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1 Introduction

Recently there has been renewed interest in the subject of the entropy of supersymmetric
black holes in AdS; [1-6], inspired by [7—9]. Such black holes were discovered as solu-
tions to minimal gauged supergravity in five dimensions [10] and generalized in [11-14].
They have a Bekenstein-Hawking entropy Spp = ﬁ where A is the horizon area and G5
is Newton’s constant in five dimensions. The holographical dual boundary theories are
four-dimensional N' = 1 superconformal field theories (SCFTs), the most studied case be-
ing ' =4 SYM theory with SU(N) gauge group. The existence of the above-mentioned
black holes with large entropy implies that the corresponding supersymmetric ensemble of
states in the boundary theory should have an exponentially large number of states ~ O(e’V 2)
Trying to identify these states, however, led to interesting puzzles [15].

The renewal of interest in this subject was sparked in large measure by the insightful
observation of [7] which recast the entropy of the black holes as an extremization problem
as follows. Consider a supersymmetric black hole in AdSs carrying angular momenta J o
and R-charge Q). The Bekenstein-Hawking entropy of this black hole is then the Legendre
transform

S(J1,J2,Q) = —I(wi,w2, ) —wiJ1 —w2Jo — 0 Q, (1.1)
of the function (here g is the inverse AdS radius),
3
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under the constraint®
w1 +wy — 2 =2ming, mng=—1. (1.3)

This observation suggested the existence of a thermodynamic principle which leads to the
above extremization formula. Finding such a principle for supersymmetric black holes,
however, is a subtle issue. One reason is that the chemical potentials? O, Qs, ® conjugated
to Ji, J2, Q, get frozen to specific values®—independent of the charges — in the limit of
zero temperature and at a naive level there is nothing left to vary or extremize. Another
puzzling feature of this formula is the nature of the constraint (1.3), as the supersymmetric
values of the chemical potentials obey the real constraint Q] + Q5 — 2¢* = —1.

These puzzles were solved in [1]. The idea is to deform the supersymmetric black hole
solution to a family of non-extremal solutions that preserve manifest supersymmetry at
the cost of allowing for complex field configurations in the Euclidean theory. The chemical
potentials along this family vary around the frozen on-shell values, and we can consider
the thermodynamics of the fluctuations. The family of solutions have a Euclidean cigar-
like geometry in which the horizon caps off at a finite distance in the interior. In order to
preserve smoothness on the cigar as well as supersymmetry one has to turn on a background
value of the R-symmetry gauge field such that the Wilson loop around the circle at infinity
is non-zero and the Killing spinor is anti-periodic. This background value of the gauge
field leads precisely to the above constraint (1.3) and to the free energy (1.2), that we then
extremize. The black hole entropy is recovered by the extremum value in the limit that we
reach the original black hole solution.

In this paper we turn to the dual boundary problem in detail. We shall try to point
out relations with recent papers dealing with this problem as we go along. The holographic
dual boundary observable is a partition function of the ' = 1 SCFT on S2 x S! twisted by
chemical potentials wy,wy for the two angular momenta on S3, and the chemical potential ¢
for the R-charge of the N'= 1 SCFT. It is convenient to present the field theory discussion
in the variables wy = 27io, wy = 2wir. The values of Re(w; 2) < 0 for the black hole imply
that o, 7 live in the complex upper half-plane. Supersymmetry of the background implies
that the chemical potentials obey the constraint

J—i—T—ﬁ,Zno, ng € 7%, (1.4)
™

which mirrors the constraint (1.3). In [1], we obtained the following formula for this
partition function of an arbitrary N'=1 SCFT:

Z(U’ T7 90) = e_]:(o-’T?SD) 1(0-7 T’ SO) ’ (15)

where the prefactor F is related to the supersymmetric Casimir energy [16, 17], and Z is
essentially the Hamiltonian index. More precisely, when the R-symmetry Wilson line has

'The black hole entropy is also reproduced by no = +1, and there is a symmetry between these two
choices in that all the equations below can be modified appropriately in order to hold for this choice.
2The chemical potentials wi,ws, ¢ are obtained from a limit of the chemical potentials Q1,Q, ®. We
refer to [1] for details.
3Specifically, the chemical potentials dual to the angular momenta takes the value Q712 =1 and the
3

potential dual to the R-charge takes the value ®* = 3 as § — oo [1].



background value ng the functional integral translates to the following trace [1],

I(o,7;m0) = Try mi(no+1)F e—B{Q,@}+27ri0J1+27TiTJ2+GDQ7 (1.6)

phys €

where the three potentials are constrained by (1.4). Upon solving the constraint for ¢ in
terms of o, 7, one can write the partition function and the index as functions of o, 7 and the
integer ng. In particular, for ng = £1 the explicit dependence from the fermion number F
drops out and this takes the form

Z(U T':l:l) = Try . eWiQ e—/B{Q,Q}+27ria(=]1+%Q)+27riT(J2+%Q) (1 7)
s Ty phys . .

As discussed in [1], the ng-dependence in (1.6) can be completely absorbed in a shift of one
of the chemical potentials, say o, using the spin-statistics theorem, so that

Z(o,m;n0) = Z(0 — ngp,7;0). (1.8)

Note that Z(o, 7;0) is not invariant under o — o — ng, ng € Z, since the R-charges are not
necessarily integers for generic N' = 1 theories. The right-hand side of (1.8) is the familiar
Hamiltonian definition of the superconformal index [15, 18]

T(0.7:0) = Ty, (1) e HQAH2T 5@ 2min (02 30) (19)

By the usual argument that bosonic and fermionic states appear in pairs for a given non-
zero value of {Q, @}, it is clear that the index (1.9), and therefore (1.6), is protected, and
in particular independent of 5.

Denoting the values of the (generically non-integer) charges Ji + %Q, Jo + %Q by n1,
ng, respectively, we can expand the index as

I(o,T3n0) = Z d(ny, ng; ng) e?milomtTnz) (1.10)

ni,n2

We shall refer to d(nj,ng) as the indexed degeneracy, or sometimes simply degeneracy, of
states for a given set of charges labelled by (n1,n2). It is clear from the trace formula (1.9)
that a constant shift of the chemical potentials only changes the phase of the indexed
degeneracies and, in particular,

]d(m,ng;no)] = ]d(nl,ng;O)] . (1.11)

We are interested in calculating the growth of these degeneracies d as a function of the
charges and, relatedly, the behavior of the index Z as a function of its arguments. The
relation between these two is that of a change of statistical ensemble. The holographic
dual to the full AdSs black hole geometry is the canonical ensemble in which the chemical
potentials are fixed. In this case the input from the supergravity analysis of [1] would fix
ng = —1 as discussed above. On the other hand, one may be interested in the microcanon-
ical ensemble in which all the charges are held fixed. In the bulk this means zooming in to
the near-horizon of the black hole and studying the corresponding AdSs theory, as has been



emphasized in [19].* In the dual SCFT, the problem is to study the degeneracy of states for
fixed values of charges in the field theory, which is given by the inverse Laplace transform
of the index with respect to the chemical potentials. In the saddle point approximation to
this integral one has to look for the dominant values of the chemical potentials.

The simplest interpretation of the black hole entropy is that the degeneracy of states
should have an exponential growth as a function of the charges as the charges become
large. Presently we shall show that this is indeed the case. The degeneracy of states can
be calculated as the inverse Laplace transform of the index Z with respect to the chemical
potentials. We focus on asymptotic formulas in the large-charge Cardy-like limit, in which
this integral is dominated by very small values of chemical potentials o, 7 for angular
momenta — plus possibly an integer, according to the discussion above. We perform our
calculations in two different ways, one of which is exact in IV and the other uses the large-
N limit. In both methods our starting point is the matrix integral representation (2.1) of
the index. In the first method, valid for finite IV, we first take the Cardy-like limit and
then calculate the saddle points. In the second method we look directly for large- N saddle
points of the index using the matrix integral representation (2.1). Then we estimate the
integral in the large-charge limit and show that the saddle point indeed reproduces the
black hole entropy for ng = —1.

In the case of ' =4 SYM theory, the large- N limit of the index defined in [15] has been
analyzed in [4] using a different Bethe-ansatz-type representation, in which the solutions
of the Bethe-ansatz equations play the role of saddle-points. One of these solutions leads
to the black hole entropy and, although this has a complex value of gauge holonomies
u; — u; to begin with, it reduces to u; — u; = 0 in the Cardy-like limit, consistent with
our saddle-point analysis. The Cardy-like limit has been analyzed in [2, 3, 5, 6] for four-
dimensional N' = 4 SYM, and some extensions have also been considered [5]. Some of these
analyses assume a saddle point in the relevant range and show that it leads to the correct
black hole entropy, while others use an auxiliary matrix model or additional flavor chemical
potentials in order to find the saddle points. In this paper we avoid these assumptions: we
study the index (2.1) for a large class of ' =1 SCFTs in which we directly find the saddle
points in the two methods mentioned above, and show that the value at the leading saddle
leads to the black hole entropy. In the process there are some mathematical subtleties that
we point out and address.

Our main result is that the index of N' = 1 SCFTs in the Cardy-like limit has a
universal saddle controlled by the anomalies a,c, which describes an asymptotic growth
of states accounting for the black hole entropy. We further prove that for a large class
of theories this is the dominant saddle. For these theories, the index at leading and first
subleading order in o,7 — 0 reads

3r+3ct1 TH+ox1

logZ(o,7;m0) = 271 ————— (3¢ — ba) + 27i

(a=c)+0(1), no=F1,
27To TO

(1.12)

4One could associate the words “flowing from a 4d UV theory to a 1d IR theory” to this change of
ensemble, as the boundary behavior in AdS. is different from higher-dimensional AdS, but making this
precise even in simple 2d examples is subtle [20].



which is valid at finite N. For ng = 0, on the other hand, the asymptotic growth is

controlled by a universal term proportional to %(a — ¢) [21] (which in some special
instances can receive corrections [22]). Using the constraint (1.4) we can rewrite the result
above as
log Z(0. 7im0) = =25 (50— 36) + 22 (a— ) + O() (1.13)
o inog) = ——5— (ba—3¢c)+ — (a—c¢ . .
BT T 0) = o2y 30T

Thus we find that, at least for holographic theories at large N, logZ agrees precisely
with the Casimir energy-like prefactor F, that we computed in [1]. The formulas (1.5)
and (1.12) are related similarly to the analogous formulas in 2d CFTs, where the vacuum
energy controls the growth of states of the black hole via the Cardy formula as e.g. in [23].
This observation suggests the existence of a modular-like symmetry in these 4d observables
that would very interesting to explore further. Observations of a similar nature have been
made in [24].

In our Cardy-like limit the charges and the saddle point values of the chemical poten-
tials behave as follows. If v is a scale parameter such that 0,7 = O(v) as v — 0, then the
charges scale as

Q = ’U_Qq, Jl,g = U_Sjl’g s (1.14)

in order to preserve the non-linear constraint that they obey in the extremization pro-
cess [1]. Correspondingly the saddle-point values of the angular velocities o, 7 scale as

% + O(’U2) at ng = —1. At large N the entropy scales as

Szw(x/g\Q]—zlc %;) +0(1), (1.15)

as consistent with the Bekenstein-Hawking entropy of AdSs black holes given by [25]

SBH = 71'\/3@2 — SC(Jl + JQ) . (1.16)

Our formula (1.12) for the index also contains information about the first subleading cor-
rections in . For "= 4 SYM this observation was made in [5].

The plan of the paper is as follows. In section 2 we consider the Cardy-like limit of the
index for N' = 1 field theories with a Lagrangian description. Firstly, we show that in a
non-empty neighborhood including zero, there exists a universal saddle point correspond-
ing to all vanishing gauge holonomies, which gives rise to the asymptotic growth (1.13),
reproducing the entropy of the AdSs black holes. Since this is controlled by anomalies,
the result could extend for non-Lagrangian theories as well. Secondly, we study the ma-
trix model in its complete domain of definition for generic superconformal quiver gauge
theories, and prove the uniqueness of the universal saddle point in large classes of N’ =1
SCFTs. In section 3 we begin a study of the large-N limit of the index. We find a family
of saddle points at real values of gauge holonomies, of which the dominant saddle in the
large-N limit is the one where all the holonomies clump up at the point where they all
vanish. We show that the index in the Cardy-like limit at this saddle point leads to the
black hole entropy at large N.



Note added. While this paper was being completed we received [26] which also presents
results for A/ = 1 4d SCFTs. These results have some overlap with section 2 of this paper.

2 The Cardy-like limit of the superconformal index

The Cardy-like (“high-temperature”) limit of the superconformal index was studied
in [21, 27] using effective field theory arguments on S® x S! backgrounds, and in [22] using
asymptotic properties of the elliptic gamma functions.® Assuming real values of the fugac-
ities and taking the limit of small chemical potentials o, 7, these works found a universal
exponential contribution to the index weighted by the 't Hooft anomaly TrR o (a—c¢) (this
can receive corrections in special instances [22]). It follows that in this limit the asymp-
totic growth of the index at large N is not enough to reproduce the Bekenstein-Hawking
entropy of holographically dual AdSs black holes. More recently, [2, 5, 6] considered the
N = 4 SYM index and showed that for suitable complex values of the flavor fugacities
the Cardy-like limit yields an exponential O(N?) growth at large IV, which reproduces the
entropy function of [7].

In this section we enhance these results and study the Cardy-like limit of general NV = 1
superconformal field theories, without having to introduce any flavor fugacities. In the no-
tation introduced in section 1, we set ng = £1 and take the limit o, 7 — 0. We emphasize
again that this is a different limit than the one obtained by setting ng = 0 and o, 7 — 0.
We prove the existence of a universal saddle point in the index and, with some additional
assumptions, we check that this dominates the index in a very large class of theories. The
saddle point value is controlled by both the TrR? and the TrR 't Hooft anomalies. In the
large N limit this yields the entropy function which upon Legendre transform reproduces
the Bekenstein-Hawking entropy of the supersymmetric AdSs black holes of [10, 12]. These
black holes are solutions to five-dimensional minimal gauged supergravity and their prop-
erties are indeed expected to be described by any four-dimensional N' = 1 SCFT with a
weakly-coupled gravity dual.

2.1 Derivation of the saddle point

We consider an N' = 1 field theory with gauge group G and a non-anomalous U(1)z R-
symmetry. When the theory flows to a superconformal fixed point, we pick the R-symmetry
that enters in the IR superconformal algebra. A class of N' = 1 superconformal field theories
was first proposed and its finiteness checked in perturbation theory in [31-33]. We label
by the letter I the chiral multiplets of the theory; these sit in the representation R of the
gauge group and have R-charge r;. Throughout the paper we assume 0 < r; < 2 for all
chiral multiplets.

The index discussed in the introduction has the integral representation

1 rk(G)
Z(o,7;n0) = IWI/ IT dwi ZveeZeni (2.1)

i=1

®See also [28-30] for related work.



where the integration variables ui, © = 1,...,rk(G), parameterize the maximal torus of G
and run over the real range (— 2, 2] W] is the order of the Weyl group of G, and Zyec, Zcni
denote the vector multiplet and chiral multiplet contribution, respectively. These read:

Zvec:( 27io . 27r1cr)rk(G)( 27ri7-’ 27rrr rk(G H F Oé u+o+Ti0 T)F ( oz-u+cr—|—7’;a,7‘),
OZGA+

Zepi = H HF 21,0,T), (2.2)

Iechirals peRy

where A is the set of positive roots, denoted by «, of the gauge group G, and p is the
weight of the gauge representation R;. The complex parameters o, 7 are taken in the upper
half-plane,

Imo >0, Im7>0. (2.3)

The variable z; appearing in the chiral multiplet contribution is defined as

zI:p~u+QU+T—n0), with p € Ry. (2.4)

5 (
Notice the dependence on the choice of integer ng, which will play a central role in the

following. The Pochhammer symbol, encoding the contribution of the vanishing roots of
G, is defined for w, q € C, with |¢| < 1, as

H (1 —wg’) (2.5)

Finally, the elliptic gamma function is defined as

0 1 — o~ 2miz e?7rio‘(j+1) e27ri7'(k—i—1)

Te(z0,7) = ] 1 _ o2miz o2nioj g2mitk (2.6)
k=0

This is a meromorphic function in z € C, with simple poles at z = —jo — k7 + 1 and simple
zeros at z = (j + 1)o + (k+ 1)7 + I, where j,k € Z=% and [ € Z. A discussion of its
properties can be found in [34-36].°

The integral representation (2.1) was derived in [1] as the partition function of super-
symmetric field theories on S3 x S, with complexified angular chemical potentials o, T for
rotation in S3, and holonomy for the background R-symmetry gauge field A being given
by [¢1 A =ip, with ¢ = 7i(0 4+ 7 — ng). It is a slight modification of the familiar integral
representation of the superconformal index, which corresponds to ng = 0.

5The vector multiplet contribution to the index can also be expressed in terms of the Jacobi theta
function, which is defined as

Oo(z;7) = (w; q)(q/w; q) ,

2™ Using Proposition 3.2 in [34], one can see that the contribution of the

27iz

with w = e and ¢ = e

non-vanishing roots can be written as

1

Fe(@-ut+o+70,7)le(~a-uto+750,7)= Pe(—a-ujo,7)le(a-u;o,7)

=6o(a-u;0)bo(—a-u;T).

These alternative expressions are often used in the literature on the superconformal index.



We want to study a Cardy-like limit of (2.1) where the angular chemical potentials
o, T become small. We stress that in this limit the holonomy ¢ for the R-symmetry gauge
field is kept finite if ng = £1. We will perform the analysis for ngp = —1 (this can be
straightforwardly adapted to the case ng = +1). Our main technical tool will be a uniform
estimate for the elliptic gamma function given in Proposition 2.12 of [37] and conveniently
adapted for applications to the superconformal index in [22] whose notations we follow. Let
us define 0 = v&, 7 = v7 and consider the limit v — 0% with &, 7 finite. Then outside of an
O(v) neighborhood of the zeros and of the poles, the elliptic gamma function is uniformly
estimated by

1

log e (ZE + f(a +7); 0, 7‘) =27 | — i(z) + (r— 1)0 sl Hx)—= || +01). (2.7)
2 12071 doT 6

Here and in the following, by O(1) we denote subleading terms in the small v expansion

(this also includes possible logarithmically divergent terms). Moreover we have defined the

functions

p(z) ={z}(1 —{z}) (1 = 2{z}),  I(z) ={z}(1 —{z}), (2.8)
where {z} = x — |z]| is the fractional part of . These functions are periodic with period 1

and satisfy
k(—z) = —k(x), V(—z) =V(x). (2.9)

We now estimate the index (2.1) in the limit of small angular chemical potentials
defined above. We start from the chiral multiplet contribution Z.; in (2.2), which depends
on the variable z7 in (2.4). In order to apply the estimate above we thus need to set the
variable x in (2.7) to

x:p~u—%, with ng = —1. (2.10)

In this way we obtain

, K(p-u+4) o+T r 1
log Zopi =2mi Y Y [—1207_24-(7"1—1) ypo <79<p-u+21)—6>]+(’)(1),

I€chiral peRy

(2.11)
which is uniform over all values of p-u + % since we are assuming 0 < r; < 2, and we are
thus staying away from the zeros and poles of the elliptic gamma functions in Z;.

As for the vector multiplet contribution, the estimate (2.7) leads to [22]:

logTe(av-u+0o+7;0,7)le(—-u+0+7;0,7)] :7710+T

1
<19(04 ) — 6> +0(1).
(2.12)
We recall that a priori this is valid outside neighborhoods of size O(v) around the points

oT

a-u € Z, where the gamma functions in (2.12) vanish. One should therefore ask whether it
is legitimate to use the estimate in the whole range of the gauge holonomies to approximate
the integrand (especially because we will find later that the saddle point of the estimate
lies in ac-u = 0). A related issue is whether this estimate for the integrand gives an equally
good estimate of the integral. It has been argued in [22] that this is the case, as such
subtleties give rise to negligible errors at the order of precision considered; we expect the



same is true in our setup. Also including the contribution from the asymptotics of the
Pochhammer symbols, the full vector multiplet contribution Z.. reads

o+

. o
log Zyec = —mi 5

Tdim G + i
oT

;TT 3" 9a-u) +0(1). (2.13)

OéEA+
Putting everything together, we arrive at the following estimate for the full integrand

U+TTrR+7riU+TV1+LITV2+(’)(1), (2.14)

1201 20T 60

lOg (Zvechhi) = —mi

where

Vp=— Z Z H(PI'U+%)7

I€echirals preRy

V1:2219(a-u)+ Z Z(m—l)ﬁ(m-u—i—%). (2.15)

aceAL I€chirals preRy

The first term on the right hand side of (2.14), proportional to the 't Hooft anomaly
TrR (see (2.18) below for its definition) and independent of the gauge holonomies, was first
obtained in [21]. The remaining two terms determine an effective potential for the gauge
holonomies and are similar to those first found in [22] (see also [27]). However we have
two important differences: the argument of the functions Vi, V5 is p-u + § instead of p-u
(because we are taking ny = —1 while the setup of [22, 27] corresponds to ng = 0), and
o, T are generically complex (while they were assumed purely imaginary in [22, 27], which

corresponds to real fugacities p = e2™7 ¢ = ™)

. Recently, similar asymptotic formulae
have been discussed in the specific case of N =4 SYM in [5, 6] by allowing for complex
values of the fugacities. In this case, two chemical potentials for the flavor symmetries play
a role analogous to our discrete holonomy ng = £1 for the R-symmetry; we will comment
more on this in section 2.2.

In a general theory where the matter multiplets sit in different representations of the
gauge group and have different R-charges the effective potential is quite complicated, as it
depends on {p-u+ 5} =p-u+4 — |p-u+ 5], and the integer part |p-u+ ] depends
on the value of the gauge holonomies as well as on the weight vector p and the R-charge
rr. However a central point of our analysis is that we can say something universal when
the gauge holonomies are sufficiently close to zero. In order to make this precise, let us
consider the intersection of all the intervals such that the inequality

T
——=<pr- 1—-— 2.16
5 SPIUS 5 (2.16)

is satisfied for all chiral multiplets and all weight vectors, so that {p-u+ 5} =p-u+ %
there.” Note that this region is not empty as it contains a neighborhood of u; = 0,

"In the case of a theory with non-chiral matter content, for any contribution from a weight vector p we

have an equivalent contribution from the weight vector —p. In this case the inequality (2.16) can be written

as |pr - u| <min(%, 1 — ).



i=1,...,1k(G). In this region the term in the effective potential controlling the leading

divergence - reads
oT

D S S RS (R PR

I€echirals preRy

riv— 1r 3
:w_?, Z Z(Tl_l)(PI'U)Q

I€echirals preRy

_ TR - TrR? TR3
t e Z o - u)? (2.17)

where we have introduced the 't Hooft anomalies

TrR=dimG+ Y dimR;(r; - 1),
I€Echirals
TrR® = dimG + Y dimR; (r; — 1)°. (2.18)
IEchirals

Moreover the second line has been simplified by using the following consequences of anomaly
cancellation:

Y. > (rwi=

I€echirals pr€Ry

Z Z pr-u=20,

Iechirals preRy

z z (rr—1)%p;-u=0, (2.19)

I€chirals pr€Ry

while in the last line we used

2> (a-w?+ Y. > (rr—=1)(pr-uw)?=0. (2.20)

aEA 4 I€echirals preRy

Egs. (2.19) follow from cancellation of the gauge G® anomaly, the mixed gauge-gravitational
anomaly and the mixed G — U(1)% anomaly, respectively. Eq. (2.20) follows from cancella-
tion of the U(1) g —G? anomaly, which corresponds to the requirement that the R-symmetry
is preserved at the quantum level.

We can also evaluate the term V; in the range (2.16) of the gauge holonomies. We find:

vi=2 Y da-w+ Y Y (r1_1)<pl.u+%f> (1_[)[_“_%)

aceAL I&chirals pr€Ry

TI‘R TI‘R 19 Z a . ’U,)2) ’ (2'21)

aEA L

where again we exploited anomaly cancellation by using the third in (2.19) as well as (2.20).
As an aside, we observe that when the gauge group is a product of U(N) or SU(N) factors,
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a-u € (—1,1) and in this range we have ¥(a - u) = |a - u| — (o - u)?. It follows that for
these gauge groups, Vi can be written more simply as

TrR - TrR? TR3
Vi= 212 Y Jau. (2.22)
OCEA+

Plugging the expressions for V5 and V; in (2.14), we conclude that in the region (2.16),
the integrand of the index (2.1) is approximated by

.30+ 37 +1 o+17+1
log (Zvechhi) = —ml WT R3 W TrR
i 9 )
T S [la-w?+ (e +7)(a-u)+ (a-u)?)] +0(1).  (223)
a€A+

Recall that V5 controls the most divergent contribution to the effective potential in
the Cardy-like limit. It is clear that this is extremized in « - u = 0 for all roots, which is
achieved by taking simply u; = u = const for all 7. The same configuration also extremizes
V1, which also is an even function of « - u.

From (2.14) we see that if

Re (1> <0 and TrR}®- TR >0, (2.24)
oT
then this extremum dominates the Cardy-like limit of the integrand in the region (2.16).

For N' = 1 superconformal theories, the 't Hooft anomalies TrR? and TrR can be traded
for the a and ¢ central charges appearing in the Weyl anomaly via the linear relations

o= (3TrR® — TrR) ,  c¢= — (9TrR® —5TxR) , (2.25)

32 32

so that the second condition in (2.24) is equivalent to
3c—2a>0, (2.26)

which is indeed satisfied very generally in SCFTs [38]. Assuming® that there are no com-
peting minima of the effective potential outside the region (2.16), we conclude that for
Re () < 0 the Cardy-like limit of the index (2.1) is

30 +37+1 3 o+T7+1

logZ(o,7;m0 = —1) = —7i ~oor TrR’ 4 7i “odor TrR+ O(1). (2.27)

Using (2.25), the result (2.27) can be written as

3o+37+1 a+ +1
logZ ng=—1)=-2711 ———— — —(a— 1 2.2
08T (0, mimp = —1) = —2mi LT (5a—30)+2mi T~ (a=0)+O(1),  (2.28)

which can also be rearranged as

30 + 37+ 1
log Z(c, 7m0 = —1) = —4mi 22197 130 _9q) 4ri T1T
2701 oT

(a—c)+01). (2.29)

8We will later show that this assumption is correct for very large classes of theories.
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In terms of the variables wy = 2ic, wy = 27ir and ¢ = (w4 ws — 2ming) used in [1],
this may be written as:

83 872
Ld (5a — 3¢) — e

logZ(o,7m;n0) = (a—c)+0(1), (2.30)

B 27W1WQ 3L<J1L<J2

where we emphasize that only the quadratically and linearly divergent terms in the small
w1, ws limit have been determined by our method, and we have taken ng = —1.

For holographic theories at large N, that is after taking a = ¢, this result reproduces the
Cardy-like limit of the entropy function [7] which controls the Bekenstein-Hawking entropy
of the supersymmetric AdSs black holes of [10, 12]. These black holes are constructed
within minimal five-dimensional gauged supergravity, hence the corresponding ensemble
of states is expected to exist in any SCFT4 with a weakly-coupled holographic dual. On
the gravity side, the same entropy function was derived from a particular BPS limit of
black hole thermodynamics in [1]. Additionally, we observe that the result (2.30) for logZ
precisely equals the supersymmetric Casimir energy prefactor F of [1], evaluated at the
same order in the Cardy-like limit. This observation, anticipated in [1], suggests some
modular properties of the supersymmetric partition function which would be interesting
to investigate.

In the regime Re (J—IT) > 0, the Cardy-like limit of the integrand (2.14) is dominated
by maxima of V5, such that Vo > 0 at the maximum. The interpretation of this regime
for ng = —1 seems not obvious and we postpone it to future work. Here we just observe
that V5 contains the generally negative contribution Tr R — Tr R3, and a positive value
at the maximum may not be easy to achieve. However, in the regime Re (ﬁ) > 0 the
saddle corresponding to the supersymmetric AdS; black holes of [10, 12] is found by taking
the Cardy-like limit of the ng = +1 index. Indeed starting with ng = 1 and repeating
the analysis of this section leads to a slightly different form of V5, which is maximized in
a-u = 0 and whose saddle point value is Va|q.u=0 = %(Tng — TrR) > 0. As a result,
whenever there are no competing saddles the Cardy-like limit of the ng = 1 index is
Lo+ T —

1
3 Lz
Y- TrR” + 7i Y- TrR+ O(1). (2.31)

3 3r—1
logZ(o,7;m0 =1) = —i SotsT= 2

Note that in the variables wy,ws, ¢ this again takes the form (2.30).

Next we analyse the effective potential beyond the region (2.16) for certain classes of
N = 1 superconformal gauge theories with known holographic duals. For these examples,
we will show that the extremum at the origin discussed above does dominate the index.

2.2 N =4 SYM with gauge group G = SU(N)

As a first illustrative example, we consider N' = 4 SYM with gauge group G = SU(N),
which here we shall view as a special N’ = 1 theory. We take gauge holonomies u; € (—3, 3],
i = 1,...,N, subject to the constraint ZZV u; = 0. In addition to the SU(N) vector
multiplet, we have three chiral multiplets, also in the adjoint representation, with R-charge
r = 2/3. The adjoint representation has roots «;j, such that o;; - v = u; — u; = u;j. The

assumed range of the gauge holonomies implies u;; € (—1,1).
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Figure 1. The function f, determining the leading behavior of the effective potential.

We discuss the case ng = —1. The functions V5 and V; defined in (2.15) read:

e o3 (o 1) (g 1) s e ().

1<j
N

Vi=> [219(%-) — <uj + ;) — 4 (—uij + ;)} — (N —1)9 (;) : (2.32)

1<J
We analyse the function V3, as it controls the leading term of the effective potential in
the Cardy-like limit. This can be written as:

N >
Vs ZJ: f(um) 9 (N 1) s (2.33)
where the function
6> for [z < %
fle) =4 —1222+ 12z -2  for i <|z| <2 (2.34)
6(1—z])? for % <|z| <1

is displayed in figure 1. It has maxima f =1 in 2 = +1/2 and a global minimum f = 0 in
x = 0 (the points = +1 are not reached by the chosen range of the gauge holonomies).
If Re (J—‘T) < 0, then we need to minimize V5. Clearly this is achieved by u;; = 0, which
corresponds to taking uw; = 0 for all the gauge holonomies. Inserting

2
Valu;=0 = Vilu=0 = *§(N2 -1) (2.35)

into (2.14), and recalling that for SU(N) AN = 4 SYM the central charges satisfy a = ¢ =

2_ .
N 7 1, we arrive at

3 3 1
logT = —4mi 22T 1 4 o1y, (2.36)
2701
in agreement with the general result (2.28). Since we have proven that this is the only

minimum of V5, we can conclude that it dominates the index.
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Before considering more general classes of theories, we would like to make contact with
related approaches to the Cardy-like limit of A" = 4 SYM taken in [5, 6] (the comment
also applies to [4]). By comparing the analyses, it is apparent that the role played by the
flavor chemical potentials in [5, 6] is related to the holonomy for the background U(1)g
gauge field controlled by the integer ng. For definiteness we refer to [5], where the flavor
chemical potentials were denoted by mj,ma. We find that the shift by —"5* = % in the
variables (2.4) matches the particular choice my = my = % in [5]. To see why this is the
case, let us consider the superconformal index of N' = 4 SYM, including chemical potentials
my1, ms for the flavor symmetries with charge q1, go:

Tney = Tr (_1)Fe—B{Q,Q}+2Wi0(J1+%Q)+27riT(J2+%Q)627ri(m1Q1+m2q2) i (2.37)
We recall that Q generates the R-symmetry in the A/ = 1 superalgebra generated by the
supercharges Q, Q. In terms of the charges Ry, Ry, R3 generating the U(1)? € SO(6)r
symmetry, one has Q = %(Rl + Ry + R3) and ¢ 2 = %(RLQ — R3). In order to recover the
universal superconformal index which only uses the symmetries generated by Ji, Jo and
@, one should set m; = mo = 0. In our notation, this corresponds to the ng = 0 index.
On the other hand, the ng = F1 index is retrieved from (2.37) by setting m; = mg = j:%.

Doing so and using ¢1 + g2 = 3(Q — R3) as well as the relation % = —J; (mod 1), one has

Q2rilmigi+magz) _ A2mi(1+9) (2.38)

and therefore

IN:4 - Tr (_1)Fe—ﬂ{Q,Q}—}—Qﬂ'i(o’ﬂ:l)(J1+%Q)+2ﬂ'i7‘((}2+%@) , (239)
which is indeed the ng = F1 index discussed in section 1.

2.3 Superconformal N = 1 quiver gauge theories

In this section we will consider superconformal N’ = 1 quiver gauge theories, with gauge
group G = []._, SU(N,), with N, = N for all a, and chiral fields transforming in adjoint
or bi-fundamental representations. To study the associated matrix models arising in the
Cardy-like limit we will mainly rely on the anomalies cancellation conditions and we will not
need to specify the details of the theories. This was expected because in the computation
of the index using the path integral representation [1, 16] the cancellation of the gauge
anomalies is a necessary consistency condition, while no detailed information about the
superpotential of the theory is required.

In quiver theories the weight vectors p are such that for any bi-fundamental field @,

(bab — ,,ab — a b

where a, b label the two nodes of the quiver connected by the bi-fundamental ®.;, and the
2 u? are in the Cartan subgroups of the two SU(IV) factors, respectively.
Chiral fields transforming in the adjoint representation of a gauge group, ®,, can be incor-

gauge holonomies u

porated easily, and their associated gauge holonomies are p; Su =l = u = u — .
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For these theories the range of the u{ implies uf}’ € (—1,1). Below we will assume again
that ng = —1, while ngp = +1 can be treated analogously. With these preliminaries the
function V4 defined in (2.15) and controlling the leading term in the Cardy-like limit reads

N
ng—ZZﬁ:(lL?—tL?%—%), (2.41)

1,j ab

where the sum is over all bi-fundamental fields ®,;, and adjoint matter fields ®,, 4, denote
the exact superconformal R-charge of @, with r,, denoting the R-charge of ®,. In general,
these R-charges are algebraic numbers [39].

To proceed, we will now evaluate explicitly the functions x(uf — u;’- + "2&) in the
intervals uf — u;’- € (—1,1), focussing on a single chiral field, but bearing in mind the
anomaly cancellation conditions, that hold only after considering globally the complete
field content of the theory. Below we will denote the R-charge of the chiral field as r, and
the variable uf — ug’- as x. In order to study the function x(z + %) in the interval x € (—1,1)
it is convenient to divide this in sub-intervals as in (2.34), but presently x — —z is not a
symmetry, and therefore the intervals will not be symmetric around z = 0.

For simplicity below we will make the additional assumption that the R charge of each
chiral field is in the range 0 < r < 1, which holds for infinitely many examples of NV = 1
superconformal quiver gauge theories. These include the Klebanov-Witten model [40],
orbifolds of N' = 4 SYM, as well as the Y7 infinite family [41]. We begin recalling the

definition of the integer part

-1 for xzel_
r
|z + §J = 0 for ze€ly (2.42)
1 for zel}
where we defined for convenience the three intervals I = (-1,-%), Ip = [-5,1 — §), and

I, =[1-5,1). It is useful to define the function

A r r(r—1)(r—2
f(x) = —k(z+ 5) + % , (2.43)
which is expanded out as
2x3+%+%+3rx2+37"x+3x2+x for x € I_
— f(z) = 223 4 % +3rz? —322 —3rz+x for z € Iy, (2.44)
2x3+%—%—FST#—9x2—97"x+13x+6(r—1) for x € I
Summing the constant term in (2.43) over all the chiral fields in the quiver gives
1 1 3
Z Z 1rab(rab —1)(ray —2) = 1 (TrR’ — TxR) , (2.45)

i,j ab

where we used the fact that the gaugini do not contribute to this linear combination of
't Hooft anomaly coefficients. Notice that our assumption 0 < r4, < 1 implies that each
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term in the sum above is positive, so that %(36 —2a) = TrR? — TrR > 0, in agreement
with [38]. The potential reads

N
1 3 £ ab
Vo = Z(TI"R —TrR’) + zb: Z S )rgy (2.46)
a [2¥}

where the subscript r,;, indicates that the function depends on the R-charge r.,. Notice
that the functions (2.44) are continuous in (—1, 1), although they are not smooth at the
junctions x = —r/2 and z =1 —r/2.

We will now take advantage of the gauge anomaly cancellation conditions, in order to
simplify the form of the functions (2.44). For example, the term 2> is unchanged across
the interval (—1,1) and is therefore the same for each chiral field contribution. We can
then implement the cubic gauge anomaly cancellation condition

SN (u—ub)P=o0, (2.47)
ab i,j
thus effectively removing the terms 222 from (2.44). Similarly, using the conditions
DO e —1)*(uf —ul) =0, Do (uf—uh) =0, (2.48)
ab i, ab i,j

we can subtract off (2.44) terms proportional to (r—1)?z and , respectively. It is important
that these terms are subtracted in all the sub-intervals where f(x) is defined. We obtain
the expression

—6(z + 5)? for z € I_
fla) = fe) ~ =3(r — )a® + 0 for x € Iy (2.49)
6(z+ 5 —1)> forx € I

where the symbol ~ here indicates that the equality holds after using the conditions (2.47)
and (2.48), and the final form for the potential reads

N
1 -
Vo= (TrR — TrR%) + ) Z F),,, - (2.50)
ab i,j
Furthermore, using the ABJ anomaly cancellation condition Y., Y7, :(rap — 1)(uff)? +
D0 i (u;-‘f)2 = 0, we can also write the potential in the form

TrR — TrR3 9 T
L DI R 1D DD DR (TEVR: LY
aEAL I€chirals pr€Ry

where
wy)=y(yl -+ -y —-1-1), (2.52)

thus making direct contact with (2.17).
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Figure 2. The function f (x) for a chiral field Y in the Y>! quiver gauge theory [41], with R-charge
r=1(3vV13-9) ~0.605.

Each of the summands in (2.50) is defined in sub-intervals that depend on rg,, so that

the complete potential will be defined in an unwieldy set of intervals. If the variables
i ¢ ]
N =4 SYM. A generic example of function f(z) is plotted in figure 2: since f(x) has

u?? were independent, we could analyse the potential as we did in the simpler case of
the dominant saddle point at = 0, this would then be the dominant saddle point of the
full Vo. However, the u;-l]b = uy — ug’- with Y, u? = 0, and a rigorous general analysis,
without any further assumptions, appears to be complicated. To proceed, below we will
first restrict attention to the classes of non-chiral theories, and then we will discuss more

general classes of theories within a simplifying ansatz for the gauge holonomies.

We now specialize to the class of non-chiral theories, maintaining the assumption that
all R-charges are less than 1. Examples include the Klebanov-Witten model, where all the
bi-findamentals have R-charges equal to r» = 1/2; the N' = 2, C?/Zs x C orbifold theory,
where all the fields have R-charges r = 2/3; the L@ family [42-44] provides infinite
examples of non-chiral quivers with bi-fundamentals and adjoints, where the R-charges of
the various fields take different irrational values, all strictly less than 1.

Non-chiral quivers comprise only adjoint fields or pairs of bi-fundamentals in a repre-
sentation p and its charge conjugate —p, respectively. Assuming that charge conjugated
fields have equal R-charges, we can write the potential (2.50) as

N
Vo = i(TrR — TrR?) + Z'Z (f(“%b)rab + f(fu%b)ra» , (2.53)
ab

0]

where now the primed sum is over all pairs of bi-fundamentals, or adjoints. For adjoint
fields we define the primed sum with an extra factor of %, to avoid double counting. We
can thus restrict attention to the function

f(z) = f(2) + f(-2), (2.54)
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and from (2.49) we find

—(r —1)622 for x| < §
fl@)=9 35r(—42®+4z|-r) for b <lo|<1-1 (2.55)
—(r —1)6(|z| — 1)2 for1—% <|z[ <1

which is manifestly a positive, even function of x. For a non-chiral theory with all R-charges
less than 1 the complete potential thus reads

N
1 3 ab
‘/2 = Z(TI'R - TI'R ) + zb: ! Z f(uw )Tab ’ (256)
a J

where the sum is over all pairs of bi-fundamentals stretching between nodes a and b, or
fields in the adjoint representation, for which the contribution has an extra factor of %, as
noted above.

From this we can immediately recover the result (2.34) for N' = 4 SYM, taking r, = %,
a = 1,2,3, and noting that the sum in (2.56) is over all 4,5 = 1,--- , N. For any rq < 1
the shape of the potential is always a superposition of terms with the same shape as in
figure 1; in particular, the absolute minimum is at z = 0 and the two maxima at x = +1/2.
This proves that for Re (ﬁ) < 0, the Cardy-like limit of the index is dominated by the
saddle where all gauge holonomies vanish.

Finally, let us come back to the more complicated case of chiral theories, namely quivers
where not all bi-fundamental fields stretching from node a to b are accompanied by a field
stretching from b to ¢ and having the same R-charge. We notice that taking the ansatz
that the gauge holonomies are equal for all the different nodes, i.e.

ui = uy Va, (2.57)

and with all R-charges satisfying rq, < 1, then we can conclude that u{ = 0 is the global

minimum of the potential within this ansatz. Indeed, with this ansatz we have u{ — u? =
u; — u; = u;; and the potential (2.50) can be written as’
1 N
Vo= {(TiR — TrR?) + Zb: ; F(i)ray (2.58)
ab i<j

and for r4 < 1 the second term is a sum of non-negative contributions, with the only zero
in u;; =0 = wu; = 0. Although the ansatz u{ = u; is certainly not exhaustive for general
quivers, it is well justified for particularly symmetric cases such as the orbifolds of N = 4
SYM (which have rq, = 2/3), corresponding to arbitrary quotient singularities C3/T, with
I' € SU(3). A particular class of NV = 2 orbifolds was discussed in a related context in [5].

9Note that, in contrast to (2.56), the sum over ab here runs over all the bi-fundamentals and for adjoints
the is no extra factor of %
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3 The large-IN saddle points of the superconformal index

In this section we analyze the saddle points of the integral representation (2.1) of the
superconformal index in the large-N approximation. We begin by writing the index in
a representation suitable for analyzing the saddle points for real values of u. As a check
we verify explicitly that this representation is the same as the Hamiltonian version of the
index. We present the saddle point equations in a large but finite-/N theory. We find a
family of solutions to our saddle points equations for a class of ' = 1 SCFTs. This includes
the solution u = 0 which we found in the previous section in the Cardy-like limit, which
reproduces the black hole entropy.
For ease of presentation we will write the index as follows,

rank(G

Z(o,T;n0) / H dul HH Le(zr(u)|o, 7), (3.1)
‘W| I peR
I
where we recall our definition
rr .
zI:zI(u):p-u—i—E(a%—T—no), with p € Ry. (3.2)

In this equation, and throughout this section, the index I runs over all the multiplets of
the theory. This also includes the contribution of the vector multiplet which effectively
contributes as a chiral multiplet of R-charge » = 2. In addition we treat the zero roots of
the vector multiplet (corresponding to the Cartan elements) in a special manner because
they lead to zero modes as is well known. The prime on the product denotes that for the
Cartan elements we remove the zero modes and thus effectively replace the elliptic gamma
function by the prefactor containing Pochhammer symbols in equation (2.1), (2.2).

The representation of the elliptic gamma function that we will use in this section
requires us to restrict to the range of parameters

0 <Im(z) < Im(o)+ Im(7). (3.3)

This condition combined with (3.2) implies that 0 < r < 2. Therefore we cannot use it
as it stands for the vector multiplet for which r = 2. To avoid this we deform the theory
slightly by taking the R-charge of the vector multiplet to be 2 — ¢, and correspondingly
deform all the other R-charges of the matter multiplets so that the anomaly cancellation
condition still holds. We then define the values of the integrals to be the limiting value
as € — 0. This regulator is related to the subtlety about the point v = 0 that was discussed
near equation (2.12) in the previous section. We will clarify this further below.

In the range of parameters (3.3) the elliptic gamma function can be rewritten in the
following manner [34, 45],

e (z;0,7) = eXp(—Sl(z; o, T)) , (3.4)
i i sin(rn(2z — o — 7))

S 3 0, =35 . . .
1(z0,7) 25+ n sin(won) sin(w7n)

(3.5)

~19 —



Using this representation we can write the index (3.1) as

rank(G

Z(o,m;n0) \W\ / H du; | exp(=S(u)), (3.6)

where the effective action of u = {u;} is
> Siz(u)o), (3.7)
I,peRy

where the prime on the sum means that we treat the contribution of the Cartan elements
in the vector multiplet in a special manner as above. In particular this means that their
contribution is independent of u. Using the representation (3.5) we can write the effective

action as
o= 1 1 :
- — in (2 . ) .
Su) = 2 Z n sin(mon) sin(mwrn) Z sin(2mn (p - u+01) ) (38)
n=1 I,peRy
with 1 ]
5I:§(TI—1)(U+T)—§T[7107 (39)

or, equivalently,

o= 1
24 L 1
"2 nzz:l n sin(mon sm(m'n) m g(nu, no,n, nno), (3.10)
with
g(U,O'7T,nO): Z/ eXp(27Ti(p.u+6I))‘ (3‘11)

I,pe Ry
The above formula for the index is essentially the same one studied in [15, 18] for ' =1
SCFTs that can be reached via a Hamiltonian trace formula. Our function g(u) is related
to the “single-letter trace”, and the right-hand side of (3.10) is the plethystic exponential
acting on this trace. In order to demonstrate this explicitly, let’s consider the case of U(N)
gauge group and adjoint matter. In this case we have

Z e27”512 2mi(uy—u) Z e?mor Z, cos(2m(uj — ug)) ,

7,k=1 7,k=1

N
= Img(u) = Z sin(27dr) Z/ cos( —ug)) -
I

Jik=1

(3.12)

The field content of N'=4 SYM in our /' = 1 language consists of a vector multiplet
with'® R-charge r = 2 and three adjoint chiral multiplets with R-charge r = % The sum
over I in (3.12) clearly factors out of the sum over i, j, and after a short calculation we reach

n)3

(3.13)

wno)sin (mnr) 2 (= a1l —ab)

sin(2mnd . 1—w
. ot

10We suppress our regulator € here for the purposes of comparison.
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with

™ (o4 7 — o) ). (3.14)

a; = exp (27ri0) , Qg = €exp (27ri7') , W =exp <?

The effective action (3.10) can be now written as

N [e) _w” 3
S(u) = Z/ Z % (1 ) — cos(2mn(u; — ug)) - (3.15)

2 2w (T—aD)(1—aj)

This is the generalization to arbitrary ng of the effective action studied in [15] in the case
when the chemical potentials of the three R-charges are equal.

3.1 The continuum matrix model and its saddle points at large N

The above representation of the effective action contains O(N?) terms in the sum over the
weights p, and so we can use the saddle point approximation to evaluate the integral (3.1)
at large N. To see this more precisely, we write the index as an integral over N x N
matrices U [46],

n=1

Z(o,T;n9) = |V1V| /[dU] exp (Z % ; ZRI(TLO', nr, nno)XRI(U”)> , (3.16)

where y g is the character defined as the trace of the group element U in the representa-
tion R, and z is the single-letter index trace in the representation R. For U(N) gauge
groups with adjoint matter xg,(U™) = tr U™ tr (UT)". Similarly if we have product gauge
groups and bi-fundamental matter we will have a product of two traces in the action. These
are the types of theories we analyze in this paper. The product of two traces leads to an
overall N? in front of the action, so that at leading order in the large- N approximation we
simply have to extremize the action.

One can analyze the large-N limit, as in [15, 46, 47], by promoting wu; to a continuous
variable u(x) and replacing the sum over ¢ by an integral over z. We can further replace
the integral over x by an integral over u with a factor of the density p(u) = % which obeys
a normalization condition.' In this limit, we obtain the following effective action,

S = N? / dudv p(u) p(v) Viu —wv), (3.17)

with the pairwise potential V taking the form

Viw =Y

n=1

Vi(u), (3.18)

SN

"1n order to avoid any confusion, we note that in our notation e>™* labels eigenvalues of the matrix U.
This leads to a Jacobian factor which has already been taken into account while writing the integral (3.1) [1].
Also the density of eigenvalues is often denoted by p(u), but we have already used p to denote the weights
of the representations so we use u(u) for the eigenvalue density.
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where the value of V;, can be read off, for example, from the action (3.8). For the case

of N =4 SYM one has
(1-— w”)3

(I —af)(1—aj)
The saddle point equations for u; can be written in the continuum representation as follows,

/ dvV'(u —v) pu(v) =0. (3.20)

This equation was interpreted in [46] as a balancing condition for an extra eigenvalue in

Vi = cos(2mnu) . (3.19)

the equilibrium configuration.

Now we move to the analysis of the saddle point equations. Our effective action is
completely governed by the function g(u) as shown in (3.10). From this representation we
see that the saddle point equations (3.20) are solved by

g (u) = g—z = / dv Vi (u—v)pv)=0. (3.21)

Let us focus for now on the adjoint representation for which ¢ is given in (3.12) (after
promoting the sum over j, k to integrals). Using the fact that the sine function has vanishing
zero mode, it is clear in this case that the uniform distribution p(u) = uo is a solution of
the equation (3.21). At the other extreme, the distribution p(u) = 6(u) is also a solution
to the saddle point equations because the sine function vanishes at the origin. An analysis
of the competition between these types of saddles was performed in [46] in the context
of the partition function of SYM at finite temperature. For the case of the index, when
the chemical potentials are restricted to be purely imaginary, the paper [15] showed that
the absolute minimum of the effective potential is zero, and it is achieved by the uniform
distribution, thus bypassing the need to analyze all saddle points. For the case of arbitrary
chemical potentials on the other hand, we have to look for other saddles, and that is what
we now turn to.

In fact we go back to the original discrete problem and analyze the saddles for real
values of u. As we shall see there are many saddles which interpolate between the two
mentioned above. We note, however, that our saddle point solutions can be translated
back into the continuum language as done above for the two extreme saddles.

3.2 Large-N saddle points of the discrete model
In our original variables u;, the saddle point equations for a generic theory are given by
Ou;S(u) =0, j=1...,N. (3.22)
Recalling that u is real variable, we see that these equations are solved by
gj(u) := 0y, g(u) =0, j=1,...,N. (3.23)

(The specific form of g in (3.11) ensures that a solution to g;(u, o, 7, n9) = 0 is also a solution
to g;j(nu,no,nt,nng) = 0 for n € Z.) In this paper we only focus on solutions to (3.23) and
do not attempt to classify all the saddle points of the effective action. As we shall see in the
following, we find a particular solution to (3.23) for which the index (3.1) has an asymptotic
growth of states that equals the entropy of the black hole in the Cardy-like limit.
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U(N) gauge group. Let us begin with the case that the gauge group is U(NN) and all
matter is in the adjoint representation (this of course includes the case of N'= 4 SYM).
In this case g(u) is given by (3.12) and its derivatives are given by!?

N
gj(u) — 2“2 o270 Z (ezwi(ujfuk) . e?wi(ukfuj))
I k=1

N (3.24)
= —4772 e2mior Z sin(2m(uj — ug)) -
I k=1
The saddle point equations are thus solved by the solutions to
N
> sin(2m(u; —wg)) =0,  j=1,...,N. (3.25)

k=1

We now look for solutions to the equations (3.25). Clearly the configuration u; = 0,
j=1,..., N is a solution. This corresponds to a distribution in which all the eigenvalues
are clumped together at one point. Using the fact that the N*® roots of unity add up to
zero, it is also easy to see that the configuration u; = % — %, 7 =1,...,N, solves the
system (3.25). This latter solution corresponds to a uniform distribution of eigenvalues
in the unit interval. There are also other solutions which lie between these two extremes.
Thinking of 27u; as angles, we can plot them on a circle of unit radius. A configuration
in which the variables u; coincide with the vertices of a regular polygon inscribed in this
circle with an equal number of them at each vertex of the polygon is a solution to the
equations (3.25).

More precisely, choose a divisor K of N, and consider the set of points

PK:{;{+CK, jzl,...,K}, (3.26)

where ¢ is a real constant (which can be chosen so as to bring all the values of u to
the range (—%, %]) In the complex plane w = e2™* these K points label the vertices of a
regular K-gon (see figure 3 for an example with N = 8 and cx = 0). It is easy to check that
the configuration where all the variables u; take values in Px with an equal number %
of them at each vertex of the polygon solves the equations (3.25). The solutions with
larger K describe a more spread out distribution of eigenvalues. In particular, the solution
with K = N corresponds to a uniform distribution of eigenvalues and K = 1 correspond to
a configuration when all the eigenvalues clump together at one point, as discussed above.

We discuss the action of the various solutions in more detail in the next subsection.
The result is that the completely clumped solution v = 0 is the dominant solution, while

the partially clumped or uniform distribution is subleading in the large- N limit.

12The prime on the summation symbol can be dropped because the Cartan elements give a contribution
independent of v and therefore do not contribute to the derivative.
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Figure 3. N = 8 K-gon solutions with K = 8,4,2,1. The vertices represent clusters of N/K

eigenvalues in the complex plane e2™i*,

Quiver theories. Now we move to theories with gauge groups G = [[,_; U(N,) and
find the saddle points as above. We take each N, to be large. We further assume that the
matter is in the adjoint or bi-fundamental representations of the gauge group such that
the theory is anomaly-free. Within these assumptions we will find a set of saddle points,
similar to the above analysis for U(N) gauge groups. The quiver diagram has v nodes, and
at each node a we have the gauge group U(NN,). We label the Cartan elements of the gauge
fields as uj,a=1,...,v, j =1,...,N,. The matter multiplets are described by arrows
connecting pairs of modes (a,b). The nodes a and b are connected by o, arrows pointing
from a to b and o3, arrows from b to a. Each arrow represents one chiral multiplet in a
bi-fundamental representation of U(N,) x U(N;) with R-charge 4.

The function g is now given by

v N, N
g(u) = Z & gy ¢2T0ab Z / Z  e2miluf—up) (3.27)
a,b=1 j=1 k=1
with
1 1
S = 5(ras = D{o +7) = 5 ran 0, (3.28)
and its derivatives gjq(u) := ua g(u) are given by
1 N,
i Gja(t) = 04q 02mi0aa kz_l sin(27r(u? —ul)) +
N N, (3.29)
+ Z ( Tab o280 Z e?m(u?—ui) — O o284 Z e2m(ug_u?)> '
e k=1 k=1

We show in appendix A that these equations admit solutions with partial or no clump-
ing behaviour for a generic quiver. The action of these solutions vanishes at large N exactly
as in the U(IV) case. In order to check whether the completely clumped configuration u = 0
is indeed a solution, we now specialize to a couple of cases.
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Non-chiral quivers. This is a class of theories in which each arrow from a to b is
accompanied by an arrow from b to a. In this case o4, = 0pq and dup = dpe, Which leads to

14 Na Na
: ! /
= Z 0 gpp €20 Z Z cos(27r(u? — ui)) ,

ab=1 j=1 k=1

Gja(u) = —47rz 0 qp €2T10ab Z sin (27 (u§ — up)) .

k=1

(3.30)

Our solutions from the U(IV) case carry over easily. In particular, the completely clumped
configuration uj=0,j=1,...,Ng,a=1,...,v, clearly solves the saddle points.

Chiral quivers with equal R-charges. In the case when the R-charges of all the
matter fields are equal (the orbifold theories YP? and YPP fall into this category), it
follows from (3.9) that d,, = J, a constant. In that case, the configuration u;, = 0 is a
solution to the equations g;, = 0. To see this, note that in this case

gia(u=0) =" (04 — 04 )Ny, (3.31)
b#a

which vanishes due to anomaly cancellation in the quiver theory.

Other gauge groups. In all the above analysis we have discussed U(N) gauge groups,
but a similar analysis can be done for other gauge groups with appropriate modifications.
In particular, the configuration v = 0 is a saddle point for all gauge groups and, for a
theory where U(NN) is replaced by G, the action at the saddle point is of the same form
as (3.41), with the replacement N — rank(G).

For example, the effective actions of N/ =4 SYM with gauge groups SU(N), SO(N),
Sp(2N) are as follows. Using the usual notation of the classification of the corresponding
algebras Ay = su(N + 1), By = so(2N + 1), Cy = sp(2N) and Dy = so(2N) (N > 3),
we have

' — (276
=32 > - 7””) Zq(nu), (3:32)

- nsin (ron)sin (77n)

with

N+1 N+1

Eay(nu) =2 Z cos (2mn(u; — uj)) |, Z u; =0, (3.33)

i<j=1
N N
Epy(nu) =2 Z cos (2mn(u; + uj)) + Z cos (2mnu;) |, (3.34)

i<j=1 i=1
N

N
Ecy (nu) =2 Z cos (2mn(u; + uj)) + Z cos (4mnu;) |, (3.35)
i<j=1 i=1

N

Epy(nu) =2 Z cos (2mn(u; +uj)) | - (3.36)
i<j=1
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We can check that our K-gon solutions, K > 1, are real saddles of all such effective actions
S(u). In particular v = 0 (K = 1) is a solution. For the SU(V) theory one starts from
the integrand of a U(NV) theory plus a term proportional to the Lagrange multiplier A
that multiplies the “trace” Zf\i 1 ui. The variation of the effective action with respect to A
imposes the tracelessness constraint. The saddle-point conditions for u; with ¢ =1,..., N
are satisfied by our K-gon ansatze with K|N and the choices

K+1

A: = —
0, and cg Yo

(3.37)

3.3 Saddle-point evaluation of the integral and the Cardy-like limit

Now we discuss the effective action evaluated at the saddle points that we found in the
previous subsection. For the U(N) theory, we see from (3.12) that the value of the func-
tion g(nu) at the saddle points labelled by K is proportional to

K
Z/ eZTrin(jfk:)/K ) (338)

Jk=1

Since the contribution of the Cartan elements is suppressed by a factor of 1/N compared
to the full summation, we can use the full summation at leading order in large N. The full
summation can be evaluated easily to be

Z eZmn j—k)/K _ K2 Z 571 oK - (339)

Ji:k=1 CcEZL

This allows us to write the effective action, at leading order in large N, of the solutions
with K > 1 in terms of the solution with K = 1. For the case K = 1 we simply have u = 0,
which implies that, in the large-N limit,

9(0,0,7,n0) = Z/ e2mor — N2 Z e2mor (3.40)
I

17PERI

Using (3.8), (3.9), this leads to the effective action, in the large-N limit,

> sm rr—1)(c+7)—rrn
Z Z mnllrs — Do +7) —rimo). (3.41)
— sin(mon) sin(rrn)
while for generic K we have
i N2 X1 n(mn K ((rj —1)(0 + 1) — r1ng))
S - — — 3.42
T 2K 22:1 n ZI: sin(mon K) sin(mrn K) (342)

Thus we see that the K > 1 solutions are suppressed by e(l—7)N? compared to the lead-
ing K = 1 solutions. For the quiver theories we can do a similar analysis to show that the
action has a form which is quadratic in the N,. In the case where the ranks are all equal,
the action takes a form similar to (3.41) with an overall factor of N2.

— 96 —



Our result so far is that the effective action at the saddle point u = 0 is of the
form (3.41). It is important to note that we have only analyzed the saddles at real values
of u so far. In fact we find that there are also other saddles with complex values of u. For
generic values of chemical potentials o, 7, we find that the black hole entropy is reproduced
by a saddle with non-zero imaginary part. These conclusions seem to go along the lines of
the results of [4] obtained by analyzing a different set of equations coming from the Bethe-
ansatz approach. We will present the details of this analysis in a forthcoming publication.

Now we proceed by going to the Cardy-like limit o, 7 — 0 on top of the large-N limit.
In the method used in section 2, recall that we had to treat the point u = 0 carefully
because it is a zero of the integrand of (2.1) (because of the contribution of the vector
multiplet which has r = 2). The way we dealt with this in section 2 is to estimate the
integrand with confidence outside a small hole of size v around u = 0 (as prescribed by the
theorem of [37] that we use). Using this estimate we find a function which is highly peaked
near u = 0 for distances larger than v. Although the actual function vanishes at v = 0, the
uniformly converging estimate of [37] tells us that the integral is actually dominated by the
limiting value of the function as we approach v = 0. In this section we have used a different
regulator, by explicitly deforming the R-charges away from 2. Although our concern was
the applicability of the representation (3.4) we note that these two issues are related — we
can see this explicitly by noting that the sum (3.5) diverges at r = 2 and v = 0. This gives
us confidence in our regulator in order to evaluate the Cardy-like limit.

As we now show we can also reach the leading singular behavior in the Cardy-like
limit, to which we will refer as the extreme Cardy-like limit, directly from the action (3.41)
for the leading saddle point. In order to see this we note that, up to the overall factor
of N2, the action (3.41) is a sum over the different multiplets of the infinite sum S; written
n (3.5), with the z variable fixed by the R-charge of the multiplet. In this limit the sum
reduces to

sin(mn(2z — o — 7))
S (2 —
1(z0,7) 2 231 n sin(won) sin(rrn)’
(2
— = Z sin ;rnz as 0,7 — 0. (3.43)
2ndor

Note that the right-hand side of (3.43) converges if and only if z is real. In the extreme
Cardy-like limit we have precisely this situation. Indeed the relevant values of z; in the
limit reduce to

21(p,u=0) = %I(U +7—ng) — _7“12no (3.44)
Now we use the formula
X\ sin(2rnz) 270
> — - ="3Bs({z), z€R, (3.45)

n=1

where {z} = z— | z] is the fractional part of z as before, and Bs is the Bernoulli polynomial

1n\? 1 1 322 2
B — _ — —_ = —_ - = 3 _ — — . .4
3(2) (z 2) 1 (z 2> z 5 + 5 (3.46)
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The formula (3.45) can be proved in an elementary manner by calculating the Fourier
expansion of the polynomial Bs for the range z € [0,1] and then extending it by the
periodicity of the left-hand side.!®> Thus we obtain, in the extreme Cardy-like limit,

log T (21,0, 7) ——»-—32211;({—71?0}), (3.48)

which is consistent with (2.7) (note that x(x) = 2B3({z})), thus giving the total action
s NN p {52} - 3.49
— 30T ; 5 2 ( )

Noting that the order of the Weyl group obeys log |W| = N log N which is subleading in N
compared to the leading N? contribution, this leads to the black hole entropy at large N.
Similarly, using the action (3.42), we find that the action for the K-gon saddles in this

N? 7 Krmn
(K) _772 B _ 2o
S K33o0r 0 s ({ 2 }) ' (3:50)

limit is

Note that the factor of K inside the argument of the periodic function Bs({x}) does not
contribute to the scaling of the growth with K.
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A Saddle points with partial or no clumping for generic quivers

In this appendix we show that the generic quiver theories discussed in section 3.2 have
saddles with partial or no clumping behaviour, as in the U(N) case.

It is convenient to first set up some notation and summarise a useful property of the
exponential function. We define the set

_&:{é+%,ﬁﬂqu}, (A1)

13The Bernoulli polynomial also obeys the identity
(27i)?
3!

Upon writing the sine function in the series (3.43) as a difference of two exponentials, one gets two series

Bs(z) = Lig(e’™*) — Liz(e”*™%). (3.47)

which formally agree with those for Liz(e*™*) and Liz(e™2™%), and it is tempting to try to reach (3.45)
in this manner. However, this series representation for the polylogarithm only holds for z in the upper
half-plane and therefore at most one of the two series converges. It is not clear to us how to proceed along
that route. The steps we take to go from (3.43) to (3.48) avoid this problem as long as we stay in the
extreme Cardy-like limit.
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with ¢ an arbitrary constant. This set of numbers obeys the following property,

Y exp(£2mi(u+6)) =0, K>1, SR, (A.2)
HEPK

and, relatedly,
> sin(+2m(u+4)) =0, K>1, JeR. (A.3)
UEPK

In the main text we saw that the saddle equations for matter in the adjoint of U(N)
are solved by solutions to

N
> sin(2m(u; —w)) =0,  j=1,...,N. (A.4)
k=1

For any K|N, the configuration u; € P, j = 1,..., N, with an equal number N/K at each
element of the set is a solution to the equations (A.4). For K = 1 this is because u; — uy
vanishes for all pairs and the sine function vanishes at the origin. For K > 1 we use the
property (A.3) with 6 = —u;.

For generic quivers of the type discussed in section 3.2, we have to analyze the equations
given by (3.29), e, fora=1,...,v,i=1,..., Ny,

Na
— 27idaa s a a
0=0gq€ Z sin(27 (uf — uj)) +
Jj=1
A.
. sioa_ b . (b _na
+ Z Cab e27r15ab Z e?m(ui ug) Tba e27r1§ba Z eZm(uj uf)
b#a j=1 j=1

Given a set of divisors {K,; K4|N,} and K, > 1, a = 1,...,v, the configuration in
which u? € Pk, with an equal number N,/K, at each element of the set is a solution
to the equations (A.5). To see this we use the property (A.3) with K,|N, and § = —u? for
the first line of (A.5), and the property (A.2) with K,|Nj with § = —u? for each term sep-
arately of the second line of (A.5). The action of these solutions can be found by plugging

them into the function g defined in (3.27).
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