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Introduction

Given a field k, the functor P : Bialg, — Vecy, assigning to a k-bialgebra B the
k-vector space of its primitive elements, admits a left adjoint T, assigning to a vector
space V' the tensor algebra TV endowed with its canonical bialgebra structure such that
the elements in V' become primitive. By investigating the properties of the adjunction
(T,P), together with its unit 1 and counit €, we discovered that there is a natural
retraction v : PT — Id of n, i.e. v on = Id, fulfilling the condition vy = « o PeT.
The existence of a natural retraction of the unit of an adjunction is, by Rafael Theorem,
equivalent to the fact that the left adjoint is a separable functor. It is then natural
to wonder if the above extra condition on the retraction =~ corresponds to a stronger
notion of separability. In the present paper, we show that an affirmative answer to this
question is given by what we call a heavily separable (h-separable for short) functor
and we investigate this notion in case of functors usually connected to the study of
separability.

Explicitly, in Section 1 we introduce the concept of h-separable functor and we recover
classical results in the h-separable case such as their behavior with respect to composition
(Lemma 1.4). In Section 2, we obtain a Rafael type Theorem 2.1. As a consequence we
characterize the h-separability of a left (respectively right) adjoint functor either with
respect to the forgetful functor from the Eilenberg-Moore category of the associated
monad (resp. comonad) in Proposition 2.3 or by the existence of an augmentation (resp.
grouplike morphism) of the associated monad (resp. comonad) in Corollary 2.7.

Section 3 is devoted to the investigation of the h-separability of the induction functor
©* and of the restriction of scalars functor ¢, attached to a ring homomorphism ¢ :
R — S. In Proposition 3.1, we prove that ¢* is h-separable if and only if there is a ring
homomorphism F : S — R such that Fop = Id. Characterizing whether ¢, is h-separable
(in this case we say that S/R is h-separable) is more laborious. In Proposition 3.4,
we prove that S/R is h-separable if and only if it is endowed with what we call a
h-separability idempotent, a stronger version of a separability idempotent. In Lemma 3.6
we show that the ring epimorphisms (by this we mean epimorphisms in the category of
rings) provide particular examples of h-separability. Next we investigate the particular
case when Im(p) C Z(5), which holds e.g. when R is commutative and S is an R-algebra.
In Theorem 3.11 we discover that, in this case, S/R is h-separable if and only if ¢ is a ring
epimorphism. Moreover S becomes commutative. As a consequence, in Proposition 3.12
we show that a h-separable algebra over a field k is necessarily trivial. In Proposition 3.18
we show that the twisted semigroup ring is h-separable over the base ring R only in trivial
cases. As a consequence, in Corollary 3.19 we show that the monoid ring and the matrix
ring are h-separable over the base ring only in trivial cases.

In Section 4 we investigate the h-separability of the induction and forgetful functors
attached to a coring. In particular the latter leads to the notion of h-coseparable coring. In
Theorem 4.3 we characterize an h-coseparable A-coring C by the existence of a suitable
A-bimodule map o : C ®4 C — A. In Theorem 4.4 we show that an h-coseparable
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coalgebra over a field k is necessarily trivial as a consequence of the analogous result
for algebras we already proved. In Theorem 4.5, we establish that the induced functor
attached to a coring is h-separable if and only if this coring has an invariant grouplike
element. Then we investigate the h-separability of the induction functor and its right
adjoint attached to a bimodule rX s such that Xg is finitely generated and projective.
Our results on these functors are summarized in Theorem 4.8 and Theorem 4.9. As a
consequence in Corollary 4.11 and Corollary 4.12 we obtain further characterizations
of the h-separability of the functors ¢, and ¢* mentioned above. The latter corollary
implies the h-coseparability of the Sweedler coring attached to a ring homomorphism
@ : R — S that splits as a ring homomorphism.

Finally in Section 5 we provide a more general version of our starting example (T, P)
involving monoidal categories and bialgebras therein.

1. Heavily separable functors

In this section we collect general facts about heavily separable functors.
Definition 1.1. For every functor F' : B — A we set
Fxy :Homp (X,Y) - Homy (FX,FY): f— Ff
Recall that I is called separable if there is a natural transformation
pP__ = Pfy, :Hom 4 (F—, F—) — Homp (—, —)

such that Pxy o Fx,y =Id for every X,Y objects in B.
We say that F' is heavily separable (h-separable for short) if it is separable and the
Px y’s make commutative the following diagram for every X,Y, Z € B.

Px vy XPy,z

Hom (FX,FY) x Hom (FY, FZ) Homp (X,Y) x Homg (Y, Z)

l . l

Homy (FX,FZ) Homgp (X, Z)

where the vertical arrows are the obvious compositions. On elements the above diagram
means that Px z(f og) = Py.z(f) o Pxy(g).

Remark 1.2. We were tempted to use the word “strongly” at first, instead of “heavi-
ly”, but a notion of “strongly separable functor” already appeared in the literature in
connection with graded rings in [7, Definition 3.1].

Remark 1.3. The Maschke’s Theorem for separable functors asserts that for a separable
functor F' : B — A a morphism f : X — Y splits (resp. cosplits) if and only if F (f)
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does. Explicitly, if F(f)og = Id (resp. g o F/(f) = Id) for some morphism g then
foPyx(g) =1d (vesp. Pyx(g)o f =1d). If F(f)og = Id and F(f')og = 1d
for f: X =Y, f Y — Z, then foPyx(g9) =1Id and f' o Pzy (¢') = Id so that
flofoPyx(g)oPzy(¢)=1Id so that Py x (9) o Pzy (¢’) is a section of f’ o f. Since
F(f'of)ogog =1d, we also have f' o fo Pz x(gog’) = Id so that Pz x (gog’) is
another section of f’ o f. In general these two sections may differ but not in case F is
h-separable. Thus we get a sort of functoriality of the splitting. A similar remark holds
for cosplittings. We thank J. Vercruysse for this observation.

Lemma 1.4. Let F': C — B and G : B — A be functors.
i) If F and G are h-separable so is GF'.
ii) If GF is h-separable so is F.

iti) If G is h-separable, then F is h-separable if and only if so is GF.

Proof. i) By [15, Lemma 1] we know that GF is separable with respect to P)C(;I;, =
P)?Y o PP@X’ ry - As a consequence, since F' and G are h-separable, the following diagram

Homy (GFX,GFY) x Hom, (GFY,GFZ) ———> Homg (FX, FY) X Homg (FY, FZ) ———>> Hom¢ (X, Y) X Hom¢ (Y, Z)
\L Pfxrz \L Pz \L
Hom, (GFX,GFZ) Hompg (FX, FZ) Home (X, Z)

commutes so that GF is h-separable.

ii) By [15, Lemma 1] we know that Fix y cosplits naturally through Pg , := P¢% o
Grx,ry. On the other hand, since G is a functor and GF' is h-separable the following
diagram commutes

POF. x pGE

Grx.ry XGry,rz ER )
Homp (FX,FY) x Homg (FY,FZ) — > Homy (GFX,GFY) x Hom, (GFY,GFZ) — > Homc (X,Y) x Hom¢ (Y, Z)
\L Grxrz \L PYE \L
Homp (FX, FZ) Homy, (GFX,GFZ) Home (X, Z)

so that F' is h-separable.
iii) It follows trivially from i) and ii). O

Remark 1.5. The present remark was pointed out by J. Vercruysse. If the functor F :
B — A is a split monomorphism, meaning that there is a functor G : A — B such
that GF' = Id, then F' is h-separable. This follows by setting Pxy = Gxy as in
Definition 1.1. It can also be proved by means of Lemma 1.4,ii).

Lemma 1.6. A full functor is faithful if and only if it is h-separable.
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Proof. Let F' : B — A be a full functor. If F' is faithful we have that the canonical map
Fxy :Hompg (X,Y) — Hom 4 (FX, FY) is invertible so that we can take Px y := F)}ly
Since F' is a functor, the following diagram commutes

Fx v XFy z

Homg (X,Y) x Homg (Y, Z) Homy (FX,FY) x Hom 4 (FY, FZ)

Homg (X, Z) Homy (FX,FZ)

Reversing the horizontal arrows we obtain that F' h-separable.
Conversely, if F' is h-separable it is in particular separable whence faithful. O

Lemma 1.7. A functor isomorphic to a h-separable functor is h-separable.

Proof. Let o : ' — G be an isomorphism of functors where G : B — A is h-separable
with respect to P)Cg’y. Let 7xy : Homy (FX,FZ) — Hom4 (GX,GZ) be defined by
Txy(f) =ayofo a;(l. Then F' is h-separable with respect to P)%Y oTxy. O

2. Heavily separable adjoint functors

In this section we investigate h-separable functors which are adjoint functors.

Theorem 2.1 (Rafael type theorem). Let (L, R,n,€) be an adjunction where L : B — A.

(i) L is h-separable if and only if there is a natural transformation v : RL — Idg such
that yon =1d and

vy =y o RelL. (1)

(ii) R is h-separable if and only if there is a natural transformation § : Id4 — LR such
that e o § = 1d and

86 = LyR o . (2)

Proof. The second part of the statement follows from the first one by duality, thus we
only have to establish ().

First recall that, by Rafael Theorem [18, Theorem 1.2], the functor L is separable if
and only if there is a natural transformation v : RL — Idg such that yon = Id. Namely,
given P_ _ one defines v by

’)/X :PRLX,X (ELX) (3)

so that, by naturality of P_ _, for every f: LX — LY, one has
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vY oRfonX = Prryy (eLlY)oRfonX = Pxy (LY o LRf o LnX)
= Pxy (foelLX oLnX) = Pxy(f).
Conversely, given vy, for every f: LX — LY, one defines

Pxy(f):=~Y oRfonX. (4)

This correspondence between P_ _ and v is clearly bijective.
Assume that (1) holds. Then, for all f € Hom 4 (LX,LY) and g € Hom 4 (LY, LZ),
we have
Py 7 (g9) o Px,y (f) W ~vZoRgonY oqY o Rf onX

" N Z oyRLZ o RLRgo RLnY o Rf onX

—~
~—

= ~ZoReLZoRLRgo RLnY oRf onX
= yZoRgoReLY oRLnY o Rf onX

4
= fyZoRgoRfOT]X(:)PX,Z(gOf)

so that Py z (g9) o Px,y (f) = Px,z (g o f) and hence L is h-separable. Conversely, if the
latter condition holds for every X,Y, Z and f, g as above, we have

3
14X =X 0o yRLX 2 Pryx.x (LX) 0 Priprx.nox (LRLX)

— Prrrox.x (eLX 0 ¢LRLX) 2 7 X o R(eLX 0 eLRLX) o nRLRLX

=~vX oReLX o ReLRLX onRLRLX = vX o ReLX
so that (1) holds. O

Remark 2.2. Note that the equality (1) means that, for every B € B, vB coequalizes the
parallel pair (ReL B, RL~yB). If we add the condition yon = Id, as in Theorem 2.1, we get
that the pair (B,yB) belongs to rpB, i.e. the Eilenberg-Moore category of the monad
(RL, ReL,n) and hence the following right-hand side diagram is a split coequalizer. In
fact, given a monad (T,p : TT — T,n : Id — T) on the category B and an object
(X, : TX — X) in the Eilenberg-Moore category 785, of this monad, by [4, Lemma
4.4.3 ] the following left-hand side diagram is a split coequalizer.

nTX nX nRLB nB
TTX TX S X RLRLB RLB =~ B
T RL~yB

In particular this coequalizer is absolute, i.e. preserved by every functor defined on B.
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A similar remark holds for § as in Theorem 2.1 in connection with the Eilenberg-Moore
category BEE of the comonad (LR, LnR,¢).

Proposition 2.3. Let (L, R) be an adjunction.

(1) The functor L is h-separable if and only if the forgetful functor U : rpB — B is a
split epimorphism i.e. there is a functor I' : B — B such that U o T’ = Idg.

(ii) The functor R is h-separable if and only if the forgetful functor U : BEE — B is a
split epimorphism i.e. there is a functor T : B — BT such that U o' = Idg.

Proof. We just prove (i), the proof of (i7) being similar. By Theorem 2.1, L is h-separable
if and only if there is a natural transformation v : RL — Idg such that yon = Id and
(1) holds. For every B € B, define I'B := (B,vB). Then I'B € gr1B, as observed in
Remark 2.2. Moreover any morphism f : B — C fulfills foyB = vCo RLf by naturality
of 7. This means that f induces a morphism I'f : I'B — I'C such that UT'f = f. We
have so defined a functor I' : B — Bgy, such that U oI' = Idp.

Conversely, let I' : B — rrB be a functor such that U o I' = Idg. Then, for every
B € B, we have that I'B = (B, B) for some morphism vB : RLB — B. Since I'B € Bgy,
we must have that yBonB = B and vB o RLyYB = vB o ReLB. Given a morphism
f B — C, we have that I'f : 'B — I'C is a morphism in rpB, which means that
foyB =~CoRLf ie. v := (yB)pcp is a natural transformation. By the foregoing
von=1Id and (1) holds. O

Corollary 2.4. Let (L, R) be an adjunction.

(i) Assume that R is strictly monadic (i.e. the comparison functor is an isomorphism of
categories). Then the functor L is h-separable if and only if R is a split epimorphism.

(i) Assume that L is strictly comonadic (i.e. the cocomparison functor is an isomor-
phism of categories). Then the functor R is h-separable if and only if L is a split
epitmorphism.

Proof. We just prove (i), the proof of (ii) being similar. Since the comparison functor
K : A — Bgp is an isomorphism of categories and U o K = R, we get that R is a
split epimorphism if and only if U is a split epimorphism. By Proposition 2.3, this is
equivalent to the h-separability of L. O

Remark 2.5. Corollary 2.4 will allow us to show, in Remark 5.3, that the tensor algebra
functor T": Vecy — Alg, is separable but not h-separable.

Definition 2.6. Following [11, Section 4] we say that a grouplike morphism for a comonad
(C,A:C — CC,e: C —1d) is a natural transformation ¢ : Id — C such that eo § = Id
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and 66 = A oJ. Dually an augmentation for a monad (M,m: MM — M,n:1d — M)
is a natural transformation v : M — Id such that yon =1d and vy =yom.

An immediate consequence of the previous definition and Theorem 2.1 is the following
result.

Corollary 2.7. Let (L, R, 7, ¢€) be an adjunction.

(1) L is h-separable if and only if the monad (RL, ReL,n) has an augmentation.
(it) R is h-separable if and only if the comonad (LR, LnR,€) has a grouplike morphism.

3. Heavily separable ring homomorphisms

Let ¢ : R — S be a ring homomorphism. The induction functor ¢* := S Qg (—) :
R-Mod — S-Mod is the left adjoint of the restriction of scalars functor ¢, : S-Mod —
R-Mod. This section is devoted to the h-separability of these functors.

Proposition 3.1. Let ¢ : R — S be a ring homomorphism. Then the induction functor

@* is h-separable if and only if there is a ring homomorphism E : S — R such that
Eop=1d.

Proof. By [8, Theorem 27, page 100], we know that ¢* is separable if and only if there
is a morphism of R-bimodules F : S — R such that F (1g) = 1. Given ~ for ¢* as in
Theorem 2.1, one defines E(s) := (YR)(s ®r 1r). Given E, one defines yM : S®r M —
M : s®grm — E(s)m, for every M € R-Mod, such that v o n = Id where the unit 7
is defined by nM : M — S ®r M : m — 1g ®r m. All natural transformations ~ such
that v on = Id are of this form: this is checked by the naturality of v applied to the left
R-module map f,, : R — M : r — rm available for all left R-module M and m € M.

The equality (1) rewrites as E (z) E (y) m = E (xy) m for every z,y € S and m € M,
for every M € R-Mod. Thus (1) is equivalent to ask that E is multiplicative. Summing
up ¢* is h-separable if and only if there is a morphism of R-bimodules £ : S — R
which is a ring homomorphism. This is equivalent to ask that £ : S — R is a ring
homomorphism such that Fop =1d. 0O

It is known that ¢, is separable if and only if S/R is separable (see [15, Proposition
1.3]) if and only if it admits a separability idempotent. We are so lead to the following
definition.

Definitions 3.2. 1) S/R is h-separable if the functor ¢, : S-Mod — R-Mod is h-separable.
2) A heavy separability idempotent (h-separability idempotent for short) of S/R is
an element ZZ a; ®r b; € S®pr S such that ZZ a; ®p b; is a separability idempotent, i.e.

Zaibi: 1, Zsai Qr bi:Zai Qg b;s for every s € S, (5)
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which moreover fulfills
Zai ®r bia; ®ij=Zai ®Qpr ls @R b;. (6)
0,J i

Remark 3.3. Note that a h-separability idempotent e := >, a; @ gb; is exactly a grouplike
element in the Sweedler’s coring C := S®p S such that se = es for every s € S i.e. which
is invariant. Note that 1¢ ® g 15 is always a grouplike element in C but it is not invariant
in general.

Proposition 3.4. S/R is h-separable if and only if it has a h-separability idempotent.

Proof. We observed that ¢, is the right adjoint of the induction functor * := S®g (—).
Recall that S/R is separable if and only if the map S ®p S — S splits as an S-bimodule
map. The splitting is uniquely determined by a so-called separability idempotent i.e. an
element ) . a; ®r b; € S ®r S such that (5) hold. Using this element we can define
§ :Id — ¢*p, such that eod =Id by 0M : M — S®r M : m — >, a; ®g b;m. This
natural transformation satisfies (2) if and only if

(S@R IM)odM = (S@R’I?M) oM.
Let us compute separately the two terms of this equality on any m € M,

(S XRnr (5M) ((SM) (m) = Zai XRr ((5M) (b,m) = Zai Qraj; QR b]blm

,J

o Z a; @r bia; g bym,

,J
(S®rnM) (6M) (m) =" a; ®r (NM) (bim) = > _ a; ®g 15 @g bim.
Thus ¢ satisfies (2) if and only if (6) holds true. O
Corollary 3.5. Let ¢ : R — S and ¢ : S — T be ring homomorphisms.
1) If T/S and S/R are h-separable so is T/R.
2) If T/R is h-separable so is T/S.
3) If S/R is h-separable then T /S is h-separable if and only if so is T/R.
Proof. Tt follows by Definition 3.2, Lemma 1.4 and the equality ¢ o9 = (Yo p)s. O

Lemma 3.6. Let ¢ : R — S be a ring homomorphism. The following are equivalent.

(¢) The map ¢ is a ring epimorphism (i.e. an epimorphism in the category of rings);
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(1) the multiplication m : S @r S — S is invertible;
(ii1) 1s ®r lg is a separability idempotent for S/R;
(iv) 1s ®g ls is a h-separability idempotent for S/R.

If these equivalent conditions hold true then S/R is h-separable.
Moreover 1g ®p lg is the unique separability idempotent for S/R.

Proof. (i) < (ii) follows by [19, Proposition XI.1.2 page 226].

(i) & (iii) follows by [19, Proposition XI.1.1 page 225].

(791) < (iv) depends on the fact that 1g¢ ® g 1g always fulfills (6).

By Proposition 3.4, (iv) implies that S/R is h-separable.

Let us check the last part of the statement. If > . a; ®g b; is another separability
idempotent, we get

Zai ®Rr by = Zails ®rlsb; =15 ®@r 1SZaibi © ls®rls. O

Example 3.7. We now give examples of ring epimorphisms ¢ : R — S.

1) Let S be a multiplicative closed subset of a commutative ring R. Then the canonical
map ¢ : R — S71R is a ring epimorphism, cf. [3, Proposition 3.1]. More generally we
can consider a perfect right localization of R as in [19, page 229].

2) Consider the ring of matrices M,, (R) and the ring T, (R) of n X n upper triangular
matrices over a ring R. Then the inclusion ¢ : T,, (R) — M, (R) is a ring epimorphism.
In fact, given ring homomorphisms «, 8 : M,, (R) — B that coincide on T,, (R) then they
coincide on all matrices. To see this we first check that a (E;;) = §(E;;) for all ¢ > j,

a(Bij) = a (B Ejj) = a(By) a(Ej;) = a(Ey) B(Ej;) = o (Eyj) B (EjiEij)
B(Eji) B(Eij) = a(Bij) a(Ej) B (Eiy) = a (B Ej) B (Eij)

) B (Eij) = B (Ei) B(Eij) = B (EiiEiy) = 8 (Eij) .

Thus « (E;;) = B (E;;) for every i,j. Now, given r € R we have
a(rEyj) = a(rEiEij) = a(rBy) a(Bj) = B (rEy) B (Eij) = B(rEqEij) = B (rE;j) .

As a consequence oo (M) = (M) for all M € M,, (R) as desired.
3) Any surjective ring homomorphism ¢ : R — S is trivially a ring epimorphism.

Remark 3.8. A kind of dual to Lemma 3.6, establishes that a k-coalgebra homomorphism
¢ : C = D is a coalgebra monomorphism if and only if the induced functor M — MP
is full, see [14, Theorem 3.5]. Since this functor is always faithful, by Lemma 1.6 it is in
this case h-separable.
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Proposition 3.9. Let ¢ : R — S be a ring homomorphism. Then S/R is h-separable if
and only if S/¢ (R) is h-separable.

Proof. Write ¢ = iop where i : ¢ (R) — S is the canonical inclusion and g : R — ¢ (R)
is the corestriction of ¢ to its image ¢ (R). By Lemma 3.6, we have that ¢ (R) /R is h-
separable. By Corollary 3.5, S/R is h-separable if and only if S/¢ (R) is h-separable. O

The well-known Maschke theorem establishes that the group ring, if the group is
finite and the characteristic does not divide the cardinality of the group, is separable. It
is likewise well-known that the ring of matrices is separable, see e.g. [9, Example II, page
41]. In Corollary 3.19, we will show that they are both h-separable only in trivial cases.

3.1. Heavily separable algebras

3.10. Let R be a commutative ring, let S be a ring and let Z (S) be its center. We recall
that S is said to be an R-algebra, or that S is an algebra over R, if there is a unital ring
homomorphism ¢ : R — S such that ¢ (R) C Z (5). In this case we set

r-s=@(r)-s forevery r € Rand s € S.

Since Im (¢) C Z (S), we have r- s = s - r for every r € R and s € S and

r-lg=¢(r) ls=¢(r) - ¢(lr) =¢(r-1g) = ¢(r) forevery r € R
so that Rlg = Im (p) C Z (S).

Theorem 3.11. Let ¢ : R — S be a ring homomorphism such that ¢ (R) C Z (S) (with R
not necessarily commutative). Then S/R is h-separable if and only if the canonical map
w: R — S is a ring epimorphism. Moreover if one of these conditions holds, then S is
commutative.

Proof. First we prove the statement for R commutative (i.e. S is an R-algebra).

(=). Let >, a;®rb; be an h-separability idempotent. Since ¢ (R) C Z (S), we get that
themap 7: SQrS — S®rS, 7 (a ®r b) = bRRra, is well-defined and left R-linear. Hence
we can apply S®p 7 on both sides of (6) to get >, ;a; ®rbj®rbia; = 3, a;i®prb; ®r1s.
By multiplying, we obtain 37, ; a;b; ®r bia; = >, a;b; ®r 1s. By (5), we get

> aibj @ bia; =15 ®r 1s. (7)
,J

By (5) and using the map 7, we get that ), a;sb, € Z (S), for all s € S. Therefore we
have
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s =1g-1g- S—E albbaJS—E a; ( s(lg)

©® Zazb i (arsby) a Zalb ibiaj ( atsbt Zatsbt €Z(S

©,J,t ©,7,t

We have so proved that S C Z (S) and hence S is commutative. Now, we compute

Zaz ®Rb = Zazajb Rr b; 5= Z(S)Za]azb ®Rb Zazb ®r bia;

) 4,J 4,J

so that ), a; ®r b; = 15 ®@r 1g by (7). We conclude by Lemma 3.6.

(<) It follows by Lemma 3.6.

Let us come back to the general case when R is not necessarily commutative. By
Proposition 3.9, S/R is h-separable if and only if S/¢(R) is h-separable. Since ¢(R) C
Z (S), it is commutative and hence, by the previous part of the proof we get that S/¢(R)
is h-separable if and only if the canonical inclusion ¢(R) < S is a ring epimorphism.
Since the map R — ¢(R) : r — ¢(r) is surjective, we get that ¢(R) — S is a ring
epimorphism if and only if ¢ is a ring epimorphism. O

The following result establishes that there is no non-trivial h-separable algebra over
a field k.

Proposition 3.12. Let A be a h-separable algebra over a field k. Then either A =k or
A=0.

Proof. By Theorem 3.11, the unit u : k — A is a ring epimorphism. By Lemma 3.6, we
have that A®y A = A via multiplication. Since A is h-separable over k, it is in particular
separable over k. By [16, page 184], the separable k-algebra A is finite-dimensional. Thus,
from A @ A = A we deduce that A has either dimensional one or zero over k. O

Example 3.13. C/R is separable but not h-separable. In fact, by Proposition 3.12, C/R
is not h-separable. On the other hand e = % (1®1—1i®1) is a separability idempotent
(it is the only possible one). It is clear that e is not a h-separability idempotent.

Remark 3.14. Let A and B be commutative rings and let R = A x B be their product.
Denote by ps : R — A and pp : R — B the canonical projections. Then A becomes
an R-algebra via ps and B becomes an R-algebra via pg. Moreover R = A x B is their
product in the category of R-algebras. Since R/R is clearly h-separable, the product of
R-algebras may be h-separable.

Lemma 3.15. Let A and B be R-algebras and let S = A x B be their product in the
category of R-algebras. Set e; := (14,0p) € S and e := (04,1p) € S. The following are
equivalent.
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(i) S/R is h-separable.
(1) A/R and B/R are h-separable and e1 @ e =0 = €2 @ €.

Proof. First, by Theorem 3.11 and Lemma 3.6, the conditions (¢) and (i¢) can be replaced
respectively by

e 15 ®g 1g is a separability idempotent of S/R
e 14 ®Rr14 and 15 ®p 1p are separability idempotents of A/R and B/R respectively
and e; ®res =0=¢e3 ®p €.

Note also that, if the first condition holds, then, for i # j we get
e; Qre; = e;lsg Qp lsej =15 ®gr 1S€iej =0

so that e; ®g eo = 0 = e ®g e1. Thus the latter condition can be assumed to hold.
Denote by ps : S — A and pp : S — B the canonical projections ad by i4 : A — S
and ¢p : B — S the canonical injections.
Since 1g = e; +e3 and e; g ea =0 = ey R €1, we get that 1s g lg =e; Qr e +
€2 @R es. For every s € S we have
S®rlg =se1 ®r el + ses QR ea
=5(14,08) ®r (14,0B) +5(04,1B) ®r (04,1p)
= (pa(s),05) ®r (14,08) + (04,pB (5)) ®r (04, 15)
= (ia ®ria) (pa(s) ®r1a) + (ip ®rin) (B (s) ®r 1B)
Similarly 1g ®p s = (iA QR iA) (lA QR DA (S)) + (iB KRR iB) (13 X®R PB (S))
As a consequence, for every s € S, the equality s®g 1g = 15 ®pg s holds if and only if
(ia ®ria) (pa(s) ®r1a) + (ip ®riB) (pp (s) ®R 1B)
= (ta ®ria) (La®rpa(s)) + (i ®rip) (1B ®r PB (5))

if and only if
PA(s) ®r1la =14 @R pa(s) and PB(S)®r 1B =1 ®rPB(s).

Since p4 and pp are surjective, we get that to require that slg ®r 1g = 1g ®pg 1gs
for every s € S is equivalent to require that

alp®rla=14Q®r1ga and bl ®rlp =1 ®r 1gb

for every a € A,b € B. We have so proved that 1g ®g 1g is a separability idempotent
of S/R if and only if 14 ®g 14 and 15 ®g 1p are separability idempotents of A/R and
B/R under the assumption e; @ ges =0 =e2 @ge;. O
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The following result is similar to [9, Corollary 1.7 page 44].

Lemma 3.16. Let R be a commutative ring. Let A and B be R-algebras. Then, if B/R is
h-separable, so is (A Qg B) /A. As a consequence if both A/R and B/R are h-separable,
sois (A®gr B) /R.

Proof. Since B/R is h-separable, by Theorem 3.11, we have that the unit up : R — B is
a ring epimorphism. By Lemma 3.6 this means that 15z 1p is a separability idempotent
of B/R. Thus also (14 ®r 15)®4(14a ®g 1) is a separability idempotent of (A® g B)/A.

As a consequence also A g up : AQr R — A ®pg B is a ring epimorphism by the
same lemma. If A/R is h-separable, then the unit ug : R — A is a ring epimorphism
too. Thus the composition

ARQruB

R~ A~AgyR A®R B,
i.e. the unit of A ®p B, is an epimorphism. By Theorem 3.11, (A®g B) /R is h-
separable. O

The following result is due to the referee.

Proposition 3.17. Let R be a commutative ring and let S be any R-algebra that is free as
an R-module. Then S/R is h-separable if and only if either S =0 or S = R.

Proof. Assume S/R is h-separable. If R = 0 then S =0 as S is an R-algebra. If R # 0,
by Krull’s theorem we have a maximal ideal I of R. Set k := R/I. By Lemma 3.16, we
deduce that (k ® g S) /k is h-separable. By Proposition 3.12, we conclude that k@p S = k
and hence the R-module S is free of rank zero or one and hence either S =0 or S = R.
We have so proved that S/ R is h-separable implies S = 0 or S = R. The other implication
is trivial. 0O

3.2. Heavily separable twisted semigroup ring

Let R be a ring, G be a group and consider RG, the group ring. S. Caenepeel posed
the following problem: to characterize whether RG/R is h-separable. In order to give a
complete answer to this question and also to the question whether the matrix ring is
h-separable, we will use the following construction that can be found in [17].

Let G be a semigroup and let R be a ring with identity. A twisting from G into R is a
map w : G x G — Z (R) which satisfies w (¢, j) w (ij,t) = w (4, jt) w (j, t) for all 4, j,t € G.
The twisted semigroup ring of G over R with twisting w, denoted by R¥G, is the R-ring
with basis G and multiplication defined, for all 7, j € G, by

lw.] ZW(l,j)Zj,



184 A. Ardizzoni, C. Menini / Journal of Algebra 548 (2020) 170-197

and extended by linearity. It follows easily that R“G is an associative R-ring (not nec-
essarily with identity, so it is just an R-bimodule with an R-bilinear and associative
multiplication). Since RG is an R-bimodule via r (3, 7i4) 1’ := Y ;e 7737, the mul-
tiplication becomes as follows

(Z ?"ﬂ) ‘w Z T;] = Z Ti’r';'w (Zv.]) Z.]

ieG jea i,jEG

Proposition 3.18. Assume that the twisted semigroup ring R“G is a unitary R-ring (i.e.
a monoid in the monoidal category of R-bimodules) with unit ¢ : R — R“G. If (R“G) /R
is h-separable then either R =0 or |G| =0, 1.

Proof. Set 1gwg = ¢ (1r) = ) ;cusi for some u; € R. Since ¢ is R-bilinear we
have 7¢ (1r) = ¢ (r) = ¢ (1r)7 and hence » . Tuii = ), uiTi. As a consequence
ru; = w;r for all i € G and r € R. In other words u; € Z := Z (R). Since the codomain
of w is exactly Z, it makes sense to consider the twisted semigroup ring Z“G. By the
foregoing 1gwg € Z“G so that Z“G is a unitary Z-ring.

Since R“@ is a unitary R-ring we must have ¢ (r)x = rz for all r € R,z € R¥G. In
particular ¢ (r)i = ri for all i € G.

If r € Ker (¢) and i € G we have ri = ¢ (r)i =0 = ¢ (0g)i = Ogi so that r = Op.
Thus ¢ is necessarily injective if G # (0.

Assume R“G/R is h-separable. Let e := 3, .
potent with r; ; € R almost all zero. For all r € R we have re = Zi,jeW 7551 QR J

7,51 ®r j be a h-separability idem-

and

er = Z ri i QR jr = Z ri i QrTj = Z 7 0r QR J = Z 75 iTT QR J.

i,jEG i,jEG i,jEG i,jEG

From re = er we get

Z it QR J = Z 7T QR J

1,jE€G 1,j€G

Since the tensor product of free modules remains free, the set {i @ j | i,j € G} is a basis
for S®r S as a left R-module. As a consequence, the equality above implies rr; j = 7; ;7
forallr € R. Thus r; ; € Z.

Set ¢ := Zi,jeG rij1®z J € ZYG ®z Z*G. Note that the map o : Z¥G ®z Z“G —
RYGRRrR“G : i®zj — iQprj is injective as {i @z j | 1,7 € G} is a basis for Z*G®, Z“G.
Forall z =}, x4t € Z“G we have

a(ze) =a Z Tyt T ji®z )| =« Z zyrijw (8,0) i @z j
i,j,t€G ijea
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= Z a1 jw (8,9) i QR § = ze,
i,j€EG

a(er)=a Z T i ®z ) wtit | =a Z i i ®z xw (4,1) jt

i,j,tEG i,j,tEG
=« g rijrw (4,1) i@z gt | = E rixw (,1) i @r jt = ex.
i,j,teG i,j,tEG

From ze = ex and the injectivity of o we get that ze’ = ¢’z. Moreover
mzeg (€') = (mpegoa) (') = mpog(e) =1

Themap f: Z°GRz 2GRz Z°G - R GRrR*GRrR’G 1 iQzjQzk — iQrjQrk is
also injective, by a similar argument on the basis. Since e is a h-separability idempotent,
we have

B Z Z Tiji @z F w (ri i) @z j'

i,jEG ' ,j'€G

= B Z Z Tt @z T jrw (4,4) ji' @z 5

i,jEG i, €CG

T Y. D rigregw (i) i®g il ©7f

i,jEG ' ,j'€G

SN e (i) ir i ©r

i,jEG i’ ,j'€CG

= > D rifi®rjwegd) O]

i,jEG 1V ,j'€G

= Y ri®rlgOrj=F| Y, riji®zle®z]
i,j€G i,jEG

and hence we can cancel 8 obtaining that e’ is a h-separability idempotent. Thus
(Z¥G) /Z is h-separable. Since Z is commutative and Z“G is a free left Z-module with
basis G, we deduce that either Z“G = 0 or Z“G = Z by Proposition 3.17. Thus Z =0
(and hence R=0) or |G| =0,1. O

Corollary 3.19. Let R # 0 be a ring.

1) Let G be a monoid and let RG be the monoid ring. If RG/R is h-separable then
|G| = 1.

2) Consider the matriz ring M,, (R), n > 1. If M,, (R) /R 1is h-separable then n = 1.
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Proof. It follows by Proposition 3.18 and the following observations.

1) If G is a monoid and w (¢,7) = 1g for all 4,7, then R*G = RG is the ordinary
monoid algebra.

2) Set I :={1,...,n}. Then G :=1I x I is a semigroup where (¢,7) (s,t) := (i,t). Set
w((i,7),(s,t)) =10, € Z(R). Then

S i (i) | (Zr;,t (s,t>> = 3 @ (29), (5,1 02) (5,)

1,3,8,t

= > rigrh 0y (1)

,3,8,t

so that RYG is isomorphic to the ring of matrices M,, (R) through the assignment

Remark 3.20. Note that the twisted semigroup ring R“G needs not to be a unitary
R-ring in general. To see this, take the same semigroup G = I x I as in 2) of the proof
of Corollary 3.19. Set w ((¢,5),(s,t)) = 1g. If R # 0 then R“G has no identity unless
n = 1. In fact, if 1geg = Z” ri.; (1,7) is an identity then

(s,t) = 1gwg “w (8, 1) Zr” 7)) | w(s,t) :ZTW'(Z',t)
0,J

for all s,t. Thus Zj r;.5 = 0i,5. Since s is arbitrary, if n > 1 we can take either s =i or
s # 1. This leads to 1z = O, a contradiction. Thus n = 1.

4. Heavily (co)separable corings

Consider an A-coring C. The induction functor R := (=) ®4 C: Mod-A — MC is the
right adjoint of the forgetful functor L : M¢ — Mod-A, see e.g. [5, Lemma 3.1]. In this
section we investigate the h-separability of these functors.

Definition 4.1. An A-coring (C, A, ) will be called h-coseparable if and only if the for-
getful functor L : MC — Mod-A is h-separable.

Remark 4.2. Note that a h-coseparable coring is in particular coseparable by [5, Corol-
lary 3.6].

Theorem 4.3. An A-coring (C, A, ) is h-coseparable if and only if there is an A-bimodule
map o :C Ry C — A such that «o A =€ and for all x,y,z € C,

lea(a:g ®aY) = Za T®AY1) (8)
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Y a(@@ay)aly2®az) =a(ze(y) ®az). (9)

Proof. By [5, Theorem 3.5], the forgetful functor L : M® — Mod-A is separable if and
only if there is an A-bimodule map « : C ® 4 C — A such that a o A = ¢ and, for all
z,y € C, the formula (8) holds true. We know that L is h-separable if and only if there
is v : RL — 1Id, where R := (—) ®4 C : Mod-A — MC is the induction functor, such
that v on = Id and (1) holds. Given ~ of this form we can set a := £ o yC. The proof
of [5, Theorem 3.5] shows that « o A = ¢ and, for all z,y € C, the formula (8) holds
true. Moreover vC can be expressed in terms of a as YC (z @4 y) = Y 10 (22 @4 y) =
S a(x®a y1)y2. We compute

(o (y)C)(xRayRaz)=(e0vCoRLYC) (2 R4y Ra2) =a(C R4C) (x R4y Ra 2)
a(Za(a:@Ayl)yg Ra z) :ZCX(Z'@Ayl)a(yQ ®a 2)

and

(eo(yo0ReL)C) (xR@ay®a2)=(e0yCoReLC) (x R4y Ra 2)

a(eLC®AC) (rRay®az)=a(ze(y) ®a 2)

In view of (1) evaluated on C we obtain (9).

Conversely, given « as in the statement, by the proof of [5, Theorem 3.5] we can define
v : RL — Id by setting YN (n ®4 z) := Y_noa (n1 ®4 ) for every (N,p) € MC n €
N,z € C. Moreover 7y on = Id. Let us show that (1) holds as well. Indeed we have

(MN)(n@az®@ay) = (YNoRLYN)(n®ax®4Y)
= (IN)(YN®aC)(n®@az®@4y)

= () (Y moar (m ©a2) @ay)
= Y (noa(m ®42))ga((noa (n ©4 ), ©ay)
peMod-4 > noa(ma(ny @4 ) ®4 )
= ) noala(m @az1)T2®4Y)
= ) noa(m ®@ax1)a(ra®4y)
= ) npa(me(r) @ay)
and

(yoReL)N) (n @42 ®R4y) = (YN) (LN ®4C) (N Q@47 R4 y)
= (YN) (ne (z) ®ay)
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=" (ne (2))g a ((ne (2)), ®a y)
=Y npa(me(z) ®ay). O

Theorem 4.4. Let C' be a h-coseparable coalgebra over a field k. Then C' =k or C' = 0.

Proof. If C is h-coseparable it is in particular coseparable. Thus C' is cosemisimple and
hence C' is direct sum of simple subcoalgebras. Let D be such a subcoalgebra and let
i : D — C be the canonical inclusion. If o : C ® C — k is the map of Theorem 4.3,
then ao (i®14) : D ® D — k fulfills the same properties of « for D. Thus the same
theorem ensures that D is h-coseparable. Since D is simple, it is finite-dimensional by the
fundamental theorem for coalgebras. Thus the algebra D* = Homy (D, k) is h-separable
over k. In fact, if we consider the functor IT : MP — D*-Mod that maps a comodule
(M, p) to the module (M, p,) where p, (f @ m) := Y mof (m;1) and we denote by ¢ :
k — D* the unit of the algebra D*, then ¢, oIl = L : MP — k-Mod is the forgetful
functor. Since D is finite-dimensional, the functor II is an isomorphism. Since D is
h-coseparable we also have that L is h-separable. If A is an inverse for II, by Lemma 1.6
it is h-separable. Now ¢, = p,ollo A = Lo A and the latter is h-separable by Lemma 1.4.
Thus ¢, is h-separable and hence D*/k is h-separable. By Proposition 3.12, we get
D* = k,0. Hence D = k,0. Assume C # 0. Then C is a group-like coalgebra of the
form kG for some non-empty set G C C. The properties of a rewrite as follows for every
x,y,z € G.

a@ea)=1, sa@ey=-a@oy)y aEoyale)=al@e:).

From the equality in the middle and the fact that a(x ® y) € k, by linear indepen-
dence of the grouplike elements we obtain a(x ® y) = 0 for z # y. Thus a(z®y) =
02,y (x ® ) = 0, whence the third equality becomes 6, 0, . = 0, .. If G contains two
elements x # y and we take z := z, we get 0, 40y o = 05, i.e. O = 1 so that k = 0 and
hence C' = kG = 0, a contradiction. Therefore |G| =1 and hence C =k. 0O

Consider an A-coring C and its set of invariant elements C* = {c € C | ac = ca,
for every a € A}. In [5, Theorem 3.3], it is proved that the induction functor R :=
(=) ®4 C: Mod-A — MC is separable if and only if there is an invariant element e € C4
such that e¢ (e) = 1. Next result provides a similar characterization for the h-separable
case.

Theorem 4.5. Given an A-coring C, the induction functor R := (—)®4C : Mod-A — M€
is h-separable if and only if C has an invariant grouplike element.

Proof. Since L 4 R, by Corollary 2.7, R is h-separable if and only if the comonad
(LR,LnR,¢) has a grouplike morphism. A grouplike morphism for this particular
comonad is equivalent to an invariant grouplike element for the coring C i.e. an element
e € C4 such that ec (e) = 1 and Ac (e) =e®ae. O
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Remark 4.6. Let C be an A-coring. We recall that, by [5, Lemma 5.1], if A is a right
C-comodule via pa : A = AR 4C, then g = pa (14) is a grouplike element of C. Conversely
if g is a grouplike element of C, then A is a right C-comodule via p4 : A - A® 4C defined
by pa(a) =14 ®4 (g-a). Moreover, if g is a grouplike element of C, then, by [5, page
404], g is an invariant element if and only if A = A°C := {a € A | ag = ga}.

Examples 4.7. 1) Let B be a bialgebra and let A be a right B-comodule algebra via the
trivial coaction p: A - A® B : a+— a®1p. Then, by [6, 33.2], we have that C := A® B
is an A-coring with coproduct A ® Ag, counit A ® ¢ and A-bimodule structure given by
a’(a®b)a’ = a”’aa’ ®b. The corresponding grouplike element in Cis g = p(14) = 14®1p
which is invariant.

2) Let A be a commutative ring and let C be an A-coalgebra, see [6, 1.1]. Then C is,
in particular, an A-coring and any grouplike element in C is automatically invariant.

3) Let A be an arbitrary ring and let S be a set. Any s € S is an invariant grouplike
element in the grouplike coring C = A see [6, 17.5].

The referee suggested to investigate the h-separability of the following functors. Let
rYs be a bimodule such that 3¢ is finitely generated and projective. Let 0* := (=) Qgr X
be the induction functor and let o, := (=) ®g ¥* be its right adjoint where ¥* :=
Homg (X, S). The Eilenberg-Moore category (Mod-S)? 7+ comes out to be isomorphic to
the category MC of right comodules over the comatrix R-coring C := ¥* @ ¥ defined
in [10]. Dually, if we consider the endomorphism ring £ := Endg(X) 2 ¥ ®g X* and the
canonical morphism ¢ : R — &, defined by ¢(r)(s) = rs for all r € R and s € X, then
the Eilenberg-Moore category .o+ (Mod-R) comes out to be isomorphic to the category
Mod-£. Thus we have the following diagram where K¢ and K are the cocomparison and
the comparison functor respectively, Lo K¢ = ¢* and p,0oK = o,. Here L 4 R denote the
same adjunction of the beginning of this section in the particular case of the comatrix
coring.

Note that we have considered the right-hand version of the adjunction ¢* - ¢, in order
to relate it to right comodules over C.
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Theorem 4.8. In the above setting, the following assertions are equivalent.

(i) o is h-separable;

—~

11) L is a split epimorphism;

(#i1) R is h-separable;

)
)
)
(iv) C:=%X*®@r X has an invariant grouplike element;
(v) o« is monadic and E/R is h-separable;

)

(vi) K is an equivalence and @, is h-separable.

Proof. (i) < (ii) follows by Proposition 2.3(ii).

(73) < (ii3) follows by Corollary 2.4(ii), once observed that L is strictly comonadic
(the cocomparison functor of L 4 R is the identity).

(#i1) < (iv) follows by Theorem 4.5.

(v) & (vi). By definition £/R is h-separable if and only if ¢, is h-separable. On the
other hand, o, is monadic means that the comparison functor K is an equivalence of
categories.

(vi) = (i). By Lemma 1.6, K is h-separable. Now apply Lemma 1.4 to the equality
Yo K =0,.

(i) = (vi). Since o, is h-separable, it is in particular separable. By the dual version
of [13, Proposition 3.16], which can be applied since the category Mod-S is Cauchy
complete (every idempotent morphism splits) and the opposite of a Cauchy complete
category is Cauchy complete, we have that o, is monadic i.e. K is an equivalence of
categories. If A denotes a quasi-inverse for K, then A is h-separable by Lemma 1.6. We
get . = p, 0K oA =0, 0A and the latter is h-separable by Lemma 1.4. Hence ¢, is
h-separable by Lemma 1.7. O

Theorem 4.9. In the above setting, the following assertions are equivalent.
) o* is h-separable;

) s« 1s a split epimorphism;
(#i1) * is h-separable;
)

)
)

there is a ring homomorphism E : £ — R such that E o ¢ = 1d;
o* is comonadic and C is h-coseparable;

K¢ is an equivalence and L is h-separable.

Proof. (i) < (i7) follows by Corollary 2.3(i)

(i1) < (#ii) follows by Corollary 2.4(i), once observed that ¢, is always strictly
monadic (the comparison functor of ¢* 4 ¢, is the identity).

(#91) < (iv) follows by Proposition 3.1.

(v) & (vi). By definition C is h-coseparable if and only if L is h-separable. On the
other hand, o* is comonadic means that the cocomparison functor K¢ is an equivalence
of categories.
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(vi) = (i). By Lemma 1.6, K¢ is h-separable. Now apply Lemma 1.4 to the equality
LoK¢=o".

(1) = (vi). Since o* is h-separable, it is in particular separable. By [13, Proposi-
tion 3.16], which can be applied since the category Mod-R is Cauchy complete, we have
that ¢* is comonadic i.e. K¢ is an equivalence of categories. If A denotes a quasi-inverse
for K, then A is h-separable by Lemma 1.6. We get L =2 Lo Ko A = ¢* o A and the
latter is h-separable by Lemma 1.4. Hence L is h-separable by Lemma 1.7. O

Remark 4.10. The functor o, is monadic, i.e. the comparison functor K = (—) ®g¢ ¥* :
Mod-S — ,,,+ (Mod-R) = Mod-£ is an equivalence, provided X g is a progenerator (this
follows by Morita Theory since £ = Endg(X), see [19, Proposition IV.10.7, page 108]).

The functor ¢* is comonadic, i.e. the cocomparison functor K¢ = (—)®zX% : Mod-R —
(Mod—S)U*U* =~ MC is an equivalence, if ¥ is a faithfully flat left R-module, [10, Theo-
rem 3.10].

Now let ¢ : R — S be a ring homomorphism. Consider ¢* := (=) ® S : Mod-R —
Mod-S and the restriction of scalars functor ¢,. Take X := rSg with right regular action
and left action induced by ¢. In this case C = S ®g S is the Sweedler S-coring, £ = S,
K =1d (i.e. ¢, is always strictly monadic) and K¢ = (—) ®g S. Moreover (S-Mod)#” #
is (see e.g. [6, pages 252-253]) the category Desc (S/R) = (S-Mod)# #* of descent data
associated to the ring homomorphism ¢.

Let R := (—)®sC : Mod-S — MC be the induction functor and let L : M€ — Mod-S
be the forgetful functor.

As a consequence of Theorem 4.8 and Theorem 4.9 we obtain the following corollaries.

Corollary 4.11. In the above setting, the following assertions are equivalent.

(1) @« is h-separable (i.e. S/R is h-separable);
(1) L is a split epimorphism;

(ii7) R is h-separable;

(iv) C has an invariant grouplike element.

Corollary 4.12. In the above setting, the following assertions are equivalent.

(¢

(ii

©* is h-separable;
Y« 15 a split epimorphism;

(ii1) there is a ring homomorphism E : S — R such that E o p = 1d;

)
)
)
(iv) ¢* is comonadic and the Sweedler S-coring is h-coseparable.

Remark 4.13. Corollary 4.11 establishes a relation among the functors ., L, R and the
Sweedler coring. In particular it retrieves Remark 3.3 from a different point of view.
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Remark 4.14. The equivalence between (i7i) and (iv) in Corollary 4.12, provides an
analogue of [5, Corollary 3.7], once observed that ¢* is comonadic provided that S is a
faithfully flat left R-module [8, Proposition 109]. By mimicking the proof of [5, Corollary
3.7], we can give a direct proof of the fact that the Sweedler S-coring C := S ®pg S is
h-coseparable if ¢* is h-separable. In fact, given a ring homomorphism E : S — R such
that E o ¢ = Id, we can define o : C ®5 C — S by setting a ((z ®r y) ®s (2 @rt)) =
xFE (yz)t, for all z,y, z,t € S. One easily checks that « fulfills «o A =&, (8) and (9), for
all z,y,z € C.

5. Example on monoidal categories
In the present section M denotes a preadditive braided monoidal category such that

e M has equalizers and denumerable coproducts;
e the tensor products are additive and preserve equalizers and denumerable coproducts.

In view of the assumptions above, we can apply [12, Theorem 2, page 172] to get an
adjunction (T,Q) and [1, Theorem 4.6] to get an adjunction (T,P) as in the following
diagram

Bialg(M) Alg(M)
A
M M

Here Alg(M) denotes the category of algebras (or monoids) in M, Bialg(M) is the
category of bialgebras (or bimonoids) in M, the functors U and Q are the obvious
forgetful functors and, by construction of T, we have o T =T

It is noteworthy that, since  has a left adjoint T', then € is strictly monadic (the
comparison functor is a category isomorphism), see [2, Theorem A.6].

Let V € M. By construction QTV = @,enVE", see [1, Remark 1.2]. Denote by
a,V : VO 5 QTV the canonical inclusion and note it is natural in V. The unit
n : Idp — QT of the adjunction (7,9) is defined by nV := a3V while the counit
€: T — Id is uniquely defined by

Qe (A,m,u) o a,A=m"""! for every n € N (10)

where m"~! : A®" — A denotes the iterated multiplication of an algebra (A,m,u)
defined by m™! = u,m® =Id4 and, forn > 2,m" ' =mo (m"‘2 ® A).

Denote by 1, € the unit and counit of the adjunction (T, P).

Consider the natural transformation £ : P — QU defined by

p " arp = avTP — %5 qu.
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We have €0 o0T¢ = €0 0TQUeoTnP = UVeo TP oTnP = Ue i.e.
eUoT¢ = Ue. (11)

Since &, in view of the adjunction (T, ), is uniquely determined by the latter equality, we
get that ¢ is exactly the natural transformation of [1, Theorem 4.6], whose components
are the canonical inclusions of the subobject of primitives of a bialgebra B in M into
QUB.

Define the functor

(=)* : Bialg (M) = M

that assigns to every bialgebra A the kernel (AT,(A : AT — QUA) of the counit eqesa :
QUA — 1 of the underlying coalgebra of A (i.e. the equalizer of eqi54 and the zero
morphism) and to every morphism f the induced morphism f7.

Since (A is natural in A we get a natural transformation ¢ : (=) — QU which is by
construction a monomorphism on components.

Lemma 5.1. The natural transformation & : P — QU factors through the natural trans-
formation ¢ : (=)T = QU (i.e. there is € : P — (=) such that € = ¢ o &) which is a

monomorphism on components.

Proof. Given A € Bialg (M) we have that £ and ( are defined by the following kernels.

PA A OGA (uasA®QUA) G5 4 +H(QUABuUas.A)oTGi 4 — Aot A OBA ® QGA
\L €A \L Id mi(eava®eana) l
At L ava Faua 1

Since the right square above commutes, there is a unique morphism fAA :PA — At such
that (A o EA = £A. The naturality of (A and £A in A implies the one of £A so that

(of=¢ O
There is a unique morphism wV : QT'V — V such that
wV oa,V =6, 11dy, for every n € N. (12)
Given f: V — W a morphism in M, by naturality of «,,, we get for every n € N,
WwW o QT f o,V =wWoa,Wo fo =6, 1" =6,1f=fowVoa,V

so that wWoQT f = fowV which means that w := (wV')y, , is a natural transformation
w: QT — Id ag.
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Lemma 5.2. The natural transformation w fulfills won =1d and
ww o QT(T = wo QeT o QT(T. (13)

Proof. We have

(12)

wVonV =wVoaV Idy

and hence w on = Id. Let us check (13). For every V € M we compute

wwV o QTCTV o ay, (=) TV
= wV o QTwV 0 QT(TV 0 ay (=) TV = wV 0 a,V o (wV)*" o ((TV)®"
=0n1 (wV)(Xm o (§TV)®" = 5wV o (TV.

On the other hand

WV 0 QeTV 0 QTCTV o o, (=) T TV = wV 0 QeTV 0 ,, QUTV o (CTV)®"
= WV o QeTV 0 0, QTV o (CTV)®"

(o wV o mg}b o (CTV)@’" .

Hence we have to check that
01wV o TV = wV omizi o (CTV)®".
For n = 0 we have
001wV o (TV =0=wV oayV =wV ouqgry =wV o m&lwv ) ((T‘/)@O .
For n =1 we have
511wV o (TV = wV o (TV = wV o mdpy o (CTV)®'.

For n > 2 we have 8, 1wV o(TV = 0. In order to prove that also womt,0(CTV)®™ = 0
we need first to give a different expression for wV omqry . To this aim, for every m,n € N,
we compute (we use the identifications V@12V 21 V)

wV omqry o (anV ® a,V)
= WV 0 aminV = Omynaldy
= 0m10n,0ldver + 0m,00n,11d1gv
= v 0 (Gmldy @ 6, 01d1) + Iy 0 (S oldy @ B, 11dy)
=ryo(wV®earv)o(amV @ a,V) + 1y o (eary @ wV) o (a0 V @ o, V)
= (ry o (WV @eaqrv) + v o (earv @ wV)) o (anV @ a,, V).
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Since the tensor products preserve denumerable coproducts, the equalities above yield
the identity

wVomary =ry o WV Qeqry) +ly o (eqrv @ wV).
Using it, we obtain

WV om0 (CTV)®"
= wV omary o (mpzi, @ QTV) o (CTV)®"
= (rv o (WV ®earv) + v o (eary @wV)) o (mizi @ QTV) o (CTV)®"
=rv o (WV omizl @eary) o (CTV)®" + 1y o (eqrv o mizi @ wV) o (CTV)®"
=ryo (wV oMy © CTV)®" ' @ eqry o (TV)

+ly o ((5QTV o (TV)®*" @uwV o CTV) )

The last two summands are zero as eqry © (TV = equry o (TV = 0 by definition
of (. O

Remark 5.3. As observed, the comparison functor K : Alg (M) — Mgqr is an isomor-
phism of categories. By Corollary 2.4, T is h-separable if and only if Q : Alg (M) — M
is a split epimorphism. Let us prove, by contradiction, that this is not the case. As-
sume that there is a functor I' : M — Alg (M) such that QI' = Id. Let V' € M. Then
TV = (V,mV,uV) for some morphisms mV : V@V — VanduV :1 - V.Let f: V >V
be the zero morphism. Then I'f : I'V — I'V is an algebra morphism and QI'f = f. Thus
f is unitary ie. uV = fouV = 0ouV = 0. Hence Idy = mV o (V®@uV)o r‘jl = 0.
As a consequence any morphism h : V. — W would be zero as h = h o Idy for every
V,W € M. Hence Hom (V, W) = {0}. This happens only if all objects are isomorphic
to the unit object 1, i.e. if the skeleton of M is the trivial monoidal category (7, ®,1),
where Ob (7) = {1}, Hom7 (1,1) = {Id; } and the tensor product is given by 1@ 1 =1
and Idy; ® Id; = Idy. This is evidently a restrictive condition on M. Thus, in general
T: M — Alg (M) is not heavily separable. On the other hand the equality w o n = Id
obtained in Lemma 5.2 means that the functor T : M — Alg (M) is separable.

As a particular case, we get that the functor 7' : Vecy — Alg, is separable but not
h-separable.

Theorem 5.4. Set v :=wolT : PT — Idpq. Then yomn =1d and vy = v o PeT. Hence
the functor T : M — Bialg (M) is h-separable.
Proof. We compute

€

7077:wogTondéngQUeTOnPTOn
=woQUeToQTnon=woQUeToQUTnon=won=1d.
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Moreover
QeV o ETE = QeCoQUTE 0 ETP
LS O 0 QTOBE 0 QTP 0 QBeTP o P TP
= QUe o QeUTP o QTP o QUeTP o nPTP
= QUeo QUeTP o nPTP
= QUe o QUTPeonPTP
= QernPOPed(e2£§§OPe
so that
Yy =ww o ETET = ww o QUTCTO&TET = ww o QTCTOfoAT
(13)

= oneToQT(TogTé\T:oneUTofoT:wo{ToPeT:VOPeT |

Finally, we would like to explain how the construction above works when M is the
category Vecy of vector spaces over a field k. In this case Bialg(Veckx) = Bialg, and
P : Bialg, — Veck becomes the functor that assigns to a k-bialgebra B the k-vector
space of its primitive elements and acts on morphisms as the restriction on primitive
elements. Its left adjoint T, assigns to a vector space V the tensor algebra TV, where
QTV = §,enV ", endowed with its canonical bialgebra structure where the elements
in V are primitive. To a linear map f : V — W it assigns the bialgebra map T'f :
TV — TW, where QT f := @,en f©™. The linear map wV : QT'V — V defined by (12),
is just the canonical projection onto V. The map ~V : PTV — V is the restriction
of wV to PTV. It is known that the primitive elements in PTV are homogeneous, i.e.
PTV = @,en(PTV N VO see e.g. [20, 9.10.2]. Thus, vV is given by the projection
on the space of primitive elements of homogeneous degree 1.
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