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ABSTRACT: We consider a one-parameter family of composite fields — bi-linear in the
components of the stress-energy tensor — which generalise the TT operator to arbitrary
space-time dimension d > 2. We show that they induce a deformation of the classical action
which is equivalent — at the level of the dynamics — to a field-dependent modification
of the background metric tensor according to a specific flow equation. Even though the
starting point is the flat space, the deformed metric is generally curved for any d > 2,
thus implying that the corresponding deformation can not be interpreted as a coordinate
transformation. The central part of the paper is devoted to the development of a recursive
algorithm to compute the coefficients of the power series expansion of the solution to the
metric flow equation. We show that, under some quite restrictive assumptions on the
stress-energy tensor, the power series yields an exact solution. Finally, we consider a class
of theories in d = 4 whose stress-energy tensor fulfils the assumptions above mentioned,
namely the family of abelian gauge theories in d = 4. For such theories, we obtain the
exact expression of the deformed metric and the vierbein. In particular, the latter result
implies that ModMax theory in a specific curved space is dynamically equivalent to its
Born-Infeld-like extension in flat space. We also discuss a dimensional reduction of the
latter theories from d = 4 to d = 2 in which an interesting marginal deformation of d = 2
field theories emerges.
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1 Introduction

The recent discovery that specific irrelevant perturbations [1] of field theories in dimension
d = 2 can be addressed using exact flow equations [2, 3] and other powerful mathematical
tools [4-6], has triggered a fair amount of research activity. Particularly striking are the
observed links with string theory [3] and topological gravity [7], together with the AdS/CFT
interpretation of these perturbations [8]. The main motivations to study these novel class
of models are the deepening of our general knowledge on non-renormalisable Quantum
Field Theories and to clarify aspects of quantum gravity.

In this paper, we work within the framework of Lagrangian field theories in space-time
dimension d > 2 equipped with a metric tensor g,, = gu (x) with Euclidean signature,

where x = (20, 2%,...,2%71) is a set of local coordinates. We denote as

A= /ddx\/§£ - /ddxr;, (1.1)
g = det[gu] , do%% :=dadzt ... da? T,

a generic covariant action where £ := /9 L is the Lagrangian density that depends on x
through a generic collection of N fields {®;};cqy,. ) and their higher-order derivatives



{041 - 0 ®1}(10)ef1,.. . N} x{1,...,n} for some n > 1 and with 9, = a%“ The field content

of the theory is arbitrary, unless otherwise stated. Indexes of tensors are lowered and
raised using the metric g,, and its inverse gh”, respectively, and repeated indexes are
summed according to the Einstein notation. We shall denote with 7, the flat metric with
the same (Euclidean) signature of g,,. Following the standard convention, we use Latin
(Lorentz) and Greek (Einstein) indexes to distinguish between flat and curved reference
frames, respectively, and we adopt the tetrad formalism to move from one to the other as
customary.
This paper focuses on a family of deformations defined by the flow equation

6;7 :/ddx\/aog_r,d} 7 Aro = A, (1'2)

with perturbing operator !
1
Ol =~ (reeT ]2 —e[T2]) , reR,d>2, (1.3)

where 7 € R is the flow parameter and 7y is a fixed value; A, = [ d%x L, denotes the
deformed action and £, the corresponding Lagrangian density; T, = (7. #l,)# V(0. a1} 18
a d x d matrix and T#" are the components of the (symmetric) Hilbert stress-energy tensor

associated to A; according to the standard prescription

w_ —20A;  —209L,
! V909w IO

We start by reviewing some facts about the most studied representative among this family

(1.4)

of deformations, namely the TT deformation of field theories in d = 2, from which the
present paper draws inspiration.

The TT deformation [2, 3] is described by the flow equation (1.2) with (r,d) = (1,2),
i.e. the TT operator is given by

OrT .— Oll2] — % (6.2 — 6 T2]) = det[T,] (1.5)

where in the last equality we used the Cayley-Hamilton Theorem. The TT—deformed
action A, can be obtained either directly by solving explicitly the flow equation (1.2) or
indirectly using a field-dependent coordinate transformation [7, 9] (see also [10]) which
provides an efficient tool to derive also solutions of the TT—deformed equations of mo-
tion [9, 11] and integrals of motion [12]. Let us also mention that an alternative method
to compute TT-deformed actions is given by the light-cone gauge approach developed
in [13, 14].

As it was noted in [9], the coordinate transformation induces a specific field-dependent
deformed metric that defines a modified background in which the solutions of the seed

Tt is important to stress that this paper is about classical field theories and, apart from the special
case (r,d) = (1,2) [1], it is not known how to make the composite field (1.3) well-defined also at the
quantum level.



theory are equivalent to the corresponding TT—deformed ones in flat space. In other
words, there exists a deformed metric that makes the seed theory dynamically equivalent?
to the deformed theory in flat space. Strictly speaking, this deformed metric is a pseudo-
metric since, for a generic field configuration there might exist a range of values of the
deformation parameter for which it becomes degenerate (see [9]).

Throughout the paper we will handle with pseudo-metrics — see (3.11) and (3.12) —
associated to the generalised operators (1.3) in arbitrary dimension d > 2. However, we
shall refer to them simply as metrics neglecting the issue related to the degeneracy, since
it does not affect the general conclusions that emerge from our analysis.

In contrast to the TT operator, the geometric properties of the operators (1.3) for
d > 2 are essentially unknown. The interest toward such deformations is partially due
to the discovery first made in [15], that the operator (’)5’4] surprisingly links the Maxwell
theory with Maxwell Born-Infeld [16] and, in [17, 18], it was proven that the same link exists
between the ModMax theory [19] and its Born-Infeld-like extension [20], thus generalising
the result of [15].

The aim of this paper is to study the geometric properties of the family of deforma-
tions (1.2) through a metric approach. In section 2.1, we start by showing that (1.2) can be
interpreted as a modification of the background metric — at dynamical level — according
to a specific flow equation. In section 2.2 we prove that, for a generic field configuration,
such deformed metric is curved except for the specific case (r,d) = (1,2) — corresponding
to the TT deformation — in which it remains flat, in accordance with the existence of a
coordinate transformation. In section 3.1, we develop a perturbative algorithm to solve the
flow equation for the metric and, in section 3.2, we show that under some assumptions on
the stress-energy tensor, the series yields an exact solution for the metric. In section 3.3 we
consider the class of abelian gauge theories in d = 4, whose stress-energy tensors meet the
conditions above-mentioned, and we derive an exact expression for the deformed metric
and the vierbein; appendix A contains the details of the derivation of the vierbein. Finally,
in section 4 we construct a class of modified scalar theories in d = 2 and their corresponding
TT deformation, as a dimensional reduction of the ModMax theory and its Born-Infeld-like
extension.

2 A TT-like deformation in d dimensions

For the purposes of the current paper, it is convenient to rewrite (1.3) as follows

olrd — %TW,,Tﬁ” , (2.1)
where we introduced the tensor
Trpw = fuvpaTE" = rgutt[Tr] = Trpu (2:2)
and
Juwvpos =T GuwGps = Guoup - (2.3)

2Because the equivalence is at the level of the equations of motion.



It is immediate to check that f,,,, fulfils the following properties

fpa;uz = f;u/pa ) fl/uap = f/u/pa ) f,uzzaﬂfaﬁpg =r (dT - 2) gw/gpg + 5,55’(/7 : (24)

Notice that » = 0 and r =
simplifies.

seems to be special cases since the last formula in (2.4)

[SHI)

2.1 Metric approach

In this section, we prove that (1.2) amounts to a modification of the background metric at
the level of the dynamics and we identify the flow equation that describes the evolution of
the metric. To this aim, we adopt the same logic followed by [6] in the TT context. Under
an infinitesimal deformation 07 of the parameter 7, (1.2) can be written as

Avsr(gur) = As(gu) + 07 [ d'xy5 O (2.5)

where we explicitly reported the dependence of the action on the background metric for
future convenience. Let dg,, = 07 h,,, be an infinitesimal deformation of the metric where
hy is dynamical, and consider the action

Ahyw) = Ar(gu + 7hyw) + cor / A%\ /G € B
1
= A (gw) + 57’/ddx\/§ [c eMP? by hpe — §h,wT#” , (2.6)
where ¢ is a real constant and we defined the tensor

Cuvpo ‘= 4 Guv9ps — GuoGvp » 4 € R. (2'7)

Notice that e,,p0 has the same form as f,,,y0, thus it fulfils the same properties (2.4) with
the substitution (f.up0,7) = (€uvpo,q). Moreover, the two tensors are trivially related via

Cuvps = fuupa + (q - 7’) GuvYpo - (28)

In the following we will fix the parameters (¢, ¢) in (2.6) in terms of (r, d) by requiring that
the actions (2.5) and (2.6) are dynamically equivalent, i.e. they have the same equations

of motion
5J4T+§T (gul/) 5./47' (guy + 5Thuy) N
- v = Artor v) 2.
5®; 60, . = Ac(gu +07h%,) ~ Arise(guw) . (2.9)

where we introduced the symbol ~ to denote the dynamical equivalence between the ac-
tions. Notice that in (2.9) we used the fact that

SA(hu)  6ANGuw + 0Thu)

= 21
0®r 007 ’ (2.10)

and the variation of A; (g, + 5Thu,,) w.r.t. @y is performed before evaluating A, to its on
shell value h},,,.



We first compute the variation of fl(hW) w.r.t. hy,, and set it to zero to obtain
the equation of motion for h,,. Using the analogous of the properties (2.4) in which
(fuvposT) = (€uvpo,q) and formula (2.8) we have

d A v 1 1
";‘2 - : =0 < ch;wwh - §TMV =0 = QCe#uaﬁe afpo hpo - §€uupch7'-oa =0
= 2clhuw +q(dg —2) guwg” hpo| — QT o + ; Ly [T =0.
(2.11)
Multiplying both sides of the last equation in (2.11) by g"” we obtain
tr[T]
M hpy = - 2.12
g = e (dg—1) (2.12)

Finally, plugging (2.12) back into the last equation in (2.11) we can write the equation of
motion for h,, as hy,, = h:‘w with

* L i T~ q i
by, = " [me + (dq — 7“) guytr[TT]} . (2.13)

The next step is to compute the variations of both A(h,,) and A, s, (gu) w.r.t. ®7. For
A(h,,) we have

SA(hu)  6AN(gu + 6Thyw)

60 5P,
_ 5-’4 (gul/)
0Dy
aTr & - oTre
_ = . ~1)i8,, ...0, ; r . (214
&[fhp g +;( )y -+ Oy <\/§hp 1 8M<I>z)>] (2.14)
while for A, s;(g,,) we have
5-’47'-4—67(9#1/)
b
A (gw) polrd ~n polr
= ) —1)' 0y, ..
5o, 0T |VI g, +;< ) O\ V9 5@ o)
_ 0A(gu) 257’ . orr & , ~ oTre
- N ST ~1Yi8,, ...d T T .
5(13 + \[ a2 aq) + ;( ) H1 12 \/g P! a(aﬂl . 'amq)[)
(2.15)
Notice that in the last equality of (2.15) we used the fact that
[r,d] v T
00" 1 7 V@T“ +TW8T”“’
0X d HoX 0X
1[4 8TW 0tr[T
- g o T[Ll/
= g [P + 1 (rom ™~ 257
1 [~ oTH GTP" 6T
- uv vir T,LLI/
=alfmax T <rg“”g”" 0X ﬂ
1 - oTH 8T‘“’ 2~ OTH
— T v v TT _TT v T = Slruv = ) 2.1
d Ty 1 aX +<Tgﬂ tI‘[ ] M ) ox :| d M X ( 6)




where X is any element of the set {0y, ... 0, Pr}(1i)ef1,..Nyx{1,..n}- From (2.13), (2.14)
and (2.15) it is immediate to see that the equivalence (2.9) holds, in general, only if the
parameters (¢, q) are chosen as follows

4

d r .
(C7 Q) - <_167 d’)"-l) - hl“/ — _ETT7MV . (217)

In the following, we shall impose the constraint (2.17). Using the identity

AT(g/Jl/ + 57_hy,1/) — AT (gp,y(T + 57_) — 0T |: dr - h#y:|> s (218)

in (2.9), we obtain the following (constrained) dynamical equivalence

Arisr (guu) ~ A; (guu (7 +07))

dguw B 4 ~ ’

(2.19)

dr 4 ™"

which has the following physical interpretation: the deformed theory A,.s, with back-
ground metric g, (7) is dynamically equivalent to the theory A, with deformed background
metric g,,, (7 4 07), which evolves according to the second equation of (2.19).

Notice that (2.19) can be equivalently written as

AT (gMV) = ~A7'+5T (guu (T + 57—))

dguw 44

: (2.20)

dr 4 ™"

which has the following physical interpretation: the theory A, with background metric
9uv(7) is dynamically equivalent to the deformed theory A, s, with deformed background
metric g, (7 4+ 07), which evolves according to the second equation of (2.20).

2.2 Deformation of the Riemann tensor

In this section we briefly discuss the infinitesimal deformation of the Riemann tensor R,
induced by the infinitesimal deformation dg,, = —%(57‘ T}, of the metric. Assuming that
the starting point is a d—dimensional flat space with metric 743, i.e. the associated Riemann
tensor is R;ab = 0, then dg,, = 5nabefbeg where we defined 01, = —%(57 T ap and e, = 0y,
is the trivial vierbein.

A standard computation leads to
. 2 N N R R
ORjoy = 507 (00,Th, = BuDy Ty + 0u0'Tr gy — 00 Tr o) (2.21)

for the Riemann tensor,

, 2 N
ORap = ORiz = 07 (00T + (rd = 2r = 1) Qu04ta[T,]) (2.22)
for the Ricci tensor and
4
SR = Ray o0 + n®6 Ry = 07 (rd — 1 — 1) 9,0%x[T,] (2.23)

d



for the scalar curvature. In (2.22) and (2.23) we used the additional constraint
0Ty ap = 1 Optr[T4] (2.24)

coming from the conservation of the stress-energy tensor in flat space, i.e. 9,72 = 0.
From (2.23) it follows that

IR=0 = r=—. (2.25)

Let us consider separately the cases d = 2 and d > 2.

o case d > 2: from (2.21), it emerges that the deformation of the Riemann tensor
depends on the field configuration through the stress-energy tensor and it is,in general,
non-vanishing. Therefore, we conclude that the deformation induced by (1.3) modifies
the geometry of the space in a non-trivial way for d > 2.

e case d = 2: in this case the Riemann tensor has only one independent component,

]

i.e. the scalar curvature R. From (2.25) it follows that the operator O[Tr’z modifies
the geometry of the space for any r # 1. The case r = 1 is special and corresponds
to the TT operator OX1 = (’)E’ﬂ which does not affect the geometry, in agreement

with the existence of a coordinate transformation.

3 Metric flow equation

In this section, we derive a system of differential equations that completely defines the
flow of the metric. Moreover, we develop a perturbative algorithm to find a power series
expansion for the solution to the metric flow equation.

The equivalence (2.20) leads to the following system of differential equations,

dgw 44
ds — d " (3.1)
orr -2 9 ~ ’ '
- Ty poTE"
0s d\/g aguy (\/g 5,p0"s )
where the second equation descends from (1.2) and (1.4). Using the properties
g y
=gg", 3.2
g (3.2)
and R 5
T, oTe
ﬁ = 7 (080762[T] + g, T27) — 64T, — 6T7,, + o g (3.3)
the second equation of (3.1) yields explicitly
arrr 4 1 ~  OTr°
82 == [Tj#l’ — r TH4r[Ty] — 79" (r tr[Ts)% — tr[Tg]) - Ts,pgagfwl : (3.4)



LY 2 — 1 2H3 v
where we denoted 1" = TH g, ,,THH . . gy, u,TH.

The key point of the com-
putation is that T#" depends on s both explicitly and implicitly through g,,. Using the

property

orr 1 orTr?
— Z (gMvTPo _ POV s ’ 3.5
9, 5 (T —g s)+7agw (3-5)
we find that the total derivative of TH” w.r.t. s is
dTyv  oTe n dgpe OTH
ds  9s ds 09y
4 1 H
= |mee = S b2 - )T + L (T - tr[Ti])] . (36)
From the latter expression, the first equation of (3.1) and formula
dtr[Ts] d 2
o = gty = (5 - ) wfn R - T (3.7)
we can easily compute the total derivative of fsw, as
dT, d
S = = gt Tl — 0T 900) | (33)
Upon explicit computation, we arrive to the system
dg,w 44
ds  d oM
. ; (3.9)
dT 4~ ~
% = gTS%MV + OlsTs,,uV + Bsguu
where we denoted fgfw, = A&ng“l“?fsmm . .g“”*“‘"fs,uny and we defined
2 dr —1
as =S (1 —dr)ulT], fi=— (r [T, = aT]) (3.10)

The system (3.9) completely defines the flow of the metric once an initial condition has

been chosen. The idea is to solve it for g,,(s) := g, (s; s0) with initial condition g, (so) =

a
w

deformed background metrics that allow to boost or absorb the deformation of the action,

Nab €}, eﬁ’, for some sg, where e}, = 4, is the trivial vierbein. Such solution provides the

depending on the choice of the parameters sg and s. In fact,

1) if sp = 7 and s = 7p: the action A, with metric 74, is dynamically equivalent to A,
with metric

g;w(T) = guu(7'0§ T) ; (3.11)

2) if so = 70 and s = 7: the action A;, with metric 7, is dynamically equivalent to A,
with metric

gMV(T) = gul/(T; TO) . (3.12)



3.1 Algorithm to solve the metric flow equation

In this section we compute the solution g, (s) := g (s; s0) of (3.9) by means of a pertur-
bative approach which can be made algorithmic and implemented in a computer software.
The idea is to Taylor expand g, (s) := g, (s; s0) around s = s¢ as

(n)

Guv (8 Z gab —s0)" ey s (3.13)
where eZ = 5Z is the trivial vierbein and
dng dng
g () =~ g (s0) = et e el (3.14)

We impose gé?))(so) = nap and look for the coefficients {géz)(so)}nzl. The first two coeffi-

(1) (2)

cients g,,’(so) and g, (so) descend trivially from (3.1) and yields
4
gup (50) = 7500 (3.15)
2 4\? ~ dogy = 40
gc(Lb) (80) = (d> TSZ(],CLb + d : T S0, ab + d ¢ T]ab (316)
where a5 and (s are defined as per (3.10). To get {9[(12)(50)}7123 we need to find a strategy
to compute g,(f;) from g,(ﬁ,_l). Using (3.9) and the flow equation for the inverse metric
dgh” 4~
T 1
ds d (3.17)

we arrive at the recurrence relation

== (Ts,upg T! Uj) = o, TE,, + B,TE L + Ty pg” S VEZ2, (318)
which gives
a7k 4
TUspv Rk Tk Tk—1
P de o +kasTS,, + kB Tg,, , Vk>2. (3.19)
Using (3.7), formula
dtr[T?]  d oo 2
= 1 T TY) = Sl T (rulT + (1 - 2dr) [ T3)) . (3:20)
and the definition (3.10), we arrive at?
daog 9 dgs
— a2 - 28, — o, . 21
o208, W_op (3.21)

Formulae (3.19) and (3.21) imply that g,(f;) can be written as

g,(ﬁ - C[) g/u/ + Z Ck s N7 vn Z 1 ’ (322)

3Notice that (3.21) is a system of differential equations that can be exactly solved for a, and fs as
functions of s. Currently, it is unclear to us whether such explicit solution might be helpful in computing
the metric or other quantities such as the action.



where {c,gn)}ke{l’wn} are polynomials in the variables o and (s with real coefficients.
Therefore, the computation of g,(ﬁ) has been reduced to the computation of the coeffi-
cients {c,gn)}ke{17_”,n}. Differentiating (3.22) w.r.t. s and using (3.19), we easily obtain the

recurrence relations

(nt1) el

0 = gs T Bl
n 4 n d (n) n n
A = e 1 S ka4 (k4 1) Bec), 1<k<n—1
d ds , (3.23)
iy Ay de "
et = gt Tt noget™
(nt1) _ 4 (@
Cn+1 = gcn )
where
def”  ac” das | ocl dp, (3.24)

ds  Odas ds + 0Bs ds

Formula (3.23) allows to recover (the coefficients of) {g,(ﬁ)}nzy) from the initial condition
at n =2

2 4\? 2 da 2 443,
c[()):<d> , 0(1): 7 cg): 7 (3.25)

For example, the coefficients of gl(f,’,) are

3 8asfs 3 8 3 480 3 4\°
C(() ) = d , Cg ) = ﬁ (Oégd - ﬁs(d — 6)) ) Cg ) = a2 Ci(i ) = <d> : (326)

The implementation of the recurrence relations (3.23) corresponds to a couple of lines in
a Mathematica notebook. The first n = 100 terms of the sequence {c,(vn)}ke{17.._’n} can be
obtained in less than a minute on a standard laptop. However, the task of finding a close
expression for gfﬁ) valid for all n € N is highly non-trivial. In the next section we shall

consider special cases in which this task becomes feasible.

3.2 Exact solutions for the metric

In this section we show that for some values of r and under some assumptions on the
stress-energy tensor, it is possible to obtain a close expression for the coefficient 9((12)(50)
valid for all n > 1 and we are able to formally sum the series (3.13).

It is convenient to work with the matrix notation. Let us introduce the d x d matrices

G (s) = (QMPQ(YVZ)

b , n>1. (3.27)

)u,uG{O,...,d—l}

Assume that the matrix Ty, is diagonalisable, i.e. there exist an invertible matrix P and
a diagonal matrix D such that T, = PDP~!. Moreover, assume that Ty, has 2 (resp. 1)

~10 -



independent eigenvalues of multiplicity % (resp. d) if d is even (resp. odd), namely

diag()\l,...,)\l,)\g,...,/\g), de2N+2

2 _tim, 4 tim
D= 5-times 5-times . (3.28)
diag (A, ..., \), de2N+3
——
d-times
3.2.1 Caser = %
Under the assumption (3.28) one can show that, for all n > 1
-1 (n) n 4 2 "
P G"W(so)P=(-1)"(—= —tr[D]1y—D) , (3.29)
d),\d
where (), = F(Fx(;)n ) is the Pochhammer symbol. Whence
(n) n 4 n
6 s0) = (1" (=5) T, (3:30)
n
and (3.13) can be formally written as
BUNE!
d
9w (8550) = [(77 + (s — s0) TSO) ] ey e (3.31)
ab

Observe that, differentiating both sides of (3.31) w.r.t. s and using the first equation
of (3.1), we find

Ul

~

Tosss = Tapae | (174 (5= 50) Ty

-1 copa b
ibn €€y - (3.32)

Let us make a few remarks:

e ind = 2, the condition (3.28) does not constrain the stress-energy tensor which has, in
general, 2 distinct eigenvalues. Therefore, (3.31) is the deformed metric associated to
the TT deformation of a generic theory in d = 2. Moreover, using the identifications

T50070 = _HSO ’ Tslo,o = TSO(),I = ]17)80 ) (333)

where Hs, and Ps, are the energy and momentum densities and setting dz® = 0, the
line element d¢? = g,,,,(s; s9) dz#*dz” becomes

Ae? = [(1 = (5= 50) Hap)” — (5 = 50) Py)°] (da")”. (3.34)

Formula (3.34) resembles the modification of the “effective size” of the system at
quantum level (see, for example, equation (2.8) in [9]), which is ultimately a conse-
quence of the Zamolodchikov’s factorisation Theorem [1].

o in d =4, (3.31) takes a particularly simple expression, being linear in s. It is natural
to ask whether also in this case the information of the quantum theory is hidden in
the line element d¢?, in analogy to the d = 2 case.

- 11 -



e all formulas can be analytically continued to d = 1, in which the field theory reduces
to a mechanical system. In this case, the tensors g, and T}, reduce to the scalars

goo = ¢ and TQO := —F respectively, where F is the energy, while the perturbing
operator is ol = E2 (see [21, appendix A]). Moreover, from (3.32) using fs,oo =
—gFEs we get
B, =T (3.35)
1—(s—s0)Es

which matches the result of [21]. Notice that this is also the expression of the deformed
energy density of a Yang-Mills theory in d = 2 [15, 22, 23].

« it would be interesting to look for a match between the series expansion of the met-
ric proposed here and the perturbative results obtained in [24] for the Lagrangians

2d
associated to abelian gauge theories in d € 2N deformed by the operator (’)L‘i’ ].4

3.2.2 Caser = %

Under the assumption (3.28) one can show that, for all n > 1

PG (s0) P = (fl)n (;tr[D]]ld - D)n : (3.36)

Notice that the r.h.s. of the latter equation is identically zero if d is odd, due to the
definition (3.28). Then, restricting to the non trivial case in which d is even we have

. "
a0 = (5) Thw. de2N+z, (3.37)

and (3.13) can be formally written as

~

4
Guv (s s0) = [exp (d (s —so0) TSOH ey ed, de2N+2. (3.38)
ab

Let us stress again that, since the condition (3.28) does not constraint the stress-energy
tensor in d = 2, the latter solution holds for any theory in d = 2 deformed by the opera-
tor (’)[T%’ﬂ.

The existence of an exact solution for the metric suggests that the action deformed by

]

the operator O[Té’d might have a close expression as well. In the following, we will address
the computation of the deformed Lagrangian density focusing on the simple case of a non-
interacting scalar field in d = 2. We leave the analysis of more complicated theories in
d = 2 as well as the extension to theories in d > 2 to a future publication.

It is possible to show that the solution to the flow equation

oL,
or

1
— ol (3.39)

with initial condition 1
Lo = 51"0u0 06 , (3.40)

4We thank Hossein Babaei-Aghbolagh for suggesting to us the possibility to perform this comparison.
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is given by L)
W(2r 0

e = YA (;W(Qrﬁo) + 1) , (3.41)

where W (x) is the Lambert function. It is surprising that

oo nn72
F(z)=-W(-x) (;W(—l‘) + 1> = Z oy z" (3.42)
n=1 '

corresponds to the generating function associated to Cayley’s formula in graph theory.®

3.3 Abelian gauge theories in d = 4: the exact vierbein

The assumption (3.28) restricts the range of applicability of the results obtained in sec-
tion 3.2 for d > 2. However, in d = 4 there exists a whole class of field theories whose
stress-energy tensors fulfil the constraint (3.28): the abelian gauge theories, describing the
dynamics of one gauge field, i.e. the electromagnetic four-potential A, (in flat space with
metric 7gp).

We briefly review the proof of this fact, which can be found also in [18, appendix
Al. Let Fyp = 0,Ap — Op A, be the field-strength associated to the gauge field and ﬁab =
%eabijF J the dual field-strength, where €abij is the Levi-Civita symbol with the choice
€0123 = 1. Following [18], the stress-energy tensor of a generic abelian gauge theory can be
decomposed as
Oy + aVFZ + aPFY (3.43)

a

Tap = a

where a(®, a(1) and a? are functions of tr[F?] and tr[F*] with F = (Fba)a,be{o .... 3y

A straightforward computation shows that the eigenvalues {\;};c(1,.. 4y of the matrix
F are such that Ay = —\; and \y = —\3 (independently of the signature of the metric 74)
whence it follows that the eigenvalues {5\1-}2»6{17.“74} of T = {1 }4peqo,..,3) are

Ai = a® 4 aMA? 4 @2 (3.44)

with 5\2 == 5\1 and 5\4 = 5\3.
We conclude that, for any representative of the family of abelian gauge theories belong-
1
ing to the flow of 0[72’4} — a notable example being ModMax Born-Infeld (see section 4)
— the deformed metrics (3.11) and (3.12) are given by
gMV(T) = (nab - (T - TO) fT,ab) GZB?, ,
b

Gy (7) = (nap + (7 = 70) Tryap) €l (3.45)
where the tensors 7. rab and fmab are both evaluated in flat space with metric 7,,. Notice
that the expression of (3.45) matches that of the (pseudo) metric found many years ago
(see the lecture notes [16]) for the Maxwell Born-Infeld theory, using a completely different
approach.

®Cayley’s formula states that there are n"~2 labeled trees on n vertices (see, for example [25]).
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From the discussion of section 2.2 we know that, in general, (3.45) are curved. In
appendix A, we show that it is possible to give an exact expression for the pair of vierbein
ey, = éj(7) and & := ¢&(7) that fulfil

G () = &80 may , Guo(7) = &4 E) Map - (3.46)

Decomposing Ty, q and Tr. as per (3.43) with coefficients (a(Tg),a%),a%)) and

(09, oV, o@

,ar’,as’), respectively, we obtain

9

ea(r) = /S (ros 7)€+ v/70 — 7 (ul) Foy + ulD F ) e

T T o

én(r) = /2 (ri70) € + VT = 70 (ulD) Fuy + u@F3) el (3.47)
where we defined
1), vs 2
ugl) _ ﬂ (as + 4 > : qu) _ \/iag ) ,
Vaal + v, + P talF2] VaalY + v, + Pt [F?)
Y(s;80) =1+ (s — s0) (agg) + %aﬁ?tr[Fﬂ + ;ag)tr[Fﬂ) , (3.48)
and
VY, = \/ (4af)? + 8alM alPtr[F2] + 2(a?)? (t2[F2)2 — 2tx[F4]) . (3.49)

We observe that if a'®) = 0 relations (3.48) drastically simplify and (3.47) reduces to

&4(1) = \Jo(ro;7) €% +\/ (10 — 1) at) el |
Y, (1 —710) a%) Fl;lez , (3.50)

en(r) =1/o(r;im)e
with 1

o(s;80) =1+ (s —sp) (agg) + Qag? tr[F2]> . (3.51)
Relevant examples of models such that agz) = 0 are ModMax and its Born-Infeld-like

extension, that we shall briefly discuss in the next section.

4 ModMax and its Born-Infeld-like extension

Let us recall that the ModMax (MM) theory [19] represents a marginal deformation of the
Maxwell theory described by the Euclidean action AY™ = [ dx LA with

L3 = cosh(y) S — sinh(y) vV S? — P2, (4.1)

where ~ is a real parameter and we defined the invariants®

1 1~
S:=_"FuF®, P:=-F,F%=/det[F]. (4.2)
4 4
5Notice that the definition of the invariants (4.2) becomes in Minkowski signature Sy = —S and Py :=

—1iP. Correspondingly, the Lagrangian density in Minkowski signature becomes L3/ (y) = —£M" ().



One can associate to (4.1) a Born-Infeld-like extension (MMBI) [20] that is described by
the action AYMP' = [ d¥x LYNMP! with

—1 + SMMBI
cz\_{}\y/IBI _ T ’ SMMBI _ \/1 + 47.‘61\;[1\4 + 472 P2 | (4.3)

Clearly Af™ = AM and AY{™' = AY®' where AM and A}®" are the Maxwell (M) and
the Maxwell Born-Infeld (MBI) action respectively. A simple computation shows that the
components of the stress-energy tensor associated to (4.3) take the simple form

(T2 )y = 03P + B, (4.4)

with coeflicients

MMBI _ P? 97 & Sinh(’y) N 1 — SMMBI
Y T SMMBI m 57 ,

1 S sinh(y)
by,:ml - SMMBI ( /S2 _ P2 N COSh(’y)) ' (4'5)

Using (4.4) and (4.5) it is possible to show (see [18]) that the action A}Y"! belongs to the
1
flow of the irrelevant operator (9[72 # with initial condition AYMat 7 = 0 for any value of 1.

MMBI

Interestingly, in [17] it was made the important observation that the action AYY

belongs to the flow of the marginal operator

4] a4 1 1
O =05 = 2\/tr[Tg] — tr(TH], (4.6)

with initial condition AMP' at v = 0 for any value of 7. This fact has been shown in [17]
by means of a perturbative expansion around v = 0. Let us briefly report here the exact
computation at finite values of v. Using (4.4) and (4.5) one has

1 1
2\/tr[(T§fg/IBI)2] — ztr[TMgIBI]Q = bifg“ﬂv S22 — P2, (4.7)
On the other hand,
8EI\1MBI 1
577 = St (S sinh(v) — cosh(y)V S? — PQ) = by V8% — P2, (4.8)
whence the equivalence
8EI\4MBI 1\/ 1
S S—— MMBI)2] _ — MMBI|2
ST = STy - Ja{Tye. (4.9)

4.1 Dimensional reduction from d =4 tod = 2

It is well known [26] that there is a deep connection between the theories of Nambu-Goto
in d = 2 and Maxwell Born-Infeld in d = 4. In fact, particular solutions of Maxwell Born-
Infeld are also solutions of Nambu-Goto in static gauge with two transversal scalar fields.
In this section, we show that this link can be lifted to the Born-Infeld-like extension of
ModMax.
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In analogy with [26], we consider a specific field configuration consisting in the scat-
tering of plane waves along the direction 2!, which corresponds to the requirements

A# = A#(f() 5 81A0 - 80141 =0 5 (410)

where x = (2°,2') denotes the restricted set of local coordinates on the plane. Let us

identify ¢q(X) := Ag+1(x) with @ € {1,2}. Then, the constraint (4.10) implies the fol-
lowing reduction Fyy(x) — Fup(X), where F,, has only four non-vanishing (independent)
components that depends on the derivative of the scalar fields {¢;}icq1,2y W.r.t. X:

Foo = 001, Foz=00¢2, Fia=01¢1, Fiz=01¢2. (4.11)

Consequently, the invariants (S, P) as per (4.2) reduce to (Ss, P,), where we defined

Sy =L, Py:=—\/det[Hpy], (4.12)

with Hpy 4 the following symmetric tensor

N
Hyab =Y 0ai Oppi, Hy = () pegoy - (4.13)
i—1
and
1 1,
N _ a . .
LN = §tr[HN] =5 ;n Dai Opdi (4.14)

the Lagrangian density describing N non-interacting and massless scalar fields {(bi}ie{l,.‘., N}
in d = 2. Performing the transformation (S, P) — (S2, P;) in (4.1) and (4.3) we obtain

(ﬁfh;[h/laﬁvth\yABI) _ (£5\y/15727£3\r/173131,2) : (4.15)

where we defined the following family of Modified Scalar (MS) theory involving N > 1
scalar fields {¢;}ie(1,.. vy With Lagrangian density”

EE\YAS’N = cosh(y) Sy — sinh(y)y/S% — P% , (4.16)

and its Born-Infeld-like extension (MSBI)

1+ SMSBI,N

N
[MSBLN _
A 27

’ SMSBLN _ \/1 _|_47-£1}/1st _|_47—2P]%7 . (4.17)

Clearly Ly SN — 8N and £I;T(S]BI7N = LNGN where £Y9Y is the Nambu-Goto Lagrangian
density in a d = N + 2 target space and imposing the static gauge condition. A simple
computation shows that the components of the stress-energy tensor associated to (4.17) are

MSBI, [N __ _MSBL,N MSBI, IV
(TT7'\/ )ab - a‘r"y 77ab + bf/y HN,CLb i (418)

"Notice that for N = 1 one obtains £$IS’1 =e LS.
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with coefficients

GMSBLN _ P (27_ n sinh() N 1 — SMSBLN
Y SMsSBL,N \/ﬁ 57 ,
S% — Py

¥ (4.19)
Sk =P}

1
N
bl;l”syBI, = W (COSh(”}/)

Using (4.18) and (4.19), it is not difficult to prove that £} belongs to the flow of the
TT operator with EgTS’N as initial condition at 7 = 0, for any value of v. Moreover, EiﬁBI’N
belongs to the flow of the marginal operator

02— _yJ—old = _ L o) L p (4.20)
v v ﬂ v 2 RA

with LYV as initial condition at v = 0, for any value of 7.

Moving from Euclidean (2°, z!) to complex coordinates (z, z) := (2! +i2°, z! —i2°) and

introducing the components (T, T, ©) of the stress-energy tensor in the coordinates (z, 2)

which are related to (Tpg, T11,Tp1) in the coordinates (2%, 2!) according to the standard
convention [1]

T ) _ o

T = (Too =T +2iTn) , T = 5(

. T
5 TOO — T4 — 2]1T01) , 0= 5 (TOO =+ Tn) , (421)

then (4.20) can be rewritten in an alternative way as

~ 1 =
ol = —— I, T (4.22)

We conclude this section by noticing that the previous results admit a natural general-
isation to the case of N scalar fields {¢i}ie{1,...,N} interacting with a generic potential
V =V(¢1,...,06n). Taking inspiration from (4.16) and (4.17), we consider the following

Lagrangian density
‘C;/[S,N,V _ L*’I;IS,N +V, (4.23)

and its Born-Infeld-like extension

v
1—7V"

Lgf’syBI,N,V _ LinBI:N + (4.24)

with 7 = 7 (1 — 7V). It is a matter of a simple computation to show that EﬁfEYBI’N "V belongs

to the flow of the TT operator with [,:IS’N 'V as initial condition at 7 = 0, for any value of 7.

Moreover, Ei/ffyBI’N’V belongs to the flow of the marginal operator (4.20) with EEG’N + 1_VTV

as initial condition at v = 0, for any value of 7.

Finally, notice that a perturbation of a CFT in d = 2 with the square root of the
TT operator was introduced in [27] in the study of the relation between relativistic and
ultra/non-relativistic conformal algebra (see also [28] for further interesting results on this
subject).
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5 Conclusions

This paper discusses important geometric features of specific TT-type deformations in
arbitrary dimensions. Various aspects and open problems deserve further investigation.

The first natural question is whether there exist physically acceptable theories, in
d # 1,2,4, whose stress-energy tensors fulfil the constraint (3.28). More generally, it would
be important to find an exact formula for the deformed metric without imposing strong
constraints on the stress-energy tensor eigenvalues. For example, a milder assumption
would be the tracelessness of the stress-energy tensor in flat space, which drastically sim-
plifies the perturbative series. Nevertheless, we were unable to obtain a closed expression
for the deformed metric. In d > 2 and besides Born-Infeld nonlinear electrodynamics,
the general properties of this TT-induced geometric deformation and its phenomenological
features as a perturbation of classical field theory problems are unknown and certainly
deserve some investigation. Moreover, it remains an important open question whether the
simple expression for the truncated metric (3.45) could lead to some exact quantum result
in d = 4, for example, the Casimir energy in specific geometries.

A further possible line of research concerns the extension of the current setup to en-
compass the TT-like deformation in arbitrary dimensions introduced in [29] and the defor-
mation of supersymmetric theories [30-32]. Concerning the results of section 4, it would
be nice to understand the properties of the Modified Scalar theories, viewed as marginal
deformations of free boson CFTs.

Finally, let us mention that the article [33] about T2 deformations of large N holo-
graphic CFTs appeared a day after the first version of the current paper was available
on ArXiv. The perturbing operator considered in [33] is of the form (1.3) with r = ;1.
The setup and methodologies adopted in the two papers are similar in spirit but slightly
different, and it may be very instructive to explore the eventual connection between them.
Moreover, [33] motivated the search for a one-parameter extension of our initial results,
which were restricted to the case r = %.
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operator (4.20) generates the y-flow of the Lagrangian (4.17), the setup is slightly more
general, but the main equations and conclusions are in total agreement with ours.

A Deformed vierbein for abelian gauge theories in d = 4

Let us start from the general solution (3.31) for d = 4

gMV(S; 80) = (nab + (5 - 30) ,—fso ab) el; . (Al)
We look for the vierbein €y, := €j(s; so) such that
Guv (83 80) = éz él; Nab - (A.2)

Then, é} and € that fulfil (3.46) are obtained from &, as follows

éu(r) =¢e,(roi7), €ur) =éu(r;m) - (A.3)
First of all, we decompose the stress-energy tensor T o in flat space as
Tsyab = agg)nab + a( )F oyt a( )F , (A.4)

which implies that

~

1
Tso,ab = inabtr[TSO] - Tso,ab
:nab< O 4 ;a( ) tr[F2) + ;a( )tr[F4]> (alV 72, + a2 FL) . (A.5)
Thus (A.1) becomes

9uv (85 80) = €}, e nap + (5 — s0) ey e (nab [ ) 4 1a( )tr[Fz] + 2a(2) tr[F4]]

2
alVF2 — a? >F§b> : (A.6)
We make the following ansatz for €},
& = \/(s:50) € + Vs — 0 (wll) oy + u@F3) el (A7)
where we defined
Y(s;50) =1+ (s — s0) ( O 4 vDtr[F?] + 02 )tr[F4]) (A.8)

and the coefficients (ugo) , ugg), u§8), véé), vgo)) must be fixed in terms of (ago), agé), ago)) Using

the ansatz (A.7) and formula (A.8) together with the fact that F,, and F3 are anti-
symmetric tensors, we have

&, €, b = S(53 80) €, €5, Nap — (s — 50) [(Ugé))ZFfb + 20l u@ Fy + (u)’ ab} e
1
= e, €2 Ny + (5 — 50) e, el <—Ffb [8(“;2)))2 (2 tr[F4] — tr[F2]2) + (ugé))Q]

1
o [0)) -+ 0ly) tr[F?) o) 6P| - [2“23))U§3) + 5 () tr[Fz]p
(A.9)
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where in the last equality we used the Cayley-Hamilton Theorem to write

F61

o = o Fo r[F?) + %Ffb (26e[F"] - r[F2) . (A.10)

Imposing the equivalence between the r.h.s. of (A.6) and (A.9) we obtain

P ] (e B S A
\/4ag%)) + Vs, + ag?))tr[FQ] \/4&(3? + Vs, + ag)tr[FQ]
0O = a0 | 0 = %ag) @ = éag}) , (A.11)
with
Vi = v/ (4al))? + 8l a2 tr[F2) + 2(a2)? (6r[F2)? — 26[F4)) | (A.12)
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