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Abstract Models with ambiguity averse preferences have the potential to explain
some pricing anomalies on financial markets. However, the models used in appli-
cation make additional assumptions, beyond ambiguity aversion, on the structure of
the investor’s preferences. Therefore, it is not clear how to disentangle the effect of
ambiguity aversion from other features of preferences on equilibrium prices. This pa-
per offers a general theory of asset pricing assuming only ambiguity aversion. Price
indeterminacy may result in equilibrium when preferences are not smooth. A set of
priors, which is identifiable in all the models used in applications, contains the rele-
vant information to price assets. Ambiguity enriches the standard pricing formula by
an additional stochastic discount factor and we calculate its explicit form for various
models.
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1 Introduction and overview of the results

Classical models of intertemporal asset pricing, à la Lucas (1978), assume that agents
evaluate streams of consumption through (recursive) expected utility. According to
the rational expectation hypothesis, each investor has a unique (subjective) probabil-
ity coinciding with the law governing the "true" data generating process. However,
investors typically have little information concerning the process governing returns
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and they are be unable to single out a unique probability (a model) to evaluate them.
Using the words of Pastor and Stambaugh (2012): "Even after observing 206 year of
data (1802 to 2007), investors do not know the parameters of the return-generating
process, especially the parameters related to the conditional expected return."

Intertemporal asset pricing taking into account model uncertainty represents a
fruitful generalization of the rational expectation hypothesis (for example, Epstein
and Wang (1994); Hansen and Sargent (2001)). Model uncertainty offers a possible
explanation to some observed anomalies of the financial markets, such as the equity
premium puzzle. This conclusion follows from a plethora of theoretical results ap-
peared in the literature during the last decades. Despite its popularity, asset pricing
under ambiguity lacks a unified theory since each of the work in the literature uses a
different model of intertemporal decision under ambiguity. The aim of this work is to
enhance our understanding of the role of ambiguity aversion in asset pricing, disen-
tangling the model-specific effect from the effect of ambiguity aversion alone. In other
words, we want to isolate the effect of ambiguity aversion, meant as preference for
hedging, on asset prices and to understand how the results change when adding more
structure to the models, for example, constant absolute ambiguity aversion (transla-
tion invariance). We set up our unified approach in a Lucas tree economy where assets
(trees) have ambiguous returns. The paper makes three main contributions: first, price
indeterminacy may result in equilibrium if the utility of the representative investor is
not smooth. Second, the main information to price assets and to characterize equilib-
ria is contained in a set of (subjective) probabilities that can be identified in all models
used in applications (see Section 3.2). Moreover, the latter is related to the (Clarke)
subdifferential of the certainty equivalent operator at the optimum. Lastly, an "am-
biguity" stochastic discount factor may enrich the standard pricing formula. These
general results hold regardless of how the investor evaluates ambiguous continuation
plans, hence they are not affected by model-specific factors.

1.1 Overview of the results

In our model, we use a recursive utility that includes many standard recursive mod-
els of decision under ambiguity (Epstein and Schneider (2003a), Maccheroni et al.
(2006b), Klibanoff et al. (2009), Siniscalchi (2011b)) and it is given by

Vt(c) = u(ct)+β It(Vt+1(c))

where It is an ambiguity averse (i.e. a quasiconcave) certainty equivalent operator.
We show that equilibrium prices qt satisfy the following general Euler (in)equalities

min
p∈Ct

βEp

[
u′(ct+1)

u′(ct)
(qt+1 +dt+1)

]
≤ qt ≤max

p∈Ct
βEp

[
u′(ct+1)

u′(ct)
(qt+1 +dt+1)

]
Despite their similarity with Epstein and Wang (1994), the inequalities above are not
generated by a MaxMin intertemporal utility, but they hold for a much larger class of
ambiguity averse preferences. The main element, the set Ct of "time-t relevant proba-
bilities", contains those probabilities which are relevant to identifying candidate solu-
tions conditional on the observed realizations of past returns. A first consequence of
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the previous Euler inequality is the possibility of price indeterminacy, namely, a mul-
tiplicity of prices that supports equilibrium (see Lemma 2). This extends the results of
Epstein and Wang (1994) to a much wider class of preferences. Price indeterminacy
crucially depends on the non-smoothness of the certainty equivalent operators, since
the set of time-t relevant probabilities is related to the (Clarke) subdifferential of the
value function at the optimum. Therefore, for smooth preferences, Ct is a singleton
and prices are determinate.

Secondly, ambiguity aversion generates a family of ambiguity stochastic discount
factors (SDF), Ma

t+1, that enrich the standard pricing formula to

1 = Ep

[
Ma

t+1Mt+1Rt+1

∣∣∣Ft

]
(SDF)

The structure of Ma
t+1 is completely determined by the optimizing behavior of the

investor, namely, the probabilities contained in Ct . Different models produce different
probabilities, hence different stochastic discount factors Ma

t+1. The first part of the
paper is devoted to studying the existence and the properties of equilibrium prices.
In the second part, we calculate equilibrium prices for specific recursive models of
choice under ambiguity and we give an explicit form to the ambiguity discount factors
Ma

t+1.
The literature on asset pricing under ambiguity is extensive, see Guidolin and Ri-

naldi (2013) for a survey. The current paper is a generalization of Epstein and Wang
(1994)1, where it is assumed that the agent is MaxMin expected utility maximizer.
Epstein and Schneider (2008), Ozsoylev and Werner (2011) and Illeditsch (2011) also
studied models of asset pricing with MaxMin preferences and learning. Asset pricing
with robust preferences (also called Multiplier preferences) is studied in Hansen and
Sargent (2001), Hansen et al. (1999) and Maenhout (2004). Skiadas (2013) studied
asset pricing with scale-invariant (positive-homogeneous) utility. The smooth ambi-
guity model has been recently applied to asset pricing in Collard et al. (2011), where
they address the historical equity premium puzzle assuming the economy evolves ac-
cording to a hidden-state variable process. Recently, Ju and Miao (2012) developed
an asset pricing model under ambiguity using the smooth ambiguity averse model
and a non-additive aggregation of current utility and continuation value, allowing a
three-way separation of ambiguity aversion, risk aversion and inter-temporal substi-
tution. The result is a three-way decomposition of the stochastic discount factor that
takes into account, ambiguity, risk and inter-temporal substitution. The aim of the
present work is to unify the many approaches to asset pricing under ambiguity listed
above and to provide results that are consequences of ambiguity aversion alone. The
present work is also related to the work of Rigotti et al. (2008). Though they analyze
risk sharing in a static economy with multiple agents, they identify a set of probabili-
ties that correspond to our time-t relevant probabilities distorted by marginal utilities.
A possible line for future research is to merge the two approaches and study a dy-
namic extension of the work of Rigotti et al. (2008) along the lines of the present
work.

1 The same authors extended these results to more general state space and consumption processes in
Epstein and Wang (1995). A continuous time version is studied in Chen and Epstein (2002).
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2 Intertemporal utility

2.1 Setup

In this section we set the framework in which inter-temporal consumption-investment
problems are defined and we give conditions for the existence and uniqueness of the
inter-temporal utility we use to price assets.

Let the set of states Ω be a compact metric space endowed with its Borel σ -
algebra B(Ω). Denote by M+

1 (Ω) the space of probability measures on Ω , it is
a compact Polish space2. Time is discrete and the decision maker observes at time
t ∈ N a realization ωt ∈ Ω . The measurable space given by (Ω ∞,B(Ω ∞)), where
B(Ω ∞) is the product Borel σ -algebra, represents possible paths (or histories). Let
ω t , (ω1, . . . ,ωt) denote a path up to time t and, for all t, Ω t the set of all such
paths. It is canonically embedded in Ω ∞, so it becomes a measurable space when
endowed with the (cylinders) product σ -algebra B(Ω t). A consumption process c =
(ct) is adapted if ct : Ω ∞ → Rn is B(Ω t)-measurable for all t. Moreover, we say
it is continuous if ct is continuous for all t and real-valued if ct : Ω ∞ → R. The
space of adapted continuous real-valued processes is denoted by AC(Ω ∞,B(Ω ∞)),
it becomes a Banach space when endowed with the weighted sup-norm

‖c‖, sup
t

sup
ωt

|ct(ω
t)|

bt for some b≥ 1

The space D of consumption processes is given by

D ,
{

c ∈ AC(Ω ∞,B(Ω ∞)) : ‖c‖< ∞ and ct(ω
t)≥ 0, for all t ≥ 1 and ω t ∈Ω t

}
We assume the decision maker evaluates infinite consumption streams according to
the recursive utility

Vt(c,ω t) = u
(
ct(ω

t)
)
+β I

(
Vt+1(c,ω t+1);ω

t) (1)

where I is a locally Lipschitz, quasiconcave, normalized3 and monotone (w.r.t. point-
wise order) certainty equivalent operator. Quasiconcavity represent ambiguity aver-
sion of an investor or preference for hedging (see Cerreia-Vioglio et al. (2011) for a
discussion). The dependence of I(·,ω t) on ω t ∈Ω t allows the investor to change the
certainty equivalent operator across time. A weak assumption we impose, is a form
of continuity of the certainty equivalent operator with respect to histories of observed
states. Namely, continuity of the map

ω
t 7−→ I(· ;ω

t) (Cont.)

It is always satisfied when Ω is a finite space. As a technical assumption, it is neces-
sary to prove the existence of a continuous recursive utility. In the case of a functional

2 In the weak* topology σ(M+
1 (Ω),C(Ω)).

3 A functional I : C(Ω)→ R is quasiconcave if upper contour sets, { f ∈C(Ω) : I( f )≥ r}, are convex,
for all r ∈ R. We say that I is normalized if I(1Ω r) = r, for all r ∈ R.
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form that does not vary with time, i.e. I(· ;ω t) = I(·), continuity is automatically sat-
isfied (for example in Strzalecki (2013)). Allowing for a time-varying utility we are
not assuming IID ambiguity (in the sense of Epstein and Schneider (2003b)), that is,
the investor may learn about the underlying ambiguity.

2.2 Special cases

In this section, we illustrate special cases of the recursive utility in Eq. (1), that have
been proposed in the literature. In Epstein and Wang (1994) the intertemporal utility
is given by

Vt(c,ω t) = u
(
ct(ω

t)
)
+β min

p∈P(ωt )

∫
Vt+1(c,ω t+1)d p

a dynamic extension of MaxMin expected utility of Gilboa and Schmeidler (1989).
Maccheroni et al. (2006b) proposed an axiomatization of recursive variational pref-
erences, which generalizes the recursive multiple priors of Epstein and Schneider
(2003a). In the recursive case, the intertemporal utility is given by

Vt(c,ω t) = u
(
ct(ω

t)
)
+β min

p∈M+
1 (Ω)

(∫
Vt+1(c,ω t+1)d p+ηt(ω

t , p)
)

where ηt(ω
t , p) is a penalization function. When ηt(ω

t , p)=D(p‖p∗) is the Kullback-
Leibler divergence, we recover the robust preferences of Hansen and Sargent (2001).
Similarly, a recursive version of the smooth ambiguity model of Klibanoff et al.
(2005) has been axiomatized by Klibanoff et al. (2009). The intertemporal utility
is of the form

Vt(c,ω t) = u
(
ct(ω

t)
)
+βφ

−1
[∫

Θ

φ

(∫
Vt+1(c,ω t+1)d pθ (ωt+1|ω t)

)
dµ(θ |ω t)

]
where φ(·) characterizes ambiguity attitude and Θ is a (finite) set of parameters that
determines the transition probability pθ (ωt+1|ω t). In general, Klibanoff et al. (2005)
preferences are not locally Lipschitz, so we are focusing on a subclass that satisfies
locally Lipschitz continuity (a behavioral condition to guarantee local Lipschitz can
be found in Ghirardato and Siniscalchi (2012, Online Appendix)). It is worth noticing
that in applications, assumptions on φ often imply global Lipschitzianity (see for ex-
ample, Collard et al. 2011). An additional model is the recursive version axiomatized
by Siniscalchi (2011b), of the Vector expected utility of Siniscalchi (2009) . The form
of intertemporal utility is

Vt(c,ω t) = u(ct(ω
t))+βEpt

[
Vt+1(c,ω t+1)

]
+At,ωt

(
βEp

[
ξ

t,ωt ·Vt+1(c,ω t+1)
])

where pt is a baseline probability, ξ t,ωt
are the adjustment factors and At,ωt is an

adjustment function.
The present approach can be generalized to include other interesting cases of

recursive utilities that separates risk attitude and intertemporal substitution. Since we
focus on the role of ambiguity only, asset pricing with general intertemporal utility
with nonlinear aggregators as in Marinacci and Montrucchio (2010), may represent
an insightful extension of this paper.
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2.3 Time and preferences

Dynamic models of decision under ambiguity can be dynamically inconsistent, mean-
ing the investor’s ex ante contingent preferences may not correspond to those ex post.
The recursive structure we imposed in (1) implies a form of dynamic consistency.
Since we allow for a time-dependent certainty equivalent operator, we need a more
precise definition. Dynamic consistency will be useful in characterizing equilibria in
our economy. We say that the recursive utility of Eq. (1) is dynamically consistent if,
for all t ∈ N and ω t ∈Ω t , c′,c ∈D and T ≥ t, Vt(c′,ω t)≥Vt(c,ω t) if:

DC1. c′τ = cτ for τ = t, . . .T −1
DC2. VT (c′,ωT )≥VT (c,ωT ) for all ωT ∈Ω T

and Vt(c′,ω t)>Vt(c,ω t) if DC2 is strict on a non-null event. We introduced the def-
inition of dynamic consistency here, since it is important to characterize equilibrium
prices. Dynamic consistency is a normatively appealing but restrictive requirement.
For example, in a finite state-space setting, Gumen and Savochkin (2013) proved that
many classes of dynamically consistent preferences are dynamically unstable: after
conditioning they collapse to expected utility.

It is always satisfied under recursive expected utility, however, for non-expected
utility models it imposes additional structure to the functional representing prefer-
ences. For example, in the case of a multiple priors, dynamic consistency makes pri-
ors rectangular,4 as proved in Epstein and Schneider (2003a). Alternative restrictions
induced by dynamic consistency are found in Maccheroni et al. (2006b) for varia-
tional preferences, in Siniscalchi (2011b) for vector expected utility and in Klibanoff
et al. (2009) for the smooth ambiguity model.5

2.4 Existence and uniqueness

This section is devoted to establishing sufficient conditions for the existence and
uniqueness of a utility function that solves Eq. (1). Existence of a recursive utility
satisfying (1) is guaranteed by monotonicity (w.r.t. pointwise order) and an appli-
cation of Tarski’s fixed point theorem, once the set of consumption processes D is
endowed with the pointwise order. Therefore, the recursive utility in Eq. (1) always
exists. Considering uniqueness, in the case of a globally Lipschitz (for example in Ep-
stein and Wang (1994), Maccheroni et al. (2006b) and Siniscalchi (2011b)) certainty
equivalent It , uniqueness follows from standard contraction techniques. Our assump-
tion of a locally Lipschitz certainty equivalent precludes the contraction argument,
nonetheless, the next theorem shows that under an appropriate relation between the

4 Equivalent properties have been proposed in the literature on dynamic risk measures see Delbaen
(2006) and Riedel (2009).

5 Ambiguity sensitive preferences display a trade-off between dynamic consistency and consequental-
ism. Beyond the Epstein and Schneider (2003a) approach, other methods of updating ambiguous beliefs
are proposed, namely the dynamic consistent, but not consequentialist approach of Hanany and Klibanoff
(2007) and Hanany et al. (2009) and the sophisticated but not dynamically consistent approach of Sinis-
calchi (2011a).
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discount rate β and the rate of growth of consumption processes, a unique recursive
utility exists (the same condition is used in Epstein and Wang (1994)).

Theorem 1 Suppose I is locally Lipschitz continuous, if βb < 1 then, for each c ∈D
there exists a unique V (c) ∈D satisfying Eq. (1).

where b ≥ 1, defined in Section 2, is a parameter regulating the speed of growth
of consumption processes. Locally Lipschitz continuity of I is a weak requirement,
it is always satisfied when I is translation invariant or concave. However, for more
general classes of preferences as recursive uncertainty averse or Monotone Bernoul-
lian and Continuous of Cerreia-Vioglio et al. (2011), global or local Lipschitzianity
does not necessarily hold. A behavioral condition that ensures a locally Lipschitz
representation of preferences is provided in Ghirardato and Siniscalchi (2012, Online
Appendix). As hinted earlier, we assume that all the models in the next sections will
satisfy locally Lipschitz continuity.

3 The economy

3.1 A Lucas tree economy

We consider the same extension of Lucas pure exchange economy as Epstein and
Wang (1994). Assume u′ > 0,u′(0) = ∞. There is a single good with total supply
available at any time and state modeled by an endowment process e = (et) ∈ D . We
assume for simplicity, that the endowment process has a time-homogeneous Markov
structure, so there is a function e∗ such that

et(ω
t) = e∗(ωt), t ≥ 1, ω

t ∈Ω
t

with e∗(ω) > 0 for all ω ∈ Ω . In each period, N securities are traded at prices
qi = (qi,t) ∈ D , i ∈ 1, . . . ,N. Each security pays a dividend d1 = (di,t) ∈ D and it
is available in zero net supply at all times and states of the world. The consumer opti-
mizes her intertemporal utility by choosing consumption and portfolio allocations in
the current and future periods. A pair (c,θ), with c ∈ D and θ = (θt) a continuous
process, represents a plan of consumption and portfolio allocations at each period t.
We say that (c,θ) is (t,ω t)-feasible if for all τ ≥ t,

qτ θτ + cτ = θτ−1[qτ +dτ ]+ eτ , θt−1(ω
t−1), 0

inf
i,τ,ωτ

θi,τ(ω
τ)>−∞

The first condition is an intertemporal budget constraint, whereas the second is a weak
restriction on short sales. Let tc, (ct ,ct+1, . . .) denote the continuation consumption
process and denote tc|ω t , (cτ)

∞

τ=t the continuation of c conditional to history ω t . A
(t,ω t)-feasible plan (c,θ) is (t,ω t)-optimal, if

Vt(
tc|ω t ,ω t)≥Vt(

tc′|ω t ,ω t), for all (t,ω t)-feasible plans (c′,θ ′)

An equilibrium is a price process (qt) ∈ D such that (e,0) is (t,ω t)-optimal for all
t ≥ 1 and ω t ∈Ω t .
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3.2 Ambiguous consumption capital asset pricing model (ACCAPM)

This section is devoted to derive the Euler equations. As in Epstein and Wang (1994),
we use a two-period perturbation of an equilibrium process. The intuition is that the
investor is always at her optimum along the equilibrium path implying that any per-
turbation must be sub-optimal. The next result is a differential characterization of
optimality with respect to a today-tomorrow perturbation. To avoid technical compli-
cations, we assume that I(·,ωt) is nice6 at e∗ for all t and ωt .

Lemma 2 Let e ∈ D be a positive, Markovian and time-homogeneous consumption
process with et(ωt) = e∗(ωt). Let h = (ht)

∞

1 , with h1 ∈ R, h2 ∈C(Ω) and ht = 0 for
all t 6= 1,2. Then, a necessary condition for optimality i.e.

0 ∈ argmax
ξ

Vt(e∗+ξ (h1,h2,0, . . .),ω t)

is
0 = u′(e∗(ωt))h1 +β

∫
u′(e∗)h2d p for some p ∈ ∂ I (Vt+1(e∗);ωt) (2)

Where ∂ I(Vt+1(e∗);ωt) is the Clarke subdifferential (see Appendix A for the def-
inition) of I(·;ωt) at Vt+1(e∗). The condition in Lemma 2 is sufficient when ξ 7−→
(Vt(e∗+ ξ (h1,h2,0, . . .),ω t) is a concave function. For example, when u is concave
and It is concave (e.g. MaxMin, Variational, Confidence preferences).

Similarly to Epstein and Wang (1994) and Maccheroni et al. (2006b), we can
identify an element of ∂Vt(e∗) as an element of R×M+

1 (Ω) given by

∂Vt(e∗) =
{(

u′(e∗(ωt)),u′(e∗)d p
)

: ∃p ∈ ∂ I (Vt+1(e∗);ωt)
}

Where u′(e∗)d p is a measure with density u′(e∗) with respect to p.
Assume (qt) is a equilibrium. Given (t,ωt), let a perturbation (c,θ) defined as

cτ = eτ and θτ = 0 for all τ 6= t, t+1, for ∆ ∈Rn, ξ ∈R, ct = et−ξ (∆ ·qt), θt = ξ ∆ ,
θt+1 = 0 and ct+1 = et+1 + ξ ∆ · (qt+1 + dt+1). ξ and ∆ represent, respectively, the
size and direction of the perturbation. Optimality of the initial policy means that any
perturbation must leave the decision maker worse off. Let ht , −∆ · qt and ht+1 ,
∆ · (qt+1 +dt+1). By Lemma 2, Eq. (2) can be rewritten as

0=−u′(e∗(ωt))∆ ·qt +β

∫
u′(e∗)[∆ ·(qt+1+dt+1)]d p for some p ∈ ∂ I(Vt+1(e∗);ωt))

(3)
If we normalize the subdifferential, we can define a correspondence C(e∗;ωt) : Ω ⇒
M+

1 (Ω), as

C(e∗;ωt),

{
p

p(Ω)
: p ∈ ∂ I(Vt+1(e∗);ωt)

}
(4)

by the assumption of local niceness and the properties of Clarke subdifferential (see
Proposition 5), C(e∗;ωt) ⊆M+

1 (Ω) is a weak* compact and convex set. The set
C(e∗;ωt) contains the time-t relevant probabilities. They are definable regardless of

6 A functional I(·,ωt) is nice at c if 0 /∈ ∂ I(c,ωt). Niceness excludes that an investor considers possible
the degenerate measure that assigns zero measure to all events.
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the functional form of intertemporal utility and they are the main information needed
to price assets. In the next section we will impose a condition on this set to prove
existence of equilibria.

Eq. (3) allows to define an interval of prices given by

min
p∈C(e∗;ωt )

β

∫
u′(e∗)∆ ·(qt+1+dt+1)d p≤ u′(e∗(ωt))∆ ·qt ≤ max

p∈C(e∗;ωt )
β

∫
u′(e∗)∆ ·(qt+1+dt+1)d p

Or equivalently

min
p∈C(e∗;ωt )

{
βEp

[
u′(et+1)

u′(e∗(ωt)
∆ · (qt+1 +dt+1)

]
−∆ ·qt

}
≤ 0, ∀∆ ∈ RN (5)

The previous equation is more general than the corresponding equation in Epstein and
Wang (1994) since we do not assume any specific functional form for I, beyond (lo-
cally Lipschitz) continuity and quasiconcavity. However, the interpretation is similar,
optimality may be consistent with a non-degenerate interval of prices. It is also clear
that the possibility of price indeterminacy crucially depends on the lack of smooth-
ness of the functional representing investor’s preferences. If the set C(e∗;ωt) is a
singleton, equilibrium prices are determined. We can conclude that market price in-
determinacy depends on ambiguity aversion combined with non-smoothness of pref-
erences. This is consistent with the result of Epstein and Wang (1994), but alternative
models to the MaxMin can yield different predictions.

Proceeding as in Epstein and Wang (1994), we can rewrite Eq. (5) in a more
tractable form such as

min
p∈C(e∗;ωt )

max
i

{∣∣∣∣βEp

[
u′(et+1)

u′(e∗(ωt))
(qi,t+1 +di,t+1)

]
−qi,t

∣∣∣∣}= 0 (6)

Equation (6) is more transparent in the case N = 1, i.e. a unique asset is traded, then
it becomes

min
p∈C(e∗;ωt )

βEp

[
u′(et+1)

u′(e∗(ωt))
(qt+1 +dt+1)

]
≤ qt ≤ max

p∈C(e∗;ωt )
βEp

[
u′(et+1)

u′(e∗(ωt))
(qt+1 +dt+1)

]
(7)

Inequalities (7) are the Euler inequalities that an equilibrium price has to satisfy.

4 Existence and characterization of equilibria

As mentioned in the introduction, existence and characterization of equilibria require
additional assumptions on the behavior of time-t relevant probabilities with respect
to information arrival. In particular, the set C(e∗,ωt) has to vary smoothly with in-
formation’s arrival. The assumption of time-homogeneity and Markov allows us to
impose a continuity condition only with respect to the information observed at that
node. We call this assumption Strict Feller as in Epstein and Wang (1994).
Assumption 1 (Strict Feller). The map ωt 7−→ argminp∈C(e∗;ω)

∫
f d p is continuous

for all f ∈C(Ω).
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Strict Feller is trivially satisfied with a finite state-space or under recursive ex-
pected utility or, more importantly, when the certainty equivalent operator I(·,ω t)
does not depend on ω t , namely with IID ambiguity. It is also satisfied when the cer-
tainty equivalent operator is smooth, since C(e∗;ω) is a singleton.

We are ready to state the main theorem of this section:

Theorem 3 (Existence and characterization of equilibria)

(i) (qt) ∈D is an equilibrium, if and only if, it satisfies Eq. (6).
(ii) Under Strict Feller (Assumption 1), there exists an equilibrium.

Theorem 3 fully characterizes equilibria as the price processes satisfying Eq. (6).
There are three main results coming from Theorem 3. Equilibrium prices may be in-
determinate: possible different selections solving the sequence of Euler inequalities
will generate different equilibrium prices. However, it is possible only if the func-
tional representing preferences is not smooth. For smooth representations, the equi-
librium price is unique. Second, the set of probabilities determining Euler (in)equality
is completely characterized by the Clarke subdifferential. Lastly, equilibria exist un-
der a fairly general condition.

It is worth noticing that, in the particular case of IID ambiguity, time-homogeneous
and Markov return of the asset and a non-degenerate interval of equilibrium prices,
any fluctuation of prices can only be caused by indeterminacy, hence there is room
for volatility of the sunspot type. Again, this is not a phenomenon due to the MaxMin
decision rule, but it holds under general models of ambiguity averse choice that are
not smooth.

By Theorem 3, an equilibrium price is given by the recursive relation

q∗t = βEpt

[
u′(et+1)

u′(e∗(ωt))
(q∗t+1 +dt+1)

]
The existence of the ambiguity stochastic discount factor Ma

t+1 we announced in the
introduction is hidden in the probability pt . In Section 5, we give explicit formulae
for the ambiguity stochastic discount factors.

5 Calculation for specific models

In this section we calculate the equilibrium price of assets, assuming specific certainty
equivalents in Equation (1) and we explicitly describe the corresponding ambiguity
stochastic discount factor Ma

t . For simplicity, we consider an economy with a single
asset.

As anticipated in the introduction, to each model we can attach an ambiguity
stochastic discount factor Ma

t+1 that satisfies the formula

1 = Ep

[
Ma

t+1Mt+1Rt+1

∣∣∣Ft

]
Ma

t+1 is fully characterized by the priors contained in Ct(e∗;ωt), since each model
corresponds to a different formulation for the time-t relevant probabilities.
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5.1 Uncertainty averse preferences

We first focus on the most general class of Uncertainty Averse preference (UA) of
Cerreia-Vioglio et al. (2011). They impose a minimal restriction to the ambiguity at-
titude of a DM, such as the uncertainty aversion axiom of Gilboa and Schmeidler. It
means that if a continuation plan Vt(ct ,ω

t) is indifferent to another Vt(c′t ,ω
t), then

any mixture of them is weakly preferred both. Many models of decision under am-
biguity are special cases7 of UA preferences. Consider first the static model - each
prospect is evaluated through

I( f ) = inf
p∈M+

1 (Ω)
G
(∫

f d p, p
)

where u is a Bernoulli utility, G : R×M+
1 (Ω)→ (−∞,∞] is a quasi-convex, mono-

tone in the first argument, normalized and lower-semicontinuous function. UA pref-
erences are not locally Lipschitz continuous in general, however, we will assume
that they satisfy the locally Lipschitz continuity axiom of Ghirardato and Siniscalchi
(2012, Online Appendix), hence we can apply the results developed in the previous
sections. Define

domG,
⋃{

p ∈M+
1 (Ω) : G(x, p)< ∞

}
and let C ∗ = cl (domG). Then, a dynamic formulation is given by

Vt(c,ω t) = u(ct(ω
t))+β min

p∈C ∗t
Gt

(∫
Vt+1(c,ω t+1)d p, p

)
(8)

By Ghirardato and Siniscalchi (2010), the Clarke subdifferential of a certainty equiv-
alent representing uncertainty averse preferences, can be written as:8

C(e∗;ωt) = argmin
p∈M+

1 (Ω)

Gt

(∫
Vt+1(e∗)d p, p

)
(9)

Therefore Eq. (7) can be rewritten as:

min
p∈C(e∗;ωt )

βEp

[(
u′(et+1)

u′(et)

)
(qt+1 +dt+1)

]
≤ qt ≤ max

p∈C(e∗;ωt )
βEp

[(
u′(et+1)

u′(et)

)
(qt+1 +dt+1)

]
where the set C(e∗;ωt) is define din Eq. (9). With UA preferences, the relevant proba-
bilities are the ones minimizing the cost function G, generalizing the result of Epstein
and Wang (1994) for MaxMin preferences. An equilibrium price satisfies

qt = βEp∗

[(
u′(et+1)

u′(et)

)
(qt+1 +dt+1)

]
The difference from a price coming from rational expectation with recursive expected
utility is in the prior p∗.

7 Variational preferences (Maccheroni et al. 2006a), MaxMin (Gilboa and Schmeidler 1989), Confi-
dence preferences (Chateauneuf and Faro 2009), uncertainty averse Smooth Ambiguity (Klibanoff et al.
2005).

8 Assuming niceness of I at Vt+1(e∗).
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5.2 Special cases: homothetic and variational

A further specialization of uncertainty averse preferences sheds new lights on the
nature of the ambiguous stochastic discount factor Ma

t+1. If we assume that the agent
has homothetic recursive preference in the sense of Chateauneuf and Faro (2009),
then the function G of the uncertain averse preferences is equal to Gt(m, p) = m

ηt (p)
and

Vt(c,ω t) = u(ct(ωt))+β min
p∈C ∗t

∫
Vt+1(c,ω t+1)d p

ηt(ω t , p)

for some concave and upper hemicontinuous function ηt : C ∗t → [0,1]. The latter
represents the investor’s "confidence" on each priors. Higher values of η correspond
to more confident priors. The set of time-t relevant probabilities is given by:

C(e∗;ωt) = argmin
p∈M+

1 (Ω)

∫
Vt+1(e∗)d p
ηt(ω t , p)

Therefore, Eq. (7) becomes

min
p∈C(e∗;ωt )

βEp

[(
u′(et+1)

u′(et)

)
(qt+1 +dt+1)

]
≤ qt ≤ max

p∈C(e∗;ωt )
βEp

[(
u′(et+1)

u′(et)

)
(qt+1 +dt+1)

]
With homothetic preferences, the priors generating equilibrium prices depends on the
investor’s "confidence" about the likelihood of the subjective probability.

Another relevant particular case of uncertainty averse preferences is given by
the recursive Variational preferences (Maccheroni et al. 2006b), where Gt(m, p) =
m+ηt(p) and

Vt(c,ω t) = u(ct(ωt))+β min
p∈M+

1 (Ω)

(∫
Vt+1(c,ω t+1)+ηt(ω

t , p)
)

where ηt is a cost function associated to each prior p. We have

C(e∗;ωt) = argmin
p∈M+

1 (Ω)

∫
Vt+1(e∗)+ηt(ω

t , p)

An interesting subcase is represented by recursive multiplier preferences (sometime
referred to as robust preferences), where the cost function is given by ηt(ωt , p) ,
κD(p‖ p̂t), for some κ ∈ [0,∞] where

D(p‖ p̂t) =
∫

p log
p
p̂t
, if p� p̂t

and D(p‖p̂t) = ∞ otherwise, is the Kullback-Leibler distance of p with respect to p̂t
and p̂t is a reference measure. It is well known that

Vt(c,ω t) = u(ct(ωt))+β min
p∈M+

1 (Ω)

(∫
Vt+1(c,ω t+1)d p+κD(p‖ p̂t)

)
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is equivalent to

Vt(c,ω t) = u(ct(ωt))−κβ log
(∫

exp
(
−Vt+1(c,ω t+1)

κ

)
d p̂t

)
Since D(·‖ p̂t) : M+

1 (Ω)→ [0,∞] is strictly convex, C(e∗,ω) is a singleton and there
is a unique equilibrium price (qt). It is determined by (see Maccheroni et al. (2006b))

qt = β

Ep̂t

[
u′(et+1)

u′(et )
(qt+1 +dt+1)exp

(
−Vt+1(e∗)

κ

)]
Ep̂t

[
exp
(
−Vt+1(e∗)

κ

)]
the usual ambiguity stochastic discount factor related to robust control preferences.
The multiplier preferences are smooth, therefore equilibrium prices are determined
uniquely and there is no room for price indeterminacy.

5.3 Second order expected utility

The robust preference of Hansen and Sargent (2001) are related to a class of prefer-
ences axiomatized by Grant et al. (2009). The Second Order Subjective expected util-
ity generalizes expected utility introducing a second order function that determines
the ambiguity attitude of the investors, in the spirit of Klibanoff et al. (2005):

Vt(c,ω t) = u(ct(ω
t))+βφ

−1
(∫

φ(Vt+1(c,ω t+1))d pt

)
Ambiguity aversion corresponds to a concave, and we assume smooth, φ . Using the
derivation of the inverse rule, we can write each element µ ∈ ∂ I(Vt+1(c,ω t)) as∫

f dµ =
∫

φ ′(Vt+1(c))
φ ′ (φ−1 (Ep [φ(Vt+1(c))]))

f d p

for all f ∈C(Ω). We can rewrite Equation (7) as

qt = βEpt

[
ξ̃t,p

(
u′(et+1)

u′(et)

)
(qt+1 +dt+1)

]
where ξ̃t(ω) is given by a normalized version of:

ξt,p(ω) =
φ ′(Vt+1(e∗))(ω)

φ ′ (φ−1 (Ep [φ(Vt+1(e∗))]))

Since φ is concave, the investor is ambiguity averse and φ ′(Vt+1(e∗))(ω) is high when
the expected value of the continuation is low, so that the ambiguity stochastic discount
factor increases the probability of observing a bad outcome, reflecting pessimism.
Since the second order expected utility is a smooth model the equilibrium price is
unique and price indeterminacy cannot occur.
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In the particular case of φ(r) = −exp
(
− r

κ

)
, the second order expected utility is

equivalent to the robust preferences of Hansen and Sargent (2001) (see the previous
section), hence:

Vt(c,ω t) = u(ct(ω
t))−βκ ln

(∫
exp
(
−Vt+1(c,ω t+1)

κ

)
d pt

)

and the expression of equilibrium prices is well-known (see Maccheroni et al. (2006b))

qt = β

Ept

[(
u′(et+1)

u′(et )

)
(qt+1 +dt+1)exp

(
−Vt+1(e∗)

κ

)]
Ept

[
exp
(
−Vt+1(e∗)

κ

)]

5.4 Smooth Ambiguity Model

The Smooth Ambiguity Model of Klibanoff et al. (2005) is among the most pop-
ular models used in applications. According to the recursive version of the model
(see Klibanoff et al. (2009)), an ambiguous consumption stream is evaluated by (we
assume a locally Lipschitz continuous certainty equivalent operator):

Vt(c,ω t) = u(ct(ω
t))+βφ

−1
[∫

Θ

φ

(∫
Vt+1(c,ω t+1)d pt,θ

)
dµ(θ |ω t)

]

where Θ is a space of (unobserved) parameters θ ∈ Θ . pt,θ , pθ (ωt+1|ω t) is the
probability under pθ that the next observed state of the world is ωt+1 given ω t and
µ represents the investor’s prior on Θ . Assuming an everywhere differentiable φ ,
the expression for equilibrium prices is similar to the case of second order expected
utility and Equation (7) becomes

qt = βEµ(θ |ωt )

[
ξ̃t(θ)Ept,θ

[(
u′(et+1)

u′(et)

)
(qt+1 +dt+1)

]]

where ξ̃t(θ) is a distortion affecting µ(θ |ω t) given by a monotone function of:

ξt(θ),
φ ′
(

Ept,θ [Vt+1(e∗)]
)

φ ′
(

φ−1
(

Eµ(θ |ωt )

[
φ

(
Ept,θ [Vt+1(e∗)]

)]))
Again, concavity of φ , hence ambiguity aversion, decreases the subjective likelihood
of observing good outcomes, reflecting pessimism.
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5.5 Vector expected utility

Recursive vector expected utility has been axiomatized in Siniscalchi (2011b), where
an application to a Lucas economy similar to the present work is provided. In the case
of recursive vector expected utility, the form of intertemporal utility is given by

Vt(c,ω t)= u(ct(ωt))+βEpt (ωt ,·)
[
Vt+1(c,ω t+1)

]
+At,ωt

(
βEpt (ωt ,·)

[
ξ

t,ωt ·Vt+1(c,ω t+1)
])

By Ghirardato and Siniscalchi (2010) and Siniscalchi (2011b), Equation (7) becomes

qt = βEpt (ωt ,·)

[{
1+ ∑

0≤i≤M

∂At,ωt

(
Ept (ωt ,·)[βVt+1(e∗) ·ξ t,ωt ]

)
∂φi

ξ
t,ωt
i

}
u′(et+1)

u′(et)
(qt+1 +dt+1)

]
where φi ∈ Rn and ∂A/φi is a partial derivative. The functional form of vector ex-
pected is particularly suitable for a direct comparison with the EU case. Here am-
biguity attaches an additional piece to the standard stochastic discount factor who
exacerbates the effects of high or low dividend. The analysis follows that of Sinis-
calchi (2011b). To gain intuition, assume a Clarke regular A and let n = 1, so that
only an adjustment factor exists. Under ambiguity aversion, A is concave, together
with the fact that A(0) = 0 is a maximum, A′t,ωt

(
Ept (ωt ,·)[βVt+1(e∗) ·ξ t,ωt ]

)
≤ 0. To

see the effect on discounting, if the investor expects a high endowment tomorrow, u′ is
low, and this effect is reinforced by −A′(·). Therefore, ambiguity aversion increases
the discount of good outcomes, with respect to the benchmark EU case.

6 Conclusion

We price assets with ambiguous returns in a Lucas tree economy with a represen-
tative ambiguity averse investor. We provide a unified approach that abstracts from
the specific models used in the literature. A multiplicity of prices may support equi-
libria when the functional representing preference is not smooth. Equilibrium prices
are determined by a set of subjective probabilities related to the Clarke subdifferen-
tial of the functional representing investor’s preferences. Equilibria exist under fairly
general conditions.

A Non-smooth optimization

For completeness we report the main results that are used in the proofs.

Definition 4 Let U ⊂ X an open subset of a Banach space X . Let f a locally Lipschitz functional f : U→
R. For every x ∈U and y ∈ X , the Clarke (upper) derivative of f in x in the direction y is

f ◦(x;y) = limsup
z→x
t↓0

f (z+ ty)− f (y)
t

The Clarke (sub)differential of f at x is the set

∂ f (x) = {x∗ ∈ X∗ : 〈x∗,x〉 ≤ f ◦(x;y),∀y ∈ X}
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Next proposition collects some useful properties of Clarke differential (see Clarke (1983)).

Proposition 5 Let f : U → R be locally Lipschitz. Then:

1. ∂ f (x) is a nonempty, convex, weak* compact subset of X∗.
2. For every v ∈ X, f ◦(x;v) = maxx∗∈∂ f (x)〈x∗,v〉
3. If f is convex, ∂ f (x) is the usual subdifferential of convex analysis.
4. (Lebourg Mean Value Theorem) For any x,y ∈ X, there exists γ ∈ (0,1), such that

f (x)− f (y) ∈ 〈∂ f (γx+(1− γ)y),x− y〉

A function f : X → R on a Banach space X is Clarke regular at x if for all v ∈ X ,

f ◦(x;v) = f ′(x;v)

where f ′(x;v) = limt↓0
f (x+tv)− f (x)

t is the usual directional derivative.

Theorem 6 (Clarke (1983), Chain Rule) Let F be a map from a Banach space X to another Banach
space Y and g a real-valued function on Y . Suppose F is strictly differentiable at x and g is locally Lipschitz
at F(x). Then f = g◦F is Lipschitz at x and

∂ f (x)⊆ ∂g(F(x))◦DsF(x)

Equality holds if g or −g is regular at F(x) or, if F maps every neighborhood of x to a set which is dense
in a neighborhood of F(x).

The interpretation (see Clarke (1983, Remark 2.3.11), is that every element z∗ ∈ ∂ f (x) can be repre-
sented as a composition of a map y∗ ∈ ∂g(F(x)) and DsF(x) such that 〈z∗,v〉= 〈y∗,DsF(x)(v)〉.

B Proofs

We need the following preliminary result:

Lemma 7 Fix c ∈ D and let Vt given as in Eq. (1). Define for each T ∈ N,
{

V T
t (c)

}∞

t=1 ∈ D , V T
t , 0 if

t > T and
V T

t (c,ωt), u(ct(ωt))+β I
(
V T

t+1(c,ωt)
)

for 0≤ t ≤ T . If βb < 1, then limT→∞ V T
t (c,ωt) =Vt(c,ωt) for all t and ωt .

Where b is defined in Section 2 and it is a parameter limiting the speed of growth of consumption.

Proof Of Lemma 7. For any t ≤T and ωt , notice that V T
t (c,ωt)≤Vt(c,ωt)≤V T

t (c,ωt)+‖V (c)‖β T−t+1bT+1.

Proof Of Theorem 1. Take V (c), V ′(c) that solve Eq. (1), (by Tarksi’s fixed point theorem at least one
exists). Fix an arbitrary t then,

Vt(c,ω t)−V̄ T
t (c,ω t) = βEpt

[
Vt+1(c,ω t)−V̄ T

t+1(c,ω
t)
]

by Lebourg Mean Value Theorem (4. in Prop. 5).

= βEpt

[
β I(Vt+1(c,ω t))−β I(V̄ T

t+1(c,ω
t))
]

by definition

= βEpt

[
βEpt+1

[
Vt+1(c,ω t)−V̄ T

t+1(c,ω
t)
]]

by Lebourg MVT.

≤ βEpt

[
· · ·
[
βEpt+T+1

[
Vt+T+1(c,ω t+T )

]]]
≤ (βb)T−t+1bt ‖V (c)‖ T→∞−→ 0 by βb < 1

Applying the same argument to V̄t(c,ω t)−V T
t (c,ω t) concludes the proof.



Asset Prices in an Ambiguous Economy 17

Proof Of Lemma 2. By definition

Vt(e∗+ξ (h1,h2,0, . . .),ω t) = u(e∗(ωt)+ξ h1)+β I
(
Vt+1(e∗+ξ h2,ω

t);ωt
)

which is equal to

Vt(e∗+ξ (h1,h2,0, . . .),ω t) = u(e∗(ωt)+ξ h1)+β I (u(e∗+ξ h2 +φ(ωt+1);ωt)

where φ(ωt+1) = I
(
Vt+2(e∗,ωt);ω t+1). Optimality of ξ = 0 implies by Theorem 6 and the consequent

discussion that

0 = u′(e∗(ωt))h1 +β

∫
u′(e∗)h2d p, for some p ∈ ∂ I(u(e∗)+φ(ωt+1);ωt)

The proof is concluded noticing that u(e∗)+φ(ωt+1) =Vt+1(e∗).

We first introduce a concept of equilibrium that is weaker then global equilibrium. First, given (t,ω t),
let (c′,θ ′) a plan with c′ = {c′t}

∞

1 , c′τ = 0 for all τ 6= t, t+1, c′t ∈R, c′t+1 ∈C(Ω), θ ′τ = 0 for all τ 6= t, θ ′t =∆

for ∆ ∈ Rn. We define a two-period perturbation of a (t,ω t)-feasible plan (c,θ) as (c+ξ c′,θ +ξ θ ′) for
sufficiently small ξ ∈ R such that (c+ ξ c′,θ + ξ θ ′) is (t,ω t)-feasible. We say a (t,ω t)-feasible plan is
myopically optimal if

Vt(
t c|ω t ,ω t)≥Vt(

t c′|ω t ,ω t), for all two-period perturbation (c′,θ ′)

Then we call {qt} ∈D a myopic equilibrium if (e,0) is myopically optimal for all t ≥ 1, ω t ∈Ω t .

Proof Of Theorem 3.
(i). We need the following fact.

Fact 1. If q satisfies Eq. (6) then it is a myopic equilibrium.

Proof Of Fact 1. First note that, if q is a myopic equilibrium, then Vt(e) ≥ Vt(c,ωt) for all two-period
perturbations c and it is equivalent to e being a local maximum for ξ 7→ V (e+ ξ c,ωt). By Clarke (1983,
Proposition 2.3.2), we have 0 ∈ ∂V (e+ ξ c,ωt) at ξ = 0. To prove Fact 1, assume that q is a myopic
equilibrium, and Eq. (6) is not satisfied. Let

Γ
∗(e∗,ωt), argmin

p∈C(e∗;ωt )

∫ u′(et+1)

u′(et)
(qt+1 +dt+1)d p

Then, for some t ∈ N and ω t ∈Ω t with θt = ∆ ,

βEπt (ωt ;·)
{

u′(et+1)θt · (qt+1 +dt+1)
}
> θt ·qt u′(et) (10)

where πt : Ωt →M+(Ωt), with πt(ω
t ; ·)∈Γ ∗(e∗,ωt) for each t and ωt . Now let cτ = eτ for all τ 6= t, t+1

ct , et − θt · qt , ct+1 = et+1 + θt · (qt+1 + dt+1) and θτ = 0 for all τ 6= t and , it is (t,ωt)-feasible, but
inequality Eq. 10 is equivalent to

d
dξ

Vt(e+ξ c,ωt)
∣∣∣
ξ=0

> 0

for a two-period perturbation c, contradicting the assumption that q is a myopic equilibrium.

To conclude the proof of (i), we will show that myopic equilibria are global. Assume by contradiction
that q is a myopic equilibrium that is not global. Then, there is a (t,ω t)-feasible path (for all t,ω t ) c ∈D
(assume for simplicity that c is time-homogeneous and Markov) such that, for some t and some ωt ,

Vt(c,ωt)≥Vt(e∗)+2ε

for some ε > 0. Choose an integer N, such that, if a consumption plan c′τ = cτ for τ = t, . . . , t +N, then
Vt(c′,ωt)≥V (c,ωt)+ ε . It follows that for such paths

Vt(c′,ωt)≥Vt(e∗)+ ε
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Define a family of N consumption processes ĉt+i, i = 0, . . . ,N−1, such that

ĉt+i ,

{
ct+ j+1 for all j ∈ [0, i]
et otherwise

Then at t,
Vt(ĉt+N−1,ωt)>Vt(e∗) (11)

Moreover notice that, ĉt+N−2 coincides with e from t−N−1 onward, whereas ĉt+N−1 differs from e only
at t +N−1. Since q is a myopic equilibrium, it is robust for a two-period perturbation, hence, a posteriori
for a one-period perturbation, then

Vt+N−1(ĉt+N−2) =Vt+N−1(e∗)≥Vt+N−1(ĉt+N−1)

Dynamic consistency DC1-DC2 implies

Vt(ĉt+N−2)≥Vt(ĉt+N−1) (12)

Together Eq. (11) and Eq. (12) imply

Vt(ĉt+N−2,ωt)>Vt(e∗)

Repeating the argument until time t, we get Vt(ĉt ,ωt)>Vt(e∗) but ĉt is a one-period perturbation of e, and
this contradict the fact that q is a myopic equilibrium.
(ii). Given Assumption 1, Micheal’s Selection theorems implies the existence of a continuous selection,
π̂t(ω

t ; ·) ∈ Γ ∗(e∗,ωt) and ωt ∈Ω t , such that

qi,t = βEπ̂(ωt ;·)

[
u′(et+1)

u′(e∗(ωt))
(qt+1 +dt+1)

]
Then define an operator T : D →D as

(Ti f )t(ω
t) = βEπ̂(ωt ;·)

[
ft+1 +u′(et+1)di,t+1)

]
It clearly has a unique fixed point Ti f̂i = f̂i, now let f̂i,t = u′(e∗(ωt))qi,t . Then it is a global equilibrium.
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