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1 Introduction

The AdS/CFT correspondence [1] identifies the spectrum of anomalous dimensions of lo-
cal operators in a conformal field theory with the energy spectrum of strings in an AdS
background. In its prototypical instance, the spectrum of the superstring in AdSs x S°
matches that of local operators in the planar limit of N' =4 SYM theory. Moreover, the
spectral problem of the latter is conjectured to be integrable [2, 3]. This allows to interpo-
late exactly the anomalous dimensions data from weak to strong coupling, which in turn
enables to compare them with the strong coupling predictions from string theory.



A well studied example of this state-operator correspondence and the underlying in-
tegrability of the spectral problem is the sector of twist-two operators in planar N = 4
SYM. These operators have the schematic form Tr(Z D;?Z ), where Z are complex scalars of
N =4 SYM theory, D, is the covariant light-cone derivative and S is the spin of the opera-
tor. Such operators are closed under renormalization, i.e. they only mix among themselves,
thus providing a closed sector. At weak coupling, in the large spin limit, the anomalous
dimension of twist-two operators scales logarithmically [4], with a slope given by the cusp
anomalous dimension I'cusp, which is a non-trivial function of the 't Hooft coupling. In
the strong regime, such twist-two operators are conjectured to be dual to a folded string
spinning around its center of mass in AdS3 C AdSs [5]. Its rather complicated solution
was spelled out in [6]. In the large spin limit this solution simplifies and corresponds to
a homogeneous long string stretching up to the boundary of AdS; [5] (that we shall also
refer to as the GKP string). The cusp anomalous dimension I'cyg, represents its uniformly
distributed energy.! This ubiquitous quantity emerges also in the gauge theory as the co-
efficient of the UV divergence of a cusped, light-like Wilson loop [8-10]. From the string
perspective, the worldsheet area corresponding to the spinning string solution is equivalent
to that of a null cusp [11, 12], thus explaining the appearance of the same function in two
naively unrelated contexts.

The interpolation between the weak and strong coupling descriptions can be made
precise thanks to integrability, by means of a set of Bethe equations [13]. In particular,
the integrability based BES equation [14] allows in principle to compute I'cysp to any
desired order in both regimes. At strong coupling this expansion corresponds to considering
the classical energy of the string in the null cusp background and adding its quantum
corrections that can be computed by summing over all excitations about the vacuum.
Focussing on the individual excitations, they are interpreted at weak coupling as describing
the spectrum of anomalous dimensions of higher twist operators, obtained from twist-
two ones by insertion of extra fields. Integrability allows to extract exact results for the
excitations as well. In particular, from the Bethe ansatz description, not only the energy
but also the momentum of the excitations can be computed, so that their exact dispersion
relations were derived in [15] (previous results appeared in [4, 16-18]). Moreover, their
scattering amplitudes have also been studied in [19-21].

Recently, additional interest on the GKP string excitations was triggered by the OPE
approach to light-like polygonal Wilson loops and scattering amplitudes [22-29], where the
GKP scattering factors appear as crucial building blocks.

The AdS,/CFT; correspondence offers another setting where to study analogous prob-
lems. Indeed, on the one hand there exists a well defined correspondence between a three-
dimensional conformal field theory (the ABJM model [30]) and a dual string theory, namely
type ITA on AdS; x CP?. On the other hand the ABJM theory was conjectured to be in-
tegrable [31-35] and its Bethe equations to be related to those of N'=4 SYM in a precise
and simple way. Interestingly, the all loop Bethe ansatz for the ABJM theory features an
interpolating function of the coupling h()), which is trivial for N' = 4 SYM. Therefore,

'In general subleading corrections at strong coupling in the large spin limit were considered in [7].



ABJM theory offers a rather similar, though somewhat different environment, where to
put the AdS/CFT and integrability machinery in action.

The spinning string problem has been extensively studied in the ABJM theory as
well [36-40], where the one-loop corrections to its energy were computed. These correspond
to the cusp anomalous dimension of ABJM at strong coupling, which can be computed from
integrability via a BES equation, which is the same as for N/ = 4 SYM, up to the presence
of the effective coupling h(A). Therefore the comparison of the two results yields the strong
coupling expansion of the interpolating function.

Asin N = 4 SYM attention was devoted not only to the sum over all the excitations on
top of the spinning string ground state, but also to the excitations themselves. In particular,
the model governing the low-energy excitations of the AdS,; x CP? GKP vacuum in the
Alday-Maldacena limit [12] was pointed out in [41]. It belongs to a larger group of models
which were considered in [42], where it was argued that they are integrable.

In [19] the asymptotic Bethe ansatz for the ABJM GKP string was studied, from which
the authors argued the dispersion relations and S-matrix for the excitations. One difference
with respect to N =4 SYM is that there is no closed subsector with derivatives and scalar
fields only and the simplest set of operators dual to the spinning string solution is of the
form Tr(Dy ... D+Y'Dy ... Doyl Doyl DY) built out of bifundamental matter fields
(Y1 ol), (YJ,QbL). To identify the GKP vacuum one has to look for the state with the
lowest possible twist. In this case it is provided by a twist-one? operator (to be compared
to the twist-two vacuum of N' = 4) containing two bifundamental matter fields and a large
number S of covariant derivatives. In this picture the lowest lying excitations are the
twist-1/2 matter fields which transform in the 4 and 4 representations of SU(4). They are
accompanied by twist-1/2 fermions in the 6 representation of SO(6) and a tower of twist-£
excitations, neutral under SU(4), corresponding to the transverse component of the gauge
field [19]. Despite the qualitative difference with respect to N' =4 SYM, the similarity of
the two integrable models predicts closely related dispersion relations for the excitations
in the two theories.

In the present paper we provide an explicit computation of the one-loop corrections to
the dispersion relations of the excitations of the ABJM GKP string at strong coupling, via
sigma model perturbation theory. This constitutes a strong verification of the predictions
of integrability at the quantum level. In order to make the computation feasible, we use
the Lagrangian of the AdS, x CP? superstring in the light-cone gauge, expanded about the
light-like cusp background. Indeed on the one hand this setting was proved to be equivalent
to that of the GKP spinning string, on the other hand the light-cone gauge Lagrangian
turns out to be more tractable and suitable for perturbative computations.

In the context of AdSsx S® this approach, initiated in [43, 44], allowed for the computa-
tion of the two-loop free energy [45], which is interpreted as the cusp anomalous dimension
via the AdS/CFT correspondence. In a following paper [46] the quantum dispersion re-
lations for the excitations of this model were computed at one loop and compared to the
integrability predictions of [15]. A refined analysis on the stability of the heaviest scalar

ZNotice that both scalar fields and fermions in three dimensions have twist 1/2.



mode, the binding energy of gauge excitations bound states and the corrections to the
dispersion relation of massless states was presented in [47].

A parallel program was started for the AdS; x CP? case. In [48-50] the light-cone
gauge superstring Lagrangian was derived. In [51] it was expanded around the null cusp
background and the two-loop correction to the cusp anomalous dimension of ABJM at
strong coupling was determined. This also provided a non-trivial check on the conjectured
exact expression of the interpolating function of the 't Hooft coupling h(X) [52], featured
in integrability based computations in ABJM. As for the AdSs x S® case, the light-cone
gauge Lagrangian offers an efficient setting for computing the dispersion relations of the
excitations on the cusp background. In this paper we determine their quantum corrections
at one loop and compare them with the predictions from the Bethe ansatz of [19]. Here
we summarize our results. The string theory spectrum at A\ — oo consists of

AdS3 transverse mode (¢) : mi =4 (1.1)
AdSy outside AdS3 (x) : m2 =2 (1.2)
CP? ({2%,Z,},a=1,2,3): m?=0 (1.3)
Massive fermions (n%,0%) : m%a =mi. =1 (1.4)
Massless fermions (n?, 6) : mfl4 =mi =0 (1.5)

We find the following quantum corrections to the dispersion relations and masses of those

excitations, which can be compared to the results of [46] by replacing h(\) — Y2

cp?+d

EXp,) = [P+ m?+ oY |1 oM 1.6
1
70 =10 =~ 7. =0 qna = qge =0 It = g1 =0
1 1 11 1 7
CLP_ *g Cy — *Z Cy — *m Cna—CQa —*5 0774_694_75 (17)
1
dy=0  dp=0  d.=0 Qe = dge =0 dys = dgs = —

For massive modes the quantum dispersion relations of the string description are in
agreement with those of integrability. On the other hand, an identification of the massless
modes and their dispersion relations turns out to be rather problematic in a perturbative
approach. A similar mismatch has been already highlighted in [47] in the context of AdS5 x
S5, In that case the five massless scalars of the superstring sigma model are not in direct
correspondence with the six massless degrees of freedom of the integrability description
(and the low energy O(6) sigma model). Moreover it was pointed out that the perturbative
expansion of their dispersion relations as computed from the superstring sigma model is
ill-defined because of IR divergences. We encounter a parallel mismatch for massless modes
in the AdSs x CP? case, where the four complex scalars coupled to a Dirac fermions of
the perturbative string sigma model are not in correspondence with the excitations of the
integrability description. The reason why this is so can be traced to the nonperturbative
dynamics of the low-energy excitations, which describe the Bykov model. This is a CP?



sigma model coupled to a Dirac fermion. Nonperturbatively, the fermion condensates,
spontaneously breaking the U(1) symmetry of the model and giving a mass to its gauge field.
This screens long range interactions and prevents scalars from confining (which happens
in bosonic CPY models). The massless fermion confines and hence does not constitute
an asymptotic degree of freedom of the theory. Eventually the spectrum consists of 4+4
excitations (spinons) acquiring a nonperturbative mass, which are identified with the holes
of the integrability description.

Furthermore, as was pointed out in [47] for the AdS5 x S° case, the heaviest scalar mode
of the sigma model is not present in the integrability analysis as an elementary excitation.
A similar issue is encountered in the AdS; x CP? setting and in the following we comment
on the interpretation of such a mode.

Finally, for gauge excitations integrability predicts the formation of bound states and
allows to compute their binding energy exactly. Following a similar analysis to [47], we esti-
mate this binding energy from the non-relativistic limit of the scattering amplitude between
these modes, which is compatible with the integrability result in the static approximation.

The paper is organized as follows: in section 2 we review the light-cone gauge La-
grangian of AdSy x CP? and its expansion up to fourth order in the fields, about the null
cusp background. Section 3 contains the computation of the one-loop correction to the dis-
persion relations of the excitations. In section 4 we comment the results and compare them
to those of N'= 4 SYM and integrability. Section 5 is devoted to a discussion on the role
of the heaviest scalar. The possibility for the excitations to form bound states is explored
in 6 in the non-relativistic limit. Finally in the conclusions 7 we summarize our findings.
In appendix A we spell out the details of the expanded light-cone Lagrangian up to fourth
order in the excitations. In appendix C we provide an alternative form of the Lagrangian,
namely the WZ type which we use in appendix D to rewrite it using Dirac fermions.

2 The light-cone gauge Lagrangian

We review the light-cone gauge fixed action of AdS; x CP? and its expansion about the
null cusp background.

2.1 The light-cone gauge AdS; x CP3 Lagrangian
The starting point is the AdSy x CP? metric, which we take to be

1
ds?o = R? (4 dS2AdS4 + ds%IPﬁ) , (2.1)

where R is the CP? radius. The AdS, metric in the Poincaré patch reads

dw? + detdx— + detda!
2

dsQAdS4 = " et =a% 4420, (2.2)

+ 0 .1

where T are the light-cone coordinates, 2™ = (2, !, 2%) span the boundary of AdS; and
w = e*# is the radial direction. We parametrize CP? with complex variables 2% and Z,,

transforming in the 3 and 3 of SU(3) respectively,

dS%Pg = gMN MN — Gap dz® dzb + gab dz, dzp + 29ab dz%dzy, (2.3)



where

1 1
Gab = M (’2‘2 — sin® ‘Z‘ + sin? ’Z‘) Za Zb ab — 74|Z|4 (‘2‘2 — sin’ ‘Z| + sin ‘ZD 2 Zb’
b sin” |z| b 1 2 2 . 4 b 2
Ja = 922 5a+4\zl4 (1% = sin®[2] — sin® |2]) Z0 2 and - [2]" = 2"z, (2:4)

In addition to the bosonic fields which parametrize the AdS; x CP? metric, the Lagrangian
contains the fermionic coordinates 1, and 6, with index a = 1,2, 3, transforming in the
fundamental representation of SU(3). They stem for the 24 unbroken supersymmetries of
the background, out of the original 32 of type ITA supergravity. The eight supersymetries
broken by the background manifest themselves with the fermions 74, 4. Complex conju-
gation of fermions is achieved by raising the indices {a,4}. Fermions with upper index a
(n®,6%) transform in the anti-fundamental of SU(3).3
The k-symmetry light-cone gauge-fixed Lagrangian of [48, 49] takes the form

_ —/deoL (2.5)

o4

L=+ [ (021 0j2™ + 9,z 9;2") + 01000 + gun ;2™ 02"
+e % Ozt + 0T 92" har + e ¥ B Ozt 9ja)
— 24 (wiaj$+ +e %0 aiﬂflaj33+ + 8,~1:+(9sz€1\/[) )

in terms of

@i =1 (0i0a0" — 0,0;0° + 0;040" — 040;0* + Oman® — NaOm™ + Oiman* — mom*) ,  (2.6)

wi = 1a0i0° + 0i0a7" + (a 04n* — 0ina0" +1ms0;0* — 0,0;m") (2.7)
B =8 (i) + sabcn“n”n%‘* e aiiens + 2man’ (il - 026")] | (2.8)
C =277 + 040" + mn* (2.9)

har =2 | r2anenii® = Qanre™itie + 2 (Quai®n* = Liam) +2 (040 +nan) Qg | |
(2.10)
Oy = 2i [QaMﬁae‘* + Q% a0 + (0am* — na0) QM} (2.11)

A few explanations of the objects appearing in the Lagrangian are in order. The string
tension 7', including the anomalous radius shift, is given by [53]

R? 1
T_§_2 2<)\—24> (2.12)

3Compared to [48, 49, 51], here we omit the bars to indicate the complex conjugation of fermions. This
does not generate any confusion and simplifies several expressions.



where \ = % is the 't Hooft coupling. The parameters N and k are the rank and the level
of the Chern-Simons U(N); x U(N)_; ABJM field theoretical description at weak coupling
and correspond to the units of four- and two-form flux respectively in the string theory
dual in the strong regime. Corrections from the anomalous shift begin to affect terms at
A~1 order in perturbation theory and can be disregarded in this paper where we work at
first order, hence we approximate 7" = 2v/2X throughout this paper. When presenting
results we also use the interpolating function h()) in order to make a more direct contact
with predictions from integrability. To one loop order for A > 1

h()\) = \/5 - %. (2.13)

The Qf, and €45 appearing in the Lagrangian are the complex vielbein of CP3,
ds(QCPP, = Q% QN dzM dzN | and Q,% is associated to a one-form corresponding to the fiber
direction of S7, when dimensionally reducing from the supermembrane action in the D = 11
AdS, x CP? background. Explicitly,

sin |z sin |z|(1 — cos |2 1 sin |z
0 —ds |z|| [, sin] |<2|Z|3 12D oz, — sedz) + 5, (|Z _ |||> dzl, (2.14)
Q8 — g LSin|z| N L5in|z|(1 —cos|z])( s, — dot) + 20 ( 1 sin|z|) dl. (215)

=dz"——+ 2 2°dz. — dz°z 22— — ——— ) d|z|. .
] 2|z[? ‘ ‘ 2|z
and
~ sin? |z|

Q=i EE (dz*Z4 — 2% dz,) . (2.16)

Finally, the hatted fermions appearing in the Lagrangian are just a rotation
e =T, + Tap 0" =T%n" + T, (2.17)
by matrices T’
T, = (%Z ?Zb> = (52 o ‘:Z|;rb2_a fntll‘f;Z' u !t ZCaSTZhjcosd ) . (218)
b —1e% Ze 1 of cos|z| + 2z %
The bosonic world-sheet local symmetry is fixed with a “modified” conformal gauge
V7 = diag (—e**, e %) | (2.19)
and imposing the light-cone gauge condition
at=ptr, pt = const . (2.20)
2.2 The null cusp vacuum and fluctuations

The Lagrangian (2.5) admits a vacuum corresponding to a null cusp at the boundary of
AdSy [11, 45]

N T = — — 2% =2,=0. (2.21)



We can expand around this background setting
at =2 \fx
o

- 0=——190. 2.22
= as" (2:22)

Next we rotate the Lagrangian (2.5) to Euclidean signature and redefine the worldsheet

3
!
NE
ISt
£
!
wa

A}l

coordinates as t = 2 log T and s = 2 log o, so that the fluctuation Lagrangian reads
T
SE:2/dtds£ . L=Lp+LP LY (2.23)
where
Lp= (0id+i)+ = (057 — 7)* + 02 (0p)* + = (8:¢)? + oy L
w w2 4 w?
1
+ wQ gMN atZM atZN + E gMN a321\4 asgN (224)
£ =i 00a0" — 0a000° + 0,018 — 030,0" + Ouiiail* — ueii® + Oinii® — i’

+o [n (0,60 6%) +(8.0, — 02) i+ 5 (0.6 — 0. +740.0* — B0, ]

- 4i - 2 _
+ 02 has + == O (942 — 7) — —5 0,2 Ty (2.25)
w w
4 1 4
£l = —B. (2.26)

In the above expression B, C, hys and £y are obtained form the quantities B, C, hys and
lyr in (2.6) by just replacing the original fields with the corresponding fluctuations.

From the action (2.23) we see that the excitations consist of one heavy scalar ¢ of
six massive fermions n* and 0% of mass mi = 1 and two massless fermions 64 and n4. The

mass m 4, one light scalar z with mass m 2, six real massless scalars z® and Zz,,
low-energy asymptotic excitations are the massless scalars coupled to the massless fermion,
as in the Bykov model [41].

Compared to [51] we introduced an additional factor of 2 in the redefinition of the
worldsheet coordinates to ease the comparison with results from integrability. This effec-
tively doubles the masses of the excitations. Let us also mention that an alternative form
of the Lagrangian can be derived, where the rotation on fermions is undone at the price of
introducing a covariant derivative. This Lagrangian in the WZ parametrization is spelled
out in appendix C. In order to consider fermionic asymptotic states it could be useful
to express the fermionic degrees of freedom in term of Dirac spinors. The Lagrangian is
expressed in such a form in appendix D.

2.3 Feynman rules

Provided with an explicit Lagrangian for the fluctuations around the cusp background,
we can expand it and extract the relevant Feynman rules for performing perturbative
computations.



VA

Figure 1. Diagram topologies for the two-point function one-loop corrections.

The bosonic propagators are diagonal and read

1 1 1 2460 1 1
CGoelP) = T 30 Gezt(P) = 7 —5 Gualp) = 5. (227
<P<P(p) Tp2+4 Zazb(p) T pQ II(p) Tp2+2 ( )
The fermionic propagators are not diagonal and, instead, take the form
! po 1 p
G774774(p) = G9494(p) = f p G77494(p) = G04n4(—p) = _T p
I po o 1 pi+ig

Gﬂa”]b (p) = G@agb (p) = T p2 + 1661 Gnaeb (p) == Geanb(—p) = _T p2 + 1 a (228)

The interaction vertices are obtained expanding the Lagrangian (2.23) in the fluctuation
fields. For the one-loop computation only terms with up to four fields are relevant. They
are the same as those of [51] and we spell them out in the appendix A, for completeness.

3 One-loop dispersion relations

In this section we compute the one-loop corrections to the two-point functions of the
elementary fields of the action (2.23). One-loop self-energy diagrams come in three different
topologies: a bubble, a 1PI tadpole and a non-1PI tadpole contributions, which are depicted
in figure 1. The latter are allowed since the heavy scalar ¢ has a non-trivial expectation
value [51]. Indeed the only one-loop contribution comes from a fermionic loop giving

{p) = 311], (3.1)

with the tadpole integral I[m?] defined below in (3.2). Bubble and tadpole diagrams give
rise to integrals with several powers of loop momentum (up to six) in the numerator.
These are reduced to scalar integrals via Passarino-Veltman reduction. According to the
regularization procedure introduced in [45], we perform such a reduction in strictly two
dimensions. This entailed consistent results for the computation of the free energy up to
two loops both in the AdSs x S° and AdS,; x CP3 cases and the dispersion relations in
AdS5 x S° at one loop. Therefore we expect this choice of regularization to be suitable for
the present case as well.
After tensor reduction one is left with two kinds of integral: tadpoles and bubbles

d*k 1
21 —
Im] = / (2m)2 K2 + m?

[ 4%k 1
Imi, m3] = / @ R+ md] [kt o+ md] (3:2)




The latter are ultraviolet convergent and IR finite if both propagators are massive and
evaluate to

P2 +mi+m3+y/(p2+mI+m3)2—4m3 m3

p24mi+mi—/(p*+mi+m3)2—4m3 m3
2 2 2\2 2 2

47r\/(P +mi +m3)? — 4mims

Whenever one of the masses vanishes the bubble suffers from infrared singularities which

log

I[m?,m3] = (3.3)

can be isolated in terms of tadpole integrals using [46]

1 <1l p? +m?

1[0, m?] = 2wz \on 08— 5~ 1[m?] +I[O]> . (3.4)

Tadpoles are UV divergent. We verify that in dispersion relations they always drop out
because they are multiplied by factors going to zero on-shell. Nevertheless they are present
in the off-shell corrections to the two-point functions. In some cases they appear in finite
combinations, but in other they do produce ultraviolet singularities, indicating that the
corresponding fields undergo a non-trivial wave function renormalization. In particular we
observe that the heavy scalar ¢ and the light one x are UV and IR finite even off-shell. On
the other hand massless scalars and massive fermions are UV and IR divergent off-shell,
though their divergence vanishes on-shell. Curiously massless fermions are UV (and not IR)
divergent off-shell, while they are also finite when the on-shell condition is imposed. It is
interesting to note how IR divergences appear for particles with a SU(3) C SU(4) structure.
In AdSs x S° a similar phenomenon was observed for quantities with a SO(5) C SO(6)
structure and it was expected from the theorems in [54, 55|, implying that IR divergences
appear in any non-SO(6) invariant quantities. In the case at hand a similar mechanism
is expected to work. Indeed, the SU(4) symmetry of the CP? sigma-model is broken to
SU(3) by the choice of the vacuum and the appearance of IR divergence are a signal of the
non-existence of two-dimensional Goldstone modes. The new feature of the AdS, x CP?
model is the presence of a massless Dirac fermion in the low-energy description [41], which
was not present in the higher-dimensional case. As we mentioned, the dispersion relation
of this massless Dirac fermion does not contain IR divergences as one should expect being
it in the singlet of SU(4). As far as UV divergences are concerned, their appearance in
the off-shell two-point function is not a novel feature for UV-finite string sigma models
and recently it was found to be present also in the near-BMN expansion of superstring in
AdS, x S™ x T19~2" integrable backgrounds [56].
We collect the tree level structure of propagators according to

(o(p) x (—p)V) = = =5 R (3.5)

for generic fields e and x. When performing the usual one-loop resummation of non-1PI
contributions the on-shell (pg = \/—m?2 — p?) value of the function F.(*l) shifts the pole of
the propagator. From this shift one can read off the corrections to the dispersion relations
in (1.6). In particular evaluating the shift at p; = 0 one computes the mass shift ¢ in
equation (1.6) and subsequently the coefficients ¢ and d by subtraction. We now spell
out the details of the results for the perturbative one-loop corrections to the dispersion
relations and masses of each particle in the fluctuation Lagrangian (2.23).

~10 -



3.1 Light scalar

The x scalar self-energy one-loop correction reads

po _ (1) (Z12p%10, 1] (p" + 4p7) — 16 (p* +8p” + 4) 12, 4] (p* — 297))

16 (1[2] — I[4])) (p* +2) (2 +1) (p* — 2p3)
pt ’

+ (3.6)
where the difference of UV divergent tadpoles gives a finite remainder I[2] — I[4] = log2
and hence = does not need any renormalization. The self-energy evaluated on-shell reads

)

rx

= (P +1)%. (3.7)

pi=—2
The one-loop corrected dispersion relation then becomes

1

P +2= ST FO) oot oY, (3.8)
that is, in Lorentzian signature (po,p1) — (—iE,p)
E2:p2—|—2—4hl()\) P> +1)°+ 0. (3.9)
At p = 0 one can read off the one-loop correction to the mass
m§=2—4h1w+(9(x1) <2. (3.10)

The fact that the first perturbative correction to the mass at strong coupling is decreasing
its value is in general agreement with the trend put forward in [15], according to which the
masses of the gauge excitations should tend to 1 at weak coupling.

3.2 Heavy scalar

We now turn to the heavy scalar mode ¢, whose one-loop correction to the self-energy is
found to be

12 (p? + 4) p31[1, 1] (p* + 4 p})

F(D) = 4(31[1] — 12] — 21[4]) (p* +4) —

© = p?
8 (p? +4)21[4,4] (p? — 2p2)° 64p}  64p}
+ (p ) [p4](p pl) +2I[2,2]< pfl _ p§1+(p2+4)2> . (311)

Again, the difference of UV divergent tadpoles leave a finite remainder 3I[1] —1[2] —21[4] =
5log2. Therefore the field ¢ does not renormalize, to one loop order. Evaluating the
self-energy on-shell we obtain
1
F) 4 §p% (p?+4) . (3.12)

In going on-shell the integral I[1,1] is singular, which is explained as coinciding with the
threshold energy for production of a pair of fermions. This integral is multiplied by a
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power of (p? + 4), enforcing the limit to vanish. Then the one-loop corrected dispersion
relation reads

1
2 _ (1) -1
+4=——F + O\, 3.13
p 9 /72)\ P p2=—14 ( ) ( )
Switching to Lorentzian signature it becomes
F?=p>+4-— p? (p2 +4) —1—(’)()\_1). (3.14)

8h()N)

The one-loop correction to the mass is clearly seen to vanish. This agrees with the analysis
of [12], according to which the mass of this mode is protected. In section 5 we discuss more
deeply the analytic structure of the one-loop correction (3.11) and its implications for the
role of the heavy scalar in the asymptotic states of the model.

3.3 Massless scalars

The one-loop contribution to the two-point function of the massless scalars suffers from both
IR and UV divergences, which can be expressed in terms of tadpoles using the identity (3.4).
The z scalar self-energy one-loop correction reads

p2+4)

1
FO = —— |8mp? 11, 1)(p* —p2) (p*+4p3) +2 (02 +4) (' —8p?*p? + 8p) log ( I

4
+ (p°—p* (2p1+1) +8p°pi —8p7) log (p* + 1) | + 3 (1[0] - 3I[1]) p®. (3.15)

Then one can see that I[4] tadpoles cancel and the rest is proportional to I[0] — 3 I[1] which
is UV (and IR) divergent, but it is multiplied by p? and vanishes on-shell. The on-shell
self-energy evaluates

11
F = p! 3.16
zz p2=0 3T p1, ( )

where the residual UV and IR divergences disappear. Hence the one-loop corrected dis-

persion relation reads

1 11 _
EQZpQ—me4+O()\ 1). (317)

At p = 0 one can read off the one-loop correction to the mass, which is seen to vanish.

3.4 Massive fermions

The kinetic terms of the fermion Lagrangian mix the fermion fields. Hence we have to
consider separately the corrections to the two-point functions (n,n®), (0,0%) and (1,0%).
Their computation involves several contributions and the final forms are not particularly
illuminating; we spell them out in appendix B. We point out that the off-shell one-loop
corrections to (ngn®) and (6,0%) are finite, whereas that for (n,6%) is UV divergent, al-
though the divergent term cancels on-shell. This implies that the massive fermions, like
the massless scalars, undergo wave-function renormalization. The correction to the (1,0%)
two-point function is also IR divergent off-shell. Once more the divergent term vanishes
on-shell. We will comment on the réle of IR divergences in section 4.
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The different two-point functions all coincide on-shell corroborating the hypothesis
that all the massive fermions have the same dispersion relation

() _ _

_ 2 2
Nan® p2=—1 T T 0g0% p2=—1 T T neb® - 2p1 (pl + 1) . (318)

p?=—1

Thus the one-loop corrected dispersion relation takes the form

1
BP=pt 1= gy pt 07+ 1) (3.19)

from which one sees that the mass does not receive corrections. Again, this conclusion is
in agreement with the integrability prediction that the massive fermion mass is protected
from strong to weak coupling.

3.5 Massless fermions

The two-point functions for massless fermions are different, depending on the fields, and
are UV but not IR divergent. Nevertheless they coincide on-shell, where they are all finite

2 (7,2
&) _s0 | _pm _ pi (i —4)
mnt | p2_g F9494 p2=0 F?7494 p2=0 T ’ (320)
Hence the one-loop correction to the dispersion relation reads
1
E?=p*— ———p?(7p* -4 3.21
p 4M(/\)p(p ) (3.21)

from which the mass is not corrected. The massless fermions are a novel feature of the
AdSy x CP? (ABJM) with respect to the AdSs x S° (N = 4) case, and we comment on
the correction (3.21) to their dispersion relation in the next section.

4 Comparison with A/ =4 SYM and integrability predictions

The physics of the excitations on top of the GKP vacuum for the ABJM model has been
extensively analysed using integrability in [19]. In particular the dispersion relations of its
modes were computed exactly. The Bethe ansatz analysis reveals a remarkable similarity
with respect to the AdSs x S° spinning string setting. Therefore we start commenting on
the results of the previous section by comparing them with the corresponding findings of
N =4 SYM. We observe that all the dispersion relations for massive modes are related to
those of the corresponding fields in the AdSs x S° sigma model, by

(1) _ (1)
E(P)pas; 55 = E(P)pgs,xcps - (4.1)

For massless modes such a comparison is not possible, since it is not even clear what to
compare: in AdSs x S° there are only massless scalars, whereas for AdS; x CP? these are
coupled to a massless fermion. Moreover, the scalar excitations over the GKP vacuum in
the integrability analysis of [19] transform in the 4 and 4 of SU(4) whereas the superstring
elementary excitations transform only in the fundamental representation of the SU(3) sym-
metry which survives in the Goldstone vacuum. This is similar to what happens in N = 4
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SYM where the scalar excitations in the string picture are organized in vectors of SO(5),
the explicit symmetry of the O(6) sigma model expanded around the Goldstone vacuum.?
The dynamics of the massless Dirac fermion is also deeply non-perturbative and can be
understood from the low-energy Bykov model [41]. This is a CP? sigma model coupled to
a Dirac fermion, with SU(4) x U(1) symmetry group. Contrary to the bosonic CP? sigma
model, which exhibits confinement of the scalars, the addition of the fermions makes its
rather different, nonperturbatively. Indeed the fermion forms a chiral condensate which
breaks the U(1) symmetry spontaneously and make the gauge field of the CP? sigma model
massive and dynamical. This in turn prevents it from confining the scalars, which become
the spinons of the Bykov model [42]. Hence the massless fermion is not an asymptotic
degree of freedom of the theory.

Because of all these differences in the spectra of the superstring and integrability de-
scriptions, as in the A/ =4 SYM case, a comparison between their results is only partially
possible. We start commenting on massive modes. In the asymptotic Bethe ansatz ap-
proach the dispersion relation of the massive modes of N'= 4 SYM is predicted to be the
same as that of the corresponding massive excitations of ABJM.

For the bosons, the quantum correction to the dispersion relation of the light massive
scalar agrees with the integrability result.

The heavy scalar, as in N' = 4 SYM, is absent in the Bethe ansatz description. There-
fore its role in the sigma model should be analysed carefully and we postpone a thorough
discussion of this issue to section 5. Here we just stress that at one loop order the heavy
scalar has the same dispersion relation as the corresponding heavy field in N' = 4 SYM. For
fermions, the one-loop corrected dispersion relation for massive modes is in full agreement
with the integrability prediction.

Turning to the massless scalar modes, only the fact that the mass does not receive per-
turbative corrections is compatible with the integrability predictions. Indeed, the Bethe
equations analysis reveals that the model has a gap and such modes acquire an exponen-
tially small mass, non-perturbatively. This parallels what occurs to the scalars of the O(6)
sigma model emerging in AdSs x S° in the Alday-Maldacena limit [12, 57]. Apart from
that, there is no direct identification between the dispersion relations of massless fields of
the superstring description and the non-perturbative modes of integrability. Insisting in
comparing the two results at the same order in A just shows that they do not match. An
explanation to this phenomenon, as pointed out in [47], originates from the presence of
perturbatively massless fields. This induces IR divergences in loop computations, which
appear as logarithms of the infrared scale of the theory. Indeed the explicit computation
of some one-loop two-point functions already shows the presence of IR divergences, though
they always drop out from the dispersion relations. The infrared cutoff of the theory is set
by the non-perturbative mass of the particles which, roughly, scales exponentially with the
coupling v/A. This implies that logarithms of this scale behave like powers of the coupling,

“In this contest the analysis of [54] gives a recipe for computing O(N) invariant correlation functions in
the O(N) sigma model and in [55] it was proven that they are free of IR divergences. It is an interesting
question whether the same technique can be applied to the Bykov model or even to the full non-linear string
sigma model in AdSs x S° or in AdSs x CP3.
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effectively lowering the perturbative order to which these terms contribute. In practice this
means that an IR divergence appearing at [ loops contributes to the (I — 1)-loop result,
invalidating the perturbation theory predictivity at that order. Therefore it is likely that
the one-loop dispersion relations for massless modes (3.17) and (3.21) are not trustworthy
due to two-loop IR divergences despite being IR finite at one loop. This argument could
actually spoil the computation of the one-loop dispersion relations for massive fields, where
IR divergences could also appear at two loops. However the theorems in [54, 55] suggest
that O(6) invariant quantities should be IR finite and since ¢ and x are singlets under O(6)
we expect their correlation functions to be reliable in perturbation theory. It would be in-
teresting to ascertain this explicitly via a two-loop computation of the two-point functions.
We finally comment on the massless fermion. This computation should not be plagued
by the IR problems which affect massless scalars and hence be reliable. The result (3.21)
indicates that the dispersion relation of the massless fermion acquires a perturbative cor-
rection. In particular, in a small momentum (energy) expansion, we observe a quantum
correction to the speed of light (i.e. the coefficient of the p? term). This term looks odd,
since in this limit the physics is governed effectively by the CP? sigma model coupled to
a fermion, which is relativistic and does not predict such a correction. This apparent
clash may be reconciled recalling that in the Bykov model nonperturbative effects induce
confinement of the fermion which is thus not expected to be present in the full spectrum
of excitations at finite coupling (which consists of 444 spinons). Consequently, as the
fermion is not an observable degree of freedom, we do not attribute to the computation of
the perturbative correction to its two-point function (3.21) any deep physical meaning.

5 Comments on the heaviest scalar

As is the case for ' = 4 SYM, the heaviest scalar mode ¢, which is present in the
Lagrangian (2.23), does not correspond to an elementary excitation in the Bethe ansatz
description, based on the conjectured integrability of the model. The réle of this field was
deeply analysed in the literature for AdSs x S° [21, 26, 46, 47]. A possible explanation that
was put forward to explain this mismatch is that the ¢ field is not an asymptotic state
of the quantum theory, along the lines of the arguments of [58]. This latter hypothesis
and its consequences can be studied perturbatively. In particular the analytic structure of
the two-point function should tell whether it exists as an asymptotic state and whether
it is stable or it can decay into lighter particles, such as a pair of massive fermions. This
kind of analysis was performed at one loop in [46] and [47]. The punchline is that up to
one-loop order the scalar ¢ is a stable threshold composite state of two fermions. Its would
be pole in the two-point function coincides with the branching point of the two-fermion
continuum square root and hence the scalar cannot be interpreted as a genuine asymptotic
bound state. However, depending on the next order corrections, this conclusion can vary
according to how the ¢ and the fermion dispersion relations get modified.

In [26] the contribution of the heavy scalar appears naturally as a SU(4)-singlet com-
pound state of two fermions which perfectly reproduces one of the two-particle contributions
to the excited flux-tube. The energy and the momentum of this two-particle state at finite
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coupling are simply related to the energy and momentum of the fermionic excitations. In
particular analysing this relation at strong coupling one finds that

p 7°pt(p® +4)2 3
By(p) = 2By (5) = -T2 + 0\ 7H), (5.1)
2 8A

where ) is the N/ = 4 SYM ’t Hooft coupling. The minus sign in the r.h.s. of this equation
predicts that at two-loops the pole of the heavy scalar two-point function actually moves
below the threshold. The results of [26] show that this property holds also at finite coupling
preventing ¢ from decaying into two fermions. Although the pole of the heavy scalar two-
point function is shifted below the threshold, the analysis of the singlet channel in the
scattering phase of two fermions shows that the unwanted pole is located in the unphysical
strip of the rapidity complex plane [26, 59]. This in turn means that ¢ cannot be a true
asymptotic state of the theory.

The same arguments should also apply to the heavy scalar in the AdSy x CP? model.
However they go beyond the one-loop computation carried out in this paper. What our
analysis can test is the integrability prediction that up to one-loop the ¢ scalar should
appear as a stable threshold bound state of two fermions. This expectation can be verified
along the lines of [46] and [47] as follows. The one-loop contribution to the denominator
of the resummed two-point function has the form

Fgfi}(p)=ao+a1/2(p2+4)%+..., (5.2)

where all other terms vanish more rapidly in the vicinity of the tree-level mass condition. In
particular we note the presence of the square root /p? + 4. Although it is not immediate
to see the emergence of this term from (3.11), it arises from the denominator of I[1,1],
appearing in the fermion loop diagram. Close to the threshold, the inverse corrected two-
point function

Gl (p)=p"+4- \ﬁ

FD(p)+ 01 (5.3)

vanishes at

p°=—4+ ao + (’)()\_1) , (5.4)

1
2v2\
where here ag = %p% (p? + 4). This location lies below the branch cut threshold induced
by the square root, meaning that it corresponds to a genuine pole. From this one would
conclude that the ¢ scalar does represent an asymptotic state of the theory. However
this does not take into account that the physical threshold for fermion production is also
shifted by quantum corrections. One can imagine the structure of the resummed two-point
function to all orders to have the form (in Lorentz signature)

_ ai/2 2 9 (P %
G-t :—E2+4E2,(9)— (—E +4E.<—)) 4o, 5.5
® (p) "Z’z 2 2 /2)\ 'wz 2 ( )
where 4Fy, (p/2) = \ﬁ + O(A71) is the quantum corrected dispersion relations of

the massive fermions. Its expansion to first order in A2 would be in agreement with the
perturbative computation (3.11), although the latter does not guarantee nor hint that (5.5)
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should hold at higher order. Assuming this is the case, the would be pole at E? = 4Eii ( %)
coincides with the branching point of the square root. Moreover if the coefficient of the
square root a; /5 is positive (as the one-loop computation shows it is the case) no other phys-
ical poles are present in the two-point function, but only a pole on the second, unphysical,
sheet of the square root, located at

2
p @12 _3
E%:uﬁx§)—§§+ouz) (5.6)

where a; /5 can be extracted expanding (3.11) near the threshold and reads

3p*(p? +4)
ayjp = 2T (5.7)
As a result ¢ does not represent a real asymptotic state of the theory. Insisting on this
logic, we can derive a conjectural analogue of (5.1), for the AdS; x CP? case

p) :_W—+m+@()\—%)’ (5.8)

which would be interesting to check against an integrability based prediction and a full
two-loop perturbative computation.

6 Bound states

The Bethe equation analysis of the GKP excitations shows that the light scalars x can
form bound states, whose energy can be computed. These are not immediately detectable
from the superstring approach, however, following [47] we can attempt to estimate their
energy to leading order. This is done treating the x fields as non-relativistic and comput-
ing the scattering amplitude of a pair of them. From this one can extract the effective
(attractive) potential experienced by the two particles. In particular, this is done by com-
puting their 2 — 2 scattering amplitude and comparing it with the Born approximation in
quantum mechanics

M(k) = =2 (2m)2/dx e RV (z), (6.1)

where k is the momentum transfer of the scattering process. This means that the effective
potential V' (z) is basically the Fourier transform of the amplitude up to numerical constants
due to different normalization of the wave-function and Bose statistics. To lowest order
in a momentum expansion, the scattering amplitudes become constants and their Fourier
transform is proportional to a J-function. The problem then reduces to a many-body

system of particles interacting pairwise with a d-function potential Vj;(z) = —gd(z; — x;).
2
Such a model admits a two-particle bound state with one energy level £ = —#J- where 1

is the reduced mass of the system (u = % for the x scalars). More generally the binding
energies for bound states of ¢ particles of mass m are also known [60]

mg2

E:
¢ 2

02 —-1). (6.2)
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Figure 2. Tree level scattering zox — zx.

This energy can be compared to the static limit of the lowest order expansion for A > 1 of
the binding energy derived from integrability. This is given by

Phniing(9) = Eiv) ~ 051 (). (63

where Ey(p) is the dispersion relation for the relevant twist ¢ excitation.

In N =4 SYM such a program was successfully carried out for the gauge excitation,
showing agreement with the integrability prediction at p = 0. In this section we perform
a similar computation for the mass v/2 mode of the AdS; x CP? superstring. At tree level
the amplitude for xx — xx scattering receives contributions from all s, ¢ and u channels,
as in figure 2. In the zero momenta limit the contributions from the ¢ and u channels are
equal and give

Ma:a:—m:a:,t = Mxx—mx,u = 25 \/ﬁ + O(k) ) (64)

whereas the s-channel contributes with an opposite result, corresponding to a repulsive
interaction. Altogether the amplitude gives

Mazsae = 22V + O(k), (6.5)

from which we find the effective potential (after properly rescaling fields by a T-1/2 factor

and introducing h(\) (2.13)) .
Viz () = TR0y 6(x) . (6:6)

Plugging this into (6.2) we give an estimate for the binding energy of the twist ¢ gauge
bound state

V20002 1)

E indin = == )\72 s .
which is equivalent to the corresponding one for AdSsx S°, once the replacement h(\) — g

is performed. Thus it agrees with the integrability prediction of [15] at first order at
strong coupling.

According to the parallel analysis of [26] in AdS5 x S°, multi-fermion states are also
present in the theory. These appear as bound states of the two-fermion composites which
we have identified as the mass 2 excitations ¢ of the sigma model. This composite states
of 2n fermions are expected to have mass 2n and consequently the bound states of ¢ to
have zero binding energy at vanishing momentum.® We therefore repeat the same analysis
as above for the scalars ¢, in order to check whether the binding energy is vanishing at
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Figure 3. Tree level scattering oo — .

leading order in the static limit. The lowest order scattering amplitude for ¢ — @ is
given by the sum of the diagrams in figure 3. Once again the t— and the u—channel give
two identical contributions in the static limit

Mopspot = Moppsppu =27 V2A+ O(k) . (6.8)

In this case also the four point vertex gives an attractive contribution which is once more
equal to

Moo s =2"V22+ O(k). (6.9)

The s-channel contribution, as in the previous case, contributes with a repulsive interaction
which compensates exactly the other terms

Mopspp s = =3 x 2TV2A+ O(k) . (6.10)
In conclusion
Mepspp = O(k), (6.11)

which implies that the bound state of ¢ has vanishing binding energy in the static limit
in agreement with the integrability prediction. As a further check we performed the same
computation in AdSs x S° where the vertices are modified by relative factors and we
found that the mechanism is exactly the same. Therefore, as expected, the binding energy
vanishes also in that case.

7 Conclusions

In this paper we have studied perturbatively the dynamics of the excitations on top of the
GKP vacuum in the AdS; x CP? string background, which is dual to the ABJM theory, at
strong coupling. This model is conjectured to be integrable, which allowed to solve exactly
for several physical quantities such as the dispersion relations of the elementary excitations
and their scattering amplitudes. We have performed a direct perturbative computation
of the dispersion relations for the excitations appearing in the superstring description to
one loop order at strong coupling. We have used the light-cone gauge Lagrangian of the
AdS, x CP? sigma model expanded about the cusp background, which is equivalent to the
spinning string solution and is more efficient for perturbative computations.
Summarizing our findings:

e We have ascertained that the dispersion relation for massive modes coincides with
that predicted by the asymptotic Bethe ansatz [19]. This constitutes a test of inte-
grability of the model, in the strong coupling regime.

®We would like to thank B. Basso for explaining this to us.
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e For massless modes a comparison between the supertring perturbative approach and
the integrability modes is not straightforward, as already stressed in the similar con-
text of the AdSs x S% superstring [47]. We verify that this is also true for the ABJM
dual sigma model, where it is hard to match the elementary massless modes with the
spinons of the integrability description, and consequently there is no clear identifica-
tion of their dispersion relations.

e We have analysed in detail the dispersion relation of the heaviest scalar in the spec-
trum of the string fluctuations. Such a mode is absent as an elementary state in
the integrability approach and in AdSs x S° has been interpreted as a two-fermion
state appearing as a pole in the fermion S-matrix, but in the unphysical strip in the
rapidity plane, preventing it from being associated to an asymptotic state [26]. Such
a pole is expected to appear at two-loop order since up to one loop it merges with the
branching point of the two-fermion continuum. In agreement with the expectation
that the same phenomenon could happen in the AdS; x CP? case, we find that to
one loop order the dispersion relation of the heaviest scalar exhibits a pole which
coincides with the threshold for production of two fermions.

e We have estimated the binding energy of bound states of gauge and two-fermion
excitations from the non-relativistic limit of their 2 — 2 scattering amplitude. The
results are consistent with the integrability predictions in the static approximation.
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A Details on the expanded Lagrangian

In this appendix we provide the expanded fluctuation Lagrangian (2.23) up to quartic order
in the fields. The vertices come with a factor %, with respect to the original Lagrangian,
from the prefactor % in the action. In order not to clutter the expressions we drop the tildes
and the coupling T', which is understood to appear in each vertex insertion in Feynman
diagrams. The cubic interactions read

Viaz = — 4 [(0s — 1) 33]2 Vs = 2¢ [(at‘P)Q - (8590)2]

Voap = 2¢ (1002 — |052[?]
Vg = — €0y Zampne + hoc. Vipg = — 2€%°Z,(d5 — 1)8, — h.c.
Vono = — 4ipna(0s —1)6" —h.c. Vo = — 4in™1a(05 — 1)z

Vingns = — 20¢2"nams4 + hec. Vinats = 20521402 — h.c.

Vionaor = —2i¢ (6*05m4 — 050*n,) — h.c. Vg, = — 21 (n*ns + 6%04)(0s — 1)z
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whereas the quartic vertices are

n4:ék%@fﬁ+&%&fﬁ+&f@%ﬁ+{f&%f
22 (10022 + 10,212) — |Za0h2° P — |Zaz" 7] (A.1)
Viies = 1662 (0, — 1)’ Voo =162 (000 + @up + 3¢
Vi2|s2 = 4 p? [\8tz|2 + |8Sz|2] Vigpap, = — 21 (n*ny + 004)2,0,2° + h.c.
Vientn, = 80 4N, Vyzpap, = — 21 (n*04 — 0*n4)2,052" — h.c.
Vs = 4(nna)? Vizp,en = 41 ¢% (0'05m4 — 050" ns) — hec.
Viyuriosor = — 81" 1u60"04 Vipwptp, = 121 (n'na + 004) (05 — 1)z
Vign, =4 e“bcnanbncm +h.c. Vizngan, = — 21 eabcatzazbncm +h.c.
Vio2mabs = — 89 052"1q04 — h.c. Vioeme =8 gpe“bczanb(as —1)f. — h.c.
Viaan, = 21 €ape0s22"n0s—h.c. Vo = — 2 (240020 my — 2,012°0°n4) + h.c.
Vopany = 241 00" 1a(0s — 1)z Veeng = —2i[12]*1(9s—1)0" — 252"14 (95— 1)6"]
— h.c.
Vi2ng = 81 > Na(0s — 1)0% — h.c. Ve = —4(0s — 1)xe“bcianbnc —h.c. (A.2)

B Self-energies of fermions

In this appendix we collect the off-shell fermion self-energies. For massive fermions
they read

Fil = 5] 1) (2100 - 12 - 144
+ p* ((61[1] + 1[2] — 71[4]) p} — 21[1] + I[2] + I[4])

+p* ((261[1] - 51[2] —211[4]) pi + (161[4] - 161[1]) p}) —4 (101[1]—1[2]—91[4]);9‘11)

2p? (p* — p* +4p})log (p? + 1
—@Mﬂ(“@ P :0%@ )
— (3p* +4p° +p® —63p*pT —56p*p — 9p°pT +108pT + 108p>p1 +16p*p7) I[1, 4])

+ (p* — i) <p2 (p*+1)° +4 (p* —4p> — 1) p?) I[1, 2]} (B.1)

iy =22 1) (5 ot + 12 - 7

+ p? (101[1] —1[2] —9I[4] + (161[4] — 161[1]) pT) —4 (10I[1] —I[2] —91[4])p%)
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SR r) (2 (p" —p* +4p7) log (p* +1)
T

— (27p*+36p* +9p° —108pT — 108p*pT — 16p™p?) I[1, 4])

— <p2 (P +1)° +4 (p* —ap>— 1) p%) I[1, 2]} (B.2)

@ _ 2
Fg =

o = [(p2 + 1) ((—41[0] + 2I[1) — 1[2] + I[4]) p©

+pt ( (141[1] + 1[2] — 151[4]) p2 — 41[1] + 1]2] + 31[4])
+p2p? ( (161[4] — 161[1]) p* + 381[1] — 5I[2] — 331[4])
+ 4 (1[2] + 91[4] - 101[1]) pf)

2 (p* —3p2 +4p?)1 241
—(p2+1)<(p p+:1)0g(p+)+

(9p4 + 12p6 +3p8 — 99p2p%
— 100p*p? —17p6p%+108p‘1*+108p2p‘1*+16p4p‘1*>1[1, 4]>

+ @ -0 PG+ 1) +4(p" —4p* — 1) p}) 111, 2]} (B.3)

For massless fermions they are

1
Frp = Fop = 105 <6 (1+9%) (¢° +120°p] — 16p} —p" (1 + 4pf) ) log (p° + 1)

2
2 2 p
+ (p4 (4+p?)” —32p? (6 +5p> +p*) p? + 64 (2 + p?) p‘ll> log <4 + 1>
2
+ (4p* + p® — 48p*p? + 64p1) log <p2 + 1) ) — (6I[1] + I[2] + 1[4]) p? (B.4)

1
i = 4rpb (6 (1+p%) (3p° + 20p°p} — 16p} — p* (5 + 4p7)) log (p* + 1)

2
+ <p4 (4+p?) (204-9p%) —32p? (2+p?) (5 + 2p*) p}+64 (2+p2)2p‘11) log <Z+1)

2
+ (20p* + p® — 80p®pT + 64p1) log <pz + 1> ) — (6I[1] 4 1[2] 4 1[4]) p* (B.5)

C Lagrangian in Wess-Zumino type parametrization

The Lagrangian in Wess-Zumino (WZ) type parametrization was written down in appendix
A of [51] and we refer the reader to that reference for further details on the explicit expres-
sion. Here we start from that expression® and we expand it around the null-cusp solution
along the same lines of section 2.2. The fluctuations fields are introduced in (2.22) and plug-
ging them into the lagrangian in WZ type parametrization we find a bosonic Lagrangian

SWith respect to [51] we reabsorb a factor of 7 in the definition of the covariant derivative eliminating it
from the definition of Q4°.
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which is identical to (2.24) and a fermionic part given by
LY = — iii*04fia — ifa0i" — 10°0,0, — 10,0,0° — %[ﬁa(as — 1), — 710 (05 — 1)6]
— i Oyl — iTu Ot — 040,04 — i0,0,0* — @%(#6854 — 14 050" — 05714 + 040577)
- %(%”ﬁb + i+ 0%02) (05 — 1)F — 2T €ach + 2 icilafipe"”
O — 070" — i Cal 0 — 4, (7 + 06)
4

~4 7 n4 = ~ )a~ ~a ~ 4 apn ~a 0
— ﬁﬁsa“(n“@zx — 0'i) — 474 + 47 Qi + —5 (718204 + 17 Q0" (C.1)

where we used the short-hand notation
_ ﬁa a_ (=a =
Na = (77@) ) nm = (77 777a) ) (02)

by (-0 e y [0 0
Q&b — a a®“c ac C&b _ a ) C.3
( _eachc _Qba + 5¢szCc> ’ ( 0 _51()1 ( )

The vielbein Q, and Q¢ are given in (2.14), whereas the spin connection Q,° reads

» (1 — cos|z|)?

ab_ (1 —cos|z])
2|z|4

o =1 FE (dz°z. — 2°dz.). (C.4)

(Zadzb — dZazb) — 1242

One can check that, after the assignments (D.1), the lagrangian (D.3) exactly repro-
duces (C.1).
The expansion can be carried out in the same way for the quartic part which reads

n 8.
L% = —5 (") + €™ Taibiciia + anei 7" + 2047 Tafl® — 270477 020%) . (C.5)

D Lagrangian with Dirac fermions

When considering the S-matrix for excitations on top of the GKP vacuum it could be useful
to rewrite the Lagrangian in an equivalent form where the asymptotic degrees of freedom are
more manifest. Here we start from the lagrangian in the Wess-Zumino type parametrization
expanded around the null-cusp solution as shown in appendix C. We introduce four Dirac
fermions {W¥? ¥4} which are related to the previous degrees of freedom by”

a 4
\I/a:<_779a> \1;4:<_’794), (D.1)

Following [47] we use the Euclidean gamma matrices

=(53) (30

"Here the fields in the Lagrangian are the same as in (2.26) although the tilde is omitted for simplicity.
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and the projectors Il = “# In order to simplify the expression of the Lagrangian
we notice that there is a recurrent structure for the operators in Dirac space which is
a generalization of the standard slashed notation reminiscent of the non-conformally flat
worldsheet metric. Therefore, given an operator O in Dirac space we introduce the notation
® = Ot + #Osvs. The bosonic part of the Lagrangian is identical to the one given

in (2.24), whereas the quadratic part in fermions is significantly modified and reads
LY = —2iy, (& + U;) W — 24 Uy QU — 2¢@an+\yaasé - 1@475\1/488%
+ % (2T T T+ T ) (0, — 1) + 2 T8, T + 2 0,8, 1
— €W QP (1 + 211, ) T — %%bc‘l’wvtﬂsb‘l’c
+ €W, Oy (1 + 2T1) 0T — %eab@amsb@f
+ AT QAT — 4T IR T + 4 T,K, 0 (D.3)

The vielbein Q, and Q% and the spin connection €, are given in (2.14) and (C.4). Their
time and space components are defined in the obvious way as 2 = Q;dt + 2;ds which holds
for all the possible indices configuration. Let us stress that the Lagrangian now depends
only on the operators €2,, Q% and 2%, and all the dependence on the matrices T" has been
reabsorbed in those quantities. The fact that Q% is expanded only in odd powers of z
and Q,° only in even powers starting from O(2?%) drastically simplifies the expansion of
the Lagrangian.
The part containing four powers of fermions can be written as

8

Ly = + 5 [(Way TL 0 + Wy TL W) — (Bgy 0?2

+ €ape U T 00 U7, 04 + @9, 1_9F ¥ I1_0T] (D.4)

The Lagrangian can be easily expanded up to quartic order in the fields. From the
quadratic Lagrangian we can read out the spectrum of the theory

Ly = 0ix0'z + 22% + 0;¢0'¢ + 4 ¢ + 0;2°0'Z, — 20 W, (P + 1) U — 20 TypT* . (D.5)

Here worldsheet indices are raised and lowered with the euclidean two-dimensional flat
metric and the slash simply denotes the combination @ = y°0s + 7'0;. As expected the
field content of the theory consists of eight bosons, one of mass 4, one of mass 2 and six
massless, and four dirac fermions, three of mass 1 and one massless. The cubic Lagrangian
introduces the interaction and breaks the worldsheet Lorentz invariance yielding a non-
relativistic dispersion relation. With Dirac fermions it reads

Ly =4¢ [-2(Vsz)? + (01¢)* — (850)* + |0r2]* — |0s2[?
2 VW T W + 24 U II_ V0 — i 0, Uy " Ut + i Uy 0, 0]
o [aszb\pT“WC 0,1+ 2H+)\I/C]

— 24 —



— ¢be Osib\ffa'yt\fch — 0z W, (1 + 2H,)\I/CT}
+ 40T P24 0 — A0, TT_ P29 0T + 440 (20,4 TLL 0 + Uy UV (D.6)
where we introduced the short-hand notation V4 = 95 — 1 and the derivative is understood

to act only on the nearest neighbor field.
The quartic Lagrangian is slightly more involved

A 1 . _
Ly = 8¢ [4(st)2 + 0;00"p + 65252 + 0;2°0'Z, — 20 VU, I, ¥
—2i W I, VU0 + i 9, Uyy STt — g \1147385\1!4]
1 . 4 4
+3 [zaaizazca’zc + 290,2,2°0"Z, — 2%0;247.0;2° — |z]28iza812a}
44 [eabcaszbqu“»yt\I/C F e, 2Ty T — 40T 458, 20t 0

4V, ~°0,2%9 0T — 64 (20, T, T + \I/4'yt\Il4)Vs:L‘]

|

i | Da(2" = 207) 0" — Da(2P" — 292)0° + 20 (202" — 297,V
+8 [(\izaytm\p“ F UL 4 e UL 00 wTOTL, v
+etew, 10l w1101 — (0,40 0?)? (D.7)
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