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ABSTRACT: We derive the exact S-matrix for the scattering of particular representations of
the centrally-extended psu(1|1)? Lie superalgebra, conjectured to be related to the massive
modes of the light-cone gauge string theory on AdSs x S2 x T%. The S-matrix consists
of two copies of a centrally-extended psu(1]|1) invariant S-matrix and is in agreement with
the tree-level result following from perturbation theory. Although the overall factor is
left unfixed, the constraints following from crossing symmetry and unitarity are given.
The scattering involves long representations of the symmetry algebra, and the relevant
representation theory is studied in detail. We also discuss Yangian symmetry and find it
has a standard form for a particular limit of the aforementioned representations. This has
a natural interpretation as the massless limit, and we investigate the corresponding limits
of the massive S-matrix. Under the assumption that the massless modes of the light-cone
gauge string theory transform in these limiting representations, the resulting S-matrices
would provide the building blocks for the full S-matrix. Finally, some brief comments are
given on the Bethe ansatz.
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1 Introduction

The remarkable successes of integrability techniques in the study of the AdSs x S® super-
string [1, 2] motivates the application of these methods to other integrable string back-
grounds with less supersymmetry [3, 4]. In this work we investigate the AdSs x 52 x T6
background supported by Ramond-Ramond fluxes in Type II superstring theory, which
preserves a quarter of the supersymmetries. These can be found as the near-horizon limit
of various intersecting brane solutions of Type IIB supergravity, which are related by T-
duality [5-9]. The dual [10, 11] should be a one-dimensional CFT, and is understood
to either be a superconformal quantum-mechanical system or a chiral two-dimensional
CFT [12-15].



The AdSs x S? part of the background can be written as a Metsaev-Tseytlin [16] type
supercoset model [17, 18] for PSU(1,1]2)/SO(1,1) x SO(2). The algebra psu(1,1|2) has
a Z4 automorphism and hence the supercoset model is classically integrable via the same
construction as for the AdSs x S° case [19]. While there exists a classical truncation of the
Green-Schwarz action [20] for the AdSs x S? x T® geometry to the supercoset degrees of
freedom, there is no k-symmetry gauge choice which decouples them from the remaining
fermions [21]. The integrability of the Green-Schwarz action for the complete background
has been demonstrated to quadratic order in fermions [21, 22].

The aim of this paper is to use symmetries and integrability to construct exact S-
matrices for the scattering of the worldsheet excitations of the decompactified light-cone
gauge [23-25] AdSs x S? x T superstring. These S-matrices describe the scattering above
the BMN vacuum [26], a point-like string moving at the speed of light on a great circle of the
two-sphere. The light-cone gauge-fixed Lagrangian [27, 28] is in general rather complicated
with the interaction terms breaking two-dimensional Lorentz invariance. The quadratic
action is however Lorentz invariant and describes 2 4 2 (bosons+fermions) massive modes,
the bosons of which are associated to the transverse directions in AdSs x S2, and 6 + 6
massless modes, associated to the 7.

In the AdS5 x S° light-cone gauge-fixed theory all of the excitations have equal non-
vanishing mass and furthermore the symmetries completely fix the S-matrix up to an overall
phase [29-31]. Here the situation is more similar to AdS3 x S x T* for which there are 4+ 4
massive and 444 massless excitations. In this case the symmetries of the supercoset leaving
the BMN string invariant can be used to conjecture an exact S-matrix for the scattering
of the massive modes [32, 33] (see also the review [34]). Following a similar approach
we observe that the subalgebra of the psu(1,1|2) symmetry of the AdSs x S? supercoset
preserved by the BMN string is given by psu(1|1)2 x R. Relaxing the level-matching
condition we extend this algebra by two additional central extensions and conjecture the
exact S-matrix for the scattering of massive modes up to an overall factor.

The resulting massive S-matrix satisfies crossing symmetry [35] and is unitarity so
long as the overall factor satisfies the relevant identities. Here the setup is more similar to
the AdSs x S° case as opposed to the AdSs x S3 x T? case for which there were multiple
phases related by crossing transformations [36, 37]. It was observed in [28] that the one-loop
logarithms in the massive S-matrix for AdSy x.S?x T are consistent with the one-loop phase
being related to the Hernandez-Lopez phase [38, 39]. Finally, the near-BMN expansion of
the exact result is consistent with perturbative computations [27, 28, 40-42].

While many features of the construction are similar to the AdSs xS and AdSsxS3xT*
cases, there are some important differences. In particular, unlike for the AdSs x S° and
AdS3 x 83 x T* superstrings, the representations we are scattering turn out to be long
and hence there is no shortening condition to be interpreted as the dispersion relation. An
additional consequence is that the symmetries do not completely fix the S-matrix up to a
single overall factor, rather there is an additional undetermined function that can be found
by demanding the Yang-Baxter equation is satisfied. These properties are reminiscent of
similar features seen for the scattering of long representations of psu(2|2) x R? [43] and also
in the Pohlmeyer reduction of strings on AdSs x S? [44-47).



The S-matrix has an accidental U(1) symmetry under which the fermions are charged,
while the bosons are not. From the perspective of the complete AdSy x S? x T superstring
this U(1) originates from the T° compact space [28]. Furthermore, its presence appears to
be important to have any hope of applying a Bethe ansatz construction as it allows one to
define a pseudovacuum. A conjecture for a set of asymptotic Bethe ansatz equations was
given in [21], however, due to the somewhat involved structure of the S-matrix it is not
clear how to derive them.

It is not currently known how the massless modes transform under the symmetry
group of the light-cone gauge-fixed theory, and therefore it is not possible to completely
determine the corresponding S-matrices. Furthermore, they may depend on the choice of
Type II background [5-9] — in the decompactified light-cone gauge-fixed theory the T
formally has an SO(6) symmetry, however, this will be broken by the presence of Ramond-
Ramond fluxes. Initial investigations in this direction for a particular Type ITA background
were carried out in [27, 28], in which case the SO(6) is broken to U(3). However, different
backgrounds related by T-duality will naively lead to different subgroups [5-9]. Here we
take an alternative (partial) approach to the question of massless modes motivated by the
recent explicit computation of the light-cone gauge symmetry algebra for the AdS3 x S xT*
superstring [48, 49], the AdSs x S° version of which was constructed in [50]. Under the
assumption that a similar outcome occurs for the AdSy x S? x T superstring one may
expect the massless modes to transform in representations of psu(1|1)% x R3. We further
rely on the fact that the two-dimensional modules we work with are rather general in
their parametrization, and assume that the massless representations take the same form
as the massive ones, provided one sends the mass parameter m to zero. Upon adopting
these assumptions, the S-matrices describing their scattering should be built from the
massless limits (one massless and one massive or two massless particles) of the massive
S-matrix. How these building blocks are precisely put together and the corresponding
overall number of undetermined phases (of which there may be many) will depend on the
complete symmetry of the light-cone gauge-fixed backgrounds (including the subgroup of
SO(6) preserved by the fluxes), an analysis that we leave for future work.

The structure of the paper is as follows. In section 2 we describe the near-BMN
symmetry algebra and investigate its representation theory. This symmetry is then used
in section 3 to determine the exact S-matrix up to an overall phase. We determine the
constraints that the phase should satisfy for crossing symmetry and unitarity and compare
with perturbation theory. In section 4 we discuss when this symmetry can be extended to a
Yangian, finding that it can be done in the standard form for the massless case. Using this
Yangian symmetry in section 5 we then construct the massless version of the S-matrix and
briefly explore the notions of crossing symmetry and unitarity in this limit. In section 6
we give some initial considerations of the algebraic Bethe ansatz, noting in particular the
existence of a pseudovacuum, and we conclude in section 7 with some comments.



2 Symmetry for massive modes of AdS, X S?

The BMN light-cone gauge AdSs x S? x TS superstring action describes 2 4+ 2 massive
and 6 4+ 6 massless modes. The algebra underlying the scattering of the massive modes is
expected to be psu(1]1)? x R3, which is found by considering the subalgebra of psu(1,1|2)
that is preserved by the BMN geodesic. We expect two additional central extensions to
appear, by analogy with the AdS5 x S° case, in the decompactification limit and relaxing
the level-matching condition.

Although a full off-shell analysis, as in [48-50], would be necessary (and is planned for
future work) to confirm the nature of the central extensions, in this paper we construct the
massive S-matrix on the basis of certain assumptions. The first assumption is the analogy
with higher dimensional AdS/CFT integrable systems, and in particular the way the central
extensions manifest themselves. This assumption is also motivated by perturbation theory,
in particular the symmetry algebra being given by two copies of a centrally-extended algebra
with the centres identified, seems to be suggested, for instance, by the work of [28]. The
second crucial assumption is integrability itself. On the one hand, integrability should
work to complete the perturbative results into the structure of classified representations of
superalgebras. On the other hand, it should maintain the tree-level factorized form of the
S-matrix at higher string loops.

With these assumptions in mind, we will nevertheless pursue a broad approach and
explore the most general central extension based on the available kinematical algebra.
We denote the massive boson associated to the transverse direction of S? as y and the
corresponding boson for AdSs as z. The two massive fermions will be represented as two
real Grassmann fields ¢ and y. We can then formally define the following tensor product
states

) =lo)@le), |z =lh) e,
=l )=l el ,

where ¢ is bosonic and v is fermionic, such that we expect one of the factors of psu(1|1) to

(2.1)

act on each of the two entries. Furthermore, as a consequence of the form of the symmetry
algebra and the integrability of the theory [21, 27] we expect that the S-matrix for y, z,
¢ and x can be constructed as a graded tensor product of an S-matrix for ¢ and v, with
each factor S-matrix invariant under the symmetry psu(1[1) x R3.

In this section we will construct the relevant massive representation of psu(1/1) x R3.
This representation has an obvious massless limit, and, by analogy with the construction
for AdS3 x S3 x T* [48, 49], one may expect the massless modes to also transform in
representations of psu(1]1) x R3 in the light-cone gauge-fixed theory. The massless limit is
discussed in detail in section 5.

Let us also briefly mention that there is an additional U(1) outer automorphism sym-
metry [28] of the S-matrix (3.2), under which the psu(1|1) factors transform in the vector
representation. The origin of this U(1) symmetry is the 7% compact space that is required
for a consistent 10-d superstring theory. Under this symmetry (¢, x)? also transforms as a
vector, while the bosons are uncharged. It is worth noting that taking the tensor product
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Figure 1. The Kac module (C,v).

of two copies of any S-matrix for ¢ and 1 preserving the value of (—1)F, where F is the
fermion number operator, we find that the U(1) symmetry is present so long as a certain
quadratic relation between the parametrizing functions is satisfied (see appendix A). In the
case of interest, this quadratic identity turns out to be true just from demanding invariance
under the psu(1]1) x R? symmetry and satisfaction of the Yang-Baxter equation. The U(1)
does not act in a well-defined way on the individual factor S-matrices and hence for now
we will ignore it. We will reconsider it in section 6, where it will play a role in defining a
pseudovacuum, an important first step in the algebraic Bethe ansatz.

2.1 The gl(1]|1) Lie superalgebra and its representations

Let us start by summarizing the relevant information from [51] regarding the Lie superal-
gebra gl(1]|1) and its representations. There are two bosonic generators M and €, with ¢
central, and two fermionic generators £ and &. The commutation relations read

M, =-9, M6el=6, {9 6}=2. (2.2)

The typical (long) irreps are the 2-dimensional Kac modules (C,v), defined by the following
non-zero entries on a boson-fermion (|¢), 1)) pair of states:

Qo) =), Sy) =2C1¢) , Nig)=vig), NY)=w-1)),
¢C|®) =C1|P) vV |®) € {|o), |¥)}, C,v e C, C #0. (2.3)

We have summarized the generator action in figure 1. As long as C' # 0, this module is

isomorphic to the anti-Kac module (C,v)

Q) =2Clg), &lp) =[¢), Nig)=w-11¢), NY)=vy),
¢|P) =C|P) vV |®) € {|9), [V)}, C,v e C, C#0. (24

However, if C' = 0, the two modules are not isomorphic and they are no longer irreducible.
Rather they become reducible but indecomposable.



To elucidate further we introduce the 1-dimensional modules (u), which form the atypi-
cal (short) irreps of gl(1]1). These irreps are characterized by the vanishing of all generators
except I, which acts with eigenvalue p. We then see that for the Kac module, (0, v), the
fermion |1)) spans a sub-representation (v — 1), and the indecomposable is denoted as

v—1) +— (V). (2.5)

The anti-Kac module (0, v) is also reducible but indecomposable and is denoted as
(v—1) — (v), (2.6)

with the fermion |¢) once again spanning the sub-representation (). This indecomposable
is not isomorphic to (0, 7). Let us mention that modding out the indecomposable represen-
tations by their sub-representations one obtains the factor representations, which in this
case are isomorphic to the short 1-dimensional (1) modules and are spanned by the boson

(2%

If we take the tensor product of two typical modules, we get

(Cr,v1) @ (Co,vp) = (C1+ Covy +10 — 1) @ (Cr + Co, vy + 12) if C1+Cy#0,
<017 V1> ® <_Cla V2> - PI/1+V2 ) (27)

where P, is the so-called projective module
vy — v+)aev-1) — (v), (2.8)

on which € acts identically as zero. The rightmost 1-dimensional short sub-module (v) is
known as the socle of P,.

Since 91 does not appear on the r.h.s. of the commutation relations, the algebra gl(1|1)
has a non-trivial ideal generated by 9, & and €. This ideal is the superalgebra sl(1|1).
Furthermore, this algebra is also not simple, as €, being central, is a non-trivial ideal.
Additionally modding out € gives the algebra psl(1]|1), which is still not simple, as the
two remaining anti-commuting fermionic generators each form a separate ideal. The fact
that psl(1|1) is not simple sets this algebra outside the classification of the possible central
extensions of basic classical Lie superalgebras presented in [52].

2.2 The centrally-extended psu(1|1) Lie superalgebra

We are now ready to introduce the centrally-extended version of the algebra we discussed
above, which, as anticipated by the discussion at the beginning of section 2, we conjecture
to be relevant for the scattering of the massive modes of the AdSy x S? x T superstring.
The algebra psu(1|1) x R? is defined by the commutation relations

{Q, 9} =29, {6, 6} =2R, {Q, 6} =2¢. (2.9)
The states |¢) and |¢), introduced in (2.1), then transform in the following representation:

Ql¢) =al) , Q) =ble) , Slg) =cly) , S y) =dl¢) ,
ClB)y=CD),  P|®)=P|B),  K|D)=K|d). (2.10)
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Figure 2. The 2-dimensional module of the centrally-extended algebra (several lines are superim-
posed).

Here a, b, ¢, d, C, P and K are the representation parameters that will eventually be
functions of the energy and momentum of the states. For the supersymmetry algebra to
close the following conditions should be satisfied

ab=P, cd=K, ad +be =2C. (2.11)

This representation corresponds to the typical (long) Kac module (C,v) discussed in the
previous section. We have summarized the generator action in figure 2. We will be inter-
ested in a particular real form of the algebra (2.9), which is given by

af=e, pt=g, ¢=c. (2.12)
These relations further constrain the representation parameters as follows
a*=d, b* =c, cr=C, P*=K. (2.13)
The closure conditions (2.11) imply that

ad — bc)?

oz = T TPK. (2.14)

Unlike the AdSs x S° case, with the larger symmetry algebra psu(2|2)? x R3, here we are
scattering long representations and hence there is no shortening condition — that is, ad—bc
is free to take any value, which we denote

m = ad — be. (2.15)

The reality conditions (2.13) imply that m is real. From (2.14) we then have

<C+Tg> <C—Tg> = PK >0, (2.16)

also as a consequence of the reality conditions (2.13). Motivated by the fact that C will
later be associated to an energy, we will take it to be positive. However, let us point out



that the algebraic analysis we perform in this paper is largely insensitive to this choice,
and hence it does not represent a loss of generality. If we make this positivity assumption,
it immediately follows that both (C'+ %) and (C' — %) are also positive. The analogy with
the higher dimensional AdS/CFT cases suggests that we should associate (the absolute
value of ) m with the mass of the scattering particle. Later it will be useful to solve the set
of equations (2.11) for a, b, ¢ and d in terms of m, C, P and K

1 1
i 2 1T T2
a=ae 4 C—i—m ) b=a"let C—i—m P,
2 2
. -4 . :
c=ae % (C—I-T;l) K, d=a"le7 (C-l—T;L) . (2.17)

Here « is a phase parametrizing the normalization of the fermionic states with respect to
the bosonic states and can be a function of the central extensions.

To define the action of this symmetry on the two-particle states we need to introduce
the coproduct

AQ)=Q®1+U®9Q, ABG)=61+U 26,
AP)=PR1+8 2P, A@)=CR1+12¢, AR =81+U4 228, (2.18)

and the opposite coproduct, defined as
A%P(J3) =PAQJ), (2.19)

where J is an arbitrary abstract generator (prior to considering a representation), and P
defines the graded permutation of the tensor product.

The coproduct differs from the trivial one by the introduction of a new abelian gener-
ator U, with A(L) = U ® 4 [53, 54]. This is done according to a Z-grading of the algebra,
whereby the charges —2, —1, 1 and 2 are associated to the generators K, &, Q and P respec-
tively, while € remains uncharged. The action of 4l on the single-particle states is given by

Ulg) =Ule) , ) =Uly) . (2.20)

This braiding allows for the existence of a non-trivial S-matrix.

One important consequence of the non-trivial braiding (2.18) is that it leads to a
constraint between U and the eigenvalues of the central charges. This follows from the
requirement that, to admit an S-matrix, the coproduct of any central element should be
equal to its opposite.! This implies

P o (1—u?), Roc (1-U72). (2.21)

f A(c) is central, then
A’(c)R = RA(c) = A(c) R,

which, for an invertible R-matrix, necessarily implies A°?(¢) = A(c). This is expressed by saying that the
coproduct of ¢ is co-commutative.



We fix the normalization of 8 relative to R by taking both constants of proportionality to

be equal to %h where the reality conditions (2.13) require that h is real.? The parameter h is

a coupling constant and eventually should be fixed in terms of the string tension, which we

will return to in section 3.2. Acting on the single-particle states then gives us the relations
h h

P:§(1—U2), K:§(1—U*2), (2.22)

where U should satisfy, as a consequence of (2.13), the following reality condition
Ur=ut. (2.23)
The relation (2.14) in terms of C', U and m is then given by

m2 _ h2(U _ U_1)2

2 _
"= 4

(2.24)

While this is a single equation for three undetermined parameters, we will later still at-
tempt to interpret it as a dispersion relation with C, U and m defined in terms of just two
kinematic variables, the energy and momentum. These precise definitions are not fixed by
symmetry considerations, and hence should be found from direct string computations.

It is now useful to introduce the Zhukovsky variables 2%, in terms of which we will write
the S-matrix, in place of the central extensions, C and U. These are defined as [29, 55, 56]

U? =", 2C +m =ih(z~ —2T), (2.25)
In these variables the dispersion relation (2.24) takes the following familiar form
1 2im

. = (2.26)
xzt pous x- i .

The representation parameters a, b, ¢ and d in (2.17) and (2.32) are then given by

_in 4/xT [h 1_m4$
a=ae T\[——\[o 0, b= a" pous ;
+ 'LTr
c=aeit \4/33 2 :c+’ d=ales \4/33 \/777, (2.27)

n=+ilx —at). (2.28)

where

Here we clearly see that the advantage of these variables is that the parameters a, b, ¢ and d
do not depend on m and hence, written as a function of #* and m, neither will the S-matrix.
Finally, let us note that for the reality conditions (2.13) we have the usual (z%)* = 2.

2The reality conditions (2. 13) do allow for the introduction of an additional phase into the constants of
proportionality, i.e. fhe“'o and he % However, this phase does not appear in the S-matrix and thus we
set ¢ = 0.



We could also eliminate the central extensions, C' and U, in terms of two variables that
will later be identified with the energy and momentum. Motivated by the AdSs x S° case
we write

ng, U=esP, (2.29)

where e is the energy and p is the spatial momentum. While the identification of e with
the energy and p with the spatial momentum is at present only motivated by analogy with
the AdSs x S® case, a posteriori it will be further justified by matching with perturbative

results in section 3.2. Solving for zT in terms of e and p we find
2h sin & i
ot =rU*, r= e+.m = 2 U=e?. (2.30)
2h sin § e—m

Using (2.22) and (2.29) we can substitute in for C', P and K in terms of the energy and
the momentum in (2.24) to find the following familiar dispersion relation

e2:7n2+4h2$n2§. (2.31)

It is important to emphasize that here m is algebraically a free parameter. However,
for (2.31) to really be interpreted as a dispersion relation m should be fixed by the spectral

analysis of the theory. In terms of the energy and the momentum the representation
parameters a, b, ¢ and d (2.17) are given by

ip_im S I . i
oed 4 a”te” a1 h(l —€'P)
a=——ve+m, b= )
V2 V2 Ve+m
ip_im . ip | im
aet 1 h(l —e ') a~tem ity
c= , d=2°" " feFm. 2.32
A Jexm V3 (2.52)

In the AdSs x S° and AdSs x S3 x M* models, the choice of the phase factor a that
is appropriate for the light-cone gauge-fixed string theory is

a=1. (2.33)
As we will see, this is also a natural choice for o in the AdSs x S? theory.

2.3 Tensor product of irreps and scattering theory

In this section we consider the tensor product of two of the irreps we discussed in the
previous section, with the aim of constructing the relevant scattering theory. In particular,
we want to investigate the persistence of the phenomenon observed for gl(1|1) modules in
section 2.1, namely complete reducibility of the tensor product of two 2-dimensional irreps,
for gemeric values of the momenta, into two 2-dimensional irreps of the same type.

Let us proceed by constructing a 4-dimensional representation of the algebra (2.9). To
do this we start with the bosonic state

lwo) - (2.34)

~10 -



Let us assume that the action of the central elements on this state is given by
(B, &, O)wo) = (P, K, C)[wo) . (2.35)

This assumption will be justified by the concrete example we will consider later in our
treatment of the scattering theory. We can then construct two more states by considering
the action of Q and &

]w1> = Q‘TU()> s ]12)1> = 6\w0> . (236)

The action of the central elements on these new states is then easily seen to be given by
(B, & Olwr) = (P, K, C)lwr), (B, R, )|w1) = (P, K, C)|wr). (2.37)

We can then look at the action of Q and & on |w;) and |wy)

1
Qlwi) = Plwo), Qlwy) = Clwo) + 5[53» &]|wo) ,

1 (2.38)
Glw1) = Klwo),  Slwi) = Clwo) — 5[, &l|wo) .
Here we see that we have generated one additional new state
450) = =112, &]jwo) (239)
wo) = M ) wo) , .

where we have chosen a normalization depending on

M=2/C?-PK. (2.40)

Given the real form we are interested in, see eq. (2.12), and the assumption that C? > PK,
or equivalently that M is real and non-zero (we will briefly discuss the case when M vanishes
at the end of this section), the above normalization implies that |@wp) has the same norm
as |wp). Therefore, the action of Q and & on |w;) and |w;) is given by

- M, .
Qluw1) = Plwo),  Qlwn) = Clwo) + —-|wo) ,
Y (2.41)
Slwy) = Klwo),  Slwy) = Clwo) — —- o)
Again it is clear that the action of the central elements on |wg) is given by
Finally, the action of Q and & on |wy) is given by

2P 2C 2K 2C

Qo) = Frldn) = Frlw),  Slidg) = == |wi) + T [dn) . (2.43)

Therefore, in summary, we have constructed the following 4-dimensional representation:

(maﬁ7 €)’(I)> = (P’ K, O)’(I)>7 v |(I)> € {‘w0>7 |w1>7 |’JJ1>’ |7~DO>)}7

- 11 -



Figure 3. The 4-dimensional module of the centrally-extended algebra.

Qlwo) = |w1), Slwo) = |w1),
Qlwy) = Plwo) S| = K|w),
- M, M
Qlr) = Clwo) + —-[wo) , Slwi) = Clwo) — o) ,
- 2P 2C - 2K 2C .
Qwo) = M|w1> - M\wl% Slwo) = —ﬁ\wﬁ + M|w1> :
We have summarized the situation in figure 3.
However, using the fact that
N N M M.
Q6|[wo) = Clwo) + —-[wo), Q6|wo) = Clwo) + —-[wo)
N _ M M.
&Qlwo) = Clwo) — —-|wo) , &Qlwo) = Clwo) — —-|wo) ,

we see that defining the linear combinations

@) = [wo) + [wo) ,

implies
M M
Q@’(I):t> = (C + 2> ‘(I):t>, 6Q|<I):|:> = (C — 2) ‘(I):t>.
Furthermore,
2C0F M 2P, _ 20+ M, . 2K
Qlbs) = F o) £ (@), S|0s) = £ ) F 5l

Using the definition of M (2.40) one can easily see that

QPy) x S|Py) ox |Ty),
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(2.45)

(2.46)

(2.47)

(2.48)

(2.49)
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and hence the 4-dimensional representation we constructed is actually reducible and is
formed of two 2-dimensional representations

{|P+), [V4)}. (2.51)

To conclude, let us briefly mention orthogonality. Here we will make use of the real
form of the algebra given in eq. (2.12), and the assumption that M is real. We then have

(@) = (uol(1+ (12,6] ~ [2,6]) ~ ~ [0, 6], Sljuwe).  (252)

Using the conjugation relations we find that [Q,8]" = [Q, &]. Furthermore, as [Q, &] =
2¢C — 26 = —2¢€ 4 296 we find

(Px|®y) = <w0|1+%(2€—26Q)(2¢—2Q6)|w0>:(wdl—%(

= (1 - W)Wowd =0.

Therefore, the two representations are orthogonal.

€ —PR)|wo)
(2.53)

This construction can then be straightforwardly applied to the 4-dimensional repre-
sentation arising as the tensor product of two of the 2-dimensional irreps of section 2.2.
Explicit details of this construction are given in appendix B and will be particularly rel-
evant for the scattering theory discussed in section 3. In particular, it implies that the
S-matrix for the scattering of two of the 2-dimensional irreps is not completely fixed by
symmetries up to an overall factor.

Let us finally make the important observation that the arguments of this section cannot
be applied for the M = 0 case (such as, for instance, the scattering of two massless particles
with the momenta taken at the bound-state point?). In this case what we find is the analog
of the projective indecomposable representation of section 2.1. In particular, one can check
that, at M = 0, the state |7I)(()0)> = [Q, 6]|wp) is such that

aslay’) = eqlay’) = Clal’), Q) « &la)’), (2.54)

where we have used M? = 4(C? — PK) = 0 to derive the last proportionality statement.
However, this is the only state which satisfies these properties, meaning we do not have
two solutions to these conditions (as we did in the M # 0 case above). Therefore, there is
only one irreducible 2-dimensional block, containing the states {|w(§0’>,g|w5°>>}, and the
4-dimensional representation is reducible but not fully reducible (i.e. it is indecomposable).

3 S-matrix for massive modes of AdS, x S?

In this section we study the S-matrix for the massive modes of the light-cone gauge AdSs x
S? x T superstring. As mentioned in section 2 from the structure of the symmetry algebra

3Here by bound-state point we simply mean the value of momenta such that A%(C) — A(P)A(K) =
(m1+ m2)2 = 0, namely £, = 0 or ¢pq = 0 (see appendix B for details). In fact, it is not clear if there is a
meaning of bound states for massless scattering [57].
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and the integrability of the theory we expect the S-matrix for the massive fields y, z, ¢ and
X to be constructed from the graded tensor product of two copies of an S-matrix describing
the scattering of 1 4+ 1 massive modes, ¢ and . The former are defined in terms of the
latter in (2.1).

The excitations ¢ and v should transform in the massive representation of psu(1]1) x R3
discussed in section 2.2. Their S-matrix is then fixed by demanding invariance under this
Symmetry

A°P(F)S = SA(J) . (3.1)

Accounting for conservation of the value of (—1)F, where F is the fermion number, the

most general form for the S-matrix is

S|e¢') = Si|ed’) +Qulwy') . S|Yy) = Sa [y) + Q2 |¢d')
S|ey') =Ti[oy") + Rulpd’) . S|pd') = Ta|vg') + Ra o) (3.2)

+

where 2+, m are the kinematic variables associated to the first particle and z/*, m’ to the

second particle, that is
1 2im 1 . 1 2im/

1
+ — 1+ _
CAm Tt T Yrm T oy Tn 69

As a consequence of the discussion in section 2.3 this symmetry will only fix the S-matrix up
to two arbitrary functions. One of these functions can be found by requiring the S-matrix
also satisfies the Yang-Baxter equation along with additional physical requirements. There
are four solutions to the Yang-Baxter equation, two of which we ignore as they violate
crossing symmetry. The other two are related by a sign. To fix the sign, we demand that
in the BMN limit (for details see section 3.2) the S-matrix reduces to the identity operator.
The functions parametrizing the exact S-matrix (3.2) are then given by*

xta'—a” —a'T 14 s~ 14 59~
Sl:\/;f“—x" 2 o S = 2 P
=t =T 14+t~ ztx —a2'" 1 +1ty~
= \/;x“‘ —z'= 2 Fo 2= = at—a— 2 Fo, (34)
i 4]zt ! ~ o o) 1 4]zt~ s
&:OKO/Q2:—74 nn f ?0, 7R1:7R2:_747L:P0
oo/ 2 Vaxta'—xt —a/— 2/t o o 2 Vo2t axt—a—

where
+/— 1 = 1
(@ = 55) o (@ — o) L= g L=
f: 1 1 y Sl:x__x/+f, 82::1:‘_"__‘%‘/_.]07 (35)
S T
1-— —1/— 1_ﬁ
h=srf b=="7-f 06

x

# —#
4Note that here we are choosing the branch so that (i—;) = <%) for # = %, i and similarly for

2% Forp e [—m, 7] this corresponds to taking the branch cut on the negative real axis.
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P, is an overall factor that sits outside the matrix structure and is not fixed by symmetries
or the Yang-Baxter equation. Let us emphasize that, as discussed beneath eq. (2.27), when
written in these variables the S-matrix is independent of m and m/, which can take any
value. The limits m — 0 and m’ — 0 are subtle however, and will be discussed in detail
in section 5. Let us also note that if we take a to be given by (2.33), which is the choice
suitable for string theory, then Q1 = Q2 and Ry = Ry. From now on we will take « to be
given by this value.
The S-matrix (3.2) can be thought of as a 4 x 4 block diagonal matrix

S1Q1 0 0
Q25 0 0
0 0T R
0 0 T R

(3.7)

One can then check that each of the two 2 x 2 blocks have equal trace and determinant,
S1+ Sy =T+ 1>, 5182 — Q1Q2 =TIy — R Ry (3.8)

The second of these equations is particularly important as it implies the tensor product of
two copies of the S-matrix possesses an additional U(1) symmetry, which will be discussed
further in section 6 and appendix A.

For completeness let us note that the two solutions that violate crossing symmetry are
given by f =0 and f — oo (for the latter one should first rescale 530 by f~! and then take
f — o0). As ¢ and 9 are real and the charge conjugation matrix diagonal, which will be
demonstrated in the next section (cf. (3.23)), the two processes

¢ =y and 9P =99, (3.9)

should be related by a crossing transformation. However, if f vanishes then so does the
amplitude for the first of these processes, but not for the second. Similarly, if f — oo then
the amplitude for the second process vanishes, but not for the first. Consequently, in both
cases the two processes cannot be related by a crossing transformation and hence there is
a violation of crossing symmetry as claimed.

It is interesting to note that taking f = 0 and f — oo we recover the massive S-
matrices of the AdSs x S3 x T* light-cone gauge superstring [32, 33]. The symmetry
is enhanced accordingly from psu(1|1) x R? to [u(1) € psu(1]1)?] x u(1) x R3. For the
AdSs x 83 x T* light-cone gauge-fixed theory there is no issue with crossing symmetry
as the fields are complex. Therefore, the individual S-matrices do not map to themselves
under the crossing transformation, rather to a different S-matrix with the crossed particle
replaced by its antiparticle. Finally let us also point out that the S-matrix relevant for
the AdSy x S? x T® light-cone gauge superstring, see eqs. (3.2) and (3.4), is a linear
combination, with coefficients depending on z% and z/*, of the f = 0 and f — oo S-
matrices. It is non-trivial that such a combination exists with unitarity, crossing symmetry
and the Yang-Baxter equation all satisfied.
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3.1 The overall factor and crossing symmetry

As currently written the factor 530 is neither a phase factor or antisymmetric. Indeed, given
the reality conditions (z%)* = 2T and (2/*)* = T, the functions f, s1,2 and t1 2 satisfy
the following relations:

f=r S12= 521> 12="1t1, (3.10)

f@' z)=—f(a z), s12(2',x) = sp1(z,2'), t12(2', ) =ty 9(x, 7). (3.11)

Notice that, if we consider the m = m/ case, then on-shell (i.e. when the dispersion re-
lations (3.3) are satisfied) we have t; &~ t3. Given the reality conditions, this means in
particular that 1,9 are real.
Based on this, and as a consequence of braiding and QFT unitarity, the overall factor
should satisfy®
0 : = TD(JU,:E/)TO(QS,,QS)
Az —2'T) (2t —a'™)

B (zt —aT)(z= — 2 ) 1+ t1)(1 + t2) — (zF — ™) (2t — x’_)E N(z,a). (312)

To isolate an antisymmetric phase factor, we can define P, as follows:

S T R
P, _det< ! Ql) _det< ! 1) = expif(z,2)), (3.13)
Q2 52 Ry T
where 6(z,z’) is an antisymmetric phase shift, i.e. 6(x,y) = —0(y,z), and the second

equality follows from eq. (3.8). We then have that P, is proportional to j’g, and hence
is a natural phase to consider recalling that the full S-matrix for the massive modes is
given by the tensor product of two of the factor S-matrices (3.2). As claimed the unitarity
conditions for P are then

(POiPO* = (PO (‘T’x/)?o (xlvx) =1. (314)

Crossing symmetry provides an additional constraint on the overall factor ‘j)o, which
takes the form

P (2, 7) = so(x,2') Py (2,2, (3.15)
where the “crossed” Zhukovsky variables Z*+ are, as usual, given by
1
4+
= 3.16
r E (3.16)

5Note that the AdSs x S S-matrix contains copies of the 2 x 2 block:
( 2T 2R1 >
2Ry 2T

Taking into account the factor of 2, when ¢; = 0 (3.12) simplifies to P, ﬁ’; =P, (x,2")P,(2',x) = 1 so that
P, is an antisymmetric phase factor. This is the familiar AdSs x S® story.

t;=0
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corresponding to € = —e and p = —p. It is useful to note that we have the following

identities

s12(2',7) = si%(x, 7', t1o(2,z) = tg&(:v, x'). (3.17)

Using the braiding unitarity relation (3.12) it is simple to recast (3.15) in the more familiar

form Nz, )
T IND (= I\ z,T
Py (z,2")P,(z,2") = @7 (3.18)

This relation then translates to the following rather complicated constraint for the anti-

symmetric phase factor P,

5152 —Q1Q2 T Ty — RiRy
N = = = fo(z,2'), 3.19
S152+RiRy  TiTo + Q1Q2 fal ) (3.19)

P (2, 2P, (Z,x

and hence it appears that we either have a simple crossing relation or simple unitarity
relations.

Using Hopf algebra arguments, we have checked that crossing symmetry is present for
the representation of interest for any value of m and m’/. Denoting the symmetry algebra
as A, the antipode ¥ is found from the defining rule

p(E®1)A =ne, (3.20)

where p is the multiplication map, n : C — A is the unit and € : A — C is the counit,
which annihilates all generators apart from 1 and e (acting on which, it returns 1). The
antipode being a Lie algebra anti-homomorphism, we simply need to derive

(D) = —e 50, N(0) = —€5 s, »(1) =1, Y(e®) =e P, (3.21)

This map is idempotent and therefore equal to its inverse. We impose

S(3(2F) =6 [3(9;)] St%, (3.22)

where % is the charge conjugation matrix

10
(). o

and the label * denotes supertransposition. The fundamental crossing relation for an
abstract R-matrix® is then given by (cf. [35])

Ce)R=R'=122HR, (3.24)
which projects into the representation of interest as

(¢ o 1)S*(z,2) (¢ ®1)S(z,2) =1®1, (3.25)

SFor our purposes, S-matrices will be representations of abstract R-matrices.
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sti denotes the supertranspose

and an analogous equation for the second factor. Here
for factor i, and we are using the Hopf algebra convention for the S-matrix crossing [35]
(see [2] for the convention used in the field theory literature). The S-matrix (3.2) with
parametrizing functions (3.4) satisfies this relation provided the overall factor satisfies the
crossing equation given in (3.15).

It is important to note that the crossing equations given above are somewhat formal
as we have not specified a path on the rapidity plane. To specify such a path we would
need to know the precise form of the dispersion relation, and hence its uniformization. In
particular, there is still the logical possibility that m and m’ are themselves momentum-
dependent functions (which should be invariant under crossing). This possibility would
not alter the analysis we have performed so far. In the scenario that m and m’ are non-
vanishing and constant the dispersion relation becomes the same as in the AdS5 x S°
light-cone gauge string theory and the analytic continuation should be the same as in that
case [35, 58, 59]. In spite of our lack of knowledge of the complete dispersion relation,
one thing we can investigate is double crossing [35].7 In particular, the left-hand sides
of (3.18) and (3.19) are symmetric under x <> Z, however the right-hand sides are not.
This asymmetry encodes the fact that the overall factor should not be a meromorphic
function of the parameters that uniformize the dispersion relation (generalized rapidities).
Furthermore, as a consistency check, one can confirm that the following equality holds true:

n_ Pzat) Py(E,a)  (N@a)\? [s(5,2)\° k@)
T = 5y Byww) (o) (Ro3) o =1 6o

This is obtained by comparing the ratio of the right-hand side of (3.18) (squared) to the

same quantity with z — Z, against the corresponding ratio for the right-hand side of (3.19).
The fact that 2 = 1 confirms that ng and P, differ only by a factor that behaves like a
rational function under double crossing, as is expected.

f2(z,2")
f2($7$,)
overall S-matrix factor across branch cuts in the, as yet unknown, rapidity plane. It is of

It is easy to convince oneself that the ratio encodes the discontinuity of the
interest to note that this ratio differs from the corresponding one in the AdSs x S° case,
suggesting that the analytic structure of the AdS, x S? light-cone gauge-fixed theories
is not the same. To understand crossing symmetry and the phase in more detail clearly
requires a deeper knowledge of the dispersion relation, which, as it is not entirely fixed by
symmetries, we leave for future investigation.

3.2 Comparison with perturbation theory
Defining the effective string tension

R2
,7

2ma

h = (3.27)

the tree-level S-matrix for the scattering of massive modes in the light-cone gauge AdSs X
S? x TO superstring following from near-BMN perturbation theory can be be found by

"We would like to thank the referee for suggesting the consideration of double crossing.
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suitably truncating the corresponding result for AdSs x S° or AdS3 x S x T* [40-42]
(various components were also computed in [28]). This gives

51_1+E[(1—2a)(e’p—ep)+ll] +(9< 1)
)
)

Sy = 1+E[(1 —2a)(e'p—ep) — 1] +

(o
T1_1+—[(1—2a)(ep—ep +(’)(
<

4h h2
1
Ty =1+ —[(1—2a)(e'p— .
5 —|—4h[( a)(e'p —ep) +l2 + 0 h2>
1
where the functions [; are defined as
p* +p” N pr—p?
I £ r I =L £
(p,p) = p—_ 2(p,p') p——_
pp’
I5(p,p) = 5 e [V(e+p)(e —p) = (e—p)(e+p)],
la(p. D) _ [V(e+p)e —p)+/(e—p)(e+D)].
’ 2(e’'p —ep’)

The parameter a is the standard gauge-fixing parameter of the uniform light-cone

gauge [23-25]. In [28] it was shown that to one-loop the near-BMN dispersion relation
is given by

2 =14+p*+0(h™?). (3.29)

The one-loop near-BMN result can be constructed via unitarity methods following [60—

62]. As expected from unitarity methods, this will certainly give the correct logarithmic

terms in the one-loop S-matrix, and indeed this has already been argued in [28]. However,

the prescription given in [60-62] is also conjectured to give the correct rational terms for

integrable theories. Under this assumption we find that the one-loop S-matrix takes the

following form

i ] 1
Sl:eXp{élh 1*2& €p6p/)} 0 AdSs 1+7h11*32h2- +O<h3)’
Sy = (1= 2a)(ep — ep)) FESVAN N T

2 = €Xp 4h a)(e'p —ep) ¢ oaas, i an' 32h2_ R
T = (1= 2a)(ep — ep) FEA N BT
1= exp g (1= 2a)(€'p —ep) ¢ o aas, L s | 5 )
e d L1 - IR Y
T —exp{4h(1 2a)(e'p ep)} oads, |1+ 4hlg 32n7 +(9<h3>,
? 1
Q1=Q2= exp{4h(1 — 2a)(e'p — ep’)} T AdS, [thg] +(’)<h3> 7
1 1 1
Ry = Ry = exp{4h(1 — 23‘)(6/]7_ ep/)} O AdS, |:— 2hl4:| + O h3> , (330)
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where the expansion of the phase factor o445, is given by

i p2p/2((6/p B ep’) _ (66/ — pp’) arsinh[elp - ep/]) + O( 1 > } , (3.31)

8 h? (e'p —ep/)?

T AdS, = €XP {

while 4 /4 2,02 ! /

_ P+ p" 4+ 2p7p (e — pp)
(e'p —ep/)?

is fixed by the requirement of unitarity. As observed in [28] the one-loop logarithms are

14

; (3.32)

consistent with the one-loop phase being related to the Hernandez-Lopez phase [38]. We
define the near-BMN expansion of the exact result as follows

p
h(ps + ph=' + O(h=2))’ (3.33)

e=e, m=ps+pht+0OML2, p=

h = h(p1 +ph ' +O(h7?)),

and similarly for ¢/, p’ and m/. Here for generality we have allowed for various rescalings,
however, for simplicity we will assume that the p; are constants.®

Let us remark that in this paper we are considering the AdSy x S? x T® background
supported by Ramond-Ramond fluxes [21], and hence the light-cone gauge-fixed theory
should be parity invariant [27, 28]. Therefore, if it were the case that m receives quantum
corrections depending on the momentum they should respect the corresponding constraint.”
This is in contrast to backgrounds partially (or wholly) supported by Neveu-Schwarz flux,
for which m may have a dependence on p that breaks parity (see, for example, [63, 64] for
discussions of the dispersion relation of the AdS3 x S x T* light-cone gauge-fixed theory
supported by a mix of fluxes). It is worth noting that the AdSs x S? x T background
can also be supported by a mixture of Ramond-Ramond and Neveu-Schwarz fluxes [3, 4]
and it would be interesting to see how the presence of the latter affects the representations
discussed in this paper.

Expanding the exact dispersion relation (2.31) in the near-BMN regime, we re-
cover (3.29) if we take

P5 = P1, p6 = P2, p3:1a p4:0 (334)

Further expanding the exact S-matrix (3.4) in the near-BMN regime, taking a given
by (2.33), and fixing the overall factor P, such that any one of the eight amplitudes agrees
with perturbation theory, we find that, so long as

p1 =1, (3.35)

the remaining seven also agree with perturbation theory, (3.28) and (3.30).

8To be completely general, one could in principle let e, m and p be arbitrary functions of e and p.
However, naively truncating the classical/tree-level results for AdSs x S° and AdSs x S§* x T*, for exam-
ple [48-50], to the massive sector of AdSa x S? x T the ansatz (3.33) seems reasonable. Of course to check
this claim one should construct the light-cone gauge symmetry algebra explicitly.

°In section 5 we will study the m — 0 limit as a massless regime, with the proviso that if it were the
case that m becomes momentum-dependent at a quantum level, this limit would no longer be relevant for
the massless modes of the superstring. This issue should be addressed through a more detailed study of
the off-shell symmetry algebra of the theory and its representations [48-50].
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4 Yangian symmetry

4.1 Massive case

In this section we would like to discuss the issue of Yangian symmetry. The first observation
is that, in the massive case (we can fix m = m’ = 1 for the purposes of this section), we
could not apply the same standard Yangian symmetry of the R-matrix which works for the
massless case (see section 4.2). The massive representation is a long one (cf. section 2.2),
and a similar result was found for long representations of psu(2|2) x R? [43]. The long
representations studied in [43] bear a strong resemblance to the ones in this paper, up to
the different dimensionality.

We proceed by postulating the commutation relations of the standard s[(1|1) Yangian
in Drinfeld’s second realization [65, 66] (with central extensions)

{emsfn} = —bmins  {em>en} = Pmins {fm>fnt = err)z+n, Bms ] = [Pm, ] = [p;fna ]=0.
(4.1)
One can check that the coproducts obtained from

A(el):el®1+6ig®€1+f)oeig®eo,

. (4.2)
Affi)=f1®1+e 2@ +fo®bho,

and their opposites satisfy the defining relations (4.1) and hence provide homomorphisms
of the Yangian. The antipode ¥ can be easily found from (4.2) using the defining property

PE®1)A =7, (4.3)

where € annihilates all level 1 generators. Combined, this defines the Hopf algebra structure
of the standard Yangian.

One can construct a family of representations of the Yangian (4.2) starting from a
slightly simpler level-zero (Lie algebra) representation compared to the one we use in sec-
tion 2.2. Determining the level 1 generators in this representation, we can obtain all the
central elements up to and including level 2, together with their coproducts and opposite
coproducts.'® Following the strategy of [43], one can check whether all the central coprod-
ucts are co-commutative, as this is a necessary condition for the existence of an R-matrix
scattering two such representations (see footnote 1). We found that

A%(p2) # A(p2), (4.4)

for all members of the family of representations. This implies that at least one represen-
tation of the standard Yangian does not admit an R-matrix, excluding the existence of a
universal R-matrix.

However, it is likely that the massive R-matrix may admit a coproduct which is not
precisely the same as for massless representations, but still of the type found in [67]. More-
over, considerations as in footnote 3 of [43] are likely to apply. We leave this investigation
for future work.

10T the absence of non-central Cartan elements, we cannot mechanically generate the level 2 and higher
supercharges and they would have to be guessed. However we do not need them for the sake of this argument.
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4.2 Massless case

The situation is different for the massless limit m = m’ = 0 (see the discussion at the
beginning of section 5). In this case, in the absence of the central extensions (b = ¢ = 0,
i.e. considering again the gl(1|1) algebra), the representation would become one of the
reducible but indecomposable modules of section 2.1. In fact, in that case the condition
m = ad — bc = ad = 0 would force one of the fermionic generators to be identically zero.
The indecomposable would then be made up of short 1-dimensional gl(1|1) irreps. This
suggests that the Yangian might now be straightforwardly derived from the standard one.
The fact that m = 0 effectively works as a shortening condition, and the consequence
that this allows for the existence of a Yangian representation, gives us significant encour-
agement that m = 0 might be protected against quantum corrections in the full theory.
This is also corroborated by explicit perturbative results, which have not yet found any
evidence for a quantum lift of this condition (see, for instance, [21, 27]). Moreover, the
subgroup of SO(6) controlling the symmetry of the massless sector might allow one to
construct a mechanism protecting the m = 0 condition, analogous to the one described
in [48, 49] for AdS; x S3 x T*.
Indeed, this time we construct an evaluation representation of the Yangian (4.2)
th
ep=ueyg = us, fi=ufo =u®, u=—, (4.5)

T

starting from the level 0 one we consider in section 2.2, specializing to m = 0. Due to the
additional parameters compared to the gl(1|1) case, the representation remains generically
irreducible. Nevertheless, the obstruction encountered in the massive case is no longer
present, i.e. all central charges we can build are co-commutative and in fact the R-matrix
(for m = m’ = 0) can be shown to be invariant under the standard Yangian. This is
reminiscent of the AdSs x S° case, where the Yangian for short representations does not
directly transfer to long ones as it stands [67, 68].

The crossing symmetry transformation reveals an interesting property, related to what
was observed in [32] for the case of AdS3 x S3 x T, namely the existence of two different
Yangian spectral (evaluation) parameters for the particle and the anti-particle representa-
tions. Here, the difference is superficial, as the massless condition makes the two spectral
parameters coincide. In fact, the antipode obtained from applying (4.3) reads

S(er) = —e 72 (e1 +eobo),  B(h1) = —€'2 (i + foho) - (4.6)

This effectively amounts to a shift in the spectral parameter u by one of the central elements.
When plugging this into the relation

S(ji(a®)) =€ [ial (;)]St‘f, (4.7)

and postulating that the anti-particle representation is also of evaluation type, that is

e =ueQ, Y =ul®, (4.8)

- 29 —



we see that the conditions (4.7) and (4.6) reduce to the same equation that holds true for the
level 0 charges, i.e. (3.22), provided that the anti-particle spectral parameter is chosen to be

ug = ihz™. (4.9)
For massless particles,

U= Ugq . (4.10)

5 S-matrix for massless modes

In this section we investigate the m — 0 and m’ — 0 limits of the S-matrix constructed
in section 3. From the dispersion relation (2.31) and under the assumption of constant m
and m/, we may consider it natural to interpret these as massless limits.

While in principle these limits are already of interest in their own right, given the
Yangian symmetry discussed in section 4.2, the resulting S-matrices may also be relevant
for the scattering of massless modes in the AdSy x S? x TO light-cone gauge string the-
ory. Indeed, for the AdS; x S3 x T* light-cone gauge-fixed theory the massless modes
transformed in the same type of representations as the massive modes (with vanishing
mass and up to a suitable identification of highest weight states) [48, 49]. Motivated by
this, one may conjecture that the S-matrices constructed below can be used to build the
S-matrices describing scattering processes involving massless modes (under the assump-
tion that they remain massless and m and m’ remain zero at a quantum level — see the
discussion below (3.33) and footnote 9) in the AdSs x S? x T light-cone gauge superstring.

5.1 Derivation from Yangian invariance

The S-matrix describing the scattering of two massless excitations can be directly obtained
by imposing Lie algebra and Yangian invariance for two m = 0 representations of sec-
tion 2.2, or as an m,m’ — 0 limit of the massive S-matrix. In the latter case, one has to
treat various % limiting expressions, which come from the function f in eq. (3.5).!! Taking
care when resolving these singular limits we find agreement with the result from imposing
Yangian invariance. In the massless limit the dispersion relation in terms of the Zhukovsky
variables takes the form [48, 49]!2

1
zt=—. (5.1)
In terms of the energy and momenta this translates to

2P sin 2

e’ = 4h*sin = e=2h|sin, (5.2)

and hence there are two branches of the dispersion relation depending on the sign of
sin § [48, 49]

. p _ 1 . p’ . 1
zt=c0e'2, 2T =—, o==1, Pt =oeT, o =—, o =+1. (5.3)
xt x't
" This is somehow reminiscent of the relativistic case [69].
12There is a second solution 7 = 2=, however, this corresponds to p = 0 and therefore is not physically
sensible.
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In the following we will use the convention that ¢ = +1 corresponds to a particle moving
from left spatial infinity to right spatial infinity, i.e. right-moving, while o = —1 corresponds
to a left-moving particle.

Although the doubly-branched dispersion relation e = 2h|sin §| is non-relativistic,
there are some similarities with the kinematics of massless relativistic scattering. Follow-
ing [69], in the relativistic case one has

m m
e= 20 e, p= :I:?Oe“ mo, u € R. (5.4)
A boost sends the rapidity v — uw + A, with A € R, hence the two branches can never be

connected by such a transformation. In the non-relativistic case we have the two branches

j 1

% = [w+_a:+]’ p=—2ilogzt €0, 7],

j 1

% - [f - a;+] ,  p=—2ilog(—z") € [-7,0], (5.5)

with 27 a pure phase for real momentum and energy. As the S-matrix is not of difference
form there is a priori no notion of boosts and hence it is not clear if the presence of two
branches represents an obstruction to interpreting the o = ¢/ = +1 scattering. However,
as pointed out in [48, 49], while the small momentum dispersion relation is relativistic,
for the exact non-relativistic dispersion relation, the group velocity v = g—g is a non-trivial
function of p and hence one may hope to give a physical interpretation to the o = ¢/ = £1
scattering.

For 0 = ¢/ = +1, the Yangian invariance fixes the S-matrix up to two undetermined
functions XT;

312—82—; X7t sinl(p—p’)—kX++\/sin8\/sinp—/
sin 1 (p + p’) ! 4 2 2 217
T=-Tr=—x{",
1 1 . p /. P
++ / ++
e :7 Sin — — — S11n — Sin — 5
@Q=0Q2= (p+p)x2 2P P) = xiTy/singyfsing
Ri=Ry=x3".

We have checked that the Yangian representation with the coproducts taken in the ap-
propriate branches — and away from the bound-state point (see footnote 3) — is fully
reducible simultaneously at level zero and one, which is consistent with the appearance of
two undetermined functions in the scattering matrix. In order to match the limit from the
massive S-matrix, the functions X should be chosen as follows:

S N TS
))

2sin 1 (p + p') %9 2 2sin 1 (p + p/

X3 (5.6)

where fT7 is the limit of f. The limit of f is not fixed by the comparison with the Yangian
S-matrix. However, imposing the Yang-Baxter equation

ST; sz;r S;?,Jr = S;?,Jr S;r:;r ST; . (5'7)
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requires that
fft=+1,0. (5.8)

The Yang-Baxter equation for o = ¢’ = +1 scattering (5.7) does not allow for non-
constant limits of the function f. In particular, the condition it imposes reads (we denote
liInm,m’—>0 f(pi7 pj) = fi—;—i_)

it = ST LT (TS - 1) =0 (5.9)
If fi57fo57 = 1, we immediately get ft+ = £1. If fi57 5T # 1, we find

++ _ o+t
o= ﬁ : (5.10)
However, the L.h.s. of (5.10) does not depend on ps, and hence we should impose that the
derivative of the r.h.s. with respect to ps is zero. Doing so, we find that either once again
ft+t =41, or, if £ # £1, then

++ 1 1— ++
T =y oves (0 511
1—(fi57)? 2 L+ fi3
should be independent of p;. Let us call this function w(ps). This implies that
1 — w(p1)@(ps) - [ /p3 }
++ 1 3 / /
= — _ , w(py) =exp | — 2 w(p3)dps| - 5.12
b= raaeis. ) (0% )} (512)

Plugging this expression back into (5.10) we find that either w(p) = 0, in which case
fT+ =1 and we are done, or @(p) = & *(p). Finally, substituting into (5.9) we find that
@(p) is a constant and hence f™* = 0. This then demonstrates that the solutions of (5.9)
are ft = =£1,0.

As in the relativistic case [69], a different situation applies for ¢ = +1, ¢/ = —1. The
Yangian invariance again fixes the S-matrix up to two undetermined functions ng :

51252:; xi~ cosl(p—p/)+ix+_\/sinp\/—sinp/
cos 2 (p+p') ! 4 2 2 2|’
T1:T2:Xii__,
1 1 _ _\/. p\/ Y
-+ / +
= = — cos—(p—p)+ 1 sin = 4/ —sin — | ,
Ql QQ Cosi(p—l—p’) X2 4(p p) X1 9 2
R1:R2:X%__.

Again one can check that the Yangian representation with the coproducts taken in the
appropriate branches — and away from the bound-state point (see footnote 3) — is fully
reducible simultaneously at level zero and one, which is as before consistent with the
appearance of two undetermined functions in the scattering matrix. In order to match the
limit from the massive S-matrix, the functions Xf; should be chosen as follows:

sin2,/—sin - Ly _
_ ) 2\ 2~ _ cos
X3 =i Py X\ = (f b =P

2003%(p+p’) o 2 2COS%(p+p’)

>5>O+ , (5.13)
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where fT~ is the limit of f. For this mixed case the limit of f is also not fixed by the
comparison with the Yangian S-matrix. Once again, the Yang-Baxter equation fixes this
limiting value. In order to write down the Yang-Baxter equation for the mixed case, we

need to first calculate the S-matrix for 0 = ¢/ = —1, as schematically it is given by
Siy Sis S35 = Sy Siy Siy - (5.14)
The Yangian invariance again fixes the 0 = ¢/ = —1 S-matrix up to two undetermined

functions x; 5 :

1 1 __ . D P
S1=-5%=———"— sin=(p —p’) — \/—sm\/—sm ,
1 R X1 1P =P) = X 5 5
T'=-Tr=—x1 ,
I I DR \/ . p\/ P
Ql—Qz—Sm o) X2 sm4(p ) — X1 sin sin -,
Ry =Ry =

In order to match the limit from the massive S-matrix, the functions x; , have to be chosen
as follows:

,,_\/—Sm \/—Sln - <_f sin 3 (p p')

2sin § (p +p') 2 2sin 1(p + ')

>TPO —, (5.15)

0’ 1

where f~~ is the limit of f. The Yang-Baxter equation

Sia Si3 Sg3 = Sp3 Si37 Sy - (5.16)
fixes this limiting value to
fTT =41, 0. (5.17)
Taking this result into account, the mixed Yang-Baxter equation (5.14) fixes f*— = £1 if
one chooses either f~~ =1or f~~ = —1, or f*~ to any constant if one chooses f~~ = 0.
To exhaust all possibilities, the 0 = —1, ¢/ = +1 S-matrix is given by
I AP e
=5 = X7 cos~(p—p)— ixy —sin = sm— ,
T cos i+ 4 ?
hi=T=x",
Q=0 : Lp— )+ i yf—sin 2 fsin
=Qy=—5——| —x5  cos~(p—D)+ ixy —sin = sm— ,
1 cos L(p + ') 1 !
Ri =Ry = x, -t

In order to match the limit from the massive S-matrix, the functions xf; have to be chosen
as follows:

(5.18)
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where f~ is the limit of f.
By imposing the Yang-Baxter equation for all possible remaining sequences of scatter-
ing processes we find the following possibilities for the limits of f:

ffr=+1,0, fr=41, ft=41, [T =4+1,0,
f++:07 f+—:,u1’ f_+:/i27 f__:07 (519)

where p1 and pe are arbitrary constants. Note that we have not included the following two
Yang-Baxter equations:

ST ST ST = ST ShSty, S S13 S35 = S35 Stz Siy (5.20)

as they do not correspond to physically realizable scattering processes. If particles 1 and 3
are both right- or left-moving then they have to scatter with each other before scattering
with an excitation travelling in the opposite direction. If we formally include them then
the possibilities for the limits of f are reduced to

(f++7 f+7a fiJr? fii) E{(la L1, 1) ) (_17 —-1,-1, _1) ’ (07 Ky _Naﬂ) ’ (/7’7 ey — 1y 0)} )
(5.21)
with p any constant for it =0, p = £1 for 1 =1, and pu = 1 for g = —1.

The various choices for f++, f*= f~T, f~= can be further restricted by considering
crossing symmetry. Although in the massless case there is no clear physical interpretation
of crossing, see, for example, [69], one may nevertheless demand that it is still present. Let
us recall that the crossing transformation simultaneously changes the sign of the energy and
momentum, therefore the crossing of a + (—) particle is still a + (—) particle. Consequently
in the crossing relation (3.25) we should consider two massless S-matrices of the same type.
Considering the various possible limits of f, we find that the choices f** =0and f~~ =0
are incompatible with crossing. Indeed, before taking the massless limit, the function f
satisfies the following crossing transformation with respect to the first particle:

ot~

f )
which is is clearly problematic for f — 0. We are then left with the following choices for
the limits of f

f— (5.22)

frt =41, ft— =41, ft==+1, [T =41, (5.23)

It is worth noting that for the crossing relation to be satisfied for these choices we should not
only consider two massless S-matrices of the same type, but also with the same limit of f.

Now that we are left with the choices in eq. (5.23), let us recall that in the massive
case the sign of f is not determined by symmetry or the Yang-Baxter equation, rather from
comparing with perturbation theory. This is consistent with the residual ambiguity we are
finding in this limit.

If we look at the BMN limit (see section 3.2) for the o = 0/ = £1 S-matrices, we don’t
necessarily expect to (and indeed we do not) find the identity. This expectation comes from
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the fact that the quadratic Lagrangian of the light-cone gauge-fixed theory is relativistic
and it is not clear how one should perform a perturbative computation for the scattering of
two massless relativistic particles on the same branch, or if there should be a perturbative
expansion at all.

For the 0 = —¢’ = £1 S-matrices one may expect the limit to be better behaved as
perturbative computations can be carried out. Indeed, assuming that the phase goes like
one plus corrections, then for the ¢ = —¢’ = 41 case we find that if f™= = 1 the S-matrix
is the identity at leading order, while for the o = —¢’ = —1 case the same is true, but with
f~T = —1. Therefore, we end up with the following choices for the limits of f

frH =41, =1, fTt=-1, [ =4%+1. (5.24)
We may attribute some physical meaning to this result by considering the group ve-
locities 3 o/
V:—e, v =2 (5.25)
op op’

Let us remark that our considerations (especially those referring to the ordering of veloci-
ties) will only apply when trying to attach a physical interpretation of real time scattering
to these amplitudes. In general, for a complete analysis, one should also consider the pos-
sibility of analytically continuing the S-matrices as functions of the kinematical variables.
With this in mind, for a physically realizable scattering process with ¢ = —¢’ = +1 the
group velocities satisfy v > v/, while for a scattering process with 0 = —0’ = —1 we have
v/ > v. Therefore, we may associate lim,, o f — 1 with v > v/ and limy,, /0 f — —1
with v < v/. This is consistent with the crossing symmetry discussed above as the group
velocity is invariant under the crossing transformation. Furthermore, one may expect the

/

o = -0 = +1 and 0 = —¢’ = —1 S-matrices to be related upon interchanging the

arguments. Indeed, the following equation is satisfied for real momenta'?

S:N:ZFZ%(p7 p/) ‘f_>:|:1 — (_1)[a][b]‘*‘[c][d]s:’:igg(p,’ p)*|f—>:F1 . (526)
The corresponding relation for the o = ¢/ = 1 S-matrices is given by
Si:tgdb(pvp/)’f%il _ (71)[a][b]+[C][d]5iigg(p” p)*|f%$1 X (5.27)

To conclude, let us briefly comment on unitarity. Motivated by the physical interpre-
tation outlined above, one may expect that braiding unitarity for the massless S-matrix
will involve one S-matrix with f — 1 and one with f — —1, and indeed, one can explicitly
check that braiding unitarity relations can be constructed in this way. They are given by

(_1)[C][dH[e][f]Sﬂ:j:Zg(p’ P/)}fﬁﬂsii%(P,vP)‘fﬁﬂ ~ 5255‘

’ (5.28)

These relations can also be found by taking the massless limit of the braiding unitarity
relation for the massive S-matrix. Finally, one can see that by combining (5.26), (5.27)
and (5.28), all the four massless S-matrices are also QFT unitary so long as the overall
factors satisfy appropriate constraints.

3Here we are defining S|®,®},) = SZ(p, p’)|®.P}), Po = ¢, 1 = ¢ and [a] = a.
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5.2 Massless limits and symmetry enhancement

Let us now consider taking the various massless limits of the parametrizing functions of the
massive S-matrix, i.e. one massless and one massive or two massive particles. Here we work
in terms of the variables z*, z/* as it allows us to consider the four cases of section 5.1
at the same time. For convenience we introduce the following notation for the massless

Zhukovsky variables
1 , w1

et _
The parametrizing functions are then given by
xt
Massive-Massless f—=a7\—
x
1@t = X)) /(=) (1—atx)+/ZE 01—z x)
Si =T = —— - Pos  S2=Tr= . Py
x/2 2(1 —ztx’) 2(1 — ztx’)
a1 X x'ny’ - </a:"‘il <m’ -

o st 1 P Ri=Ry—if/Po 2 XM 5 (530
G =0Q2=i X2 /x22(1 —ztx)" ! 2= = x?2(1—atx) "’ (5:30)
't
Massless-Massive f—= =27\ ==

v

iz (1 xa™) 4 /2 (1 — xa't)
1=Ty=— - ) oy S2=T1
PV e
t ox 2x—a2'7)" 7

Q1= Qo =iy/x2

Massless-Massless f—+£1
51:7\/)(2 x/ l—xx/:t(x—xl)j)o’ Szzlfxx’:t(xfx’)~

2(1 — xx') o’

\/}?X—X':t(l—xx’)j)

X /%2 2(1 — xx')

X x—x+(1-—xx)x

T =— T, =

%2 2(1 —xx') 0’ X 2(1 — xx’) 07
vx2 x4 x®2 X'ny - Jx2 X'’
=0 X Vx2 V x22(1 —xx/)" ! 27 e 21 —xx!) ° (5:32)

Given that @ and \/% are equal to +1 one can see that the limit of the function f is
well-defined if we just take one of the two masses to zero. In particular, taking m — 0 we

_ + . _ +
have f — 74/ 7= while for m’ — 0 we have f — —2 L

T

The factors of @ and \/’% in (5.32) are the origin of the various expressions for the

different choices of ¢ and ¢’ in section 5.1. For example, to recover the results of section 5.1
we should take g =1 for 0 = +1 and ‘/7;2 = —1 for 0 = —1, and similarly for x’. For
p € [—m,x], this again corresponds to taking the branch cut on the negative real axis.

We may also consider taking the massless limit of the S-matrices for one massive and
one massless excitation. Following the same set of rules as above, i.e. setting @ equal

X/

to 1 for ¢ = +1 and —1 for 0 = —1, and similarly for ook the following table gives the
expressions we find for the limits of f
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Before limit After limit Limit of f

o=+1,0=-1) fr—=1
f7r=-1

=1

_l’_

Massless - Massive

Massless - Massive -1 Massless-Massless (o = —1, ¢/ = +1

Massive - Massless (0’ = +1)  Massless-Massless (0 = +1, 0/ = +1) ftt =1
Massive - Massless (¢! = +1)  Massless-Massless (0 = —1, 0/ = +1) f~F =-1
Massive - Massless (¢/ = —1)  Massless-Massless (0 = +1, 0’ = —1) fT~ =1
Massive - Massless (0! = —1)  Massless-Massless (0 = -1, 0/ =—1) f~~ =-1
Massless - Massive (0 = +1 Massless-Massless (0 = +1, 0’ = +1) fTt=-1

( )

( +1)

( )

( )
(0 =41)  Massless-Massless
(0 =-1)
( )

Massless - Massive (0 = —1 Massless-Massless (0 = —1, 0/ = —1

Therefore we find the same set of possible limits of f as found from the analysis in sec-
tion 5.1, the result of which is given in eq. (5.24).

Finally, from egs. (5.30)—(5.32) we can see that taking the various massless limits results
in many of the parametrizing functions (or products thereof) coinciding. It is clear from
the expressions in appendix A that there will then be additional U(1) symmetries of the S-
matrix acting on both the bosons and fermions. This is surely required for these S-matrices
to describe the scattering of the massless modes of the light-cone gauge AdSs x S? x T©
superstring as they (the bosons and fermions) will transform under various U(1) symmetries
originating from the T compact space [28]. The precise construction of the S-matrices
involving massless modes from the building blocks described above requires the knowledge
of the full light-cone gauge symmetry algebra and its action on all the states, as was done
for AdSs x S3 x T* in [48, 49] and AdSs x S® in [50].

6 Bethe ansatz

As discussed at the beginning of section 2 the tensor product of two copies of any S-matrix
of the form (3.2) satisfying (3.8) possesses an additional U(1) symmetry, which does not
have a well-defined action on the individual factor S-matrices. This symmetry is expected
from string theory as a consequence of the additional compact space T required for a
consistent 10-d superstring theory [28].!* Under this symmetry the bosons y and z are
uncharged, while the fermions (¢, x)? form an SO(2) vector. Furthermore (Q2,91)7 and
(S2,61)T are also charged as SO(2) vectors under the symmetry.'?

Here we will summarize the relevant details of this symmetry. Explicit details (includ-
ing the expansion of the tensor product) are given in appendix A. Defining

é(\é)iilx», @qi:jiwmal), essi:;i@iiel), 6.1)

1 We are grateful to O. Ohlsson Sax and P. Sundin for pointing out to us the existence of this symmetry

0+) =

in the superstring theory.

5Here the subscripts on the supercharges 2 and & refer to the two copies of psu(1[1) in the full symmetry
algebra. In particular the charges with the label 1 act on the first entry in the tensor product (2.1), while
the charges with the label 2 on the second entry.
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and their conjugates, we have the following actions of the U(1) generator, 3U(1>,

3U(1) 04) = +il6s), [JU(1)7®C|,5:‘:] = +iGq et . (6.2)

To proceed with the algebraic Bethe ansatz (ABA) technique one constructs the

monodromy matrix as a string of R-matrices acting on an auxiliary space a and on N
physical spaces

(6.3)

To(A) =Ra1- ... - Ran = (A()‘) BO‘)) 7

C(\) D(\)

where - denotes multiplication in the auxiliary space. A(\), B(A), C(\) and D()) are
operators on N-particle physical space, while the 2 x 2 matrix acts on the auxiliary space.
As a consequence of the Yang-Baxter equation one has

Ral,a2 (>‘1 - )‘2) Ta1 ()‘1) Ta2 ()‘1) = Ta2 ()‘1) Ta1 ()‘1) Ral,a2(>‘1 - )‘2) . (64)

Taking the trace tr,, ® try, on both sides of (6.4), one finds that the transfer matriz
T(\) =trTa(N) = A(N) + D(N) satisfies:

[T(N), T(X)]=0. (6.5)

As T'(\) is an Nth order polynomial in A (with the highest-power coefficient chosen equal
to 1), we see that (6.5) implies that T'(\) generates N non-trivial independent commuting
operators.

To find the simultaneous eigenvectors of all the commuting charges (which include the
Hamiltonian), one assumes that B()\) is a creation operator acting on a pseudo-vacuum
|vac), which is annihilated by C(\):

The pseudo-vacuum should be a highest-weight T'(\)-eigenstate, whether or not that is the
true ground state of the Hamiltonian. The vectors (6.6) are not immediately eigenstates of
T'(X) because of unwanted terms obtained when acting with 7'(\). These unwanted terms
are cancelled by imposing the Bethe equations, providing the quantization condition for
the momenta of excitations.

Let us now give some initial observations on applying the ABA procedure to the S-
matrix for the light-cone gauge AdSs x S? x T superstring. We can immediately remark
that a single copy of the centrally-extended S-matrix does not seem to admit a pseudovac-
uum on which to construct the ABA procedure. However, when we take the tensor product
of two copies there is a pseudovacuum. This is given by a uniform sequence of either all
|04) states or, alternatively, |#_). In fact, thanks to the conservation of the additional U(1)
charge discussed above and in appendix A, these states are the only ones with maximal
(minimal) such charge, and therefore have to be eigenvalues of the transfer matrix. By
a similar logic they are also annihilated by some of the lower-corner entries of the (now
4-dimensional) transfer matrix. This in principle could allow the ABA procedure to be
applied. However, this still remains technically challenging given the complexity of the
parametrizing functions of the S-matrix.
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7 Comments

In this paper we have constructed the S-matrix describing the scattering of particular rep-
resentations of the centrally-extended psu(1]1)? Lie superalgebra, conjectured to be related
to the massive modes of the AdSy x S? x TS light-cone gauge superstring. A significant
difference with the AdSs x S° and AdS3 x S3 x T* light-cone gauge superstrings is that the
massive excitations are taken to transform in long representations of the symmetry algebra
psu(1/1)? x R3. Consequently, under these assumptions there is no shortening condition
and the dispersion relation is not entirely fixed by symmetry. Furthermore, the symmetry
only fixes the S-matrix up to an overall phase, for which we have given the crossing and
unitarity relations, which appear to be more complicated than those in the AdS5 x S° case.
The exact form of both the dispersion relation and the phase remain to be determined.
We have identified a natural way to take the massless limit on these representations,
and have analyzed in detail the limits (one massive and one massless or two massless
particles) of the massive S-matrix. The resulting expressions should play the role of building
blocks for the S-matrices of the massless modes of the AdSs x S? x TY superstring. As
for the AdS3 x S3 x T* case [48, 49], the precise nature of this construction requires the
knowledge of how all the states transform under the full light-cone gauge symmetry algebra
including any additional bosonic symmetries originating from the 7¢ compact directions.
In the massless limit the light-cone gauge symmetry psu(1|1)? x R? can be extended
to a Yangian of the standard form. However this does not generalize in an obvious way to
the massive S-matrix. It would be interesting to see if there exists a non-standard Yangian
in this case. We are also currently investigating the presence of the secret symmetry [70,
71] and the RTT realization of the symmetry algebra [72, 73]. Finally, we gave some
initial considerations regarding the Bethe ansatz for the massive S-matrix, in particular
highlighting the existence of a pseudovacuum. Due to the complexity of the parametrizing
functions of the S-matrix and the fact that we are considering long representations of the
symmetry algebra the completion of the algebraic Bethe ansatz remains an open problem.
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A Expansion of tensor product and U(1) symmetry

In this appendix we will write explicitly the full expression for the tensor product of two
copies of the S-matrix given in (3.2). This will allow us to demonstrate the existence of
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the U(1) symmetry that was important in section 6 for the Bethe ansatz.

Boson-Boson
/

Slyy') = Stlyy') — Q322"

S|z2') = §3|22") — Qz\yy/> 92Q2
Sly2") = T{|y2") + Ri|zy') —
Slzy') = T3|zy') + Raly2") —
Boson-Fermion

Sly¢") = S1Taly¢") — Q1 Ra|2X) + S1R1ICY') + ThQ1x2")
Slyx) = S1Tilyx') + Q1 R1|2C") + S1Rilxy') — T1Q1(¢2")
S|z¢) = S2Tu|2¢") + Qa2Ralyx') — S2R2|C2") + TaQ2|xy')
Slzx') = SoTalzx') — Q2Raly(’) — SaRa|xz") — T2Q2[Cy)
Fermion-Boson

SICY') = S$11o/CY') + Qi Ro|x2) + S1Raly(’) — TiQ2f2x
SIxy') = S1Ta|xy') — Q1R2|C2') + S1Ralyx') + T1Qa2|2¢’
SI¢2") = S2T1|C2") — Q2 Rulxy') — SaRi|2¢") — ToQulyx
SIx?') = SaT1|xz") + QaR1|Cy") — SaRal2x") + TaQ1|y¢’
Fermion-Fermion

S[¢¢) = 5152/¢C) + @1Q2|xX") + S1Qalyy’) — S2Q122")
Shxx') = S1521xx’) + Q1Q2[¢¢') + S1Q2lyy’) — S2Q1]22)
SICx') = TiTa|Cx') — RiRe|x(') — ThRaly2') — ToRa|2y)
SIx¢") = ThTa|x¢") — RiR2|CX) + TiRalyz') + TaRa|2y')

)
)
)
)

Let us now perform a change of basis for the fermionic states

(¢ i),

0+) = 7

such that in this basis the S-matrix has the form

Boson-Boson

Slyy') = ) —

= S3]22') — Q3lyy/
=T} ly) + Rilzy
= T3|zy) + R3|yz') — iToRa(10460") — [0-6',))

S|z2")
Slyz")
S|zy')

/

Q322" + S1Q1(040") +10-6',)

Stlyy ) )
) = S2Qa(10,07) +10-0',))
) )
) )

—ZT1R1<‘(9+9/> ’9 9, )

Boson-Fermion

Slyfy) =
S\z&i)

51T1|y0;:> + ZQ1R1|292‘:> + 51R1|0iy'> F iT1Q1|9iZ/>

= SoTh|20%) FiQaRalyby) — SaRo|0+2") T iToQ2|0+y")
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Fermion-Boson
S|9iy'> = Sngwiy,> F iQ1R2|9iz'> + 51R2|y9;[) + iT1Q2|Z¢9;:>
S‘9i2/> = SQT1|0:|:ZI> + iQ2R1|0iy’> - SQR1|20/i> + iTQQl‘y9;>
Fermion-Fermion
1 1
S[0+.6%) :§<5152+Q1Q2+T1T2+R1R2)’9i9’q:>+5(5152+Q1Q2—T1T2—RlR2)’9:F9§[>
+ S1Qalyy’) — S2Q1]22") £iTi Rolyz') £ iToR1|2y)
1 1
S|64.6%) :5(5152—Q1Q2+T1T2—R1R2)!9i9/i>+§(5152—Qle—T1T2+R1R2)|9¢9§F)
(A.3)

Provided that
5152 — Q1Q2 =T1T> — R R, (A.4)

which was indeed the case for the S-matrix under consideration in the main text (3.8), it
is clear that this S-matrix commutes with a U(1) symmetry acting on the states as follows

Ju(l)‘y> =0, Ju(l)‘z> =0, 3U(1)‘9i> = il‘0i> : (A5)

Finally for completeness we give the commutation relations of the full algebra under
which the S-matrix is invariant. First let us define

1 1
V2 V2

where the subscripts on the supercharges Q and & refer to the two copies of psu(1|1) in

S+ (Q2 +1i9), Ot (G2 +1i6), (A.6)

the full symmetry algebra. In particular the charges with the label 1 act on the first entry
in the tensor product (2.1), while the charges with the label 2 on the second entry.
The full set of non-vanishing (anti-)commutation relations are then given by'¢

[Fuay» Q] = €9, Buay &) = €;6:,
{9, 9Q;} = 26;;'B, {6;,6;} =26;;R, {9i,6;} = 26;;¢, (A.7)

or alternatively in the complex basis

[3U(1)»(5q,5i] =Fi®get, {Bq, G4} =2P, {B; 61} =28, {&y, ,6,-}=2C.
(A.8)

B Decomposition of the tensor product of two 2-dimensional represen-
tations

In this appendix we give the explicit details of the decomposition of the tensor product
of two of the 2-dimensional representations of section 2.2 following the construction in

Here €10 = 1 = —eoy is the usual antisymmetric tensor.
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section 2.3. In this case we have four states that are acted on as follows by the generators
of the algebra:

(€, B, R)|¢¢) = (C, P, K)|9p9), (€, B, 8)|¢y) = (C, P, K)|¢1)),
Ql¢d) = a1|vg) + dalee), Qlop) = arle) + balée),
S|pg) = c1|vd) + Ea|d), Sloy) = c1|[Y) + da|pg),
(€, B, R)[Yy) = (C, P, K)[y), (€, B, 8)|vp) = (C, P, K)|¢v),
Qi) = by| ) — boltvd), Q) = b1|pd) — azlyp),
S|yYy) = di|) — do|voe), SlYo) = di|pp) — Ealthi)), (B.1)

where the labels 1, 2 refer to the first and second entry in the tensor product and we recall
that the action on the tensor product is given by the coproduct (2.18), so that

as = aUt by = bl , &y = Uyt dy = doU

2C = 201 + 20y = aydy + bicy + aods + baéy = ardy + biey + agdy + bacy

. i ; (B.2)
P =P, + Ui P, = a1by + agba = a1b1 + Ui azbs,
K=K+ U1_2K2 =cdy + 52652 =cdy + U]__QCQdQ.
These relations imply
M? = 4(02 — PK) = (a1d1 + b1co + CNLQCZQ + 5262)2 — 4((11()1 + &262)(61d1 + 62652) (B 3)

= (a1dy — bycy + dady — baéa)? — 4(a1ég — c1dz)(brda — dibe) = ME — Lol
where
My = (ardy —bici+aody—boés),  lae = 2(a1éa—c1dn),  Lyg = 2(byda—diby) . (B.4)

It is then clear that the bound-state points occur when either £,. = 0 or £3 = 0. Further-
more, for the scattering of two physical states, i.e. when the following reality conditions
are satisfied

af=di, b=¢, U =U7", (B.5)

(2

we find

)

To explicitly find the decomposition into two irreps, let us start by taking

wo) = 96, o) = -2, Sllwo) = <[~ Myl6g) +buclvrl] . (BT)
It then follows that 1
D) = - [(MF My)|66) + Lacki)] (B.5)
Alternatively we could have started by taking
lwo) = [v1) (B.9)
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in which case we end up with

1
|P4) = M[(M + My)[99) F Lol ¢9)] - (B.10)
It is easy to see that these states are proportional to each other from the identity
(M £ My)(M F Myp) + loclpg =0. (B.11)

This same identity, along with the reality conditions, can be used to see that
(P4|®4)=0. (B.12)

Working with the state (B.8) we can apply the fermionic generators to find

Qo) =% [((M F My)ar F Lacha) |¢0) + (M F My)az + Lachi) |¢9))] , B3
S|Py) Z% [(M F My)er F Lacda) |00) + (M F My)és % Loedy) |90)] - |
One can then check that
Q‘(I)i> X 6|(I)i> X |\Ifi> . (B.14)

Proof. This is seen explicitly from the following algebra:
(M F My)ay F Lacho) (M F My)éa £ Locdr) — (M F My)dia & Lachy)(M F My)ey F Locdo)
= (M + Mb)2(a152 — dgcl) + (M + Mb)ﬁac(aldl — b161 — EIQJQ — 6252) + gic(blcig — dli)g)

1
§(M + Mb) loc = (M + Mb)gach + zgacgbd

1

5(M2 + M) lae F M Myloe + Moo + MMyloe + = (Mb M?)lqe = 0.

Furthermore,

ﬁ@c & M)[(M F My)|¢) £ lacltpih)] .

zjlvf(%‘ F M) [(M F My)|66) + Lacltth)] .

Proof. The explicit derivation is

2Ol = (B.15)
GQ|PL) = |

NG|PL) = % [((M F Mp)(brct + baéo) F Lac(brda — dibs))|p¢)
+ (M F My) (a1 — 1dig) + Lac(ardy + dada))[P0))]

oM [((M F My)(2C — My) ¥ (]\452 - M2)) |pp) + (M + c)Eac‘quﬂ ’
2]1\4@0 + M)[(M F M,)|¢¢) & Lacltpt))] ,
1

6Q|P+) = - [(M F Mp)(ardy + Gadz) & Lac(brdz — diby))|69)
+ (= (M F My)(a163 — c1a2) =+ Lac(bicr + baéa)) [01))]

= o (M F Mp)(2C + My) £ (M} = M?))[¢6) — (M F €)laclth)]

= 5120 F M)[(M F My)66) & lackis)]
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Then using (B.11) it is clear that Q&|®) o [P4) and Q[P+ ) x |P1) and hence this
shows explicitly that {|®),|V+)} form two 2-dimensional irreps.

At the bound-state points ¢,. = 0 or £5q = 0 one of the irreducible blocks contains |¢¢),
as either |®,) or |®_) aligns to this state. Therefore, one can focus on the ¢ ¢ — ¢ ¢ entry
of the S-matrix (supplemented by the appropriate dressing phase) to ascertain whether
this corresponds to a pole in the s-channel in the physical region.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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