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Lanthanide sesquioxides are strongly correlated materials characterized by highly localized un-
paired electrons in the f band. Theoretical descriptions based on standard density functional the-
ory (DFT) formulations are known to be unable to correctly describe their peculiar electronic and
magnetic features. In this study, electronic and magnetic properties of the first four lanthanide
sesquioxides in the series are characterized through a reliable description of spin localization as
ensured by hybrid functionals of the DFT, which include a fraction of non-local Fock exchange.
Because of the high localization of the f electrons, multiple metastable electronic configurations
are possible for their ground state depending on the specific partial occupation of the f orbitals:
the most stable configuration is here found and characterized for all systems. Magnetic ordering is
explicitly investigated, and the higher stability of an antiferromagnetic configuration with respect
to the ferromagnetic one is predicted. The critical role of the fraction of exchange on the description
of their electronic properties (notably, on spin localization and on the electronic band gap) is ad-
dressed. In particular, a recently proposed theoretical approach based on a self-consistent definition
- through the material dielectric response - of the optimal fraction of exchange in hybrid functionals
is applied to these strongly correlated materials.

I. INTRODUCTION

Strongly correlated materials are characterized by un-
paired electrons, partially occupying d- or f -type bands,
which are strongly interacting and thus tend to be very
localized in space to reduce their inter-repulsion.1 NiO is
a prototypical strongly correlated material with the 3d
band partially occupied and an antiferromagnetic insu-
lating ground state. Rare-earth oxides are strongly cor-
related materials with a partially occupied 4f band that,
due to their peculiar electronic properties, are applied
as catalysts, dopants for lasers, components of magneto-
optic devices, etc.2,3 Among them, cerium oxides (ce-
ria) are the most widely used in catalytic applications
because of the ease at which cerium sites can be in-
terconverted between trivalent and tetravalent oxidation
states.4,5 Cerium can indeed form both the dioxide CeO2

(with Ce4+ cations with an f0 empty band) and the
sesquioxide Ce2O3 (with Ce3+ cations with a localized
unpaired electron in the f1 partially occupied band).

Because of its technological applications and because
of its prototypical role as a strongly correlated material
with f -f on-site interactions, the electronic properties of
Ce2O3 have been addressed in many theoretical studies
by making use of several different computational tech-
niques (see below for a brief account).6–17 The insulating
nature of its electronic ground state is now fully under-
stood in terms of a broken-symmetry antiferromagnetic
spin configuration with one unpaired electron strongly
localized on the 4f band of each Ce atom.

A detailed analysis of the ground state electronic
and magnetic properties of other rare-earth sesquioxides
Ln2O3 (with Ln representing any lanthanide in the se-
ries Ln=Pr, Nd, · · · , Lu) is still to be addressed. All
lanthanides form cubic monoxides.18 In particular, the
half-metallic ferromagnetic semiconductor EuO has gen-
erated great interest for spintronics applications through
manipulation of its 7 unpaired f electrons.19 Among lan-
thanides, only Ce, Pr and Tb form dioxides while all 15
form the sesquioxides even though with different struc-
tures (hexagonal, monoclinic or cubic).20 In particular,
the light rare-earth sesquioxides crystallize into the A-
type hexagonal P3m1 structure. Owing to the high spa-
tial localization of unpaired electrons on their 4f orbitals,
rare-earth sesquioxides exhibit a large number of possi-
ble on-site electronic configurations and different possi-
ble inter-site magnetic configurations, which make their
characterization a rather challenging task.21

It is nowadays widely acknowledged that, because of
this high on-site electron localization, these systems can
not be accurately described by Kohn-Sham density func-
tional theory (DFT) in its standard local density (LDA)
or generalized gradient (GGA) approximations. Indeed,
even though plain LDA and GGA were initially claimed
to be able to capture the correct insulating nature of
the ground state of Ce2O3,

12 they were later shown to
describe a wrong metallic ground state when all-electron
basis sets were used or pseudo-potential calculations were
performed as corrected for non-linear core effects.13,14

In order to correctly describe the ground state elec-
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tronic and magnetic properties of such strongly cor-
related materials, more sophisticated computational
approaches are required, which correct for the self-
interaction error of plain LDA and GGA formula-
tions and thus allow for a reliable description of
itinerant spd states and localized f ones at the
same time. Several techniques have been used
to describe the insulating antiferromagnetic ground
state of Ce2O3 in the last decade, all character-
ized by the introduction of additional parameters in
the theory: Hubbard site-dependent DFT+U ,12,16,22

self-interaction-corrected local-spin-density (SIC-LSD)
approach,20 many-body perturbation theory in the
G0W0@LDA+U and GW0@LDA+U approaches,21,23

global hybrid functionals,17 and range-separated hybrid
functionals.15,24

In this study, we investigate the electronic and mag-
netic properties of the ground state of four rare-earth
sesquioxides Ln2O3 (for Ln = La, Ce, Pr and Nd).

Several meta-stable electronic configurations are ex-
plicitly explored by constraining the occupation of the f
orbitals on the Ln sites in order to find the most stable
one. Ferromagnetic (F) and broken-symmetry antiferro-
magnetic (AF) spin configurations are considered to as-
sess their relative stability. Structural parameters, band
gaps, density-of-states, magnetic moments, and spin den-
sities are analyzed. Results on Ce2O3 are consistent with
the previous copious literature on that system, which
would suggest that the description of Pr2O3 and Nd2O3

is also reliable.

In the present investigation, global hybrid function-
als of the DFT are used, which, among self-interaction-
corrected techniques (such as DFT+U or GW@DFT+U
or screened-Coulomb hybrids), are characterized by the
smallest number - one - of supplementary tunable param-
eters, with respect to non-SIC formulations: the fraction
α of non-local Fock exchange included into the exchange-
correlation functional. The ground state properties of
strongly correlated materials in general, and Ce2O3 in
particular have been shown to largely depend on those
extra parameters: i) the dependence on the U parameter
of DFT+U calculations has been rigorously documented
in Ref. 16; ii) the dependence on U of GW0@LDA+U
calculations has been discussed in Ref. 21; iii) the de-
pendence on α of global hybrid calculations has been
documented in Ref. 17. The optimal values of such addi-
tional parameters are commonly defined empirically by
maximizing the agreement with certain experimentally
measured quantities (typically the energy band gap).25

In this study, self-consistent hybrid functionals are ap-
plied for the first time to strongly correlated materials,
where an optimal fraction of Fock exchange α is self-
consistently defined in an iterative scheme as inversely
proportional to the computed static electronic dielectric
constant of the system (α ∝ 1/ǫ∞).26,27 Self-consistent
hybrids are thus characterized by a system-specific op-
timal fraction of non-local exchange defined in terms of
the intrinsic electronic screening of the system, which ba-

sically eliminates any additional empirical parameter in
the formalism. We show how the results obtained for the
electronic properties of rare-earth sesquioxides from dif-
ferent self-consistent hybrid functionals are significantly
less dispersed than those obtained from different stan-
dard hybrid functionals, and nicely reproduce the exper-
imental trends.
The structure of the paper is as follows: Section II is

devoted to the presentation of the adopted computational
methodologies and settings; in particular, self-consistent
hybrid functionals are described as well as the procedure
followed to generate optimized basis sets for lanthanides.
Results are discussed in Section III; in particular, the
partial occupation of the f band in lanthanide sesquiox-
ides is first discussed, followed by an investigation of their
most stable magnetic ordering and of the nature of their
electronic ground state.

II. COMPUTATIONAL DETAILS

Hybrid DFT calculations are performed with a devel-
opmental version of the Crystal17 program where crys-
talline orbitals are expressed in terms of Bloch functions
in turn defined as a linear combination of atom-centered
local basis functions.28,29 Such an LCAO approach proves
particularly convenient when the evaluation of Fock ex-
change is needed because of the effective implementation
of two-electron exchange integral screening, and for the
effective evaluation of dielectric properties.
Different atomic guesses for the partial occupation of

the f band by the unpaired electrons are used, which al-
low for an effective exploration of different meta-stable
electronic configurations proper of strongly correlated
materials. In this respect, we have applied the follow-
ing strategy: for each system, all the possible symmetry-
allowed subsets of occupied f -type AOs of the lanthanide
centers have been considered. For each of them a full
self-consistent field (SCF) procedure run and the corre-
sponding energy determined.
The Ln2O3 sesquioxides (with Ln = La, Ce, Pr and

Nd) are studied in their A-type hexagonal P3m1 struc-
ture, which exhibits 12 symmetry operators and contains
two lanthanides per unit cell. The antiferromagnetic spin
ordering implies the breaking of the inversion symme-
try and a corresponding reduction of symmetry opera-
tors from 12 to 6. Reciprocal space is sampled using a
Monkhorst-Pack mesh with a shrinking factor of 6 for the
primitive cell of all systems, corresponding to 34 indepen-
dent k-points in the irreducible portion of the Brillouin
zone. A pruned grid with 1454 angular points and 99 ra-
dial points for each angular point is used to calculate the
DFT exchange-correlation contribution through numeri-
cal integration of the electron density over the unit cell
volume. Thresholds controlling the accuracy of Coulomb
and exchange series are set to 10−8, 10−8, 10−8, 10−8,
10−20 (see Crystal Manual).
All structures are fully relaxed both in their F
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and AF spin configurations by use of analytical en-
ergy gradients30,31 and by including the Pulay force
contribution,32 which goes beyond standard Hellmann-
Feynman treatments, typically employed in plane-wave
codes. The Pulay force includes a term containing the
derivative of the overlap matrix with respect to atomic
displacements, which formally vanishes at the basis-
set limit, but can be important when working with fi-
nite basis sets. A quasi-Newton optimizer is used,33

as combined with the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm for Hessian updating.34–37 Conver-
gence is checked on both gradient components and nu-
clear displacements; the corresponding tolerances on
their root mean square are here set to 0.0003 a.u. and
0.0012 a.u., respectively.

A. Hybrid and Self-consistent Hybrid DFT

Calculations

Three standard global hybrid functionals of the DFT
are used, characterized by different fractions of non-local
Fock exchange: B1WC (with α=16%),38 B3LYP (with
α=20%),39 and PBE0 (with α=25%).40 For each sys-
tem, a self-consistent version of these hybrid function-
als is defined (sc-B1WC, sc-B3LYP and sc-PBE0) where
the optimal, system-specific, fraction of Fock exchange
α is self-consistently obtained within an iterative proce-
dure from its inverse proportionality to the average static
electronic dielectric constant of the system.26

The procedure, as implemented by one of the present
authors in the Crystal17 program,27 starts with a guess
for the exchange fraction α (any value in the range from
0 to 1) and with the choice of the adopted exchange-
correlation DFT functional. At each iteration n of the
procedure, the static electronic dielectric tensor of the
system is computed, from which an average dielectric

constant ǫ
(n)
∞ is evaluated. At the end of each itera-

tion n, the Fock exchange fraction is updated accord-

ing to α = 1/ǫ
(n)
∞ and convergence of the whole pro-

cess is checked on the average dielectric constant (i.e.
convergence is reached when ǫ∞ changes by less than
0.1% between two subsequent iterations). At each itera-
tion, the static electronic dielectric tensor of the system
is computed by adopting a Coupled-Perturbed-Hartree-
Fock/Kohn-Sham (CPHF/KS) approach,41 as adapted
to periodic systems.42 The CPHF/KS scheme is a per-
turbative, self-consistent method that focuses on the de-
scription of the relaxation of the crystalline orbitals un-
der the effect of an external electric field. The per-
turbed wave-function is then used to calculate the di-
electric properties as energy derivatives.43–47

For comparison, two plain DFT functionals are also
used: the local-density approximation functional,48,49

and the generalized-gradient PBE one.50

B. Basis Sets for Lanthanides

All-electron basis sets are typically used in LCAO cal-
culations for light or medium atomic weight elements.
However, they clearly do not represent an optimal choice
when heavy elements are involved. The use of effec-
tive core potentials (ECP) is preferable in this case as
they drastically reduce the overall computational cost of
the calculation by accounting at the same time for some
scalar relativistic effects.
The peculiar electronic and magnetic properties of

strongly correlated lanthanide sesquioxides largely de-
pend on the f -f interactions that need to be explicitly de-
scribed. To do so, small-core pseudopotentials are needed
where the 4f orbitals are not included in the ECP and
rather left into the valence. Large-core pseudopotential
basis sets for lanthanides (with the 4f electrons included
in the ECP) for solids were devised,51 while a small-core
pseudopotential valence basis set was available only for
Ce.17

Within the LCAO approach, a one-electron crystalline
orbital ψi(r;k) is built as a linear combination of Bloch
functions φµ(r;k), defined in terms of local AOs ϕµ(r):

52

ψi(r;k) =
∑

µ

aµ,i(k)φµ(r;k) (1)

φµ(r;k) =
∑

g

ϕµ(r−Aµ − g)eik·g (2)

Here, r are the coordinates of the electrons, k denotes a
sampling point in reciprocal space, Aµ is the position in
the reference cell on which ϕµ is centered and the summa-
tion in Eq. (2) is extended to the set of all lattice vectors
g. The AOs are in turn expressed as a linear combination
of real spherical Gaussian-type functions (GTFs):

ϕµ(r−Aµ − g) =
∑

j

dλjG
m
l,n(α

λ
j ; r−Aµ − g), (3)

where dλj and αλ
j are fixed coefficients and exponents of

the shell λ the AO ϕµ belongs to. The AOs are indeed
grouped into shells, involving the same quantum numbers
n and/or l. The contraction into shells diminishes the
number of individual functions used in the evaluation of
one- and two-electron integrals, which greatly improves
the computational performance.
For this study, we have devised and optimized a consis-

tent series of small-core basis sets with the 4f orbitals in
the valence for the whole lanthanide series for solid state
applications.53 We briefly sketch the procedure that we
have used in what follows. We have used basis sets with
the format ECP28MWB-(11s11p7d8f2g)/[4s4p2d3f2g],
in which scalar relativistic effects are treated with the
Wood-Boring Hamiltonian,54,55 and the valence was de-
scribed by 4 sp shells, 2 d shells, 3 f shells and 2 g shells.
We started the process by optimizing the dλj coefficients
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TABLE I: The partial occupation of the f band in the most
stable electronic configuration of the ground state of Ce2O3,
Pr2O3 and Nd2O3, as reported for the two possible conven-
tional orientations of the lattice in the xy plane. For each
compound, the list of the partially occupied f orbitals is given;
the others are unoccupied.

Ce2O3 Pr2O3 Nd2O3

b ‖ y f
z3

,f(x2
−3y2)x f

xz2
,f

yz2
,f(x2

−y2)z,fxyz f
xz2

,f
yz2

,f(x2
−3y2)x

a ‖ x f
z3

,f(3x2
−y2)y f

xz2
,f

yz2
,f(x2

−y2)z,fxyz f
xz2

,f
yz2

,f(3x2
−y2)y

and αλ
j exponents for s, p, d and f shells for the iso-

lated atom. The f shells were optimized with a partial
occupation corresponding to the Ln3+ cation (i.e. to the
valence of lanthanides in Ln2O3 sesquioxides). The most
diffuse exponent of the sp, d and f shells was then re-
optimized in the Ln2O3 solid and two g shells were added,
which represent the first polarization of the occupied f
orbitals. The LCAO scheme implemented in the Crys-

tal program has recently been extended to g-type basis
functions by some of the present authors in a develop-
mental version of Crystal17.56 For the O atoms, we
use a previously reported basis set,57 which we have aug-
mented with two d and one f functions whose exponents
have been optimized for each Ln2O3 solid.

III. RESULTS AND DISCUSSION

A. The Partial Occupation of the f Band

Lanthanide sesquioxides are strongly correlated mate-
rials characterized by a partially occupied f band. As
introduced in Section II, because of the very localized
nature of these unpaired electrons, several metastable
electronic configurations are possible depending on the
partial occupation of the seven f -type orbitals. In this
respect, the correct identification of the most stable con-
figuration is mandatory to get a reliable description of
the electronic ground-state of these strongly correlated
systems. We start our discussion from the characteriza-
tion of the partial occupation of the f band for Ln2O3

with Ln = Ce, Pr, and Nd (La2O3 is not considered here
because its electronic ground-state is a closed-shell one,
with an unoccupied f band) before investigating their
electronic band gap and structural properties. The seven
f -type orbitals are characterized by an angular quantum
number l = 3 and can be formally identified as fm where
m = −l,−l+1, · · · , l−1, l is the corresponding magnetic
quantum number.
From a symmetry analysis of the A-type hexagonal

P3m1 structure of lanthanide sesquioxides, it is seen that

while f0, f−3 and f3 are symmetry-independent and can
thus be occupied independently, the subsets (f−1, f1) and
(f−2, f2) group symmetry-related orbitals (i.e. a partial
occupation of f−1 would imply an identical partial occu-
pation of f1, for instance). These symmetry considera-
tions apply to both ferromagnetic and antiferromagnetic
configurations.
The insulating electronic ground-state of Ce2O3 has

already been carefully investigated in previous studies,
which, however, reported seemingly contradicting re-
sults: two studies performed using DFT+U and range-
separated hybrid functionals reported on a partial occu-
pation of f0 and f−3 (i.e. of fz3 and fy(3x2

−y2), in a

Cartesian representation)12,15 while a study performed
using global hybrid functionals reported on a partial oc-
cupation of f0 and f3 (i.e. of fz3 and fx(x2

−3y2)).
17 In this

study, we have explicitly explored all possible symmetry-
allowed partial occupations of the f orbitals and con-
verged the corresponding electronic states. We find that
both previously reported ground-states are correct and
that they actually coincide. Indeed, they correspond to
the exact same occupation of the f orbitals but simply
refer to a different conventional orientation of the lat-
tice with respect to the Cartesian frame. Given that the
Ln2O3 sesquioxides are hexagonal, the lattice is not or-
thogonal and the orientation with respect to the Carte-
sian frame can be arbitrarily chosen. Generally, the c

axis is aligned to z while two conventional orientations
are possible in the orthogonal plane: either i) a paral-
lel to x or ii) b parallel to y. It turns out that when
the first convention is used, the ground state of Ce2O3

can be represented in terms of partially occupied fz3 and
fy(3x2

−y2) orbitals while when the second convention is
used of fz3 and fx(x2

−3y2) ones. It follows that some at-
tention must always be paid when the occupation of d or
f orbitals is explicitly given in terms of their Cartesian
representations for non-orthogonal lattices, as the rela-
tive orientation of the lattice and the Cartesian frame
has to be given. Apart from the most stable state, a sec-
ond insulating metastable state is found, 0.47 eV higher

TABLE II: Relative stability ∆F-AF = EF − EAF (in eV) of
the ferromagnetic and antiferromagnetic spin configurations
in Ce2O3, Pr2O3 and Nd2O3 sesquioxides. Results from five
different DFT functionals are reported.

Ce2O3 Pr2O3 Nd2O3

LDA -0.1442 -0.2812 -0.0187

PBE -0.1235 -0.0590 -0.0620

B1WC 0.0052 0.0012 0.0001

B3LYP 0.0028 0.0003 0.0005

PBE0 0.0031 0.0007 0.0003
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in energy, followed by several metallic metastable states
higher in energy by at least 1.35 eV, which is very consis-
tent with the description of the various metastable states
of Ce2O3 as reported in the LDA+U study by Jiang et

al.21

We have performed a similar detailed analysis on the
partial occupation of the f band for the antiferromag-
netic ground state of Pr2O3 and Nd2O3, where each Pr
and Nd atom hosts 2 and 3 unpaired electrons, respec-
tively. All possible symmetry-independent occupations
have been explicitly imposed and constrained-SCF cal-
culations performed. The most stable electronic configu-
ration for Ce2O3, Pr2O3 and Nd2O3 is reported in Table
I in terms of the partially-occupied f -type orbitals. The
most stable solution is given with respect to the two pos-
sible conventional orientations of the lattice in the xy
plane, that is with b ‖ y and with a ‖ x.

B. Magnetic Ordering

We now address the issue of the magnetic ordering in
lanthanide sesquioxides. In particular, we compute the
relative stability of a symmetry-preserving ferromagnetic
configuration and a broken-symmetry antiferromagnetic
configuration. Five different functionals of the DFT are
used: LDA, PBE and three hybrid ones characterized by
different fractions of non-local Fock exchange (B1WC,
B3LYP and PBE0).
Plain LDA and GGA functionals were originally re-

ported to predict an insulating antiferromagnetic ground
state for Ce2O3.

12 These methods were later shown to

describe a metallic ferromagnetic state as the most sta-
ble one when all-electron basis sets were used or pseudo-
potential calculations were performed as corrected for
non-linear core effects, the ferromagnetic solution being
more stable than the antiferromagnetic one by about 0.1
eV.13,14 It was demonstrated that the use of either a +U
correction or a fraction of Fock exchange was required to
get the correct antiferromagnetic state in Ce2O3, which
is more stable than the ferromagnetic one by about 3
meV.13,15,17

Here, the relative stability of the ferromagnetic and an-
tiferromagnetic spin ordering is discussed for Ce2O3 (for
which detailed comparisons can be made with previously
reported descriptions) as well as for Pr2O3 and Nd2O3, at
fixed geometries. The relative stability ∆F-AF (in eV) for
the three sesquioxides is reported in Table II as obtained
with five different functionals. The description of the rel-
ative stability of the different spin configurations that we
get for Ce2O3 is very consistent with what previously re-
ported: i) both plain LDA and GGA (PBE in our study)
formulations describe a more stable ferromagnetic con-
figuration by about 0.1 eV; ii) hybrid functionals allow
for a correct description of a more stable antiferromag-
netic ordering by about 3-5 meV, which is consistent with
results of previous DFT+U and range-separated hybrid
calculations.13,15,17

The same overall trend is found also for Pr2O3 and
Nd2O3 where plain DFT functionals predict a stable
ferromagnetic ground state while all hybrid functionals
provide a stable broken-symmetry antiferromagnetic so-
lution characterized by a smaller relative stability com-
pared to Ce2O3 of the order of 0.3-0.7 meV.

FIG. 1: (Left panel) Spin density of Ce2O3 as a function of the adopted DFT functional for a F (top) and an AF (bottom)
magnetic configuration. (Right panel) Spin density of Ce2O3, Pr2O3 and Nd2O3 as obtained with the B1WC hybrid functional.
Iso-density surfaces of 0.0015 e/bohr3 are represented. Yellow and blue surfaces correspond to spin up and down electrons,
respectively.



6

C. Spin Localization

Because of the high localization of their unpaired f
electrons, lanthanide sesquioxides are associated with
many different metastable states, often characterized by
rather different electronic behaviors (metallic versus in-
sulating, for instance). Thus, an accurate description of
the strongly localized f electrons is crucial in order to ob-
tain a reliable description of their electronic properties.
Plain LDA and GGA formulations of the DFT provide
a wrong metallic solution for the ground state of Ce2O3,
Pr2O3 and Nd2O3 while the inclusion of a fraction of
non-local Fock exchange in hybrid functionals is enough
to predict an insulating ground state for all systems. We
will discuss into detail the electronic band gap Eg of these
systems below. Here, we start by discussing the link be-
tween the spin localization (i.e. spatial localization of
the unpaired electrons partially occupying the f band)
and the observed electronic behavior of the ground state
solution. In particular, we investigate the effect of Fock
exchange on spin localization in lanthanide sesquioxides.
Despite being crucial, an explicit account of spin local-
ization is seldom given for strongly correlated systems.

The spin density σ(r), i.e. difference between the
electron density of spin up and spin down electrons
σ(r) = ρα(r) − ρβ(r) in scalar relativistic descriptions,
of Ce2O3 is reported in the left panel of Figure 1 as de-
scribed by different functionals of the DFT. Both ferro-
magnetic (F) and antiferromagnetic (AF) configurations
are considered. Iso-valued surfaces of 0.0015 e/bohr3 are
represented in all cases for ease of comparison. For each
case, two views are given: one in the ab plane (top) and
one along the c axis (bottom). In Ce2O3, each Ce3+ ion
hosts one unpaired electron in its f band. Plain LDA and
GGA formulations are clearly seen to describe rather de-
localized unpaired electrons with a higher degree of delo-
calization in LDA. For instance, in the antiferromagnetic
configuration, the integrated magnetic moment on each
Ce center is of just 0.61 µB for LDA and 0.89 µB for GGA.
When a fraction of Fock exchange is included in hybrid
functionals, spin localization is greatly enhanced with in-
tegrated magnetic moments of 0.97, 0.99 and 0.98 µB for
B1WC, B3LYP and PBE0 functionals, respectively, thus
showing an almost full localization of the unpaired elec-
tron on each Ce center. B3LYP is found to be the hybrid
functional that provides the most localized description
of the f electron. All values of the integrated magnetic
moments for the F and AF configurations and for all
functionals are given in Table S1 of the Supplementary
Information,58 in order to allow for a quantitative anal-
ysis of spin localization. Spin localization in the F con-
figuration is consistently found to be higher than in the
AF configuration due to higher Pauli repulsion.

The right panel of Figure 1 shows the evolution of the
spin density along the series Ce, Pr, Nd where Ce3+,
Pr3+ and Nd3+ cations are characterized by one, two,
and three unpaired f electrons per center, respectively
(the hybrid B1WC functional is used in this case). Table

TABLE III: Lattice parameters a and c (in Å), c/a ratio and
cell volume V (in Å3) of Ln2O3 in their A-type hexagonal
structure for Ln=La,Ce,Pr,Nd, as obtained from full struc-
tural relaxations with various functionals and as compared
to experimental values taken from Ref. 51. Relative differ-
ences with respect to the experimental values are given within
parentheses (in %). For Ln=Ce,Pr,Nd, the computed lattice
parameters refer to the AF configuration.

La2O3 Ce2O3 Pr2O3 Nd2O3

Exp.

a 3.93 3.89 3.86 3.83

c 6.14 6.06 6.01 5.99

V 82.24 79.44 77.55 75.99

c/a 1.56 1.56 1.56 1.57

LDA

a 3.89 (-1.2%) 3.71 (-4.6%) 3.74 (-3.2%) - -

c 5.84 (-4.8%) 5.81 (-4.1%) 5.62 (-6.6%) - -

V 76.35 (-7.2%) 69.34 (-12.7%) 67.90 (-12.4%) - -

c/a 1.50 (-3.6%) 1.57 (0.5%) 1.50 (-3.5%) - -

PBE

a 3.94 (0.2%) 3.85 (-1.1%) 3.80 (-1.5%) 3.76 (-1.7%)

c 6.11 (-0.4%) 6.03 (-0.5%) 5.86 (-2.5%) 5.80 (-3.1%)

V 81.99 (-0.3%) 77.34 (-2.6%) 73.41 (-5.3%) 71.14 (-6.4%)

c/a 1.55 (-0.4%) 1.57 (0.6%) 1.54 (-1.0%) 1.54 (-1.4%)

B1WC

a 3.90 (-0.8%) 3.84 (-1.4%) 3.80 (-1.5%) 3.74 (-2.3%)

c 5.98 (-2.5%) 5.94 (-2.0%) 5.66 (-5.9%) 5.72 (-4.5%)

V 78.86 (-4.1%) 75.64 (-4.7%) 70.72 (-8.8%) 69.22 (-8.9%)

c/a 1.53 (-1.6%) 1.55 (-0.5%) 1.49 (-4.4%) 1.53 (-2.2%)

B3LYP

a 3.95 (0.3%) 3.88 (-0.3%) 3.84 (-0.5%) 3.79 (-1.0%)

c 6.22 (1.3%) 6.17 (1.7%) 5.93 (-1.4%) 5.92 (-1.2%)

V 83.85 (2.0%) 80.38 (1.2%) 75.65 (-2.5%) 73.63 (-3.1%)

c/a 1.58 (1.0%) 1.59 (2.1%) 1.55 (-0.8%) 1.56 (-0.1%)

PBE0

a 3.92 (-0.4%) 3.86 (-0.9%) 3.81 (-1.2%) 3.76 (-1.7%)

c 6.08 (-1.9%) 6.02 (-0.7%) 5.79 (-3.7%) 5.82 (-2.9%)

V 80.80 (-1.8%) 77.55 (-2.4%) 72.93 (-6.0%) 71.32 (-6.1%)

c/a 1.55 (-0.5%) 1.57 (0.3%) 1.52 (-2.5%) 1.55 (-1.2%)

S1 of the Supplementary Information reports the inte-
grated magnetic moments for the three systems and for
all functionals. For the AF configuration of Pr2O3, for
instance, values of 1.88 and 1.96 µB are obtained at LDA
and GGA level while values of 2.000, 2.004 and 2.001
µB are found for B1WC, B3LYP and PBE0 function-
als, again confirming the higher localization promoted
by Fock exchange. For Nd2O3, the spin localization ob-
tained at hybrid level is of 2.992, 2.999 and 2.997 µB for
the three hybrid functionals.

Let us stress that such a detailed description of the
electronic state of strongly correlated systems requires
special care in their computational description. High
control on the initial guess for the partial occupation
of the f orbitals as well as tools to ensure that the de-
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sired electronic configuration is preserved during the SCF
procedure are necessary in order to converge these elec-
tronic solutions characterized by high spin localization.
All states have been converged to 10−8 Hartree in the
SCF procedure.

D. Structural Parameters

Full structural relaxations (atomic positions and lat-
tice parameters) have been performed for La2O3, Ce2O3,
Pr2O3 and Nd2O3 in their A-type hexagonal P3m1 struc-
ture with the different functionals here considered. For
Ce2O3, Pr2O3 and Nd2O3, different structural relax-
ations have been performed for their ferromagnetic and
antiferromagnetic spin configurations. Optimized lattice
parameters a, c, c/a ratio, and cell volume V are re-
ported in Table III where they are compared with the
experimental values. The volume of lanthanide sesquiox-
ides shrinks along the series. At plain LDA level, a large
and systematic underestimation of the cell volume is ob-
served. Also the plain PBE and hybrid B1WC and PBE0
functionals provide a systematic underestimation of the
lattice parameters. The B3LYP hybrid functional gives
the best description of all structural features. We ob-
serve that the different magnetic couplings taking place
in the F and AF spin configurations anisotropically affect
the structure of lanthanide sesquioxides: the ab plane is
almost unaffected by a F→AF transformation while the
c axis is slightly affected. Lattice parameters for both
F and AF configurations are given in Table S2 of the
Supplementary Information.

TABLE IV: Electronic energy band gap Eg (in eV) of four lan-
thanide sesquioxides (in their AF configuration), as computed
with different functionals and compared to experimental data
(see Ref. 24 and references therein).

La2O3 Ce2O3 Pr2O3 Nd2O3

Exp. 5.3-5.5 2.4 3.5-3.9 4.7-4.8

LDA 3.77 0.00 0.00 0.24

PBE 3.89 0.00 0.00 0.83

B1WC 5.28 2.23 3.33 4.13

B3LYP 5.80 3.43 4.45 4.95

PBE0 6.16 3.75 5.12 5.87

FIG. 2: Electronic density-of-states of Ce2O3 around the
Fermi level as computed with different functionals.

E. Ground State Electronic Properties

The lanthanide sesquioxide series exhibits a peculiar
non-linear trend of the band gap Eg, with several min-
ima corresponding to Ce, Eu, Tb and Yb.24 A correct
and consistent description of this subtle electronic feature
represents a challenge to standard DFT methodologies.21

In particular, the initial sequence of the series (here in-
vestigated) presents the deepest minimum, with a band
gap of 2.4 eV for Ce2O3.
Apart from La2O3, which has an empty f band and is

characterized by an insulating closed-shell ground state
electronic configuration, the other lanthanide sesquiox-
ides here considered have a partially occupied f band and
an open-shell insulating ground state electronic configu-
ration. As previously reported by many authors, use of
either a +U correction or a fraction α of Fock exchange is
necessary to “open” a band gap in the electronic struc-
ture of Ce2O3 with respect to the metallic solution of
plain LDA and GGA approaches. This is here confirmed
to be the case for Ce2O3 and documented to occur also
for Pr2O3 while plain DFT functionals are found to de-
scribe an insulating ground state for La2O3 and Nd2O3

even if with a too small and incorrect energy band gap.
The computed energy band gap Eg of the four sesquiox-
ides here considered is reported in Table IV as obtained
with five different functionals and compared to available
experimental values. For Ln=Ce, Pr and Nd, the most
stable antiferromagnetic spin configuration is considered.
Plain LDA and GGA functionals of the DFT provide a

too low value of about 3.8 eV for the band gap of La2O3,
compared to an experimental value of about 5.3-5.5 eV.
As just said, they provide a metallic description of the
ground state of both Ce2O3 and Pr2O3 and they give
very low values of about 0.2 and 0.8 eV for the band gap
of Nd2O3, whose experimental band gap is of 4.7-4.8 eV.
Global hybrid functionals correctly describe the insulat-
ing nature of the electronic ground state of all of the four
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FIG. 3: Electronic density-of-states (DOS) of Ce2O3, Pr2O3

and Nd2O3 in both their F and AF spin configurations,
around the Fermi level as computed with the B1WC hybrid
functional. Total (green shadow) and projected (light blue for
sp band of O, violet for d band of Ln and red for f band of
Ln) DOS are reported for spin up and down electrons above
and below the central horizontal line, respectively.

systems. As one changes the hybrid functional, the abso-
lute value of the computed band gap is found to be largely
affected: for instance, it passes from 2.23 to 3.75 eV for
Ce2O3 when passing from B1WC to PBE0 or from 3.33
to 5.12 eV for Pr2O3. The electronic density-of-states
around the band gap is given in Figure 2 for Ce2O3 as
obtained with different functionals. In order to investi-
gate whether this effect is due to the different fraction
of Fock exchange characterizing the different functionals
(16% in B1WC, 20% in B3LYP and 25% in PBE0) or
rather to their different GGA part, we have performed
calculations by changing the fraction of Fock exchange
in the three functionals. Table S3 of the Supplementary
Information reports the computed band gap of La2O3 as
obtained by fixing the fraction of Fock exchange α to the
same value for the different hybrid functionals: differ-
ences among computed values are never exceeding 0.15
eV. This confirms that the different description of the
electronic band gap obtained by different global hybrid
functionals is almost entirely due to the different fraction
α of exchange and not to their different GGA part.

On the basis of this analysis on the computed val-
ues of the band gap from different hybrid functionals in
Table IV, an empirical optimization minimizing the dif-
ference between computed and experimentally measured
electronic band gaps along the lanthanide sesquioxide se-
ries would lead to an optimal fraction of Fock exchange of
α =18%. It can be observed from Table IV that among
the canonical hybrid functionals used, B1WC overall per-
forms better than the others. In this respect, we might
note that among the used functionals, B1WC is the only
one that was originally optimized explicitly on periodic
systems, while the other ones were originally optimized
on molecular systems.

For Ce2O3, it is known that the high localization of
f electrons is such to create a sharp feature in the elec-
tronic density-of-states in the middle of a wide oxygen 2p
to cerium 5d energy gap,17 which makes the main elec-
tronic band gap of the system to be understood as a Ce
4f → Ce 5d one. In order to investigate the “chemical”
nature of the band gap in the sesquioxides here consid-
ered, we have computed projected densities-of-states for
the various systems in both their F and AF spin configu-
rations. They are reported in Figure 3 as obtained with
the B1WC functional (other hybrid functionals provide
a similar description). For all systems, the most stable
antiferromagnetic spin configuration is found to exhibit a
larger band gap than the corresponding metastable ferro-
magnetic configuration by about 0.4 eV (see Table S4 in
the Supplementary Information for computed band gap
values with all functionals for all systems in their F and
AF configurations). For all systems, the top of the va-
lence band is due to the partially occupied f band. As a
result of the high electron localization in the stable AF
configuration, the f energy band is particularly flat (i.e.
shows little dispersion as a function of wave-vector k)
and thus produces a very localized, sharp feature in the
density-of-states just below the Fermi level.

F. Self-Consistent Hybrid Results

In the previous sections, we have shown that the in-
clusion of a fraction α of non-local Fock exchange in
plain DFT functionals represents an effective mean to
reach a correct degree of localization of the unpaired f
electrons in strongly correlated lanthanide sesquioxides,
which proves crucial for a correct description of the insu-
lating antiferromagnetic electronic ground state of these
systems. On the other hand, we have also shown that
many electronic properties (notably the band gap Eg)
do largely depend on the particular value of this addi-
tional parameter α. This was already carefully docu-
mented to be the case for Ce2O3 by Graciani et al.17 As
already recalled in the Introduction, a similar critical de-
pendence of computed electronic properties of strongly
correlated materials on the additional U parameter in
DFT+U calculations has also been documented by sev-
eral authors.16,21,59

Several first principles self-consistent approaches have
been proposed in the last years to cope with the depen-
dence of self-interaction corrected functionals on their
additional parameters.26,27,60–63 In this study, we ap-
ply to strongly correlated materials a recently proposed
self-consistent procedure for the definition of an optimal
system-specific value of α as inversely proportional to the
computed static electronic dielectric constant of the sys-
tem (α ∝ 1/ǫ∞), within an iterative procedure.26,27 For
each system, a self-consistent version of the three hybrid
functionals considered so far is determined as character-
ized by a specific value of α (to be referred to as sc-
B1WC, sc-B3LYP and sc-PBE0 in the following discus-
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TABLE V: Band gap Eg (in eV) of the four lanthanide
sesquioxides here considered as computed with three differ-
ent self-consistent hybrid functionals. The optimal fraction
α of non-local Fock exchange for each functional and each
system is also reported.

La2O3 Ce2O3 Pr2O3 Nd2O3

Exp. 5.3-5.5 2.4 3.5-3.9 4.7-4.8

sc-B1WC 6.06 3.34 4.89 5.09

Eg sc-B3LYP 6.29 3.84 5.38 5.33

sc-PBE0 6.15 3.53 5.07 5.19

sc-B1WC 24.6 23.0 24.3 28.9

α sc-B3LYP 25.5 24.1 25.5 29.9

sc-PBE0 24.8 23.3 24.7 29.1

sion). Self-consistent hybrids are thus characterized by
a system-specific optimal fraction of non-local exchange
defined in terms of the intrinsic electronic screening of the
system, which basically eliminates any additional empir-
ical parameter in the formalism. The optimal value of α
for the various self-consistent hybrids and for each con-
sidered system is given in Table V. The effect of the self-
consistent definition of α on structural properties is very
small, as documented in Table S5 of the Supplementary
Information.
We see that, despite the different hybrid functionals are

characterized by very different starting values of α (16%,
20% and 25%), the self-consistent optimization of this
parameter always predict a very similar optimal value
for a given system: for La2O3 optimal values of 24.6%,
25.5% and 24.8%, for Pr2O3 optimal values of 24.3%,
25.5% and 24.7%, for instance. This proves that the use
of a self-consistent optimization of the α parameter al-
lows to obtain an optimal value almost independently of
the specific nature of the standard hybrid functional used
as a starting guess. This point has a crucial implication:
the possibility of defining, for each system, a single op-
timal value of the α parameter by means of theoretical
arguments without the need to define it empirically by
comparing to experimental quantities (such as the mea-
sured optical band gap).
When use is made of different self-consistent hybrid

functionals, the computed values of the electronic prop-
erties of the ground state of the system are much less
scattered than they are when using different canonical
hybrid functionals. This is documented in the upper part
of Table V. For instance, for La2O3, a maximum devi-
ation of 0.2 eV is found among self-consistent hybrids
compared to 0.9 eV among standard hybrids (see Table
IV); for Nd2O3 a maximum deviation of 0.2 eV among
self-consistent hybrids compared to 1.7 eV for standard

ones. The computed values of the band gap Eg obtained
from self-consistent hybrid functionals are here found to
overestimate the experimental values but they do so in a
consistent, systematic way and are thus able to reproduce
the correct non-linear trend of the band gap in the series
with no need for any empirical parametrization. Let us
note that a systematic overestimation of the band gap
is to be expected as we have not taken spin-orbit cou-
pling effects into account, which are known to decrease
the band gap. This is particularly so when spin-orbit
coupling is included self-consistently into the electronic
solution rather than a posteriori.64

IV. CONCLUSIONS

Electronic and magnetic properties of the first four lan-
thanide sesquioxides Ln2O3, with Ln=La, Ce, Pr, Nd,
have been investigated by means of first principles simu-
lations and hybrid functionals of the DFT. These strongly
correlated materials are characterized by highly localized
electrons in the f orbitals of lanthanide atoms, which
generate many metastable electronic configurations de-
pending on their partial occupation. All possible such
configurations have here been explicitly explored and
the most stable one characterized. In particular, seem-
ingly contradicting descriptions for the ground state of
Ce2O3 previously reported are rationalized and under-
stood in terms of different conventional lattice orienta-
tions. Ferromagnetic and antiferromagnetic spin config-
urations have been explored and a higher stability of the
antiferromagnetic arrangement found for all considered
systems, with a relative stability decreasing along the se-
ries from Ce to Pr and Nd.
The critical role of the fraction α of exact non-local

Fock exchange included into hybrid functionals on the
description of spin localization and other electronic prop-
erties, like the optical bang gap, has been explicitly in-
vestigated. On the one hand, the inclusion of a fraction
of exchange into plain LDA or GGA functionals is con-
firmed to be crucial to get the correct description of the
insulating antiferromagnetic ground state of these class
of strongly correlated materials. On the other hand,
the obtained results are largely affected by the partic-
ular value of α. Indeed, we have shown that different
hybrid functionals provide different descriptions of the
electronic properties because of their different fraction
of Fock exchange and to a lesser degree because of the
different GGA part. A new class of hybrid functionals,
namely self-consistent hybrids, has been applied to such
strongly correlated materials for the first time. This ap-
proach self-consistently defines a system-specific optimal
fraction of Fock exchange through its inverse proportion-
ality to the dielectric response of the system, thus tak-
ing into account the intrinsic electronic screening of the
material. This approach is found to predict much less
scattered results and provides a consistent methodologi-
cal mean to the identification of the optimal fraction of
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exchange to be included, with no need for any empirical
parametrization.
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