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1 Introduction and summary

String field theory (SFT) is an approach to non-perturbative string theory, which has the
perturbative world-sheet description in its basic definition. Many progresses on different
fronts have been achieved in the past years. Complete constructions of covariant superstring
actions have become available [1-7]. On an independent flow, evidence for background in-
dependence has emerged, thanks to the plethora of discovered classical solutions (mainly
in the case of open strings) and related aspects [8-30]. In parallel we have also realized,
mainly thanks to the work of Ashoke Sen, that a consistent approach to superstring per-
turbation theory necessarily needs a SF'T formulation [31-41]. See [42] and [43] for recent
reviews on the above-mentioned achievements.



A quantum consistent theory necessarily includes closed strings as dynamical degrees
of freedom and in fact, from this perspective, the simplest model to consider is a theory
with only closed strings since, at least perturbatively (i.e. in absence of D-branes), open
strings cannot be created by closed strings interacting between themselves. However closed
string field theory (see [44] for a recent review) is not as explicit as open string field theory
because the fundamental vertices defining its interactions necessarily include integrations
over implicitly-defined internal regions of the moduli space of punctured Riemann surfaces,
together with local coordinates around punctures, for which we generally do not have closed
form expressions. But since these data are necessary for constructing off-shell amplitudes,
it seems that a direct approach towards analytic computations in closed string field the-
ory is still not really available, although progress in this direction is happening [45-50].
However, on second thought, we would expect that when we are concerned with physical
quantities, the final result should be independent on the various un-physical data that
are needed for the definition of the fundamental vertices. Then it should be possible to
compute observables by-passing the explicit knowledge of the off-shell data, only using the
fundamental properties that ensure consistency of the action, such as gauge invariance.

In this paper we make a step in this direction and we consider the tree level effective
action of the Heterotic string [51-53]. To do so we start from the WZW-like formulation
of heterotic string field theory [54, 55] in the NS sector and we classically integrate out the
massive fields by solving their equation of motion in terms of the massless fields, in analogy
to what has been done in the early days by Berkovits and Schnabl [57] for the open super-
string. More precisely, we will be interested in the algebraic couplings of the effective action,
which define the field-potential. Then, following [11, 12], we observe that when the massless
fields we are interested in are charged under the R-charge of an underlying N’ = 2 SCFT in
the left-moving sector, the full quartic potential localizes at the boundary of moduli space
of the 4-punctured sphere. Although we are here talking about closed string amplitudes,
the mechanism is completely parallel to the open string case analyzed in [12] and [9, 11].

Summarizing with a bit more of details, our results gives formulae which are tantaliz-
ingly almost identical to [12]. In the space of dynamical heterotic NS string fields in the
large Hilbert space, collectively indicated as ®, we split the string field in the kernel of
L(J{ = Lo + Lo and its complement using the corresponding projectors Py and 1 — Py

®=Pd+(1-P)b=op+R (1.1)

These projectors are useful to correctly account for how the Siegel-gauge propagator
defines a contracting homotopy operator for the BRST charge

bg

|:Q7 L(J)r] =1- Py = Po. (1.2)

Then, the effective action for the massless field ¢ is explicitly given, up to quartic order, as

= (o, [0, Q) + 8D () + 0(6%), (1.3)

Sea() = 3 (0, Q) + 3
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where the quartic coupling is given by

S (p) = %(noso, [, [, Qel]) + % (¢, lp, Qw, Qul)
+
—é <[noso, Q) &)2&1’0 (0%, Qso]> (1.4)
0

and it contains, in the propagator term, the contribution from the massive fields which have
been (classically) integrated out. As anticipated, computing this quantity for a generic field
in the kernel of Lg requires off-shell data which are in general not known in a concrete
enough form for us to obtain a final analytic result in terms of spacetime fields. However
if we are interested in purely algebraic couplings we can go further. At zero momentum
there are two kinds of physical fields: the standard physical fields (which we will denote
©4) and the ghost dilaton, ¢p. The latter is given by

©p(z,%2) = D c€dée2°Q(dc — 92)(2,2) = D ey 2Q(8c — 9¢) (2, 2), DeR

and it does not depend on the matter conformal field theory. Then all of the other physical
fields are of the form

Pa(2:7) = i ce Vi (2) W1 (2) = ey (2)V1 4 (,%) (), (1.5)

where Wlf’s are anti-holomorphic conformal primaries of weight 1 living in the bosonic
right-moving part and V¢ (2) are V' = 1 superconformal primaries of weight 1/2 in the su-
persymmetric left—moving sector. The generic polarization ¢;;, spans the remaining degrees
of freedom at zero momentum.

As it turns out only ¢4 can contribute to the elementary cubic couplings in (1.3) and
the ghost dilaton decouples. On the other hand, for quartic couplings, we don’t have an
analytic way to approach the ghost dilaton, but we can still say quite a lot on the quartic
couplings of ¢ 4 alone, which are the main target of this work. Concentrating thus on the
4 fields only, we further restrict our attention to A/ = 1 superconformal primaries which
can be written as sum of short ' = 2 primaries of R-charge +1 [9, 11, 12, 38]

Vi (2) = (V)" () + () (2) (16)
and accordingly from (1.5)
Vi,(2,2) = Vi [(2,2) + Vi, (2,2), (1.7)
27 2 2
oa=pt+o . (1.8)

As we will see, the first consequence of this decomposition is that cubic couplings will be
identically vanishing

S& (pr+e7) =0, (1.9)
Secondly and most importantly, the conservation of R-charge, together with the L., rela-
tions (2.6¢), and the fundamental fact (1.2) allow to re-write the quartic potential as

St +97) = —é (o™ mop™]s Pole™, Q™) = é (o™ @7, Pomoe™, Q™)) (1.10)
+(+ ¢ -).



Thanks to the presence of the projector Py ~ lim; s e~tho , the full quartic potential is
thus captured by a SF'T diagram where 2 three-vertices are connected by an infinitely long
cylinder (corresponding to the proper-time ¢ — oo limit of the closed string propagator
1/L§ = [,° dte~tL0). This is a contribution at the boundary of moduli space of the 4-
punctured sphere, where punctures collide two by two. In particular the 2-string products
of primary fields in the kernel of Lar are reduced, thanks to the P in front, to simple Fock
states which are obtained by leading-order OPE

Po[®1, P2] = by 6(Ly ){P1 P2}0,0(0,0)[0)sr,(2,0)5 (1.11)

where by {A B}, ;- we denote the field which is found in the symmetric OPE at the order of

kz=F_ Thanks to this enormous simplification the ¢ s-effective action can be

singularity 2z~
evaluated via elementary two-point functions to give a universal expression in the matter

sector

_ 1 _
Setr(* +¢7) = 7 (1| ) + (Hlo | Hoa) ) + O(¢5), (112)

where we have defined the charged heterotic auxiliary fields as
HY (2,2) = lim (2¢) v;l(z +€6Z+7¢) v;(z — 6,7 %), (1.13)
with R-charge +2 and the neutral one
Ho1(z,%) = lim [2¢* V] (2 +6Z+€) V] (2 —€,Z —7), (1.14)
’ e—0 511 511

with vanishing R-charge. It is important to realize that while in the open string case
localization was just a shortcut to a more complicated computation involving (still exactly
computable) 4-point OSFT diagrams [9, 57], here this is a truly major advantage as it gives
us the possibility to access to the full quartic potential without an explicit representation
of the fundamental vertices of the microscopic closed string field theory; all complications
of closed string field theory have been by-passed. This is the central result of this paper,
which is organized as follows.

In section 2 we review the construction of NS Heterotic string field theory in the large
Hilbert space as originally defined in [54, 55]. We then split the string field into massless
and massive components and we perturbatively integrate out the latter. Here, improving
from [11, 12], we carefully analyze the gauge fixing procedure for the massive fields, in
particular we show that, once the gauge-fixed equation of motion for the massive fields are
solved in terms of the massless fields, then the out-of-gauge equations of motion for the mas-
sive fields are satisfied if the massless equation of motion are also satisfied. This allows us to
state that whenever we are interested in the dynamics of the massless fields, the full string
field theory equation of motion is controlled by the massless equations of motion only. Our
analysis is performed up to cubic order in the massless fields for the equation of motion and
up to quartic order for the action. A complete result to all orders will be presented in [60] in
the case of generic SF'T actions whose interactions are organized into a cyclic Lo, structure,
as it typically happens in small Hilbert space theories. The effective action for the massless
fields is then simply obtained by substituting the gauge fixed solution for the massive fields



into the original classical action. Then in section 3, after having shown how to reduce the
kernel of Lar to the physical fields only, we concentrate on the quartic effective potential of
fields in the form (1.5), which admit an ' = 2 decomposition. We show by manipulations in
the large Hilbert space analogous to [12] that the full quartic potential reduces to (1.10). In
section 4 we show the consequence of this localization mechanism in flat D = 10 space-time
where we correctly obtain the Yang-Mills potential of the heterotic gauge field. Moreover
we confirm the absence of algebraic couplings for the metric and the Kalb-Ramond field
since the correspoding auxiliary fields are indentically vanishing. We end up in section 5
with conclusions and future perspectives. Appendix A contains the detailed derivation of
how the gauge constraints for the massive fields are controlled by the massless equation of
motion, up to quartic order. Appendix B shows that we can consistently ignore all of the
fields in the kernel of Lar which are not physical, either by simply setting them to zero (for
states annihilated by 7)) or integrating them out (for states proportional to cg ), without
producing new couplings up to quartic order. Finally appendix C contains the proof that
there are no cubic couplings for physical fields with A/ = 2 R-charge equal to +1.

2 Heterotic effective action

In this section we first review the construction of heterotic string field theory in the large
Hilbert space and then we will integrate out the massive fields to get the tree level effective
action for the massless fields, up to quartic order.

2.1 Heterotic string field theory

The action for heterotic SFT in the large Hilbert space [54, 55] expanded up to quartic
order in the NS sector is

S(@) = (m®.Q) + 2 (. [2,Qa])
+ ZT ((770‘1)7 [@,Q2, QP]) + (n0®, [®, [2, Q<I>]]>> + O(r?) (2.1a)
= %<”0q’>@‘1’> +I(®), (2.1b)

with Q = Qp + Qp where

d
Qp = j{ 21{0(Tm + Ty + 1) + cOcb + ne®G — 7787762¢b} ) (2.2a)
T
_ dz [ — i
Qp = j{ ZM{CTm + c@cb} , (2.2b)
where by GG we have denoted the matter supercurrent. We have also defined the interacting
part
K
7(®) = & (m®, [B,Q2])+
1‘412 3
+ 77 [ (0®, [2,Q2, Q®]) + (no®, [, [2, Q]) | + O(x”). (2:3)



The string field ® is a combination of states consisting in the left moving sector of an
N =1 matter SCFT with central charge ¢ = 15 together with the (b, ¢) and (8, ) systems
while, in the right-moving sector, of a ¢ = 26 matter CFT together with the (b,¢) system.
The string field @ carries ghost number +1 and picture number 0 and satisfies the level

matching conditions
bg® =Ly ® =0, (2.4)

where by = by — bo, Ly = Lo — Ly. Following Zwiebach’s standard notation [56], the
inner product is defined as (A4, B) = (A|c;|B) where ¢; = %(co — @o). The multi string
products [®q, ..., P,]| are all graded-commutative wrt grassmanality, for instance, [A, B] =
(—1)4P[B, A] and similarly for the higher products. In addition we have

<A B> ( 1) (A+1)(B+1) <B,A> (2 53)
(QA,B) = (-1)*(4,0B), (2.5b)
<770A B) = (-1)"(A,nB), (2.5¢)

([A,B],C) = (-1)™P(A,[B,C7). (2.5d)

In order to guarantee that the action is invariant under an appropriate non-linear gauge
transformation [54, 55], the multi-string products satisfy the relations of an L, algebra
which, up to cubic order are explicitly

0=0Q?, (2.6a)
= Q[®1, Po] 4 [QPy, Bo] + (—1)®1[D1, Qo] (2.6b)
0 = Q[®1, Dy, D3] + [QP1, Bo, B3] + (—1)* [D1, QPo, B3] + (—1)* TP2[Dy, Dy, QD3]+
+ (= 1)@y, [, D] + (—1) P PFVTN Dy (B, By ]|+
+ (—1) PP [Py [0y, D] (2.6¢)

From now one we will set the gravitational coupling x equal to unity,
k=1. (2.7)

2.2 Effective action

Let us now focus on deriving the effective action for the massless modes of the heterotic
SFT. Varying the action (2.1) with respect to ®, we obtain the equation of motion

EOM(®) = —10Q® + J (), (2.8)

where we have separated the interacting part as
1 1
J(®) = +5,ln0®, Q2] + 5 [0®, QP QD]+ (2.9)

+ I, [2,Q8] - 5. [#,mQa]] - 5[0, Q2. me]) + O(@").



To isolate the massless modes (in view of our latest interest in the zero momentum sector)
we consider the projector into the kernel of Lar , Py (together with Py = 1 — P,) and we
split the string field as

O = Pyd + Py® = ¢ + R, (2.10)

where we have denoted the massless component by ¢ = Py® and the massive component
by | = Py®. Splitting also the variation as 6® = dp + IR, we obtain the equations of
motion EOM, and EOMg for ¢ and R

EOM, (¢, ) = REOM(p + R) = —noQyp + RJT (¢ + R), (2.11a)
EOMu (¢, R) = PoEOM(p + R) = —noQR + PoJ (v + R). (2.11b)

2.2.1 Integrating out the massive fields

We want to integrate out the massive part R of the string field ® by solving the associated
equation of motion EOMg for R in terms of ¢ and then substituting 9 (¢) back into the full
SFT action (2.1). In order to do so, we will need to fix the Q- and n-gauge symmetries for
the massive part of the string field. To this end, let us introduce the projectors Ilg = barcar
and II,, = §ono, together with g =1-1Ilg = C(Tbg and ﬁn =111, = noo.

Let us first fix the n-gauge symmetry of 8. We will do so by splitting

R=R+R, (2.12)

where we define R = II,)R and R = ﬁni)‘i. We will then fix the {93 = 0 gauge by setting
R = 0. Doing so, the equation of motion EOMgy gets split into two components (here we
use that bpz(Il,) = II,, and we substitute the gauge-fixed string field R = R)

EOMg (¢, R) = IL,EOMun(p, R) = —10QR + 1L, PoJ (¢ + R), (2.13a)
EOMg (¢, R) = II,EOMx(p, R) = I, PoJ (¢ + R) . (2.13b)
These are the equations of motion corresponding to the massive fields R , when these fields

are partially gauge fixed by R = 0. If we now substitute ® = ¢ + R back into the
action (2.1) we obtain a partially gauge-fixed action

S R) = 3 (0, Q) + 3 (MR, QR) + (9 + R), (214)

so that varying (2.14) with respect to ¢ and R will yield (2.11a) (with % = R) and (2.13a),
respectively. Notice however that in this way we miss the equation of motion (2.13b), which
should then be interpreted as a gauge constraint (out-of-§y gauge equation).

Let us now proceed to fix the Q-gauge symmetry for the remaining component R of
Py®. To this end, we can decompose [59)

Q=ciLi +hyM"+Q, (2.15)
where we define M+ = M+ + M and Q = Qp +5B with
Mt =-2 Z NC_nCp — 2 Z Y—qYVq s (2.16a)
n>0 q>%
M =-2>"me_e, (2.16b)
n>0



and, using conventions where v = e%n, § = e ?0¢,

@B = Zc_nL? - % Z (m—n) :comConbmin: — Z VG +

n#0 nTﬁL?;Oo q+3€Z
1
- Z Y—pV—gbptq + 9 Z (m = 2q)c—mY—¢Bm+q (2.17a)
P+qEZ2o mEZLo
q+3€Z
= —m 1 e
Qp = ZE_nLn —5 Z (m—mn) :C_mCnbmin: - (2.17b)
n#0 m,n#0
m~+n#0

Note that M* and @ do not contain by, cg, by, ¢9. We then decompose
R=R+R, (2.18)

where we denote R = I[IgR and R = IIpR. The remaining portion of gauge symmetry,
associated with @, can then be fixed by setting R = 0, that is imposing Siegel gauge
bg R = 0. The equation of motion EOMp then splits into two components

EOMg(p, R) = IgEOMg (¢, R) = —nocg La R + HgIL, PoJ (¢ + R), (2.19a)
EOM ;(p, R) = TIlgEOMg (¢, R) = —boconoQR + TQIL, PoJ (¢ + R) . (2.19b)
Substituting R = R into S, (¢, R) (2.14), we obtain the action
1 1
Set(p, R) = §<770$07 Qe) + §<770R, tLyR) +Z(¢ + R), (2.20)

where all of the gauge symmetry of Po® has been fixed. Varying Sg(p, R) with respect to
¢ and R, we obtain the massless equation of motion (2.11a) (where we substitute R = R)
together with the gauge-fixed massive equation of motion (2.19a). Furthermore, we need
to remember that on top of this, we still have to satisfy the two gauge constraints (2.13b)
(with R = R) and (2.19b). All of these represent a set of equations for ¢ and R. The
massive gauge-fixed equation of motion (2.19a) can be consistently solved to yield R as a
function of . Substituting R(¢) into the massive gauge constraints (2.13b) and (2.19b), we
will then show that these are automatically solved once we also assume that the massless
equation of motion EOM,, holds. This will allow us to write down the effective action for
¢ by simply substituting R(¢) into Sef(p, R), to finally get

Seft(p) = Set(p; R())- (2.21)
Let us first discuss solving the gauge-fixed massive equation of motion
nocg L R = c¢fbinoéoPod (¢ + R). (2.22)

Noting that ba’ R = &R = 0, we can first cancel both C(J{ and 79, then we can safely
invert L(')|r thanks to the projection outside its kernel Py. Altogether, we conclude we can
equivalently write the massive EOM as

_ 5 Py + R(g)). (2.23)

R(p) = 73



In order to lighten a bit the notation, let us introduce the products

by
pk(Ala"'vA ) L+P0§0[A17-"7Ak]a (224)
together with the operator
by
Gg(e) = I & Po&oJ (P) . (2.25)

The operator G can be expanded in terms of p; as

G(0) = g (m®. Q) + 3 (s, Q. Q)+ (2.26)
- o, [2.Q0]) — 1pa(,[8,0Q8) — (@, (02, QB ) + O(@).

Then (2.23) can be rewritten as
R(g) = Glo + R(5)). (227

To solve this equation for R we will assume that R(p) fluctuates only in response to the
fluctuations of . That is, we will put R(0) = 0. Note that by doing this we will miss a
number of classical solutions of the full SF'T equation of motion where the massive sector
is allowed to condense independently of the massless sector. Nevertheless, it completely
covers the case at hand, namely the perturbative dynamics of the massless modes. We can
then write the solution for R(y) in the form

R(p) =G(p+G(p+G(p+...))). (2.28)

It is easy to find that up to cubic order in ¢ we have

! (pz(no% Qy, Qo)+ (2.29)

1
SiP2(m0e, Q) +

R(p) = 51

+ p2(now, [, Qe]) — %m(% [, mQe]) — %pz(% [0, Qw])) +

1 1
- (2,)2192(770172(?70@,@@) ,Qp) + ( ,)2192(77090, Qp2(noe, Q) + O(p?).
The effective action for the massless excitations ¢ is then

Seit(p) = Sgil, R(9)) = 5, L lnop. Qo) + 5 (0 B(0), g Lg R(9)) + L(p + R(g)),  (2:30)

and expanding this up to quartic order, we finally obtain

Seﬂ“(‘ﬂ):%<77090aQ(P> 31,<no<P,[90,Qso]> !<<no<p,[<ﬁ,Qs0,QsO]>+<nos0,[<p,[<ﬁ,Qs0H>>

1
8

+

<[nos0, Qel, 50 b [noso, Q¢]> +0(¢°). (2.31)



But now it is important to understand what happens to the gauge constraints (2.13b)
and (2.19b) that we have to supplement in addition to the EOM derived from the effective
action (2.31). This analysis is carried out in appendix A and the outcome is that the
gauge constraints are satisfied (to the order we are interested in) thanks to the massless
equations (assuming the gauge-fixed massive equations have been already solved). So the
gauge constraints (2.13b) and (2.19b) do not contain new physical information that is not
already contained in (2.31). This is all we need. Interestingly this result can be generalized
to all-orders in the case the interactions arrange themselves into cyclic A or Lo, structures
as it is the case for small Hilbert space theories, as it will be reported in [60].

It is not difficult to check that varying the action (2.31) (and using d¢o = Pydy) we get
back the equation of motion for the massless fields (2.11a)

Qe = PoJ (¢ + R(p)), (2.32)

where R(p) is given in (2.29). If we find a solution to this equation we automatically
have a solution to the full SFT since the massive equations have been already solved
and (importantly) the n and @ gauge constraints are solved if the massless EOMs are
solved, as shown in appendix A. Therefore, in the present perturbative setting, the massless
EOM (2.32) is the only real requirement for the existence of a full SFT solution.!

3 Evaluation of the effective action

In this section we will analyze the various components of the effective action and we will
compute the relevant physical couplings up to quartic order in the massless fields. But
before entering the details of the computation, we have to give a concrete look at the
massless fields, i.e. the states ¢ that we find in the kernel of La' .

3.1 The kernel of LE,F

In order to enumerate the field content of ker L(J)r we will assume that the background
which we are considering is associated with a unitary matter SCFT. That is, all matter
states Vj, have h > 0 and, in the matter CFT, the identity is the unique state with
h = 0. This assumption can be motivated for instance by working at zero-momentum in a
compactification with unitary internal SCFT. Our computation will then produce algebraic
couplings of the full effective action. We want to write down the most general state ¢ which
is level-matched

(bo —bo)p =0, (3.1a)
(Lo — Lo)p =0, (3.1b)

at total ghost number +1 and picture number 0 such that (Lo + Lg)p = 0, in the large
Hilbert space. The result can be written as

=1+ 02+, (3.2)

In the analogous open string setting of [9, 10] the massless equation was obtained in a conceptually
different approach: it was the obstruction to invert the kinetic operator in the full OSFT equation of motion
and thus the obstruction to the existence of a solution representing a true marginal boundary deformation.

,10,



where

Y1 =pAt+¢D+ B (3.3a)
P9 = (80 + 56) (§CV%67¢ + 6565672%71) ) (3.3b)
03 = cW1 +TW1 + ne‘bU% + C1cd¢ + Ca(dc + 0k) . (3.3¢)

To start with ¢ obeys the physical state condition 79Qy; = 0. Its first component is (1.5)
YA = §CEV%71 e ?, (3.4)

and it captures all of the physical massless fields at zero momentum except
¢p =DEY Q(dc — de), DeR (3.5)

which is the zero-momentum ghost dilaton in the large Hilbert space. This state is universal
and it is build using the inverse-picture changing operator

Y(2) = cd€e™(2) = cd'(7)(2), (3.6)

which is a weight zero primary field in the cohomology of ) with vanishing ghost number
and picture p = —1. The ghost dilaton ¢p is formally gauge-trivial but in fact it is not,
because (¢ — J¢) is not an allowed closed-string state, see [68] for a discussion in the
bosonic string. The remaining state in ¢ is given by

o =BEYQ(Oc+0¢), BER. (3.7)

However differently from the ghost dilaton this state is gauge trivial in the semi-relative
cohomology b, = 0.

o5 = B[~ QY (9e + ) + m( &Xo(Y (9 + 99))) ). (3.8)

The states ¢y are Nakanishi-Lautrup-like (NL) fields and are spanned by V 1 V1 which
are generic holomorphic and anti-holomorphic matter conformal fields of weigth (1/2,0)
and (0,1) respectively. These states are set to zero by the Siegel gauge condition bf = 0.

The remainig fields @3 (spanned by the conformal fields Wy, W1, U 1 and the numbers
C1,C9) are in the small Hilbert space 19 = 0 and are therefore 7y-gauge-trivial

©3 = no(§p3). (3.9)
3.2 Effective action for the physical fields

Obviously we would like to focus on just the physical fields, however the possible elimination
from the game of all the fields in the kernel of Lar except the physical ones 4 and pp
needs a careful analysis. We have addressed this problem in appendix B and here we just
briefly summarize the outcome.

First we partially gauge-fix the effective action (2.31) by requiring &y = 0, that setting
w3 = 01in (3.2). In doing so we loose some of the massless equation of motion which become
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gauge constraints. But like in the massive case, these constraints are satisfied when the
remaining massless fields solve the equation of motion.

Then we integrate out o as a function of ¢;. Here we importantly check that the
possible generated new couplings from integrating out ¢ do not contribute to the effective
action up to quartic order.

Finally we show that the pure gauge state pp in ¢1 completely decouples. The final
outcome from appendix B is that, up to quartic order, the correct effective action for the
physical fields ¢4 and ¢p is obtained from the full effective action (2.31) by simply setting

Y =pa+¢D

Sefip(@a, D) = Serr(9) (up to quartic order). (3.10)
p=pateD

Therefore the effective action only depends on the physical fields ¢4 and ¢p. From the
decoupling of the pure gauge mode ¢p shown in appendix B, one may be tempted to
conclude that also the similarly-looking ghost-dilaton ¢ p decouples, observing that we can
formally write

¢p = &WxD (3.11)

with

However b, xp # 0. As a consequence, we may not use the computations in appendix B
to show that also ¢p drops out from the quartic part of the action. It is however true
that the computation (B.32)—(B.36) shows that ¢p in fact drops from the cubic part of
the action. Therefore, we can write the effective action for physical fields only as

Sefip(va,¥p) = %(nos% [pa, Qeal)+ (3.12)
+ {i, <<nosop, [p, Qeop, Qpl) + (M@, [¥p, [©p, Q%]D) +
e
+ é<[n0§0p> Qepl, L%é‘oPo[nocpp, Qsop]> + (9(@2)} :
0 Yp=¥YA+¥D

or, in the small Hilbert space (¢ = nop)

Seft.p,s(Va, YD) = %WA, [1ha, Xotha]) g+ (3.13)

1
+'{4!<<¢pi¢prxb¢pwxbwd>s+
(s 6ot X+ [ e Yol )+

bt —
- ;<[¢pv Xopr L%Po[lﬁp, XO¢p]> + O(iﬁfﬁ)}
0 S

Yp=va+¢D

An important question at this point is what to do with the ghost dilaton ¢p in the quartic
part of the effective action. This field is independent of the matter sector and therefore it
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is insensitive to the localization mechanism we discuss next. In the following we focus on
the cubic and quartic couplings of ¢4 alone and we will simply set the ghost dilaton to
zero ¢wp = 0. The computation of the ghost dilaton couplings is however a quite important
question that should be addressed, using appropriate tools which are however beyond the
scope of this paper. See [67] and [68] for related results in the context of bosonic closed
string field theory.

3.3 N = 2 decomposition

If we ignore the ghost dilaton, we remain with the physical field ¢ 4, which has the general
form

oa(2,%) = £(x) @Vy 1 (5,7)e %O, V1 (2,2) = e Vi () W (2) (3.14)
b b 2
and satisfies the free equation of motion

noQypa = 0. (3.15)

We now assume that the holomorphic side of the worldsheet has a global N' = 2
supersymmetry in the matter sector and that the superconformal primary V;, can be
written as the sum of two fields of opposite R charge

Vi=Vi+Vvy. (3.16)
2 2 2
Denoting Vi = G_; 2V /5, we then have
Vy =V + Vi, (3.17)

where V{7 = G~ Yy 1/2, Vi = wavl—/z, together with G 1/2V1/2 =0, G_1/2V1_/2 =

0.The fields ij are charged under the U(1) R-symmetry generated by Jy while the fields
2

Viﬁ are neutral:
JoVE=4VE  JoVE =o. (3.18)
2 2

Correlation functions are non-zero only if the total R-charge is zero. In the same manner,
we also decompose the total massless field as

pa=¢" 4+, = Ecevy, e, (3.19)

Acting with @ gives a combination of the charged and neutral fields, while acting with 7
does not change the charge:

Qu*t = cEVl 1 —ne cV1/2 1 nop® = cch/2 0 e ?. (3.20)

We see that there will be a tension between conservations of ghost number and R-charge
for terms involving Qe: the first term has Né’ﬁ = 1 and Jg = 0, while the second has
Ngﬁ = 0 and Jy = 1. In total, only the terms such that Ngf1 = 6 and Jy = 0 can contribute.
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3.4 Cubic couplings

Given the explicit representation (3.14) we can directly compute the cubic coupling of the
action. Using o4 = Pyp4 and (B.36) we have that?

1
31{m0wa; [pa, Qeal) = Ezlgjmekn<0|§06 1coer_1cocre ?[0)x

3!
X <V3\{VﬁVT}1><Wl\{WTW?}1> (3.222)
3'€Zl€]m€kn<v HV] 1V§)}1><WZ1HW1%WZL}1> . (3.22b)

This is the universal form of the cubic coupling, which is given in terms of the three-point
functions in the matter sector. However, whenever the A/ = 2 decomposition is possible,
that is whenever we can write V4 = (V4)T + (Vi )=, we in fact have

2 2 2

(VE{Vi(G_1VE)} ) =0 (3.23)

2 2 2

for all 4, j, k. The proof of this claim, which proceeds along the lines of [9], is presented in
appendix C. Therefore, given (3.19), the cubic potential vanishes

;, (nowa, [pa, Qpal) . = 0. (3.24)

A=t 4o~

Note that (3.23) actually implies a somewhat stronger result, namely that

Po[nowa, Qpal =0, (3.25)

whenever p4 = ¢+ + ¢~. Expanding the equation of motion following from the effective
action Seg(p4) order by order in ¢ 4, one finds that (3.25) is precisely the equation of motion
arising at second order. Hence, we can conclude that to second order, we automatically
satisfy the condition for existence of a marginal deformation by ¢4 whenever we have an
N = 2 decomposition of p4.

3.5 Localization of the quartic effective potential

Now we finally focus on the quartic interaction from (2.31), which can be decomposed into
a vertex interaction and an interaction with a propagator

St = ST + S (3.262)
. 1 by
Sta = 3 <Po [Mopa, Qepal, 50 [77090,47 Q4 > (3.26b)
1
Si = 71 {mop: [P, [pa, Qpal] > + 7 L Cogeasloa Qo)) (3.26c)
2We normalize the ghost correlators so that
(0|€oc—12-1cot0crEre *?|0) = 1. (3.21)
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We now proceed with the explicit evaluation of the above quantities, assuming the
N = 2 decomposition of ¢4 (3.19).3

Propagator terms (3.26b). The total ghost number of the propagator term

+

ro 1 Y b
Sefta = 3 <P0[770<P, Qﬂfoﬁ[ﬁo% Qv > (3.27)
0

reads

Nt = 2+ 2N (Qyp) (3.28)
which requires Né’ﬁ(ng) = 2: this selects the neutral component. This means that the
fields on which 7 acts must have opposite charges to achieve Jy = 0. The non-vanishing
terms are equal by pairs since b / L is BPZ even and we find:

prop __
Seff 4

<P0[no<p+,Q<P ], fo [77090 ,Qyp ]>

Polnoe™, Q] 50 [noso Q™ ]>

T~

(3.29)

»MH »MH *N’—‘

<P o™, Qe fo [77090 , Q™ ]>

+

— i <P0[77090+, Qso’],fo%[nosf, Qy™] > :

Note that the first two terms are exchanged under ¢t <+ T, while the last two terms are
invariant.

The next step is to show that, in fact, the first two terms vanish. This can be seen
by moving around the operators and showing that the result violates the charge or ghost
number conservation. For the first term, the idea is to move the ) from the first bracket
to act on ¢~ in the second bracket, in order to violate the charge conservation:

N
<Po[no<p+,Qso ], £o [77090 ,Qp ]> = <P0[770<P+,<P+]7?F[Q<P,Q80+]>_0- (3.30)
0

This vanishes because ghost number conservation picks the neutral terms in Q*, but then
Jo # 0. The second term vanishes exactly in the same way.

We can now analyze the two other terms to bring them in a simpler form. The idea
is to remove all propagators such that only terms with projectors and contact interactions
remain. This is achieved by moving again () such that it can hit the propagator. For the
3rd term, we extract @ and 79 from both sides in a symmetric way. Simplifying and using
R-charge and ghost number conservations lead to:

2<Po[770¢+,Q<P I, §o [noso Qo™ ]>=—<Po[770<P780]a[<P+7Q90+]>

— (Po[noe™, ¢ 1,07, Qe ]).

3@Given the formal similarity of heterotic string field theory with open superstring field theory with stubs,
it is not difficult to adapt the original computation of [9] to here (and this is in fact how we first arrived to
the result). Here, however, we will follow analogous steps as in the original paper [12].

(3.31)
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In the 4th term, we use the relation

[moe™, Qe~] = —mQle™, ¢ 7] — [Qe™, moe ], (3.32)

in both sides symmetrically. Again, simplifying and conservation laws leads to

2<P0[770<P+»Q90 ], §o [77090 ,Qyp ]>:—<P0[80_7<P+]a[770@_,Q90+]>

(3.33)
+{(Pole™, ¢, lnoy™, Qe7]) .
Putting the pieces back together, the action (3.26b) becomes:
rop _ 1,5 - L= —H -
ngff - g <P0[77090 , P ]7 [S0+7Q90+] > + g <P0[77090+7 90+]7 [90 7Q§0 ] >
(3.34)

+ % (Pole™, "], o™, Qe™]) — % (Pole™,¢" ], o™, Qe7] ).

This matches (A.7) in [12]. Notice that this part of the action does not contain anymore
propagators. Writing Py = 1 — Py, it splits in localized and contact contributions:

Stita = Setta + S, (3.35)
where:
5£%°4=—%<Po[no¢‘,s0 LT, Qo) - é(Po o™, ¢ ™, Qe7]) (3.36a)
—%<P0[<P7%0 J; [now™, Q¢ >+%<P0<P L0 ] e, Qe71)
é&fﬁzé([nowiw’],[ ,Q¢"]) + é< o™, ™1 l97,Qv7]) (3.36D)
+%<[<p‘,<p+],[no<p‘,62so ]>—§<[<p‘,s0 I op™, Qe71) .

We will now see, exactly as in [12], the contact contribution will cancel with the
elementary quartic vertex

Elementary quartic vertex (3.26c). The elementary quartic vertex is made of two

terms:

Sy = i,(now, (@, [0, Q¢]] ) + i,(noso,[%(QsO)D (3.37)

The ghost number of the first term (double 2-product) is
NY =5+ N (Qp). (3.38)

This means that Qp* picks the charged term, and there must be an equal number of p*
in the expression. The ghost number of the second term (3-product) reads:

N¥ =2+ 2N%(Qy). (3.39)

It does not vanish only if Ngl;’fl(Qcp) = 2, such that Qy™ picks the neutral term, and thus
ne® and T must have opposite signs.
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Before proceeding, we display a set of relations for the term with the 3-product which
can be used to simplify further the expressions. First, terms with opposite signs are in fact
equal

(o™, [0, (Qv)*]) = (mw™, [, (Qp)*] ), (3.40)

as can be shown by using cyclicity, that 7y is a derivative of the 3-product and of the
inner-product, and the equation of motion (3.15). Moreover, using the L, relation

0=Qp ¢, Qe +[Qv , 0", Qe — [p,QpT, QpT]
— o7, e Qe + [¢h, [, Qe + [Qe™, [v ™, ¢T]]

together with conservation laws show that the terms with (Q¢™)? vanish:

(me™, [e7,Qe™,Qe™]) = (mw™, [¢,Qe",Qe™]) =0

Using these relations, the action reads:

Sy = i {Inog™, 1) - %( o™, o1, 10", Qe 1)
—%([noso Nl ) - 4l<770¢ 071 [0, Qe71)
! ! (3.41)
4 { oy~ " 1) = g1 (oe™ ¢7) [0, Qe ™)
+6<no<p O, QeT,Qe]).

Rewriting the action. The next step is to move 7y and @, to use the L. relation and
to invoke conservation laws to write (3.36b) and (3.41) in terms of independent quantities.
Ultimately, we find that only 4 structures are independent:

Cr=(l¢™, "] Ime", Q¢7]), C2=(le7 9" lnoe™, Q™) (3.42)
Cs = —(Inow™, ¢, 0%, Q¢7]), Dy = (mop"[p7. Q" Qe7]).
The Lo relation
_ i k i g k1 148 J k

— [, [¢7, QM + [¢. [, Q"] + [Q", [¢', 1],

where i, j, k = £, can be used to rearrange terms where two fields with the same sign are
contained in one bracket. Note that the first term will never contribute because it contains
Qnop™ = 0 after integrating by part.

After straightforward computations, we find that the different terms of the propagator
part (3.36b) can be expressed as:

(o™, 1 leT,QpT]) = =Dy —2C, — C1 — C3,

(It ¢, le™,Qe~]) = =Dy —C3+Ch, -
{le7 0t e~ Qp™] ) = Oy, (3.44)
{le~ ™), Inoe™. Qe~]) = Ci.



Summing all contributions, we find that (3.36b) reads:
1
offd = —@(301 +3C2+6C3+6D,_). (3.45)

Similarly, the different terms of the contact interaction part (3.41) can be written as:

(o™, ™) [¢™,Qp7]) = =Dy — C3 + (1,
(g™, ¢ ) [¢",Qp7]) = —Cs,
(Ime™ ¢ ][0, Qe"]) = —C1 — Cs, (3.46)
(e 0], [0, Qp7]) = —C1 — Cs,
(e ¢, [e™,Qp"]) = —Cy — C1 — Cs,
(o™ 1 l¢",QpT]) = =Dy =20, = C1 = C3
Adding together all terms, we get:
Sy = %(301 +3Cy + 6C5 + 6D _). (3.47)

As a result, the contribution from the contact interaction (3.45) of the propagator term
exactly cancels the vertex interaction (3.47):

aita + 95 =0. (3.48)
This implies that the quartic potential is given solely by the localized action (3.36a)

{ oy~ ¢ ], Pole™, Qp™]) —

(e~ ¢™], Polnop™, Q™) —

{Inoe™, 1], Pl Qv )

{leT,07], Polnoe™, Qe ).

Seff,4 = Sé?fc,él = -
(3.49)

0| = 0ol
co| = 0ol —

As described in the introduction, the effective action receives contribution only from the
boundary of the moduli space.

3.6 Auxiliary fields

Now we would like to concretely analyze the states entering in the localized potential. In
order to do so we have to extract the Fock space components of states of the form Py[®1, Po]
where

®; = ©;(0,0)|0)sr,(2,0)

are primary states of weight (0,0). The 2-product [, -] is not uniquely defined as there are
infinite choices that will be consistent with the Lo.-relations (see for example [44]) however,
from the symmetry of the three-vertex, the product of two conformal primaries of weight
(0,0) can be written in a form which naturally generalizes the open string star product as
described in [63]

[@1, Ba] = by 6(Ly ) eXm=1 onlozntBulo2n ¢ (1, 7)o, —7)|0)sL(2,0)5 (3.50)

,18,



where the v,,’s and the location (x, ) depends on the chosen three-strings vertex. From this
general expression it is obvious that, provided that the OPE of ®; and ®5 does not contain
states with conformal dimension less than —1 in either left- or right-moving sector (this will
always turn out to be true in our computations where we assume that the matter SCFT is
unitary), the presence of Py will only select the identity component from the exponential
and the OPE contribution of weight (0,0) (if present). In such cases we therefore get the
level (0,0) Fock state

Py[®1, o] = by {P1 P2}0,0(0,0)[0)s1,(2,0) (3.51)

where {®1, ®2}0,0(2,%) is the weight (0,0) field which is found in the symmetric OPE of
the weight zero fields ®; and ®q

By (2,2)@s(—2,~2) = »_(22)7F(22)F{®1 @2}, £(0,0). (3.52)

k.k

With this understanding we can easily compute the localized fields entering the effective
quartic potential by standard OPE

Polp™, Qe = ceH,(0,0)[0) (3.53)
Po[p™, now™] = —ce(dc + 9e) ée > Hi(0,0) |0) (3.54)
Polnow™ ,Qﬁ] = FcenHo,1(0,0)0) (3.55)
Polp®, ¢T] = £ce(de + 9¢) £dEe™2? Hy 1 (0, 0)[0). (3.56)

The heterotic auxiliary fields H appearing above are matter primaries which can be found
in the OPEs of the physical matter fields

V;l(%?)vgil(—z, —Z) = (25)*1}1_]1%71 (0,0) 4 - - - (3.57)
V%i’l(zvz)V;I(—Z} —E) = :|:|2§’72H071(0, 0) 4+ (358)

In deriving the above expression we have also assumed that the OPE {V% 1 Vi1} is regular
in the holomorphic side. This is generically true when the N' = 2 decomposition is available
(as we are assuming here), see [9] or appendix C for a proof. Notice in particular that if
no field is found at those particular singularities in the OPE, then the quartic effective
potential is identically vanishing. In the next section we will encounter explicit examples
of vanishing and non-vanishing auxiliary fields.

Given the above form of the localized fields, we can finally write the effective quartic
potential (which coincides with the full effective potential up to quartic order) with simple
matter 2-point functions of the auxiliary fields

Ser(a) = 7 (B I, ) + (B i ) ) + O(3) (359)

This expression is universal, only based on the assumption that ¢ 4 = ¢+~ and otherwise
is independent on the (N = 2) closed string background under consideration.
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Notice also that (3.59) is manifestly positive definite. Therefore flat directions of the
potential are automatically minima of the full effective action up to quartic order.*

Then, just as in the open string analysis of [9, 11, 12], flat directions are controlled by
the vanishing of the three ADHM-like constraints

Hy, =0, (3.60)
Hyo 1 = 0. (3.61)

But, by our construction in section 2.2.1, minima of the effective potential uplift to full
SFT solutions and therefore the above constraints (3.60), (3.61) appear to be necessary and
sufficient to guarantee exact marginality of the deformation triggered by s = ot + ¢,
up to quartic order.

4 Example: Yang-Mills in flat space

Let us now see what (3.59) reduces to in the simplest setting of the heterotic string in flat
ten-dimensional space-time.

The massless zero momentum fields (except the universal ghost dilaton) can all be
assembled in

oA = (gu + Buy)gcd)“e—d’éi@iXy + Amgcﬂ)“e_‘béji , (4.1)
where ¢ = 1,...,10 runs over the spacetime dimensions and the adjoint gauge index ¢ =
1,...,dim g runs over the currents J* of an affine Kac-Moody algebra g,—; which is specified

by the given heterotic gauge group. The (hermitian) generators of the corresponding Lie
algebra will be denoted by T; (where a representation has to be specified). They satisfy
[T;, T}] = ifiju Ty and tr[T;T;] = 2C9;5, where f;;;, are the structure constants and C'is the
Dynkin index of the representation at hand. We then have

=k,

— =i 54 ) J (W)
T T - - i e 4.9
EF @) = Fom +ifint e + (4.2)
Let us introduce the complexified free fields
1
U= SR R, (4.32)
where a = 1,...,5, so that
g,ul/"l}“ = g(a—l—)v"l}a—i_ + g(a—)v"l}a_ ) (44&)
B,uuz/}'u = B(aJr)zﬂ/}aJr + B(af)z/‘ﬂai ) (4'4b)
Aptt = Aqytb™ + Aoy (4.4c)

4 Assuming that setting to zero the ghost dilaton ¢p (which we have discarded) is a consistent truncation.
This should follow from the fact that, by the dilaton theorem, 4-point couplings of n ¢p’s and (4—n) pa’s
should be related to self-couplings of (4 — n) pa’s, which however vanish when N' = 2 is present and

wa=pt+o .
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with

1 )

Ylat)r — E(Q(Qa—l)y + Zg(Qa)V) )
1 )

Bty = E(B(M—m F iB2a)w) 5
1 )

Aty = —=(Aa—1yi F 14 24)i) -

>

We clearly have the N = 2 decomposition

oA =@k +o,

with respect to the free-field N' = 2 superconformal algebra with R-charge

5
j=D
a=1

Explicitly we have

04 = (Gatyw + Blasy)ech e i0X" + Aggryibey® e %2l .

From (3.57), (3.58) we can compute the auxiliary fields

Hli,l = ’Lf jk‘ A(a:l:)iA(b:l:)j :rd) ﬂ:¢bj:: N 7
. 1] a —k
Hoa = if") Aar)iApy0° T -

(4.5a)
(4.5b)

(4.5¢)

(4.7)

(4.8)

(4.9a)
(4.9D)

Notice that g, and B, drop out from the auxiliary fields because X" does not have a

first-order pole in the OPE neither with itself nor with 7', A non-trivial auxiliary field is

only obtained when the anti-holomorphic currents entering in ¢4 are non-abelian! From

here we can already anticipate how the story will end, but it is nonetheless instructive

to see how the expected tr[A,, A,][A", A”] potential is reconstructed, to appreciate the

differences w.r.t. the analogous open string case in [12], where the non-abelianity came

from the Chan-Paton factors, rather than a non-abelian current algebra.

We substitute the expression (4.9) for the auxiliary fields into the general for-

mula (3.59). In order to ease the algebraic manipulations which are to follow, let us

define the space-time matrix
U = diaglu, u, u, u, ul,

po L (1
ERVCAREEY A

Aj = (Ayj, Agj, ..., Argj),

where

together with the vectors

Aj = (Aaryj, Aayjs - A As-)))
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where 7 is an adjoint index in the heterotic gauge algebra. We can then write

A;=UA;. (4.14)

Also note that the reality conditions on A give that

(A)F=(an". (4.15)
Let us also define
V = diag[v, v, v,v,v], (4.16)
where
10
= 4.17
(1) .
together with
W = diaglw, w, w, w,w], (4.18)

where

w= (2 _01> . (4.19)
Using that fijr = —fjir, we therefore obtain
Sl = if it klm{2A<a+>iA(b+>a’A(a—)kA<b—>l - A(a+)iA<a—>jA<b+)kA<b—>z} , (4.20a)
= 17 20RO VAT R)VA] - [(A)VAI[R)VAL ) (@20
= i fa f’“’m{Q[(Ak)TUTVUAi} [(A)TUTVUA,]+

— [(ANTUTVUA[(A)TUTVUA] } (4.20¢)

= +é P (AR NI + W) AG] [(A)T(T +iW) Aj] +
- %f"jm FE AN+ iW) A [(ADT(T + W) Ay . (4.20d)

We can now use that fact that (A;)TA; is symmetric in i, j while (A;)TWA; is antisym-
metric in 7, 7 to rewrite

S = +5 0 M (AR A [(AD) A+
U g g P L A A [(A)TWAGL (@21)

where we note that
fzjm fklm + fzkm fjlm + f’le f]km =0 (422)
by the Jacobi identity. We therefore end up with

1 ..
S0 = L ey A (129

— 922 —



This can be further rewritten as

4 1
S = —gemtrll4n AJIA", A7), (4.24)
where in the last line we have denoted A, = A,;T . We have thus recovered the quartic
potential of the heterotic gauge fields. Notice that our (tree-level) construction did not
depend on the details of the heterotic gauge group — these are determined by modular
invariance at one loop.

5 Conclusions

In this paper we have developed new computational tools to extract algebraic couplings in
the tree-level effective action of the heterotic string from closed string field theory. We have
found that the same localization mechanism present in the open superstring [9, 11, 12] is
also at work here. This may appear rather surprising because we would in general expect
closed string physics to be rather different from open string one. However it is certainly
less surprising from the point of view of string field theory. In particular, especially in
the small Hilbert space, it turns out that open, closed and open-closed string field theories
have all essentially the same algebraic structure encoded into a cyclic Lo, algebra (which
is realized differently depending on the model under study). Therefore also the derived
effective actions should clearly have common universal features. We will elaborate more on
this in [60]. In the particular case of the heterotic SF'T, we expect that the localized form
of the zero-momentum quartic effective action obtained in this paper using the WZW-like
large Hilbert space formulation should agree with the corresponding result one would obtain
within the Lo-based small Hilbert space formulation [72] (in the same way as it worked for
the open superstring in [11]). Indeed, one expects both actions to be completely equivalent
at the classical level, as it has already been shown for the open superstring [3, 73, 74] (see
in particular the partially gauge fixed WZW-like action (B.4)).

A quite important conceptual point emerging from our work is that the massless equa-
tion of motion derived from the effective action are sufficient for establishing the existence
of a full string field theory solution. This is a quite convenient reduced set of equations
that can provide a useful alternative approach to exact marginality and perhaps RG-flows
triggered by marginally relevant operators (for both bulk and boundary degrees of freedom)
where the standard worldsheet approaches (for example [71]) are not of much help.

In the future it would be interesting to extend the localization method to Type-II the-
ories and finally to the full open-closed theories, where both open and closed string moduli
can genuinely fluctuate. A first step into the interplay of open and closed strings consists
in adding Ellwood Invariants [69] to the open string action and derive effective open-closed
couplings by integrating out the massive open strings, slightly generalizing [12]. We plan to
report on this soon [70]. Another issue we have not touched until now is whether the local-
ization mechanism can be useful for couplings involving space-time fermions. Needless to
say, it would be also interesting to explore the localization of couplings beyond the quartic
order and at finite momentum which is relevant for derivative couplings. The localization
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at the boundary of worldsheet moduli space and the needed N’ = 2 structure is naturally
calling for a relation with topological strings [64-66] which would be quite interesting to
explore.

On a more general direction, it would be also interesting to explore the possible ex-
istence of new type of localization mechanisms, not necessarily related to a worldsheet
N = 2. Some of them may involve non-trivially various currents in the (super) ghost sec-
tor and this may be useful to address the exact computation of the ghost-dilaton couplings
which we left essentially untouched in this paper.

We hope our progress will be useful in developing ways to efficiently extract non trivial
physical information from SFT, when the standard world-sheet methods fall short.
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A Analysis of the massive out-of-gauge constraints

Here we show that the two gauge constraints (2.13b) and (2.19b) are automatically satisfied
provided that we substitute the solution R(¢) of EOMp and we also assume that the
massless equation of motion EOM,, is solved. So in the following we will assume that

EOMy (¢, R(¢)) = EOMg(¢p, R(¢)) = 0. (A1)
We will also find it convenient to denote the sum of the two gauge constraints by
GC(p, R) = EOMj3 (¢, R) + EOMj(p, R) . (A.2)

Starting with EOMj, we first note that we can bring the 7y from the projector II, inside
the interaction part to obtain

EOMz (o, R) = —Pofo{;![ﬁo‘l’mqu’] + % (2[770‘197770@1)7@‘1’] - g[nofl% [10®, QP]|+

+ 0. 12,0 - 2. [ mQa] ) +0(0") |

(A.3)
P=p+R
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Now, using the definition of EOM(®), we can rewrite

nOQ@\q):WR(@: <I>|<I> oL R(p )—EOM@)\WWRM (A.4a)
—orR(p) — 9C (@ R(¥)), (A.4b)

where to go to the second line, we have used that EOMR(go, R(p)) = EOM, (¢, R(¢)) =0,
as per our assumptions. Substituting (A.4b) into (A.3) and keeping only terms up to cubic
order in ®, we obtain

EOM; (o R()) = Pofo{ L o®,GC (e, Rig))]+

+ 3 (2. 9o, R(p). Q1+

n %[m@, [®,GC(p, R(p))]]+

- (2. e, 6C(e. R | '

D=p+R(y)

- PoEo [7]04) J(® |¢’—so+R( y+
13— 4
+ gQP(}&O[nO@’ [770(1)) Q(I)H ‘<I>=<,0+R(<p) + O((I) ) ) (A5)

where we note that the quadratic part of J(®) contributes to cancel the last term, namely

~ Poboym®, T (®)] + 7 Pocoln®, [n®, Q)] = O(@). (A6)

That is, defining the linear operator

AlA =Poso{ Lo, 4] + 2 ( 0. 4,Q0] + L[, [0, AL+

(2., 4] ) + 00"} S
P=p+R(¢)
we obtain the equation
EOMz (¢, R(y)) = F1[EOMy (¢, R()) + EOMp (0, R(¢))] - (A.8)
Note that using linearity of F; we may rewrite this as
(1= F1)[EOMg (¢, R())] — F1[EOMp (i, R())]] = 0. (A.9)

Second, let us focus on the second gauge constraint, namely the out-of-Siegel equation

EOM (¢, R(¢)) = —bg cg mo&onoQR(¢) + Pobg ¢g 1050 T (P)| gy () - (A.10)
First, note that we have

by

nQR(p) = ?0\7(@)¢:¢+R(¢) I%

0-PoQJ (P)p—pt R(p)+

Q Poﬁoﬁoj( )o=p+R(p) (A.11)
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so that after substituting (A.11) into (A.10), the gauge constraint may be rewritten as

EOMg(p, R(p)) = *77050 POQJ( )o=p+R(p) T

L+
—b+0+770§0Q Po&moj( )=+ R(p) - (A.12)

Note that the second term has essentially already been dealt with above where, assuming
that EOM, (¢, R(¢)) = 0, we have shown that

P& (®)| gy r(py = F1[EOMg (¢, R(9))] + F1[EOM (0, R(¢))] - (A.13)
As for the first term in (A.12), we first note that
QI (@)= +5,Qlm 2.3+ 5 (QIw®.Q2. Qo]+ (A-14a)
+ QI [2,Q0]] - 5[0, [#,mQa] - QI Q2. ) +O(2)
=+ QD Q3 +;<[nocz<b,@q>,@<b1 ~ . [QP. Q¥+ (A 14b)

—2[Q%, [Q®,no®]]+
+mQP, [P, QP[]+ [n0®, [QP,QP]|+

510212, mQa]] + [, [Q®, m@a]]+

3
%[Qq) [Q®,70®]] — 1[ ,[Q<I>,noQ<I>]]> +0(d%)
- +%[%Q<I>, QP+ % <[77ch1>7 QP, Q]+ [n0QP, [P, QD]+ (A.14c)

_%[q)’[Q(I),nOQCI)]] ~[Q®,[®,n0QP]] + 1[ P, [QP,nQP]]
-2l e mal)) +o(@).

At this point, we can evaluate everything at ® = ¢ + R(p) and use the result (A.4b) to
find that (keeping only terms up to cubic order in ®)

QIO = 5100 R+ g (0o ROV QRQIE (A15)
+1GC(p, R(¢)), [©,Q2]]+
— 2 [@.[Q2.GC(p. R(2))] + 1%, [2.6C (0, R()]}+

1
—|®,[QP,GC (¢, R
Fgln@egCeRE) ||
+{glom.on-gllen e} row)
' =p+R(p
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where we note that the quadratic part of J(®) will cancel the last term, that is
1 1 4
LT(®).Qa] - 110,102, mye]] = O(e). (A16)
Putting everything together, we observe that if we define the linear functional

by [1 1
1 1 1
- 5180241 + 5[Qv.[2. 4] + 52 (02, 4] |

b+
- b(J]rCarnO&JQL%}—l [A] + O(‘I)4)} (A.17)
0 =p+R(p)
then we can substitute into (A.12) and write
EOM (¢, R(p)) = F2[EOMg (¢, R(¢)) + EOMp(p, R(9))] - (A.18)

Combining this with our previous result (A.9), we therefore obtain the matrix equation

1-F —F | (EOMz(p,R(9))\
)

Assuming that ¢ is small, it is straightforward to expand the operator

- 1-F -F
F= ( o1 ]:2> (A.20)

in powers of ¢ and thereby show that § is in fact perturbatively invertible. Hence, given
that we are only interested in the perturbative expansion of the effective action in powers
of ¢, we can conclude that EOM(p, R(¢)) = 0 and EOMz (¢, R(¢)) = 0 imply that
EOMj (¢, R(¢)) = 0 and EOM (¢, R(p)) = 0.

B Reducing the kernel of L7

In this appendix we discuss how to reduce the field content of ker Lg given by (3.2), to the
truly physical fields. This will be a three-step process: first we will partially gauge fix the
effective action (2.31) by setting (3 (the massless fields in the small Hilbert space) to zero.
Consequently we will show that the missing equation of motion will be contained in the
remaining part of the action. Then we will get rid of the Nakanishi-Lautrup field 2 by
integrating it out and showing that this operation will not correct the physical couplings
of the effective action up to quartic order. Finally, we will show that the pure gauge field
pp decouples from both the cubic and the quartic couplings.
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B.1 Partially gauge-fixing the effective action

Here we will show that in the effective action for ker Ly fields we can partially gauge-fix
&op = 0 to obtain a new effective action for fields which satisfy ¢ = £y¢) for some 9 such
that ngy = 0. But before we do this, let us discuss partial gauge fixing already at the level
of the full heterotic SFT action. Indeed, if we write

D=+ Ps, (B.1)

where & = II,® and ®3 = ﬁnq) and we partially gauge-fix by setting ®3, then the respective

equations of motion read

EOMg (®) = —noQ® + no&oJ (P), (B.2a)
EOMg, () = +&0m07 (D) . (B.2b)

However, it is easy to see that up to order O(®*) the gauge constraint (B.11b) is already
implied by the equation of motion EOM&,(@). Indeed, we can first bring ny inside J and
then assuming that EOM (®) = 0 we can substitute for 7oQ® in terms of J(®). Realizing
that 7(®) = O($?) and ignoring O($*) terms, we finally obtain

EOMa, (#) = ~60{ g2l ool Q3] - 32 [, Q8] { + O(8")  (B30)

= O(9Y), (B.3b)

where to deal with the first term, we have substituted 19y = 1—E&pno, brought ng inside the
2-string product and substituted for noQi). Hence, we obtain that EOMé(é)) = 0 implies
EOM<1>3((i>) = 0 (at least up to quartic order). Therefore, at least up to quartic order,
by partial gauge fixing of the full heterotic SF'T, we do not incur any non-trivial gauge
constraints. Writing ® = & W (dropping the hat over the partially gauge-fixed fields), the
partially gauge-fixed action can be rewritten as

S5(W) = 51 (W, QW)+ (W [Eo¥, Qe W]+

+ i,((‘l’ (0%, QEY, Q& Y]) + (¥, (&, [, ngwm)

1 by . —

+ 8<[\Ij’ Q& Y], L*OJF’SOPO[‘I’, Qfo‘I’]> +0(0°) (B.4)
0

Adopting the idea of [11], this action can be completely rewritten (at least to the quartic

order) using the small Hilbert space BPZ product < . > ¢ and the picture raising operator

Xo. Indeed we have

(U, [60W, Q& Y]) = (¥, (Somo + n0&o) (S0P, QS0 Y]) (B.5a)
= —<‘I’a770[50‘1’,Q50‘1’]>S (B5b)
= <\I]7 [\117 XOIIJDS + <\I]7 [50\117 Q\I}] - [\I/a §OQ\P]>S (B5C)
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together with

(U, &V, Q&W, Q& Y]) = (¥, (Somo + mo&o) [0, Q& W, QS Y]) (B.6a)
—(U, no[&0 T, Q&0 Q& Y]) o (B.6b)
= (0, [, Xo¥, Xo¥]) o+
+ (W, 2[00V, QU, Xo¥] — 2[¥, £QV, XoV]) +

+ (0, [V, 5Q¥, QU] — 2[5V, QF, £QT]) (B.6c)

and
(U, [60,[£%,Q]]) = (¥, (&omo+m0&0) [£0 P, [0, Q5 P]]) (B.7a)
=—(T,m0[& ¥, [60¥,Q&Y]]) ¢ (B.7b)

= (0, [T, [£T,Q& Y]]+ [T, [¥,Q5 V] + &7, [6T,QP]]) ¢ (B.7c)
=(0,[9, [P, Xo ]|+ [0, [¥, Xo ¥]]) g+

+(T, [0, [P, QU]] - [, [V, £Q W]+

—[£0W,[¥,£QV]]) (B.7d)

That is, we can rewrite the action as

Ss(w) = S () + 8§ (W) + 5§ (w) + O(¥%), (B.8)
where
S W) = 5 (v, Qu)y, (B.99)
S ) = 2 (0, [0, XoW) + (0,169, QU] - [0,6QU])g) . (BIb)
S (w) = %(@If W, XoW, Xo]) o+

+ (0, 2[&V, QU, Xo¥] — 2[¥, £HQ0, XO\I/]>

+ (0, [, 6QF, LHQV] — 2[ET, QU, £QV]) o+

+ (U, [, [§P, XoU]] + [P, [V, Xo¥]]) o+

+ <\Il7 §O‘I’> [50\117 Q\IIH - [‘Ij> [§O\P7 §OQ\PH+

— 60T, [, &QW]]) S) . (B.9¢)
It would be interesting to compare this action with the Lo.-based theory [72] and construct
the field redefinition mapping the two theories on one another (see [73, 74] for similar results
relating the Berkovits” WZW-like open superstring field theory and the As-based theory).

Let us now repeat this partial gauge-fixing procedure in the case of the effective action
for ker Lg fields . To this end, we decompose

p=¢+ 3, (B.10)
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where we have ¢ = I, and @3 = ﬁngp. Fixing the &y-gauge by setting @3 = 0, we obtain
equations of motion
eomy (@) = Iyeom(@) = —noQ@ + méoPoJ (& + R($)), (B.11a)
eomy, (¢) = Ieom(p) = +&ono o (¢ + R(9)) - (B.11b)

Bringing 7 inside J and assuming that eomg(¢) = 0, one can show that

eomy, ($) = 50{ (1) P[770807770€0P0[770807Q<PH+%§Po[ (00, Q)]+

- 1Pl Poln, a1l + 06 (B.122)

= 0", (B.12b)

where we again have to substitute 179&g = 1 — £yno and bring 7 inside the 2-string product
to deal with the first term. Therefore, at least up to quartic order, fixing the partial gauge
for the effective action does not produce additional gauge constraints. Eventually, writing
P = 50172, we find that the partially gauge-fixed effective action can be rewritten manifestly
in the small Hilbert space as

Sers(®) = 83 () + S () + SPs () + 0(?), (B.13)
where
S s() = 21@1 Q) (B.14a)
S s() = 31(@; [, Xod]) g + (0, [60, Q9] — [, €0QU])g ), (B.14b)
S8 = 1 (0,19, Xodh, Xod]) o+
+ (9,260, Qu, Xoth] — 2[4, &Qub, Xot]) g+
+ (4, [, €0Q¥, £0QY)] — 2[é0, Q1 &QUN) o+
+ <1;7 [1&7 [50¢5 XO@E” + [501;7 [&7 XOQM]>S+
+ (1, [0, [0, QY]] — [, [ovh, S0QuN)+
~ [0t [, 60QN))5 ) +

- é <<W, Xoyl], ?_:POW, Xo¢]>

0 S

~ ~ + — ~ ~ ~ ~
- 2<[w, Xof), 15 P ([, Q3] + &I, Qw])>
0

S

<

+
T

o
§0Q0, 15 Pold, Q) >
L 0 1/ 8

<

+
T

S
son,](.i‘LfoPow,Qw >
L 0 1/ 8

<

C -
QY, ?Lﬁopo[%&)@iﬂ] > > (B.14c)
L 0 178
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Again, it would be interesting to discuss the relation of the WZW effective action written
in the small Hilbert space and the effective action derived from the L,.-based theory. In
particular, one should be able to check whether this relation is consistent with the Fy
projection of the field redefinition relating the two theories.

B.2 Integrating out the Nakanishi-Lautrup field

Next, we would like to get rid of the Nakanishi-Lautrup field po. Noting that it can be
written as o = cg x for some y, we may simply fix Siegel gauge bargo = 0, thereby setting
2 = 0. However, if we do this, then we end up with equations of motion

eomy, (¢1) = —cf bi Qw1 + cdbd mocoPoT (p1 + R(p1))

= g by m&oPoT (w1 + R(1)) (B.15a)
comy, (¢1) = —b cf noQep1 + b cd no&oPoT (g1 + R(g1))
= bf g &P T (91 + R(1)) (B.15b)

where we have used the fact that n9Qp; = 0. Notice that the gauge constraint (out-of-
Siegel equation) (B.15b) is given by a projection orthogonal to the one determining the
in-Siegel equations of motion (B.15a). Therefore it does not seem that we can show that
the out-of-Siegel equation is automatically solved assuming the in-Siegel equations. In this
case the gauge-fixed action alone would not give complete information about the dynamics
and it would be neccessary to supplement it by a non-trivial constraint. To overcome this
difficulty we will therefore adopt a different approach: instead of setting ys to zero, we will
integrate it out. That is, we first solve the equation of motion

eomy, (1, p2) = —bi g mobd M2 + b cg oo PoT (¢1 + @2 + R(p1 + ¢2))  (B.16a)
= bi oM s — binoct EoPoT (p1 + w2 + R(p1 + ¢2)), (B.16b)

for 9 as a function of 1. In particular, we have
M pa(1) = cg&oPoT (01 + p2(p1) + Rlp1 + p2(p1))) - (B.17)

At this point, we note that M7 together with operators M~ = M~ + M and M, =
M, + M ., given by (see e.g. [59])

_ | 1
M= - Z %b—mbm + Z iﬁ—qﬂq (B.18a)
m=1 g+1eZso
o 1 - -
M =-=) 5 -b-mbn B.18b
mzl 2m ( )
and
1 1
Mz = 5 Z (Cfmbm — b,mCm) - § Z (’yfqﬂq + ﬂiq'yq) , (Blga)
m€Z>() q+%€Z>g
1 —_ 7 7 —
Me=5 > (@-mbn = bmn) (B.19D)
meZ>o
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form an SU(1, 1) algebra

M M) =2M.,, (B.20a)
M, MF] = +MT, (B.20b)
M, M7 =-M". (B.20c¢)
Let us now show that we have
M_QDQ =0.

To do this it is convenient to write

§0te™? =472, (B.21)
fem? =71 (B.22)

and then notice that

o) = (3 + S )
rl

z=0

-1
= (’71)_1<1+(’71)_1Z%Z ”*2) |0) (B.23b)
r;é% z=0
0 k
=)0+ Gy S0 () B ) | 0y, (B30
k=1 1 z=
= (v1)7'0), (B.23d)

where to perform the last step we have noted that the oscillators in the sum ) £1/2 either
kill |0) or they are multiplied by a positive power of z so they vanish as z — 0. Analogously
we can show that

72(0)[0) = (71)%[0). (B.24)
Therefore @9 is given by
lp2) = 206F <cl(’y%)*1‘V%> + 0161(’}/%)*2‘V1>) , (B.25)
from where it is easy to see that we have M™|p2) = 0. We can therefore write

M MTpy = [M™, Moo = —2M_ 02 = 3, (B.26)

where we have used that M, = %Ng where Ng measures the ghost number due to non-zero
oscillator modes.> We therefore obtain

©2(p1) = Ml &P T (1 + @2(01) + R(p1 + p2(1))) - (B.28)

®That is, the total ghost number N, can be written as

Ng :Ng-f—CObQ -"-60504—1. (B27)
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This is a recurrence relation for the function ¢2(p1) and can be solved in the usual manner

pa1) = 5 M e EoPolnor, Q1] + O(63) (5.29)
However, we note that we can write
Y1 = 5ik§cVi%e_¢EW1f +2(D+ B)¢en+ (D — B)cﬁ@{e_wég%, (B.30)
so that

g1 = sipeV e W, + 2(D + B)en — (D — B)cdée 2*c0¢c, (B.31a)
Q1 = i (V! — eqani% )EWT%—

— (D + B)(cd*c — 3n9*ne®® + 2Gene® — 8ndndpe®® — 4bendne?)

— (D — B)(e0%) (B.31b)

It is then straightforward to compute that due to the presence of Py, it is actually only ¢4
that contributes into the computation Py[nop1, Qei1]. Let us actually elaborate a bit on
this point. While we note that the above expressions for np; and Q¢ generally contain
non-primary contributions, we will see that the ghost and picture conservation pose strong
enough constraints so that we will be able to say that everything except for Py[nova, Q4|
has to vanish, without actually having to go through explicit computations of the 2-string
product. For instance, setting no@1 = nopa and Qe = —(D + B)cd?c, we first have

Py[nopa, cd*c] o< by 6(Ly )Py (sikcac(?zcée*d)(vé)i(wl)k +...) (B.32)
where on the r.h.s. we have written down explicitly only the term with lowest possible
conformal weight which is in principle allowed to appear in the 2-string product. But this
state has (h, h) = (1,0) so that it is actually killed by both Py and §(L; ). We may proceed
analogously for the rest of Qy; while keeping ngp1 = nmop4: we obtain

Polino a,n0°1e*?) oc by 6(Lg ) Po(eancendne? (Vo) (W) +...) (B.33a)
Polnowa, Gene®] o by 8(Ly ) Py (eircdeen (Vi) (W1)F + .. ) (B.33D)
Po[noy.a, n0ndge?] o by 0(Lg )P0(€zkccn3ne %)Z(Wl) +. ) (B.33c¢)
Poltop a, bendne®®) o< by 6(Lg ) Po (earcendne® (Vo) (W) +...) (B.33d)
Pyl 20°@) o by 6( Ly ) Py (eiccded ce (V1 ) (Wh)F + .. ), (B.33¢)

where none of the expressions inside the parentheses on the r.h.s. has conformal weights
(h,h) = (0,0). Hence, all of them are killed by 6(Ly )Pp. We may repeat this also for the
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rest of the terms in ngp1. Namely, we have

Pylen, cd?c] o< by 6(Ly ) Po(cdcd?en+...), (B.34a)

Pyen, nd*ne??] o« by 0 0(Ly ) Fo (077877827]62¢ +...), (B.34b)

Pylen, Gene®] o< by 0(Ly ) Po (cOendne®G + ... (B.34c¢)

Polen, ndndee*®] o by 6(Ly ) Po (677817821762¢ +...), (B.34d)

Polen, bendne®?) oc by §(Ly ) Po (cndnd®ne®® + ... ), (B.34e)

Pylen, 0 @) o< by 6(Ly ) Po(en(cde + a6526) +...), (B.34f)

where all terms in the parentheses on the r.h.s. except for the last line are killed by 6(L; ) Py

and, while the second term of the last line survives (L )Py (here « is some number), it is
killed by b, . Finally, we have

Polcdte 2%ed"¢, cd®c] o by 8(Ly ) Po(cOcdcote > (ede + acd e) + ... ), (B.35a)
Polcote %20’ e, nd*ne®®] o by 6(Ly ) Po(cn(cde + azd e) + ... , (B.35b)
Py [6856_2¢6526, Gene?] oc by 6(Ly ) Py (cacGe (ede + ozc<92c) ), (B.35¢)
Polcote29e07e, nondpe®®) o by 6(Ly ) Po(en(@de + azd e) + ... ) , (B.35d)
Py [c@fe*%ég% bendne®?) oc by 6(Lg ) Py (en(ede + acd’ o) +...), (B.35¢)
Pylcd€e29c0 ¢, c0°¢) o by d(Lg )Py (cOge™? 9e9c0 D T + .. e (B.35f)

where, again, all terms on the r.h.s. are killed by b, 6(L )Py. We can therefore write

Po[noer, Qp1] = Polnopa, Qpal (B.36a)
= cinejiby (—cD){Vi Vi he e0e{ Vi V) (B.36D)
2
= —eieji2by T {VE VI b e 0 ViV (B.36¢)
2
= +2eqeied Vi Vi he eV Vi 1 (B.36d)
and therefore

cg Polnow1, Q1] = 0. (B.37)

This shows that we actually have
P2(p1) = O(SO?) . (B.38)

Because the cross term <770g01, Q<p2> in the quadratic part of the effective action vanishes,
this means that integrating out ¢ may only yield corrections to O(}) couplings. We may
therefore write the effective action for ¢ as

Sefr,1 (1) = <770901, 01, Q1))+

+ <<no<p1, [1, Qe1, Qe1]) + (mowr, [e1, 1, Q¢1]]>> +

-
+ é<[770901, Qp1), L%ﬁopo[ﬁo¢1, Q¢1]> + O(¢?). (B.39)
0
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This may be succinctly rewritten in the small Hilbert space: substituting ¢1 = &1 where
o1 = 0, we have ngp1 = 11 together with Qe = Xo11 so that

Set,5,1(Y1) = %Wl» [¢1, Xotn]) g+
+ i!<<¢1, 101, Xoth1, Xoh1]) g+

+ (Y1, [Eo¥1, [¥1, Xovr] + [¢1, [0t Xo"tbl]DS) +

+

<[¢1,X0¢1] [¢1,X0¢1]>S +O(]). (B.40)

O

B.3 Decoupling of pure gauge physical state

Finally, at this point we also note that we can remove the trivial element ¢p of the semi-
relative cohomology. Indeed, we note that we may write

¢ =&QXB, (B.41)

or, equivalently pp = {oiyp where vp = Qxp with by xp = Ly xB = noxp = 0. We can
then decompose

Y1 =¢p+¥B (B.42)

where we have denoted ¢, = w4 + ¢p the physical excitations (equivalently, we have

Y1 = Yp+1Pp where oy, = nop = 0 with ¢, = o, and g = {op so that Yp = QxB).
Let us also write

Sefr,5,1(¥1) 258?51 (1) (B.43)
k=3

where Se(fff)s , contains k powers of ¥. Using that Qi1 = Qv, = 0, we have (decomposing
the three insertions as 11 = 1, + Qxp one by one)

S\ s(n) = <wp + Qs [1, Xotn]) (B.44a)
= gwp, [1, Xon])+

;, (xB, QY1 Xovn]) (B.44b)

= g@’p, [th1, Xot1] (B.44c)

and similarly for the remaining two insertions. At the end we find that

Sé?f 1s(¥1) = éff 1.5(¥p) - (B.45)
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For the quartic coupling, we have (again, focusing on decomposing the first insertion)

Se(;?f),l,s(wl) = 41!<<1/}p + 9, [1, Xor, Xon]) o+

+ (¥p + ¥, [Cotr, [V1, Xov1] + [¢¥p + ¥, [Covr, Xo¢1]]>s) +

+
- 1<[¢p + 1, Xo], 2+ [wl,Xowl]> (B.46a)
0 S
<<77[)pa [1h1, Xoth1, Xoth1]) g+

T (W, [0, [1, Xovn] + [ [0, onmmS) +

_l’_

<[1/1p7X0¢1] [¢1,X0¢1]> (B.46b)

S

oo\r—‘

0

+ < (xB, [[Y1, Xotn], Xov1]) ¢ + (xB, [Xow1, Xown], 1]) ¢+

|

(v ot [, Xl = (o o, (o, Kol ) +
~ < {xm. Xolthr, Polr, Xow ] (B.460)
— 5 (w1 X, X)) 4
+ (¥, [0t (91, Xov1] + [tps [€0¢n, onmmg) +

<[¢p, Xot1], = Poltor, Xot1] > (B.46d)

S

oo\»—*

< (xB [[t1, Xoyn], Xoh1]) g+

|

— 3(x: Xo[v1, [¥1, X0¢1]]>s> +
(xB, Xo[v1, Poltor, Xotnll) g (B.46¢)

1
M
i(<¢p7 [1h1, Xowr, Xoh1]) g+

+ (Up, [€0t1, [1, Xoth1] + [, [0t X0¢1]]>s> +

+

<W}p7X0¢1] % [¢1,X0¢1]> : (B.46f)

S

where in the second step we have used one of the Lo, relations to move () inside the 3-string
product and in the last step, we have recalled that

Po[xB, Xov1] = Po[nes, Qe1] =0 (B.47)
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which we have noticed when evaluating (B.36). It is straightforward to continue in the
same fashion to show that we actually have

5246),1,5(1#1) = Sé?f?l,s<wp) : (B.48)

C Vanishing of the cubic potential for marginal (anti)chiral-ring states

In this appendix we give a proof of (3.23), when the involved marginal matter field can be
decomposed in ¢ = +1 charged N = 2 states. In other words, we are going to assume that
the marginal matter field consists purely of states from the chiral and anti-chiral ring of
the N =2 SCFT. First, let us recall the generalized Wick theorem

211 T —

ACBOw) = 5 ¢ dxw{m%mm)w@mmw} (1)

—
where A(z)B(w) denotes the contraction of local fields A(z) and B(w), and (AB) their

normal-ordered product. That is

A(2)B(w) = A(2) B(w) + (AB)(w) + O[(z — w)*]. (C.2)

We can apply this result to first show that

(V)T ) = o § TG+
+( g)i(x)Gi(Z)(Vé)jF(w)} (C.3a)
= o 7{0 e (V)*(@)GH (@) (V)T (w) (C.3b)
= 217”]{ MM(VEF(%)(V{WW (C.3¢)
= (2= w)H{ (VL) *(V]) T}y (). (C.3d)
The upshot is that we have

GE{(V)H(V)F), = 0. (C.ta)

This means that for any (Vﬂ)i,(Vi )E, (VE)*, we have
<Gf%(V%)$\{(Vé)i(V§)¢}O> = <(V%):F\G§{(Vé)i(‘\’§)¢}o> =0. (C.5)
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We also have

1
2

+ (V)T (@) GH(2) (V] )i(w)} (C.6a)

% ji - @ (Z)(Vgﬁ(w)(% )* (w) (C.6b)
erz j’i =2 (Vi)i(x)(Vé )" (w) (C.6¢)
=(z- w)‘l{(ViF(Vg) Yo (C.6d)

where in the last step, we have used (C.5). Again, the upshot is that we have

GEH{(V3)F(V])*}, = 0. (C.7a)

(6%, V) F V)RV )) = (V)FIGH V)RV =0, (09

(VW@ VDY) = (@ vhI{viv ) (93
= (G, V)TV T S+

+(GTL VTV (V) )
5 2 P 3
(G (V) TV (VA }o)+
3 2 P 3
(G VDTV V)T ) (C.9b)
3 2 3 3
=0. (C.9¢)

This shows that the cubic coupling in the effective action vanishes whenever we have the
N = 2 decomposition. Note that since there are no Chan-Paton factors in the heterotic
string theory, we could have noted that

(V) V) = () V), )

and therefore did not have to go through explicitly computing the second contraction (C.6).
However, doing so we have exhibited that our derivation would have worked even in the
open superstring case, as it was claimed in [9]. Also note that we have in fact shown a
somewhat stronger result because (3.23), being valid for all V4 implies that

2

V@h =0, (C.11)

whenever we have N/ = 2 decomposition.
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