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couplings in the small Hilbert space.

KEYywoRrDS: String Field Theory, D-branes, Superstring Vacua

ARX1v EPRINT: 2103.04920

OPEN AccCESS, © The Authors.

Article funded by SCOAP?, https://doi.org/10.1007/JHEP09(2021)048


mailto:maccafer@gmail.com
mailto:jvosmera@phys.ethz.ch
https://arxiv.org/abs/2103.04920
https://doi.org/10.1007/JHEP09(2021)048

Contents
1 Introduction and summary 1

2 Open-closed effective couplings in WZW-like open superstring field the-

ory 4

2.1 Tadpole shift 4

2.2 Effective action and open-closed couplings in the WZW theory 11
2.3 Example: mass correction for the radius deformation of a non-BPS D-string

in Type ITA 12

3 A new observable in A, open superstring field theory 16

3.1 Zero- and one-string products 17

3.2 Higher products 17

3.3 Relation with the Ellwood invariant of the WZW theory 20

4 Open-closed couplings in A, open superstring field theory 22

4.1 Effective open-closed couplings to all orders 22

5 Discussion and outlook 26

A Review of the A,, construction in the small Hilbert space 27

A.1 Product notation 27

A.2 Tensor coalgebra construction 29

A.3 Relation to the WZW-like open SFT 30

B Detailed calculations 31

B.1 Properties of F» 31

B.2 Proof of (3.15) 33

1 Introduction and summary

This second paper of the series including [1, 2] is devoted to the coupling of on-shell closed
string states to open superstring field theory. In particular we are going to discuss the
vacuum shift induced by a physical closed string deformation and the corresponding open-
closed effective couplings in RNS open superstring field theory [3-5]. Focusing for simplicity
on the open string NS sector, we have two main frameworks to discuss superstring field
theories depending on whether we choose the dynamical string field to live in the large [6, 7]
or in the small Hilbert space [8].

We start our analysis with the WZW-like theory in the large Hilbert space [6, 7]. This
theory has the advantage of having microscopic vertices which are relatively simple, with no



insertions of picture-changing operators. We then add a gauge-invariant open-closed term
consisting of a simple vertex coupling an on-shell closed string with an off-shell open string,
controlled by a deformation parameter p. The form which is more suited for studying the
effective action is the so-called t-Ellwood invariant which couples a physical closed string
in the (total) —1 picture in the small Hilbert space with an off-shell dynamical open string
in the large Hilbert space and has been first discussed by Michishita [9]. Just as in the
bosonic string case [1] this term is a tree-level tadpole which destabilizes all the vacua
of the theory, which have to be shifted, in order to cancel the tadpole. We show that
upon expanding around a given vacuum shift solution (if such a solution exists) the theory
remains structurally the same as the undeformed one but it is characterized by a new
deformed BRST charge @), which anticommutes with 7 when the vacuum shift equations
are satisfied.

Then we analyze the structure of the vacuum shift equations perturbatively in the
deformation parameter p and we attempt to solve them by fixing the standard gauge
bp = & = 0 outside of the kernel of Ly. In doing so we remain with equations in Ker(Ly)
which, order by order in pu, are obstructions to the existence of the full solution, analo-
gously to what happens for boundary marginal deformations [10-12]. We derive a set of
sufficient conditions on the closed string deformation which ensure that such obstructions
are vanishing and a vacuum shift solution exists. These conditions are nicely interpreted
as vanishing conditions for amplitudes involving an arbitrary number of deforming closed
strings and a single physical open string. As it turns out, these amplitudes are naturally
written in the large Hilbert space and (denoting Py the projector on the kernel of Lg) they
have an interesting structure involving symmetric insertions of “dual” homotopy operators
h and h associated to the mutually commuting derivations Q and n

b
hZéz)(l—Po) (1.1)
) (1.2)
[Qah] = [77»71] =1- P, (13)

where (just like by = [n,&obo] with [Q,bg] = Lo) we have defined by = [Q,bo&o] with
[0, l;o] = Lg. This n-QQ symmetry is a consequence of the A/ = 2 structure which is at the
heart of the WZW theory [6, 13] and in fact something very analogous to the homotopy
operators h and h have been already discussed in [14], in the study of the BV quantization
of the free WZW theory, where instead of ybg the zero mode of {b(z) was used. In our
approach, where we solve perturbatively the equation of motion, these operators come into
play rather naturally in the emerging perturbation theory even using the standard gauge
fixing &y = bg = 0, provided we remain outside the kernel of Ly in internal propagators, as
we should. After having discussed the existence of a (perturbative) vacuum shift solution,
we turn our interest to the construction of the effective action for the modes in the kernel of
Lo (the “physical” or — at zero momentum — the “massless” fields). To build the effective
action we follow [15, 16] and, order by order in perturbation theory, we obtain the effective
couplings between the deforming closed string state and the massless open strings. The



obtained couplings also include an effective tadpole which couples a single massless open
string to several deforming closed strings and we consistently find out that this tadpole is
precisely given by the above-mentioned obstructions to the vacuum shift, precisely following
the same logic as in the bosonic string [1]. A rather sharp difference however, compared
to the bosonic case, is that the presence of the two dual propagators h and h and the
elementary multi-string vertices make the perturbation theory expanding extremely fast
and it becomes too cumbersome to go higher than the first few orders. Nevertheless we
find out that, just as it was happening for the obstructions, this perturbation theory is
still naturally organized in a way which is completely symmetric in n and @ and the
associated homotopies h and h, hinting to an all-order structure which we are however
unable to characterize.

Because of this, differently from the bosonic case [1], we don’t give all-order results for
the full open-closed effective action as we did in general for theories which are based on a
cyclic Ay structure [17], see also [18]. Therefore, before attacking the explicit evaluation
of the first non-trivial open-closed couplings (which are discussed in the third paper [2])
we address the same problem in the A, open superstring field theory in the small Hilbert
space [8], which can be obtained from the WZW theory in the large Hilbert space by gauge
fixing the n gauge invariance and performing a field redefinition [19-21].

On the world-sheet, the A, theory is more complicated compared to the WZW one,
essentially because its multi-string vertices are constructed iteratively using integrated non-
local insertions of the picture-changing operator X = [Q, £] and its primitive £&. However the
great advantage of the A, theory is its build-in cyclic homotopy structure which allows to
switch-on the co-algebra language and to handle at once the whole tree-level perturbation
theory. Quite surprisingly no one ever described the analog of the Ellwood invariant [23—
25] for the A theory. In fact, despite the theory is still based on Witten star product it
turns out that the usual insertion of a physical closed string at the midpoint of the identity
string field does not commute with the multi-string products, due to the non-local picture-
changing insertions. However this failure of commutativity can be “corrected” by adding
a whole tower of new products Ej, (\I/®k> coupling the physical closed string to multiple
open strings. These new products Ej can be upgraded to coderivations Ej in the tensor
algebra and, just as it happens for the Ellwood invariant in Witten bosonic OSFT [17, 18],
it turns out that their sum E = ), _, Ej is nilpotent E? = 0 and it commutes with the
total nilpotent coderivation M describing the fundamental open string products of the
theory. This new observable belongs to the general class of observables that have been
discussed in [17] (and further properties will be discussed in [26]) for generic Ao theories.
Moreover, just as the open string products M can all be encoded in a (large-Hilbert space)
cohomomorphism G acting on the coderivation of the free theory Q as M = G~1QG, [§]
the “Ellwood” coderivation E can be similarly obtained as

E =G 'eG, (1.4)

where e is the coderivation associated to the simple O-string product given by the same
midpoint insertion which we used in the WZW theory. This has the consequence that, just
as the WZW and the A, theory are related by a partial gauge fixing of the former and



a field redefinition [19-21], the same is true for the WZW theory deformed by e and the
A theory deformed by E. To compute the first few terms of the effective action one can
simply follow [11] but in fact it is much more efficient working at the level of co-algebras
where we can straightforwardly apply the vertical decomposition for strong deformation
retracts discussed in detail in [17] to write down in closed form the complete infinite tower
of effective open-closed (tree-level) couplings that one obtains by integrating out the open
string field outside the kernel of L.

The paper is organized as follows. In section 2 we repeat what we did for the bosonic
string in [1] in the superstring context using the NS WZW theory in the large Hilbert space,
deforming it with the open-closed invariant. We first discuss the tadpole removal and then
we construct perturbatively the open-closed couplings. We conclude section 2 with an
explicit computation of a mass deformation induced by a change in the compactification
radius for a non-BPS d1 brane. This parallels the corresponding computation for the
bosonic string which we presented in [1]. In section 3 we construct the microscopic open-
closed coupling E corresponding to the Ellwood invariant in the A, theory in the small
Hilbert space. After having constructed the observable E we show that this indeed coincides
with the observable that one gets by partially gauge fixing the WZW theory with the
previously discussed open closed coupling [9] and performing the field redefinition described
in [19-21]. In section 4 we systematically write down the open-closed couplings in the A
theory to all orders taking advantage of the co-algebra description. We end up in section 5
with some discussion on future extensions of the presented material.

The relation between the open-closed couplings of the WZW and the A, theory,
together with A/ = 2 localization techniques will be the main theme of the third and final
paper of this series [2].

2 Open-closed effective couplings in WZW-like open superstring field
theory

In this section we are going to perform an analysis of the bulk deformation in the case of
the WZW superstring theory in the NS sector, analogously to what we did in the bosonic
case [1].

2.1 Tadpole shift

The WZW theory coupled to the superstring version of the Ellwood-invariant in the large
Hilbert space [9, 25| has the following action

S [®)] :—/Oldt<At,nAQ—,ue>, (2.1)

where we have defined the Maurer-Cartan forms
Ag = e Qe (2.2)
A= e 0! =@ (2.3)

!This is the “t-form” of the Ellwood invariant. The equivalent  and @ versions [27] are less convenient
for our work.



and ® is the picture and ghost number zero open string field in the large Hilbert space
and in the NS sector. ) and 7 are respectively the zero modes of the BRST current and
the n ghost of a given RNS superstring background and they are mutually commuting
nilpotent derivations

Q*=0, Q=0 n°=0. (2.4)

Moreover

e=V(i,—i)l
is the identity string field I with a midpoint insertion of an A = (0,0) primary V(z, 2) at
total picture —1, which obeys

ne =20
Qe=0

These properties guarantee that the operator (®,e) is gauge invariant under the infinites-
imal gauge transformations

5e® = QA1e® + ePnAy (2.7)
!
ade ade
oe = eado lQAl * 1 —eade Nz, (28)
where ade x = [®,x]. The action (2.1) can be explicitly rewritten in terms of infinite

interaction vertices for the open string field ®

SWIP] = = (n®, QD) + Z(D) + pu (P, e) , (2.9)

DN | =

where the interacting part of the action is explicitly given by

0o/ 1\k
() = kzzjl (li +1)2)! (n®, ad Q@ ) . (2.10)

Since the action has been deformed by a gauge invariant operator, the gauge symmetry of
the action is unchanged, but the equation of motion acquires a source term

nQRP® + J(P) = pe. (2.11)

The interacting part of the equation of motion can be compactly written starting with the

formal power series expansion

G(z) = nz e -1 (2.12)



as

J(®) =[G (ade) nG (—ads) + G (ade) n + G (- ads)] Q2 (2.13)
=~ 2. @0 + ¢ (10, [8,Q0]) - 5[, [y®,Qa]) + 5[, [2.1Qa] ) + 0@

Just as in the bosonic case, because of the tadpole pe, &9 = 0 is not a solution anymore, so
if we want to study the physics that is induced by the u-deformation we have to shift the
vacuum to a new equilibrium point. Let’s first address this problem at a formal level. To
this end we rewrite the EOM (2.11) in the more standard WZW form (see for example [16])

ead.;) _ 1

(n(eQe®) = pe) =0, & n(e"*Qe®) — pe =0, (2.14)

adq,
where we have used that the operator

ad<1>_1

ad

is invertible (notice also that by construction ade e = 0). Assume now we have found a
solution ®,, to (2.14). By writing the group element e® as [27]

e?P=ePre? o d=3,+¢ (2.15)
¢ = log (e_‘p“eq)“ﬂs) ~ ¢=log (que@“) -, (2.16)
the action becomes [28]
1
OIF ) [® —2u0e®n) — — A, nA
SWp] = § < b (e Qe ) — pe ) /Odt<At777AQu>
1 ~
= S dt ( A,ndq, ), (2.17)

0

where the equation of motion has been used to set the tadpole to zero and we have defined

A = e 99, = § (2.18)
Ag, = Qe (2.19)
Q# =Q+ ade_meeqm . (2.20)

Notice that the shifted kinetic operator @, is nilpotent even without assuming that @,
solves the tadpole-sourced equation of motion. This may look odd but in fact the need for
a proper solution is contained in

(@] = ad,y (—vp gty = adye = 0, (2.21)

which parallels the analogous bosonic condition discussed in [1]. In other words, when we
expand around a proper vacuum shift ®,, then @, is a nilpotent operator which maps the



small-Hilbert space into itself (despite the fact that e~®#Qe®# itself is not in the small-
Hilbert space). So the shifted theory is characterized by the pair of mutually commuting
nilpotent operators (), and 7

QZ, =0, [Quﬂ?] =0, 772 =0 (222)

and has thus the same algebraic structure as the initial theory (without the closed string
deformation) but a different BRST charge. Therefore the situation is effectively the same
as in the simpler bosonic case [1].

Now, as in the bosonic case, we can search for the vacuum shift ®,, perturbatively in

= 1% (2.23)
a=1

The vacuum shift equations (2.11) read

nQe1 = e (2.24)
1Q02 = 5o, Qo] (2.25)
1Q0s = 5lndn, Qoal + 5lnga, Qo

— 5 (10 101.Q01l) = 161, loon, Qanll + glon, [ornQenll) (220

s

and we can try to solve them iteratively. Again the first equation is not always solvable.
A possible solution can be searched for by fixing the gauge? h®, = P, = 0 where

h = L—O(l - P) (2.27)

§=8&(1 - R) (2.28)
in the form

¢1 = —Ehe + 1, (2.29)

where Popp1 = ¢1. By acting with n@ we find that the condition for the existence of a
solution (to this order) is

Po(nQp1 — e) = nQp1 — Poe = 0. (2.30)

As in the bosonic case, a sufficient condition (which is also necessary in the zero momentum
sector of the open string) is to set

Pye = 0. (2.31)

2Since Lo # 0 by the presence of (1 — Py) setting h = 0 is the same as setting bo(1 — Py) = 0, i.e. Siegel
gauge outside the kernel of Lo. This is a partial gauge fixing, because it does not touch the kernel of Lg
which remains unfixed.



Going further, if we insist in finding solutions which do not excite the kernel of Lg, at
second order in u we get the equation

1 -
77Q<Z52 = _5[h67 he}v (232)
where we have found convenient to define

h=[Q,hé] = & — Xoh = (fo - on‘;) (1- Py), (2.33)

being Xy the zero mode of the picture raising operator Xy = [Q, &o]. The operator h obeys

[Q,h] =0 (2.34)
[n,h] =1—- P (2.35)

- b
hh = €h = &= (1 — Py). (2.36)

Lo
In particular we have

Q hhe = —he (2.37)
nhhe = he. (2.38)

It is suggestive to realize that h is a propagator in the “dual” small Hilbert space
(which is identified with the kernel of @, rather than 1), where n (instead of @) is the
kinetic operator. Indeed just as we have by = [n, {obo] with [@Q, by] = Lo, in the kernel of Q
we can define?

bo = [Q, boko] = &oLo — Xobo (2.39)
which gives
[, b0] = Lo (2.40)
so that _
h= 2‘;(1 — Py) = ¢ — Xoh. (2.41)

Another interesting relation in this regard is Ly = [Q, [1, $obo]] = [0, [@, bo&o]]. Then it is
not difficult to see that we have a solution

1 - 1- -
P2 = §§h[he, he] = §hh[h6, he], (2.42)
provided the second order obstruction vanishes

Py[he, he] = 0. (2.43)

3We could have defined, as in [14], by = do = [Q, (b¢)o] where (b€)o is the zero mode of the conformal field
b¢(z) and get analogous properties. Then we would have had a slightly different -homotopy i’ = Z—‘é 1-PR),
resulting in a total propagator different from (2.36) h'h # {02—%(1 — Py). In other words we are still fixing
the standard & = bp = 0 gauge (outside the kernel of L) but we are anyhow able to display a complete
n — @ symmetry of the amplitudes.



Continuing perturbatively (and systematically setting to zero the possible massless correc-
tions) we get an infinite set of sufficient conditions for the existence of the vacuum shift
for the closed string which we summarize here for convenience

0= P()e
0 = Py|he, he] (2.44)

0= P, <i[h€, Blhe, hell + 7 [he, e, hel] - é[he, e, hel] + = lihe, [he, Ben)

As in the bosonic case these conditions should capture the vanishing of S-matrix elements
between the deforming bulk closed strings and a single massless open string. Notice that
these amplitudes are written explicitly in the large Hilbert space and make use of both
propagators h and £ in a completely symmetric way. It would be interesting (but beyond the
scope of this paper) to systematically investigate how these large Hilbert space amplitudes
relate to the more familiar ones in the small Hilbert space.

To conclude this subsection, before discussing the effective action approach, we would
like to spend few words on the Ellwood invariant we use and on the projector condition
Pye = 0. To this end let’s start considering a NS-NS closed string deformation. This can

be constructed starting from a set of (holomorphic) h = 1/2 superconformal primaries U}
2

and their anti-holomorphic mirrors U? by considering the picture —1 closed string state®
Vs (2 2) = Vap (U (2)QU" (2) + QU ()il (%)) (2.45)

where we have defined

U(z) = fCU%G_(b(Z) = C’}/_IU% (2), (2.46)

and similarly for Z/®. Assuming a generic gluing condition U3 — QP, U§ the bulk field
2 2
V(z,Z) turns into the bilocal chiral field

Tas (2, 2%) = Voo (14°(2) QUP(") + QUO () () ) (247)
where now the polarization also includes the gluing matrix
Vb = VaeS26,. (2.48)
Computing the n and ) variations we find the standard relations
nU = CU% e ? = CU% 5(y) (2.49)
QU = cU; — e‘bn[U% =clU; — ’yU%, (2.50)

where U; is the worldsheet matter superpartner of U1
2

1

2 zZ—Ww

Tr(2)Ui(w) = Uy (w) + regular. (2.51)

4The subscript “NS” stands for “NS-NS”.



The open string field e is then given by
e =Ul V(i,—i)|0), (2.52)
where the (twist-invariant) operator U] is given by
Ul =exp | Y- wnlon |, (2.53)
n>1
where v,, are known (but unimportant in our analysis) coefficients [29]. The Fock space
state Pye can be explicitly computed as in the bosonic case and it gives

Poe = Vyp cdc W e=9(0)]0), (2.54)
2

where the NS-boundary field W is given by the weight 1/2 component of the bulk-boundary
OPE

W‘%b () = lim (z — 2%) <U‘i(z)Ul1’(z*) — [UCIL(Z)UZ(Z*)) , x=Rez. (2.55)

Z—z*

Of course it is possible that, for a given bulk field V(z, z) and a given gluing condition {2

the boundary field W is vanishing, and in this case the vacuum shift is unobstructed (to
2

first order). In case of a RR deformation we can use the picture (—1/2,—1/2)

Vir(z,2) = V5 65% 9/%(2) 857 ~9/%(2), (2.56)

where o and § are the spinor indices in a given chirality dictated by the chosen GSO
projection. The corresponding holomorphic bilocal field will depend on the gluing condition
for the spin field which we will generically take to be S%(2) — F p 355 (z*), where the chirality

of 3 depends on the boundary conditions
VRr(2,2) = Vaﬁ S ?%(2) CSBefd)/Q(z*), (2.57)
where, analogously to the NS-NS case
1 B
Vaﬁ - VaﬂF 8" (258)

In this case we easily find that (assuming zero momentum in the open string sector) the
only possible outcome is
Pye =V, 5c0c Wi’ e9(0)[0), (2.59)
2

where the NS open string field Wi‘ﬁ is given by the h = 1/2 contribution of the R-R
bulk-boundary OPE ’
V\V’i/g)ef‘z5 (x) = lim (z — 2%) (So‘e*
2

z—z*

(2)S%¢5(z")), = =Rex (2.60)

So we see that in both cases of NS-NS or R-R deformations, the first order obstruction to
the vacuum shift is associated to the creation of a physical NS open string field via the
bulk-boundary OPE.

~10 -



2.2 Effective action and open-closed couplings in the WZW theory
We now consider integrating out the states outside the kernel of Ly from the deformed
action (2.1). So we write
d=PP+(1-PF)P=¢p+R. (2.61)
The equation of motion for R is given by
QR =—-J(p+ R)+ pe = —Jule + R). (2.62)
Now we fix the gauge
hR=hR=0, < bR=&R=0 (2.63)

and we act on the R-equation (2.62) with the full propagator hh. In doing so we miss a
part of the R equation (the out of gauge equation) which will be however accounted for
by the final effective equation for the massless field ¢, see [17]. This gives the “integral”
equation

R =hhJu(¢ + R). (2.64)

As in the bosonic string [1], the solution R = R, () to this equation is directly related to
the corresponding solution R,—o(¢) in the undeformed p = 0 theory. Indeed it is easy to
see that we have

O, (p) = ¢ + Ru(p) = Ouo(p — phhe). (2.65)

Explicitly the first few terms of R, (y) are given by

Ru(p) = > 1" Ria (2.66)

k=0 a=0
Rop=PRi10=0 (2.67)
ROJ = —fzhe (2~68)
hh
Ra0 = =~ [nw, Q¥] (2.69)
hh -
Riy =~ (Ine.hel = [he, Qo)) (2.70)
hh -
R072 = ?[he, he]. (2.71)

Notice how Ry o is obtained from R(;1q)0 by doing a substitutions ¢ — —hhe in all
possible ways, according to (2.65). Already looking at these low order terms, we can
realize that a natural way to interpret the double summation in o (number of closed strings
insertions) and &k (number of open string insertion) is an expansion in 2« + k which is how
the usual string perturbation theory is typically understood. Higher order terms can be
obtained straightforwardly but the reader can check that the corresponding perturbation
theory becomes cumbersome very soon. It would be clearly desirable to have a closed form

- 11 -



expression for the solution R,—o(y) as in the case of theories based on a cyclic A, algebra
(like the bosonic OSFT and the small Hilbert space theory which we focus on in the next
sections). If we keep these first few orders (renaming ¢ — Ay to explicitly have an open
string counting parameter) we arrive at the final form of the effective action as

S ) — (J; (e.he)+0 (m)))
+A (,u(e,go} - /§<[he,ﬁe],tp> +0 (u3)>
+ A2

% (me,Qp) = & (me, e, Q] ) + 0 (u2)>

(
+38 (=5 (e [0, Q) + O ()
(

(=)

1

o7 (1[0, [0, Qell) - % ( Ine, Q. hhlng, Qi ) + 0(#))

+O0(N). (2.72)

+ 2\

At O(\%) we find the non-dynamical cosmological constant which consists of purely closed
string scattering off the initial D-brane. Then at O(\) we find the “massless” tadpole,
which is the same as the obstructions to the full vacuum shift (2.44). At O(A?) we find
the kinetic term for the (initially) massless fields ¢. The closed string deformation gives
rise to possible mass-terms consisting (at leading order) of a (open)2-(closed) amplitude.
The non vanishing of this amplitude is in turn a first order obstruction to the existence
of an open string marginal deformation triggered by a physical ¢. At higher order the
purely open string effective action already studied in [16] gets corrected by infinite closed
string corrections according to the general picture we have already encountered in the
bosonic case. Notice that although the recipe to get the above effective couplings is rather
straightforward, it is not easy to grasp an all-order structure, which instead was very clear
in the bosonic string analysed in [1]. For this reason, as a step towards unveiling the
all-order structure of the WZW effective action, we will analyze the same situation in the
closely related A, open superstring in the small Hilbert space where, following the general
structure presented in [17], we will be able to give all-order results on the effective open-
closed couplings. However before delving into this rather technical endevour we will give
a concrete example of how the above effective couplings (in particular the one responsible
for the mass deformation of the open string spectrum) can be easily computed by simple
generalization of what we have done for the bosonic string in [1].

2.3 Example: mass correction for the radius deformation of a non-BPS D-
string in Type ITA

Before going on with more extended all-order constructions, which will be the topic of the
following sections, let us give a simple example on how the above terms in the effective
action can be explicitly computed, paralleling what we did in the bosonic case [1]. The
setting we want to consider here is a non-BPS D1-brane wrapped on a circle of radius R in

- 12 —



Type IIA string theory. The BCFT of this system has been studied in [22] at the critical

radius R = v/20a/ where the weight 1/2 GSO(—) matter states VY (in canonical —1
picture)® generate an exact moduli space connecting the D-string to a D0-DO0 system at
maximal distance on the circle. In our example we will start at generic radius R and we
will add a closed string deformation of the form

pe = -UT (U)QUI(=0) + QU (=) [0), (2.73)

see [1] and [29] for the definition of the world-sheet operator U 1T . For the radius deformation
we have to consider

Uz) = ke, (2) (2.74)

and therefore
U = cpye”?(2), (2.75)
QU = cjy(2) — Py (2), (2.76)

where

jy(2) = i\/jaY(z) (2.77)

is the world-sheet SUSY partner of 1,
1.
Tr(2)1y(0) = ;jy(O) + regular. (2.78)

This deformation is the superstring analog of what has been studied in [1] and it describes
a modification of the compactification radius R — R + dR. The relation between d R and
p will be derived shortly. But first of all we would like to check that the massless open
string field

po = o cle %]y (2.79)

remains massless. To this end we compute the induced mass term from (2.72)

02/¢0mg¢0 = —g <77<p, [ﬁhe, QQO} > = g <€7 hh [n¢, Q¢] >

_u<
=—(e
2

Thanks to the condition Pye = 0 (which can be readily verified by direct OPE) the above
quantity can be manipulated in complete analogy to what has been done in [1] for the

bo
foLfo(l - Py)

[, Q] > : (2.80)

5In our conventions Y = Yz stands for the chiral part of the Y (z, Z) compact free boson.
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corresponding bosonic string computation. This gives the result

02/¢0m3¢0
= Lt [ a{ (cve@ei(-i)+eitieve ()
(et +o(-0) (ve@s(-0+iE0e (=) ) 2.51)
=i % /Oldt4i<1+t2) ((ve )i (=) +ilinpe?(=0)) (ve ?(i(=t)+i(t)ve *(=1)) )

1
:2:(1%/0 dt(1+12) ((t_li)4+(tji)4) ~0. (2.82)

Therefore we find that the mode ¢y remains massless under the radius deformation. This
is what we expect since this mode describes the Wilson line deformation which is exactly
marginal for every radius. It is interesting to notice that here in the superstring the integral
is finite without the need of a regularization at ¢t ~ 0 as it was the case for the bosonic
string [1]. The reason is that, thanks to the fact that the interacting open strings are
at different pictures, there is no zero-momentum negative-weight field propagating in the
amplitude.

Next, we would like to compute the mass correction for the GSO(-) fields

o (k) = ¢ (k) cEe™ Py @ o1, (2.83)
where we have set
Pt = i kX (2.84)

and we have explicitly included an internal Chan-Paton factor o; [30].° A cocycle factor
is understood to make P and e~ effectively grassmann-odd (like ¢) [22]. We have also
considered the field at finite momentum & in order to be able to put ¢ on-shell for
all values of R and n so that the SF'T amplitude will be computable without using the
Schwarz-Christoffel map as in [1] and in the previous example. The mass-shell condition
is given by

9 1 n?

- _ 2.85
20/ R? ( )

and under this condition (2.83) is a physical weight-zero field. Taking into account the
multiplicative Chan-Paton for the derivations n and @ [30]

n—N=n®o3 (2.86)
Q—=-Q=Qo03 (2.87)

A trivial 2 x 2 identity matrix is also understood in (2.79).
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we have

i@y (k) = 07, (k) ePye™ @ (i), (2.88)
QE(R) = 65 (B) |e (22T, + Vad(l - 0) ) PE = PP

= ¢, (k)

® (io9)

c (iv 20/21/@) Pf} ® (io2) + (non-contributing terms). (2.89)
We are interested in the term of the effective action (2.72)

o/Smi. ¢, (K)o, (K)3(k + k) = & ((e.hh [of. Qen ] ) + (+ 0 ). (2.90)

The correlator gives four terms which are all equal and we end up with

(<e,ﬁh[ﬁs@$@¢;]>+(+<—>—))—4><<QU() U=, (0 (D.Qer (-D) )

= SR gt 0 ) [ a1+ ) (e Py e P

™

< %u[(m)?] — (), (2.91)

where we have evaluated the bc correlator and we have isolated an overall minus sign
from the internal Chan-Paton’s factors (with an understood normalization of the Chan-
Paton’s trace). Computing the remaining correlator (keeping in mind that e~® and P* are
effectively Grassmann odd thanks to their implicit cocycle factors) we finally obtain

160/ %

s

() = 299E g (i ()00 + 1) ) [ = gt e a4 K). (2.92)

Therefore, from (2.90), we find
2

n
omi = 2z (2.93)

Now we can relate the SF'T deformation parameter u to the change in the compactification
radius 0 R by matching (2.93) with the analogous formula one gets from the KK spectrum

2
2 n 1
mi(R) = 7 2 (2.94)
from which we get
2 2 n2 SR
om2 = — %= 9% DL O(RY). 2.95
"t T (RYR? R? r g TOVR) (2.95)
Therefore we have found SR
p=—p+ O(SR?), (2.96)

a result which is completely analogous to the corresponding computation in bosonic SFT
of [1]. In particular we find that at the critical radius R = V2o’ for n = 1 the mass-

i/ 2 . . . . . .
less modes eV oY become tachyonic as the radius increases and the marginal direction
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connecting the non-BPS D1 brane to the D0-DO0 pair is lifted as expected. Following our
general picture the non-vanishing of the above mass-shift amplitude is an obstruction to
the existence of a solution representing an open string marginal deformation. In the third
paper [2] we will confront ourselves with O(u) mass terms for more complicated D-branes
setting and we will take advantage of extra worldsheet structure (the N' = 2 worldsheet
supersymmetry) which will drastically simplify the computation of the involved four-point
function (which in this case was elementary).

3 A new observable in A, open superstring field theory

While the WZW-like open superstring field theory in the large Hilbert space yields inter-
action vertices which are extremely economical, at any given order they do not seem to
exhibit any recognizable algebraic structure. As we have already emphasized in the previ-
ous section, this fact prevents us from obtaining all-order results on the vacuum shift and
the effective open-closed vertices using the WZW-like open SFT deformed by adding the
Ellwood invariant. Fixing the n-gauge symmetry by setting {® = 0, it was shown that
the WZW-like equation of motion can be rewritten in terms of an A, structure which,
however, is not cyclic, so that it is not manifested at the level of action. At the same time,
the small Hilbert space theory obtained in this way is known to be related by an explicit
field redefinition [19, 21] to the “Munich” open superstring field theory [8], which displays
a very elegant structure of interactions expressed in terms of a cyclic Ao, structure (al-
though this comes at a cost of having to deal with a somewhat complicated distribution of
PCO insertions in the expanded vertices). A brief review of this theory in the formalism of
tensor coalgebras [31] and its relation to the WZW-like theory is presented in appendix A.
The algebraic simplicity of the Munich theory then makes it possible to conveniently pack-
age the whole perturbation theory using the homological perturbation lemma [32, 33] and
therefore to present closed-form expressions for effective vertices at arbitrary order. How-
ever, if we want to exploit this machinery also for the all-order calculation of the effective
open-closed vertices and the vacuum shift in the presence of an exactly marginal closed-
string background, a suitable analogue of the Ellwood invariant for the Ao, theory needs
to be discussed first.

The aim of this section will be to present a construction of an observable for the cyclic
A open superstring field theory, which is based on the string field e used in the WZW
theory given in (2.52), which is a midpoint insertion of an on-shell weight (0,0) picture —1
closed-string primary on the identity string field I.” This will be called the bosonic Ellwood
state. Contrary to the case of the bosonic cubic OSFT, we will however see that computing
the BPZ product of e with the dynamical string field does not give rise to a gauge-invariant
quantity (the Ellwood invariant) of the A, open superstring field theory. Taking a lesson
from the construction of the superstring products M} of the Munich theory, we will then
attempt to define higher products Ej, for k£ > 1 so as to build the corresponding observable
order by order in ¥. Eventually, we will recognize a recurrent pattern whose validity we

"We would like to thank Ted Erler for very useful discussions on this topic. This construction was
originally presented in the talk [34] by one of the authors of this paper.
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will then proceed to establish to all orders in ¥. Since all E; will turn out to be linear in e,
also the resulting observable (the “dressed Ellwood invariant”) will be linear in e. We will
also show that our observable is related by the field redefinition of [19, 21] to the ¢-Ellwood
invariant of the partially gauge-fixed Berkovits” WZW-like open SFT. In section 4, we will
see that adding this observable to the action yields a new theory which formally exhibits
weak A structure.

3.1 Zero- and one-string products

The bosonic Ellwood state e, as described above, is known to satisfy the properties [23-25]

0=Qe, (3.1a)
0 =ma(V,e) +ma(e, V), (3.1b)

where my denotes the Witten star product. It is then straightforward to see that the
corresponding bosonic Ellwood invariant wg(¥,e) changes non-trivially under the gauge
transformation (A.6) of the Ao, open SFT (here wg denotes the symplectic form given by
the BPZ product in the small Hilbert space). Indeed, while the gauge variation of wg(¥, e)
at O(UY) still vanishes, at first order in ¥ the variation reads

ws(A, Ma(e, W) + Ma(¥, ) = éws (A, ma(Xoe, W) + ma(W, Xoe))  (3.2a)

£0 (3.2b)

because Xpe can no longer be regarded as a local midpoint insertion of a closed string
operator on the identity string field. Nevertheless, it is possible to quickly verify that this
O(¥) anomaly can be corrected by replacing

ws(T, ) — wy(T, ) + %ws(\IJ,El(\I!)), (3.3)

where we define a new cyclic 1-product
El(\Ij) = _MQ(ev \Il) - MQ(\IJv 6) (3'4)

in terms of the gauge 2-product ps (see (A.8) for an explicit expression for ps). It is also
an immediate consequence of the property (3.1b) (and the fact that e € Hg) that the
product Fj is in the small Hilbert space. We have therefore managed to dress the bosonic
Ellwood invariant by adding a O(¥®2) term defined in terms of a small Hilbert space
cyclic 1-product E; so as to restore gauge invariance to the linear order in W. Hence, it is
reasonable to expect that by adding higher order terms defined using some k-products E},
for k > 2, we can achieve restoration of gauge invariance to all orders in W.

3.2 Higher products

In order to avoid lengthy expressions, we will find it more convenient to work using the
tensor coalgebra notation introduced in appendix A.2. Denoting the desired quantity
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(which is to be gauge-invariant in the Ay, open SFT) by £(V¥), we will see that it can be
defined in terms of an odd cyclic small Hilbert space coderivation E (see appendix A.2 for
our conventions on the coalgebra machinery) as

=1

EWV) = E ws(V, E POk 3.5a
= 1dt w 15) 71 Ei1 3.5b
/0 {ws| m tl—\If(t)®7r1 1—\I/(t)’ (3.5b)

where the ghost-number 2 — k, picture-number k£ — 1 small Hilbert space products Ej, :
H®* — A can be extracted as E; = mEm, with Ey = e and we have introduced an
arbitrary interpolation W(t) for 0 < ¢ < 1 where ¥(0) = 0 and ¥(1) = ¥. It was shown
in [17] that such £(¥) is gauge-invariant (up to terms which vanish on-shell) whenever E
commutes as a coderivation with M, that is, whenever we have

[EvM] =0 (36)

(more details are to be given also in [26]). In terms of the coderivations Ej and My
corresponding to the products Ej and M} (obviously we then have E = 72, Eg), the
condition (3.6) can be rewritten as

> [EL, M) =0 (3.7)

for all £k > 1.

Let us start our construction of E by considering an odd coderivation e which cor-
responds to the Ellwood state e understood as a 0-string product. The coderivation e
satisfies

[Qa e] =0, (38&)
[mo,e] =0, (3.8b)

and the fact that e € Hg gives us also [, e] = 0. Setting Eg = e, we are therefore able to
satisfy the condition (3.7) for k = 1, namely

[Eo,M;] =0. (3.9)

We also have [n, Eg] = 0, namely that E is a small Hilbert space coderivation. Moreover,
Ey is (trivially) cyclic. Next, recalling the form (3.4) of the 1-product F4, we are led to put

E; = [Eo, py] - (3.10)

First, note that E; is really in the small Hilbert space: recalling that [n, uy] = ms and
using that [n,Eg] = 0 = [Eg,mp], we can indeed verify that [,E;] = 0. The above
definition (3.10) also makes it manifest that E; is cyclic, because the commutator of two
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cyclic coderivations is again a cyclic coderivation. Finally, using that [Mj, py] = Mo and
[M1, Eg] = 0, we can verify the condition (3.7) for £ = 2, namely that

[Eo, Ma] + [E1, Mi] = 0. (3.11)

Similarly, by using the properties of Eg, E1, we can convince ourselves (see appendix B.1
for a detailed calculation) that by defining

B2 = 5 (B0, o] + [Eo, 1) (3.12)

we obtain [n,Es] = 0, as well as the condition (3.7) for ¥ = 3. Hence, we are led to
conjecture that for general k > 0, the coderivation Ej; can be defined recursively as

1 1 —
T <[E0, Migr] + [Er, pg] + o+ (B, po ) z Z Ej, 124 (3.13)
=0

Ek =
Note that the coderivations Ej carry picture number k£ — 1.
We will now prove that the recursion (3.13) indeed gives E such that [E,M] = [, E] =
0. To this end, let us introduce the generating functions

E(t) = itkEk, (3.14a)
k=0
) => tFup,. (3.14b)

It is then straightforward to compute (see appendix B.2 for details) that the recursion (3.13)
implies the following differential equation

B = [B(0), wl0)] (3.15)

for E(t), where (3.14a) gives an initial condition E(0) = e, while we also have E(1) = E.
Solving (3.15), we therefore find that

E =G leG, (3.16)

where the cyclic cohomomorphism G is defined in (A.15). Recalling the expression (A.14a)
for M, as well as the relation (A.17) and the conditions (3.8) on the coderivation e derived
from the bosonic Ellwood state, it is then straightforward to verify that (3.16) indeed gives
[E,M] = [n,E] = 0. Moreover, E is manifestly cyclic because G is a cyclic cohomomor-
phism. It also follows from (3.16) and from [e,e] = 0 (this is true for any coderivation
derived from a O-string product) that the coderivation E is formally® nilpotent, namely
that we have

[E,E] =0. (3.17)

8Ignoring any potential divergences coming from closed-string collisions at the midpoint.
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We can therefore conclude that, at least formally, the products Ej satisfy the relations of a
weak Ay algebra, which commutes with the A, algebra of the products M, (in the sense
that [E, M] = 0).

Finally, for the sake of concreteness, let us expand the expression (3.16) for E, the
associated products Ej, as well as the resulting observable £(V¥) explicitly in terms of e
and py, for a couple of lowest orders in W. We obtain

Eg=e, (3.18a)
Ei = [e, py], (3.18Db)
1
By = 5 ([le. o], 1] + [e, 15]) (3.18¢)
which in turn yields
Ey=e, (3.19a)
() = —pae, ¥) — pa(W,e), (3.19D)

1
E2(\Ilv \Ij) = _§ (Mg(e, \Ila ‘Ij) + M3(\Pa €, \II) + M3(\I/7 \Ilv 6))+

+ 5 (mama(e, ), 9) = e pa (0, 9))
+ p2(p2(V, e), W) + pa(V, pa(e, W)+
— (2 (2, 0), €) + 1 (T, p1o(¥, €)) ) (3.19¢)

Going to the large Hilbert space and using cyclicity of the gauge products ux, we obtain
the following perturbative expression for the observable

E(W¥) = —wr(e, &V) — %%(&Mz(ﬁo‘l’a ) + p2(V,&0))+

1
- 6wL(6,M3(50‘1’, U, V) + p3 (P, 600, V) + us(V, ¥, 5H0)) +
1
- ng(Qﬂz(m(EO‘I’, ) + p2(V,&0), ¥)+
+ /’LQ(\II7 /’L2(§0\Ija \IJ) + /'[/2(\1/7 gO\II)>+
+ p2(p2(¥, ), &W) + p2(€o¥, p2(¥, ¥)))+
+0(v). (3.20)
3.3 Relation with the Ellwood invariant of the WZW theory

Let us now make use of the field redefinition (A.22) of [19, 21] to investigate how the
observable (V) of the Munich A, SFT, constructed in the previous subsection, relates
to the Ellwood invariant in the Berkovits WZW-like theory. Rewriting first the observable
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E(V) using the form (3.5) in the large Hilbert space and substituting for E from (3.16),
we obtain

(V) = —/0 dt <WL‘7T1§1:1_7\I,(15) ®@mG eGl — (3.21)

v(t)

where &; denotes the coderivation associated to the 1-product {yd;. Using then cyclicity of
G, recognizing the expression (A.19b) for the WZW-like gauge potential component A; in
terms of the Ao, SFT string field U(t), as well as using that

1

Gi
MO0

=me=e, (3.22)

the expression (3.21) can be immediately recast in terms of the partially gauge-fixed WZW-
like string field ®(t) = £¥(t) as

1 - -
E(T) = — /O dt (wr |[ (00T D)e=0TO L A ()] @, (3.23)

where the string field AA;(t) satisfies the relation (A.24). At this point, we note that the
Ellwood state e can be rewritten in a manifestly ng-exact form as

e=nof, (3.24)

where the state f is again a local midpoint insertion on the identity string field.? This
means that we can rewrite

—/ldt (WL AA(t) @ e = —/ldt (wr| AAL(t) ® Dy () f (3.25a)
0 0
1

— /0 dt (wr| Dy (DAA(t) ® f (3.25b)

=0. (3.25¢)

Here, in the first equality, we have used the fact that 79 acting on f can be replaced
with the full action of the covariant dervative D, (t) (see (A.25)), because f, being a
local midpoint insertion on the identity string field commutes with fln(t). In the second
equality, we have used the BPZ property of D, (t) (which follows from the BPZ property of
no and cyclicity of the star product mg), while in the last equality, we have finally used the
relation (A.24) satisfied by AA(t). This means that the term containing AA;(t) actually
does not contribute to £(¥), so that we eventually obtain

1 T T, ~
£(U) = — / dt (o (0T D) FO g e — (6,8 (3.26)
0

“Recalling (2.47) and using noQU® = 0, in the NSNS sector we obtain e = 7o fnsns with
Fxsns = Vap [U(6) QUP (—i) — QU (i) U (—i)| T,
while in the RR sector we obtain e = 1o frr with (see (2.57))

frr =V, 3 {ﬁcsae_d’m(i) 5§B€—$/2(_i) + ¢S 2 (4) {cSBe_d)/Q(—i)} TI.
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Hence, we note that under the field redefinition (A.22) of [19, 21|, the proposed observable
for the Munich open SFT naturally maps to the t-Ellwood invariant of the partially gauge-
fixed Berkovits’ open SFT (which we reviewed in section 2).

4 Open-closed couplings in A, open superstring field theory

The subject of this section will be to discuss tree-level effective actions obtained by classi-
cally integrating out massive degrees of freedom from the A, action for open superstring
field theory, which is augmented by adding a term proportional the observable (V) intro-
duced in section 3. The proportionality coupling will be denoted by . W? will see that the

satisfy the relations of a weak A, algebra. Such a theory is conjectured to be the open

interactions of such a microscopic theory are given by the products M ,g“ , which formally
superstring field theory on a D-brane sitting in a closed string background deformed by
turning on vev of the on-shell closed string field which enters the bosonic Ellwood state e.
This will be put to a leading-order test later in the third paper [2] of the series. There we
will also focus on relating the open-closed effective couplings obtained from the microscopic
WZW-like and A, actions for the first couple of orders in perturbation theory. In the spirit
of the analysis presented in [11], we find that the equality of these couplings at a fixed or-
der in perturbation theory is guaranteed by imposing certain “projector conditions”, which
ensure flatness of the effective potential at all lower orders.

4.1 Effective open-closed couplings to all orders

Let us start by noting that as a consequence of the formal nilpotency (3.17) of the
coderivation E and also of the fact that we have [E,M] = 0 = [M, M|, one may deform
the A, algebra of the superstring products My by defining new (weak!?) A, products
M IE“ ) = WlM(“)m, where we have introduced the p-deformed coderivation

MW =M + uE (4.1)
for a continuous parameter u. It is then easy to see that one can recast the action
SH(0) = (W) + p&(V), (4.2)

obtained by deforming the A, open SFT action S(V¥) with the observable £(V¥), as a
(weak) Ao action

=1

S(M)(\y) — Z
i k1

ws (0, MY (UF)) (4.3)

The products M, IE“ ) can be alternatively expressed as

Méu) _ MEO for k=0 . (4.4)
My 4+ pEy for k>0

1By weak (or curved) Ao products we mean an algebra of products Dy encoded in an odd coderivation
D such that [D,D] =0 and Do # 0.
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Introducing for 0 < ¢t < 1 an interpolation ¥(t) such that ¥(0) = 0, ¥(1) = ¥, we can
therefore recast the deformed action S (“)(\I/) in the coalgebra language as

1
St (w) :/ dt <ws\ﬁ13t% ® 1MW L
0 —

() O (45)

As usual, the fact that the products M,g“ ) satisfy a (weak) A algebra guarantees gauge
symmetry for such an action. As in the case of the cubic OSFT (see [17]), it is natural to
conjecture that the action S (¥) based on the new products M,g“ ) describes open SFT
with a marginal closed string background (determined by the on-shell closed-string state e)
being turned on. Note that the new theory contains a tadpole term (given by the 0-string
product e) which has to be removed by shifting the vacuum in order to restore the canonical
Aso form of the action (without a 0-string product). As it was originally discussed in [17]
and [1] in the case of the bosonic string and in the previous sections in the case of the
superstring in the large Hilbert space, the fact that this shift can be obstructed may be
partially a manifestation of the background D-brane system being unable to adapt to the
bulk marginal deformation, as well as of the fact that the bulk deformation itself may not
be exactly marginal.

We will now be interested in the algebraic aspects of integrating out the massive part
R = (1— Py)V of the dynamical string field ¥, where Py denotes the projector onto ker L.
In practice, this is done by solving the equations of motion for R in terms of the remaining
degrees of freedom 1 = PyV¥ (obtaining a solution R, (¢)) and substituting the string field
U, (¢) = + Ru(v) back into the microscopic action S (¥). Doing so, we end up with
an effective action SW(y) = S (W, () for ¢. The solution R, (1) for R takes the
form of a tree-level Feynman diagram expansion in terms of the Siegel-gauge propagator
h = (bo/Lo) Py satisfying the Hodge-Kodaira decomposition

hQ+Qh=1-Py, (4.6)

as well as the “annihilation” conditions hPy = Pyh = h®> = 0. This procedure is known
to be automatically taken care of by the machinery of the homological perturbation
lemma [17]: following the application of the homotopy transfer for the (p-deformed) inter-
actions SM® = M® — Q, we find that the solution for Ru(v) gives

1 1

)\ = I
wl¥) =m 173+ hoM® 1pg — o

(4.7)

where 174 is the identity element of T"H. We also introduce the cohomomorphisms I, I
corresponding to the canonical projection Iy : H — FyH and the canonical inclusion Ij :
PyH — H (i.e. we have IIgm, = H%@k, Iym, = I(ng), 174 is the identity cohomomorphism
on TH and h is the lift of the propagator h to a map on TH defined such that the lifted
Hodge-Kodaira decomposition

hQ + Qh =174 — IoIlp (4.8)

holds together with the annihilation conditions IIoh = hIy = h? = 0. Substituting
the string field ¥, (1) into the microscopic action S*)(¥), the classical effective action
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SW (h) = SW (W, (1)) can be expressed as a weak A, action

- 1 1 ~ 1
W) () — S0 (@ / dt (& NI n
5000) = S8, (0) + [ dt @slmd s MM (49)
based on the products M ,g” ) = T MWr, . where
M® = TTM®W ! (4.10)

— 1.
17y + hoM (1) 0

Here the symplectic form &g is defined by restricting wg to PH and the interpolation ()
runs from (0) = 0 to 1(1) = +. Also note that the constant term S®)(¥,(0)) has no
effect on the dynamics. For more details about the coalgebra notation, we refer the reader
to ref. [17].

Applying the vertical decomposition procedure described in section 2.5 of [17], the
coderivation M(#) can be recast as an explicit perturbation series in 1, that is

M®W = 3" 1N, (4.11)
a=0

where we have introduced the coderivations

IIo;M I fora=0

1
1T’H +héM

, (4.12)
Iy for « > 0

a =

a—1
1
hE:| 17y +hiM

1 1
I, 1TH+5MhE [_ 174 +héM

with 6M = éM®#=9 = M — Q being the interacting part of the undeformed coderivation
M. Denoting the homotopy transfer of M, E for the undeformed interactions 6M by

~ 1 1 ~
M=1I M I =N 4.13
"1r3 +6Mh™ 1py+héM °~ (4.13a)
N 1 1 -
E = I(] = N1 s (413b)

II E
0172 + 0Mh" 173 + héM

we can write
M® = M + uE + O(12). (4.14)

Compared to (4.1), it is therefore necessary to add the higher order corrections O(u?)
in (4.14), which then conspire to restore the nilpotency of the coderivation M®) (and
therefore the gauge invariance of the effective action S (v)). Noting that the relation
[E, M] = 0 implies an analogous relation

[E,M] =0 (4.15)

for the homotopy transfer of the coderivation E and M (with interactions dM), we can
conclude (see section 2.3 of [17]) that the homotopy transfer

Ew) = [ dt (| md,— B —gw 4.16
()= [ dt ol m— s @By = £(¥W) (416)
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of £() is an observable of the effective theory with (undeformed) products Mj, = 7M.
The relation (4.14) therefore says that simply deforming the effective action S(¢) (based
on the A, products My) with the observable £(¢) does not yield a consistent SFT action
and one has to add higher u corrections so as to end up with a weak-A., action S (1) ().
Ignoring the constant term, this can be expanded order by order in u as

S0 =33 1 Gha(e). (4.17)

k=0 a=0

where we have denoted by Sk,a(w) the vertices which couple k£ 4 1 open-string insertions
with a (on-shell) closed-string insertions. These vertices can be expressed explicitly in
terms of the products Nk’a = 7['1Na7rk as

Ska(®) ws (1, Nio(%F)) . (4.18)

ES
Nilpotency of the coderivation M(*) then implies that the products N, k,a satisfy the algebra

o

k
> > [Nig Nie—ta—p) =0 (4.19)
1=0 =0

for k,a > 0 (where we set No,o = 0). Evaluating explicitly the products Nk,a for a couple
of lowest orders using (4.12), we obtain

Noi = Pee, (4.20a)

Noo = —PyE1(he) + PoMy(he, he), (4.20b)
Nio(¥) = RQy, (4.20c)
N11(¢) = RyE1(¢) — PyMa(he, ) — PoyMa (1), he) , (4.20d)
Nao(¥, ) = BoMa (¢, ¢)) (4.20e)
N3o(¥, ) = PoM3(¥,9,1) — PoMa(v, AMa(, ) — PoMa(hMa(,9),4) . (4.20f)

Substituting these into (4.18), we obtain the corresponding effective action vertices, which
we expect to be related by a field redefinition to the WZW-like effective interactions (2.72).
While we will not attempt to characterize this field redefinition, we will verify in the final
paper [2] of the series (for a couple of lowest orders) that the WZW-like effective potential
vanishes if and only if the A, effective potential vanishes, namely that the two theories
yield the same constraints on the moduli for any given background.

It is important to note that any classical solution of the effective theory yields a
classical solution of the microscopic theory. Indeed, as it was reviewed in detail in [17],
given a classical solution ¥* of the equations of motion derived by varying the effective
action S (1), the string field ¥* = W, (¢)*) solves the microscopic equation of motion.
An application of this observation arises when discussing the vacuum shift which one needs
to perform in order to remove the tadpoles from both the microscopic and the effective
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action. Indeed, the couplings 5’0701(1/1) signal the presence of a tadpole in the effective action,
which originates from the tadpole of the microscopic theory given by the 0-string product
Ey. As it was extensively discussed in [17] for the bosonic OSFT, the tadpoles of both the
microscopic and the effective theory can be removed by expanding the action around the
string fields W, € H and v, € PoyH, respectively (with the property ¥,—o = 1,—0 = 0),
where the equations of motion

1

B Y L0 —
! Iry — Yy

0 (4.21)
for the effective vacuum shift 1), can be interpreted as obstructions to solving the equations
of motion for the microscopic vacuum shift ¥,,. Put in other words, the tadpole of both the
microscopic and the effective action can be removed if and only if the equations of motion
for 1), can be solved. The corresponding microscopic vacuum shift is then simply given as

1 1
|
" s+ hoMW 19 — U,

W, = = W, (1) (4.22)
in terms of the effective vacuum shift 1),,. Assuming that the effective vacuum shift 1, can
be consistently set to zero, the microscopic vacuum shift can then be expanded as

W, = —phe + p*h[E1(he) — Ma(he, he)] + O(1?). (4.23)

5 Discussion and outlook

In this paper we have extended the computation of the effective open-closed couplings
originally derived for the bosonic string in [17, 18] and later discussed in [1], to open
superstring field theory in the NS sector in both the large and small Hilbert space. Leaving
for the third paper [2] the discussion of the relation between the two effective field theories,
and the concrete calculation of some non trivial open-closed coupling, here we offer some
thoughts on possible future research related to the results we have presented in this paper

e Given the fact that the WZW theory is amenable to exact analytic techniques which
are natural extensions of the bosonic ones (see for example [27, 35]) it would be natu-
ral to search for analytic vacuum shift solutions. The situation is perhaps a little less
promising than in the bosonic case as the status of exact superstring solutions is still
in its infancy and so many natural classical solutions (for example lower dimensional
BPS branes obtained via tachyon condensation from unstable higher dimensional
systems) are still to be found. In this regard the search for analytic vacuum shift
solutions could be an interesting new direction towards analytic methods. Ideally, we
would like to describe all possible D-brane systems which are compatible with a given
closed string background as classical solutions generalizing [36-38] and then we would
like to be able to determine their deformations induced by the Ellwood invariant.

e In the bosonic OSFT the Ellwood invariant provided a rather direct way to the com-
putation of the full boundary state defined by a given solution [39]. This construction
has not been extended to the superstring and it would be interesting to do so.
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e We have observed that the WZW theory in the large Hilbert space has a peculiar
perturbation theory which is manifestly symmetric in (@Q,7) and in the associated
propagators (h, h). It would be interesting to study the systematics of this perturba-
tion theory to understand the emergence of the effective theory in the large Hilbert
space (of which we have computed only the first few terms). In the Ay, small Hilbert
space theories this is provided by the homotopy transfer, but in WZW case it seems
we lack of an analogous convenient packaging of the perturbation theory.

o It would be clearly instructive to complete our analysis by adding the Ramond sector.

We hope that progress in the above directions will be possible in the upcoming future.
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A Review of the A construction in the small Hilbert space

Here we will give a brief review of the way the products of the A, open superstring field
theory are built. See the original papers [8, 40] for more details. We will also remind the
reader of the field redefinition [19, 21] mapping this theory to the partially gauge-fixed
WZW-like Berkovits open SFT. For a review of the tensor coalgebra notation, which we
will heavily rely upon, see for instance [17].

A.1 Product notation

The action of the “Munich” A, open superstring field theory can be written as

© 1
S(U) = ws (U, My (T%F)) | Al
() ;kﬂs( K(PE7)) (A1)

where U is the dynamical string field in the small Hilbert space Hg at ghost number 1 and
picture number —1. In the following, we will use grading by degree d(A) = |A| + 1, where
|A| denotes the ghost number of A. The dynamical string field is therefore degree-even.
The degree-odd small Hilbert space superstring products My, : (”;’-ls)®’lc — Hg carrying
picture number k — 1 and ghost number 2 — k satisfy the A, relations

0= M (M (A)), (A.2a)
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0 = M;(Ma(A1, A2)) + Ma(Mi(Ay), As)+
+ (=1 T My (A, M (Ag)), (A.2Db)
0 = My (M3(Ay, Az, Az)) + Ma(Ma(Ay, A2), A3)+
+ (—1) M My(Ay, Ma(Ag, A3))+
+ My(My(Ay), Ag, Az) + (—1)UA) Mz (Ay, My (Ag), A3)+
+ (— 1) ADFAA) (A Ay My (A3)), (A.2c)

which provide the non-linear gauge invariance of S(¥). These can be constructed in terms
of the degree-odd bosonic products m1 = Q = My and mo (the Witten’s star product) by
going through intermediate steps in the large Hilbert space, the so-called gauge products
ik, which are degree-even. Finally, (ws| : (Hg)®? — C denotes the symplectic (graded-
antisymmetric) form on the small Hilbert space which is defined in terms of the BPZ
product (-,-) and with respect to the products My, are cyclic. That is, we have

wg(Wy, Uy) = — (=1 (W, Wy)g, (A.3)

as well as
wg(Ap, Ag) = —(—1)UAVdA2) o (A, Ay), (A.4a)
ws(Al, Mk(AQ, e 7Ak-+1)) = —(—1)d(A1)wS(Mk(A1, e ,Ak), Ak+1) . (A4b)

Varying the action (A.1), we obtain the equation of motion
oo
0="> M(T). (A.5)
k=1
Furthermore, the action is invariant under the gauge transformation

oo k—1
0T =D M (T A, w1y, (A.6)
k=11=0

We now turn to the definition of the products Mj. Setting M; = @ and 1 = 0, one can
define the superstring 2-product My either directly by smearing the PCO zero-mode Xy
cyclically over the insertions of msg as

1
Mg(Al, Ag) = g |:X0m2(A17 Ag) + mQ(XQAl, AQ) + mz(Al, X()Ag)} y (A?)
(so that it is manifest that Ms is in the small Hilbert space), or equivalently, in terms of

the large Hilbert space gauge 2-product by first graded-smearing the superghost zero-mode
&o cyclically over the mgy insertions

po(Ar, Ag) = é[foﬂw(fh, Az) —ma(§o A, Ag) — (—1)d(A1)m2(A1,§0A2)} (A.8)
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and then putting

My = [Q7 ,UQ] : (A.9)

Such a definition yields M5y which is non-associative and one therefore needs to define a
3-string product M3 in order to restore gauge invariance of the action. For the purposes
of constructing the superstring products My, for k > 3, it will prove beneficial to uplift the
products to coderivations acting on a tensor coalgebra, which we shall now explain.

A.2 Tensor coalgebra construction

Introducing the degree-odd cyclic coderivations My corresponding to the products M
which act on the tensor space

THs = (Hs)® & (Hs)®' © (Hs)®* @ ... (A.10)

equipped with the usual deconcatenation coproduct (thus forming a tensor coalgebra;
see [17] for more details), we define the total (cyclic) coderivation M as M = » 72, M. We
can therefore recover the products My, from M as My = m M. The Ay relations (A.2)
satisfied by M} can then be neatly expressed as

[M,M] =0. (A.11)

Introducing also an arbitrary interpolation W(t) for 0 < ¢ < 1 such that ¥(0) = 0 and
V(1) = ¥ and the coderivation 8; corresponding to the operator 0; viewed as a 1-string
product, the action (A.1) can be equivalently rewritten as

1

(W) = /01 dt (ws| ”16%_1\1/@) O MM (A.12)

The construction of higher superstring products M} can then be summarized in terms of
the recurrent scheme®!

MUY = (g M ] MO n)) (A3a)

Pr = €00 MUY, (A.13D)

M, 1 = ;([Mhunﬂ] + Mo, ] + ...+ [Mn,u2]> , (A.13c¢)

where initially we set MQ(O) = mg and M; = Q. First, it is manifest from the recursion
relations (A.13) that the coderivations My, Mgﬁd) are cyclic with respect to wg (and py, is
cyclic with respect to wy,) since Q, my are cyclic with respect to wg: this is true because 1.
the commutator of two cyclic coderivations is again cyclic, 2. the cyclic smearing operation
£oo manifestly preserves cyclicity and 3. given a small Hilbert space coderivation which

"For any operator O : H — H and a k-product py : H®* — #, the notation O opy, defines a k-product
given by the graded cyclic smearing operation which already appeared in the cases O = Xo, & and p2 = me
in the previous subsection.
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is cyclic with respect to wry, it is also automatically cyclic with respect to wg. Defining

Ml = Pyt M,(Ck_m, it can then be shown using the technique of generating functions'?

that the recursion (A.13) implies the relations [8, 40]
M=G!QG, (A.14a)
M = G 'm,G, (A.14Db)
where the cyclic cohomomorphism G can be written in terms of p(t) = .52, t* ug:rzl) as
a path-ordered exponential

G = Prexp (/01 dr [,L(T)) (A.15)

with the ordering prescription

P u()u(r)] = {5223523 P (A16)

We also have the relation [19]
GG =n-—my. (A.17)

Using (A.17), it is then straightforward to show that [, M] = 0 = [, M!], namely that
the products M}, M, ,Ek_Q) are in the small Hilbert space. The form of (A.14a) also makes
it manifest that M satisfies (A.11), that is that the products My satisfy A, relations.

A.3 Relation to the WZW-like open SFT

Let us now review the field redefinition mapping between the A..- and the partially gauge-
fixed WZW-like open superstring field theories which was originally established in [19-21].
Substituting the expression (A.14a) into the Ao, SFT action (A.12) and using cyclicity of
the cohomomorphism G as well as the relation (A.3) between the symplectic form and the
BPZ product, it is straightforward to rewrite the action in the form

1 ~ ~
S(0) = - [ de (Aw(e), QA,(w (). (A18)
where we have introduced string fields
~ 1
An = ﬂ-lGl—i\IJ(t) y (Alga)
~ 1
Ay = —_—. Al
One can then verify that these satisfy the relations
0= nd,; —ma(Ay, Ay), (A.20a)
0= 77121,5 - 87512177 - mg(flt, /117) - mg(fin, At) 5 (AQOb)

12We can see a version of this argument in section 3 when we prove the recursion formula (3.13) for the
new observable E.
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so that A; and [17, can be interpreted as components of a flat connection. Note that
since fln needs to solve the OSFT-like equation (A.20a), where the “kinetic” operator
n has trivial cohomology in the large Hilbert space (since &y acts as the corresponding
contracting homotopy), we must be able to write it in a pure gauge form

Ay = (e ¥1))e=¥ (1) (A.21)

for some W(t) € Hg. Since the form (A.18) of the Ao, SFT action closely resembles the
so-called dual form of the WZW-like action, it is therefore natural to introduce the field
redefinition relating the string field ¥ of the Ao, SFT to the string field ¥ of the partially-
gauged WZW-like open SFT as follows

1 ~ ~
_ S0V (1)) ,—&o V(1) A
mG =) (ne Je . (A.22)

It was then shown by [19] that given the relation (A.22) between W(t) and ¥(t), the
expression (A.19) for A, in terms of W is then consistent with equating

Ay = (0,e50Y D)8 ®) L A4, (1), (A.23)
where the quantity AA;(t) satisfies the relation

0= D,(t)AA(t). (A.24)
As usual, the covariant derivative D, (t) is defined as

D, (t)® = n® — A, (1)® + (-1)1®I04,(1). (A.25)

B Detailed calculations

Here we give some detailed calculations and proofs of various results used in the main body
of this paper.

B.1 Properties of F,

Let us give a detailed investigation of the properties of the coderivation Eo, which we define
recursively in terms of Eg and E; as

1
2

Recall that we have already seen in section 3 that Eg and E; satisfy

E; = 5 ([B1, ol + [Eo, p3]) (B.1)

Ey = e, (B.2a)
E, = [Eo, o], (B.2b)

they are both in the small Hilbert space, that is

[n,Eo] =0, (B.3a)
[777 El] =0, (B.3b)
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and they also satisfy the relation (3.7) for k =1 and k = 2, namely

[EOa Ml] = Oa (B4a)
[Eo, Mg] + [El, Ml] =0. B4b)
We will start by showing that [n, E2] = 0. Indeed, using (B.3), we can first write
1
[, B2] = =5 (11, [0, po]] + [Eo, [m, p]) (B.5)
Using the results
[0, pa] = mo, (B.6a)
[T]a HS] = [m2) IJ‘Q] 3 (B6b)
and the definition (B.2) of E1, we can therefore write
1
. Ba] = 5 ([[h2, Eol, ma] + [Eo, [, mo]]) (B.7a)
1
= 5[#27 [Eo, mo]] (B.7b)

which is zero because the bosonic Ellwood coderivation e of course satisfies [e, mg] = 0.
Let us continue by verifying the relation (3.7) for £ = 3. Using the relations

[Mu, pp] = Mo, (B.8a)
[M1, p3] = 2M3 — [Ma, po] , (B.8b)

we can first express

My, By] = o (M, B, o] — [Br, (M, aa]] + (M, Bl sg] — [Bo, My, sg]])  (B.98)
1

= 5([[M17E1]7M2] — [E1, Ma] — 2[Eg, M3] + [Eq, [M2alt2]]> (B.9b)

Using now the relation (3.7) for £ = 2 on the first term, we can write

My, Ep] = %( — [[Ma, Eq], ptz] — [E1, M| — 2[Eg, Ms] + [Eo, [My, p5]])  (B.10a)
= %( ~ (M, [Eg, p]] — [E1, My] — 2[Eo, My]) . (B.10D)

Finally, using the definition (B.2) of E;, we can write
[M17 EQ] == _[E17 M?} - [E07M3] I (B]‘]‘)

which gives the relation (3.7) for k = 3.
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B.2 Proof of (3.15)

Here we will show that the recursive definition (3.13) implies the differential equation (3.15)
for the generating function E(t) given in (3.14a). Starting with the right-hand side of (3.15),
we have

rhs [(3.15)] = YD L, py o) (B.12a)
k=01[=0
[ee] m—1
= Z tm_l Z [Eka “m+1—k] ’ <B12b)
m=1 k=0

where we have merely reordered the double sum in the second step. Recognizing the
right-hand side of the recursive relation (3.13), we can finally write

r.h.s.[(3.15)] = i mt™ R, (B.13a)
m=1
o)
= aE(t) (B.13b)
= Lh.s.[(3.15)], (B.13c)

which therefore gives the desired result.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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