof. The proof uses the techniques developed in [CGNR14, Theorem 3.3]. We
fix g(t) = e=™ and note that g € M}(R?) for every admissible weight v; moreover
we have [|g||z2 = 1, so that the inversion formula (3.2)) reads V'V, = Id. Writing
T as
T =V VTV Vg,
note that V, TV} is an integral operator with kernel given by the Gabor matrix of
T:
Kr(w,z) = (Tn(2)g,m(w)g), w,zc R*,

Recall that Vj is bounded from Mg (R?) to LE (R*!) and V,* is bounded from
LP (R*?) to MF (R?). Therefore, if V,TV; is bounded from L? (R*?) to Ly, (R24),
then T is bounded from MP (R?) to M, (R%). Observe that

UrBr_r = —Br

so that v olUr o Bi_r = v o By, and also note that L{I__lT = Up. An application of
Theorem [5.9.1| with I —T" in place of T" and with the admissible weight v o Uy in
place of v yields, for F' € LP,(R%),

%Tv;F(wn:‘ Ko(w, 2)F(2) dz‘ < / \F(2)|Hi_r(w — Up_p2)dz

R2d R2d

_ /R NFG)(Hr o o Uy 1) Urw — =)z
= F % (HI,T 9] UI,T)(UTUJ).

157



5. MATRIX-WIGNER DISTRIBUTIONS AND OPERATORS

Moreover we have H;_ ¢ € LiMT (R*@) and hence H; 7 o Ur_pL:(R?*®). Young’s
inequality then gives F x (H; 7 oU;_r) € LP,(R*?) x LL(R*) C LP (R??). This
shows that V,TV/F € LV ., (R*), as desired. O

moldr

We now use the partial symplectic covariance of T-calculus to derive bounded-
ness results on amalgam spaces. The following lemma is needed, the proof being a
straightforward computation.

Lemma 5.9.6. For any non-zero window G € S(R??) and o € S'(R?%),
Vilo 0 J)(2:0) = (Vigay-10)(J2, JC).

Therefore, for any 1 < p,q < oo, admissible weights u,v on R*® and right-reqular
Cohen-type matrices A = Arp:

1. 0j=00J€ M&‘ij,l)Q@(UOJ,l)(HVd) if and only if o € MY (R*®). In particu-
lar,
o€ Mg, (R*) & 05 € Mg, ;) (R*).
2.0 € Wi i o os1y([R?) if and only if o, € Wi, (R*?). In particular,
0,1 00,1
o c Wl@(voBToJfl)(Rmi) <05 € Wl®(voBT)<]R2d)’
Theorem 5.9.7. Let A = Ar be a right-reqular Cohen-type matriz and m =
m; @ mg € M,(R*). Ifo € Wf;’(ioBTOJ,l)(RQd) then the operator o' is bounded
P d P d

from Wpi.  (R?) to W(mlou:lr)(@(mzou%)(R ), 1 < p,q < oo, where we set

Up = —(I -17)'T, U} =-T'(I-T).

Proof. Consider the following commutative diagram:

(en)I=T

MEA(RY) Mydy, (RY)
Fl \]—'
: d ol P d
Winiom, (RY) W(];fglou%)@@(mwu%)(R )
Indeed, since o € Wf(;’(lvoBToJ,l)(Rm) we have o, € W' (R?) by Lemma

1® UOBT)
The operator (o7)!~T is bounded by Theorem with 7" =1 —T and
the thesis follows at once thanks to the Lemma [£.8.6] ]

Remark 5.9.8. Note that the same strategy, in particular Lemmal5.9.6, can be
used to prove a weighted version of Theorem above, cf. [CNT19b, Theorem
5.6] for the case of T-operators.
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5.9. Symbols in Fourier-Sjostrand classes

The cases 7 = 0 and 7 = 1. Theorem [(£.9.4 can be used to obtain some
boundedness results for 7-pseudodifferential operators with 7 = 0 or 7 = 1, having
symbols in Wiener amalgam spaces.

Proposition 5.9.9. Assume o € W*1(RY). Then the Kohn-Nirenberg operator
opy(c) is bounded on MY (R?).

Proof. Consider Hy(To(w, 2)) with Hy € L*(R??) as in Theorem [5.9.41 The integral
operator Ty, with kernel Hy(7o(w, 2)) = Ho(w, 22) can be written as

Ty, F(w) = Hy o To(w, 2)F(2)dz = /Rd g H(wy, z9)F (21, 22)dz1d 2.

R2d
It is immediate to notice that Ty, : LY*(R??) — L%*°(R?*!) is a bounded operator.
Then, for a fixed non-zero window g € S(R?), we have that
T =V, Ty, Vy : M"(R?) — MV (R?)
is a bounded operator. The claim then follows. O

Proposition 5.9.10. Assume o € W1(R%). Then the operator op,(c) is bounded
on W1, oo(R%).

Proof. Again, we apply Theorem and consider Hy(7:(w,z)) with H; €
L*(R??). The integral operator Ty with kernel H,(7Ti(w,z)) = Hy(21,w;) can be
written as

Ty, F(w) = HyoTi(w,2)F(2)dz = / Hi(z1,ws) F (21, 22)dz1dzs.
R2d R4 JRA

It is immediate to notice that Ty, : L°(LL )(R*?) — L3 (LY, )(R*®) is a bounded

operator. Then, for a fixed non-zero window g € S (]Rd), we have that

T =V Ty V, : W(FL', L>®)(RY) — W(FL", L>®)(R%)

is a bounded operator. This concludes the proof. ]

Algebra properties. The boundedness and algebraic properties of T-operators
with symbols in W°>! proved in [CNT19b] rely on the characterization as general-
ized metaplectic operators according to [CGNR14] Def. 1.1]. In order to benefit
from this framework, it is necessary for Ur to be a symplectic matrix, the latter
condition being realized if and only if 7" is a symmetric matrix (cf. [Gosl1, (2.4)
and (2.5)] and notice that T-*(I —T) = (I —T)T™1).
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Therefore, we focus on T-operators for the sake of concreteness. Note that

vs 0 By =<, vg; if the symbol o is in W(if;’l(]RM) then Theorem says that
holds for a suitable function H, € L})S, so that the T-operator ¢” is a generalized
metaplectic operator in the class FIO(U,,v;), cf. Section . Moreover, the
assumptions of Theorem [4.3.10] are satisfied and we can represent ¢” as a type-I
Fourier integral operator with phase ®(z,¢) = —(1 — 7)7 'z - £ as follows:

_onpil=Tep A
7 fe) = [ 0 f(6) de
R
for a suitable symbol p € Mé’;’l(RQd). Incidentally, by [CGNR14) Theorem 1.2] we
have the following boundedness result.
Corollary 5.9.11. Ifo € W&Z’I(Rm), s > 0, then the operator o is bounded on

every modulation space MP (R?), for 1 <p < oo and 7 € (0,1).

The connection with the theory of generalized metaplectic operators established
above allows us to investigate other properties of T-operators. First of all, notice
that for any 71,7 € (0,1),

—nm T 0
1—71)(1—T d d
u’Tlu’TQ - ( 1)(Od 2) (I—Tl)(l—TQ)]d

T17T2

In particular, U,U;_, = Uy_.U, = I5. Therefore, composition properties of
operators in the class FIO(A,vs) (see [CGNR14, Theorems 3.4] and Theorem
5.8.1)) yield the following result.

Theorem 5.9.12 (Algebra property). For any a,b € W&‘S”I(de) and 7 € (0,1),
there exists a symbol c € M&OS’I such that

op,(a)op;_(b) = opy(¢)-

Remark 5.9.13. On the other hand, for any choice of 71,7 € (0,1), there is
no T € (0,1) such that U, U, = U.. This immediately implies that there is no
T-quantization rule such that composition of T-operators with symbols in W&Z’l has
symbol in the same class. In a similar fashion, given a € W&Z’l(RQd), be M&z’l(RQd)
and 1,79 € (0,1), we have

op,, (b)op,(a) = op,(c1),  op,(a)op,(b) = op,(c2),

for some cq1,co € W(i‘;’l(RQd). This means that, for fized quantization rules T, 1o,
the amalgam space W(‘iz’l(R2d) is a bimodule over the algebra M(f:’l(Rw) under the
laws

M RM) x Wt (R*) — Wt (R*) + (b,a) = o,

S
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5.9. Symbols in Fourier-Sjostrand classes

Wl (R*) x Meoh(R*) — W5t (R*) @ (a,b) = e,

with ¢; and co as before.

In conclusion, we provide a result whose proof easily follows by |[CGNR14,
Theorem 3.7] after noticing that U~ = U,_, for any 7 € (0,1).

Theorem 5.9.14 (Wiener property). For any 7 € (0,1) and a € W&Z’l(RQd) such
that op.(a) is invertible on L*(R?), we have

op,(a)~" = op;_,(b)

for some b € W(ﬁ’l(de).
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Chapter 6

Dispersion, Spreading and
Sparsity of Gabor Wave Packets
for Metaplectic and Schrodinger
Operators

6.1 Preliminary results

A key technical tool for the main results stated in Section is the following set
of estimates.

Lemma 6.1.1. Let s > 1, a,b,0 > 1 and v € R. Then

/(a +lo a4 v)) 50+ u)) Cdu S, (a+ o)) TE T 0T T (b + o)) T, (6.1)
R

/(“ +lu—o) (b + o u)Pdu S (a+ o o) T 0T (b4 0 o)
R
(6.2)

Proof. We prove ([6.1)) under the assumption |v| > 1, otherwise the estimate is
trivial since [ (b+ |ul)"*du S b If o™ u+v| > |v]/2 then (a+|o tu+v])™* <
(a + |v])~*, hence

/(a Flotu 4 o))~ (b + [ul)~*du < (a -+ [o])="b=+.
R
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6. DISPERSION, SPREADING AND SPARSITY ESTIMATES

If [0~ u + v| < |v|/2 then |u] > o|v|/2, hence
/(a + o u4v))7EH 0 + |ul) Pdu < a o (b + ofu])7*
R
S a—s+1(b+ |U|>—s+1‘

The proof of (6.2)) in the non-trivial case o~ '|v| > 1 follows by similar arguments,
by considering separately the cases |u — v| > |v|/2 and |u — v| < |v]|/2. O

Remark 6.1.2. For s > d and v € R?, the convolution inequality (6.2)) with o =1
and a = b can be improved in R? as follows:

/Rdm = o) (a + [u)~*du <. o= a + o))~

Notice that for a = 1 we have v_gxv_g S v_g, ¢f. (Gro01, Lemma 11.1.1(c)].

Lemma 6.1.3. Let 0q,...,04 > 1 and define the matrices
Y =diag(oy,...,04), D'=%"'@l, D'=Iax '

For any s > 2d

/ (14 o — D"u)~*(1 + | Dul)~*du <, (14 | Do)~ v € R
R2d

Proof. The integral under our attention is

d 2d s d 2d s
/ (1 + Z lv; —u;| + Z lv; — aj_lduj|> (1 + Z o5 | + Z |u]|) du.
R2d j=1 j=dt1 j=1 j=d+1

We look at the latter as an iterated integral and we repeatedly apply Lemma [6.1.1}
precisely we estimate each of the integrals with respect to uy,...,us as in (6.2))
and the each one with respect to ugy1,...,usq as in . Careful inspection of
the involved quantities reveals that the result after 2d steps is dominated by a sum
of products of the form A=*+2¢B=5+2d with A, B > 1 such that

d 2d
A+B=2+Y o;'fo;l+ > lvj| > 14 [D'w.
j=1 j=d+1

The claim follows after noticing that A=st24B=s+2d < (A + B)=**2 since s >
2d. [
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6.2. Proof of the main results

6.2 Proof of the main results

We start this section with the proof of Theorem [1.3.1) namely a pointwise inequality
for the Gabor matrix with Gabor atoms in the Schwartz class.

Proof of Theorem [1.53.1. We use the Moyal formula (3.6)), the covariance property
of Wigner distribution (3.5) and the symplectic covariance of the Weyl calculus

(4.9). Hence

[(u(S)m(2)g, m(w)n)* = | W(p(S)m(2)g) (W)W (w(w)y)(u)du

R2d

= W(m(2)g)(S™ )Wy (u — w)du

R2d

= Wg(S™ u— 2)Wry(u — w)du

R2d

= Wg(S™ u+ S 'w — 2)Wry(u)du.

R2d
Direct application of Proposition m (1) yields, for any s > 0,
(u(S)(:)g m@ S [ oSk 57 = 2o ()
R2d
Recall that S = U" DV, hence S™' = V' D~'U and therefore

[(p(S)m(2)g, m(w)N)[* < / vos(DT M+ V(ST w — 2))u_s(u)du.
R2d
Set v ==V (S™'w — z). The change of variable u = D"’ leads to

[(u(S)m(2)g, m(w)7)|” S (det )~ / (1+ D'+ v])7*(1 + [D"u])~*du.

R2d

We fix s > 2d and apply Lemma with D' and D" interchanged. The claim
then follows after setting N = (s — 2d)/2, since s > 2d is arbitrarily chosen and
D"v = D'U(w — Sz). O

We now prove Theorem [1.3.2] where Gabor atoms in suitable modulation spaces
are considered.

Proof of Theorem[L33, Fix 6,4 € SR\ {0} with 0]l = [[¥ll, = 1; the
reconstruction formula (3.2) applied to g € MP(RY), v € MY(R?) (resp. g,7 €

M (R?)) yields

g= / F(u)r(u)pdu, F =Vsg € LP(R*) (resp. F = Vyg € L (R*))
R2d
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6. DISPERSION, SPREADING AND SPARSITY ESTIMATES

v = / Gv)m(v)ypdv, G =Vyy € LUR*) (resp. G = Vyy € LY (R*)).
R2d

Then we have

[(u(S)m(2)g, m(w)7)] < / [E (|G )[[{(S)7 (2 + u)¢, m(w + v)e)) | dudv

R4d

- /R |F(u— 2)[|G(v — w)[|{(u(S)7(u) ¢, w(v))|dudv.

Direct application of Theorem with N > max{2d, s} (the reason of this choice
will be clear in a moment) yields

(pu(S)m(2)g, m(w)vy)| S (det E)_1/2/ |F(u—2)||G(v—w)|v_n(D'Uv—D"Vu)dudv.

R4d

Set F = Fo(D'V)™*and G =Go (D'U)"L. Then

[{u(S)m(2)g, m(w)7)] Sn (det 2)3/2/ |[F(u— D"V2)||G(o = D'Uw)lo-y (v - u)dudv

R4d

— (et )2 / F(w)[|G(v+ D"V — DUw)|v-x(v — u)dudy

R4d

= (det $)*2(|F| % v_y * |G|)(D'Uw — D"V2)
— H(D'U(w — Sz)),

where we defined
H(u) = (det ) 2(v_y * |F| % |G]V)(u), ue R*

For ¢ € MP(R?) and v € M4(R?) we apply Young’s inequality to prove that
H e L"(R*) for 1/p+1/q=1+1/r, cf. (4.7)). In particular, since N > 2d,

1 2r < (det Z)*2 ool || ] % GV or
(det T)* 227V Bl |Gl

S
< (et )2 gl o 1 ago-
For g,v € M{fso(Rd), s > 2d, we note that

[F ()] < N9l gz ey (1 + (D) Mul) ™, 1G(@)] < 171 ygge ey (1 + 1(D) " ual) 7
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Therefore, since N > s and again by Young’s inequality,

1H g, < (det 22 [lo iy FI# G [luge
< (det 229l arge ey 17| aaze ey [ oo (D) ) % vy (D)) e

S (det E)_1/2||9||M53(Rd)||7||M35(Rd)’

where in the last step we used Lemma with the substitutions u +— (D")~1(D")"'u
and v — (D) to. O

Remark 6.2.1. Notice that after setting H = H o D'U the estimate (1.25) reads
[{(S)m(2)g, w(w)y)| < H(w — S2),
while ((1.26)) becomes

1H - S (det 2) 2 gllygol VIl pra-

It is then clear that there is a trade-off between the phase-space concentration of
w(S) along the graph of S and the spreading of wave packets.

We conclude with a result in the same spirit for generalized metaplectic opera-
tors.

Proof of Theorem[1.3.3. We assume ||g||zz = ||7]/zz = 1 without loss of generality.
Denoting by K s (w,z) = (u(S)m(2)g, 7(w)y) the Gabor matrix of ;(S) and
similarly for K« (w,z) = (a¥m(2)y, 7(w)y), in view of ([£.2), by Theorems [4.2.6]
and [£.3.10] we have

(Ar(2)g, 7(w))] = (@ 1(S)m(2)g, m(w))]
< [ o (w1 (2l

_ /R @ m (), m@){a(S)n()g, 7))l

< Hy,(w—u)Hg(D'Uu — D"V 2)du,

B R2d

where Hg is the controlling function in Theorem (1) and H, is the one
appearing in Theorem with ¢ = ~; in particular ||H,||;: < ||a|| ;.. The
substitution y = D'U(w — u) yields

(A (2)g, m(w)7)| < (det X2) [(Ha o (D'U)™) * HS] (D'U(w — S2)).
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6. DISPERSION, SPREADING AND SPARSITY ESTIMATES

The claim follows by Young inequality and Theorem m (i) after setting
H = (detX)(H, o (D'U)™') % Hg:

1H |, < (det D)||Hy o (D'U)T| 1l Hsll -
= [l 1 Hs]] r
< (det )27 al| e 19 ago 1] 11

]

We conclude with the proof of Theorem [1.3.4, where we study how the modula-
tion space regularity on a cone in the phase space behaves under the action of a
metaplectic operator.

Proof of Theorem[1.5.4) Fix g,v € S(RY) \ {0} with [|g|l;» = ||[7]/z2 = 1, and T
and I" as in the statement. From (4.2)) with A = u(S) and Theorem [1.3.1} for any
N > 0 we have

Vo (u(9).f)(w)] S/ | Kuis)(w; 2)[ Vo f(2)]d=

R2d

Sy (det )12 / v (D'U(w — 52))|V, f(2)|dz

R2d

S ([det 27 [ Hw — 82|V, f(2)ldz,

R2d

where we set H = v_y o D'U. After naming G = H o S = v_y o D"V we apply
Holder’s inequality and get

I = ””(S)fHM(lW)(S(F’))
— [ W) )
S(r7)
=/, Vo ((S) f) (Sw)|dw
< (det )12 / G(w — )|V, f(2)|dzdw.
T’ JR2d
We then have I < I + I, where
I == (det Z)_l/Q/ /G(w — 2)|V, f(2)|dzdw,
rJr
I = (det 2)1/2/ G(w — 2) |V, f(2)|dzdw.
v Jre
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Young’s inequality yields

L < GllVof - Toll S @t D)2l )

Y

After setting F'(z) = |V, f(2)|v_,(2), the remaining integral is
I = (det 5)~1/2 / Glw — 2)o,(2)F(2)dz.
r Jre
The key point is now that
1+ |w—z| < max{1 + |w|,1+ 2|}, weTl’ zeTl°
hence

I < (det ) 1/2/ / w — z)v(w — 2)F(2)dz
F/ c

< (det )" 2|/(G - v,) + F
S (det X) G vl all Ly

Therefore, the remaining integral to estimate is

IG ol = [ D7l (0 [aly
R2d
Recall that D” =T @ X7, cf. (1.23), and consider the elementary estimates

v_n(D"z) < v_njoalz1) - UfN/Qd(Zd)UfN/Qd(Ul_lzd—&—l) - -va/zd(oglzzd),

vp(2) < vp(21) - vp(224)-

As a result, the integral is dominated by AYB --- By, where

A / (1 4 )N g,
R

B; = /(1+0j-_1|x|)_N/2d(1+ 2)de, j=1,....d
R
If N is large enough then A < oo and B; < O']H—T, therefore
I < (det 2>1/2+r’|f”M1}7T7
and the claim follows. O
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Remark 6.2.2. 1. Condition (1.27)) can be generalized to introduce the notion
of MP-regularity, 1 < p < 0o, on the cone I' with respect to g € S(RY) \ {0}.
The latter is satisfied for f € S'(RY) if

£l = Vo Tl < ox. (63)

Weighted versions of such conditions can be defined similarly. The proof of
Theorem [1.3.4) can be easily modified in order to prove the estimate

11609) Flage sy S (et SV (U llge oy + (et SVl )s (6.4

which however is not sharp unless p =1 or p = oco. We postpone further
investigations on the issue.

2. The notion of MP-reqularity does not depend on the window g used to compute
Vof in (6.3) provided that a slightly smaller cone is allowed when changing
window. This is indeed a consequence of (6.4) in the case where S = I. The

properties of M&)(F) as a function space will be object of future studies.

Corollary 6.2.3. Consider 1 < p < oco. There exists C > 0 such that, for any
f € MP(RY), S € Sp(d, R),

11(S) fllare < C(det D)2V ]| a0,
Proof. By choosing I' = T = R??\ {0} and r = 0 in Theorem we see that the
desired estimate holds for p = 1. Since p(S) is unitary on L?(R?), the operator

wu(S™1), and therefore 1(S), satisfies the same estimate for p = co. Interpolating
with the trivial L2-estimate, we obtain the desired result, cf. Proposition O

6.3 Applications to the free particle propagator

Let us consider the free particle propagator U(t) = e't/2m)A and the corresponding
classical flow (4.8)); a straightforward computation shows that the largest d singular
values of S; coincide:

oj=0(t)=(1+22 42 +tHY) 2 =V1i+e2+t|, j=1,...,d

Note in particular that o(¢) is comparable to 1 + |t], t € R. An example of Euler
decomposition (U, Vi, %) of Sy for ¢ > 0 is given by

o)yl I

Ut:<1+a(t)2)—1/2[_1 U(t)[], Vt=(1+a<t>2)—1/2{_aitﬂ “(j)f].
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Theorem thus yields
(208 (2) g, m(w)m)| < CA+[E)™2 (1 + DU (w = Siz) )N, 2w € R™.

The spreading phenomenon manifests itself as a dilation by

DUy = (1 + a(t)2)—1/2{ I U(t)_lj}

—I o(t)]

We attempt to shed some light on the apparently unintelligible structure of such
matrix by means of a toy example in dimension d = 1. Let z = 0 for simplicity
and assume that the atom g is concentrated on the box Q = {(x,¢) € R?: |z| <
1, || < 1} in the time-frequency plane. In view of we are lead to consider

(D) HQ) ={(z,8) : lr + o7 ()€l < V1+0(t), |z —o()E] < V1+0(t)}.

Therefore, the effect of D;U; on @ ultimately amounts to a horizontal stretch by
a factor of approximately o(t). This is consistent with the expected phase-space
evolution of a wave packet, as shown in ; see also [CNR09, Figures 1-§]
for illuminating graphic representations. We stress that the estimate is
completely blind to such spreading effect.
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Chapter 7

Time-Frequency Analysis of the
Dirac Equation

7.1 Proof of the main results

7.1.1 The free case
Consider the Cauchy problem for the free Dirac equation, namely (1.28) with

V=0
iat1/)(t7 JI) = me(tﬂ l‘),
{10(071’) ~ dola) (t,z) € R x R% (7.1)

The solution can be recast in terms of the free Dirac propagator:
Y(t,z) = Up(t)o(z), Uo(t) = e~"Pm.

We can take advantage from vector-valued setting of Gabor analysis by noticing
that Uy(t) is an operator-valued Fourier multiplier on the Hilbert space H = C",
L(C™) ~ C™ ", with symbol

e (€) = exp [—2m’t <m040 + Zﬁjaj)] )

J=1

An explicit expression for this matrix can be derived. After setting C; = —2nt¢;,
j=1,...,d, and Cy = —2ntm we have u,(§) = anog(Zj:O Cja;)"*. The
identities (1.30)) satisfied by the Dirac matrices imply that

{(2;?:0 Chap)" = (1)} (X1, CHFI, (n = 2k),
(3o Ciay)" = i(— 1) (X COMY Chay)  (n =2k +1).
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A straightforward computation finally yields

B sin(27t(
(€ = cos(2nt(ED ), — 2 W( 0+25]%>

from which it is clear that u, € C2°(R?, C™*") for any fixed ¢ € R.

Proof of Theorem[1.4.1. The proof is a direct application of Proposition [4.1.1
(X = MPZ(C")) and Proposition (X = WPpa(C")), after noticing that

p € G (C™7) = Mt (C) — W% (C),  Vr e R,

0,r|

the latter embedding being given by the Hausdorff-Young inequality (3.15). O

Proof of estimate (1.32)). In order to determine the time dependence of the constant
Cx(t), X = My (C"), we provide a different proof by making use of the discrete
norm (j3.14)) for modulation spaces. Consider the BUPU in the proof of Theorem

3.2.11 In view of (3.14) we need to provide an estimate for ||[|[0xU(¢) f| o (cny

e have

10U (8) fll pocny = Z HUkMMtkaH - < Z lokreriell 21 cneny 1B S Nl o omy

[€]oo<1 €)oo <1

where we used the approximate orthogonality of the frequency-uniform decomposi-
tion operators:

O, = Z Dk[]k_,_g, ke Zd.

[€loo<1

The multiplier estimate (2.2)) implies
||0'k+€,ut||]:L1 (Cnxn)y = HO'OT—(k-‘rZ /’LtH]:Ll (Cnxny ~S (1 + |t|)d/2

and complex interpolation with the conservation law ||0,U (¢) f|| 2(cny = (el L2(Cn)
yields
LU () fll oeny S (L (DM T | o ony.
O

This behaviour is not surprising, given that any component of a solution of
the free Dirac equation is also a solution of the free Klein-Gordon equation, for
which similar estimates hold [WHHG11], Proposition 6.8]. This connection can be
exploited in many ways, as already mentioned in the Introduction; as an example
one can easily prove a smoothing estimate for the free Dirac propagator.
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Theorem 7.1.1. Let ¢(t,x) be the solution of (7.1)). For anyt >1,1<p,q < o0
and s € R,

[t Mspaieny S Wollagpaieny + [ 10l @nys v = dl1/2 = 1/p].

Proof. Following the same strategy of [KN19, Theorem 1.1], namely projection
onto the so-called positive and negative energy subspaces of the Dirac operator (cf.
[Tha92|), it turns out that the free Dirac equation ([7.1)) is unitarily equivalent to a
pair of (n/2)-dimensional square-root Klein-Gordon equations, namely

iat¢i(t7 l’) = i<D>mwﬂ:(ta ZZ'),
V+(0,2) = (vo) (),
It is then enough to replace the estimate (3.2) in that paper for the Klein-Gordon

semigroup e*{P)m with the smoothing one proved in [DDS13, Theorem 1.4]. The
proof then proceeds in the same way. O

(t,r) € R x R%

7.1.2 The case where V is a rough bounded potential

For any 1 < p,q < 00, v > 0 and 7, s € R such that |r| + |s| < 7, let X denote
either M24(C") or W24(C"). Let T > 0 be fixed and consider now the Cauchy
problem for the Dirac equation with potential

{z’atw, ) = (D + V(0)¥(t, )
¥(0,z) = o(z)

where V(t) = o(t,-)¥, t € [0,T], and the map ¢ — o(t,-) is continuous in
Mé’;’l(RQd, C™™) for the narrow convergence. Standard arguments from the theory
of operators semigroups (cf. [ENO6|, Corollary 1.5]) and Theorem imply that
for any fixed ¢ € R the propagator U(t) is bounded on X.

(t,z) € R x RY, (7.2)

Proof of Theorem[1.4.3 The argument is standard, we sketch the strategy for the
sake of clarity. Set =r = C([0, T]; Ls(X)); the assumptions on ¢ and Theorem m
imply that V' € Zp. A straightforward computation shows that the propagator
U(t) corresponding to satisfies the following Volterra integral equation:

U0y = Unfeo i | Vot — )V ($)U(s)ods. (73

A solution is given by an iterative scheme: let {U, },en the sequence of operators
t
Uo(t) = e Pn . Un(t)by = / Uo(t — $)V(8)Un_1(5)t00 ds.
0
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7. GABOR ANALYSIS OF THE DIRAC EQUATION

We have that {U,} C Zr, since U, = Uy * VU,_; and both convolution and
composition are bounded operators on =Z7; cf. [EN06, Exercise 1.17.1 and Lemma
B.15]. Furthermore, the following estimates hold:

1Un ()]l 2xy < KOS K@) = Sup}lon(S)HHV(S)H-

?
n! s€[0,t

It then follows that the Dyson-Phillips series ), U, (t) converges with respect to the
operator norm on £(X) and also uniformly on [0, T]. Therefore U(t) = > U,(t) €
= and U(t) is a propagator for . Uniqueness follows by Gronwall’s lemma
after noticing that a different solution P(t) of would satisfy

IU) = P())dollx < K(t) /OtH(U(T) — P(7))hol xd-

7.1.3 The case where V is a rough quadratic potential

Theorem [1.4.3| involves a rough potential V' with at most quadratic growth as in

. A key ingredient for the proof of Theorem is Proposition .
Proof of Theorem[1.4.3. We apply Proposition twice and get
~ L =Ly + Ly, where L; € CZ(C™") and L, € M>'(C™"), and
~ Q= Q1+ Q2, where Q; € C; and Q, € M.
The RHS of then becomes
H=(Dp+L1+Q1)+(La+ Qs+ 0")=Ho+ V"

We see that e~ is a semigroup of bounded operators on MP(R4,C") as a
consequence of [KN19, Theorem 1.2]. It is understood that we identify the
multiplication by a function f € M°! on MP4(C") with the operator fI,, € C**",
hence by Remark we have

Hfu“Mp,q((Cn) < ”fInHMoo,l((chn)HUHMp»q((cn) = ||f||M°°v1||u”MPle((C")'
The boundedness of e~ on MP(C") then follows from the fact that V' is
a bounded perturbation of H, [EN06|, Corollary 1.5] by Proposition and
Theorem [4.2.7, The case where () = 0 follows by the same arguments. O
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7.2. The nonlinear equation

7.2 The nonlinear equation
A standard tool in the study of local well-posedness is the following abstract result.

Theorem 7.2.1 ([Tao06, Proposition 1.38]). Let X and Y be two Banach spaces
and D : X —'Y be a bounded linear operator such that

[Dully < Collullx, (7.4)

for allu € X and some Cy > 0. Consider then a nonlinear operator F':' Y — X,
F(0) =0, such that

1
[1F(u) = Fu)llx < 2_C«OHU_UHY> (7.5)

for all u,v in the ball B.(0) ={u €Y : ||u|y <€} for some e > 0. Then for any
ug € B¢y there exists a unique solution u € B, to the equation

u=ug+ DF(u),
and the map ug — w is Lipschitz with constant at most 2, that is ||ully < 2||uol|y -

Lemma 7.2.2. Let r,s > 0, 1 < p < 0o and € > 0, and consider a nonlinear
function F as in - Denote by X any of the spaces Mg (C") or WhP(C™).
If g € X then F(¢) € X and, for any v, ¢ € B.(0) C X there exists a constant
C. > 0 such that

I1F (W) = F()llx < Cellv = ¢l x-

Proof. In view of Proposition (vi) and its counterpart for amalgam spaces
the first claim is an easy consequence of the algebra property of X under pointwise
multiplication [CN09, Lemmas 2.1-2.2] and the series expansion of each component.
The estimate in the second part follows from a straightforward computation (cf.
the proof of [CN09, Theorem 4.1]), that is

Fy($) - Fi(6) = / SRt + (1 - 1))t

(O — k) >l PP

a,B,y,0EN™

HWe— o) Y @ e’ e

a,B,y,0ENT
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7. GABOR ANALYSIS OF THE DIRAC EQUATION

for suitable coefficients 62%7776’631276 € C. Again by Proposition [3.2.7| (iv) we
have

IF@) = F@)lx Sl =0l 3 3 Gl alvlle eI,

Jk=1a,B,7,6eN"

k k o
with C’iﬁw = |c B'yé‘ + |c;;75m5|, and the latter expression is < C¢|l¢ — ¢y
whenever ¢, ¢ € B.(0). O

Proof of Theorem|(1.4.4]. The proof is an application of the iteration scheme given
in Theorem [7.2.1] In particular we choose either X = Mg’sl (C") or X = W}r(C"),
then Y = C”(]0,7T], X), and convert ([1.34) in integral form:

w@:%Wm4A%WwWWWM

where Uy = e Pm is the free propagator. It is then enough to prove (7.4)) and
(7.5)) in this setting, where D is the Duhamel operator D = f(f Up(t — s) - ds. First,
notice that from Theorem [[L4.1] we have that

1U0o()ollx < Crllvolly, VEel[0,T].

Therefore,

t
‘/ U()(t—S
0

Lemma then provides (7.4)) with a constant Cy = O(T') and also (7.5). The
claim follows after choosing 1" = T'(||¢o|| ) sufficiently small. O

/W%t—s Slxds < TCr sup [u(t)]

Remark 7.2.3. A more general version of Theorem namely a nonlinear
variant of Theorem|1./.2, can be stated. For any1 < p < oo and~y > 0 let X denote
either Mg:i, (C™) with 0 < s < 7 or WiP(C") withr,s > 0 such that r+s <. The
differential opemtor L =1i0; — Dy, in (1.34), namely Ly = F(v), is now extended
to L =10, — — 0}, where the symbol map [0,T] >t = o(t,-) € My 1((C”X”) is
continuous for the narrow convergence and the nonlinear term is - We recast
the problem in integral form as

wmszm%—g[Uwﬂmewﬂ

where U(t,7), 0 <7 <t <T is the linear propagator constructed in the proof of
Theorem corresponding to initial data at time 7. In order for the iteration
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7.2. The nonlinear equation

scheme in Theorem to work it is enough to prove that U(t,T) is strongly
continuous on X jointly in (t,7), 0 < 7 <t < T, the latter condition would imply
a uniform bound for the operator norm with respect to t, T as a consequence of the
uniform boundedness principle. Theorem yields strong continuity of U(t,T) in
t for fized 7. The time-reversibility enjoyed by the equation implies that the same
holds after switching T and t. Furthermore, for " < v <t we have

||U(t, T)% - U(tv 7J)quJOHX SCquz)O - U(T7 T,)@Z)OHXa

hence the map T — U(t, T)1g is continuous in X, uniformly with respect to t and
this gives the desired result.
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Chapter 8

Pointwise Convergence of Integral
Kernels in the Feynman-Trotter
formula

8.1 Preliminary results

The celebrated Schwartz kernel theorem is usually invoked for proving that any
reasonably well-behaved operator is indeed an integral transform (in the distribu-
tional sense). In the following we will need this identification but at the topological
level [Gas60; Tre67], that is, a linear map A : S(R?) — S&'(R?) is continuous if and
only if it is generated by a (unique) temperate distribution K € &’(R??), namely:

(Af,9) =(K,g® f), Vf,geSRY,

and the correspondence K +— A above is a topological isomorphism between
S'(R?*?) and the space Lp,(S(R?),S'(R%)). Recall from Section m that S’(RY)
and S’(R??) are endowed with the strong topology by default.

The previous identification provides the following convergence result at the
level of integral kernels.

Proposition 8.1.1. Let A, — A in L;(S(R?),S'(R?)). Then we have convergence
in 8'(R??) of the corresponding distribution kernels.

Proof. Since S(R?) is a Fréchet space and A, being a sequence, defines a filter
with countable basis on Li(S(R?),S'(R?)), from [Tre67, Corollary at pag. 348]
we have that A, — A also in L.(S(R?),S'(R%)), which is in turn equivalent
to convergence in L,(S(R?),S'(RY)) since S(R?) is a Montel space - cf. [Tre67,
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8. POINTWISE CONVERGENCE OF INTEGRAL KERNELS

Propositions 34.4 and 34.5]. The desired conclusion then follows from the Schwartz
kernel theorem. O

The following lemma extends [CGNR14], Lemma 2.2 and Proposition 5.2].

Lemma 8.1.2. Let X denote either Mg (R*), s >0, or M>!'(R*).

(i) Let 0 € X and t — S; € Sp(d,R) be a continuous mapping defined on
the compact interval [-T,T) C R, T > 0. For any t € [-T,T], we have
ogoS; € X, with

lo o Sillx < C(T)lo]lx

(ii) Let o0 € X and A, B,C be real d x d matrices with B invertible, and set
1 1
O(x,y) = §Ax-x+Bx~y+§Cy~y.

There exists a unique symbol & € X such that, for any f € S(RY):
o [ e sy = [ sy fay. ()
R Rd

Furthermore, the map o — o is bounded on X.

Proof. The case X = M*1(R??) is covered by [CGNR14, Lemma 2.2]. We prove
here the claim for X = MgS(R>?).

(1) For any non-zero window function ® € S(R*?) and S € Sp(d,R) we have

oo Sy = sup |00 S, MT.B)[os(0)

z,(eR2d

= sup

C RQd <O-, M(Sil)TCTS’Z ((P (@] S_1)> /US(C)
z, e

= swp [0, MT(®057)) ux(5TQ

z,(€R?

HSTHSH‘/@oS*lUHMng

S IS IVaos— @l Ly llol g

IN

where we used the estimate v5(ST¢) < ||ST||*vs(¢) (here ||B|| denotes the operator
norm of the matrix B) and the change-of-window formula ({3.3).

We now prove the uniformity with respect to the parameter ¢, when S = S;.
The subset {S; : t € [-T,T]} C Sp(d,R) is bounded and thus [|S;]| < C(T).
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8.1. Preliminary results

Furthermore, {V% s @ te[-T, T]} is a bounded subset of S(R??) (this follows
at once by inspecting the Schwartz seminorms of ® o S; '), hence ||Vaos-1®||;1 <
Cy(T).

(ii) The proof is similar to that of the case X = M°!(R*) in |[CGNR14,
Proposition 5.2]. In particular, & is explicitly derived from o as follows: o =
UsUUy o, where U, Uy, Uy are the mappings

Uo(a,y) = o(x,y+ Ax), Uso(z,y) =o(z, BTy), Uo(E,n) = e™5(€,n).

U, and Us are isomorphisms of M&‘;(RM), as a consequence of the previous item. For
what concerns U, an inspection of the proof of [Gro01, Corollary 14.5.5] shows that
any modulation space M& 7(R??) is invariant under the action of U; alternatively,
the boundedness of the Fourier multiplier ¢ can be inferred from Proposition 4.1.1
since p(z, ) = e~™#¢ belongs to W1 (R%) - cf. Lemma [5.4.7] O

We prove now an easy result on exponentials in Banach algebras. Recall the
notation introduced in Remark 2.1.1]

Lemma 8.1.3. Let (A, *) be a complex Banach algebra with unit 1 and consider
a € A. For any real t and integer n > 1 we have

Lita s t\Fdb it
n? —i— | == i—a
n/) k! n
k=0

where ag € A and the following estimate holds:

)
I

laoll < [lafje!el.

Proof. 1t is enough to set

> t k ak-i—l
=" ZO(_ZE) CE

The desired identity is clearly satisfied and we can estimate the norm of ag as
follows:

k=0
1

_ [t]l|all
= — (e —
7]

Jaoll < Ja] (Z G L'g,)
)

< ||a||e|t\llall'
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8. POINTWISE CONVERGENCE OF INTEGRAL KERNELS

We will repeatedly make use the following result; the proof is an easy conse-
quence of the previous lemma.

Corollary 8.1.4. Let X C S'(R*) be a space of symbols such that (X, #) is a
Banach algebra under the Weyl product and opy,(X) be a subalgebra of L(L?(R))
under composition. The Weyl quantization op,, : X — L(L*(R?)) is a homomor-
phism of Banach algebras. In particular, for any o € X, t € R and n € N we
have

it ow it t
e 'n? = (e =1+i—-0y,
n

where oy € X satisfies
loolx < ||o]|xeflelx.

8.2 Proof of the main results

Recall that we are dealing with the perturbed problem (1.52)), namely

{i@elb(tl’) = (Ho + V)y(t, z) (t,z) € R x R2¢

(0, ) = f(x)

where Hy = Q% is the Weyl quantization of a real quadratic form on R?? and
V = 0% is a Weyl operator with symbol in a suitable class. The Trotter formula in
Theorem holds: if U(t) = e~Ho+V) denotes the evolution operator associated

with (1.52)), then
Uty = lim E,(t)y V¢ € L*(RY),
n—oo

where Feynman-Trotter propagators E,(t) are defined by
E,(t) = (e_i%Hoe_i%V> , ne&N.

Finally, recall that e, ,(z,y) is the distribution kernel of E,(t), whereas u;(z,y) is
that of U(t) = e Ho+V),

8.2.1 Proof of Theorem [1.6.1]

We are assuming V = ¢" with ¢ € Mg%(R*), with s > 2d. The proof will be
carried on for ¢t > 0, since the case t < 0 is similar. Actually, the upper-right block
of the matrix S_; = S; ' is —B, (cf. Proposition [4.3.1)), hence det B; # 0 if and
only if det B_; # 0.
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We start from the Trotter formula (1.41). In view of Theorem and
Corollary we have

.t .t n -t t "
E,.(t) = (e_ZZHOe_ZEV) = (e‘ZnHO (] + i—ag))
n

for a suitable oy = (00)ns € Mge(R?*?) satisfying
loollasge < C(t) (8.2)

for some constant C'(t) > 0 independent of n.

We use the symplectic covariance of Weyl calculus, that is we apply (4.9)
repeatedly, and the fact that eifoe=Ho — J for any s € R so that the ordered
product of operators in FE,(t) can be expanded as

E,(t) = [ﬁ (I + z% (00 ° Sk;)‘”)] o—itHo

k=1

= ax,t N(St)v

where, for any t and n > 1,

ot [t
k=1 Mge,
- t
- H(l + oo Sk,’;“Mé’,‘;)’
k=1
where, for any t and n > 1,
Han,tHMgo — H(1+Z—<UOOS >>
=1 M2,

n

<TI(1+ oo S-aglls )

where in the first product symbol we mean the Weyl product # of symbols - cf.

Section [4.2| and Remark [2.1.1, By Lemma applied with 7' = ¢ and (8.2)), we

then have
t n
il < (1 i Ec<t>) < (ot (58.3)

for some new locally bounded constant C'(¢) > 0 independent of n.
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8. POINTWISE CONVERGENCE OF INTEGRAL KERNELS

Since S; is a free symplectic matrix precisely for ¢t € R\ &, by (4.5) and (8.1])
we explicitly have

Ba(t)() = p(S)0(0)
= et B [ G o)y

where @, is given in (1.51)) and ¢(t) € C is such that |c(t)| = 1.

Therefore, we managed to write F,(t) as an integral operator (defined up to a sign)

with kernel ‘
ent(z,y) = c(t)|det By| ™22 @ g (2, y),

Now, consider the integral kernel u, of the propagator U(t) = e*H0+V) and define
for consistency a; € S'(R*®) in such a way that

w(x,y) = c(t)ldet By 2 @0 (2, y).
Since we know by the usual Trotter formula ((1.41]) that for any fixed ¢
1E.() —U®)ll2 =0, Vi e L*(RY),

we have E,(t) — U(t) in L(S(R?),S'(RY)), because S(R?) — L*(RY) — S'(RY).
As a consequence of Proposition we get e, — u; in S'(RY). This is equivalent
to

d-;:t — CE; in SI(RQd).
Therefore, for any non-zero ¥ € S(R?*¥) we have pointwise convergence of the
corresponding short-time Fourier transforms: for any fixed (z,() € R,

Vyani(2,¢) = (ang, McT V) — (ay, M(T.V) = Vyag(2, (). (8.4)

By (8.3) and Lemma we see that the sequence a, ¢, for any fixed ¢, is bounded
in Mge(R**). Hence, there exists a constant C' = C(t) independent of n such that

[Vian(z, )] < C(¢)°, vz, ¢ € R¥. (8.5)

Combining this estimate with (8.4) immediately yields a; € M&‘;(Rm) as well,
hence the first claim of Theorem m.

For the remaining part, we argue as follows: choose a non-zero window ¥ &
C>*(R*) and set © € C>*(R?*?) with © = 1 on supp¥; for any fixed z € R?*? and
0<r<s—2d, we have

7 [(ens — u) T |, = It B2 | Fle2™ (ar, — @) T2 Il
— et B F (100 - 0T
= |det Bt\flpH}"[ 9627”‘1”] * .F[(ant — ay W HL}
< [det By~ || F[T.0 ||, | F [(ame — @) T2W]

(e
Lr
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where the convolution inequality in the last step is an easy consequence of Peetre’s
inequality (2.1]).
Clearly, T,0e*™t € C2°(R?*?), while
17 [(ans — @) W], = 0
by dominated convergence, using (8.4]) and
| F [(ane — @) T2V ] Q)" = [Va(ane — @) (2, OIC)”
< O[O e LR,

because s — r > 2d, where in the last inequality we used ({8.5) and the fact that
a; € M@(RQ‘Z). This gives the claimed convergence in (FL.),  (R*).

To conclude, we have that
H(en,t - ut)TZ\I]HLoo < ||V‘I/(6n,t - ut)(zv ')HLl — 0,

and in particular this yields uniform convergence on compact subsets: for any
compact K C R* choose ¥ € S(R?*?), ¥ =1 on K.

8.2.2 Proof of Corollary

The proof of Corollary is then immediate, since Cp°(R*) = (1,5, M3 (R*?)
and
C(R*) = () (FL})

r>0

(R24). (8.6)

loc

The latter characterization is folklore, being a refinement of the standard decay-
smoothness trade-off for the Fourier transform; we provide a sketch of the proof
for the sake of completeness.

Proof of (8.6)). The inclusion C* C (1, (F LMo is straightforward. Indeed, let
f € C* and consider arbitrary r > 0 and ¢ € C°; then f¢ € C° and

ol = [ 1FUONQOIO Sy [ (@41,
R2d R2d
and the latter quantity is finite for N € N large enough.

Conversely, assume f € (FL})jo for any 7 > 0 and let ¢ € C°. For any a € N,
the distribution derivative 0%(f¢) is the (inverse) Fourier transform of a function
in FL'; indeed,

[ emsemicrFancd s [ IFGa0I0 + i) ac

and the latter quantity is finite by the assumption with r = |a/. O
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8.2.3 Proof of Theorem [1.6.3

We now assume V = oV with o € M°1(R?*?). Therefore for an arbitrary ¢ > 0,
Proposition [3.2.19| allows us to write ¢ = oy + 09, with o1 € C°(R*?) and
oy € M°1(R?®) with ||og|en < € and clearly

lotllares < Mo llproon + llo2llpreon < Mlollpgeen +€ <1+ floares,

assuming, from now on, € < 1. Notice that
7i£ oV oW . W Wk’
emin 1+2):]+ZH(_ZE) (o} +03)
k=1
I+ (o])" + i (o3)"
= i—(o i—(o9)",
n' ot n' ?

where we set

(o = - f} L(=8) o r st - o

Now, fix once for all s > 2d. The norms of the symbols o} = ¢} ,,, and 0y =03,
can be estimated as follows for any ¢ > 0 (cf. the proof of Lemma [8.1.3). We have

164 | ygoen < ot g€t < (14 oy )e (HIohm) = (1), (8.7)
I, < a5 = €t o) 59
Similarly, using the elementary inequality
(a4 bk —a* < kb(a + b)* !, a,b>0, k>1,
we obtain
[0l < oallyymne Ut tiodhms) < cotCGHWVms) = e Cy(t). (8.9)

Here C(t) and C5(t) are independent of n and € and Cs(t, €) is independent of n.
The approximate propagator E,(t) thus becomes

En(t) — (e—i%Hoefi%(aY’Jra‘Q”))
;L t W t W "
— (e nHo (1+ZE(01) +zﬁ(a;) )) :
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and similar arguments to those of the previous section yield

En(t) = [ﬁ (I + i%(a’l o S_k%>w + @'%(a; o S—k:L)W)] oitHo

k=1
= [ag,t + bx,t}/ﬁ<st)’

where we set
n

Unt = H(l + Z%(a'l o Sk:)),

k=1
and in the latter product we mean the Weyl product # of symbols.
The term ay, can be estimated as in the proof of Theorem |1.6.1} in particular,

using (8.8)), we éet (cf. (8.3))
il e < C(E,€). (8.10)

In order to estimate the M°>! norm of the remainder by, it is useful the following
result, which can be easily proved by induction on n.

Lemma 8.2.1. Let A be a Banach algebra. For any uy,...,u,,v1,...,v, € A,
with ||u]] < R and ||v;]| < S for anyi=1,...,n and some R, S > 0, and selting
wy = U + Vg, we have

n
H(uk + vg) = U .. Uy + 2,
k=1

where
Zp = VW3 ... Wy + UIVWS ... Wy + ... T+ UIUS .. . Up—2Upn_1Wy + U1U2 . . . Up—_1Vp,

and therefore
2n]l < nS(R+S)"".

Setting
1+'t<’ S ) 't(’ Sope)s k=1
U = i—(o] o ¢ v, =1i—(0ho ¢ =1,...,n
k n 1 —k; ) k n 2 —k; ) y IRAZ)
and applying Lemma with 7' = ¢, and (8.7) and (8.9)), we get
||Uk|| 0,1 — 1+ZE<OJOS t) <1—|—£HOJOS tH <1+£C(t)
Moo, n 1 7]{; Aot — n 1 7]65 Mool = n )
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t t
[0kl poen = EHUQ °© S_k%HMOO,l < EC(t)e,

for some locally bounded constant C(t) > 0 independent of n and €. Therefore, by

Lemma [8.2.1]
t t n-l 2C(t)
[l < nﬁC(t)e<1 + 250(75)) < et C(t)eC®. (8.11)

Following the pathway of the proof of Theorem we write F,(f) as an integral
operator with kernel

ena(,y) = c(t)|det By| 2@ (o, 4 b (2, y)
= C(t) ]det Bt|_1/2€2ﬂ—i¢)t($’y) kn,t (.T, y)7

that is ky = ant + l;;t, and the Trotter formula ([1.41) combined with Proposition
imply that k,; — k; in S'(R?*?), where the distribution k; is conveniently
introduced to rephrase the integral kernel u, of the propagator U(t) = e ®(Ho+V)
as

w(z,y) = c(t)|det By| 22 0k, (2, ).
By repeating this argument with o3 = 0 (hence b?t =0 and k,; = a,+) we see
that a,, converges in S’'(R??) as well, hence bfnvt converges in &'(R??) by difference.
Therefore, for any non-zero ¥ € S(R?*?) the functions oya,, and aq,l):t converge
pointwise in R*?.

We need a technical lemma at this point.

Lemma 8.2.2. Let F,, and G,, be two sequences of complex-valued functions on
R?*? such that F,, — F, G,, — G pointwise, and assume |F,| < H € L*(R*?) and
|Grll1 <€ for any n € N. Then,

limsup||F,, + Gy, — (F + G) || ;1 < 2e.

n—oo

Proof. First, notice that ||G||;. < e by Fatou’s lemma. Now,
[+ G = (F+ Gl < [[Fn = Fllp 4 1Gn = Gl

where the first term on the right-hand side goes to zero by dominated convergence,
while for the other one we have ||G,, — G||;1 < 2¢. The desired conclusion is then
immediate. [l

For any fixed z € R, set F,(C) = ogany(z,¢) and Go(C) = oybny(z,¢). By
Lemma [8.1.2) and (8.10]) we have

sup (O)°[Fu (O] S landllmge, S landllage, < C(te).
CE]RM
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8.3. Convergence at exceptional times

Similarly, by Lemma [8.1.2{ and (8.11]),

HGn”Ll S an,tHMo"’1 N ||bn,t”Moo,1 < GC(t).

These estimates yield two results: on the one hand, the first claim of Theorem
is proved. On the other hand, the assumptions of Lemma [8.2.2] are satisfied:
we have (F, + G,,)(C) = owkni(2,() and (F + G)(¢) = owki(z, (), and therefore
we obtain

lim supH]—"[(kn,t — kt)TZ_\I/]

n—oo

| < 2eC(1).

Since € can be made arbitrarily small and the left-hand side is independent of ¢,
we conclude that

i | (k. — k0T |, = 0.

n—oo
in particular k,; — k; in (FL)pc(R??).

Finally, with the help of a suitable bump function © as in the preceding section,
for any fixed 2z € R?? we infer

17 [(ens = u) T ||, < |det B~ | F[(T.0* ) ]| | Fl(Kne = k)T

I,
and thus
|7 [(ene — u) 2T, — 0.

This gives e,; — u; in (FL)1c(R?*?) and therefore uniformly on compact subsets
of R%,

8.3 Convergence at exceptional times

Let us commence this section on convergence results for integral kernels at excep-
tional times with a general result for the kernels of strongly convergent sequences
of operators in L?.

Theorem 8.3.1. Let {A,} C L(L?(RY)), n € N, be a sequence of bounded linear
operators on L?(R%) with associated distribution kernels {a,} C S'(R?*?), and
A€ L(LA(RY)) with distribution kernel a € S'(R*?). Assume that A, — A in the
strong operator topology. Then:

1. an, n €N, and a belong to a bounded subset of M>(R??);

2. a, — a in the weak-* topology on M>(R??).

In particular we have a, — a in (FL®)10.(R??), the latter space endowed with the
topology o ((FL™)oe(RH), (FL )oomp (B2).
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8. POINTWISE CONVERGENCE OF INTEGRAL KERNELS

Proof. We have that {4,} is a bounded sequence in £(L?(R?)) as a consequence
of the uniform boundedness principle, hence also in £(M*(R%), M>(R%)). The
Feichtinger kernel theorem (Theorem yields that the kernels a,, belong to a
bounded subset of M>°(R??). Similarly, A € L(L?(R%)) = a € M>*(R??). For the
second part of the claim we remark that A, — A in the strong operator topology
implies that a, — a in S'(R??). Therefore, for any fixed non-zero g € S(R?) we have
V,a, — V,a pointwise in R??. Moreover, we have the estimate |V,a,(z,&)| < C,
for some constant C' > 0 independent of n by the first part of the claim. Hence,
for any p € M1(R?*?) we have

(aneih = [ Voo &)Vl S

= [ Vea(z,§)Vep(z,§)drdE = (a, @),

R2d

by the dominated convergence theorem. O]

It would be interesting to prove the boundedness of a,, in M*°(R??) in Theorem
without using the uniform boundedness principle, although it could be not
immediate.

A straightforward application of this result allows us to prove global-in-time
convergence of integral kernels, although in a weaker sense than before.

Corollary 8.3.2. Assume V € L®(R?) or V = o% with 0 € M (R?*?). Let
ent € S'(R?) be the distribution kernel of the Feynman-Trotter parametriz E,(t)
in (1.53) and u; € S'(R*) be the kernel of the Schridinger evolution operator U(t)
associated with the Cauchy problem . For anyn € N and t € R we have
ent,u € M°(R*)). Moreover, e,; — u; in the weak-* topology on M>(R*?) for
any fized t € R.

For more regular potentials we expect that the conclusion of Corollary
can be improved. We are ready to provide a version of the Trotter formula for
potentials in > (R?), with strong convergence on M?!(R?).

Proof of Theorem [1.6.5. We prove that E,(t) — U(t) strongly in L(M(RY)); the
claim concerning adjoint operators follows by similar arguments since U (t)* = U(—t)

and E,(t)* = <ei%‘/ei%H0>n.
As already observed, we know that the operator Hy with domain D(Hy) =
{f € L*(RY) : Hyf € L*(R?)} is self-adjoint [Hor95]. Let Uy(t) = e Ho be the

corresponding strongly continuous unitary group on L?(R?). The well-posedness of
the Schrodinger equation i0,¢) = Hyyp in M(R?) (see e.g. [CNR15b]) implies that
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8.4. Physics at exceptional times

the restriction of Uy(t) to M (R?) defines a strongly continuous group on M?*(R?),
its generator being the restriction of Hy to the subspace {f € MY(R?) : Hyf €
M*'(R%)}, as a consequence of known results on subspace semigroups, cf. [ENO6),
Chapter 2, Section 2.3|. Since a Weyl operator with symbol in the Sjostrand class
is a bounded operator on M!(R?) by Theorem , the desired result follows from
the classical Trotter theorem on Banach spaces [EN06, Corollary 2.7 and Exercise
2.9]. The second part of the claim is just an equivalent formulation of the previous
results for the corresponding integral kernels, whereas the last conclusion follows
from the continuous embedding M!(R?) — LP(R?), for every 1 < p < oco. O

Remark 8.3.3. We expect other improvements of Theorem[8.3.1] to hold in the case
where A, = E,(t), A=U(t). In particular, convergence result for the corresponding
integral kernels could be investigated in the context of mized modulation spaces and
generalized kernel theorems in the spirit of [CN19].

8.4 Physics at exceptional times

In spite of the attempts to shed light on the nature of exceptional times and the
partial results in the previous section, a physical interpretation of exceptional times
is still not clear at the moment. This non-trivial question also appears in the form
of an enigmatic exercise in the textbook [FH10, Problem 3-1] by Feynman and
Hibbs. While dimensional analysis and heuristic arguments may provide some
hints, a precise answer still seems to be missing.

We give our contribution to this discussion with a short argument which
elucidates the nature of exceptional times in terms of measurable quantities. Recall
that B(u,r) denotes the ball with center u € R? and radius r > 0 in R?. Following
the custom in physics we adopt below the bra-ket notation, and we identify states
with their wave functions in the position representation.

Fix 9,70 € R? and a,b > 0, and consider the normalised wave-packets
1 1

————1Bwa) |B) = —F—=1Bwb:
V |B(y0aa’)| e V |B({L‘0,b)| ’

The corresponding transition amplitude from the state |A) to |B) under the
Hamiltonian H = Hy + V' as in Theorem [1.6.3] namely

4) =

I =1I(t,x0,y0,a,b) = (B|U(t)|A), teR,
trivially satisfies the estimate

‘I(t7x07y07aab>| < 17 Vit € Ra Zo, Yo € Rda (I,b > 0.
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8. POINTWISE CONVERGENCE OF INTEGRAL KERNELS

This bound cannot be improved at exceptional times: consider for instance the
case where t = 0, xg = yo and a = b, which yields I = 1. Nevertheless, we have the
following result.

Proposition 8.4.1. Under the same assumptions of Theorem forallt € R\ &
and xo, yo € R? we have

. I(t7x07y0aa7b) Y T S
dn = gy~ Gl o).

where C' = C(d) = |B(0,1)].

Proof. An explicit computation yields

[(trrO)yOva?b) 1 / / (o ),
= u(x,y)dydz,
C(ab)d/? C?(ab)? B(zo,b) J B(yo,a) (@y)

and the conclusion follows by the continuity of u(x,y) in R?? because u; €
(FLY),. (R*) for t € R\ € by Theorem [1.6.3| O

ocC

This result shows that while [I| < 1 in general, for a non-exceptional time
t € R\ & we have that |I| ~ (ab)¥? as a,b — 0. In particular |I| — 0 as a,b — 0
except (possibly) for exceptional times.
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Chapter 9

Approximation of Feynman Path
Integrals with non-smooth
Potentials

9.1 Short-time action and related estimates

We begin with a brief motivational discussion devoted to explain the structure
of formula (T.55) for the approximate action S™)(t,s,x,5). We refer to [Gos17,
Section 4.5] for more details.

It is well known (see [FH10, Section 2.1] and also [FM13; [LL76]) that for a
classical Hamiltonian

1
H([E, §7 t) = 552 + V(t7 $)a
the action S(t, s, z,y) satisfies the Hamilton-Jacobi equation

oS 1 9
Fn + §|Vx5| +V(t,z)=0.

In order for E™ to be a parametrix in a sense to be specified (cf. (9.7) and
below), we consider the slightly modified equation

oS 1 thd ih

— + Z|V.S]? + V{4, ——A,S=0,
gt TalVeSl AV + 55T =5
and look for a solution S in the form S(¢,s,z,y) = |2w(t—__yf + R(t,s,z,y), s <t. This
yields an equivalent equation for R, namely
OR 1 1 ih

— + §|VIR|2 +V(t,z)+ -

—y)- - —A,R=0.
pr S(m y) - VR 5 LR=0
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9. PATH INTEGRALS WITH ROUGH POTENTIALS

Assume that
R(ta S,I’,y) =Wy + W1<S717,y)(t - S) + W2(87x7y)<t - 8)2 .

where the functions Wi(s, z,y) will be briefly denoted by Wy (z,y) from now on.
We immediately find Wy = 0 and, for £ > 1, by equating to 0 the coefficient of the
term (t — s)*~1, we obtain the equations

ka(:L‘,y)+(x—y) Vka(x,y) :Fk<8,l‘,y), (91)

where we set

1
(k—1)!

1
Fi(s,oy)==5 ) VWi VoW —

jte=k—1
3>1,6>1

h
A1V (s, 2) + %Axwk,l. (9.2)

For brevity we also write Fy(x,y) in place of Fi(s,x,y).

Lemma 9.1.1. Suppose Fy, in (9.1) is continuous as a function of (x,y) € R*,
Then there ezists a unique continuous solution of (9.1)), namely

Wi(z,y) = /0 ™" Btz + (1 — 1)y, y)dr. (9.3)

Proof. According to the methods of characteristics, along the curves of type
1,(\) = y + ue*, where A € R and u € R? has unitary norm, the original PDE
(9.1) becomes a linear ODE with respect to the variable A:

d

S Wi(@a(A).9) + EWi(u(V). 9) = Fe(za(). ),

whose solutions are given by

Wit = e | " AE o))+ o).

where C' € R is an arbitrary constant. Notice that A = log |x — y| and the change
of variable o = log (|x — y|7) thus gives

1
Wk(a:,y):/ P (ra + (1= 7y, y)dr + ———
0 |I - ?J|

It is therefore clear that the unique continuous solution corresponds to C' = 0. [
We now assume that V' satisfies Assumption (A) and we prove that we can

then solve the equation (9.1]) for £ =1,..., N by applying repeatedly Lemma[9.1.1]
above.
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9.1. Short-time action and related estimates

Proposition 9.1.2. Let V satisfy Assumption (A). Then the equation (9.1)) has,
for any 1 <k < N, a unique solution Wy(s,x,y) satisfying

105 Wil proon(meay < C, for |a] <2(N —k+1), s €R,
for some constant C' > 0.

Proof. First of all we recall that any function in M°>! is continuous. Let us first
prove the claim for k = 1. We have Fi(s,z,y) = —V(s,z). Using Lemma [9.1.1]
with k =1, the STFT of 02W,(s,-, ), || < 2N, can be written as

1
V05 Wi (2, C)| = / TV 00V (s, 72 + (1 — )y)(2,Q)dr|,  2,¢ € R™.

We now think of V as a function on R??. More precisely, define

V'(s,m,y) =V(s,x), s€R, x,ye€ R
and notice that V' still satisfies Assumption (A) with M°1(R%) replaced by
Moo’l(RQd).

TOI (1 _ITN] € GL(2d,R),
with 7 € (0,1]. We can thus write V (s, 72 + (1 — 7)y) = V'(s, M,(x,y)), and by
the behaviour of modulation spaces under dilations (cf. Proposition (3.2.4)) we have
0oV (s, M (x,y)) € M1 (R??). Therefore,

Let us introduce the parametrized matrices M, =

1
10Ty < / 0V (5, My Y|y

~
0

1
< ( / T“'OooJ(MT)dT) 105V < C.

0

where
1/2

Coo (M) = (det(I + M, M,))
is a continuous (hence bounded) function of the parameter 7 € [0, 1].

Assume now that the claim holds for any W; up to a certain £k < N — 1 and
consider

1
Va0 Wiia (2, Q)| = / TNV [0 P (r2 + (1 = 1)y, )](2,¢)d7 .

0

It is easy to deduce from (9.2) and the hypothesis on Wi, ... W, that
0% Fyy1(z,y) € MY R?*) whenever |a] < 2(N — k). Again by Proposition

199



9. PATH INTEGRALS WITH ROUGH POTENTIALS

we have 0% Fy1 (M, (z,y)) € M°>*(R??), and arguing as before we have
1
105 Wil pgoer S / T2 By (M) |y
0

1

. ( / TkHaCm,l(MT)dT)Hagwmuw
0

<.

The claim is then proved by induction. O

We now define the approximate generating functions as in (1.55)), namely

|z —y|”
SM(t,s,2,y) = 2W—s)

+ R(N) (t7 87 x? y)?
where

RN (t, s, x,y) = Wi(z,y)(t — s)* (9.4)

WE

k=1

and Wy (z,y) is defined in (9.3)). In particular, the first-order approximation of the
action (N =1) is

SO(t,s5,2,y) = ;t__yg —(t - s)/o V(s, 7z + (1 - 7)y)dr.

We conclude this section with a uniform estimate for e#®"™ in M1 that will
be used below.

Proposition 9.1.3. If the potential function V' satisfies Assumption (A), then
erB™ g ppooil (RQd), with RN) as in (9.4). More precisely,

for0<t—s<Th, 0<h<1.

Proof. If V satisfies Assumption (A), Proposition holds and 0°Wy(x,y) €
M (R*) for any |a| < 2(N — k + 1). In particular, W), € M°>!(R?*®) for all
k=1,...,N and thus R®) € M°>1(R??),

Recall from Section that M°1(R??) is a Banach algebra for pointwise
multiplication (the normalization is such that the unit element has unit norm),
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9.2. Short-time approximate propagator

hence it is enough to show the desired estimate for e%(t_s)kwk, forany 1 < k < N.
We obtain

i mt—s)"(We)"
L(t—s)*W, ! k
et .. = IS
n= Mool
<y <t — )" [ Wil
I hrn!
=e ( )k”Wk”AJOO,l
— eTkHWkH]\/[oo,l = C(T)
where we used 0 <t —s <Th,0<h< 1. ]

9.2 Short-time approximate propagator

Let us first recall that the Cauchy problem for the Schrodinger equation with
bounded potentials is globally well-posed in L?(R?). This is an easy and classic
result that can be stated as follows.

Proposition 9.2.1. Assume that V is a real-valued function on R x R? satisfying
V e C®(R, L*(RY)) and let s € R. Then, the Cauchy problem

{matw, ) = —SRAY(t, x) + V(E,2)(t, x)
(s, x) = f(x)

is (backward and) forward globally well-posed in L*(RY) and the corresponding
propagator U(t, s) is a unitary operator on L*(R).

We also recall from [Bou97, Theorem 2.1] a boundedness result for oscillatory
integral operators in terms of the M°>! norm of the amplitude.

Lemma 9.2.2. Consider the oscillatory integral operator

|z —y|?

Afe) = [ ey, S e S@,

with a € MY (R?*). Then A extends to a bounded operator in L*(R?) and there
exists a constant C' > 0, depending only on d, such that

[ Al 22 < Cllal|areer
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9. PATH INTEGRALS WITH ROUGH POTENTIALS

Note that by expanding the phase |z — y|?/2 one could also deduce this result
from known boundedness results for Kohn-Nirenberg pseudodifferential operators
[Gro01, Corollary 14.5.5] and the Parseval formula for the Fourier transform.

Consider now the parametrix E™ (¢, s) in (1.54). We have the following result.

Proposition 9.2.3. For every T > 0 there exists C = C(T) > 0 such that, for
0<t—s<Th, 0<h<1, we have

IEM (¢, )| n2sz2 < C. (9.5)

Moreover, for any f € L*(R?) we have

lim B (t,5) f = . (9.6)
Proof. First, notice that
- 1 ile=y® i o)
E(N) t = / h 2(t—s) rLR (t,S,iE,y) d

is an OIO with the free-particle-action as phase function and amplitude
N)(t,s,x,y) — et BN (tszy) o M (R

by Proposition [9.1.3] We would like to apply Lemma [9.2.2] To this end, we need
some preparation. First, using suitable unitary dilation operators (cf. Section m
for notation) we rephrase E)(t, s) as follows:

p(NV) — (N)
EY(t, s) Uh(1t_S>B (t,s)U oy

where
1

B4 9110 = g [ €m0

is an OIO whose phase function is free from time and A dependence and the
amplitude is

B (1 5,2 y) = et Thos Wily/ME=)a/HE=) )"
= D\/ma(N)(SC,gD
In particular, by Proposition we infer b6V) € M°>1(R??) and

D [areen < C(T)a!™ | agoe
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9.2. Short-time approximate propagator

for 0 < h(t —s) < T (in particular for 0 <t —s < kT, since 0 < h < 1).
Formula (9.5)) then will follow from Lemma and Proposition [9.1.3}

IEM (¢, 8)|p2sp2 = |BMN(t, 8)|| 2o 12
< C6™N) | proen
< O(T)|a™ || e < C(T),

for 0 <t—s<Th.

For what concerns strong convergence to the identity as ¢t \, s, consider the
operator

i le—y|?

e 3T (R ) 1) f(y)dy

(N) S xT) = !
H™N(t,5)f(x) (2m(t_3)h)d/2/Rd

and employ again the dilations in order to write

(V) _ (V)
HM(t, s) U\/ﬁQ (t,s)U ht—s)’

where
1

N (4 6) F(z) = ——
QNI @) =

[ s ) s
is an OIO with amplitude

¢M(t,s,z,y) =M (t,s,2,y) — 1 € M>(R™M).
The latter can be expanded as follows:

( )(t 5, 2,y) = e;LR(N>(t5\/ﬁ(t—s):C,1 /h(t—s)y) _1
_ %(t — 5)R®) (t,s, VA =)z, /Al = S)y>,

where
N
R(N)
RWN(t,s,x,y) = ;nl( )

X (Z Wk(\/h(t — 8z, /At —5) y) (t— s)k_1> .

The Banach algebra property of the Sjostrand class (cf. Proposition [3.2.17)) and the
properties of modulation spaces under dilation (cf. Proposition [3.2.4) imply that

203



9. PATH INTEGRALS WITH ROUGH POTENTIALS

R®) belongs to a bounded subset of M°*1(R?*?) for 0 <t —s <Th,0<h<1. It
is then clear that ¢™) — 0 in M°!(R??) for ¢ N\, s. Therefore, the OI0 QW) with

amplitude ¢™) has operator norm converging to 0 as ¢ \, s by Lemma m The
same holds for the unitarily equivalent operator H™).

On the other hand, by the very definition of HY) we have
H(N) <t7 S) = E(N) (tv S) - UO(tv 8)7

where Uy(t,s) is the free propagator, with strong convergence to the identity
operator as t N\, s. Hence follows. O]

A direct check shows that E®) (t,s) is a parametrix. Precisely we have
1 ~
(ih@t + §h2A — Vi, x)> E(N)(t, s) = GW) (t,s), (9.7)

where

1
(2mi(t — s)h)/2

From the construction of S®) (see in particular eqs. (1.55), (9.1) and (9.2)) we
see that the amplitude gy is given by

GM(t,s)f =

L) (t,,2
[ gt )y (09
R

oS IV)

1 2 ihd ih
=— S M° = _ AL SN
gn(t, s,2,y) 5 5l VeSY =Vt e) st 3 .S
1 2N
=52 > VW Valli(t — 5)f
k=N j+t=k
jA>1
ih N
+ 5 AW (2, y)(t - 5)
t—s)N !
A [0 @ - s+t
01,

Hence, by Assumption (A) and Proposition we have
”gN(t’ Sy ')HMOOJ(RZd) S C(t - S)Na (99)

for 0 <t —s < T, with a constant C' = C(T") > 0 independent of & € (0, 1].

The preceding discussion is the bedrock of the following result.
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9.2. Short-time approximate propagator

Theorem 9.2.4. For every T > 0, there ezists a constant C = C(T) > 0 such
that N
|EM(t,s) = U(t,s)||2mre < CRY(t — )N, (9.10)

whenever 0 <t —s < Th.

Proof. We can write the operator GV (¢, s) in as

1 o=yl 5 pow)

(N) (¢ — %2(1575) ¥
o) @m@—gmwyéf ‘

Following the steps of the proof of Proposition by means of suitable dilations
we can see that GV (¢, s) is unitarily equivalent to an OIO with phase |z — y|?/2
and amplitude

ra)g (1, 5,2,9) F(y) dy.

o)

LR (1.5
g (t,S,(L’,y) = D\/m [ehR (B 7y)g(N)(t?Sam7y):|'

Using Proposition [9.1.3] formula and the Banach algebra property of Mt

we have ‘

for 0 < t —s < Th. Again by the dilation properties in Proposition we obtain

e%R(N)(t,s,-,-)gN(t, s, .)HMW’1 <C(T)(t— S)N

||.§~7(N)<t7 Sy ')HMoo,l < C<T)(t - S>N

for 0 <t — s < Th and for a new constant C(T") > 0. Therefore, by Lemma [9.2.2]
GW(t, s) extends to a bounded operator on L?(R?) with

1GYF ]2 < CllT™ | ymnl fllz < C@OE= )N fll . (911)

always for 0 <t — s < Th.
Now, the propagator U(t, s) clearly satisfies the equation

(ihd, — H)U (. s)f = 0

for all f € L*(R?), where H = —(h?/2)A +V is the Hamiltonian operator, with V
as in Assumption (A). On the other hand

(ihd, — HYEM(t,s)f = GMN(t, 5)f,

which can be rephrased in integral form by means of Duhamel’s principle as
t
mmmgf:U@@f—m1/Qﬂuﬂdmﬁﬁﬁm.

205



9. PATH INTEGRALS WITH ROUGH POTENTIALS

Therefore, given f € L?(R?), by (9.11]) we have
|us)f = EMis)1]| |

:Hh_l /t Ult, T)G(N)(T, s)fdr

L2

t
<k / WUt o2 | GO, 5) | i

<CT)n / 11t — 5)Vdr
<C'(T)RY(t — )Y £l o

for0<t—s<Th. O

9.3 An abstract result and proof of the main
result

We begin by presenting a convergence result for the approximate propagators in
its full generality. In fact, it can be regarded as a generalization of [Fuj80, Lemma
3.2] and in the proof we use some ingenious tricks from that paper.

Theorem 9.3.1. Assume that for some 0 > 0 we have a family of operators
EMN(t,s) for0 <t —s <46, and U(t,s), s,t € R, bounded in L*(R?), satisfying
the following conditions:

1. U enjoys the evolution property U(t,7)U(T,s) = U(t,s) for every s <7 <t
and for every T > 0 there exists a constant Cy > 1 such that

HU(t, 3)HL2~>L2 S CO fOT’ O<t—s S T. (912)

2. There exists Cy > 0 such that

||E(N)(t,s) —U(t,s)||p2spe <Ot — )N for t—s<0. (9.13)

For any subdivision Q : s =ty < t; < ... <ty =t of the interval [s,t], with
w() =sup{t; —t;—1 : j =1,...,L} < 0, consider therefore the composition
EM)(Q,t,5) in (1.56).

Then, for every T > 0 there ezists a constant C = C(T') > 0 such that
IEM(Q,t,5) = U(t, 5| 1212 < Cw(Q)N(t — 5) (9.14)
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9.3. An abstract result and proof of the main result

for 0 <t —s <T. More precisely,

czowpﬂmzmﬂ%qwmwj

Proof. Set
RM(t,5) .= EM(¢t,5) — U(t, s)

so that by (9.13)) we have
IRM(t,s)]| < Cy(t —s)¥* for 0<t—=s <0 (9.15)

Hence we can write

EM(Q,t,s) = Ul(t, s)
= (U(t,tr—1) + RM(t,tr-1)) ... (U, s) + RN (1, 8)) — U(t, s).

One expands the product above and obtains a sum of ordered products of operators,
where each product has the following structure: from right to left we have, say, ¢
factors of type U, py factors of type R™Y), ¢y factors of type U, po factors of type
RW) ete., up to g, factors of type U, pi factors of type R to finish with ¢ 1
factors of type U. We can schematically write such a product as

U..UR™ . RMU. . U...... RY) RNy U,
—— — —— —_————
dk+1 Pk 9k p1 q1
Here p1, ..., Pk, 1, - - - @k, Qr+1 are non negative integers whose sum is L, with p; > 0

and we can of course group together the consecutive factors of type U, using the
evolution property assumed for U. Now, for 0 < t—s < T we estimate the L? — L2
norm of the above ordered product using the known estimates for each factor,
namely (9.12) and (9.15)). In particular, by using the assumption Cy > 1, we get

k DPj
< Cgtt H H Ci(ty4i — ij+if1)N+1
j=1i=1
k Pj
< Cy H H CoCi(tyymi — tyyi)™
j=1i=1
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where J; =p1+...+pj1+q +...+¢q; for j > 2 and J; = ¢;. The sum over
Diy--sDk>q1s - - - » Qe Of these terms is in turn

: CO{H(l +CoCh(ty — ;)" - 1}

J=1

S C(){eXp <Z C()Cl(tj - tjl)N+1> - 1}

< C’g{exp(Cozl'lw(Q)N(t —s)) —1}
< CFCw ()N (t — s) exp(CoCrw(Q)N (t — 5))

where in the last inequality we used e” — 1 < 7¢7, for 7 > 0.

This gives (9.14) with C = C(T') as in the statement and concludes the
proof. O]

Proof of Theorem[1.7.1. The claim follows at once from Theorem and The-

orem applied with T replaced by Th, Cy = 1, C; = Ch~!, where C is the
constant appearing in (9.10), and using t — s < Th. ]
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