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We introduce bi-fermion fishnet theories, a class of models describing integrable sectors of four-
dimensional gauge theories with non-maximal supersymmetry. Bi-fermion theories are characterized by
a single complex scalar field and two Weyl fermions interacting only via chiral Yukawa couplings. The
latter generate oriented Feynman diagrams forming hexagonal lattices, whose fishnet structure signals

an underlying integrability that we exploit to compute anomalous dimensions of BMN-vacuum operators.
Furthermore, we investigate Lunin-Maldacena deformations of A = 2 superconformal field theories with
deformation parameter y and prove that bi-fermion models emerge in the limit of large imaginary y

and vanishing 't Hooft coupling g, with ge_%y fixed. Finally, we explicitly find non-trivial conformal
fixed points and compute the scaling dimensions of operators for any y and in presence of double-trace

deformations.

© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction and conclusions

Revealing integrable sectors of a given quantum field theory
(QFT) is an extremely compelling problem. Indeed, integrability
allows for the exact computation of non-trivial physical observ-
ables and uncovers elegant mathematical structures as well as
surprising correspondences. Established instances of integrability
in QFT are the duality between the exactly solvable Heisenberg
spin chain and QCD in the high-energy limit [1-3], the Bethe
Ansatz for A" =4 SYM [4] and for ABJM [5,6]. Recently, a novel
integrable 4d QFT was proposed [7]. This theory, called yCFTy,
was obtained by considering the double-scaling (DS) limit [8] of
y-deformed N =4 SYM, namely the regime of strong imaginary
twists ¥ and weak 't Hooft coupling g = gym~/N¢/47. Although
x CFT4 is non-supersymmetric, non-unitary and has no gauge sym-
metry, it exhibits a non-trivial infrared fixed point and is integrable
thanks to the fishnet structure of its Feynman diagrams [9,10].
Similar y-deformations and DS limits were introduced for ABJM
theory [11].

Both xCFT4 and its 3d companion descend from integrable
QFTs, /' =4 SYM and ABJM respectively. In this letter we make a
step forward, by showing that the DS limit generates an integrable
QFT even out of a non-integrable one. We shall focus on 4d N =2
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superconformal field theories (SCFT) with Lagrangian description,
which in principle are not integrable.
The archetypal 4d N = 2 SCFT is superconformal QCD (SCQCD).
It consists of a vector multiplet in the adjoint representation of the
gauge group SU(N¢) and Ny =2 N, fundamental hypermultiplets.
SCQCD is quantum conformal and its B-function remains vanishing
in the planar Veneziano limit N¢, Ny — oo with Ny/N¢ = 2. Im-
portantly, SCQCD is amenable to a Lunin-Maldacena y -deformation
[12], breaking its U(1); x SU(2)g R-symmetry to the correspond-
ing Cartan subalgebra. The y-deformed vector and hypermultiplet
Lagrangians are reported in (4) and (5), respectively. Especially, in
the DS limit [7]
14
£:=e7'2 g=fixed, (1

y — ioo, g—0,

both hypermultiplets and gauge fields decouple, giving the bi-
fermion theory

2
£5,= NCTr[iX,ax’— @ +4mg(x1$x2+x ¢X2)} , )

where the complex scalar ¢ and the Weyl fermions A(’x,f,x trans-
form in the adjoint representation of SU(N.). Alike xCFT4, (2)
generates oriented (chiral) fishnet Feynman diagrams, which pre-
vent self-energy corrections at any order of the coupling. The
underlying integrability of the subsector (¢, A) correctly matches
[13-18]: there, a spin-chain picture was found, with A, A behaving
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Fig. 1. A linear quiver. Circles with label N, represent SU(N;) vector multiplets.
Lines connecting a N; circle to a Ny, square are Ny, hypers in the fundamental of
SU(Ng;). Lines between N¢; and Ng; circles are SU(N¢;) x SU(N¢;) bifundamental
hypers.

as excitations over the BMN vacuum Tr¢!, similarly to the case of
N =4 SYM. The RG stability of a model with only Yukawa cou-
plings such as (2) was studied in [19].

N =2 SCFTs with Lagrangian description are classified by
quiver diagrams [20], see Fig. 1. A quiver is conformal if its vec-
tor multiplets have vanishing B-functions, namely if a N;-circle
is linked to a collection of objects with labels M; such that
> i Mj=2N;. Simple examples are linear and circular quivers with
all circles having the same label. Up to double trace deformations,
the y-deformation commutes with the quiver structure: just like
the undeformed one, the y-deformed quiver is built by suitably
combining (4) and (5). However, the action of the DS limit on a
y-deformed quiver is dramatic: matter multiplets decouple, leav-
ing a collection of disjoint nodes captured by bi-fermion theories
with couplings &;. Consequently, the DS limit singles out the inte-
grable sector of the quiver.

Several intriguing directions are yet to be explored. One is the
study of four-point functions of twist-two bosonic operators in
the same spirit of [10,21,22]. The simple iterative form of the
perturbative expansion can be encoded in a Bethe-Salpeter resum-
mation in terms of eigenvalues of Hamiltonian evolution opera-
tors. Due to the underlying conformal symmetry, such eigenvalues
can be computed via star-triangle relations [23,24]. Another is the
D-dimensional generalization of bi-fermion theories, as in [25].

Since the 4d A/ =2 and the 3d A = 4 superconformal algebras
are related by dimensional reduction, it is natural to wonder about
gamma-deformations and DS limit in one-dimension lower. The
y -deformation acting on 3d N =4 SCFTs breaks the R-symmetry
SUQR)c x SUQ2)y to the Cartan subalgebra U(1)c x U(1)g. In turn,
the DS limit (1) decouples gauge fields and matter multiplets. The
DS limit of 3d SYM has a Yukawa interaction, while that of Chern-
Simons matter theories produces quartic interactions of the type
examined in [19]. Generalizing to a quiver is straightforwardly
achieved by considering multiple copies of the doubly-scaled 3d
Lagrangian.

Another is the holographic dual, which would grant access to
the strong-coupling regime via AdS/CFT. Gravity duals of N' =2
SCFT were constructed [26] and the corresponding y -deformations
recently appeared in [27]. However, it is not clear how to perform
the DS limit on the y-deformed supergravity background without
trivializing the gravity description. Since ﬁi is a fishnet theory, a
more direct path to holography would be including fermionic inter-
actions in the sigma-model of [28] or in the holographic fishchain
of [29]. Also, integrability on the QFT side should imply some form
of dual superconformal symmetry on the gravity side [30-33].

Furthermore, it would be fascinating to apply the Quantum
spectral curve (QSC) method to the fishnet theory introduced in
this letter. Although there exists no QSC for A/ =2 SCFT, one may
try to adapt the QSC of /' =4 SYM [34-36] to Eip- Besides, fish-
net theories admit a quantum R-matrix, whose quantum group and
secret symmetries [37,38] should be accessible via RTT expansion
[39-41].

Table 1
R-charge assignments.
Ay ¢ X 32 q! @ v
u, 0] +2 +1 +1 0 0 -1
UDg 0 0 + -3 +3 -1 0

2. y-deformation and double-scaling limit of A/ = 2 SCFT

A dynamical A =2 vector multiplet (¢, ¢, Ay, A, A;) contains
a complex scalar ¢, a gauge field A, and four Weyl fermions A
of opposite chirality [42], all in the adjoint representation of the
gauge group SU(N.). The corresponding Lagrangian has Yukawa
and quartic scalar interactions. We shall perform a y -deformation
of the vector multiplet Lagrangian by replacing the ordinary prod-
uct with the following associative, non-commutative s-product
[12]:

fxgi=el?(Q1Q%E-Q%f1Q (e fg (3)

where Q![®] is the U(1); charge of the field ®. A/ =2 SCFTs have
U(1); x SU(2)r global symmetry. If we choose the y-deformation
of (3) to act upon U(1), x U(1)g, with U(1)g being the Car-
tan subalgebra of SU(2)g, the R-symmetry is broken according
to U(1)r x SUR)r — U(Q); x U(1)g. This procedure yields the
y -deformed vector multiplet Lagrangian:

1 _
5Dl +ang o, 3’ (4)

+4mg[e—i% (ﬂw +x1¢x2) s (mx] + xzaﬂ)]].

As in [7], we can now perform the corresponding DS limit (1),
transforming the y-deformed action (4) into (2). These actions do
not preserve supersymmetry.

A dynamical N = 2 hypermultiplet (g',v,v) contains an
SU(2)g doublet of scalars q' and two Weyl fermions v, ¥ of op-
posite chirality, all in a representation R of the gauge group. From
the R-charges in Table 1, one finds that (3) only affects gluino
Yukawa couplings:

_ F?
L :NCTr[iM@A’ -

Ll = (L), g + ATigNETr [ 75 (02 1g1 = P 3aq)
+elF (Y224, — Y hagh) | (5)

In the DS limit (1), EgM becomes the Lagrangian of a free theory
and decouples from the vector multiplet.

3. Conformal symmetry

In the quiver, every vector multiplet in the adjoint of SU(N,)
needs a double trace term

La = (4 ) Tr[¢*1Tr[¢%], (6)

for conformal symmetry to hold quantum-mechanically. Here, o
and ¢ respectively are the new induced coupling and the scalar
field of the considered vector multiplet. The y-deformed A =2
theories supplied with L4 remain unitary as long as the twist y
and the couplings (g, «) are real. On the other hand, these are not
CFT anymore since the double-trace coupling runs with the scale
developing a non-vanishing g-function.

We can obtain the one-loop B-function similarly to the N =4
counterpart [43], writing the bare double-trace term (6) in terms
of the renormalized one, where the coupling and the fields coun-
terterms appear in perturbation theory in D =4 — 2¢
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Fig. 2. Diagrams contributing to the renormalization of the double-trace coupling.
Thick lines represent scalar propagators, dashed lines fermionic propagators and
wavy lines gauge one. Black dots stand for double-trace vertices (6).

a2 Trg2ITr$2] = 1€ (o2 + sa?) Tr[¢?ITr($?], 7

where 2 = 0(g?) in order to cancel the UV divergences generated
by the single-trace terms. We introduced the mass p that rescales
the unrenormalized 't Hooft coupling go = € g. The renormalized
coupling and fields are defined as follows

¢=2,"0. ®)

with Z,2 =14 6,2 and Z4 =1+ 8. Inserting these expressions
in (7) and using the independence of the bare couplings from wu,
at leading order we obtain

2_ 2-1,.2
o _Zazao,

d
By2 = M@Oﬂ =2e(Sa® — 255a?). (9)

Since in A/ =2 SCFT all divergent contributions to the double-
trace coupling «? vanish, one can consider only the diagrams
sensitive to the y-deformation and hence deviate from their un-
deformed counterparts. At one-loop, the only deformed terms in
the action (4) contributing to the renormalization of «? are the
cubic Yukawa fermion-scalar couplings. The deformed vertices of
the hypermultiplet action (5) start contributing at higher-order in
perturbation theory. The only diagrams at large N, relevant to the
interaction (6) are listed in Fig. 2. They depend on a single scalar
one-loop integral I; given by

4-D
_ _ M
h=—=_">- = Zaom e, (10)

where the G-function is defined as follows [44,45]

Gla.b) = I'a+b—-D/2)T(D/2 —a)T(D/2 —b) ' (11)
I'@r'(b)I'(D —a—b)

The UV divergence of the one-loop renormalized double-trace
vertex is given by the sum of the single UV divergencies of the
diagrams (a), (b), (c) and (d) of Fig. 2. They appear in different
fashions reflecting them respect to the vertical or horizontal axes,
then the total contribution is given by

80{2=K[X] =2(a*—g?a®(1+a)+2g*sin? y)K[I1], (12)

where the operator K extracts the UV divergence that it appears
as a pole in € and a is an unspecified gauge-fixing parameter.
In (12) we considered also the divergent contribution given by
the deformation-independent diagrams, corresponding to setting «
and y to zero in the deformation-dependent terms.

The divergent contribution coming from the wave function
renormalization is given by the diagram (e) of Fig. 2. This diagram
appears in four different fashions depending on the position of
the one-loop corrected bosonic propagator. The bosonic self-energy
contains corrections given by two gauge-boson or Yukawa three-
vertices. In momentum space, the divergence is factorized then we
obtain

1
8¢a2=1<[—.—]?><=—2g2a2(1+a)K[l1]. (13)

Finally, summing up the two contributions (12) and (13) as in (9),
we have

Boz =4Q2g*sin’y +a) + ..., (14)

where the dependence on the gauge-fixing parameter a has can-
celed as expected. For generic value of o2, the one-loop coupling
renormalization leads to a non-vanishing B-function, and confor-
mal invariance is broken. However, we can impose the vanishing
of (14) obtaining the following complex conjugate fixed points

a2 =+iv2g?siny +0(g%). (15)

The B-function (14) is quadratic as predicted in [46-48] for any
large-N CFT with a non-running single-trace coupling and a run-
ning double-trace one. In general,

Boz =a(@a +b(g)a? +c(g), (16)

where a, b and ¢ are functions of the coupling. At the fixed
points oei, the anomalous dimension of the twist-two operator
O, = Tr[¢?] can be expressed in terms of the discriminant of
B2 =0 such that

4yd, =b*—4ac = yo,=F4iV2gsiny. (17)

Performing the DS limit (1), one can obtain from (14) the
B-function for the bi-fermion theory

B =da* —28"+ ..., (18)

and from (15) and (17), the fixed-points and anomalous dimension
of the length-two operator O,

DS £ 4 DS 2 6
af=£==+ 0" and v, S =T2v2E2 + 0(6%). (19)

4. Wheel diagrams

The simplest single-trace bosonic operator of length-L in a
y-deformed quiver theory is

O =Tr[¢!], (20)

where L > 2 for SU(N.). This operator is protected in the cor-
responding undeformed AN = 2 SYM theory where its scaling
dimension is uniquely determined by its global charge L. The
y -deformation produces a non-trivial anomalous dimension to its
scaling dimension. In particular at one-loop it is generated by
wrapping diagrams with a single matter-type wrapping loop and,
for L =2 case, by diagrams in which the double-trace coupling (6)
occurs. In both cases vertices coming from the hypermultiplet la-
grangian (5) do not contribute.

The composite operator (20) needs to be renormalized. Then,
following [49], we introduce a renormalization constant that ex-
presses the renormalized operator in terms of the bare one

OL(@) = Z20,01,0(¢0) . (21)

This definition, together with (8) and the renormalization group
equations, leads to the following anomalous dimension

9 >logZOL. (22)

d 0
Yo, E—M@ log Zo, = (685 — Ba2 Pyl
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Fig. 3. The only diagram generated by (2) for the two-point function of BMN vacuum
operators sitting at the poles of the sphere in (a). Dashed lines are gluino propaga-
tors while solid lines are scalar ones. The divergence of this graph is encoded in the
wheel graph depicted in (b).

Since the above result must be finite when € — 0, at the fixed
points (15) the function log Zp, cannot contain poles higher than
1/€.

In the L > 3 case, the double-trace vertex (6) doesn’t contribute,
then the only deformation-dependent diagram at the lowest order
is the one in Fig. 3(b) with one fermionic wrapping. This diagram
can be written in terms of the scalar integral P; with the following
UV divergence [50]

K[P;]=K é% _1202L=3 (23)
L= , e\ _1 $o1-3,

where ¢, is the Riemann zeta function ¢(n). The renormalization
constant Zp, is given by the negative sum of all the poles, then
considering that the fermionic wrapping appears with two oppo-
site phases from the Lagrangian (4), we have

Zo,=1+820, =1—8g* SinngK[PLL (24)

where we considered also the divergence of the undeformed dia-
grams simply subtracting the deformation dependent §Zp, com-
puted for y = 0. Then using (22), for L > 3 we obtain

2L-3
Yo, = —32 gL sin LY Or-3+..., (25)
2\L-1
and for the theory (1)
2L -3
ygf:8§2L<L_l)§2L—3+..., (26)

where we used the DS limit (2).

The L =2 case is more involved. Indeed one has to con-
sider contributions from the double-trace vertex in addition to
the fermionic wrapping. At one-loop the only contribution to the
renormalization constant is given by a single double-trace vertex
825 = 20K [I1]. (27)
At two-loop the diagram containing only single-trace couplings is
given by the fermionic wrapping considered above. Its contribution
corresponds to set L =2 in (24) but substituting P, that contains
an IR divergence, with the following integral

M2(4_D) D
IZE&ZWG(LUGG—?U, (28)

where G is given by (11). The diagrams depending on the double-
trace couplings are given by the contraction of the operator O,
with the graph in Fig. 2. Those diagrams together with the ones

containing the one-loop counterterms associated to the renormal-
ization of the operator, mass and double-trace coupling (given by
(12)) lead to

5239‘;009 =4a*K[111> — 8g*sin® y K[l — K[I1]11]. (29)

Summing up (27) and (29) and using (22) considering that o? =
0(g?), we obtain

Yo, =4a? —16g%siny + ... . (30)

It is easy to check that at the fixed points (15), this result gives
the expected one-loop anomalous dimension (17).

The exact anomalous dimension of the operator O, can be
computed with the same technique of [10,21,22]. Diagonalizing the
fermionic graph-building hamiltonian (the same appearing in [10])
and performing the Bethe-Salpeter resummation, we obtain [51]

Y83 =F2v/2[ £ (14345)0+ TROCDWBNG10, ] (31)
matching our prediction (19).
5. Integrability and fishnet

It was argued that any N = 2 SCFTs has an integrable subsector
in the planar Veneziano limit [13-18]. This sector has a spin-chain
interpretation in terms of a vacuum O = Tr¢! and elementary
excitations (magnons) corresponding to insertions of gluinos A and
of gauge-covariant derivatives Dyg. Gauge fields decouple in the
DS limit, leaving gluinos as the only non-trivial excitations. In un-
deformed SCFTs, the vacuum O has zero anomalous dimension
as it satisfies the BPS condition A = |r|/2, with r = 2L being the
U (1), charge. The one-magnon excitation is encoded in the oper-
ator O;, =Tr[A¢'~1], with bare dimension A((gi =@3/2)+L-1)
and U(1), charge r=1+ 2 (L — 1) satisfying A((gi —(r/2)=1.Up
to the coupling constant redefinition g2 — f(g) = g% + 0(g?), in-
tegrable excitations have dispersion relations analogous to their
N =4 SYM counterparts [18]. By using p ~ y [11], the DS limit
removes O(g3) corrections:

Yo,=—1+ /1+16f(g)sin2§—>—1+,/1—452. (32)

The integrability of gluino excitations above the BMN-like vac-
uum Tr¢t can be detected without resorting to the original unde-
formed theory. Indeed, for BMN-like external state, the bi-fermion
Feynman graphs are brick-wall fishnet diagrams, see Fig. 3. These
are known to enjoy features characterizing integrable models, such
as Yangian invariance [52] and star-triangle relations [9]. Techni-
cally, the Hamiltonian of the dual integrable system is related to
the graph building operator acting on the planar wheel diagram.
The Hamiltonian and the transfer matrix for a theory with brick-
wall domain graphs were explicitly showed to be commuting [10],
which demonstrates the integrability of the system. In fact, the
Hamiltonian is one among an infinite tower of conserved charges
encoded in the transfer matrix.
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