PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: May 25, 2020
ACCEPTED: July 19, 2020
PUBLISHED: August 13, 2020

Surface defects from fractional branes. Part |l

S.K. Ashok,” M. Billo,>¢ M. Frau,¢ A. Lerda®¢ and S. Mahato®

@ Institute of Mathematical Sciences, Homi Bhabha National Institute (HBNI),
1V Cross Road, C.I.T. Campus, Taramani, Chennai 600113, India

b Universita di Torino, Dipartimento di Fisica,
Via P. Giuria 1, I-10125 Torino, Italy

¢INFN — Sezione di Torino,

Via P. Giuria 1, I-10125 Torino, Italy
4 Universita del Piemonte Orientale, Dipartimento di Scienze e Innovazione Tecnologica,
Viale T. Michel 11, I-15121 Alessandria, Italy

FE-mail: sashok@imsc.res.in, billo@to.infn.it, frau@to.infn.it,
lerda@to.infn.it, sujoymahato@imsc.res.in

ABSTRACT: A generic half-BPS surface defect of N' = 4 supersymmetric U(N) Yang-
Mills theory is described by a partition of N =mnj 4+ ...+ njys and a set of 4M continuous
parameters. We show that such a defect can be realized by nj stacks of fractional D3-branes
in Type II B string theory on a Z;; orbifold background in which the brane world-volume
is partially extended along the orbifold directions. In this set up we show that the 4M
continuous parameters correspond to constant background values of certain twisted closed
string scalars of the orbifold. These results extend and generalize what we have presented
for the simple defects in a previous paper.

KEYWORDS: D-branes, Extended Supersymmetry, Nonperturbative Effects, Duality in
Gauge Field Theories

ARrRX1v EPRINT: 2005.03701

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. https://doi.org/10.1007/JHEP08(2020)058


mailto:sashok@imsc.res.in
mailto:billo@to.infn.it
mailto:frau@to.infn.it
mailto:lerda@to.infn.it
mailto:sujoymahato@imsc.res.in
https://arxiv.org/abs/2005.03701
https://doi.org/10.1007/JHEP08(2020)058

Contents

Introduction

Twisted closed strings in the Zj; orbifold
2.1 Twisted sectors
2.2 Twisted NS sectors
2.2.1 Sectors with twist parameter v, < %
2.2.2  Sectors with twist parameter (1 —v,) > %
2.2.3 Two-point functions in the twisted NS sectors
2.3 The massless NS/NS vertex operators
2.4 Twisted R sectors
2.4.1 Sectors with twist parameter v, < %
2.4.2  Sectors with twist parameter (1 —v,) > %
2.4.3 Two-point functions in the twisted R sectors
2.5 The massless R/R vertex operators

Fractional D3-branes in the Z,; orbifold
3.1 Boundary states and reflection rules
3.1.1 NS/NS sector
3.1.2 R/R sector
3.2 Massless open string spectrum

Open/closed correlators

4.1 Correlators with NS/NS twisted fields
4.1.1 Explicit computations
4.1.2 Results

4.2  Correlators with R/R twisted fields

Continuous parameters of surface defects
Discussion

Conventions
A.1 Spinors in 4d
A.2 Spinors in 6d

Zpr in momentum space

O© O kW W

10
10
11
12
13

14
14
15
17
18

20
21
22
24
25

26

30

32
32
33

34




1 Introduction

In this article, which is a direct extension of the companion paper [1], we discuss how to
embed into string theory a generic Gukov-Witten (GW) surface defect [2, 3] of the N' = 4
supersymmetric U(NN) Yang-Mills theory. We do this by analyzing the massless fields on the
world-volume of fractional D3-branes in Type II B string theory on an orbifold background,
following the proposal of Kanno-Tachikawa (KT) [4]. Here, we shall only provide a brief
introduction and refer the reader to the introductory sections of the companion paper [1]
for a more detailed account and for a discussion of the relation of our approach to others
already present in the literature as well as for the relevant references.
We consider Type II B string theory on the following orbifold space-time

Cia) X C3)

(D(l) X ZM

X 6(4) X 6(5) (1.1)
with constant vacuum expectation values turned on for particular twisted scalar fields in
the Neveu-Schwarz/Neveu-Schwarz (NS/NS) and Ramond/Ramond (R/R) sectors. In this
background we engineer a 4d gauge theory by introducing stacks of fractional D3-branes
that extend along the first two complex planes C(;y and C(z). In this combined orbifold/D-
brane set-up, which we refer to as the KT configuration [4], we compute the profile in
configuration space of the massless open strings by means of open/closed world-sheet cor-
relators, and show that these exactly reproduce the singular profiles that characterize the
GW surface defect in the N = 4 gauge theory [2]. In this way we are therefore able to
provide an explicit identification of the continuous parameters of the GW solution with the
vacuum expectation values of the twisted scalars.

In [1] we already worked out this identification for the simple surface defects that
correspond to the Zo orbifold. In this paper, we extend our analysis to the Z,; orbifolds
for M > 2 which can describe the most general defect corresponding to the breaking of the
U(N) gauge group to the Levi subgroup U(ng) x ... x U(npr—1) with Y, n; = N.

While the basic conceptual issues in realizing such a surface defect using fractional
D3-branes remain the same for all M, the main difference with respect to [1] lies in the
treatment of the closed string background. For M = 2 the massless fields of the NS/NS
and R/R twisted sectors correspond to degenerate ground states and their vertex operators
are realized using spin fields [5]. This is no longer the case for M > 2 and, in fact, the
massless fields of the NS/NS sector arise from excited states created by the oscillators of the
fermionic string coordinates. Furthermore, pairs of twisted sectors are related by complex
conjugation and this turns out to play an important role in the identification of the closed
string background with the real parameters in the GW profiles.

In the Z); orbifold, there are (M — 1) twisted sectors. One could treat all of them at
once using the bosonization formalism [5, 6], but in order to keep track of all the relative
phases it would be necessary to introduce the so-called cocycle factors. Since dealing
with these cocycle factors is quite involved, and since the relative phases are crucial to
obtain the correct identification of the continuous parameters of the GW surface defects,
we adopt an explicit fermionic approach and use the bosonization formalism only where



no phase ambiguities arise. The advantage of this method is that the relative phases
among the contributions from different sectors are easily tracked and fixed by the fermionic
statistics. Moreover, in this fermionic approach we can describe the fractional D3-branes
using boundary states (for a review see for example [7, 8]). Even though the KT brane
configuration has not been explicitly considered so far from the boundary state point of
view, we can exploit many of the results that already exist in the literature [9-12] and
generalize them to the present case, in which the fractional D3-branes partially extend
along the orbifold. The price we have to pay for using this fermionic approach is that
we have to distinguish between the twisted sectors and treat separately those whose twist
parameter is smaller or bigger than %

The open string sector, instead, is similar to that of the M = 2 case. We recall that for
the KT configuration, the fractional D3-branes have the same field content as the regular
D3-branes, since in this case the orbifold does not project away any of the open string
excitations, unlike the case when the branes are entirely transverse to the orbifolded space.
Indeed, on the world-volume of the fractional D3-branes we find a gauge vector and three
complex massless scalars plus their fermionic partners. However, the corresponding vertex
operators are linear combinations that behave covariantly under the action of the orbifold.
When M > 2, these combinations are slightly more involved than for M = 2 and are
written in terms of generalized plane-waves.

Once the vertex operators for the massless open and closed string states are derived,
the discussion proceeds along the same lines as in the M = 2 case, but with the important
technical differences and peculiarities that we have just mentioned.

This paper is structured as follows. In section 2 we provide a detailed description of
the twisted closed string spectrum of Type II B strings on the orbifold (1.1). We then
proceed in section 3 to introduce the fractional D3-branes of the Z,; orbifold and study
two different aspects. Firstly, from the closed string point of view we write the boundary
states and use them to derive the reflection rules that relate the left- and right-moving
modes of the twisted closed strings in all sectors. Secondly, we derive the Zj;-invariant
vertex operators describing the massless open string excitations that live on the D3-brane
world-volume. This turns out to be non-trivial given that the D3-brane extends partially
along the orbifolded space. In section 4 we calculate mixed correlators among the open
and closed string excitations and use them to derive in section 5 the singular profiles of the
gauge fields near the location of the surface defect. The field profiles we obtain precisely
match those of the GW defect once the background values of the twisted closed string field
are identified with the continuous parameters of the surface defect.

Our analysis provides an explicit realization of the monodromy defects of the NV = 4
super Yang-Mills theory using perturbative string theory methods. As we discuss in the
concluding section 6 we believe that this stringy realization may prove to be useful in further
investigations of surface defects and their properties, and it may even offer an alternative
approach to the study of extended objects in ordinary field theory through their embedding
into string theory.



2 Twisted closed strings in the Zj; orbifold

We consider Type II B string theory on the orbifold (1.1). The i-th complex plane C;) is
parametrized by
Toi—1 + 122 _ X1 — 1Ty
2z = ———= and Zi = ——= 2.1
' V2 ' V2 21

where x,, are the ten real coordinates of space-time. The orbifold group Zj; is generated
by an element g such that ¢™ = 1, with the following action on 2y and zs:

g: (22, 23) — (W22, wlzs) (2.2)

where

27i

The action of g on zy and Zz3 follows from complex conjugation. This breaks the SO(4) ~
SU(2)4+ x SU(2)- isometry group of C(y) x C(3y to SU(2).

To describe the closed strings propagating on this orbifold, we use the complex nota-
tion and denote the bosonic string coordinates by {Z%(z), Z*(z)} for the left-movers and

{%(2), Zi(z)} for the right-movers, with z and Z parametrizing the closed string world-
sheet. Similarly, we denote the fermionic string coordinates by {WU’(z), ¥¢(z)} for the

left-movers and { :117(2), Ui(z)} for the right-movers.

2.1 Twisted sectors

In the Zjy; orbifold theory, there are (M — 1) twisted sectors labeled by the index @ =

1,...,M—1. If M is odd, we can divide the twisted sectors in two sets, each one containing
% elements. The sectors of the first set are labeled by @ = a = 1,--- ,% and are

characterized by a twist parameter

a 1
= — < - 2.4
D VN (24)
The sectors of the second set have, instead, a twist parameter
M—-a 1
l—vg=—-—>— 2.5
=20 (25)

and are labeled by @ = (M — a). If M is even, in addition there is an extra sector with

twist parameter %, which has to be treated separately. For most of the discussion we will
1
29
when M is even, only at the very end, since this case has already been discussed in detail

assume that M is odd and briefly comment on the special case with twist occurring

in the companion paper [1].

In the sectors with label a and twist parameter as in (2.4), the left-movers of the
bosonic and fermionic string coordinates satisfy the following monodromy properties on
the world-sheet:

Z2(627ri Z) — e27ril/a Z2(Z), Z3(627ri Z) — e—27ri1/a Z3(Z), (26&)

\112(627ri z) =+ e2mVa \112(2) , \Ils(e27ri z) =+ e 2mVa \113(z) , (2.6b)



where the +(—) sign refers to the NS (R) sector. The analogous relations for Z* and W!
can be obtained by complex conjugation. On the other hand, the right-movers satisfy the
monodromy properties:

Zz( 271 ) — e—27rizza ’ZVQ(Z)’ ZS( 27 ) e27riua ’Z\;/g(z)’ (2.7&)

\I,;é( 27 ) :l:e—Qmua \1,2( ) {—I;é( 2mi ) :teQTera \1,3( ) (27b)
Again, the relations for Z and ¥? are obtained by complex conjugation.
For the sectors with label (M — a) and twist parameter as in (2.5), similar monodromy
relations hold for the world-sheet fields but with v, everywhere replaced by (1 — v,).

2.2 Twisted NS sectors

We now turn to a discussion of the spectrum of massless string states in the various twisted
sectors, focusing mainly on the fermionic fields in the complex directions 2 and 3. In the
fermionic formalism, when the NS boundary conditions are imposed, we have to treat
separately the sectors with twist parameter smaller than % and those with twist parameter
bigger than %

1

2.2.1 Sectors with twist parameter v, < 3

In this case the monodromy properties (2.6b) and their complex conjugate lead to the
following mode expansions for the left-moving fermionic fields (see for example [13] and

references therein):

—T’—H/ -3 2 7”+V -1
E (\Ilr ve % ¢ 2 +\Il—r va ? “ 2)7
r= 1/2

(2.8)
Z (\Ijr+ua _T_Va_% + qﬂ—r—i—ua ZT_VG_%) )
r=1/2
and -
\113(2) = Z (@i—&-ua Z_T_ya_% + \Ijir—i-l/a ZT_VG_é) ’
r=1/2
~ (2.9)
—1 B 1
\IJJ('Z) - Z (\II'I‘%*IJCL 7T+Va7§ + \Il‘ir Vq r+ya7§> °
r=1/2
The oscillators W2, Ve \112_r+u , \IISLHV and W3 v, are creation modes acting on the

twisted vacuum of the a-th sector which we denote by [€2,). Such a state is defined by
Q) = ll_r% 04(2) sa(2) |0) (2.10)

where |0) is the Fock vacuum and o,(z) and s,(z) are, respectively, the bosonic and
fermionic twist fields [14]. More precisely, these twist fields take the form

0a(2) = 0o (2)05_,, (2) and  sq(z) = s2,(2) s>, (2), (2.11)



where the superscripts refer to the complex directions where the twist takes place, and the
subscripts indicate the twist parameters. The bosonic twist field o,4(2) is a conformal field
of weight v,(1 — v,) while the fermionic twist field s,(w) is a conformal field of weight
v2. Therefore, the total conformal weight of the operator associated to the twisted ground
state is v,. This means that |2,) is massive with a mass m given by

1
m2:ua—§<o. (2.12)

This tachyonic state is removed by the GSO projection.

The first set of physical states one finds in the GSO projected spectrum are those

obtained by acting with one fermionic creation mode with index r = % on the twisted

vacuum. In particular, the oscillators W3 | +y, and v 1, Increase the energy by (% —Vg)
2 e 2

a

and thus, when acting on the twisted vacuum, they create two massless states.! The vertex
operators corresponding to these massless excitations, in the (—1)-superghost picture and
at zero r]nO]nrlemtunq,2 are:
Vi(2) = 04(2) : U3 (w) s4(2): e~ ?(2)
(2.13)

V2(2) = 04(2) : 02 (w) sq(2): e 7?3 |

Here ¢(z) is the bosonic field appearing in the bosonization formulas of the superghosts [5]
and, as usual, the symbol : : denotes the normal ordering. The vertex operators (2.13) are
conformal fields of weight 1 and we collectively denote them as V$(z) with a = 1,2. As
explained in appendix A.1, they form a doublet transforming as a spinor of SU(2) .

In the right-moving part, the monodromy properties (2.7b) lead to the following mode
expansions for the fermionic fields

OO _— —
V(z) = 3 (P, 27T W,

zr_ya_%) ,
=1/2
' Oo/ (2.14)
B = Y0 (W, e B, )
r=1/2
and
—~— e — —~—
\113(2) = Z (Egr—ua 27T+Va7% + \Ilg—r—ya ETJFVG?%) )
=1/2
" OO/ (2.15)
@3(2) = Z (\Ilsrﬂ/a E_T_Va_% + @377"‘1’1/0, ZT_VG_é) '
r=1/2

The oscillators \1127%7% and @‘3%7%, instead, carry an energy (% +1,) and, upon acting on the twisted
vacuum, they create massive states with m? = 2u,.
2The reason to write the vertex operators at zero momentum is because, as in [1], ultimately we will be

interested in describing a constant twisted closed string background to account for the continuous parameters
of the GW surface defects.



The oscillators \/I;-é_»,‘_l’_ya, w2, \IA'E_T_,,Q and U3_,,, are creation modes acting on the
twisted vacuum of the right sector which we denote by [2,). This is defined by
) = lim 74(2) 5(2) [0) (2.16)

z—0
where |0) is the Fock vacuum of this sector and

64(2) = 7., (2) 55 (2) and 35,(2) =32, (2)5, (%) . (2.17)
The bosonic twist field 7,(Z) is a conformal field of weight (1 — v,)v, while the fermionic
twist field 5,(2) is a conformal field of weight /2, so that the total conformal weight of the
operator associated to ]§a> is v4. The right-moving ground state is then tachyonic with a
mass given by (2.12) and it is removed by the GSO projection.

The first set of physical states in the GSO projected spectrum are those created by a
fermionic creation mode with index r = % In particular those generated by the oscillators

\If;éf 1 and U3

2 +vq %+Va
that of the vacuum. Therefore, the vertex operators at zero momentum associated to these

are massless since the energy carried by these modes exactly cancels

right-moving massless excitations in the (—1)-superghost picture are:

VEE) = —54(2) 1 U2(2) 3,(2): e 9

a

173(2) =04(2) ;\’vai%(g) 5a(2): o) (2.18)

These are conformal fields of weight 1 and we collectively denote them as V. (2) with
8 =1,2. We point out that the — sign in the first line above is introduced because in this
way the two operators form a doublet transforming in the spinor representation of SU(2) 4,
as explained in appendix A.1l.

2.2.2 Sectors with twist parameter (1 — v,) > %

Apart from a few subtleties, the conclusions obtained in the previous subsection for the
twisted sectors with v, < %, are valid also in the twisted sectors with (1 —v,) > % provided
one exchanges the role of the complex directions 2 and 3, and uses the sector label (M —a).
Thus, we can rather brief in our presentation.

In the left-moving part, the fermionic creation modes are the oscillators W2

—r+vg
EQ_T_VG, \Il:ir_ya and ES_TJFVE where r is a positive half-integer. They act on the twisted
vacuum |Qps_,) which is defined by
|Q—a) = lim opr—q(2) Spr—a(2) |0) (2.19)
z—0
with
orM—a(2) =01, (2) 00 (2), and sy_a(2) =52, (2)s5 (2) . (2.20)

The ground state |Q2p7_4) is tachyonic with a mass given by (2.12) and is removed by the
GSO projection. At the first excited level, instead, we find two massless states created by



the oscillators W2

zZero momentum:

and U3, which correspond to the following vertex operators at

1
§Va a

V}Q,a(z) = —opm—a(2) :\Ilz(z) Sp—al2): e (%) ,

2.21
V2, (2) = oar—a(2) 103 (2) spr_a(2): e79G) (221)

These are conformal fields of weight 1 which we collectively denote as V§;_,(2) with a =
1,2. Again the — sign in the first line is inserted so that these two operators transform as
a doublet in the spinor representation of SU(2), (see appendix A.1).

Finally, in the right-moving part the oscillators \/IIVQ_T_VG, U2 ., \I/B_"’“!‘Va and ¥3_,_,,
where r is a positive half-integer, are creation modes. They act on the twisted vacuum
defined by

Q1) = lim Gr-a(2) 3a1-a(2) [0) (2.22)

where

crm—a(2) = G2 (2)51,, (), and Sm_a(Z) = 352(2)32, (%) . (2.23)

—Vq

As before this vacuum state is tachyonic and removed by the GSO projection. On the
other hand, the states created by W2 and U3

2+Vu %"!‘Va,
GSO projection. They correspond to the following vertex operators at zero momentum:

are massless and selected by the

Vi o(2) = on—a(2) 1 03(2) Sar_a(2): o902 :
5 ~ . (2.24)
V2 o(2) = 6a1—a(2) 1 02(2) Bas—a(2): 0 |

which are conformal fields of weight 1. We collectively denote these vertex operators as
17]/\347(1(2) with 8 = 1,2, since they transform as a doublet of SU(2), (see appendix A.1).

We summarize our results on the massless vertex operators of the twisted NS sectors
in table 1 below.

2.2.3 Two-point functions in the twisted NS sectors

Given the explicit form of the vertex operators that we have derived, it is rather straight-
forward to compute their two-point functions. As a first step, we observe that there are no
non-vanishing correlators between left (or right) operators of the same twisted sector, due
to the presence of the bosonic twist fields; in fact for any complex direction j one has [14]

i j 61/ 1—v,
J J — by a
(0], (1) 0], (22)) = RSk (2.25)

and similarly in the right sector. This implies that only the correlator (o,(w1) opr—q(w2))
is non vanishing. Therefore, only the two-point functions between vertex operators in
sectors a and (M — a) are non-zero. Another important point to consider is that these
vertex operators inherit the fermionic statistics from the fermionic fields that are present
in their definitions.



Vertex operator State
Vi(z) = 0u(2) 108 (2) 50(2): 9 AR T
V2(2) = 0a(2) 1 0%(2) s0(2): 00 Ty, 19200
Vi(Z) = =5a(2) 192(2) 5a(2): 00 —07_y 4, 1)
V2(2) = 5a(2) :T3(2) 3a(2) : 90 o, (90
Vir—a(2) = —0n-a(2) 19%(2) sar-a(2): 7B | =02, Qo) (-1
Vii—a(2) = on—alz) 103 (2) sp—a(2): e v 1@ -
Vb a(2) = Gr-al2) 103(2) Sara(2): 0O | W31, Q0 a) )
Vi a(2) = Fara(2) 102(2) Bra(2): 0P | W24, [Qaroa) ()

Table 1. The vertex operators and the corresponding states in the left- and right-moving parts of
the various twisted NS sectors. Here the label a takes values in the range [1, %], and in the last
column the subscript (—1) on the kets identifies the superghost picture.

Let us then compute the two-point function between V! and V2, . Using (2.25) and
the basic conformal field theory correlators

— 1
<:\113(z1) Sq(21): :\113(22) SM_a<22):> = o
(21 - ZQ) Va(1=va)
(2.26)
<e—¢(21) e—¢(22)> — L ’
Z1 — %9
we obtain )
(Va(z21) Vi_a(22)) = EErE (2.27)
In a similar way, using
— 1
<:\:[12(Z1) Sa(zl> : :‘IIQ(ZQ) SM—a(’ZQ) :> = (Zl _ 22>1_2Va(1_l/a) Y (228)
and taking into account the explicit negative sign in Vzlwf o We get
-1
(Ve Via(z2)) = 3 - (2.29)

Furthermore, the two-point functions between V! and V}, . and between V2 and V3, ,
vanish since their fermionic charges do not match. Thus, altogether, we have

()P
(21 — 22)?

0 -1
€= (1 0) . (2.31)

(V& (1) Viy_ol22)) = (2.30)

where we have defined



By taking into account the fermionic statistics of the vertex operators and the anti-
symmetry of €, we also find

(6_1)0‘6

(Vir—a(21) Vi (22)) = (2.32)

(21— 22)%

Notice that (2.30) and (2.32) may be unified in a single formula by promoting the index
a to the complete index a. This shows that despite the differences in the structure of
the states and vertex operators in the fermionic formalism, all twisted sectors are actually
treated on equal footing.

Similarly, in the right-moving sector, we obtain
,1)0{5

VY a(21) VE(22)) = (VE(21) Vi, (% >_ (2.33)

(21 — 22)?

From these two-point functions it is possible to infer the conjugate vertex operators as
follows:

(Var—a(2))! = VI (2) epa . Val)) =v2(2) €pa
Val@)] = Vi@ sa s (Vr—al2)] = V(=) €ga -

2.3 The massless NS/NS vertex operators

(2.34)

The massless closed string excitations in the twisted NS/NS sectors are obtained by com-
bining the left- and right-moving massless states that we have obtained in the previous
subsection. In the sectors with twist parameter v, < %, they are then described by the
following vertex operators at zero momentum

bl Ve (2) VI (2) (2.35)
(a)

where b, 5 are four constant complex fields.
Similarly, in the sectors with twist parameter (1 — v,) > %, the massless closed string

excitations are described by the vertex operators at zero momentum
M- St _
b Vi a(2) Vy_a(2) (2.36)
(M—a)

where again b of are four constant complex fields.
The constants b(® and b7 ~% can be considered as a background in which the string
theory on the orbifold is defined. Given the structure of the vertex operators there are

non-trivial relations among them. In particular, using (2.34) one finds that

a a 38/ = T M—a a g _
(M veE V@) =00 Va2 Vi, (2) (2.37)
where
M—a a) * M—a a)* M—a a) M—a a)*
bgl )= _béz) ) bgz )= bgl) J bél )= 52) J bgz )= bg : ) (2.38)
or, equivalently in matrix notation,
pM=a) — epl@)*¢ (2.39)



These relations, which also appear in [9], show that if one turns on background values for
the closed string fields in the twisted sector a, one also turns on background values for the
fields in the twisted sector (M — a) and viceversa, in such a way that the total background
configuration is real.

2.4 Twisted R sectors

The Z ) orbifold (1.1) breaks the isometry of the ten-dimensional space as follows:
SO(10) — SO(6) x SO(2) x SO(2), (2.40)

where SO(6) acts on the first, fourth and fifth complex directions, which are not affected by
the orbifold action. Correspondingly, the untwisted vacuum of the R sector which carries
the 32-dimensional spinor representation of SO(10) decomposes into eight massless spinors
of SO(6). Four of these are chiral and four anti-chiral. We denote the four chiral vacuum
states by

27 2

where A € 4 labels the four different components of the chiral spinor representation of

‘A,il,i1> (2.41)

SO(6) and the four pairs of :t% denote the spinor weights along the second and third
complex directions where the orbifold acts. Similarly, the four anti-chiral vacuum states
are denoted by

‘A, il, i1> (2.42)

272
where A € 4 spans the four-dimensional anti-chiral spinor representation of SO(6).

In the twisted R sectors, not all such chiral and anti-chiral states remain massless.
Indeed, the fermionic twist fields change the spinor weights in the orbifolded directions, so
that conformal dimensions and the GSO parities of the corresponding vertex operators are
modified. In the following we present a brief description of the spectrum in the various
twisted R sectors, focusing on the massless excitations.

2.4.1 Sectors with twist parameter v, < %

In these sectors the left-moving bosonic and fermionic twist fields o, and s, are given
in (2.11). When we act with s, on the states (2.41) and (2.42), the charges in the directions
2 and 3 become 1 1

€9 = :|:§ +v, and e3= i§ — Uy (2.43)

depending on their initial values. Because of this, not all choices of signs lead to massless
configurations. In fact, the mass vanishes only if

2 2 1 ?
€9 = &3 = 5 — Vg . (244)

Combining this with (2.43), we see that the only solution is

1
e2=—e3=—5 + v, (2.45)
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so that, instead of s,(z), we can consider the effective fermionic twist

ro(2) = sia_%(z) siyaJr%(z) (2.46)
which is a conformal field of weight (3 — v4(1 — 14)).

In the R sector, there are two fundamental superghost pictures that one considers:
the (—%)- and the (—3)-pictures [5]. Enforcing the GSO projection, in the (—3)-picture
one selects the chiral spinor of SO(6), while in the (—3)-picture one selects the anti-chiral
one. In this way, in fact, the sum of the spinor weights minus the superghost-charge is
always an even integer. Thus we are led to introduce the following two vertex operators at
zero momentum

VA(2) = 04(2) ra(z) SA(2)e 29 | (2.47a)
Vf(z) = 04(2) 1a(2) SA(z)e*%‘b(z) , (2.47b)
where 54 and 54 are, respectively, the chiral and anti-chiral spin-fields of SO(6) [5, 6].

Both vertex operators are conformal fields of weight 1 and define the following massless
twisted vacuum states:
_ T A
Aa) ) = lim VA(2) [0},
‘ | (2.48)
|Aa>(7%) = ;g% Va (2)10)

As far as the right-moving part is concerned, the bosonic and fermionic twist fields
are given in (2.17). Therefore, we can repeat the previous analysis by simply replacing
everywhere v, with (1—1,). In this way we find the following two physical vertex operators
of weight 1:

VA(Z) = Gal2) Tal2) 54(2) e300 (2.49a)
Vi (2) = 5a(2) Tal(2) 54 (2) €729, (2.49D)
where the effective fermionic twist is given by
Ra?) =, 1 (T _,(). (2.50)
The massless states corresponding to these vertex operators are

[4a) 1) = lim V(2)]0)

z—0

- = (2.51)
[Aa) () = lim Vii(2) [0) .

2.4.2 Sectors with twist parameter (1 — v,) > %

These sectors can be described in the same manner as before by simply exchanging the
roles of the complex directions 2 and 3, and using (M — a) as twist label. Thus, we merely
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Vertex operator State
Vil(2) = 0a(2) Ta(2) S4(2)e" 390) [Aa) (1)
Vil (2) = 0a(2) ra(2) S4(2)e™ 39¢) Aa) 3y
Vi (2) = Ga(2) Ta(2) §4(2) e300 Aa) ()
VA(Z) = 5a(2) Tal(2) §4(2) 0= 3900 Ad)(3)
Vi _o(2) = 0n—al2) Tai—a(2) SA(2) e 29() [Ab—a) (- 1)
Vi a(2) = onr—a(2) Tar—a(2) 84 (2) e 300) [Anr-a) (-3
Vir_a(2) = Gar—a(2) Far—a(2) §4(2) 39 [An—ad(—3)
Vi o(2) = Gara(2) Far_a(2) §A(2) e 350 Arr-a) )

Table 2. The vertex operators and the corresponding states in the left- and right-moving parts of
the twisted R sectors.

present the physical GSO projected massless vertex operators at zero momentum. In the
left-moving part they are

Vi _a(2) = 00ra(2) rar—a(2) S4(2) e 29¢) (2.52a)
Vi _a(2) = 0ar—a(2) rar—a(2) S4(2) 7290, (2.52b)

with
rv—a(2) = 32_Va+%(z) sia_%(z) . (2.53)

In the right-moving part, instead, they are

Vir—a(2) = Gar—a(2) Par—a(2) §4(2) 396, (2.540)
V& (2) = Garal(Z) Tar—a(Z) SA(2) e 390 (2.54b)

where
Fu-a?) =31 ()5, 1 (2). (25)

When acting on the Fock vacuum these vertex operators create the twisted ground
states which have the same expressions as in (2.48) and (2.51) with the obvious changes
in notation.

We summarize our findings in table 2 below.

2.4.3 Two-point functions in the twisted R sectors

As we have seen in the twisted NS sectors, the only non-vanishing two-point functions
necessarily involve the left-moving (or right-moving) vertex operators in complementary
sectors a and (M — a), because of the two-point functions (2.25). Of course, the same is
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true in the twisted R sectors. Furthermore, in order to soak up the background charge in

the superghost sector, only the overlaps between states in the (—%)— and (—%)—pictures, or

viceversa, are non-zero. Taking this into account and using standard results from conformal
field theory, we find

VA VE _a(22)) = (Vi _a(z1) VE (22)) = L)ABQ’
(21 22) (256)
(Vi) Va2 = (Vo) V) = (oL

where C'is the charge conjugation matrix of SO(6) (see appendix A.2). Of course, analogous
correlators hold for the right-moving vertex operators.
From the first line of (2.56), we read the following conjugation rules

Var—a(2)) = VA=) Cyp s

Val2) = Vi _a(2) C

while from the second line we obtain the same relations with dotted and undotted indices

(2.57)

exchanged. The same formulas apply also for the right-moving vertices.

2.5 The massless R/R vertex operators

The massless closed string excitations in the twisted R/R sectors are obtained by combining

left and right movers. We shall work with the asymmetric superghost pictures (—%, —%) or
(—%, —%), so that the corresponding closed string fields are R/R potentials. In the twisted
sector labeled by a we choose the (—%,

3

—%)—picture and write the following massless vertex
operators at zero momentum:

¢l vi(z) VE(z) (2.58)

where Cg% are sixteen constant complex fields. These constants can be considered as a
background in which the orbifold closed string theory is defined.
In the twisted sector labeled by (M — a) we choose, instead, the other asymmetric

superghost picture, namely the (—%, —%)—picture, and consider the following massless ver-
tex operators
M— A B _
Clg " Vila() Viia(2) (2.59)

where Cij\gfa) are other sixteen constant complex fields contributing to the background in
which the closed string propagates.

Notice that in writing the vertex operators (2.58) and (2.59) for the twisted R/R
potentials, we have correlated the choice of picture numbers with the twisted sector. Of

3In [15] it is shown that the complete BRST invariant vertex operators in the asymmetric superghost
pictures are an infinite sum of terms characterized by the number of superghost zero modes. For our
purposes, however, only the first (and simplest) terms in these sums is relevant since all the others decouple
and thus can be discarded.
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course we could have made different choices, but they would lead to the same results. In
fact, it is well-known that in a BRST invariant framework like ours, the way in which the
superghost pictures are distributed is completely arbitrary, provided one satisfies the global
constraints due to the presence of a background charge, and that the physical results do not
depend on this choice. However, our picture assignment is particularly convenient because
it immediately implies that the R/R potentials in the a-th twisted sector are naturally
related to those in the sector (M —a) by complex conjugation, exactly as it happens in the
twisted NS/NS sectors. Indeed, we have

(Vi VE@) =MV () V(2. (2.60)
where, in matrix notation,

cM-a) — ccl*c, (2.61)

which is the strict analogue of (2.39) holding in the NS/NS sectors. We therefore see that
by turning on a R/R background potential value in the twisted sector a, one also turns on
a background R/R potential in the twisted sector (M — a) and wviceversa, in such a way
that the total configuration is real.

3 Fractional D3-branes in the Z,; orbifold

We now turn to discuss the open strings in the Zj; orbifold with the aim of analyzing
surface defects in 4d gauge theories engineered on stacks of (fractional) D3-branes. As
is well-known, a D-brane introduces a boundary on the string world-sheet where non-
trivial relations between the left and the right movers of the closed strings take place.
We will investigate these relations using the boundary state formalism (for a review, see
for example [7, 8]) and then will analyze the massless open string spectrum on the brane
world-volume. Since our ultimate goal is to recover a string theory description of the
surface defects in a 4d gauge theory, we place the (fractional) D3-branes in such a way that
they are partially extended along the orbifold as originally proposed in [4]. More precisely,
we take the D3-brane world-volume to be C(1) X C(g) in such a way that the orbifold action
breaks the 4d Poincaré symmetry leaving unbroken the one in the first complex direction
along which the surface defect is extended.

3.1 Boundary states and reflection rules

In the Zj; orbifold there are M different types of fractional D-branes, labeled by an index
I1=0,1,..., M —1, corresponding to the M irreducible representations of Z;. A fractional
D3-brane of type I can be described by a boundary state which contains an untwisted
component |U), which is the same for all types of branes, and a twisted component [T I),
which depends on the type of brane considered:

|D3;I) =N |U) + N'|T; ) (3.1)

where N and N are appropriate normalization factors related to the brane tensions (whose
explicit expression is not relevant for our purposes). This schematic structure holds of
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course both in the NS/NS and in the R/R sectors, which we now discuss in turn, focusing
on the fermionic twisted components.

3.1.1 NS/NS sector

The twisted component of the boundary state for a fractional D3-brane of type [ is a sum of
(M —1) terms which refer to the (M —1) twisted sectors of the closed strings on the orbifold
and whose coefficients have to be chosen in a specific way in order to have a consistent
description of the D-brane. By this we mean that the cylinder amplitude between two such
boundary states, once translated into the open string channel, must correctly reproduce
the Zps-invariant one-loop annulus amplitude. In [10] a thorough analysis of this issue
was carried out in general, using the Cardy condition for the construction of consistent
boundary states in rational conformal field theories [16]. Borrowing these results and
adapting them to our case, we can write the twisted component of the boundary state for
a D3-brane of type I in the NS/NS sector and its conjugate as follows:

M-1 ~
. Ta a1~
‘T7]|>NS = Z Sin <M) (JJIa ’ CL>>NS 5
a=1
o (3.2)
ns(Ti 1= 3 sin (M) w8 (@] .

a=1
Here, the sum runs over all twisted sectors, w is the M-th root of unity as in (2.3) and | @ ))ns
is the GSO projected Ishibashi state for the twisted sector a. These Ishibashi states enforce
the appropriate gluing conditions between the left-moving and right-moving modes. For
our purposes it is not necessary to write the complete expression of these Ishibashi states,
but it is enough to write the terms which may have a non-zero overlap with the massless
states of the closed string twisted sectors discussed in section 2.
Let us suppose again that M is odd. If a = a € [1, %], we have
la)ns = (i @31 1112_%+Va —iv?, @3_%_’_%) ’Qa>(,1) ‘§a>(,1) + - (3.3)

5tVa —51Va

where the ellipses stand for terms involving a higher number of oscillators or massive
fermionic modes. The relative minus sign in the brackets of (3.3) is due to the fact that
the complex direction 3 is transverse to the D3-brane while the complex direction 2 is
longitudinal. If @ = (M — a), instead, we have

M—alns = (192, 2y, =102y, 01, )I0a) o [ra) (e (34)

—3tta ~3

The corresponding Ishibashi bra states are

Nsal = CifQal CofQal(— 1921, B i, e e

— (3.5)
Ns(M = al = (1 @ral () (Qual (192, 93, +i93,, T )+
2 2 a 2 2 a
where the conjugate vacuum states are normalized in such a way that
(%) -y =1 and (1) (Q—alQm—a)(-1) =1, (3.6)
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and similarly for the right-moving sectors.

In the presence of fractional D3-branes, the left and right moving parts of a twisted
closed string have non-trivial correlation functions since the closed string world-sheet has
a boundary. In the boundary state formalism, this boundary is the unit circle on which
the Ishibashi states enforce an identification between the left and the right movers of the
closed strings. In particular for the massless vertex operators of the twisted NS sector with
label a and twist parameter v, described in section 2.2.1, given any two points w and w
inside the unit disk D corresponding to a D3-brane of type I, we have

_ - _ Mes

(Vo) V@), = xs(Ti V2 @) VI@)00) = sy (3.7)

where the last step is a consequence of the conformal invariance which fixes the form of the

two-point function of conformal fields of weight 1 on D. The constant in the numerator can

be obtained from the overlap between the twisted boundary state and the states created

by the vertex operators V¢ and ]75 . For example, fixing = 1 and 8 = 2 and referring to
the explicit expressions in table 1, we have

M5 = lim lim s (T3 1]V, (w) Vi (@)[0)[0)
? w—0 w—0

= ns(T; 1| ‘I’Si%wﬁ 1) (1) Q) (1)

_7_1’_1/

= sin(rv,) w1 Nng(al ‘I’S,% v

e V1, () (—1) Q) (1

=i sin(mvg) w1 . (3.8)

Proceeding in a similar way, we find that M?! is identical to (3.8), while M} = M?2 =0,
since in these cases the fermionic oscillators are unbalanced. We can thus summarize this
result by rewriting (3.7) as

isin(my,) w14 ()P

(1 —ww)?

(Ve (w) Vi (w)), (3.9)

where 7 is the first Pauli matrix.
We now map this disk two-point function onto the complex plane by using the Cayley

transformation _
z—1i
W= (3.10)
obtaining
0 B 0 ~=g o dwdw  —isin(ny,)w T (r71)e8
<Va (2) Vf(z)>1 = <Va (w) Vf(w»[ Az dz = (> — 2)2 . (3.11)

Thus, using the doubling trick, we are led to introduce the following reflection rule for right

moving vertex operators:

VE(2) — (Br.a)® Vi o (), (3.12)
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so that

(eH
(z—2)?
where, in the last step, we used (2.30). Comparing with (3.11) we find that the reflection
matrix Ry, is given by

V() VE(2)), — (Rra)?, (VS (2) Vi_a(2)) = (R1a)", (3.13)

Ry, =isin(mv,) w1 (3.14)

where 73 is the third Pauli matrix. Repeating the same calculations in the twisted sector
labeled by (M — a), we get

1

Rryv—q =1sin(my,) w3 . (3.15)

Notice that even though the oscillator structure of the boundary states in the sectors a
and (M — a) is different, in the end the reflection matrices (3.14) and (3.15) have the same
form and can be simultaneously written as

Rraz=isin (ﬁ) w T (3.16)
with@=1,...,M —1.

3.1.2 R/R sector

The above analysis can be easily extended to the R/R sector where, in analogy with (3.2),
the twisted components of the boundary state are given by

M-1 ~
. Ta a1~
|T:I|)r = E sin <M) W@ g,

a=1

M-1 ~
. Ta _Ia ~
rR(T;I| = E sm<M>w fapqal .

a=1

(3.17)

In writing the expressions for the GSO-projected Ishibashi states |a))r and their conju-
gates, we adopt the same picture assignments discussed in section 2.4: the (—%, —%)—picture
for the twisted sectors labeled by @ = a € [1, 2], and the (—3, —3%)-picture for the sectors
with @ = (M — a). Apart from this, the structure of these states is similar to that of the
twisted boundary states for D3-branes in the Zy orbifold obtained in [12] from the factor-
ization of the one-loop open string partition function, and already used in our companion
paper [1]. In particular, for @ = a we have

ahr = (CTAT2) 45 [ Aa) (1) Ba) 2y + .. (3.18)

1
2

where the ellipses stand for contributions from massive fermionic modes, the vacuum states
have been defined in (2.48) and (2.51), and I'; and I's are the SO(6) Dirac matrices along
the first two real longitudinal directions of the D3-branes. Likewise, when @ = (M —a) we
have

|M — a))R = (CF1F2)AB ‘AM—a>(_%)’§M—a>(_%) R (319)
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The corresponding Ishibashi conjugate states are

r{al = (_%)<Ea’ (—%)<Ba’ (F2F1C_1)AB +... 3.20)
RUM —al = 3y (Anial 3y Bual (D107 4 '
where the bra vacuum states are defined such that
C1)(BalAa)1y =6 and (o (Byraldara) 2y = 5 (3.21)

with analogous relations for the right-moving vacua.*

We can now repeat the same steps followed in the NS sector to prove that the boundary
state enforces an identification between left-moving and right-moving vertex operators in
the twisted R sector a according to

VP (2) — (Rra) e Vii—a(2), (3.22)
where the reflection matrix is the anti-chiral /anti-chiral block of
Ry, = sin(my,)w 19T Ty . (3.23)

Similarly, in the twisted R sector labeled by (M —a) the reflection matrix is the chiral/chiral
block of

R —a = sin(mv,) w!® Ty . (3.24)
We can combine the last two formulas into
RI,’d = sin <7E> wla I'hIy (3.25)

with the understanding that one has to take the lower-right and upper-left blocks for @ = a
and @ = (M — a), respectively, as a consequence of the picture assignments.

3.2 Massless open string spectrum

We now analyze the spectrum of massless open strings that live on a configuration made
of stacks of n fractional D3-branes of type I for I =0,..., M — 1, that engineer a theory
with gauge group U(ng) X ... x U(npr—1). We will restrict ourselves to listing the fields in
the adjoint representation of U(ny) as these will be the only fields that are sourced by the
background values given to the twisted closed string scalars. We tailor our notations and
conventions to be as close as possible to those in [1].

In the familiar case of D3-branes in flat space, in the (0)-superghost picture the bosonic
massless open string states are represented by vertex operators of the form?

(10Z'+ k- VW) e"? . (3.26)

4We remark that in (3.21) the superghost charges of the bra and ket states exactly soak up the background
charge anomaly. For example the superghost charge of (7%><Ba| is —%, and that of |Aa>(7%) is —%.

SHere and in the following we always assume the operators to be normal ordered, unless this causes
ambiguities.
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where ) )
ki1 t+iky kg ik
= and &;

K = ——————— ==
' V2 ’ V2

with k,, being the real momentum along the direction # of the D3-brane world-volume. In

(3.27)

addition we denote the complex direction 1 by the symbol || and the complex direction 2
by the symbol L, since these directions are, respectively, longitudinal and perpendicular to
the surface defect realized by the D3-brane configuration on the orbifold. We also introduce
the following convenient notation

I€H~Z||:I€121+E1Z1, HJ_‘ZJ_:HQZ2+R2Z2,
_ _ (3.28)
I<;||-\If||:I<&1\I/1+R1\I’1, fil‘\IjL:K/Q‘P2+E/2\I]2,
so that
H-Z:HH-Z||—|-I£J_'ZJ_ (3.29)

and similarly for - W. Clearly, the parallel terms r-Z) and x|-¥)| are invariant under the
orbifold group Zj;, but the perpendicular terms are not, since

K| -4 —> g[RJ_'ZJ_]:willf,QZ2+CUR2Z2,
g: B (3.30)
k-, — g[HL'\I’J_]:w_IﬁglIlz—FWRQ\IIZ.

This in particular implies that in order to write the open string vertex operators for the
fractional D3-branes one cannot use the plane waves e #+%L but instead decomposes these
into functions that transform in the irreducible representations of Z;;. These functions,
which we denote by & with I =0,..., M — 1, are simply obtained by summing the plane
waves e #L'ZL gver the orbits of the group with coefficients chosen such that the combination
transforms covariantly under the group action. So we are led to define:

| M-l | M1 B
g = o Z w7 g7 |:eiHLZ¢} - = Z Wl ol (W 2w’y 2%) (3.31)
J=0 J=0
One can easily check that
| M1 B
glér) = o7 Yo w TR IR - ey (3.32)
J=0

which shows that £ transforms in the I-th irreducible representation of Z;. For M = 2
and w = —1, the functions £; are simply

& =cos(k1-Z;) and & =isin(ki-Z)), (3.33)

which are exactly the two combinations used in the case of the Z3 orbifold in [1].

In a similar way, we have to break up the operators multiplying the plane wave in (3.26)
into various pieces with definite charge I under the orbifold action and form invariant
combinations with £y/_;. In the orbifold theory, only such combinations represent vertex
operators describing physical fields on the world-volume of the fractional D3-brane.
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Applying these considerations, we see that the gauge field A; along the parallel direc-
tions is described by the following vertex operator in the (0)-superghost picture:

Va, = [(i OZ' + kW UY) E + ko U2 UL &y + Ry W2 U 5M,1] e mI 2l (3.34)

Each term in square brackets is invariant under Z;;. For instance, the terms 0Z' and
R Ul which are Z,; invariant, are multiplied with the invariant function &. Similarly
the term ro U2 W', which gets a factor w™! under the orbifold action, is multiplied by &; to
make a Z)/-invariant combination. Likewise, it is easy to see that the third term in (3.34)
is also Zj; invariant. The vertex operator for the complex conjugate field component Ay
is obtained by simply replacing 0Z' and ¥' with 0Z' and W'.

In a similar way we can write the vertex operators for the gauge field As in the
directions transverse to the surface defect, which is

VA2 = |:(1 YA + K| \I’H \IJZ) Ev—1+ ko U2 p? 50] e (335)

The vertex operator for Ay can be obtained from the above expression by replacing 022
and U2 with 0Z2 and U2, and &y with &.

Finally, let us consider the scalar fields. On the fractional D3-brane world-volume there
are three complex scalars that together with the gauge vector provide the bosonic content
of the N' = 4 vector multiplet. When the orbifold acts partially along the world-volume
as in our case, all three complex scalars remain in the spectrum. Denoting them by &
and ¢, with r = 4,5, they and their complex conjugates are described by the following
Z pr-invariant vertices:

Vo = [(102° + 5 9 0) & + 1y T2 WP & + iy W2 WP & | 7171
7 7 i _ | (3.36)
Ve = [(l OZ° + k|- W U°) Eng 1 + kg U TP & + R W2 U2 EM,Q] etrI )

and
Vo, = [(i OZ" + k- W U") Eg + kg U U" &y + Ry U2 U” 5M,1] el Il (3.37)

with Vg = obtained by simply replacing U" with Ur,
All these vertex operators have conformal dimension 1 provided the corresponding
fields are massless, i.e. if K- K = %kzz = 0.

4 Open/closed correlators

In this section we study the mixed amplitudes between the twisted closed string fields
discussed in section 2 and the massless open string fields introduced in the previous section
by calculating open/closed disk correlators (see [17] for a review of scattering of strings off
D-branes). An example of such a mixed amplitude is shown in figure 1, in which the closed
string field is the NS/NS scalar bfg in the twisted sector a.

The open/closed string amplitudes we consider correspond to disk diagrams with a closed

string vertex inserted in the interior and an open string vertex inserted on the boundary.
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<Vopen>b(a) I = ‘]2 _______ V.
L1 @
b

Figure 1. An example of a mixed open/closed string amplitude on a D3-brane of type I. The
closed string vertex operator in the bulk represents the insertion of the twisted NS/NS scalar bf);
the open string field on the boundary is a generic massless excitation on the D3-brane which can
couple to b(aaﬁ) The result is a function of the open string momentum k 1 along the two orbifolded
directions of the D3-brane world-volume which are transverse to the surface defect.

These diagrams are generically non-vanishing due to the D3-brane boundary conditions
that enforce an identification between the left and right movers of the closed strings.

We now explain how to compute these mixed amplitudes starting from the NS/NS
twisted fields.

4.1 Correlators with NS/NS twisted fields
Let us consider the scalar bfg in the NS/NS twisted sector @. Its coupling with a massless
open string excitation on a D3-brane of type I described by the vertex operator Vopen is

given by the following expression:

a) [dzdzdx ,. .. .=3,_
(Vopen) y@).; = b&é/dv (VE(2)VE (2) Vopen (@) (4.1)
aB’ proj
where
dzdz dx

dViroj =

GG -—a)(@—2) (4.2)

is the projective invariant volume element and the integrals are performed on the string
world-sheet. In particular the closed string insertion points z and Zz, are in the upper and
lower half complex plane, respectively, while the open string insertion point x is on the
real axis.

Since we are interested in the couplings with constant background fields bgg, the left
and right vertex operators in (4.1) are at zero momentum. The open string vertex, instead,
has a non-vanishing momentum. Since the fractional brane is located at the orbifold fixed
point zo = 0, translation invariance is broken in the complex direction 2. Therefore, the
components kg and Ko of the open string momentum are arbitrary, while the components
k1 and R are set to zero by momentum conservation in the parallel directions and the final
amplitude will be proportional to 5(2)(5”).

Using the reflection rule (3.16), the integrand of (4.1) can be rewritten as

<Vg‘(z)]7g(2) Vopen(x)>[ = isin (E) w e (73)67 <V§‘(z) VX/P&(Z) V0pen(37)> . (4.3)
Thus, the calculation is reduced to the evaluation of a three-point function of vertex opera-
tors of conformal weight 1. The functional dependence on the word-sheet variables is fixed
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by conformal invariance and exactly cancels that of the projective invariant volume (4.2)
so that in the end the result will be a constant that depends on the detailed structure of
the vertex operators.

There are, however, some features that can be described in generality, and are inde-
pendent of the specific components of bfg and of the particular open string vertices that
are considered. When we write the three-point functions in (4.3) as products of correla-
tors for each of the independent conformal fields, we easily recognize that the superghost

contribution is always given by

<e—¢(2) e—¢(5)> — (4.4)
It is perhaps less obvious but it turns out that also the contribution arising from the bosonic
string coordinates is the same for all amplitudes. Indeed, the only non-vanishing correlator
involving the bosonic coordinates along the parallel direction is

(121 (z)) = 6@ (), (4.5)

which enforces the anticipated momentum conservation for |, while the terms containing
0Z"' or 0Z' always vanish inside the correlators and thus they can be ignored. As far as
the perpendicular direction is concerned, we have to take into account the presence of the
bosonic twist fields and the fact that the plane waves appear in the combinations £; defined
n (3.31). Thus, one typically has to evaluate a correlator of the form
1 M A= e 72 Jzo 72
(0a()orr-a(2) E(@)) = == 3 w7 (0a(2) oaga(z) & TP WIRZD) ) - (46)

M
J=0

For any value of J, the correlator in the sum is equal simply to (o;(z) opr_4(Z)), so that

(oa(2) orr-a(2) E1(x ( Z w”) oa(z) op—a(z)) = 010 (0a(z) op—a(z)) . (4.7)

This means that in the open string vertex operators we can just focus on the terms propor-
tional to & and disregard the other terms, as they will not contribute. Furthermore, we
can also neglect the terms involving 0Z2 or 0Z2, since they always give a vanishing contri-
bution inside the correlators. With this in mind, we can proceed to the explicit evaluation
of the mixed amplitudes with the twisted NS/NS scalars.

4.1.1 Explicit computations

We start by considering the correlator (4.3) with @ = a € [1, 2] and @ = 1 and 8 = 2,

corresponding to the twisted field bg). Applying the above considerations, one realizes
that this scalar does not couple to any open string field except Ay and As. Indeed, the
terms of the vertex operators of A, ®, ¢, and their conjugates which contain & always

contain other structures with unbalanced bosonic or fermionic fields, which therefore vanish
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inside the correlator. Let us then consider the coupling with As. In this case, inserting the
explicit expressions of the vertex operators in (4.3), we have

(Va(2)V2(2) Vay (), = =i sinmigw ™ (Vi(2) Vir_a(2) Vay (2)) (4.8)
with
<V;(z) Vi .(2) Va, () = ko <e_¢(z)e ¢(2) ) (e RN ><aa oM—a(Z))
X (103 (2)s0(2): 0P (2)sar—a(2): - 0P (2) WP ()1 )

The fermionic correlator in the second line above can be evaluated by factorizing it in the

(4.9)

two independent directions 2 and 3 and using the bosonization method [6]. In this way

we have
<:\If3(z)s (2): :U3(2)sp1—a(Z): :@2(33)\1/2(,@):> = <53a(z) SQ_Va(Z) :@2($)\112(x):>
x (103 (2)s, (2): 1 03(2)s3 (2):)

(4.10)
where®
(57,(2) 8%, (2) WP (2)WP(2) 1) = (e P2 (2) eV P2 (2) (~i Do () )
- v, (4.11)
C(z—zval(z—2)(z—x)’
and
(T (2)s, (2): :TH(2)sD (2):) = (e (17983 () o1 1mvbs(2)) = (2_2)1(1_)2
(4.12)
Combining everything together in (4.9), we obtain
<V1 VM a(2) Va, (x)> = 2 Vo (5(2)(&“) . (4.13)

(z—2)(Z—x)(x—2)
Finally, inserting this into (4.8) and (4.1), we find that the coupling of bg) with Ay is
<VA2 >bgz);f = —i bg%) K9 Vg sin TTVq w*Ia (5(2) (K,H) . (414)
The same calculation shows that 5% also couples to Ay and the result is simply obtained
12
by replacing k9 with —Ks in the above expression.

(a)

We can similarly repeat the analysis for the other components b, 3 For example, taking

bg{) we find that its only non-vanishing coupling is

<VA2>b(2t;);I = ibgi) ko (1 — 1) sin g w12 5(2)(/1“) ) (4.15)
with a similar result for Ay in which ko is replaced with —&s. The diagonal components
bgci) and bg;), instead, only couple to the complex scalars ® and ® according to

<Vq>>b(2¢;>;1 = —ibg;) Ko sin m/awfla 5(2)(/<;||),
(4.16)
and <V§>b<a)_1 = ibgci) Ko Sin T, w1? 5(2)(/1”) .
11

SHere ¢ and ¢3 denote the fields that bosonize the fermionic systems in the complex directions 2 and 3.
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It is equally straightforward to compute the open/closed string correlators in the
twisted sectors with @ = (M — a). In this case, we find again that the off-diagonal com-
ponents b( ~ and bg]y*a) only interact with Ay and As, and that the couplings with
Aq are

(M- .
<VA2>b§12”7“);I = —i ng a) K9 (1 — Va) SIN TV, wfa 5(2) (KH) ,

) (4.17)

(M .
and <VA2>b§11\/I—a);I = 1bg1 Ko Vg STV w!® (5(2)(/<c||),

while those with A follow by replacing kg with —&s in the above expressions. The diagonal
components bgjlw_a) and bé]i/l—a) interact instead with ® and ® with the following couplings:

<Vq)>b(M—a).I = —ibgéw_a) Ro sinmyg wl® (5(2)(/{”),

2 o (4.18)

and <V$>b(M—a).I = ibg1 = iy sin g w!® 5(2)(/-1”) .
11 ’

As a consistency check of our results, we observe that the formulas (4.17) and (4.18) can
be obtained from (4.14), (4.15) and (4.16) by simply replacing everywhere a with (M — a).
Thus, despite the fact that the fermionic approach we have used introduces differences in
the explicit expressions for the twisted sector vertex operators, in the end, all sectors are
treated on an equal footing.

4.1.2 Results

We are finally in a position to write down the complete expression for the open string fields
emitted by a fractional D3-brane of type I in the presence of background values for the
scalars of the NS/NS twisted sectors. This is given by summing over all components of b(aaﬁ)
and over all twisted sectors:

M-1 2
<V0pen Z Z open a)I (419)

a=1 o,p=1

As we have seen, the components of the gauge field along the parallel direction 1 and the
complex scalars @, do not couple to any NS/NS twisted field, while we have a non-vanishing
source for As, ® and their complex conjugates. For A, the above formula gives

M-—1
2
<VA2>I = —ikKg Z sin Ty, {ya w e b(l‘;) —(1—vy) wla bé‘i)
a=1

— v, Wit bgl\/[_a) + (1 —vg)w'® bgévj_a) (5(2)(/£H) .

(4.20)

Taking into account the relations (2.38), it is easy to realize that the quantity in square
brackets is purely imaginary. A similar result holds for Ay with ko replaced by —&s.
For the complex scalars ® and ® we have instead

2
(Vo), = —iFy » _ sinmy, [wfla by + w'® bgzw_a)} 6 (),
(4.21)

<V5>I = kg Z sin v, [w_la bg‘;) + wle bgjlw_a)} 5(2)(/<||) .
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4.2 Correlators with R/R twisted fields

We now turn to the calculation of the interactions between the massless open string fields
and the twisted R/R potentials. For definiteness we only consider non-vanishing back-
ground values for the scalars C(® and C(™~9)_ since they are the only ones that turn out
to be relevant for the description of the continuous parameters of surface defects. Thus,
the closed string vertex operators we consider are

) Cup Vi) VE() and CM € Vi () Vi (2) (4.22)

By inspecting the fermionic structure of these vertex operators and comparing it with that
of the open string vertices, one realizes that only the longitudinal component of the gauge
field A; and its conjugate A; can have a non-vanishing coupling.

Let us start by considering the interaction between A; and C(®). This is given by

o dzdz dx ~n
b =€ Cs [ 2 (A VEE Var ), (1.23)
proj

where the projective invariant volume element is defined in (4.2). Using the reflection
rules (3.23) for the R/R fields, the integrand of (4.23) becomes

VAR VE(E) V4, (@), = sin(rve) w14 (D102) B, (VAR VG _a(2) Va, (2)) . (4.24)

Using the explicit form of the vertex operators given in (2.47a), (2.52b) and (3.34), and tak-
ing into account the points discussed at the beginning of this section, the above correlator
can be written as follows:

(V) VEi—a(2) Vi, (@) = kr (7292 7590 (e 1°41) (0 (2) oaga(2))
x (ra(2) Ti—a(2)) (S4(2) SC(2) 0! (2)) .
(4.25)
Each factor in this expression can be easily computed using standard conformal field theory

methods. The new ingredients with respect to the calculations in the NS/NS sectors are
the following two-point functions:

1

<e—%¢(z) e—%¢(2)> — _
(z—2)i

I

1
(rae) o) = ey (420

(Flrgc_l)AC

(z—2) 1(z—2)(Z—x)

and  (S4(2) SC(2) 10O (2)) =

N |

Putting everything together, we have

i (Fll“gC*l)AC

A ¢ (3 =——
(Vi (2) Vir—a(2) Va, (2)) = 2 (z—2)(z—2)(z - 2)

5(2)(16“) . (4.27)

Inserting this into (4.24) and (4.23), and performing the I'-matrix algebra, we finally obtain

<VA1>C<a>,I = —2ik sinTy,w leC@ 5(2)(5”) . (4.28)

— 95—



In a very similar way we find
<VA1>C(M_G) = —2i k1 sinmy, wlecM—a) 6(2)(/£H) . (4.29)

Thus, the full amplitude becomes

M-—1

2
(Va)y==2im 3 [sinmva (w1 C) 4ol M) | 60 (4.30)
a=1

Taking into account that C(M =) = C(@)* a5 it follows from (2.61), we see that the expres-
sion inside the square brackets is real.

5 Continuous parameters of surface defects

We are now ready to identify the twisted closed string background that leads to a mon-
odromy surface defect in the gauge theory on the world-volume of the fractional D3-branes.
It is convenient to decompose the twisted fields of the NS/NS sectors into irreducible rep-
resentations of the unbroken SU(2); symmetry group of the orbifolded space (see the
discussion in section 2). In each twisted sector a, this can be done by writing

bgdﬂ) =ib{® eup + b(f) (€74 )ap + b (eT—)ap + bga) (€73)ap (5.1)

where € is defined in (2.31) and 74+ = (71 £ ir2)/2. In the M = 2 case studied in [1] it was
found that only the singlet component b@ (which we denoted b in that reference) acted
as a source for the gauge field. This can also be seen from (4.20) by setting v = % and
w = —1 for the only twisted sector that is present when M = 2. For the general M > 2
case, however, we see that the gauge field couples to both the scalars b@ and bga). Since we
wish to have a uniform description of surface defects for all values of M, in what follows,

we will set bga) = 0 and only turn on the background value for b@. Furthermore, we also

turn on the doublet components b§§ ) which source the scalar fields ® and ®. This means
that, in terms of the initial fields bglﬁ), our background reads

@ _ @ _

a .1 (@)
12 91 = —1bg",

@ _ @ @ _ @ 2
W@ =@, o = @,
with (b@)* = o™ and (bf) )= b for all twisted sectors, as follows from the
relations (2.38).
Inserting these background values in (4.20) and (4.21), we have

(Va,), = —kabr 6B (ky), (5.3)

and
(Vo), = —iRaby 6P (k)), (Vg), = —irzb; 6@ (x)), (5.4)
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where we have defined the combinations

M-—1
9 M-—1 ~
by = Z sin v, [wila b + wle bnga)] = sin (TE) w1 p@ | (5.5)
a=1 a=1
and
2 N a 5 (@
by = Z sin 7wy, [wila b(ia) + wle biMfa)] = Z sin (M) wia bgg) . (5.6)
=1 a=1

Notice that by is real, while (b}r)* = b;. It is interesting to note that a similar change of
basis for profiles of closed string fields between the fractional branes (labelled by irreducible
representations) and the twisted sectors (labelled by conjugacy classes) has been observed
previously for fractional branes at orbifolds in [11].

As explained in detail in [1], these amplitudes are interpreted as a source for the
corresponding open string field (see also figure 1), whose profile in configuration space is
obtained by taking the Fourier transform, after attaching the massless propagator along

the D3-brane world-volume: ) .
— = . (5.7)
k2 2(|ry 2+ [kL]?)

For example, for the gauge field As we have

Agg = J-"T[<V222>I] . (5.8)

In appendix B we show how to organize the calculation of this Fourier transform in terms of
the generalized plane-waves £ that transform covariantly with charge I under the orbifold
group. Applying these methods to the present case, we see that since the source (5.3) is
proportional to k2, which has charge (—1), only the term proportional to & remains so
that (5.8) becomes

d2/-$||d2/<;L <VA2> )
Aoy = / L olm1r2) &
(27r)2 Q(Hﬁ + k%)

— 7‘] d K] K2 i(w_‘]ﬁz 22+w‘] Roz2) _ lbl
=—br4; o2 ol 12 © - %
(2m)? 2|k | 4z

(5.9)

where the last equality is a consequence of the fact that all M terms in the sum are actually
all equal to each other and equal to i/(47z2).

Combining this result with the one for the complex conjugate component As, we find
that the gauge field on the I-th fractional D3-brane has the following profile:

by (dz2 d b
Ar= Adx—AQIdZQ—i—Ag[dzz——lI(ZQ—Z2>:—Id9 (5.10)

47 \ Zy 29 2T

where 6 is the polar angle in the C(;)-plane transverse to the surface defect.
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The only other open string field that has a non-vanishing profile in the twisted NS/NS
background we have chosen is the complex scalar ®. The analogous calculation takes the
following form:

b =FT [ e FI Al Epp_q

<V<I>>I] :/dgﬁdgfﬂ (Va),

(2m)? 2(/<aﬁ + k%)

= +
= —i b-i— Z d? K1  R2 ol (w” Ko Ba+w? Ry 22) _ b[
(2m)2 2|k |2 A7 zo

(5.11)

If we now consider a general configuration with n; fractional D3-branes of type I for all
values of I, as in the KT proposal [4], we obtain the following profiles:

boly, O - 0

do 0 bilp - 0
A=—— 5.12
=3 I , (5.12)

0 0 - by_11n, ,
and

by lny, O -+ 0

1 0 bfly -+ 0
® = . 5.13
wnl (5.13)

0 0 - bl

These are precisely the profiles of a GW surface defect in the A/ = 4 theory corresponding
to the breaking of U(N) group to the Levi subgroup U(ng) X ... x U(nas—1), provided
the continuous parameters (ag, 51,7r) that conventionally parametrize the singular profiles
near the defect are related to the background values of the NS/NS twisted scalars as follows:

b Re(b}) Im(b;)

ap = — Br = o n=—

Bt (5.14)

If the original gauge group is SU(N), the corresponding field profiles are obtained by
removing the overall trace from each of the above expressions.

We now turn to discussing the coupling of the open string fields with the twisted scalars
in the R/R sector. As we have seen in section 4.2, we only need to consider the coupling
with the longitudinal component A; of the gauge field. This is given in (4.30), which we

rewrite as
(Va,),; = —2ik1c1 6P (k) (5.15)
where
cr = 22: sin v, [ wlecla) 4 wI“C(M_“)} = M_lsin <7Ta> wlec@ (5.16)
= a=1 M

This real quantity is the R/R counterpart of by defined in (5.5) for the NS/NS sectors.
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At face value, the coupling (5.15) is vanishing because of the d-function. However, as
was explained in the Zs in [1], if we multiply this amplitude and its complex conjugate
with the corresponding gauge field polarizations, the resulting sum can be interpreted as
an interaction term between the R/R scalars and the longitudinal components of the gauge
field strength. Indeed,

17117[ <VA1>I + ALI <V7§1>I = —2icy (I?lAl — lﬁlﬁl) 52(H”) =2icy ﬁ[ 52(H”) R (5.17)

where Fj is the gauge field strength on the Ith fractional brane (along the defect), in
momentum space. Performing the Fourier transform, this expression becomes an effective
interaction term localized on the surface defect:
i Cr 2

where F7 is the gauge field strength in configuration space, on the Ith fractional brane. If
this has a non-trivial first Chern class, then this effective interaction can be understood
as the 2d topological 0-term that can be included in the path integral definition of the
theory with surface defect. When a generic configuration with n; D3-branes of type [ is
considered, the following phase factor is therefore introduced in the path integral

M-1
. Cr 2
exp (1 IEO % /d 2 TTU(nI)FI) , (5.19)

leading to the following identification of the n-parameters of the surface defect:

o

N1 (5.20)

This completes the identification of all the parameters of the generic GW monodromy
defect with the background values of the twisted scalars in the Zj; orbifold. We note that
these formulas generalize those in [1] and exactly reduce to them when M = 2. We also
remark that if we write the parameters by, in and c; as sums over all twisted sectors, their
relation with the parameters of the surface defects holds also for even M. In this case, in
fact, beside the twisted sectors we have described at length in this paper, there is also a
sector with twist % whose contribution is exactly the same as in the M = 2 case. For this
reason, therefore, we see that the restriction we made at the beginning to restrict to odd
values of M does not lead to any loss of generality.

We end this section by observing that the identifications (5.14) and (5.20), namely

br Re(b}) Im(b}) C[}

o’ 2 7 2w orm

(5.21)

{041;517717771}:{

are consistent with the behavior of the GW parameters under S-duality, as given in [2].
In fact, even though our world-sheet analysis has been at the orbifold fixed point, it is
possible to blow-up the Z;-singularity into an ALE space and provide an interpretation to
the twisted scalars of the orbifold theory as massless moduli in the low-energy supergravity
(see for instance [9, 18]). In such a geometric approach, the combinations b; and ¢;, which
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are made of the singlets ™ and C@ from each twisted sector as shown in (5.5) and (5.16),
arise by integrating, respectively, the NS/NS 2-form B,y and the R/R 2-form C(y) of Type
II B supergravity around the exceptional cycles wy of the blown-up ALE space. Therefore,
from (5.21) we read

1 1
oy = —%/ B(2)7 nr = 27r/w1 C(2) . (522)

Using the S-duality action on the 2-forms, with simple manipulations [1] one can show that
this identification implies that «; and n; indeed transform in the expected way.

Similarly, the in parameters can be identified with the (string frame) metric moduli
corresponding to the complex structure of the blown-up exceptional cycle wy. As such they
inherit the S-duality transformation properties from the (string frame) metric, which are
precisely the ones expected for the parameters 5; and ~y; of the GW defects.

We finally remark that when M > 2 also the scalars b3a) can couple to the gauge fields,
differently from what happens in the M = 2 case [1]. To have a uniform description for
all M we have therefore chosen to set béa) = 0 in each twisted sector. As we have just
seen, this choice has allowed us to identify a perturbative closed string realization of the
generic GW defects that is fully consistent with S-duality. However, our approach offers the
possibility of considering more general backgrounds with also bga) turned on, and it would
be interesting to further investigate their meaning and implications for the world-volume

theory on the D3-branes and their defects.

6 Discussion

The present work extends the analysis of [1], where the main ideas of our approach to a
string theoretic realization of the GW surface defects were already anticipated. Here we
have concentrated on the technical ingredients necessary to implement those ideas in the
case of a generic half-BPS surface defect. Therefore we think it is useful to recapitulate at
this point our motivations and the main features of our construction, and highlight some
new perspectives and potential future developments.

The study of defects in quantum field theories is an important subject from many
different points of view. For example, a proper understanding of conformal defects is a
crucial step towards a complete classification of higher dimensional conformal field theories.
In this context, much progress has been made in elucidating the kinematic constraints
that the residual symmetry of conformal defects imposes on the observables of the theory,
leading to their parametrization by some set of conformal data [19-23]. The kinematics
is even more constrained for superconformal defects where stringent relations between the
two-point functions of the displacement operator and the stress tensor one-point function
for surface defects exist [24].

The general symmetry structure helps to tackle the dynamics of defects also in (super)
Yang-Mills theories. The line defects corresponding to Wilson or 't Hooft lines represent
a widely studied set of observables. Surface defects, whose definition is more delicate,
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are also extremely interesting, especially with regard to the duality properties of the the-
ory. Groundbreaking work on conformal surface defects in gauge theories was carried out
in [2, 3], where half-BPS monodromy defects in N' = 4 super Yang-Mills theories were char-
acterized and their S-duality properties clarified. Many developments followed, giving such
defects an holographic realization in type IIB supergravity [25, 26], extending the study to
generic N = 2 theories [27] and taking advantage of 6d and M-theory embeddings [28] and
of localization techniques [4, 29-32].

What we have done in this work is to directly realize the GW monodromy defects
within perturbative Type II B string theory using fractional D3-branes on orbifolds. This
realization was already suggested in [4] where it was shown that the instanton contributions
to the effective theory of surface defects are organized in terms of chain-saw quivers and
described as D-instanton corrections to a system of fractional D3-branes with two world-
volume directions extended along the orbifold background (see also [31, 33]). Here we have
taken this picture seriously and showed that such a D3-brane configuration with a partially
longitudinal orbifold action is a GW defect. It was already clear from the KT construction
that the discrete data of a GW defect are represented by the order M of the orbifold group
and by the numbers n; of D3-branes assigned to the I-th irreducible representation of Z ;.
What was missing, however, was the identification of the non-trivial profiles of the gauge
fields around the defect and their continuous monodromy parameters. Here we have filled
this gap showing for a generic defect how these continuous data are encoded within the
D-brane configuration.

As we already pointed out in [1], our description in terms of closed string background
fields has some similarities with the holographic realization of surface defects as bubbling
geometries of Type II B supergravity that asymptote to AdSs x S® [25, 26]; indeed, in that
realization, like in ours, the continuous parameters of the defects are mapped to integrals
of the NS/NS and R/R 2-forms over suitable cycles. Our construction, however, is based
on an exactly solvable string background — D3-branes on an orbifold — in which explicit
world-sheet computations are possible. Moreover, we are on the gauge theory side of the
holographic correspondence: the branes have not dissolved into geometry and the open
string degrees of freedom are explicitly present. It would be a worthwhile exercise to relate
our D-branes on orbifolds to the bubbling geometries of [25, 26].

For simplicity we have considered surface defects in N' = 4 U(N) theories, but our
analysis can be extended to cases with lower supersymmetry and/or with other gauge
groups. For example, by introducing a mass deformation in two of the directions transverse
to the D3-branes [31] we can realize the so-called N' = 2* theory, or by implementing
another orbifold acting purely in directions transverse to the D3-branes we can obtain
a N = 2 theory. Furthermore, by introducing orientifold planes we can get models and
defects with orthogonal or symplectic gauge groups. Exploring in this fashion these set-ups
represents a logical line of development.

Let us remark once more that the orbifold that realizes the GW defects has a different
behavior with respect to the orbifolds that are usually considered. In fact, as discussed in
section 3.2, this orbifold not only acts on the oscillators and the Chan-Paton indices of the
open string states, but also on the components of their momentum transverse to the defect.
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This action on the momentum can therefore compensate the corresponding action on the
oscillators and the Chan-Paton factors, so that no state is projected out; rather, a specific
momentum dependence is imposed. Therefore, on the world-volume of the fractional D3-
branes we find the same field content of the N' = 4 super Yang-Mills theory. The exception
to this pattern is represented by the open strings with no momentum transverse to the
defect. Out of these states, the orbifold selects a subset of states and halves the amount of
supersymmetry. Such states, which we did not investigate in the present work, represent
the defect sector of the defect CFT. The bulk operators are instead represented by closed
and open string vertices with non-zero momenta in the directions transverse to the defect.
Mapping correlators of bulk and defect operators to ordinary string world-sheet diagrams
could prove to be a useful tool in the investigation of the defect dynamics. This is another
direction worth investigating.

The perturbative string theory realization of a non-trivial sector of the gauge theory
that we have described bears many analogies with the explicit derivation of the gauge
instanton profiles from D3/D-instanton systems [34-36] via the emission of open strings
from disk diagrams with mixed boundary conditions [37]. The role of the instanton moduli
is played in the construction of the surface defect by the insertion of the twisted closed string
at zero momentum. The direct realization of instantons as a solvable D-brane background,
besides its intrinsic interest, turned out to be very useful in evaluating instanton effects in
deformed theories [38-40] as well as in engineering “exotic” instantons of purely stringy
origin [41-43], possibly giving rise to effects otherwise prohibited in the effective field
theory. Similarly, in the case of surface defects, it is possible that having a microscopic
stringy realization might suggest some novel effects in the defect gauge theory. We hope
to explore these and related issues in the future.
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A Conventions

In this appendix we list our conventions for spinors both in the 4d space along the Z,;
orbifold, and in the 6d space transverse to it.

A.1 Spinors in 4d

We consider a 4d space parametrized by the two complex coordinates z3 and z3, related to
the four real coordinates x,, (with m = 3,4,5,6) asin (2.1). Introducing the Pauli matrices

o™= (7'1,7'2,7'3, —ily), (A.1)
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we can form the combination

1 Z3 Z9
X o=—uz,(6™) = . A2
s = T (s <z2 _23> (A2)
The SO(4) ~ SU(2)4+ x SU(2)_ isometry group acts on X as follows
X — v xul (A.3)

where Uy € SU(2)+. Therefore, the two columns of X are two doublets transforming as

Yo = <23> and  w, = ( Z2> . (A4)
29 —Zz3

Raising the indices, we have

Y =ys ()P = (‘f2> and  w® = wg ()P = (f?’) (A.5)

z3 Z2

spinors of SU(2):

where € = —im as in (2.31). Of course the same combinations can be made with the
fermionic coordinates leading to the doublets

2 3
( i?)) and <$2> (A.6)

These are precisely the structures that have been used in section 2 to write the massless
vertex operators of the twisted NS/NS sectors.

A.2 Spinors in 6d

We consider a 6d FEuclidean space spanned by the coordinates xz;; with M €
{1,2,7,8,9,10}, in order to respect the configuration of the orbifold (1.1). The 6d Eu-
clidean Clifford algebra is given by

{Tnm, v} =26mn, (A7)

and an explicit realization of the I" matrices is given by:

0 0 —il, 0 0 0 7 0
R b |00 0]
i1, 0 0 0 5 0 0 0
0 il, 0 0 0750 0
0 0 -7 0 00 m 0
00 0 m 00 0-n
;= : s = , A8
"m0 0 0 "m0 00 (A5)
07 0 0 0 -7 0 0
0 0 0 —il, 00 0 1L
Iy — 0 0 il O 7 Iy — 0 015 0
0 —il, 0 0 01, 0 0
i1, 0 0 0 1, 0 0 0
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It follows that the 6d chirality matrix Tis

1 0 0 O

=~ 01, 0 O
I' =i eIl 9 = A9
171819l 0 00 -1, 0 |° (A.9)

00 0 -1

which shows that, in this basis, a Dirac spinor is written as

) o

where A and A label, respectively, the chiral and anti-chiral components. The charge
conjugation matrix C, in this basis, is given by

0 0 0ce€
0 —00
—e 0 00
where e = —i79 as in (2.31). The charge conjugation matrix is such that
CTy ct= —(FM>t . (A12)

B 7 in momentum space

Here we briefly comment on how to define the Z,; orbifold action in momentum space. Let
us take the complex plane C(y) with coordinates zp and zz on which 7, acts as in (2.2),
and define the momenta k9 and o as in (3.27). For simplicity, however, we can drop the
index 2 since in this appendix this does not cause any ambiguity.

First of all, we observe that the orbifold action on the coordinates can be equivalently
read as an inverse action on the momenta. Consider for example the scalar product

KZ+ Kz, (B.1)

which, under the action of Zy; on the coordinates, is mapped to

wlkZ+wkz . (B.2)
Clearly, this result can also be interpreted as due to the following action of Z; on the
momentum variables:

G: (k,R)— (WK, wr) (B.3)

with the coordinates held fixed.

Then, let us consider a function in momentum space, f(k,%), and define its images
under the orbifold group according to
N S
— w7 flw™k,w’ ) (B.4)
M J=0

H[(Ii, R) =
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where I =0,...,M — 1, modulo M. Using (B.3), it is immediate to check that
gy = W'y, (B.5)

namely that IT; transforms in the I-th representation of Zj,. Inverting (B.4), we get

M-1
fr,B) =) Tk, &) . (B.6)
1=0
Applying these definitions to the plane wave e' "2152) we get
1 & —1J i(w /kz+w!R 2)
&r = i Z w e , (B.7)
J=0
with
gler] =w'er . (B.8)

These functions £ have exactly the same form and properties of the functions introduced
in section 3.2 when we described the Zjs-invariant open string states. In terms of them,
the plane wave can be written as

M—1
ol (RZ+R2) _ Z Er . (B.9)
1=0
Let us now consider the Fourier transform of f. Using (B.6) and (B.9), we have

2, o 2, M-1
FTIf](2) :/C;Tf(ﬁ,ﬁ)é(m“) :/d > (k&) Es . (B.10)

2T
1,J=0

Since the integration measure is Z j;-invariant, only the invariant products I1; £/ survive,
and thus

2, M-1 9  M-1
FTUIG = [ 58 S miem s = 5 [ 55 S a[fteme =53] L )
1=0 I=0

This shows that the Fourier transform leads to a well-defined function in the orbifolded
theory. In particular, the Fourier transform of a function in the I-th irreducible reprentation
of Zj; in momentum space is a function in configuration space that transforms in the
representation (M — I), and viceversa.
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