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Strong evidence for dual superconformal symmetry in N' = 6 superconformal Chern-Simons theory
has fueled expectations that the AdS/CFT dual geometry AdSs x CP? is self-dual under T-duality.
We revisit the problem to identify commuting bosonic and fermionic isometries in a systematic fash-
ion and show that fermionic T-duality, a symmetry originally proposed by Berkovits & Maldacena,
inevitably leads to a singularity in the dilaton transformation. We show that TsT deformations com-
mute with fermionic T-duality and comment on T-duality in the corresponding sigma model. Our
results rule out self-duality based on fermionic T-duality for AdSs x CP? or its TsT deformations,

but leave the door open for new possibilities.

INTRODUCTION

The AdS/CFT correspondence is best understood as
an equivalence between N = 4 super Yang-Mills (sYM)
and type IIB string theory on AdSs x S° [1]. New ideas
incubated in this unique setting quickly percolate to less
familiar forms of the duality, where generality may be
tested. A duality between superconformal AV = 6 Chern-
Simons (ABJM) theory and type IIA superstrings on
AdS,; x CP? [2] represents the first challenge.

For AdS;/CFTy, it is well-known that integrability is
present in the planar limit of N” = 4 sYM and also strings
on AdSs x S° [3, 4], allowing one to connect perturba-
tive regimes of both descriptions. Integrability is believed
to play a substantial role in relations between scattering
amplitudes and Wilson loops [5-8], as well as the emer-
gence of a hidden superconformal symmetry [9], whose
closure with the original superconformal symmetry leads
at tree level to Yangian symmetry [10, 11], a recognis-
able integrable structure. Moreover, this so-called “dual
superconformal symmetry” can be traced back to a self-
mapping of the geometry AdSs x S® under a combination
of bosonic and fermionic T-dualities [12-14].

Subsequent developments for ABJM theory largely
parallel A = 4 sYM. Integrability is again a feature of
the planar limit [15, 16] and string theory on AdSy x CP3
[17-20]. Moreover, perturbative calculations provide
convincing evidence for amplitude/Wilson loop duality
[21, 22], dual superconformal [23-26] and Yangian sym-
metry [27, 28]. The similarities between AdS;/CFT,4 and
AdS,;/CFTj; duality are striking and led to the hope that
a self-dual mapping of the geometry AdS; x CP3 un-
der a combination of bosonic and fermionic T-dualities
could also account for the observed perturbative sym-
metries in ABJM theory. In this letter we show that the
Berkovits-Maldacena transformation [13] inevitably leads
to a singularity in the dilaton shift, so self-duality based
on fermionic T-duality can not work for AdS; x CP3.

This result may come as no great surprise, since we
have witnessed a number of no-go results of varying

rigour [29-34]. Despite this, none are completely sat-
isfactory. Earlier statements, e. g. [29, 30], fail to take
account of the chirality and the results of ref. [32], whose
approach we follow, fail to be comprehensive in explor-
ing all combinations. Finally, ref. [34], which may be
viewed as the most robust result, provides only a set of
criteria that are sufficient for self-duality. Over the last
year we have become aware of geometries based on ex-
ceptional supergroups that violate these criteria, but yet
are self-dual [35, 36]. The goal of this letter is to revisit
AdSy x CP? self-duality in the light of this recent result.

As stated, our approach mirrors ref. [32], but we
strive to be more transparent. In contrast, we make
no assumption about the nature of internal bosonic T-
dualities required for self-duality and will instead drill
down on fermionic T-duality in the supergravity limit
[13], where we know six commuting fermionic T-dualities
are required. We will show that regardless how the req-
uisite T-dualities are selected, the dilaton shift resulting
from the combined fermionic T-dualities is inevitably sin-
gular. One may add undetermined constants to remove
the singularity, but there will be a mismatch in the scal-
ing of the AdS, radial direction required for self-duality.
We further demonstrate that deformations based on TsT
[37] do not change this result. This eliminates an imme-
diate and obvious loophole.

Finally, although our findings are confined to the su-
pergravity description, we comment on self-duality based
on T-duality from the perspective of the sigma model
representation of AdS; x CP3. We first write down the
AdS, x CP? coset action in the fashion suitable for T-
duality: this is common to all sigma models with OSp
symmetry; indeed, it is analogous to the one used in [35]
to show self-duality of AdSs x S?x 5% and AdSs x S3x 53,
This way, we demonstrate that the singularities affect-
ing the duality transformation have a group theoretical
interpretation. Then, we notice that AdSy x CP? is a
submanifold of AdS; x G (R®), where the Grassman-
nian G (R®) is the space of all planes in R® passing
through the origin. As we shall see, AdSy x G (RS) is a
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coset model self dual under Buscher procedure, implying
that the duality transformation links together different
AdSy x CP? slices of AdSy x G (R®). However, such a
transformation has a non-trivial super-Jacobian and it is
unclear whether it can be identified as a quantum sym-
metry of the sub-model AdS; x CP3.

METHODOLOGY

We follow parallels with geometries AdS, x SP, p =
2,3,5[13, 14, 34, 38|, and AdS,xS9x S5, ¢ = 2,3 [35, 36],
which are known to be self-dual under a combination of
bosonic and fermionic T-dualities. We can map AdSy
back into itself by choosing a Poincaré metric,

o Mudatda” + dr?
= > ,

ds

" nw=0,1,2 (1)
performing Abelian bosonic T-dualities along the flat co-
ordinates z#, before finally inverting the radial coordi-
nate r — r—1. Note that in performing an odd number
of bosonic T-dualities we have switched the chirality of
the theory from ITA to IIB, so self-duality requires at
least one additional T-duality along CP3. We return to
this point in due course.

One direct consequence of employing the Buscher pro-
cedure [39] is the dilaton ® wanders,

0® = 3logr, (2)

with the raison d’étre of fermionic T-duality being to
reverse this shift, while at the same time restoring the
Ramond-Ramond sector to it original incarnation. In the
supergravity description, this feat fermionic T-duality ac-
complishes by inducing a compensating dilaton shift [13]

0d = % log det C, (3)

where C; is a matrix satisfying

6“Cij = Eil—wl—‘llej, (4)
with €& = €/TY and ¢; denoting Killing spinors. To en-
sure that the fermionic isometries commute, the Killing
spinors are subject to the constraint [13]

QF“ej =0 V Z,j (5)

It is worth noting that in the Majorana-Weyl represen-
tation for the gamma matrices, where Killing spinors
should be real, the bilinear €;I'*¢; reduces to 5153‘ = 0 and
a solution only exists when the real Killing spinors are
complexified. The usual rule of thumb is that if the orig-
inal geometry preserves 2n Killing spinors, we can con-
struct n fermionic isometries through complexification.
We are not aware of any exceptions. In this letter we will
show that this transformation, applied to AdS,; x CP?3,

results in a singularity regardless of how the fermionic
directions are chosen.

It is now well documented how T-duality, both Abelian
and non-Abelian, affects supersymmetry at the level of
supergravity. It can be shown, e. g. [40], that supersym-
metry breaking is encoded in the Kosmann spinorial Lie
derivative [41]

1
£K77 = Kﬂvun + g(dK)HVF“Una (6)

where K is the Killing vector, corresponding to the isom-
etry on which we T-dualise, and 7 denotes the Killing
spinor. Where Lxn = 0 is a good projection condition,
some supersymmetry survives, otherwise all supersym-
metry is broken. Employing this result, we see that T-
duality on the z* coordinates breaks supersymmetries de-
pendent on x#, leaving only the so-called Poincaré Killing
spinors, which depend only on the radial coordinate [50].

The Poincaré Killing spinor is schematically 7 ~ r*%ﬁ,
where 77 depends on the internal coordinates. From (4),
we recognise that the components of the matrix C' scale
as Cjj ~ 171, so that 6@ ~ —4 logr, where n is the
number of fermionic T-dualities one performs. This de-
termines the number of fermionic T-dualities that one
should perform, notably six in the case of type I AdSy
geometries.

One final complication in the self-duality of AdS; x
CP? is that an odd number of bosonic T-dualities will
change the chirality of the theory [51], so to ensure the
final result is a solution to Type ITA supergravity, we re-
quire at least one internal bosonic T-duality along CP3.
As we have just remarked, any additional T-dualities will
further break supersymmetry. Therefore, our approach
is simple. CP? possesses fifteen Killing isometries, which
one can potentially T-dualise. For each isometry, we
will enumerate the number of preserved supersymmetries
with a view to finding candidate sets of six commuting
fermionic isometries that can undo the shift in the dila-
ton (2). Where we find the requisite number of fermionic
isometries, we will determine the matrix Cj;.

We note that this approach was initially adopted in
ref. [32], although only three commuting isometries were
examined and a singularity was encountered, but other
possibilities were not explored. We will be more system-
atic. To facilitate easy comparison, we will use the same
parametrisation of CP3, but will opt to solve the Killing
spinors directly in 10D. In contrast to ref. [32], we find
in each case that the determinant of C' only vanishes
through a cancellation involving the components Cj;.

INTERNAL T-DUALITIES

As touched upon earlier, we are required to perform
internal bosonic T-dualities in order to preserve the chi-
rality of the theory. Before proceeding to the analysis



of AdSy x CP3, here we digress with a view to high-
lighting the utility of the Kosmann derivative when iden-
tifying the appropriate internal isometries on which we
can T-dualise and preserve supersymmetry. We recall
that as advocated in ref. [13], in the case of spheres one
should analytically continue the sphere to de Sitter and
T-dualise along the flat directions, which have obvious
shift symmetries. When these isometries are analytically
continued back to the original sphere, one notes that the
directions are complex. We will now show that one can
recover this unusual choice of isometries directly from the
Kosmann derivative in the concrete setting of the type
IIB solution AdSs x S x T*, where we parametrise the
three-sphere in nested coordinates,

ds?(S%) = d#? +sin? d¢? + sin? fsin? pdeyp®.  (7)

As usual, the three-sphere possesses six Killing direc-
tions:

Py = 0y, P»=—cos¢dy+sin¢coty,
Py +iPy = e (sin ¢pdy + cos b cot 004 + i cot f csc 9Oy ) ,
Ps+iPs = etV (6¢ + 7 cot (baw) . (8)

Making use of the Kosmann derivative (6) and the
Poincaré Killing spinors for the geometry [38],

1 0145 1 ¢34 Y 145
Tt LA R

n=re > 0, 9)

where 79 is a constant spinor, a short calculation reveals
that

Lpsn = l67%#5"1egFMe%F"LE’r:szmo
5 2 ,
1
Lr = ge 8T 7es™ sy, (10)
where we have omitted Lp,n,i=1,...,4 for brevity.

It is evident that none of the above Kosmann deriva-
tives correspond to a good projection condition on their
own, yet we can complexify them, P® + iP% so that
Lpsiipsn = 0 = (I —i)ny = 0 is a good projec-
tion condition. This ensures that half the supersymme-
try of the original Killing spinor (9) is preserved. We
note that we recover the same projection condition from
the combination P? + iP* Taken together, P> + iP*
and P° + iP% correspond to two complex Killing direc-
tions that preserve the same supersymmetries. It can

1 1
ds?(CP?) = dp® +sin’p [da2 + 1 sin? o (7'12 + 72 + cos? OéT32) + 1 cos? p(dy + sin® ar3)?|,

where we have introduced the left-invariant one-forms,

dr, = %eabcrb A Tc. The one-form potential becomes

1
A = = [sin® p(dy + sin® ar3)] .

5 (15)

be checked that these are indeed the commuting Killing
vectors that result when one analytically continues the
three-sphere [38].

In the next section, we will transplant this analysis
to the space CP3. In contrast to the sphere, one strik-
ing difference is that CP3 is already complex. One can
attempt to identify the correct isometry directions by
rewriting CP3 so as to make commuting isometries man-
ifest. This approach was adopted in ref. [32], but we will
eschew this approach in favour of a direct analysis of the
Kosmann derivative for all the isometries of CP3.

AdSs x CP?

In order to fix normalisations, we start from the maxi-
mally supersymmetric AdS, x S7 solution to 11D super-
gravity, where we write the S as a Hopf-fibration over
CP3. We next perform a Zj quotient on the Hopf-fibre,
which breaks supersymmetry, before reducing to type ITA
supergravity. The resulting solution is [2]

2 R3 1 2 2 3
R3
2
© T
Fy, = gR3vol(AdS4), Fy = kdA, (11)

where R and k are constants, ds?(CP?) denotes the stan-
dard Fubini-Study metric and the one-form potential is

i (2adZq — Zadza)

gt 12
3 (4P "
Following [42], we introduce real coordinates
i o 2 i w—ox)
2] = tanusmas1n§e2 ,
zo = tanpcos ae%X,
0 .
z3 = tan psinacos §ef(w+¢+’<), (13)

where the ranges of the new coordinates are 0 < p,a <
%,O <O0<7m0<¢p<2rand 0 <,y < 4nr. Through
the above rewriting, the metric is recast in the form

(14)

The Killing vectors on CP? take the form [43]:

Ka = aza + Eaébaibu Ka = aia + Zazbazbu



Kab — Zaazb - Zbai (16)

where a,b = 1,2, 3 and repeated indices are summed. We
note that various vectors are related through complex
conjugation, e. g. K, = (K,)*, Kap = —(Kpa)*, so we
only need to later determine the Kosmann derivatives for
Kl, KQ, Kg, K117 KQQ, Kgg, Klg, K23 and Kgl, since the
remaining derivatives follow through complex conjuga-
tion.

In order to solve the Killing spinor equations, we adopt
the supersymmetry conventions from ref. [40] and intro-
duce a natural orthonormal frame for CP3:

u [R3 1 dat 3 [R31dr
et = — = —=—,
k2 r k2r
R3 R3
et = \/?d,u, e’ = \/?sin,uda,
6 R3ls, i 7 R3ls, i
e’ = — —sin g sinaT e’ =/ — = sin psin at
V5 2 oA b V7% 2 oA 2
ed = \/R—Slsin sin « cos aT
- k 2 ,LL 35

9 R31 .9
e’ = ?ismucosu(dx—ksm aTs). (17)

Since the bosonic T-dualities along AdS; will break the
superconformal supersymmetries, we need only concern

ourselves with their Poincaré counterparts. To isolate
these, we impose the projection condition
%20ty =n, (18)

where 7 is a Majorana-Weyl spinor

n=<j+>, (19)

with Pauli matrices acting on e+. From the dilatino vari-
ation, we identify an additional projection condition on
the spinors

(T4 4 T58 - TT)ig?n = T3 (20)

1 .

IS

Together the two projection conditions (18) and (20) pre-
serve twelve supersymmetries. Recalling our earlier rule
of thumb, this suggests that we should be able to con-
struct six fermionic isometries.

Solving the remaining differential Killing spinor equa-
tion coming from the vanishing of the gravitino variation,
we identify the explicit form of the Killing spinor:

TI _ 7»*%e%(FQWZJFF‘LS)@*%(F54+F89)6%(F67+F58+F4g)

) (58 _ 67\ _ 0 (165 178 & (58 _ 67
~ 84(F T )6 (@I 41 )64(F r )7707 (21)

where 79 is a constant spinor satisfying (18) and (20).
It should be noted that the condition (20) commutes
through all the exponentials and therefore can be taken
to act directly on the constant spinor 7).

FERMIONIC ISOMETRIES

In this section, we enumerate the possibilities for pick-
ing commuting fermionic isometries. In the supergravity
description, this boils down to isolating Killing spinors
that satisfy the condition (5). To this end, we decom-
pose the constant Killing spinor appearing in (21) as

Mo =&r——+&pFEp i+ + 84—, (22)

where
0= (" Fi)laa = (% Fi)ars = (I Fi)&apr. (23)

It is worth noting that each of these basis spinors cor-
responds to two complex supersymmetries [52], allowing
a possibility of 12 fermionic isometry directions before
we consider the constraint (5). We also remark that the
basis spinors £4__ and {_4 4, etc. are, modulo overall
coefficients, related via complex conjugation.

Slotting these eigenspinors into the Killing spinor, we
arrive at a final expression for 7:

3 (3 0 i 3 9 k3 s
n = r 2e 21X {(cosa +sina T e_“rm) Ep_ +ez? <cos Eeﬂ’ (cos ae’™™ 4 sin aF45) + sin 58_2”’F566“F42) E 4

; 0 i 0 i
+ e 2 <cos 58751;,6#1‘43 + sin §e§¢ o6 (cos ae™ — sin aF45)) {4

+
<
=

+

e1X |:(COS a+sinal?® ef”lﬂs) €yt e 2? (cos 567511) (cos ae'™ + sin aI‘45) + sin §€§¢1—‘56€“F43> [

ez? (cos §e§we”r4g + sin 56_51/’ 6 (cos ae™ —sin aF45)) §++—} . (24)

Making use of the explicit expression for n and the



Kosmann derivatives in the appendix, we can identify
various isometries of CP? that can be T-dualised, while
still preserving supersymmetry. The result of this analy-
sis is summarised in Table I.

T-duality Isometry Preserved supersymmetry

K S Y S S
K> S S S
K3 S S S S
K+ Ko S Y S -
Ku1 — Koz Et— &+
Koz + K33 S Y SR S R—
K22 — Ks3 E— 6
K3z + K N S T e
Kss — Ku €+t
Kz S Y SR SR
Kas S Y
K3 S S S

TABLE I: Supersymmetries preserved under CP? bosonic T-
duality.

We remark that the combinations K., + Ky, b # a
are pure imaginary, so modulo an overall factor, they
correspond to real bosonic isometries. As a result, we in-
fer from our table that one can generate supersymmetric
AdS, solutions to type IIB supergravity by T-dualising
on these directions. The solutions will preserve eight and
sixteen supersymmetries, but it is easy to see they will
be singular as one T-dualises on a vanishing cycle.

As emphasised previously, we are committed to per-
forming six fermionic T-dualities in order to undo the
dilaton shift. This entails choosing six complex Killing
spinors. We note that the requirement that the fermionic
isometries commute (5) has a preference for choosing a
spinor, but not its complex conjugate. For example, if
one considers a the linear combination e = &, _ +&_ 4,
where one allows for arbitrary complex coefficients in the
base spinors, we remark that one can only solve the con-
dition (5) when one of £, __ or £ vanishes. This con-
straint is consistent with our expectation that the Killing
spinors appearing in the fermionic T-duality must remain
complex [13].

Based on this observation, natural choices for the six
commuting fermionic isometries involve choosing con-
stant Killing spinors, denoted 79, which satisfy the pro-
jection conditions in Table II. Using the results from Ta-
ble I, we can also list the bosonic isometries of CP?3 that
preserve these Killing spinors under T-duality. We omit
projection conditions with the opposite signs, which are
related through complex conjugation.

We observe that for each choice of 6 Killing spinors,
one can identify 3 commuting bosonic Killing directions,
as shown in Table II, yet the determinant of the induced

Projection CP? isometries
(T% 4+ 1% 4+ 1)y = —iny K1, Ko, K3
M99 = ino Koy, K3, K3
I8y = ino Kso, K3, K31
%99 = ino Ki3, K7, K12

TABLE II: Neglecting complex conjugates, there are four
natural sets of six Killing spinors, which are picked out by
the above projection conditions. For each set of six Killing
spinors, one can identify 3 commuting Killing vectors that
may be T-dualised without breaking the supersymmetries.
However, regardless of the choice, the determinant of the in-
duced metric is zero, resulting in a singularity in the dilaton
shift under T-duality.

metric is always zero! As a direct consequence, we re-
mark that bosonic T-duality with respect to these direc-
tions will also result in a singularity in the dilaton shift.
However, before we turn our attention to this singular-
ity, we are confronted with a singularity in the fermionic
T-duality. This singularity is deeply troubling, since we
require the matrix Cj; to be invertible so that the trans-
formation of the RR sector bispinor, tailored to our ITA
conventions [44]
T = Le®p oy Cile; ®e; (25)
16 16 K 7
may be executed [53].

We will now give explicit expressions for the compo-
nents of the matrix Cj; for the various cases highlighted
in Table II. We will show in each case that the determi-
nant of C is zero. Contrary to ref. [32], we find that
determinant is not zero irrespective of the values of the
components, but in fact depends on the cancellation in
the components.

Before proceeding, we make some comments on no-
tation, before presenting results. Recall that there
are 12 complex basis spinors (22), which are deter-
mined up to overall complex constants, a;,b; € C
i = 1,...,6. We label the constants corresponding
to the spinors, &y &4 &4, & yq, §p— 1, Epq— @S
ai,baz, ba, ... a6, bs, respectively. The explicit basis
spinors can be found in the appendix.

We start by imposing the first projection condition
from Table II, namely I'3o?1n = 19, which preserves the
spinors £y, &_ 4 & _ ., so the only non-zero complex
coefficients are aq, by, as, ba, az,bz. With this choice, it
is easy to check that (5) is trivially satisfied, so it im-
poses no further constraint. Modulo an additive con-
stant, which we will comment on soon, one may integrate
(4) to identify the non-zero components of the matrix:

C o R3 16 a1ag 2.51 C o R3 16 albgi 53
TV k2P T T VR (4 [2P)



Con — — R_3 16 b1bs iz, Cor — R3 16 biasi z3
TV AR T VR s 1 2P
R3 16 asasi zo R3 16 bybsi z5
Cas = \| — 282 g =\ =22 (26
8 Er+z2) TV k@ +z2) /(26)

where we have re-expressed the result in terms of the
original Fubini-Study coordinates through (13).
We observe that the determinant of this matrix,

det C = _(016024035 + 013025046)27 (27)

is zero once evaluated, in line with the findings of ref.
[32]. However, in contrast to ref. [32] we do not find that
the matrix C is trivially zero, namely cancellation occurs
once the components are evaluated. Although we have
picked our spinors to coincide with the basis spinors, it
is straightforward to check that the determinant is zero
for more general linear combinations. It is also obvious
that the result for the projection condition with the op-
posite sign, i. e. 30?1y = —1np follows immediately from
complex conjugation and the determinant will be again
Zero.

Before moving on, it is important to make one final
comment. We have dropped additive constants when
evaluating the determinant. Once these constants are
reintroduced, the determinant will no longer be zero, but
will no longer scale as det C' ~ =9, as required to can-
cel the dilaton shift (2). Therefore, it is easy to see that
additive constants, while they will contribute to a non-
zero determinant, cannot help compensate the shift in the
dilaton since the contribution from fermionic T-duality
will appear with the wrong power of the AdS, radial di-
rection.

One can repeat the exercise for the other projection
conditions. To retain the Killing spinors corresponding
to the projector I'*9ng = ing, we retain ay, b1, as, bs, ag, bg
non-zero. Once again the constraint (5) is trivially satis-
fied. The non-zero components of C are

Crs = \/EIG aias 12223 Cro = \/@16@1)6 129721
koor(l+|z?) kor(1+1z?)

Coy = \/EIG b1bs i20723 Cos — _\/ElG agbt 12071
kor(l+1z?) kor(1+1z?)

Oy — _\/Elﬁ%ag 129 Ci = _\/@16()5()6 129
kor(l+|z?)’ kor(l+|z?)’

(28)

and referring to (27) it is once again easy to confirm
that det C' = 0. For the basis spinors corresponding to
the projection condition I'°®ny = iny, we identify the
components,

C36 =

R3 16 a4b6 123 Clir — R3 16 a6b4 iZg
V k(14 2?) BV r(1+|z[?)
while for the spinors corresponding to I'7ny = ing, we
find the following components:

O . R3 16 CL3b4 2.2152 C . R3 16 azas 2.2123

VR R TR VR (2P

O . R3 16 a4b3 ’L'Zlgg C - R3 16 b3b5 2.2123

2V E 0+ 2P T VR (14 ]2P)
R3 16 405 iZl R3 16 b4b5 iZl

Car = — 2 =1 ———. (30

5 TNE ) TN T

A short calculation reveals that both determinants are
Zero.

EFFECT OF TST

It has been suggested that a TST transformation [37]
may be employed to exorcise the singularity in the dila-
ton shift [32]. This idea has considerable merit since it
allows one to both deform the geometry, while at the
same time, transform the supersymmetries. Moreover,
we noted earlier that once we pick the fermionic isome-
tries, there will be bosonic directions that are indepen-
dent of the preserved supersymmetry, thus making these
natural candidates for TsT transformation. In this sec-
tion, we will demonstrate the action of a TsT transfor-
mation on the Killing spinors. We are not aware of an
existing treatment in the literature.

We consider a 10D spacetime with U(1)
etry,

x U(1) isom-

ds?, = ds2 + 2“1 Dy? 4 *“2Dy2, (31)
where we have defined the covariant derivatives, D¢’ =
dy’ + A'. Here C; denote scalar warp factors, and A’
represent gauge fields, all of which depend on the 8D
spacetime. We will assume for simplicity that the Killing
spinors do not depend on the isometries and we will also
drop the RR sector. It is straightforward, e. g. [40],
to generalise the analysis presented here. The NS sector
suffices to identify the transformation on the spinors.
We allow for an initial dilaton ¢ and NS two-form B

B = By + B' Adpy + B2 Adps, (32)

where we have defined an additional two-form, By and 2
one-forms, B, which depend on the transverse 8D space-
time.

Performing a T-duality on 1, a constant shift oo —
Y2 + Ap1, and a second T-duality with respect to @1, we

! e*“1(Dyy + \B?)?

Cry = R? 316 anay 12329 Crs = — R_3 16 asag 12371 . - |
-\ k: r(1 +| 2) V % r(1+ [z?) find the resulting NS sector:
024 _ £ 16 b2b4 22322 026 _ R_3 16 b2b6 i,2321
S k r(1+z?) V k r(1+]z2) "’

ds?, = ds2 +

[1 + A2¢2C112C3]

(29)



+ €292(Dyy — AB1)?

persymmetry variation along the transverse 8D space-
time,

B = B%2+4+ B'Adgy + B? Adpy + AB' A B?
)\6201+202 5 1
— ———5—5-—Dw1 +AB%) A (Dpa — AB"), 1
1+ 1\26201+202] (D )N (D2 ) 60, =V,n— gHHpgl"p"o?’n, (34)
> = O — 5 {1+ NZe2C1H202) (33)
Inserting these expressions (33) into the gravitino su- we find
J
7 e 1 2 e 1 1 3 A C1+C 3
o, = |V,— 4\/_(]: +AG, T 4/,11’ 4\/_( —AG, ) g’Hﬂng‘P"g + —3#(01 + Cp)eC1tCepeivzy
AeQCl-'rCQ )\eC1+202 —C \/— —C \/_
4 fly+)\g2y I\Vgaga3 _ . )\gl Fu<p103 gl ey 3 _ g2 Ivezg 3|~
A T NG “iva 2 1 1 !

where we have defined

Fi = dA, G'=dB', H=dB,—-G'AA' -

N R

G2 N A%,
(36)
We can now redefine

-X 2X 1

n=-e , e = —
e VA

to recast the supersymmetry variation in terms of the
original variation:

(1+ Ae“1FCrere26%) - (37)

0¥, = eXov,. (38)

The transformation on the Killing spinor under a TsT
transformation is given by (37). We will now see how
this transformation affects fermionic T-duality. This will
allow us to show that given a geometry with a global
U(1)xU(1) symmetry, a deformation based on TsT, pro-
vided it does not break supersymmetry, does not affect
the determination of the matrix Cj;. As a result, we can
conclude that TsT transformations, assuming they can
be performed, can not remove a singularity we encounter
in the dilaton shift.

To do so, we replace ¢® with I'y;, which makes the
notation consistent with (4) and (5). We next define
0 = cos~'(1/v/A), so that

ﬁ = 67%F9’1¢2F1177. (39)
It then follows that
0 = mI'Mn;, 0"Ciy; = &gy, (40)

0 =
97 Cy =

cos 07;T9*n; — €y sin 07,1 T11m;, (41)

Eil—wkl—‘u?’]j — €} Sin Hﬁil““"lnj, (42)

(35)

where ¢10 = 1 and p # ¢;. It is clear from (40) that the
transformation has not affected the determination of the
matrix C; in the transverse 8D spacetime. To see that
it also does not affect Cj; in the ¢;-directions, we can
combine the equations (41) and (42) to get
995 Cyj = VART#T1im;. (43)
Taking into account the factor of v/A in the deformed
metric (33), we come to the conclusion that the equations
to be solved to determine Cj; are invariant under TsT.

T-DUALITY AND THE SIGMA MODEL

We conclude with a few remarks concerning self-
duality of AdS; x CP? in its sigma model representa-
tion. The AdS,; x CP? background can be described by
the supercoset [17-19]

OSp(6]2,2)

= AdSy x CP? + 24 ferm. (44

SO(1,3) x U(3) 1 x CP7 A 24 ferm. (44)
If n € NY a basis of osp(2n|2,2) con-
venient  for  T-duality is  osp(2n|2,2) =

span { Pog, Kag, D, Jag, L g, Rap | Qaa, @ aas Saa, Saa )
a,B = 1,2, A/B = 1,...,n. The generators above
satisfy the graded commutation relations reported in the
appendix and are such that

Pog = Pop) — 3 components,
Ko = K(op) — 3 components,
Joaa =0 — 3 components,
D — 1 component,

Rap — n? components,



Lhg= L[th] — n(n —1)/2 components,
Lyp= L[_AB] — n(n —1)/2 components,

Q40> Saas Qaa, Saa — 2n components each. (45)

As a consequence, Png, Kqg, D, Jops respectively encode
translations, special conformal transformations, dilata-
tions and Lorentz rotations on the three-dimensional con-
formal boundary of AdS,. Furthermore, Lj > IlaB span
the SO(2n) R-symmetry of 0sp(2n|4), while @, S, @, S are
the supercharges related to the ' = 2n supersymmetry
of the boundary theory. Specifically, the case n = 3 cor-
responds to ABJM theory.

Writing the coset action requires an order 4 automor-
phism of g = 0sp(2n|2,2), £, providing the projectors

Puy =~ (1+Q+F 02 +i*Q%) k=0,...,3.

(46)

Such projectors split the superalgebra g into the direct
sum of {) eigenspaces:

1
4

3

g= g, O ={J€0:Q@{Q) =3},

k=0
[806): 8) } € 9(k1) mod 45 (47)

where [+, -} is the graded Lie bracket of g. The eigenspace

g(0) is a closed subalgebra of g and the desired coset is the

quotient of the exponential maps of g and g(g), namely

Exp (g) /Exp (g(o)). The lagrangian of the model is ob-

tained by picking up a coset representative g : ¥ —

Exp (g), where ¥ is the string worldsheet, and decom-
posing the related Cartan-Maurer one-form j = ¢~ 'dg
according to the Z,4 grading:

j=9""dg =jo)+in)+ie +iz. k) € 0m- (48)
Finally, the action of the Exp (g) /Exp (g(o)) sigma model
reads

S=—(T/2) /Ej@) N*J2) +EJ) N3 (49)

with T being the string tension and s the kappa-
symmetry parameter [54].

In general, the automorphism {2 acts on the super-
charges as [55]

Q2 (Qaa) =iSBswWBATRa, Q(Saa) = iQBswWBATE(50)

and similarly for @Q,S. The matrix wap = wiap) and
Oaf = Olap) fulfill

WwACcWBC = 0AB, Oay 08y = 0B, (51)

and the corresponding projections of the supercharges
read

1

D}L{z = 91,3 QAa = (QAQ + SngBAaﬁa),

|

O = P 3Qu0 =~ (Qaa £ Spswpacsa) .  (52)

The complete Z, grading of g is:

90 = (648 Pap + 0ay Ky5 058, Jap, Lipwps + Lypwpa, wesRayc)

(
91 = (Qaa + SBsWBATBa, Qaa + SBEWEATS)
92 = (048 Pap — 0ary Ky505p, D, L wps — Lppwpa, wepRaje)
93 = (Qaa — SBBWBATBa, Qaa — SBBWBATRA)- (53)

If n =3, g=0Sp(62,2), go = s0(1,3) ®u(3) and the
coset is

0Sp(62,2) ~ _

SO(1,3) x U(3)

Sp(2,2)
SO(1,3)

SO(6)
U(3)

+ 24 ferm., (54)

which is exactly (44). Therefore, one chooses the coset
representative

g — eXBOéPOLB+>‘BALXB+9AaQAa X (55)

X e~ Oaa Qaa —E€aa Saa e~ DlogY—ppa Rap p—faa SAoc7

finds the current components (48) and the action (49).
T-duality for backgrounds with isometry supergroup

of OSp type [35] requires to apply Buscher rules on
P.s, Lsz Q Aq , which are 3 bosonic directions along the
conformal boundary of AdSy, 3 bosonic directions along
CP? and 6 fermionic directions respectively. T-duality
maps these as follows:
<PaﬁvngBvQAa> i <KO¢3’LXBVS’A0¢>' (56)
In particular, T-duality along € and A inverts the metrics
of the corresponding kinetic terms. Unfortunately, these
metrics contain the matrix wap, which for OSp(6]2,2)
is a 3 x 3 skew-symmetric matrix and, as such, is not
invertible. This is a direct consequence of the fact that
OSp(6/2,2) does not admit a non-singular outer automor-



phism of order four [17, 19].

On the other hand, AdS; x CP3 can be embedded
into a bigger system. Indeed, if n = 4, g = OSp(8|2,2),
go = s0(1,3) @ u(4), and the coset becomes

0Sp(8[2,2) Sp(2,2)  SO(8)
SO(1,3) x U(4) SO(1,3)  SO(2) x SO(6)
+32 ferm. = AdSy x G, (R®) + 32 ferm. (57)

The dimension of the Grafimannian G2(R®) is 12 and
the bosonic dimension of the supercoset (57) is 16. This
is not a string background [56], but it contains AdS, x
CP? and can be used to study the action of T-duality
upon the latter. Indeed, Buscher rules are not singular
for AdSy x Go (R8) because the skew-symmetric matrix
appearing in the fermionic kinetic terms, wap, is now
4 x 4 and invertible [57]. The coset given in (57) can
therefore be used to map a AdS; x CP? submanifold of
(57) into a dual AdS; x CP? submanifold. Notice that
the Berezinian of the transformation is non-trivial,

(2x #p—F#g)logr=(2x3—-8)logr#0. (58)

The super-Jacobian of the transformation is not 1 and the
measure of the corresponding path integral would not be
left unchanged by the Buscher procedure just described.
As a consequence, the mapping between different Ad.S, x
CP? slices of of AdSy x Go (R8) can only be understood
as a classical symmetry of the model, not as a quantum
one.

In summary: by writing the AdS; x CP? sigma model
action in the patch proper to perform T-duality (bor-
rowed from [35]), we found unavoidable singularities aris-
ing from the kinetic terms of the fermions and of the
CP? coordinates that are affected by Buscher proce-
dure. The reason for these singularities is group theo-
retical, as it descends from the fact that OSp(6/2,2) does
not admit an invertible outer automorphism of order 4.
Moreover, we showed that AdS,; x CP? can be embed-
ded into AdS, x Go (]RS), which is classically self-dual
under a combination of T-dualities. In particular, T-
duality maps to each other different AdSy x CP3 slices of
AdSy x G (R®). As already mentioned, this self-duality
has a clear interpretation only at the classical level; thus,
it cannot justify the dual superconformal symmetry of
ABJM theory.

CONCLUSIONS

In this letter we have studied commuting bosonic and
fermionic isometries for the geometry AdS; x CP? in a
systematic way to address if it is self-dual with respect
to a combination of T-dualities. Employing both super-
gravity and sigma model analysis, we demonstrated that
irrespective of the chosen isometries, one encounters a

singularity in the dilaton shift. While TsT transforma-
tions provide a natural way to deform the geometry and
still preserve supersymmetry, we show that it commutes
with fermionic T-duality, and so will not affect our con-
clusions.

We remark that fermionic T-duality has been derived
from a supergravity ansatz as a special case of a more
general transformation involving Killing spinor bilinears
[47], where C;; may include anti-symmetric components.
However, (5) is also a constraint for this generalisation,
and as we have worked with the explicit Killing spinors,
it is not clear how (;; may possess an anti-symmetric
part in the current setting. Furthermore, one may imag-
ine that the singularity could be resolved by lifting the
problem to 11D supergravity, but it is worth recalling
that the perturbative evidence for self-duality holds in
the ITA regime.

While our results preclude self-duality based on
fermionic T-duality, the wealth of perturbative results,
some of which are connected to known integrable struc-
tures, i. e. Yangian, suggests that some self-duality
transformation should be at work. In this light, it is
important to understand the connection between inte-
grability and self-duality. AdS; x CP? aside, it is clear
that the Berkovits-Maldacena transformation, since it re-
lies on preserved supersymmetry, can not be responsible
for self-duality for quotients and TsT deformations of
AdSs x 8%, despite the presence of integrability (see for
example [48]). As supersymmetry is decreased, our useful
rule of thumb means we can not find the requisite num-
ber of fermionic isometries required to undo the dilaton
shift from the anti-de Sitter T-dualities.

In fact, the Lunin-Maldacena solutions [37] are self-
dual, as all one has to do is undo the TsT transforma-
tion, apply self-duality and re-apply TsT. Through this
chain of dualities, it is clear that TsT-deformed AdSs x S®
can be self-dual, but there should be a generalistion of
fermionic T-duality that holds directly when supersym-
metry is broken. We plan to pursue this in future work
in the hope that it sheds some light on the expected self-
duality of AdS, x CP3.
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Data Management

No additional research data beyond the data presented
and cited in this work are needed to validate the research
findings in this work.

Gamma matrices

In this work we make use of the following real gamma
matrices,

M=ic?® 1, I'=0c'®79, (59)

where

= 02®02®02®02, 72202®12®01®02,

a!

02®12®03®02,

10

=02Rc ®c?® 1,

V3=

¥5 = 02®a3®02®12, 76:U2®02®12®01,

v = 02®02®12®03, ’78201®12®12®12,

Yo = P11, ® 1,. (60)
Observe with this representation that T'y; =
0123456789 — 53 @ 1,4, TV is anti-symmetric, while

I'" are symmetric.

Using the above gamma matrices, we can construct

explicit basis spinors (22),

1 1 0
a1 O 7 b1 1
__ = ® ® + ® ®
§+ < bl ) 0 7 < —aq ) —1
1 -1 0
1 1 0
a9 0 ) b2 1
4 = ® ® + ® ®
&+ < by ) 0 —i < —ay ) ~1
1 1 0
1 1 0
as 0 —1 b3 1
. = ® & + & ®
S+ < b ) 0 i ( —as ) 1
-1 1 0
1 1 0
Q4 0 —1 b4 1
_ = ® ® + & &
5 o < b4 ) 0 —1 ( —ay4 ) —1
1 -1 0
1 1 0
as 0 —1 b5 1
4 = ® ® + ® ®
St <b5> 0 i (—a5> -1
1 1 0
1 1 0
ae 0 7 be 1
_ = ® & + & ®
St <b6 ) 0 —i (—a6> 1
-1 1 0

where a;, b; are complex constants. Note, the first three
and last three spinors are modulo constants, complex

conjugates, as expected.



Kosmann Derivatives ward calculations reveal:

In this section, we record the Kosmann derivatives for
various vectors. For the vectors lengthy, but straightfor-

1 3 w9, a ; 0

11

+ e s Dre - r5>> B (62)
1 i ; a a .
Licy = g€ xBTS T Gpo 1) [g2  p9)es T mg iy, (63)
Li,n = ie‘%<¢’+X>e%<F9i02+F43>e‘%(F54+F89) (e‘éw cos §<¢r8 —T%)

— 3 sing(if7 - FG)) [0 — Fg]e%(rsﬂrsg)e*%(F9i02+r43)77, (64)

LKII _ ie%(F9i0,2+1—w43)67%(FSALJFFSQ)Q%(FG7+F58+F49)6%(F587FG7)67%(F65+F78)F67 5
e% (F65+F78)67 % (F587F67)67 % (F67+F58+F49)e% (F54+F89)67 % (F9i02 +F43)TI, (65)

LK22 _ %e%(F9i0,2+1—w43)67%(FSALJFFSQ)Q%(FG7+F58+F49)6%(F587FG7)67%(F65+F78)F49 5
e% (F65+F78)67 % (F587F67)67 % (F67+F58+F49)e% (F54+F89)67 % (F9i02 +F43)TI, (66)

LK33 _ %e%(F9i0,2+1—w43)67%(FSALJFFSQ)Q%(FG7+F58+F49)6%(F587FG7)67%(F65+F78)F58 5
e% (F65+F78)67 % (F587F67)67 % (F67+F58+F49)e% (F54+F89)67 % (F9i02 +F43)TI, (67)

Lonn = —Leif oo™ 4T =g (FHT™) (0% -T%7) G (U 4T7) (178 | 165 (168 4 [57)]
e%(F65+F78)6_%(F58_F67)6%(F54+F89)e_%(F9i02+r43)n7 (68)
Liem = et hIio T g ) {cOs ge‘“”’[(r79 — ) — (0" 4 1%)]
— sin g 45 — T8 441 + F48)]} e%(F54+F89)67%(ng”2+r43)77, (69)
1 ; o (s 0
Lisn = qe 2 WHIEI T (T {COS S0 = T8 — (% 4 19)]
+ sin geiw [I‘79 —T40 (T4 + 1"69} e%(F54+F89)6_%(F9i02+r43)77. (70)
[

In terms of angular coordinates, we can re-express the Kz = —i(0p + 0g). (71)

vectors K, as

Ky = —i(0y — 0p), Koz = 2i(0y — 0y),
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osp(2n]4) Superconformal Algebra

The bosonic commutation relations for osp(2n|4) are
[58]:

[D,Pag] = Pap,  [D,Kapl = —Kap,  [Jap, Jys] = sy Jas — bas Jys,
[Pap: Kys] = —40a(y05)8 D — 26y Jg)s — 205(a Jp)
[Jap: Pys] = 2 Pa(y 05)8 = Sap Prs,  [Jap, Krys] = =2 Ka(y 05)5 + dap Ky,
[Rap,Lip] = 2LA[D6 1B [Ras, L¢ }_2/: o0p)as
(LY. Lep) = 2Rapdcie —2Rppdcja.  [Ras, RCD] =0dpcRap —dapRcB. (72)

The fermion-fermion anticommutators read:

{Qaa,QBs} =045 Pagp, {Saa:SBs} =04 Kap

{Qa0,5Bs} = 04B0ap D+ 4B Jap — dap Ranb, {Qaa,SBs} = —0up L

{Qaa,S88} =048 0ap D+ 048 Jap + 6ap RBa, {Quaa,SBs} = —0up L1 5. (73)
[

The boson-fermion commutators are:

1 1 ~ 1 - - 1 -
[DvQAa] = 5 QAOL? [Dv‘S’AOC] = _5 SAOH [DvQAa} = 5 QAO() [D; SAOL} = _5 SAOc

1 1
5 008 Qav,  [Jap, Say] = —0ay Sap + 5 0ap Say
[Pag, Say] =2Qa0p)yy:  [Kap, Qay] = 25400 05)4
[RaB,Qca)l =0Bc Qaas [RaB,Scal = —dac SBas
[Lig, Scal =200 5410, [Lap Qcal =20c(5 Qaja (74)

[Jas, Qay] = 0py Qaa — 50

and the Killing forms are

str (Paﬁ K’YJ) =—4 504@ 55)[3, str (DD) =1, str (Jaﬁ ny(;) = 2045 5&), — 50¢3 575
str (LZBLE‘D) :45A[D60]Bu StY(RABRCD):26AD(SBC,
str (Qaa SBs) = 048 0ap, str (Qaa Sps) = 048 dap. (75)
I

Here, o, 8,7v,6 = 1,2 while A,B,C,D =1,...,n
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