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We check the dynamical and observational features of four typologies of logotropic dark energy
models, leading to a thermodynamic cosmic speed up fueled by a single fluid that unifies dark
energy and dark matter. We first present two principal Anton-Schmidt fluids where the Grüneisen
parameter γG is free to vary and then fixed to the special value γG = 5

6
. We also investigate the

pure logotropic model, corresponding to γG = −
1
6
. Finally, we propose a new logotropic paradigm

that works as a generalized logotropic fluid, in which we split the role of dark matter and baryons.
We demonstrate that the logotropic paradigms may present drawbacks in perturbations, showing
a negative adiabatic sound speed which make perturbations unstable. We thus underline which
model is favored over the rest. The Anton-Schmidt model with γG = 5

6
is ruled out while the

generalized logotropic fluid seems to be the most suitable one, albeit weakly disfavored than the
ΛCDM model. To fix numerical constraints, we combine low- and higher-redshift domains through
experimental fits based on Monte Carlo Markov Chain procedures, taking into account the most
recent Pantheon supernovae Ia catalog, Hubble measurements and σ8 data points based on the linear
growth function for the large scale structures. We also consider two model selection criteria to infer
the statistical significance of the four models under examination. We conclude there is a statistical
advantage to handle the Anton-Schmidt fluid with the Grüneisen parameter free to vary and/or
fixed to γG = −

1
6
. The generalized logotropic fluid indicates suitable results, statistically more

favored than the other models until the sound speed is positive, becoming unstable in perturbations
elsewhere. We emphasize that the ΛCDM paradigm works statistically better than any kind of
logotropic and generalized logotropic models, while the Chevallier-Polarski-Linder parametrization
is statistically comparable with logotropic scenarios. Finally, we propose that generalizing the
Grüneisen parameter by including the effects of temperature would guarantee the sound speed to
be positive definite at all redshifts.

PACS numbers: 95.36.+x, 98.80.-k
Keywords: Dark energy; Dark matter; Logotropic models; Anton-Schmidt fluid

I. INTRODUCTION

The currently observed accelerated expansion of the
Universe is widely supported by experimental evidence
[1–10]. The concordance paradigm assumes that a fluid
whose corresponding density, ρde, under the form of a
cosmological constant, Λ, with equation of state (EoS),
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say ωde = Pde/ρde ≡ ωΛ = −1, sufficiently negative
to counterbalance the action of gravity and to speed up
the Universe today [11, 12]. Any departure in terms of
barotropic fluids stands for dark energy (DE) [1, 3, 13, 14]
with the purpose of overcoming the main caveats of the
standard ΛCDM paradigm [15], i.e., constructed using
Λ. Explaining the DE nature passes through the use of
first principles [11, 12, 15–17], and/or in terms of ex-
tended/modified theories of gravity [18, 19] and so on.
All these approaches, although profoundly different, rely
on the hypothesis that DE is an additional fluid differ-
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ent from baryons and dark matter (DM).1 Among the
different possibilities of studying competing DE models
[12, 16, 21], it could be possible to formulate some sort of
thermodynamic acceleration, i.e., treating the Universe
as a thermodynamic system, where thermodynamic con-
siderations over the whole ensemble of fluids permit ac-
celeration of the Universe today, adopting a single fluid
that unifies DE and DM.

Relevant typologies of thermodynamic models that
satisfy the above requirement are the so-called logotropic
models, which have been introduced to overcome the
cusp-core problem [22]. These models attempt to unify
the dark sector since the logotropic fluid recovers DE
and/or DM in limiting regimes, in analogy to the Chap-
lygin gas [23–26]. A particular class of logotropic models
has been recently introduced within the framework of
Anton-Schmidt EoS [27, 28]. This class of models is sim-
ilar to genuine logotropic paradigms [22, 29, 30] and can
be matched with modified versions of the Chaplygin gas.
The advantage of this class of models is that the Anton-
Schmidt EoS is physically interpreted as the deformation
of the Universe under the action of cosmic expansion [31]
and describes the transition from a pressureless status
(state) to one with negative pressure while satisfying the
Debye approximation [32].

In this paper, we propose a proper treatment employ-
ing linear perturbations for a set of four classes of lo-
gotropic models, including Anton-Schmidt gases. Doing
so, we analyze the dynamical and experimental features
of two logotropic models and two Anton-Schmidt gases.
In particular, we first consider the original version of the
logotropic fluid and then we introduce a new paradigm in
which the logotropic counterpart explicitly distinguishes
the role of DM from baryons. Afterwards, we investi-
gate the most accredited versions of the Anton-Schmidt
fluids, where the Grüneisen parameter γG is constant
throughout the Universe evolution. At first we allow it
to be free and then we fix it to the special value, namely
γG = 5

6 , or alternatively n = − 1
6 − γG = −1. We then

demonstrate that Anton-Schmidt gases can be seen as
generalized logotropic fluids. We, thus, investigate how
structures evolve, generalizing the growth factor equation
by taking into account the effects of the EoS and sound
speed of each model.

To describe the evolution of the inhomogeneous energy
shift we parameterize the growth function f = d ln δ

d lna in
terms of the growth index γ. Expanding in Taylor series,
we get the corresponding approximate normalized growth
function. Afterwards, numerical results are viewed in
terms of Monte Carlo Markov Chain (MCMC) analyses
based on the type Ia Supernova (SNe Ia) Pantheon data
catalog, Hubble rates at different redshifts and redshift-
space distortions, and through σ8 data points based on
the linear growth function for the large scale structures.

1 For a different perspective see, e.g., [20].

Inconsistencies among models are discussed with re-
spect to the standard ΛCDM model. We show that
the Anton-Schmidt gases are disfavored by intermedi-
ate redshift observations of the redshift space distortions
with respect to pure logotropic models. Even though
we demonstrate that logotropic models work better, we
show statistical inconsistencies even for such scenarios
with respect to both the ΛCDM, ωCDM paradigms
and Chevallier-Polarski-Linder (CPL) parametrization
[33, 34].
We conclude that a possible solution to the above-

raised issues of our underlying models could be to take a
varying Grüneisen index that depends upon the temper-
ature, namely γG = γG(T ). This would enable the sound
speed to be always positive definite throughout the Uni-
verse evolution, cancelling out any perturbation instabil-
ities. The paper is thus structured as follows. In Sec. II
we exploit the concept of thermodynamic acceleration
in the context of logotropic models and Anton-Schmidt
gases. To do so, we highlight the basic properties of our
four classes of thermodynamic models, confronting the
genuine logotropic paradigm with Anton-Schmidt fluids.
In Sec. III, we work out linear perturbations for each
model. We underline the basic differences and we evalu-
ate the growth factor and the growth index γ. In Sec. IV,
we present our fitting procedures, whose main results are
analyzed and interpreted in Secs. V and VI. Finally, in
Sec. VII, we report our conclusions and perspectives.

II. THERMODYNAMIC DARK ENERGY:

LOGOTROPIC FLUIDS

Logotropic corrections to the Universe EoS are an at-
tractive feature worth investigating. The original formu-
lation of the Anton-Schmidt fluid can be clearly matched
with logotropic DE models [22] and Chaplygin gas [35].
The simplest approach to determine a barotropic Anton-
Schmidt EoS leads to 2

ω(ρ) = A

(

ρ−n(T )−1

ρ
−n(T )
∗

)

ln

(

ρ

ρ∗

)

, (1)

where ω is the background EoS ω ≡ P/ρ, whereas ρ∗
and ρ are the reference and matter densities, respectively.
The constant A is a normalization factor. The index n
depends on the absolute temperature T of the environ-
ment, i.e., the Universe, and can easily be approximated
to a constant in epochs where T does not significantly
evolve.
Arguably, from solid state physics, we can write n =

− 1
6 − γG, where γG is the Grüneisen parameter, closely

associated to the physical properties of the fluid itself (for

2 Please note that throughout the work we conventionally adopt
natural units where c = 1.
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details see, e.g., [36]). For n = 0, Eq. (1) reduces to the
genuine logotropic cosmological models [22].
Considering the continuity equation in a Friedmann-

Robertson-Walker spacetime

dρ

dt
+ 3H(ρ+ P ) = 0 ,

one gets the Hubble parameter

H2 ≡

(

ȧ

a

)2

=
8πGǫ

3
, (2)

where one can split the total energy, ǫ, into matter and
DE counterparts [31, 37].
We distinguish four relevant cases. In the first, n is a

free parameter of the model, assumed constant through-
out the cosmic evolution. This case corresponds to the
simplest Anton-Schmidt gas, i.e., the one in which the
Universe temperature has (small) influence over the evo-
lution of the fluid itself. In the second case we set n = −1.
This leads to a negligible effect of the temperature on
n that is no longer a free parameter of the model it-
self. Statistically speaking, a priori, this case may be
favored with respect to the first case and has been in-
vestigated in [37]. These two approaches correspond to
limiting cases of the most general logotropic models, dis-
cussed as a third case. The latter represents a genuine
logotropic paradigm, which simply requires n → 0. The
last case is the formulation of a further logotropic model
that we introduce, assuming a specific case of the pres-
sure P , as we will detail below. For each model we will
present below the most relevant expressions, needful to
study the evolution of linear perturbations.
The total energy density can be split into two com-

ponents, i.e., matter and DE as ǫ = ǫm + ǫde and the
energy density parameters are defined as Ωm,0 ≡ ǫm,0/ǫc,
Ωde,0 ≡ ǫde,0/ǫc = 1 − Ωm,0, where we used the critical
energy density ǫc ≡ 3H2

0/(8πG).
Knowing the expression for the pressure P and the

density ρ, the adiabatic sound speed for a barotropic fluid
is defined by

c2s,a =

(

∂P

∂a

)(

∂ρ

∂a

)−1

. (3)

This represents a key quantity, entering the linear per-
turbation equations, that determines the stability of per-
turbations.
Thus, to investigate the cosmological features of all our

models, we employ the original formulation of the Anton-
Schmidt pressure [37] and adopt the first law of thermo-

dynamics, dǫ =
(

ǫ+P
ρ

)

dρ, which can be integrated as

ǫ = ρ+ ρ

∫ ρ

dρ′
P (ρ′)

ρ′2
. (4)

Considering the pressure of a logotropic model, we can
express ǫ in terms of ρ

ǫ = ρ+
A

2

(

ρ

ρ∗

)

ln2
(

ρ

ρ∗

)

. (5)

Clearly, the limits for a ≪ 1 and a ≫ 1 lead to a matter
and DE-dominated Universe, respectively.
Below we highlight the different models, concentrating

on the total EoS, say ω = P/ǫ, the DE EoS, namely
ωde = Pde/ǫde and the adiabatic sound speed, as above
defined by Eq. (3).
Case I: (n and γG as free coefficients) For clarity, n

is a function of the temperature and so, in principle, it
is free to vary throughout the cosmic evolution. How-
ever, given a particular cosmic era, it is plausible that n
only slightly evolves and, therefore, it could be consid-
ered roughly constant [31].
Assuming that deviations from the case of constant n

are negligible, we have

ǫde = ǫde,0a
3n +

3A

n+ 1

(

ρm,0

ρ∗

)−n

a3n ln a , (6)

where ǫm,0 and ǫde,0 are the matter and DE densities at
current time, respectively. We further have

ǫde,0 = −
A

n+ 1

(

ρm,0

ρ∗

)−n [

ln

(

ρm,0

ρ∗

)

+
1

n+ 1

]

. (7)

Eq. (2) can be written as

H(I) = H0

[

Ωm,0a
−3 +Ωde,0 (1 + 3B ln a) a3n

]
1
2 , (8)

where the superscript (I) denotes that the underlying
quantity refers to model I. The characteristic parameter
B is

B ≡ −

[

ln

(

ρ∗
ρm,0

)

+
1

n+ 1

]−1

. (9)

The parameter B is related to a dimensionless logotropic
temperature that is assumed to be constant for simplicity
of computation. Further, we get

ω(I) = −
Ωde,0 [B + (n+ 1) (1 + 3B ln a)] a3n

Ωm,0a−3 +Ωde,0 (1 + 3B ln a) a3n
,(10)

ω
(I)
de = − (n+ 1)−

B

1 + 3B ln a
, (11)

c2 (I)
s,a =

(

Ωde,0

Ωm,0

)

a3(n+1) ×

[(1 + 2n)B + n(n+ 1)(1 + 3B ln a)] , (12)

respectively, the total EoS, the Anton-Schmidt EoS and
the adiabatic sound speed. The latter is positive, leading
to stable perturbations, only if the argument of the sec-
ond parenthesis is positive. This requirement is essential
for structure formation theory.
Case II: (fixed n = −1 and γG = 5

6) Here, the effect of
the temperature does not influence the overall evolution.
For this reason, n is fixed to a precise value and the cor-
responding EoS aims at describing both the deceleration
and acceleration epochs.
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Thus, handling the total density, splitting it into two
contributions (ǫ = ǫm+ ǫde), with ǫm = ǫm,0a

−3, we have

ǫde =
ǫde,0
a3

−
3A

a3

(

ρm,0

ρ∗

)

ln a ln

(

ρm,0

ρ∗
a−3/2

)

, (13)

for the DE density. We defined

ǫde,0 =
A

2

(

ρm,0

ρ∗

)

ln2
(

ρm,0

ρ∗

)

. (14)

As for model I, we can define the characteristic param-
eter B

B ≡ ln−1

(

ρm,0

ρ∗

)

, (15)

which is quite different from the one given for the lo-
gotropic models

Blog ≡

[

ln

(

ρ∗
ρm,0

)

− 1

]−1

. (16)

The latter, as stated above, depends on the logotropic
temperature and holds a precise physical meaning. Con-
trary to its particular interpretation, in our present case,
we expect to have B < 0 as ρ∗ ≫ 1. Differently from
previous results in the literature [38], we demonstrate
here that the characteristic density is not necessarily the
Planck density. Moreover, our experimental fits will show
that, even considering the Planck density as extreme case
for ρ∗, the model fails to predict high redshift evolution
of the Universe.
Using the expression for ǫde,0, we can write the Hubble

parameter as

H(II) = H0

[

Ωm,0a
−3 +Ωde,0(1− 6B ln a+ 9B2 ln2 a)a−3

]

1
2 .

(17)
As done for model I, we now present the expressions

for the EoS of the total fluid and of the DE component
and for the adiabatic sound speed, respectively:

ω(II) =
2B − 6B2 ln a

Ω−1
de,0 − 6B ln a+ 9B2 ln2 a

, (18)

ω
(II)
de =

2B

1− 3B ln a
, (19)

c2 (II)
s,a =

A
[

1 + ln
(

ρ
ρ∗

)]

ρ∗ +
A
2

[

2 + ln
(

ρ
ρ∗

)]

ln
(

ρ
ρ∗

) . (20)

For model II, we added the superscripts (II), in analogy
to model I. At small z, one gets ωde ≈ 2B + 6B2(a −
1), and the ΛCDM paradigm, for which ωde ≡ −1, is
recovered when B → −1/2 at a = 1.
The expression for the sound speed can be written in

terms of the characteristic parameter B. After simple
manipulations we get

c2 (II)
s,a =

2BΩde,0(1 +B − 3B ln a)

Ωm,0
. (21)

Again, its sign depends upon the choice of the free
constants here involved. This limitation of the model
will reflect to our experimental fits.
Case III: (fixed n = 0 and γG = − 1

6) This case deals
with a pure logotropic framework. In particular, we re-
cover the third model as limit case of model I. Once again,
the Universe temperature is here negligible with the pe-
culiar choice n = 0. This assumption unifies DE and DM
as two byproducts of the same single fluid.
As a possible physical justification of n = 0, let us

assume the DE EoS can be used for galactic dynamics.
Hence, taking it within hydrodynamic equilibrium equa-
tions and noticing that DE and DM can be considered as
single dark fluid, the pressure may describe both cosmic
evolution and complicated galactic DM structures.
In particular, if DM halos are subject to hydrostatic

equilibrium, in Newtonian regime we have

∇P + ρ∇Φ = 0 , (22)

and considering a polytropic relation P = Kργ, one finds

Kγργ−1∇ρ+ ρ∇Φ = 0 . (23)

To avoid a central cusp, the pressure should be con-
stant. For the pressure gradient to counterbalance grav-
ity, we require, however, Kγ > 0 and we can get a uni-
fied EoS by assuming γ → 0 and K → ∞. This leads to
A = Kγ, which is finite, and in such a limit we write

A
∇ρ

ρ
+ ρ∇Φ = 0 . (24)

Comparing Eqs. (22) and (24), it is evident that

P = A ln ρ+ C , (25)

where A and C are two integration constants. The lo-
gotropic EoS can be simplified fixing C, i.e., the cosmo-
logical constant contribution and so an easier form of the
above equation for the pressure becomes

P = A ln

(

ρ

ρ∗

)

, (26)

where the cosmological constant has been suitably re-
moved.
The main purpose is now to determine the energy den-

sity ǫ, knowing ρ. Assuming an adiabatic evolution, one
immediately gets

ǫ = ǫm,0a
−3 + ǫde,0 (1 + 3B ln a) , (27)

and the Hubble rate becomes

H(III) = H0

[

Ωm,0a
−3 +Ωde,0 (1 + 3B ln a)

]
1
2 , (28)

that, clearly, can be recovered from Eq. (8) when n = 0
and with the superscript (III) that hereafter is used to
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distinguish model III from models I and II. Here, the
parameter B is defined as

B =
A

ǫcΩde,0
. (29)

Analogously with the previous two paradigms, the rel-
evant thermodynamic quantities for this model read

ω(III) = −
Ωde,0 (B + 1 + 3B ln a)

Ωm,0a−3 +Ωde,0 (1 + 3B ln a)
, (30)

ω
(III)
de = − 1−

B

1 + 3B ln a
, (31)

c2 (III)
s,a =Ba3

(

Ωde,0

Ωm,0

)

, (32)

which represent the total EoS, that of the DE and the
adiabatic sound speed, respectively. The ΛCDM model
is recovered for B = 0. Taking into account our previ-
ous calculations, we can easily relate the adiabatic sound
speed in pure Anton-Schmidt’s paradigm, model I, with
Eq. (32) by

c2 (I)
s,a =

2(1 +B)(3B ln a−B − 1)

a3
c2 (III)
s,a , (33)

with B given as in (9).
Case IV: (modified n = 0 logotropic model) The lo-

gotropic version of DE, considered in case III, takes into
account the basic assumption that the DE EoS can be
used for galactic dynamics.
However, the main disadvantage of models I, II and III

is that their sound speeds are negative definite in broad
regions of the Universe’s evolution. This could be a di-
rect consequence of how the model unifies DE with DM.
A general solution of this issue, as we will stress below,
is offered by removing the constant temperature approx-
imation on n. This speculation deserves, however, ac-
curate investigations since we do not know a priori how
the Grüneisen index depends on the temperature. The
prerogative of understanding which is the most suitable
γG = γG(T ) function will be object of future investiga-
tions and would help to unify inflation with dark energy
epochs.
Hence, we propose the simplest generalization of model

III, where DM and baryons are unified with DE. This
would guarantee the sound speed to be positive definite
in the wider domain of the Universe’s expansion unlike
models I, II and III. Thus, assuming again the hydrostatic
equilibrium, i.e., Eq. (22), one can extend the polytropic
EoS through a double polytropic of the form

P = K1ρ
γ1 +K2ρ

γ2 , (34)

where only two constants, namely (K1, γ1), behave as
above, i.e., K1γ1 = const, with (K1, γ1) → (∞, 0). The
other two, namely (K2, γ2), vary freely. In particular, we
have

K1γ1ρ
γ1−1∇ρ+K2γ2ρ

γ2−1∇ρ+ ρ∇Φ = 0 . (35)

It is interesting to work out the case (K2, γ2) → (C, 1).
In this respect, we get

P = −A ln

(

ρ

ρ∗

)

+ C

(

ρ

ρ∗

)

, (36)

where A ≡ −K1γ1. For the sake of clarity, the above
procedure can be extended up to an arbitrary order of
polytropic equations of state. However, we limit our at-
tention to the simplest case provided by the choice (34)
that has the intriguing advantage to reduce to ∼ ρ and
∼ ln ρ for very large and small density ρ, respectively.
Plugging Eq. (36) into (4), we obtain

ǫ = ρ+

[

A+ C

(

ρ

ρ∗

)]

ln

(

ρ

ρ∗

)

+A . (37)

Note that A, although under the form of a cosmologi-
cal constant, does not have the meaning of a cosmologi-
cal constant contribution, since it is formally given as the
product byK1 and γ1. Following the same strategy of the
three previous models, we get ǫ ≡ ǫb+ ǫcdm+ ǫde, explic-
itly showing the contributions of baryons (ǫb) and cold
DM (ǫcdm) that arise from the term ∼ Cρ, in Eq. (36).
We can then define the total matter contribution as
ρm = ρcdm + ρb. By comparison with case III, we im-
pose

ρb =
ρb,0
a3

, (38a)

ρcdm =
ρcdm,0

a3
=

C

a3

(

ρb,0
ρ∗

)

ln

(

ρb,0
ρ∗

)

, (38b)

ρ = A

[

1 + ln

(

ρb,0
ρ∗

)]

− 3

[

A+
C

a3

(

ρb,0
ρ∗

)]

ln a ,

(38c)

where we defined

B = −

[

1 + ln

(

ρb,0
ρ∗

)]−1

, (39)

A = − (1− Ωm,0)Bρc . (40)

We are now in the position to get the Hubble rate

H(IV ) = H0

[

Ωm,0a
−3 + (1− Ωm,0) (1 + 3B ln a) +

+ Ωcdm,0

(

3B

B + 1

)

a−3 ln a
]

1
2

,(41)

so that the total EoS, the DE EoS and the adiabatic
sound speed are, respectively,

ω(IV ) = −1−
B (1− Ωm,0)− Ωm,0 a

−3

E2
+

−
Ωcdm,0

E2

(

B

B + 1

)

a−3 (1− 3 ln a) ,(42)

ω
(IV )
de = −1−

B (1− Ωm,0)

E2 − Ωm,0a−3
+

−
Ωcdm,0

a3E2 − Ωm,0

(

B

B + 1

)

(1− 3 lna) , (43)

c2 (IV )
s,a =

B

Ωb,0

[

(1− Ωm,0) a
3 −

Ωcdm,0

B + 1

]

. (44)
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In the above expressions, the superscript (IV ) refers to
model IV, E = H/H0 and Ωm,0 = Ωb,0 +Ωcdm,0.

III. EVOLUTION OF THE GROWTH FACTOR

The models described in the previous section are all
specific cases of a wider formalism where DM and DE
are unified into a single dark fluid [23–26]. Both compo-
nents represent limiting cases of the more general fluid
at early and late times, respectively. This has two bene-
ficial consequences: the first is that we only need a single
component to explain both the structure formation and
the observed accelerated expansion; the second is that we
can treat DM and DE at the perturbation level in exactly
the same way.
In this section, we concentrate on the analysis of lin-

ear perturbations, by deriving the appropriate differen-
tial equation for the growth factor. Note that, while for-
mally perturbations are linear only at early times and/or
on large scales, the growth factor equation is valid only
on small scales, and a fundamental assumption is that it
is valid on subhorizon scales. We also remind the reader
that the growth factor is one of the main ingredients of
the halo mass function, making it, therefore, an impor-
tant quantity to study.
In the literature, the following expression is widely

used

δ̈ + 2Hδ̇ − 4πGρmδ = 0 , (45)

where ρm is the (total) matter density. This equation,
valid on small scales and for linear perturbations, implic-
itly assumes that matter is the clustering component. In
this case, c2s = ω = 0. However, our setup is more gen-
eral than that and the correct way of proceeding needs
to take into account the additional degrees of freedom
of our model. In this respect, our physical setup is very
similar to what has been recently done for generalized
DM [39, 40] by [41]. One of the differences with respect
to that work is that in our case both the background EoS
and the sound speed are, in general, time-dependent and
both need to be properly evaluated. We have no freedom
to set one of them to zero to simplify our expressions.
Before starting, we need to define correctly which per-

turbations are we talking about. From our previous dis-
cussion, we said that our fluid can be decomposed into
two components, one representing matter and the other
one resembling a smooth DE component driving the ac-
celerated expansion of the Universe. Of these two fluids,
only DM is clustering and, therefore, modifications to
the standard growth factor equation will be related to
the DM component.
To derive our equations, we start from the equations

for a fluid with pressure and density perturbations, so
that c2s = δP/δρ and follow the derivation in [42]. How-
ever, since the models considered here are adiabatic, the
sound speed entering into perturbations is the adiabatic
one, i.e., c2s = c2s,a. This will enormously simplify our

analysis, in that we do not need to use any scalar field
descriptions for the models.
The continuity and Euler equations read, respectively,

δ′ + 3(s− w)δ + (1 + w)θ̃ =0 , (46)

θ̃′ +

(

2 +
H ′

H

)

θ̃ +
3

2
(1 + 3s)Ω(a)δ =0 , (47)

where the prime represents the derivative with respect to
ln a, δ = δρ/ρ is the dimensionless density perturbation
of the fluid, s = c2s,a is the dimensionless adiabatic sound

speed for perturbations and θ̃ = θ/H , where θ represents

the divergence of the peculiar velocity u, θ = ~∇ · u. In
the Euler equation, Ω(a) represents the energy density
parameter of the perturbed fluid, i.e., the matter compo-
nent, so that Ω(a) = Ωm(a), which is defined as

Ωm(a) =
ρm

ρm + ρde
. (48)

We are now in a position to derive a second order equa-
tion for δ. To do so, we take the derivative of Eq. (46) and
we substitute in it Eq. (47). For simplicity of notation,
we define the following variables:

A = 3(s− w) , B = 1 + ω , f =
3

2
(1 + 3s)Ω(a) .

The final equation then reads

δ′′+(Aδ)
′
+

[(

2 +
H ′

H

)

−
B′

B

]

(δ′+Aδ)−Bfδ = 0 . (49)

This expression is similar in its form, and fully equivalent,
to what obtained in [43].
We can now specify the two free functions in Eq. (49).

Since the clustering component is DM, we set ω = 0,
whereas the adiabatic sound speed is applied to the whole
model. Note the specularity with clustering DE models,
where c2s = 0 to allow a clustering similar to that of DM.
We can then simplify Eq. (49) to

δ′′+3 (sδ)′+

(

2 +
H ′

H

)

(δ′+3sδ)−
3

2
(1+3s)Ωm(a)δ = 0 .

(50)
It is often interesting to consider the logarithmic

derivative of the growth factor f = d ln δ/d ln a. Its equa-
tion, in light of the modified Eq. (50), reads

f ′+f2+3(s′+sf)+

(

2 +
H ′

H

)

(f+3s)−
3

2
(1+3s)Ωm = 0 .

(51)
For many models, it is possible to give a phenomeno-

logical solution for f [44]

f ≈ Ωγ
m(a) , (52)

where γ is the so-called growth index.
To study the evolution of γ, the simplest thing to do

is to plug the approximate solution for f into (52). This
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leads to a first-order differential equation for γ which
reads:

γ′+
3Ωdeωde

lnΩm
γ +

Ωγ
m

lnΩm
+ 3

s+ s′Ω−γ
m

lnΩm
(53)

+
1− 3Ωdeωde

2 lnΩm

(

1 + 3sΩ−γ
m

)

−
3(1 + 3s)

2 lnΩm
Ω1−γ

m = 0 .

To make progress in solving this equation, we will make
some assumptions which allow us to linearize it. When
Ωm ≈ O(1), we can write lnΩm ≈ −Ωde and Ωγ

m ≈
1 − γΩde. Under these approximations, the evolution of
γ is described by

γ′+

[

1− 3ωde +
3

2
+

3

2
s (2 + 3Ωdeωde)− 3s′

]

γ =

3

2
(1 + 6s)(1− ωde) +

3s′

Ωde
, (54)

and we will assume that this approximation is roughly
valid also at later times.
For s = 0, assuming constant ωde, γ recovers the solu-

tion of the ωCDM model

γ =
3(ωde − 1)

6ωde − 5
, (55)

which reduces to γ = 6/11 for the standard ΛCDM
paradigm [45].
The equation above has a formal solution which can

be expressed via the integral of the coefficient of γ and
of the source term. However, this expression will provide
a very limited insight into the physics of the model.
Whether an analytical solution is possible or not,

Eq. (54) is showing that the adiabatic sound speed acts
as a correction to the standard picture. To better see why
this is the case, we will also assume that both ωde and
s are constant. We will further consider, consistently for
the derivation of the equation for γ, that 2+3Ωdeωde ≈ 2.
Under these assumptions, Eq. (54) becomes

γ′ +

(

1− 3ωde +
3

2
+ 3s

)

γ =
3

2
(1+ 6s)(1−ωde) , (56)

whose solution is

γ =
3(1 + 6s)(1− ωde)

5 + 6(s− ωde)
. (57)

The evolution of γ for our models will be discussed in
the next sections, in comparison with the predictions of
the standard model, i.e. γ = 6

11 , of the ωCDM, through
the use of Eq. (57), and evolving DE. Finally, we stress
that Eq. (57) provides a prominent role in approximating
γ for models I, II and III as we will outline below.

IV. EXPERIMENTAL LIMITS

One of the main purposes of this paper is to understand
which model better approximates the Universe dynamics
among the four paradigms described above.

Understanding which model is effectively the most
suitable one to pass through higher redshift data domains
in which the degeneracy problem is somehow healed is
needed. In particular, to fix cosmological bounds over
the different paradigms, we employed the standard low-
redshift data surveys based on: observational Hubble
data set (OHD) [46], SNe Ia with the Pantheon cata-
log [47] and higher-redshift points coming from the data
based on the use of the so-called growth function f for
large scale structure, together with the normalization of
matter power spectrum, σ8.

A. Likelihood analysis

Here, we perform a set of MCMC analyses involving all
the above cases. The best set of parameters is hereafter
dubbed x, entering the total log-likelihood function, lnL

lnL = lnLOHD + lnLSN + lnLf + lnLσ8
. (58)

Below, we introduce the log-likelihood for each of the
probes.

(a) Hubble rate likelihood : To evaluate the Hubble
rate likelihood, we notice that OHD points are
cosmology-independent measurements of the Hub-
ble rate at various z through the differential age
method [46, 56]. The Hubble rate is written by the
identity H(z) = −(1 + z)−1∆z/∆t. Thus, from
spectroscopic measurements of the age difference
∆t, and redshift difference ∆z, of couples of pas-
sively evolving galaxies that formed at the same
time one infers the set of Hubble points [57]. The
corresponding log-likelihood function is then given
by

lnLOHD = −
1

2

NOHD
∑

i=1

ln
(

2πσ2
Hi

)

−
1

2

NOHD
∑

i=1

[

Hi −H (x, zi)

σHi

]2

, (59)

where NOHD corresponds to the OHD data points,
as reported in Table I.

(b) Pantheon likelihood : The Pantheon data set is the
most updated SN Ia sample composed of 1048
sources [47]. The standardization of their light
curves involves the following corrections: 1) the
luminosity-stretch coefficient α and factor X1 and
2) the luminosity-colour coefficient β and factor C,
and the distance corrections ∆M and ∆B, based on
SN host galaxy mass and predicted biases, respec-
tively. Once these corrections are applied, all SN
Ia light curves become standard and the associated
distance moduli are defined as

µ = mB − (M− αX1 + βC −∆M −∆B) , (60)
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TABLE I: H(z) measurements for the OHD data used in the
text, reported in units km s−1 Mpc−1, with uncertainties (sec-
ond column). In the first column we report the observed red-
shift z, whereas in the third column we report the reference
paper in which the corresponding measurement has been first
presented.

z H ± σH Reference
0.0708 69.0 ± 19.68 [48]
0.09 69.0± 12.0 [49]
0.12 68.6± 26.2 [48]
0.17 83.0± 8.0 [50]
0.179 75.0± 4.0 [51]
0.199 75.0± 5.0 [51]
0.20 72.9± 29.6 [48]
0.27 77.0± 14.0 [50]
0.28 88.8± 36.6 [48]
0.35 82.1± 4.85 [52]
0.352 83.0± 14.0 [53]
0.3802 83.0± 13.5 [53]
0.4 95.0± 17.0 [50]

0.4004 77.0± 10.2 [53]
0.4247 87.1± 11.2 [53]
0.4497 92.8± 12.9 [53]
0.4783 80.9± 9.0 [53]
0.48 97.0± 62.0 [54]
0.593 104.0 ± 13.0 [51]
0.68 92.0± 8.0 [51]
0.781 105.0 ± 12.0 [51]
0.875 125.0 ± 17.0 [51]
0.88 90.0± 40.0 [54]
0.9 117.0 ± 23.0 [50]

1.037 154.0 ± 20.0 [51]
1.3 168.0 ± 17.0 [50]

1.363 160.0 ± 33.6 [55]
1.43 177.0 ± 18.0 [50]
1.53 140.0 ± 14.0 [50]
1.75 202.0 ± 40.0 [50]
1.965 186.5 ± 50.4 [55]

where M is the B-band absolute magnitude and
mB the B-band apparent magnitude [58]. The log-
likelihood function is given by [59]

lnLSN = −
1

2

(

a+ ln
e

2π
−

b2

e

)

, (61)

where a ≡ ∆~µT
C

−1∆~µ, b ≡ ∆~µT
C

−1~1, and e ≡
~1T

C
−1~1, in which ∆µ ≡ µ−µth (x, z) is the vector

of residuals between the observed distance moduli,
µ, and the theoretical ones, µth. Finally, C is the
covariance matrix which is related to statistical and
intrinsic systematic uncertainties of SNe [58]. For
the sake of clarity, with SNe Ia only the H0 value
cannot be constrained. This is another reason to
combine such a data set with the others, presented
here.

(c) Matter growth likelihood : In linear theory, the
growth of matter fluctuations is described by the
growth function f , defined by Eqs. (51) and (52).

TABLE II: Statistical comparison among the ΛCDM, ωCDM
paradigms, the CPL parametrization, and models I–IV. The
reference scenario is ΛCDM model, so that ∆AIC(BIC) =
AIC(BIC)i −AIC(BIC)ΛCDM.

Model lnLmax AIC BIC ∆AIC ∆BIC

ΛCDM −640.24 1284.48 1294.50 0 0
ωCDM −640.48 1286.97 1301.99 2.48 7.49
CPL −640.22 1288.44 1308.48 3.96 13.98
I −639.35 1284.69 1299.72 0.21 5.22
II −895.91 1795.83 1805.84 511.32 511.32
III −640.30 1284.64 1294.66 0.16 0.16
IV −640.29 1284.58 1294.59 0.09 0.09

The log-likelihood is therefore given by [60, 61]

lnLf = −
1

2

Nf
∑

i=1

{

ln
(

2πσ2
fi

)

+

[

fi − f (x, zi)

σfi

]2
}

. (62)

(c) σ8 likelihood : An alternative observational probe of
δ(z) is the rms mass fluctuation σ8(z). It is linked
to δ(z) via

σ8(z) = σ8(0)
δ(z)

δ(0)
= σ8(0)e

∫ 1
1+z

1
Ωγ

m
(a)da , (63)

where σ8(0) is the value at z = 0. Most of the
currently available data points originate from the
observed redshift evolution of the flux power spec-
trum of the Ly–α forest [60, 61]. To avoid the use
of the additional parameter, σ8(0), in the fitting
procedure, an alternative parameter can be used,
i.e.,

s8(z1, z2) =
e
∫ 1

1+z1
1 Ωγ

m
(a)da

e
∫ 1

1+z2
1 Ωγ

m(a)da

. (64)

The corresponding log-likelihood becomes

lnLs8 = −
1

2

Ns8
∑

i=1

ln
(

2πσ2
s8,i

)

−
1

2

Ns8
∑

i=1

[

s8,i − s8 (x, zi, zi+1)

σs8,i

]2

, (65)

where σs8,i is derived by error propagation from the
errors of s8(zi) and s8(zi + 1).

V. STATISTICAL ANALYSES

We now present the statistical performances of the var-
ious models through the use of the Bayesian selection cri-
teria to measure the evidence of a given model against
a reference scenario [62], conventionally chosen as the



9

ΛCDM paradigm. Specifically, we consider the Akaike
information criterion (AIC) [63] and the Bayesian infor-
mation criterion (BIC) [64], defined, respectively, as

AIC ≡− 2 lnLmax + 2p , (66a)

BIC ≡− 2 lnLmax + p lnN . (66b)

Here, Lmax is the maximum likelihood estimate, p is the
number of free parameters of the model, and N the total
number of data points. We note that, for high N , the
BIC criterion penalizes the model with a large number of
free parameters more severely than AIC.
Using these definitions, we calculated the differences

∆AIC and ∆BIC with respect to the reference scenario to
measure the amount of information lost by adding extra
parameters in the statistical fitting. Negative values of
∆AIC and ∆BIC would indicate that the model under
investigation performs better than the reference model,
while for positive values, one needs to know that

(a) ∆AIC(BIC) ∈ [0, 2] indicates a weak evidence in
favour of the reference model, leaving open the
question on which model is the most suitable one;

(b) ∆AIC(BIC) ∈ (2, 6] indicates a mild evidence
against the given model with respect to the ref-
erence paradigm;

(c) ∆AIC(BIC) > 6 indicates a strong evidence against
the given model, which should be rejected.

We report the ∆AIC and ∆BIC values for the different
cosmological models in Table II. They assume positive
values for all the models indicating that data are either
weakly or strongly in favor of the ΛCDM model. In more
detail, according to the AIC criterion, the DE models
(CPL and ωCDM) are quite disfavored with respect to
the reference model, while model II is strongly disfavored.
Models I, III and IV are only weakly disfavored, in that
∆AIC< 1, so one can not really establish which model is
favored. According to the BIC criterion, all the models
are rather strongly disfavored (once again, model II in
particular), but III and IV are slightly favored for the
ΛCDM model, as ∆BIC< 1.

VI. DISCUSSION ON THEORETICAL RESULTS

In this section, we describe all our numerical findings.
They have been reported in Table III, where we included
best fit parameters, and in Table II, for the AIC and BIC
values. We also presented the results of our MCMC runs
in Fig. 1, where we show models I and II in the top panels
and models III and IV in the bottom panels.
In all our fits, ρ⋆ corresponds to the Planck density,

ρPl, in agreement with theoretical predictions. This as-
sumption works well even for high redshift data, except
for model II. In fact, the choice n = −1 is clearly ruled
out by using the intermediate redshift data that we em-
ployed.

Moreover, for model II even if ρ⋆ 6= ρPl (letting ρ⋆ be
free to vary) the model does not work well with our data
catalogs at small and intermediate redshifts.
Hubble constant constraints, for all our models, except

again for model II, appear in tension with what found
by [65]. The error bars up to 2–σ confidence levels are
not large enough to avoid the tension with Riess mea-
surements at ≥ 1–σ. In principle such a result may be
affected by systematics and may be reconsidered in view
of future developments. In all our cases, the Hubble pa-
rameters are compatible with Planck results [66].
Focusing on each model, we can compare our results

with the concordance ΛCDM paradigm, and with two
evolving DE scenarios, i.e., here the ωCDM model and
the CPL parametrization. In model I, n severely differs
from the outcomes obtained in [31]. This is closely re-
lated to the higher redshift data sets that we adopted
here. This fact, if confirmed by future analyses, suggests
the first model is non-unequivocally constrained by cos-
mic data, leading to a clear limitation of the model itself.
In particular, the value of n is positive but very small.
We show that if one adopts only small redshift data, the
model is quite unbounded and the predictions over n are
unconstrained, i.e., severely different from our findings.
In addition, here n is compatible with zero at both 1–
and 2–σ confidence levels. The values for both matter
density Ωm,0 and Hubble parameter are compatible with
the ΛCDM scenario at 1− σ confidence level, making it,
according to the AIC criterion, only slightly disfavored.
Our numerical results remark that negative n are ex-

cluded for Anton-Schmidt frameworks, in disagreement
with previous studies, e.g., [31]. In view of this, it is easy
to stress again that even statistical criteria establish that
model II is highly disfavored by data.
The genuine logotropic paradigm, model III, works

quite well in describing the Universe dynamics. Both
matter density and the Hubble function are in good
agreement with the values found for the reference ΛCDM
model. As a consequence, both the AIC and the BIC are
small, (∼ 0.16), showing that the ΛCDM model is only
weakly favored. The genuine logotropic model is very
similar to model IV, in which one includes an additional
parameter, the baryon density Ωb. As it is not possi-
ble to constrain Ωb within our redshift range, we take it
fixed to the Planck constraint, Ωb ≃ 0.02242. The pure
logotropic model is largely more predictive than Anton-
Schmidt paradigms, certifying that:

(a) in general, Anton-Schmidt paradigms (models I
and II) seem to be less predictive than pure lo-
gotropic models (models III and IV),

(b) generalized versions of the pure logotropic model
(model III) do not significantly change the experi-
mental expectations over the free coefficients.

An immediate interpretation of the above two points is
the following: the Anton-Schmidt models are disfavored
than pure logotropic scenarios because of the approxima-
tions made on n. In fact, as already stated above, in the
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TABLE III: Best-fit parameters for flat ΛCDM, ωCDM, CPL, and models I–IV with 1–σ (and 2–σ) errors. Hereafter, h0 ≡

H0/100s
−1Mpc/km.

Model h0 Ωm,0 Ωcdm,0 n w0 w1

ΛCDM 0.695
+0.027(+0.045)
−0.027(−0.043) 0.290

+0.028(+0.047)
−0.026(−0.042) - - - -

ωCDM 0.693
+0.033(+0.047)

−0.033(−0.049)
0.270

+0.047(+0.070)

−0.040(−0.056)
- - −0.92

+0.10(+0.15)

−0.13(−0.21)
-

CPL 0.690
+0.039(+0.057)

−0.036(−0.049) 0.269
+0.052(+0.076)

−0.051(−0.071) - - −1.02
+0.27(+0.37)

−0.19(−0.22) 0.63
+0.72(+0.74)

−1.79(−2.54)

I 0.689
+0.034(+0.053)
−0.033(−0.046) 0.308

+0.040(+0.062)
−0.039(−0.057) - 0.004

+0.015(+0.027)
−0.009(−0.022) - -

II 0.492
+0.017(+0.028)

−0.017(−0.028)
0.510

+0.070(+0.118)

−0.067(−0.109)
- -1 - -

III 0.695
+0.027(+0.044)

−0.028(−0.044) 0.291
+0.028(+0.046)

−0.026(−0.042) - 0 - -

IV 0.693
+0.028(+0.045)
−0.028(−0.045) 0.291

+0.029(+0.049)
−0.028(−0.045) 0.269

+0.029(+0.049)
−0.028(−0.045) - - -

original Anton-Schmidt picture, n is a general function of
the temperature. This fact could severely influence the
goodness of Anton-Schmidt models, for example enabling
the sound speed to be always positive definite.

However, comparing the AIC and BIC criteria as re-
ported in Table II, we notice only a weak evidence for the
statistical goodness of logotropic models with respect to
Anton-Schmidt paradigms. The statistical significance of
logotropic models, for both models III and IV, is lower
than the concordance paradigm, as a consequence of the
additional free parameters. In other words, the stan-
dard cosmological model is still favored in describing the
cosmic expansion history even with respect to genuine
logotropic models. Foe the sake of completeness, it is
interesting to note that for models I (top left panel), III
and IV (bottom panels) there is a small anticorrelation
between h0 and Ωm, while this does not occur for model
II. This is one of the reasons why this model performs so
badly. Note that there is also a positive correlation be-
tween the free index n and the matter density parameter
Ωm,0: this means that it is difficult to modify n without
finding unreasonable values of Ωm,0.

Analogous comparisons can be performed among our
models and evolving DE frameworks. So, regarding the
CPL parametrization, both parameters (w0 and w1) are
compatible with the cosmological constant scenario, i.e.,
w0 = −1 and wa = 0. Whilst the value of h0 is very
similar to what we found for our reference model, the
matter density parameter is about 7% smaller, which
corresponds to less than 1–σ difference. Nevertheless,
this model has two additional parameters with respect
to the ΛCDM model and is, therefore, heavily penal-
ized by the selection criteria. This explains the large
∆AIC and ∆BIC values, compared with the concordance
paradigm. Similar considerations can be done for the
ωCDM model, for which we found values very similar
to the CPL parametrization. It is interesting to notice
that with w0 = −0.92, the model is in the “quintessence
regime”, but still compatible to a ΛCDM model within
1–σ. So, concerning the ωCDM model, the ∆AIC and
∆BIC are lower than for the CPL one, making it statis-
tically preferred with respect to the latter. This is clearly
due to the smaller number of parameters. Comparing our
paradigms with these results show that models I, III and

IV seem to be more statistically favored than CPL and
ωCDM frameworks. However, we note that the statisti-
cal significance is weak and there is no reason a priori
to imagine that these models behave better than ωCDM
and CPL throughout the Universe evolution.

A. Properties of the best fit models

We now study the background properties, the adia-
batic sound speed for linear perturbations and the evo-
lution of the growth factor and index for our models.
In Fig. 2, we present the evolution of the Hubble pa-

rameter normalized with the reference ΛCDMmodel (up-
per panel), the total EoS ω (second panel), the EoS for
the DE component only, namely ωde (third panel), and
the adiabatic sound speed (bottom panel) for the four
models underlined in this work. For comparison, we also
plot the expectations obtained from the ΛCDM, ωCDM
and CPL scenarios. From a qualitative point of view,
model II with n = −1 is the one showing the largest dif-
ferences with respect to the other logotropic models and
to the two DE models considered in this work. Analyz-
ing the background evolution from a more quantitative
point of view, we note that model II deviates from the
others at all redshifts, with differences much higher than
10%. All the other models differ by at most a few per-
cent, with a maximum of 5% at early times. It is worth
noticing that at late time the CPL model expansion rate
is higher than for the ΛCDM model, while for a < 0.2 it
is a few percent smaller.
In the third panel from top, we present the evolution of

the DE EoS ωde. As expected, for the ΛCDM (ωCDM)
model, ωde = −1 (ωde = −0.92) constant throughout the
cosmic history and for the CPL model ωde grows steadily
as w1 = 0.63. The evolution of the logotropic models is
instead more interesting. For models I–III, the EoS of
the DE component is rather constant and very close to
−1, therefore having a behavior similar to that of the
cosmological constant, Λ. Model IV, instead, is close to
the cosmological constant up to a = 0.6 and at earlier
times it grows rapidly such that at a = 0.2, we have
ωde = −0.5. This discussion helps us to understand the
behavior of the total EoS of our models, presented in
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FIG. 1: 1–σ (dark gray) and 2–σ (light gray) contour plots and best-fit parameters (black dot). In the top left (right) panel
we show model I (II), while in the bottom left (right) panel, we present model III (IV).

the second panel from top. In particular, for model II,
the total EoS is practically null over the whole cosmic
history, explaining why the model represents a very poor
fit to the data.

The quantity of more interest for the evolution of per-
turbations is the adiabatic sound speed of each models.
For adiabatic models, this quantity determines the sta-
bility of a given model against perturbations and ulti-
mately its validity. This happens because, in general, we

can write the evolution of perturbations as

δ̈ +A(t)δ̇ + c2sδ = 0 , (67)

where A(t) represents a generic damping term associated
with the cosmic expansion. We also generically denoted
the sound speed as c2s , as this discussion has general va-
lidity. When c2s > 0, the solution is a damped harmonic
oscillator, hence, perturbations are stable and bound. On
the contrary, when c2s < 0, its solution is an exponential
function and perturbations grow unbounded. Thus, the
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FIG. 2: Plots of the thermodynamic functions described for
our four models in terms of a. Hereafter, for brevity we re-
moved any superscripts. From top to bottom: the Hubble
rate H(a), normalized with the ΛCDM model, HΛCDM, the
total EoS parameter, ω, the DE EoS, ωde, and the adiabatic
sound speed, c2s,a. The values of the chosen parameters are
summarized in Table III.

model is unstable and we can see the developing insta-
bility in the top panel. The instability is evident at very
early times, where the quantity δ/a appears to be di-
verging. This is also reflected in the growth where f is
approximately constant. In fact, if f ≈ cf , with cf con-
stant, then δ ∝ acf at all times (at odds with the physical
intuition that an accelerated expansion of the Universe
would lead structures to grow less).

All the models, except IV, have a roughly constant
sound speed, which allows us to determine an approxi-
mate solution for the growth index γ, as shown in Sec. III.
Models I and III have a small (close to zero) sound speed.
At early time the sound speed is small and clustering
properties are due to DM, while at late time the sound
speed slightly grows, to reach the value of ≈ 2 × 10−2.
Model II has a similar behavior, with an adiabatic sound
speed squared constant but negative (c2s ≈ −10−2). This
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FIG. 3: The linear density perturbations over the scale factor
δ/a (top panel) and the growth f (bottom panel) as a function
of a for the four models. The values of the parameters chosen
to plot each model are summarized in Table III.

implies that the model is unstable and explains once more
why the model performs badly against the observational
data. Finally, for model IV, at early times, the adiabatic
sound speed is positive and of the order of 5×10−2, but at
late times it becomes negative, reaching in absolute value
approximately the same value at early times. Since the
sound speed is in general also small when positive, the
effects of instabilities at late times can be substantial.

The discussion about the sound speed is a useful in-
troduction to the study of the evolution of the density
perturbations and the growth. Models I and III, as ex-
pected from the previous analysis (especially in terms of
Bayesian evidence) show a behavior very close to that
of the ΛCDM model in terms of δ, but differ more in
the evolution of f (see Fig. 3). This is easily understood
remembering that the growth is directly proportional to
the time derivative of δ and that differential quantities
highlight differences. It is, therefore, crucial, to also con-
sider this quantity when comparing models. Note that
model II is fully nonpredictive as stressed several times
in this work and fCPL ≃ fΛCDM. We now consider model
IV. To do so we notice that throughout the cosmic his-
tory, perturbations grow similarly to the ΛCDM model.
It is, however, more interesting to consider its logarith-
mic derivative, f . Even if its evolution is qualitatively
different from that of the reference model, we notice a
peculiar behavior at very early and late times. Thus, at
early times, f first flattens and is of the order unity as
expected, but then it tends to decrease. This is symp-
tomatic of a departure from a limiting Einstein-de Sitter
regime in that the sound speed at early times is small
but non-negligible. At late times, we see the effects of a
negative sound speed: since perturbations now grow un-
bounded, the late time cosmic acceleration does not sup-
press structure formation and f first flattens and then
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Table III. Each model is displayed, as indicated in the legend.
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starts to grow again. This makes the value of the growth
more similar to the ΛCDM model, thus explaining why,
despite the unwanted feature of negative sound speed, the
model represents a good fit to the data. In other words,
since the instabilities arising at low redshift (z ≈ 0.33),
they did not have the time to considerably affect the evo-
lution of perturbations. Finally, the time evolution of the
growth index γ (Fig. 4) for models where the adiabatic
sound speed and the DE EoS are approximately constant,
is approximately constant as well, justifying our simpli-
fying assumption. In general, c2s,a and ωde can be well
approximated to a constant for the ΛCDM and ωCDM
models and for the logotropic models I–III, but this is not
the case for the CPL parametrization and for the model
IV introduced in this work. It is interesting to notice that
for models I and III, γ evolves like the corresponding adi-
abatic sound speeds. This is easy to understand as this
is the only relevant quantity evolving in our analytical
approximation. For model IV our approximation is no
longer valid since both ωde and γ evolve rather strongly
with time. The effects of the negative adiabatic sound
speed emerge in the behavior of the growth index: since
its value reduces and it is about 30% lower than for the
ΛCDM model, the growth would be enhanced, despite
the recent accelerated expansion.
Analyzing both panels in Fig. 4 more quantitatively,

we see that our analytical prediction reproduces the nu-
merical solution at the percent level, with the exception,
as already discussed, of model IV. For this model, only
its qualitative behavior is reproduced.

VII. FINAL REMARKS

In this paper, we investigated four thermodynamic
models that fuel current acceleration through a single

fluid unifying DE with DM. The four models under ex-
amination are part of two typologies: Anton-Schmidt and
logotropic fluids, intertwined among them by fixing the
Grüneisen index to precise values. These scenarios have
recently been introduced as alternatives to the standard
cosmological model with the purpose of extending modi-
fied Chaplygin gas models. In particular, we investigated
the Anton-Schmidt paradigms for two relevant cases of
the Grüneisen index. Afterwards, we studied the lo-
gotropic framework, corresponding to n = 0, and then we
proposed a novel approach, namely model IV, in which
DM and baryons are disentangled.

We first discussed the basic features of each model and
then evaluated the general picture of small perturbations,
computing the growth f = d ln δ/d ln a (with δ the lin-
early perturbed density) and growth index γ for each
model. We portrayed and confronted the functional be-
haviors of the adiabatic sound speed, total and DE EoS
and Hubble parameters for each model.

Further, we compared our models with data at inter-
mediate redshifts, through a MCMC procedure based on
the Metropolis algorithm. To do so, we took into account
SNeIa, OHD and linear growth observations for the large
scale structures. We fixed tight constraints over the ther-
modynamic free parameters of our four models and we
inferred the statistical significance of them through the
AIC and BIC statistical criteria. We showed that the lo-
gotropic models behave better than Anton-Schmidt ones
and the case n = −1 is fully ruled out. Additionally, we
demonstrated that the logotropic models are less stable
than the standard cosmological paradigm, stressing that
there is no statistical advantage to handle a logotropic
and/or Anton-Schmidt universe, if compared with the
ΛCDM, ωCDM and CPL scenarios. In support of this,
we outlined where perturbations become unstable due to
negative sound speed for all the underlying models.

In the future, we will investigate a possible time de-
pendence of the Grüneisen index n for Anton-Schmidt
models, as predicted by solid state physics, and check if
it would enable the sound speed to be positive definite
at all times. We will also attempt unifying DE with in-
flationary epochs through a single description based on
Anton-Schmidt and/or logotropic models.

Acknowledgments

K. B., O. L. and M. M. acknowledge the Ministry of
Education and Science of the Republic of Kazakhstan,
Grant No. IRN AP08052311. MM is supported by INFN
as part of the MoonLIGHT-2 experiment in the frame-
work of the research activities of CSN2. F. P. acknowl-
edges the support from the Grant No. ASI n.2018-23-
HH.0.



14

[1] S. Perlmutter, G. Aldering, G. Goldhaber, R. A. Knop,
P. Nugent, P. G. Castro, S. Deustua, S. Fabbro, A. Goo-
bar, D. E. Groom, et al., Astrophys. J. 517, 565 (1999),
astro-ph/9812133.

[2] S. Perlmutter, G. Aldering, M. della Valle, S. Deustua,
R. S. Ellis, S. Fabbro, A. Fruchter, G. Goldhaber, D. E.
Groom, I. M. Hook, et al., Nature 391, 51 (1998), astro-
ph/9712212.

[3] A. G. Riess, A. V. Filippenko, P. Challis, A. Clocchiatti,
A. Diercks, P. M. Garnavich, R. L. Gilliland, C. J. Hogan,
S. Jha, R. P. Kirshner, et al., Astronomical J. 116, 1009
(1998), astro-ph/9805201.

[4] J. L. Tonry, B. P. Schmidt, B. Barris, P. Cand ia, P. Chal-
lis, A. Clocchiatti, A. L. Coil, A. V. Filippenko, P. Gar-
navich, C. Hogan, et al., Astrophys. J. 594, 1 (2003),
astro-ph/0305008.

[5] S. L. Bridle, O. Lahav, J. P. Ostriker, and P. J. Stein-
hardt, Science 299, 1532 (2003), astro-ph/0303180.

[6] C. L. Bennett, M. Halpern, G. Hinshaw, N. Jarosik,
A. Kogut, M. Limon, S. S. Meyer, L. Page, D. N. Spergel,
G. S. Tucker, et al., Astrophys. J. Suppl. Ser. 148, 1
(2003), astro-ph/0302207.

[7] G. Hinshaw, D. N. Spergel, L. Verde, R. S. Hill, S. S.
Meyer, C. Barnes, C. L. Bennett, M. Halpern, N. Jarosik,
A. Kogut, et al., Astrophys. J. Suppl. Ser. 148, 135
(2003), astro-ph/0302217.

[8] A. Kogut, D. N. Spergel, C. Barnes, C. L. Bennett,
M. Halpern, G. Hinshaw, N. Jarosik, M. Limon, S. S.
Meyer, L. Page, et al., Astrophys. J. Suppl. Ser. 148,
161 (2003), astro-ph/0302213.

[9] D. N. Spergel, L. Verde, H. V. Peiris, E. Komatsu,
M. R. Nolta, C. L. Bennett, M. Halpern, G. Hinshaw,
N. Jarosik, A. Kogut, et al., Astrophys. J. Suppl. Ser.
148, 175 (2003), astro-ph/0302209.

[10] D. J. Eisenstein, I. Zehavi, D. W. Hogg, R. Scoccimarro,
M. R. Blanton, R. C. Nichol, R. Scranton, H.-J. Seo,
M. Tegmark, Z. Zheng, et al., Astrophys. J. 633, 560
(2005), astro-ph/0501171.

[11] V. Sahni and A. Starobinsky, International Journal of
Modern Physics D 9, 373 (2000), astro-ph/9904398.

[12] E. J. Copeland, M. Sami, and S. Tsujikawa, Interna-
tional Journal of Modern Physics D 15, 1753 (2006),
hep-th/0603057.

[13] P. J. Peebles and B. Ratra, Reviews of Modern Physics
75, 559 (2003), astro-ph/0207347.

[14] D. H.Weinberg, M. J. Mortonson, D. J. Eisenstein, C. Hi-
rata, A. G. Riess, and E. Rozo, Phys. Rep. 530, 87
(2013), 1201.2434.

[15] T. Padmanabhan, Phys. Rep. 380, 235 (2003), hep-
th/0212290.

[16] K. Bamba, S. Capozziello, S. Nojiri, and S. D.
Odintsov, Astrophysics and Space Science 342, 155
(2012), 1205.3421.

[17] V. Sahni and A. Starobinsky, International Journal of
Modern Physics D 15, 2105 (2006), astro-ph/0610026.

[18] S. Nojiri, S. D. Odintsov, and V. K. Oikonomou, Phys.
Rep. 692, 1 (2017), 1705.11098.

[19] H.-J. Schmidt, International Journal of Geometric Meth-
ods in Modern Physics 04, 209 (2007), gr-qc/0602017.

[20] O. Luongo and M. Muccino, Phys. Rev. D 98, 103520
(2018), 1807.00180.

[21] M. D. Maia, A. J. S. Capistrano, and E. M. Monte, Inter-
national Journal of Modern Physics A 24, 1545 (2009),
0905.3655.

[22] P.-H. Chavanis, European Physical Journal Plus 130,
130 (2015), 1504.08355.

[23] D. Bertacca, S. Matarrese, and M. Pietroni, Modern
Physics Letters A 22, 2893 (2007), astro-ph/0703259.

[24] D. Bertacca, N. Bartolo, and S. Matarrese, Journal of
Cosmology and Astroparticle Physics 2008, 005 (2008),
0712.0486.

[25] O. F. Piattella, D. Bertacca, M. Bruni, and D. Pietrobon,
Journal of Cosmology and Astroparticle Physics 2010,
014 (2010), 0911.2664.

[26] D. Bertacca, M. Bruni, O. F. Piattella, and D. Pietrobon,
Journal of Cosmology and Astroparticle Physics 2011,
018 (2011), 1011.6669.

[27] H. Anton and P. C. Schmidt, Intermetallics 5, 449 (1997).
[28] B. Mayer et al, Intermetallics 11, 23 (2003).
[29] V. M. C. Ferreira and P. P. Avelino, Physics Letters B

770, 213 (2017), 1611.08403.
[30] K. Boshkayev, R. D’Agostino, and O. Luongo, European

Physical Journal C 79, 332 (2019), 1901.01031.
[31] S. Capozziello, R. D’Agostino, and O. Luongo, Physics

of the Dark Universe 20, 1 (2018), 1712.04317.
[32] P. Debye, Annalen der Physik 39, 789 (1912).
[33] M. Chevallier and D. Polarski, International Journal of

Modern Physics D 10, 213 (2001), arXiv:gr-qc/0009008.
[34] E. V. Linder, Physical Review Letters 90, 091301 (2003),

arXiv:astro-ph/0208512.
[35] A. Kamenshchik, U. Moschella, and V. Pasquier, Physics

Letters B 511, 265 (2001), gr-qc/0103004.
[36] E. Gruneisen, Annalen der Physik 344, 257 (1912).
[37] S. Capozziello, R. D’Agostino, R. Giambò, and O. Lu-
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