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Abstract

The band shape of phosphorescent emission of benzophenone has been computed by

using the first order perturbative expansion of singlet and triplet states with the spin

orbit coupling operator as perturbation and by evaluating Franck-Condon integrals

with an efficient strategy for handling the whole set of vibrational coordinates. The

computed band shape compares well with the experimental one, showing that modern

computational tools yield reliable spin-orbit couplings to be used for evaluating the

rates of singlet-triplet transitions in modern optoelectronic devices.

Introduction

Singlet-triplet transitions are ubiquitous in optoelectronic devices.1–6 In organic light emit-

ting diodes (OLED), triplet excitons are formed in larger amount than singlet ones and

therefore significantly affect the efficiency and the spectral properties of the emitted radia-

tion.7–19 In bulk heterojunction (BHJ) solar cells, formation of triplet charge-transfer (3CT)

excitons on nanosecond timescales has been observed in thin films consisting of blends of

polymer donors and fullerene derivative acceptors and the low conversion efficiencies ob-

served for those systems have been tentatively imputed to an efficient charge recombination

processes occurring via the lowest energy triplet state.20–23 However, the formation of triplet

excitons via ungeminate electron-hole recombination could also play a beneficial role on the

energy conversion efficiency, because they slow down the rates of radiative decay to the

ground state, thus promoting charge dissociation, which is predicted to be fast enough to ef-

fectively compete with the spin forbidden decay to the ground state.24 Triplet states are also

involved in bimolecular upconversion of noncoherent low intensity light, an important pro-

cess for converting low energy photons into light adequate for photovoltaics, photocatalysis,

and bioimaging.25–28

For better assessing the role that triplet states can play in organic devices, the kinetics of

radiative and non-radiative processes involving those states have to be investigated. Singlet-
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triplet transitions are expected to be sufficiently slow to allow the use of the Fermi Golden

rule (FGR) for the calculation of the rate constants;29,30 within that approximation, the rate

constant is given by:

ki→f =
2π

~
|Vif |

2F (∆Eif , T ) (1)

where Vif is the electronic coupling element between the initial and the final state and

F (∆Eif , T ) is the Franck-Condon weighted density of states (FCWD).24,31–35

Herein, we will focus on the reliability with which the electronic coupling and the FCWD

can be obtained by first principle calculations by computing the band shape of phospho-

rescent emission of benzophenone, using the sum of state expression of the electric dipole

transition moment obtained at the second order of perturbation theory. That is a partic-

ularly significant test, inasmuch as it involves the calculation of: i) the spin-orbit coupling

elements between singlet and triplet states, ii) the dipole moment transition strengths, and

iii) the equilibrium geometries of the excited states.

We will show that within such an approach, the band-shape can be reliably reproduced

using a manageable number of excited states. Herein we will expose our analysis based on a

methodology which requires the computation of Franck-Condon factors.

Of course, different methodologies for predicting band-shapes are available, such as the

nuclear ensemble statistical approach. Illustrative computations of the emission spectra of

organic molecules carried out with different methodologies and useful comparisons between

Franck-Condon based and statistical approaches can be found in ref 36, where the strengths

and the weaknesses of the different methodologies are discussed.

Radiative singlet triplet transitions

According to pioneering work by Henry and Siebrand,37–39 the band shape of singlet-triplet

transitions can be computed by using the wavefunctions of the lowest energy singlet |S′
0〉 and
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triplet |T′
1〉 states evaluated at the first order of perturbation theory:40

|S′
0〉 = |S0〉+

∑

t≥1

3
∑

α=1

〈Tα
t | ĤSO |S0〉

E(S0)− E(Tt)
· |Tα

t 〉 , (2)

|T′α
1 〉 = |T

α
1 〉+

∑

s≥0

〈Ss| ĤSO |T
α
1 〉

E(T1)− E(Ss)
· |Ss〉 , (3)

where ĤSO represents the spin-orbit coupling operator; |S0〉 and |T1〉 are the unperturbed

states and the superscript α denotes the spin states of triplet levels.

By using eqn.s 2 and 3 and recalling that the µ̂ operator cannot remove the orthogonality

of Tα
n and Tβ

m (n 6= m) when α 6= β, the electric dipole transition moment of the T1 → S0

radiative transition is given by:37,41,42

〈T′α
1 | µ̂γ |S

′
0〉 =

∑

s

〈Tα
1 | ĤSO |Ss〉 〈Ss| µ̂γ |S0〉

E(T1)− E(Ss)
+
∑

t

〈Tα
1 | µ̂γ |T

α
t 〉 〈T

α
t | ĤSO |S0〉

E(S0)− E(Tt)
, (4)

where γ ∈ x, y, z.

Introducing the Born Oppenheimer approximation:43

|Xn〉 ≡ |Xn,w〉 = |Xn〉 ⊗ |w〉 ; E(Xn) = EXn
+ ǫw,

where X = S or T , w is the vector collecting the vibrational states of Xn, E and ǫ denote

the electronic and vibrational energy, eqn 4 can be cast in the form:

〈

T ′α
1,u

∣

∣ µ̂γ

∣

∣S ′
0,v

〉

=
∑

s,σ

〈T α
1 | ĤSO |Ss〉 〈Ss| µ̂γ |S0〉 〈u|σ〉〈σ|v〉

ET1
+ ǫu − ESs

− ǫσ
+

∑

t,τ

〈T α
1 | µ̂γ |T

α
t 〉 〈T

α
t | ĤSO |S0〉 〈u|τ 〉〈τ |v〉

ES0
+ ǫv − ETt

− ǫτ
, (5)

where 〈Xn| µ̂γ |Xm〉 and 〈Xn| ĤSO |Xm〉 imply integration only over electronic coordinates,

and u, v, σ and τ are the vectors of the vibrational states of T1, S0, and the intermediary
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Ss and Tt states, respectively. The possible dependence of ĤSO on the nuclear coordinates

and non-Condon effects have been neglected in eq. 5, see next section.

The spectral band shape for radiative triplet-singlet emission is given by:44,45

ITS =
16NAπ

3

3 ε0c 3

∑

v

∑

u

e−βǫu

Z
|µ(T ′

1,u → S ′
0,v)|

2

∫

ν4δ
(

ET ′

1
,u − ES′

0
,v − hν

)

d(hν) (6)

where ITS is the intensity of the transition, i.e. the energy emitted by one mole per second,

NA denotes the Avogadro number, ε0 the vacuum permittivity, c the speed of light; Z is

the vibrational partition function of the initial state, β = (kBT )
−1, kB being the Boltzmann

constant, and |µ(T ′
1,u → S ′

0,v)|
2 =

∑

α

∑

γ

|
〈

T ′α
1,u

∣

∣ µ̂γ

∣

∣S ′
0,v

〉

|2.

Computational details

All electronic computations have been carried out at the density functional level of theory

(DFT) by using the B3LYP potential.46,47 That level of computations should provide reliable

results, according to previous work.48–50 Geometry optimizations and computations of nor-

mal coordinates and harmonic vibrational frequencies were carried out by using the Gaussian

package (G09).51 Spin-orbit coupling elements, vertical excitation energies and transition

dipole moments were calculated by using the Amsterdam density functional (ADF) suite of

programs.52,53 Relativistic effects were included in ADF computations through the zeroth

order regular approximation (ZORA).54 Time dependent DFT (TDDFT) was employed for

treating all excited states, including T1. With both G09 and ADF programs, excited states

were computed by using a reference closed shell (singlet) ground state. Only for the evalua-

tion of 〈Tα
1 | µ̂γ |T

α
t 〉 transition dipole moments we had to resort to the unrestricted formalism.

By using 〈S2〉 as an indicator of spin contamination, our calculations yield 2.058 for T2 state

and 2.037 for T3 state. Therefore, according to Ipatov et al., spin contamination would not

severely undermine the quality of our results.55

The TZ2P basis set composed of Slater type orbitals was used in the computations with
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the ADF program. Because G09 makes use of Gaussian type functions, a perfect match for

the results of the two softwares is not attainable. However, we have tested several Gaussian

basis sets and found that G09/TZVP gives the closest agreement with ADF/TZ2P. The

RMSD between the equilibrium geometries amounts to ca 0.01 Å for both S0 and T1 states.

Multidimensional Franck Condon (FC) factors have been computed by using the basis of

normal coordinates and the Duschinsky transformation:

Q′ = JQ+K, (7)

where Q and Q′ are the normal coordinates of the electronic states involved in the transi-

tion, and J and K are the rotation matrix and the equilibrium displacement vector, respec-

tively.56,57

Equilibrium position displacements and frequency shifts were included in calculations,

whereas normal mode mixing effects were neglected, in order to permit an easier storage of a

large number of FC integrals.58 FC factors were computed by using a development version of

the MolFC package.59 The phase of the electronic spin-orbit coupling (SOC) and transition

dipole moments appearing in the two summations of Eq.n 5 has been fixed by computing

each element of one of the sums in a single run and then using standard algorithms for fixing

the phase of the two contributions.60

Comparison between the predicted and the experimental band shapes was carried out

by: i) extracting ITS from experimental spectrum, and ii) making coincident the predicted

and the experimental shortest wavelength peaks. The usefulness of that procedure has been

detailed in ref 61. Predicted intensities have been scaled by a suitable factor, chosen to help

the eye in the comparison with the experimental spectrum.
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Results and Discussion

In order to identify the excited states which mostly contribute to the spectral band shape,

we started by computing excitation energies, transition dipole moments, and spin-orbit cou-

plings (SOC) for the first twenty excited singlet and triplet states of benzophenone at the

equilibrium geometry of T1. The results are reported in Tables 1 and 2, which show that the

largest contributions to the spectral band shape of benzophenone phosphorescent emission

are provided by a few low energy lying excited states, in particular S1, S2, S5, T1, and T2.

Taking into account contributions of the first five excited singlets and of T2 in eq. 5 should

provide a reliable approximation to the spectral band shape (see also Figure S6 in the Sup-

porting Information). We have thus focused attention only on those states, for which full

geometry optimizations and normal modes calculations have been carried out. For all the

excited states but T2, the computed Hessian matrices exhibit 3N − 6 positive eigenvalues,

confirming that optimizations yielded minimum energy structures; for T2 the computed Hes-

sian matrix exhibits only one negative eigenvalue, corresponding to asymmetric stretching of

C(carbonyl)-C bonds. Since all the attempts to recover a real minimum failed, we have used

for that state the CAM-B3LYP functional,62 which furnished reliable results both for ground-

and excited-state equilibrium geometries for aromatic dyes with high dipole moments.49,61,63

Inspection of Tables 1 and 2 shows that the predicted transition dipole moment for the

S0−S1 transition is considerably lower than those for S0−S3 and S0−S4, in excellent agree-

ment with the experimental absorption spectrum, thus testifying the reliability of B3LYP in

predicting dipole transition moments. Moreover computations agree with the experimental

spectrum which shows that the longest wavelength absorption, peaked at ≈ 350 nm, is ca

two order of magnitude less intense than the shorter one, peaked at ca 250 nm.64,65

Although the S1−S0 electric dipole transition moment is small, computations predict a

large SOC between S1 and T1, so that S1 will significantly contribute to the spectral band

shape. The analysis of the Kohn-Sham orbitals shows that S1 is a 1(n, π∗) state, whereas T1

is to a larger extent a 3(n, π∗) state with a smaller component of 3(π, π∗),66 thus exhibiting
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Table 1: Energies (eV), transition dipole moments (µγ = 〈S0| µ̂γ |Ss〉, a.u.), and spin-
orbit (SO) coupling elements (〈Ss|ĤSO|T

α
1 〉, 10−5 a.u.) for the first twenty-one singlet

states of benzophenone at the equilibrium geometry of T1. Relative energies are re-
ferred to T1.

s ∆ET1,Ss
µx µy µz 〈Ss|ĤSO|T

(1)
1 〉 〈Ss|ĤSO|T

(2)
1 〉 〈Ss|ĤSO|T

(3)
1 〉

0 −2.29 0.00 0.00 −1.24 0.00 0.00 27.3 i

1 0.59 0.00 0.00 −0.11 0.00 0.00 10.2 i

2 1.95 0.00 0.00 −0.26 0.00 0.00 4.59 i

3 1.98 0.14 1.28 0.00 −1.03− 2.26 i −1.03− 2.26 i 0.00

4 2.07 0.16 −1.26 0.00 0.65 + 2.76 i 0.65 + 2.76 i 0.00

5 2.21 0.00 0.00 0.74 0.00 0.00 16.8 i

6 2.63 0.00 −0.73 0.00 1.90 + 0.37 i 1.90− 0.37 i 0.00

7 2.88 0.15 −0.12 0.00 −0.66 + 0.51 i −0.66− 0.51 i 0.00

8 3.08 0.00 0.00 −0.34 0.00 0.00 1.08 i

9 3.29 0.05 −0.38 0.00 0.12 + 0.08 i 0.12− 0.08 i 0.00

10 3.33 0.00 0.00 −0.13 0.00 0.00 −2.00 i

11 3.42 0.10 −0.71 0.00 0.50 + 0.92 i 0.50− 0.92 i 0.00

12 3.69 0.00 0.00 0.19 0.00 0.00 2.12 i

13 3.70 −0.16 −0.29 0.00 1.20 + 3.48 i 1.20− 3.48 i 0.00

14 3.72 −0.04 −0.46 0.00 −3.41− 10.0 i −3.41 + 10.0 i 0.00

15 3.77 0.00 0.00 −0.12 0.00 0.00 −0.49 i

16 3.84 0.00 0.00 −0.24 0.00 0.00 −8.14 i

17 3.91 −0.08 −0.85 0.00 −0.39 i 0.39 i 0.00

18 3.95 0.00 0.00 0.04 0.00 0.00 2.27 i

19 4.00 0.12 −0.17 0.00 0.10− 0.37 i 0.10 + 0.37 i 0.00

20 4.22 0.00 0.00 0.14 0.00 0.00 −1.03 i

large SOC couplings with both S0 and S1 states, according to El-Sayed’s rules.67 T2 is a

3(n, π∗) state exhibiting a large SOC with S0. No other triplet states possess large SOC

elements with S0, so that the perturbative sum over triplet states can be safely truncated to

T2.

Equilibrium position displacements of the normal modes of the electronic states which

are expected to provide the major contributions to the perturbative summation of Eqn. 5 are

reported in Table 3. They have been computed via Duschinsky’s transformation of normal

modes, using the internal coordinate representation.33,56,57,68 The equilibrium geometries of

S1 and T1 states of benzophenone are almost identical, the RMSD between the predicted

minimum energy structures amounting to 0.07 Å. That prediction is in line with experimen-
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Table 2: Excitation energies (eV), transition dipole moments (µγ = 〈T1| µ̂γ |Tt〉,

a.u.), and spin-orbit coupling elements (〈S0|ĤSO|T
α
t 〉, 10−5 a.u) for the first twenty

excited triplet states of benzophenone at the equilibrium geometry of T1. Rela-
tive energies are referred to S0.

∆ES0,Tt
µx µy µz 〈S0|ĤSO|T

(1)
t 〉 〈S0|ĤSO|T

(2)
t 〉 〈S0|ĤSO|T

(3)
t 〉

2.29 0.00 0.00 −0.66 0.00 0.00 27.3 i
2.84 0.00 0.00 0.32 0.00 0.00 14.8 i
3.34 0.02 −0.76 0.00 −1.38 + 0.40 i −1.38−0.40 i 0.00
3.74 0.00 0.00 0.11 0.00 0.00 1.97 i
3.80 −0.03 −0.17 0.00 0.53+0.09 i +0.53−0.9 i 0.00
4.33 −0.06 1.61 0.00 0.00 0.00 0.83 i
4.50 −0.09 −0.70 0.00 −1.39− 0.50 i −1.39− 0.50 i 0.00
4.69 0.00 0.00 0.36 2.57− 3.34 i −2.57 + 3.34 i 0.00
4.76 0.00 0.00 −0.10 0.00 0.00 1.14 i
4.91 0.02 −0.04 0.00 −0.24−1.93 i −0.24+1.93 i 0.00
4.94 0.00 0.00 −0.08 0.00 0.00 −0.32 i
5.20 0.00 0.00 0.13 −2.11−2.93 i −2.11+2.93 i 0.00
5.35 0.00 1.74 0.00 1.72+1.74 i 1.72−1.74 i 0.00
5.39 0.00 0.00 −0.07 0.00 0.00 −0.14 i
5.42 0.00 0.00 0.27 0.00 0.00 2.02 i
5.45 0.18 −0.24 0.00 −1.23+0.42 i −1.23−0.42 i 0.00
5.53 −0.03 0.30 0.00 0.00 0.00 1.18 i
5.71 −0.01 0.52 0.00 −11.00−0.07 i −11.00+0.07 i 0.00
6.00 0.00 0.00 0.33 −1.51−0.46 i −1.51+0.46 i 0.00
6.00 −0.02 −0.54 0.00 0.00 0.00 2.95 i

tal evidence: the sensitized phosphorescence excitation spectra of jet-cooled benzophenone

have shown that the S1 ← S0 and T1 ← S0 spectra are just duplicates of each other in their

vibrational structure, clearly indicating that S1 and T1 have almost identical minimum en-

ergy geometries.69 The most displaced coordinates for singlet-triplet transitions correspond

to low frequency vibrational modes occurring at wavenumbers below 100 cm−1, attributable

to in-phase or out-of-phase torsional modes of phenyl rings, and to high frequency vibrational

modes occurring at wavenumbers around 1600-1700 cm−1, attributable to in plane stretch-

ing and bending modes involving the carbonyl group and adjacent ring carbons, which are

responsible for the progression which characterizes the band-shape of the phosphorescence

spectrum.
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Table 3: Wavenumbers (ν̃, cm−1) and Equilibrium Position Displacements (K, Dimen-
sionless) of the Most Displaced Normal Coordinates of Benzophenone for the most
contributing Singlet and Triplet states.

Xn ← T1 Xn → S0

Xn ν̃T1
ν̃Xn

K ν̃Xn
ν̃S0

K

S0 69 61 2.35

90 91 0.81

1576 1638 0.62

1607 1716 -1.88

S1 69 61 3.06 68 69 −0.6

90 99 0.88 1586 1638 0.56

1629 1716 −1.73

S2 69 62 2.12 46 42 −1.02

90 103 1.62 62 61 4.30

545 537 −0.97 606 654 1.22

620 562 1.06

1591 1581 −0.97

T2 69 67 −3.25 67 61 5.40

90 113 1.65 113 91 −0.81

280 312 0.82 1537 1617 0.61

425 430 0.92 1599 1638 0.92

534 553 −0.77 1653 1716 −2.72

973 994 0.52
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The theoretical spectrum has been computed using eq.n 6, including in the summations

the first five excited singlet states and T2, limiting the maximum excitation number to three,

but for the most displaced modes of Table 3, for which the latter has been set to 20. In order

to rationally truncate the infinite summations over the vibrational states appearing in Eqn.

5, which could also cause problems due to accidental degeneracy of vibronic states, we have

resorted to the methodology of ref.s 35,70,71. In that approach, the entire Hilbert space H

spanned by the vibrational states partitioned as the union of subspaces hs, in each of which

only s simultaneously excited vibrational modes are included, H =
⋃

s hs.

That partition relies on the fact that usually Franck-Condon integrals significantly de-

crease as the number of simultaneous excited modes increases, so that contributions to the

spectral band shapes of states belonging to hs subspaces become smaller as s increases, mak-

ing it possible to efficiently reduce the exponential growing of the size of the computation.

Furthermore, the above partition offers also a sort of control of the convergence of the sum

of state expression; herein we obtained a satisfying convergence with subspaces up to s = 4.

Thermal effects have been considered by Boltzmann-weighting the vibrational excited

states originated by the most displaced low frequency modes, namely 69 and 90 cm−1 (see

Table 3). Those vibrational degrees of freedom have been populated by introducing up to

two quanta each, which should be enough at 77 K. Although a few transitions at higher

energy than 0-0 are recovered,72 thermal effects turn out to be rather modest, as shown in

Figure S8 of the Supporting Information.

The theoretical and experimental phosphorescence spectra of benzophenone are shown in

Figure 1. The spectrum of benzophenone is structured, exhibiting a pronounced vibrational

progression pattern at ca 1600 cm−1, which can be associated to carbonyl stretching mode

and to other stretching and bending modes which involve the carbonyl group and the bonded

ring carbons.

The 0-0 transition predicted upon aligning maximum intensity peaks turns out to be

24 580 cm−1. Rough experimental estimates of the 0-0 frequency are available; ν̃00 has been
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found in ≈ 24200-24500 cm−1, in close agreement with our results.73,74

The shape and the width of the theoretical spectrum are in good agreement with their

experimental counterpart. The limited number of vibrational states considered in compu-

tations prevents from obtaining a continuum spectrum. However, apart from the regions

between peaks, where the predicted density of states is low, the whole spectral shape is well

reproduced as well as the relative intensity of the main vibrational progression, testifying

about the reliability of the computed SOCs and transition dipole moments.

15000 16000 17000 18000 19000 20000 21000 22000 23000 24000 25000

Wavenumber / cm
-1

In
te

n
s
it
y
 /
a
rb

.u
n
it
.

Figure 1: Theoretical (solid gray and blue lines) and experimental (dashed black line) phos-
phorescence spectra of benzophenone.73 The assigned 0-0 transition is evidenced in red.

A practical way for considering the whole set of vibrational states is that of approximating

vibronic energy differences with the electronic ones. That approximation permits to use the

closure relation for the sum over the vibrational states of the intermediate states, leading

to:75

〈

T ′α
1,u

∣

∣ µ̂γ

∣

∣S ′
0,v

〉

= ΓS0,T1
〈u|v〉 (8)
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where:

ΓS0,T1
=

∑

s

〈T α
1 | ĤSO |Ss〉 〈Ss| µ̂γ |S0〉

ET1
− ESs

+
∑

t

〈T α
1 | µ̂γ |T

α
t 〉 〈T

α
t | ĤSO |S0〉

ES0
− ETt

, (9)

is a pure electronic factor, and 〈u|v〉 collects the Franck-Condon integrals between the vi-

brational states of the singlet S0 and the triplet T1 states. The latter can now be evaluated

by the generating function approach,45,76,77 according to which the delta function entering

Eq. (6) is transformed as:

δ(∆E − hν) = h−1

∫ ∞

−∞

exp [i (∆E − hν) τ/h] dτ, (10)

and the integral in (6) can be computed via the transformation:

fTS(τ) = |ΓTS|
2Tr

[

e−iτHSe(−β+iτ)HT

]

. (11)

where HT and HS are the vibrational Hamiltonian operators of T1 and S0 and τ is a dummy

variable: τ = t/~, t having dimensions of time. If HS and HT are modeled in harmonic

approximation, the trace in (11) can be evaluated into a closed form,76–78 when the whole

Hilbert space of the vibrational states of S0 and T1 is considered. The results obtained

following this latter approach are also reported in Figure 1.48 In that case a continuum spec-

trum is obtained, due both to the completeness of Hilbert space and to the inclusion of hot

bands, but the relative intensities of the peaks of the vibrational progression are not very well

reproduced, because, as shown by the results of Tables 1 and 2, the replacement of vibronic

energy differences with electronic ones is not a good approximation for benzophenone, for

which nπ∗ states are strongly coupled to ππ∗ states which are close in energy.

We have also analyzed the change of SOC couplings in going from the equilibrium ge-

ometry of T1 to that of S0 for the three most displaced vibrational coordinates, roughly

corresponding to the torsions of the phenyl units and the stretching of the C=O bond. DFT

13



computations, whose results are summarized in Figures S2-S5 of the Supporting Informa-

tion, predict very small variations of the SOC for the torsional modes of the phenyl units.

Although slightly more consistent variations of the SOCs are found for C=O stretching, the

dependence of SOC on nuclear coordinates should affect the phosphorescence spectrum of

benzophenone to a very small extent. Indeed, past experience has shown that non-Condon

effects become relevant only when SO or dipole moment couplings will vanish.43,79

Conclusion

We have shown that the sum over vibronic states expression of singlet-triplet radiative tran-

sitions is a viable tool for the computation of spectral band shapes. The excellent agreement

between computed and experimental band shape testify that modern computational tools

yield reliable electric dipole transition moments and spin orbit couplings. Those quantities,

in turn, allow for determining reliable rates of radiative, and non radiative processes which

take place in modern technological devices for solar energy conversion and for low power

light emitting diodes. The evaluation of these kinetics is a key step toward the design of new

organic molecules ensuring better performances.
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