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are discussed, and it is shown that in the near-horizon limit it boils down to the geometry
of [2], with a supersymmetry enhancement to one half. Dimensional reduction to D = 4
gives a new solution with hyperbolic horizon to the t*> model that carries both electric
and magnetic charges. Moreover, we show how to get a nonextremal rotating Nil black
hole by applying a certain scaling limit to Kerr-AdSs with two equal rotation parameters,
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1 Introduction

In the seventies of the last century Hawking proved his famous theorem [3, 4] on the
topology of black holes, which asserts that event horizon cross-sections of four-dimensional
asymptotically flat stationary black holes obeying the dominant energy condition are topo-
logically S2. This result extends to outer apparent horizons in black hole spacetimes that
are not necessarily stationary [5]. Such restrictive uniqueness theorems do not hold in
higher dimensions, the most famous counterexample being the black ring of Emparan and
Reall [6], with horizon topology S? x S'. Nevertheless, Galloway and Schoen [7] were able
to show that, in arbitrary dimension, cross-sections of the event horizon (in the stationary
case) and outer apparent horizons (in the general case) are of positive Yamabe type, i.e.,
admit metrics of positive scalar curvature.

Instead of increasing the number of dimensions, one can relax some of the assumptions
that go into Hawking’s theorem in order to have black holes with nonspherical topology.
One such possibility is to add a negative cosmological constant A. Interpreting the term
—Ag,, as 87G times the energy-momentum tensor 7),,, one has obviously that —T),,”
is past-pointing for every future-pointing causal vector £”, and thus a violation of the
dominant energy condition. Moreover, since for A < 0 the solutions generically asymptote
to anti-de Sitter (AdS) spacetime, also asymptotic flatness does not hold anymore. In this



case, the horizon of a black hole can indeed be a compact Riemann surface X, of any genus
g [8-11]. It should be noted that, unless g = 0, these spacetimes are asymptotically only
locally AdS; their global structure is different. This is in contrast to the black rings in
five dimensions, which are asymptotically Minkowski, in spite of their nontrivial horizon
topology. Notice, in addition, that the solutions of [8-11] do not exhaust the spectrum of
black holes in AdSy, since one can also have horizons that are noncompact manifolds with
yet finite area (and thus finite entropy), topologically spheres with two punctures [12, 13].

In this paper, we will allow for both of the possibilities described above, i.e., we shall
consider the case D = 5 and include a negative cosmological constant. More generally, our
model contains scalar fields with a potential that admits AdSs vacua. A class of uncharged
black holes in Einstein-Lambda gravity was obtained by Birmingham in [15] for arbitrary
dimension D. These solutions have the property that the horizon is a (D — 2)-dimensional
Einstein manifold of positive, zero or negative curvature. In our case, D = 5, and three-
dimensional Einstein spaces have necessarily constant curvature, i.e., are homogeneous
and isotropic. Similar to what is done in Bianchi cosmology, one can try to relax these
conditions by dropping the isotropy assumption. The horizon is then a homogeneous
manifold, and belongs thus to the nine “Bianchi cosmologies”, which are in correspondence
with the eight Thurston model geometries, cf. appendix A for details. For two of these cases,
namely Nil and Sol, the corresponding black holes in five-dimensional gravity with negative
cosmological constant were constructed in [16] for the first time. Asymptotically, these
solutions are neither flat nor AdS, but exhibit anisotropic scaling. Ref. [17] went one step
further with respect to [16] by adding also charge and studying the attractor mechanism for
black holes with homogeneous but anisotropic horizons. Additional charged backgrounds
were constructed, e.g., in [18], where an intrinsically dyonic black hole with Sol horizon in
Einstein-Maxwell-AdS gravity (with no Chern-Simons term) was found, and in [19], which
considers different models that are not directly related to gauged supergravity theories.
Moreover, higher-dimensional (uncharged) generalizations were obtained in [20, 21].

Up to now, neither supersymmetric nor rotating solutions of this type have been known,
with the only exception being the one obtained in [2] by a certain scaling limit from a
spherical black hole. For the homogeneous space SL(2,R), the corresponding black hole is
not known even in the static uncharged case, and to partially fill these gaps is the scope
of the present paper. There are various motivations for this. First of all, one may wish
to further explore the full solution space of the Einstein-Maxwell equations with negative
cosmological constant in five dimensions. This is interesting since such configurations
can potentially be lifted to ten dimensions and represent thus possible superstring vacua,
but also from a holographic point of view, especially in condensed matter applications of
holography, due to the anisotropic scaling of these solutions. Moreover, black holes with
horizons other than spherical are intriguing in their own right, since in such contexts new
features of black hole physics may emerge that have been hitherto unknown.

We start in section 2 by setting up the minimal gauged supergravity model that will
be considered throughout the major part of this paper, and briefly review the recipe of [1]

!These solutions can be generalized to D > 4 [14].



that allows for a systematic construction of timelike supersymmetric backgrounds, starting
from a given Kéhler base space. In subsection 3.1 we use this to directly rederive the Nil
solution of [2] (obtained from a spherical black hole in a limit when the latter is very large),
and to show what the corresponding Kéhler base is. At the level of the isometry groups,
the scaling limit of [2] is easy to understand: Nil can be represented as the Lie group of
3 x 3 upper triangular matrices of the form

lzz
M=01y|, (1.1)
001

with x,y, 2z € R. The Lie algebra generators are thus

010 000 001
L.=|000]|, L,=|o001|, L.,=|000], (1.2)
000 000 000
which obey
[L:caLy] = Lz, [anLz] = [LyaLz] = 07 (13)

which is of course the Heisenberg algebra with central element L,. On the other hand, the
Berger- (or squashed) sphere? has isometry group SU(2) x U(1), with the SU(2) generators
satisfying

[z, Iy = J-, [Jy, J:] = Ja, (S, Ja] = Jy . (1.4)

Now rescale J; y — AJgy, J. — A2J,, and take the limit A — co. This is an Inénii-Wigner
contraction that transforms (1.4) into (1.3).
The metric on the Berger sphere can be written as

ds® = a*(db? + sin® 0dyp?) + b*(d¢ + cos Od))? (1.5)
with the two radii a,b. Now set
x = M cos, y = Adsin), 2= \(p+ ), (1.6)

and take the limit A — oo while keeping x,y, z fixed. This means § — 0, so that we
effectively zoom onto the north pole of the S? over which the Berger sphere is fibered.
Using cos@ = 1 — 2sin?(0/2), it is easy to see that (1.5) has a finite limit for A — oo if we
also set

A=a/\, B=0b/), (1.7)

and keep A, B fixed. From (1.7) it is evident that a and b must scale differently, and thus
we cannot start from the round S* since the latter has a = b. Then, the limit of (1.5) for
A — o0 is given by

(1.8)

_ 2
ds? = A*(d2® + dy?) + B? <dz + M) ,

2

2Below it will become clear why one cannot start from the round S®.



which is the metric on the homogeneous space Nil, invariant under the transformations

z—=z+a; r—=x+b, z»—>z+gy; y—=y+c, sz—%x, (1.9)
that generate the Heisenberg algebra. An additional isometry consists of the U(1) rotations
in the (z,y)-plane that leave of course the area form dz A dy = d[3(zdy — ydz)] invariant.

In subsection 3.2 we apply a scaling limit similar in spirit to that of [2] to the Kerr-
AdSs solution with two equal rotation parameters, which consists again in zooming onto
the north pole of the S? over which the S? is fibered, while boosting the horizon velocity
effectively to the speed of light. This leads to a nonextremal rotating Nil black hole that
was not known before.

In section 4 we use again the techniques of [1] to construct the first example of a
black hole with SL(2,R) horizon. It turns out to be rotating and one quarter BPS. The
physical properties of this solution are discussed, and it is shown that in the near-horizon
limit it boils down to the geometry of [2], with a supersymmetry enhancement to one half.
Dimensional reduction to D = 4 gives a new solution with hyperbolic horizon to the t3
model that carries both electric and magnetic charges. Finally, in 5, the black hole of
section 4 is generalized to N = 2, D = 5 gauged supergravity coupled to an arbitrary
number of abelian vector multiplets, and subsequently illustrated for the stu model. We
conclude in 6 with some final remarks. Appendix A contains a summary of some material
on homogeneous manifolds.

2 N =2, D =5 minimal gauged supergravity

Let us consider N = 2, D = 5 minimal gauged supergravity, whose bosonic field con-
tent is given by the supergravity multiplet only, which includes the fiintbein e}, and the
graviphoton A,. In the case of minimal theory, i.e. in absence of matter multiplets, the
abelian gauging contributes to the action with a cosmological constant A = —6/¢? and a
Chern-Simons term for the graviphoton. The action reads

1 8
— —2M)x1 —2xFANF——FAFAA 2.1
S 167TG/[(R ) * *F A 373 AF A } (2.1)

where F' = dA is the field strength of the U(1) gauge field. The equations of motion follow
immediately

1 12

Ry, —2F\F, + 3 9uv (FPUF”” + £2> =0,
2

dxF+—FANF=0.

V3

Any supersymmetric solution of the equations of motion must admit a Killing spinor, from

(2.2)

which it is possible to construct a real scalar f, a real vector V' and three real two-forms



J@ i =1,2,3, that satisfy the following algebraic relations [2, 22]:

VIV, = —f?, (2.3a)
JONTD = 25, f xV, (2.3D)
ivJ® =0, (2.3¢)

iy *JO = —fJ@ (2.3d)

(D), LD, = =05 (126, + V") + e f(TW),)7 (2.3¢)

where €123 = +1 and iy denotes the interior product with the vector V. From (2.3a) we
see that V can be either timelike or null. f, V and J@ must also satisfy the differential
relations [1, 2]

2
df — —%Z’\/F, (24&)
Vol =0, (2.4D)
dv—_ifp—i*(FAV)—gﬂl) (2.4¢c)
V3 V3 e '
) 1 ; i
dJ(z) — z €14 [2\/§A A J(J) +3 *J(J)] . (24(1)

The first two relations imply that V is a Killing vector that leaves the field strength
invariant, thus generating a symmetry of the solution. From the last one we see that J(1)
is closed.

In what follows we shall focus on the case in which V is not globally null, and thus it is
possible to find an open set ¢ in which V is timelike. Assuming, without loss of generality,
f > 0in U, we can introduce a set of coordinates (¢, 2") such that we can make an ansatz
on the metric of the form

ds® = —f2(dt + w)? + flds?, (2.5)

where V = 8, ds7 is the line element of a four-dimensional Riemannian “base space” B
orthogonal to the orbits of V' and w is a one-form defined on B. Relations (2.3¢)—(2.3e),
together with supersymmetry, imply that B is Kéhler, with anti-selfdual Kéhler form J®),
once JU) is restricted to B [1].

The strategy of [2], to which we refer for a deeper analysis (see also [1, 22]), consists in
reducing necessary and sufficient conditions for supersymmetry to a set of equations that
will allow us to determine all the functions appearing in the metric. Following [2], we begin
with the field strength F'. Equations (2.4a) and (2.4c) imply

V3 FIRY

F=-"d[f(dt - M S A 2.
5 A+ w)] - oGt = (26)
where we defined (x4 denotes the Hodge dual on B)
G* = g (dw £ *4dw) . (2.7)



Function f is fixed by supersymmetry to

R
= 2.
i R (2:8)

where R is the Ricci scalar of B. Supersymmetry conditons and Maxwell equations yield
the following equations (latin indices denote curved indices on B):

l R
Gt = _5(7% - ZJ(1>) : (2.9)
- 2 mn L. —\mn 8
VQf P = §(G+) (G+)mn + Zf 1(G ) (J(l))mn - ﬁ 2- (2-10)
Here, R is the Ricci form on B defined as
1
Rmn = §Rmnpq(‘](1))pq7 (211)

and Ry,pnpg and V? are, respectively, the Riemann tensor and the Laplacian on B. Defi-
nitions (2.7) imply that the two-form f~1(G* + G~) must be closed. As it was pointed
out in [23], this requirement gives a nontrivial constraint on the Kéahler base space. The
authors of [24] further elaborated on this condition, obtaining the following constraint that
B must satisfy:

1 2 1
v? <2V2R + SR R — 332) + Vi (R™3,R) = 0. (2.12)

Lastly, by means of (2.8) and (2.9), the field strength takes the form

V3 ¢
= 5 dlf (dt +w)] + 27371. (2.13)

Summarizing, the main steps to construct new timelike supersymmetric solutions to five-

F

dimensional minimal gauged supergravity are the following. Start choosing a Kéhler space
B with negative curvature, Kihler two-form J() and satisfying the constraint (2.12). De-
termine f and w by means of equations (2.8), (2.9) and (2.10), thus obtaining the five-
dimensional metric (2.5). The field strength is given by (2.13). Remarkably, a solution to
these equations always exists [1] and the resulting system preserves at least one quarter of
the total number of supersymmetries [2].

3 Nil black holes

3.1 BPS case

As we explained in the introduction, the authors of [2] applied a certain scaling limit to a
black hole with spherical horizon to obtain a solution with spatial cross-sections modelled
on nilgeometry. In this section we shall directly rederive the latter by applying the recipe
of [2]. This computation will serve as a warm-up for the construction of black holes with
SL(2,R) horizon, which will be dealt with in the next section.



The starting point of our construction is the Kéhler base space of the near-horizon
limit [2],
12p2 V3 2 32
2 _ 2 /
ds3 = dp” + -z dz' + Te(ydx —xdy)| + 2

Inspired by [2] and by the metric (3.1), we make the following ansatz for the base space

(dz? + dy?) . (3.1)

and the corresponding Kihler two-form J() in the case of full black hole:

dsi = dp* + a(p)*[(01)* + (01)*] + b(p)*(1)?,

70 = die(p)o]. 32

where the 0% are the Nil-invariant one-forms (A.4b). Assuming a,b > 0 we introduce the
orthonormal basis

el =dp, e? = aol, e3 = ao? el =bol . (3.3)
Requiring J (1) to be an anti-selfdual complex structure implies
c= —ea?, b=2ad, (3.4)
where € = +1. Thus, we have
JU = —e(et net —e2 A ed). (3.5)
From equ. (2.8) we can write f in terms of a as

52
= 55 (4(a")? + 7ad’a” + a*ad”) . (3.6)

For the one-form w we choose an ansatz analogous to [2],

w="(p)o; . (3.7)
Plugging this into (2.7) yields®
T L A W R S
Comparing this with (2.9), one gets
o’ U elg
= — (3.9)

200/ a2 2f

where, for brevity,
4((1/)3 — 3ad’d" — a2a///

9= o (3.10)
Inserting the expression for G* into (2.10) we obtain
v el (o, 1 8,5 24
= =_= PR S B 3.11
2ad T @2 2 <V for €2f 18 (3:-11)

3In our construction, in which G* are defined starting from an ansatz on w, constraint (2.12) is auto-
matically satisfied once all the other equations are solved.



For our ansatz, it is straightforward to shew that
2 p—1 1 3719 r—1
\Y f = %8,)(& a Pf ) . (312)

Taking the difference between (3.11) and (3.9) allows to eliminate ¥/,

ela’® _ 8 2g? _
V= <V2fl+£2f2—18 +/ g (3.13)
Using this in (3.9) gives the master equation
_ 8 o, 1%’ L\ 4d
<v2f1+£2f2—18+flg +7f lg=0. (3.14)

This is a sixth order nonlinear ordinary differential equation for a(p). Solving it will allow
us to write down both the black hole metric and the Maxwell field strength. Following [2],
we make an ansatz for the function a of the form a = asinh(8p/¢). This solves (3.14) for
generic values of o and . By rescaling the coordinates one can set 8 = 1 without loss of
generality. Moreover, matching the p — 0 limit of our solution and the near-horizon base
space (3.1) fixes a = v/3. At the end, we obtain

a = /3sinh(p/?), (3.15)
and the other functions read
inh? inh?(2 2
b= Ssinh(2pe), fo SO g 3sinh (2p/0) + (3.16)
14 3sinh“(p/f) + 1 2¢sinh*(p/f)

The full black hole solution can be written in a neater fashion by defining the new radial

coordinate
R=\/3sinh2(p/0) + 1, (3.17)
which gives
2¢ R? 1 1
_ 1 p2 _ -1 S
FR=1-R7, w(R) =21 fR) (1+ = 234) . (3.18)

The metric and Maxwell gauge potential are then

(?dR?
ds* = —f2dt* — 2f*Wo} dt + ) +R? [(Ui)Q +(07)% + EQ‘RG(O’%)Q‘| ;

V3

A:7

( fdt + ﬁ;a@ , (3.19)

which is precisely the solution obtained in section 4.4 of [2] as a scaling limit of a spherical
black hole, with the radial coordinate called S and z rescaled by v/3/¢.



3.2 Nonextremal black holes with Nil horizon from Kerr-AdSs

In this subsection we shall apply a scaling limit similar in spirit to that of [2] to the Kerr-
AdS;5 solution, that amounts to a group contraction from S? to Nil. We start from KAdSs
with two equal rotation parameters, which is given by [25]

r? + a2 2M r2 + a2

2, .2
2 _ 9 9 @ |T°+a 2M 3
ds® = — |1+ YRy dt” + dr +E 72 o a? ordt

r?4a® g 212 r? + a? Ma? 312

4= ((o)* +(@1)?) + = ey (3.20)

where

L 5 2\2 r? — a?

A= +a) |1+ 5| -2M, E=1-4, (3.21)

and M, a denote the mass and rotation parameters respectively. To have the correct

—

signature, one needs = > 0, and thus |a| < ¢. For convenience, we have rewritten the

solution of [25] in terms of right-invariant one-forms*

o} = sin ¢df — cos ¢psin Odi)
0% = cos ¢df + sin ¢ sin Ody) (3.22)
03 = d¢ + cosOdip,

on S3.

It turns out that, to obtain a Nil black hole from (3.20), one has to combine the limit
of [2] with the one taken in [26, 27], where the horizon rotates effectively at the speed of
light, a — £. Specifically, we introduce the new coordinates

z=2"%0cosy, y=2"0siny, =" o+v), (3.23)

and then scale a — ¢, i.e., = — 0, keeping x, y and z fixed. This means that the angle
must go to zero, which implies that we effectively zoom onto the north pole of the S2, over
which the S? is fibered. Defining moreover p? = r2 + £2, the resulting new metric is given
by

2 2 2
2 _ P 2M | o dp P 2 2
dS = — 1+£72—? dt +é_% 2]\452 +Z(dl' +dy)
, e S, , (3.24)
p 2MY ( ydx — :Udy) M?C ( ydx — xdy)
— = —— | |dz2+——F|dt+ —5 (dz+ —F= ) .
+ [E 2 1 z+ 5 + 2,2 z+ 5

We have checked that (3.24) satisfies the Einstein equations with negative cosmological
constant A = —6/¢2.
(3.24) has a Nil geometry horizon at the largest root of

> 2M | 2MP?
P = =o. (3.25)

2 2 p
“The angles in (3.22) are related to those of [25] by 8 = 20ihere, & = Yihere + Gthere, ¥ = Yihere — Pthere-




For M < 27¢%/8 there is a naked singularity, in the case M = 27/%/8 we have an extremal
black hole, while for M > 27¢%/8 the Hawking temperature is nonvanishing. In addition,
there is an ergosphere at gy = 0, i.e.,

2
Per 1 SM
@g =3 (,/1 + Y 1) . (3.26)

In the extremal case, the horizon is at p /> = 3/2 and the ergosphere at pgrg/éz =

V7 —1/2. Presumably, the solution (3.24) is a special case of a more general black hole
(still to be constructed) with independent values of mass and angular momentum J, where
J has been fixed to a certain value. If so, the condition M > 27¢2/8, necessary to avoid
naked singularities, results probably from a more general bound that involves both M
and J.

Notice that the radial dependence of (3.24) is qualitatively very different from that of
the static Cadeau-Woolgar solution (cf. equ. (I1.23) of [16]), which makes it hard to guess
an ansatz that contains both (I1.23) of [16] and (3.24).

It would be interesting to apply a similar scaling limit to KAdSs with two unequal
rotation parameters and to its charged extension constructed in [28]. We shall postpone
this to a future publication.

4 SL(2,R) black hole

The aim of this section is to construct a supersymmetric black hole whose horizon is
modelled on the SL(2,R) geometry, using the recipe originally proposed in [1]. The ansétze
for the base space and the Kihler form J™) are the same as before,

dsi = dp* + a(p)*[(01)* + (01)*] + b(p)*(1)?,

70 = die(p)o]. -

with the SL(2, R)-invariant base one-forms given in (A.5b). Following [1], where the same
was done for a family of black holes with spherical horizon (cf. also the review in section 3
for the Nil-invariant case), we find that the whole system is completely described by the
sixth-order differential equation for a(p)

8 ?g? " 4a
20-1, S 2 9" ~1 il
(VP pf =gt ) =0, (4.2)
with
¢ 3 1" 2 _m /
f_1:12a2a/(4(a’) + Tad'a" + a*a" + d') s
4(&’)3 — 3ad’a" — a2a/// + a’ ( ' )
- a2a’ '
As in [2], (4.2) is again solved by the ansatz
a = alsinh(p/l) , (4.4)

~10 -



where the value of « is fixed to

90—2 + A2

1
=9\ 32 T A2

(4.5)
in order to have the correct matching with the near-horizon base space (3.65) of [2]. Since
0 < A < /3/0[2], one has a > v/3/2. The expressions for b and ¢ follow directly from (3.4),
while ¥ can be read from (3.13).

For what follows, it will be useful to introduce a new radial coordinate R as

40?2 +1
R*=4f"1a® = ¢* [4042 sinh?(p/¢) + s ] . (4.6)
It is convenient to define the constant
402 +1
Y iy (4.7)
3
which satisfies o0
Ry > — 4.8
0> 75 (4.8)
due to o > v/3/2. We then have
R2 €R2 R? R}
=1--0 U(R) = —— —0_ 0 4.
FR)=1- 70 w(R) =~ f(R)" ( TR B (19)
and the black hole metric can be written as
2 2 1,2 2 dR®> R? 142 212 312
%= —f2dt® - 2f ‘I’O’Ldt+7+z[( op) +(01) +V(or)], (4.10)
where
B 2R§ R? B RS RS
U(R)—f(R) ( 1+€2+€> V(R)__1+W_W' (4.11)

In these coordinates the gauge potential becomes

f 6R4
A= (fdt + 17RE %) (4.12)

Similar to what happens for the spherical solution constructed in [2], in the large black
hole limit Ry — oo, (4.10) and (4.12) should again boil down to the configuration (3.19)
with Nil horizon, although we did not check this explicitely.

4.1 Physical discussion

In this subsection we shall analyse the physics of the SL(2,R)-invariant family of solu-
tions (4.10). There is a curvature singularity in R = 0, where the Kretschmann scalar
diverges, and a regular horizon for f(R) =0, i.e., R = Ry. This coordinate singularity can

- 11 -



be eliminated by introducing Gaussian null coordinates, that allow to extend the metric
beyond the horizon. Defining u, 2’ and r by

420
dt = du — gdr, dz = d? — %dr, dR = V'2qr, (4.13)
with R = Ry at r =0, (4.10) becomes
2
ds® = — f2du® + 2dudr — 2f>Vo? du + RT [(01)? + (03)* + V(J%/)Q} , (4.14)

where a,?-:/ is defined as o in (A.5b), but with 2’ in place of z. One easily shows that f ~ r
for small values of 7, thus both f? and f?¥ smoothly go to zero when r — 0, leaving a
nonsingular metric on the horizon. Note that the gauge potential (4.12) becomes singular
in Gaussian coordinates, but this apparent pathology can be eliminated by means of a
suitable gauge transformation A — A + d\, with A = A(r).

As expected for a supersymmetric (and thus extremal) black hole, its near-horizon
geometry contains an AdSy factor, mixed with the SL(2,R)-invariant slices due to the
rotation. To see this, introduce the new coordinates (7', () according to

t=—. R=Ry(l+) (4.15)

in (4.10), and take the limit & — 0, which leads to the near-horizon metric

AW R2d¢? R? 6e 2
d 2 _ ZdTQ 0 0 1\2 2\2 Vi < 3 dT) 4.16
where we defined
_ _ 3R2 _ 3R%
Vo=V(Ro)=-1+75, W=-1+5". (4.17)

Notice that the correct signature is ensured by the constraint (4.8), which implies W > 0,
Vo > 0.

The computation of the physical quantities like mass and angular momenta is a non-
trivial issue, since the standard Komar integrals associated to the Killing vectors d;, 9, and
0, diverge due to the presence of a vacuum energy related to the cosmological constant.
Moreover, there is no obvious background to be subtracted, and other techniques, like the
Ashtekar-Magnon-Das formalism [29, 30], cannot be applied. The consistent definition of
mass and angular momenta for the solution (4.10) remains thus an open question.

If the horizon is not compactified by considering a suitable quotient space of SL(2,R),
one can only define an entropy density, which can be computed by means of the Bekenstein-
Hawking formula and reads

_ S _Rj [3R3
© VoLer) 32V 4 ’

S

(4.18)
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where we set Newton’s constant G = 1. Since the black hole (4.10) is extremal, its Hawking
temperature vanishes. The electric charge density is given by

@ ! / «F, (4.19)

q = =
VsLer)  VsLiewr)

where the integral is computed on a slice of constant ¢, R, taking subsequently the limit

R — oo. The result is ) ,
‘= V31 (RO N 1> _ (4.20)

8 202

Note that the norm of the Killing vector 0, in (4.10) becomes negative for R > Ryrs,
with V(Ryrs) = 0. Using (4.8), it is easy to see that Ryrg lies always outside the horizon,
Rvyirs > Ry. The subspace R = Ryrg was called “velocity of light surface” (VLS) in [31]
(cf. also [32]). However, contrary to what happens in [31, 32], here we have no closed
timelike curves (CTCs) for R > Ryrgs, unless SL(2,R) is compactified to some quotient
space in which 9, has closed orbits. Moreover, one easily checks that the metric (4.10) still
keeps the correct signature beyond the VLS.

We close this section with an analysis of the Killing spinors admitted by the solu-
tion (4.10), (4.12). The Killing spinor equations are obtained requiring the vanishing of
the supersymmetry variations of the gravitino v,

1 iv/3

(7 —48,T7) = T = =

oYy = |Dy 57 Ayl K, (4.21)

i
- ___F
437"

where k is the supersymmetry parameter and D, = 0, + %wlﬁbfab denotes the Lorentz-
covariant derivative. 0, = 75#,% = 0 implies the integrability conditions

Ruvk = [Dy, D]k =0, (4.22)

A

which admit a nontrivial solution iff det(R,,) = 0. This gives a series of projection
conditions to be imposed on . To proceed, we introduce the orthonormal basis
¥ = f(dt+ Vo), e =U%R,

1/2 (4.23)
2B es_ga%, 64:Rgf o3

Condition (4.22) implies
I'yk = —iex, Iosk = dek, (4.24)

which means that the SL(2, R)-invariant black hole (4.10), (4.12) is one quarter BPS and
preserves thus two of the eight (real) supercharges. The Killing spinor reads

k= "%k, (4.25)

where kg is a constant spinor satisfying (4.24). If we consider instead the near-horizon
metric (4.16), the integrability conditions yield the only projection relation

Dogk = i€k, (4.26)
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so that we have a supersymmetry enhancement to one half in the near-horizon limit. Again,
we can express k in terms of constant spinors as

4W1/2 3RoW~1/2
K — Cl/z"ig + Cil/z’k‘"(—]’— 4 (Z&)Cl/ZT o 074-71/2 Fl:‘ﬂ?S_, (427)

where ki must satisfy (4.26) and

Tk = +iekd . (4.28)
4.2 Dimensional reduction

The black hole (4.10), (4.12) can be dimensionally reduced to D = 4 along the z-direction
via the r-map (see appendix B of [33] for details). This gives a solution of the t> model,
whose bosonic fields comprise the metric, two gauge fields and a complex scalar. Using the
Kaluza-Klein ansatz [33]°

& _ 2%
ds? = eVidsi +e Vi(dz+ K,da")?, A= B(dz+ K,dz") + C,da" (4.29)

we obtain the four-dimensional metric, the two gauge fields and the complex scalar

RU R\F RVV R3VV dx? + dy?

dsj = ———=dt* 2+
84 2\/— + R 8 5(32 )
1 412U dy f Ry fU
A0:< dt ) A1:<1 ) dt 4.30
VA VA% (4.30)
B} RV
TT T uR? 2

Functions f(R), ¥(R), U(R) and V(R) are the same as in (4.9) and (4.11), while e = £1.
Like in the five-dimensional solution, we have a regular horizon at R = Ry, where f,
and hence U, vanishes. The divergency of the Kretschmann scalar at the locus where
V' = 0 indicates the presence of a curvature singularity therein. This turns out to be
a naked singularity, since, as already mentioned, V vanishes outside the horizon. Our
four-dimensional spacetime is thus pathological.

5 Matter-coupled case

We shall now generalize the SL(2, R)-invariant solution (4.10), (4.12) to the case of N = 2,

= 5 U(1)-gauged supergravity coupled to n abelian vector mutiplets. Its bosonic filed
content includes the fiinfbein e}, the vectors AI with I = 1,...,n + 1, and the real
scalars ¢', with i = 1,...,n. The scalar fields can be conveniently parameterized with
n + 1 functions h! = h!(¢?) satisfying the condition %C’UKhIthK =1, with Cjjx a fully
symmetric, constant and real tensor. The action is [34]°

3—16 G/{ —2V) %1 — Gry*xdh! Adh? — Gy «FT A FY

(5.1)
— 6CIJKFI/\FJ/\AK] ,

"Here z* = (t, R, z,y) are the coordinates on the four-dimensional spacetime.
SWe refer to, e.g., [33] for further details on the theory.
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where F! = dA! are the abelian field strengths and the scalar potential reads
1
Y = 9g2vlvj(2G” - hIhJ> . (5.2)

Here, ¢ is the gauge coupling constant, V; are Fayet-Iliopoulos parameters and G is the
inverse of the kinetic matrix G, which can be expressed as

9 1
Grj= §h1hJ - §CIJKhK, (5.3)

having defined h; = %CI sh?hE . Notice that Grs behaves almost like a metric for the
functions h’, indeed hy = %G r7h”7. In what follows, we shall restrict to locally symmetric
target spaces parameterized by ¢, in which case [34]

CroxCmCpgxd’” 65K = §5I(LCMPQ) : (5.4)
Defining C1/K = S 570" KK G, e the inverse matrix G!Y reads
GY =2n'h? —6CT B hy — hl = gC”Kh Jhi (5.5)
and the scalar potential can be written compactly as
V= 274°CTEV, Vb . (5.6)

A family of supersymmetric asymptotically AdSs black holes with spherical horizon
was constructed in [35] through a detailed analysis of the conditions that supersymmetry
imposes on the structure of the solution. In this section we shall follow their strategy,
applying it to the case of spatial cross-sections modelled on the SL(2,R) geometry. As a
first step we observe that, like in the minimal theory, we can build a scalar f, a vector
V and three two-forms J® out of the Killing spinor. These quantities have to satisfy the
same algebraic constraints (2.3a)—(2.3e) already encountered [35]. From the supersymmetry
variations it is possible to derive the following set of differential relations [35]

df = —iy(hrF), (5.7a)
ViV =0, (5.7b)
dV = —2fhiFT — hy x(FT A V) = 2gVih! g | (5.7¢)
dJD = 3ge1;;Vi[AT A JD 4 ! g0, (5.7d)

Again, V is a Killing vector which leaves the field strengths F! invariant [35]. Moreover,
dJM =0, i.e. JM is closed. Additionally, the dilatino equation implies [35]

1 . )
<4G,J - thhJ) Fl (T = —339 Y (hiVih? — Vi) f . (5.8)

Like in the minimal theory, we consider V' to be not globally null and introduce the
timelike ansatz (2.5). Also in this case, the base space B must be a Kéhler manifold with
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anti-selfdual Kihler form J®) [35]. Closely following [35], to which we refer for further
details, from equations (5.7a), (5.7c) and (5.8) we obtain the Maxwell field strengths

Fl=d[h! f(dt +w)] + 0T —9gf ' CTEV hge W (5.9)
where 7 is a selfdual two-form on B such that
2
he! = —§G+. (5.10)

Like in the minimal theory, we split dw into selfdual (G*) and anti-selfdual (G~) parts as
n (2.7). The warp factor f is given by

108¢>
f=—=-CMViVihg, (5.11)

with R Ricci scalar of B. Supersymmetry imposes one last constraint,

R

s 12
TRANE (5.12)

3910 =R

where R is the Ricci form defined in (2.11).

The conditions presented so far are both necessary and sufficient for the existence of
a Killing spinor or, put in other words, for our configuration to be supersymmetric. In
order to ensure that this background is also a solution of the equations of motion we need
to impose the Bianchi identity and the Maxwell equations. Given the field strengths (5.9),
they read, respectively,

de! = 9gCEV d(f~thy) ATV (5.13)

dad(f ™) = _%C”KGJ NOK +2gf7 VG AW (5.14)

+ 692f72 (GIJCJKLVKVL + V[VJ}ZJ) VOlB .

Once these are solved, the Einstein equations and the equations for the scalars are implied
by the Killing spinor equations and are thus satisfied.

Here are the ingredients to construct timelike supersymmetric solutions to matter-
coupled five-dimensional gauged supergravity. Pick a Kéhler space B with Kéhler form J®).
Assume f is given by (5.11) and determine w, h! and ©! by means of (5.10), (5.12), (5.13)
and (5.14). The total metric and field strengths are given by (2.5) and (5.9). The resulting
background will be supersymmetric and, in particular, will preserve at least one quarter
of the total number of supersymmetries [35]. Like in the minimal theory, there is one
caveat: not all Kdhler bases may give rise to a solution. Indeed, all the ingredients must
be such that f~1(G* + G7) is a closed two-form, thus having a nontrivial constraint on
these quantities.

5.1 The black hole solution
Inspired by section 4, we choose for the base space the SL(2, R)-invariant ansatz
dst = dp® + a*[(01)* + (01)*] + (2ad)*(0})?,

5.15
JU = —ed[a’0}], (5.15)
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with @ = a(p), € = £1 and o} given in (A.5b). Assuming a,a’ > 0 we introduce the
orthonormal frame

el =dp, e? =aot, e = ao? e* = 2ad' 0}, (5.16)

in terms of which J1) = —e(e! Aet —e? Aed). f is determined by (5.11),

54g%a%a’C1 KV V;h
= g a“a Vil (5.17)
4((1/)3 + 7aa/a/l + (1/2(1,// + a/
The ansatz for the one-form w is, again,
w=W(p)?, (5.18)
which, by means of (2.7), gives
Gt = ﬁap(a_glll)(el Net+e? ned),
4a’
7 (5.19)
- 2 1o 4_ 2,3
G = 4a3a/6p(a U)(e Ne* —e“ Ne?).
We assume that the scalars h! only depend on p,
h'=h'(p), (5.20)
and, in order to proceed, we adopt the following ansatz for the vector fields
Al = plf(dt +w) + U (p)o} . (5.21)
Computing F! = dA! and comparing with (5.9) one finds
a _
o = 4—@/8/,((1 U (e net +e? ned), (5.22)
9,(a*U") = 36egf ad CT BV hy . (5.23)

The last equation ensures that the Bianchi identities (5.13) are automatically satisfied.
Contracting (5.22) with h; leads to

F o, (a2UT) = —gap(a—%y) , (5.24)

while a contraction with V; gives

4 n3 _ o 2 1 !
39,0, (a207) = —e (@)” = 3ada” —a’a" +d (5.25)
2 a?
which can be integrated, with the result
3gViU" = €(4(a’)? + 2aa” +1). (5.26)

One can shew that (5.23) together with (5.26) satisfy equ. (5.17). With all these ingredients,
the Maxwell equations (5.14) take the form

. 1
0p asa'(?p(f_lh[) + ega2\11V1 + ECUKUJUK =0. (5.27)
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In the same spirit of [35], we make the following ansatz on the scalar fields:

ar
4a2’

where ¢ are free constant parameters. £ is the AdS5 radius of the minimal theory, which is

fthr =X+ X;=1tgVp, (5.28)

retrieved from the matter-coupled supergravity when the scalars are fixed to the constant

values hy = X;. Since, by definition, CT/EKhih hyx = %, we can write

-1/3
o o2 o3
f= <1+4a2+16a4 +64a6> ) (5.29)

having defined the constants
27 - - 27 _ 9
) = ECIJKXIXJQKa g = ?CIJKXIQJQKa ag = §CIJKQIQJQK- (5.30)

Integrating (5.23) one gets

Ul = %C”KXJ (azXK + q;) , (5.31)

where we ignored an a2 integration term since it is not present in the solution of the
minimal theory. Integration of (5.24) leads to

€ 2 (05} a9
On the other hand, equ. (5.26) yields
a2 1/ al
(a')? = 211 (fg — 1) + ;g (5.33)

In (5.32) and (5.33), ¥( and a(, denote integration constants that are fixed by the Maxwell
equations and by comparison with the minimal theory to

Ug=-2, ah=0. (5.34)

(5.33) is easily solved, and gives

a= g, /% — 1 sinh(p/t) . (5.35)

In order to write down the solution in a simple fashion, we define the new radial

coordinate’
R =2a. (5.36)
With this choice, the metric, gauge potentials and scalar fields are given by
dR?> R?
ds” = —f2(dt + Wo})* + =+ o1 (1) + (0F)7 + U]
Al = nlfdt + (W O +UY)o3 (5.37)
hy=f (XI + é;) ;

"Notice that this definition differs from the one used in the minimal theory by a factor of f.

~ 18 —



with the functions

a1 (5] as —1/3 6R2 (05} a9
fR) = (1+ o5+ 5 + =5 , Y(R) = 1+t 551 )

2 4 6 T o9y 2 4
R R 1]3;2 ; 20 R 2R (5.38)
UR) = £(R) (14 G+ ). Ut = XK S (R4 R + 20r).

We recall that X; = ¢gV;, while the constants a; are defined in (5.30). The solution of the
minimal theory is retrieved setting a; = 3R%, as = 3R3 and a3 = R§ and redefining the
radial coordinate as R? — R? — R2. The gauge potential is given by the linear combination
F=3pFl.

5.2 stu model

One of the most studied examples of matter-coupled theories is the stu model. This sys-
tem comprises two vector multiplets, whose scalar fields can be parameterized by three real
functions such that h'h2h3 = 1, thus, in the notation of this section, with only nonvan-
ishing component C123 = 1 (and permutations). This model can be embedded in higher-
dimensional supergravity theories, arising as consistent truncation of type-11B supergravity
on S° or M-theory compactified on a Calabi-Yau.

In the stu model we have

1, 9 .
hpzéﬂ)% Guzim%Wi@W@- (5.39)

For simplicity, we also set gV7 = 1/(3¢), hence X; = 1/3. In this case the solution simplifies
drastically. Indeed, defining the functions

2
H1=1+ﬁ, (5.40)

with pu; = 3qr, one can write f as

f = (H\HyH3)™ /3, (5.41)

whereas the gauge potentials and the scalar fields become

2
Al = Hytdt + ‘ (ag — aB)HIlJ%,

ALR? [ir (5.42)

Wl = (HyHoH3) V3H .

The constants o are related to the charges puy by
ay = pg + p2 + (3, Qo = p1fio + pop3 + p3p Q3 = [1[2fL3 - (5.43)

The solution of the minimal theory corresponds to u; = R3, together with the change of
the radial coordinate R? — R? — R3.
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6 Final remarks

We conclude this paper with a list of possible future extensions. First of all, it would be
interesting to construct rotating, charged (and supersymmetric) black holes with homoge-
neous horizons also in dimension D > 5.

In all cases considered in this paper, the horizon geometry was either Nil or SL(2,R),
but probably also the solutions of [16, 17], whose spatial cross-sections are foliated by three-
manifolds Sol, should admit rotating generalizations. The results of [2] strongly suggest
that these have no BPS limit, since the group manifold Sol does not appear in the possible
near-horizon geometries.® Furthermore, ref. [36] implies that no supersymmetric limit can
exist when a compact quotient of the solvegeometry horizon is considered.

In this context, it is also amusing to note that ref. [37] studies a one-parameter family
of nonisomorphic solvable Lie groups, which, when equipped with canonical left-invariant
metrics

ds? = e”#da® + e***dy® + d2?, (6.1)

interpolates from Sol geometry (o = 1) to hyperbolic space H3 (a = —1), with an in-
termediate stop at H? x R for e = 0. Static black holes with Sol and H? horizons were
found in [16, 17] and [15] respectively, while the case o« = 0 corresponds to the black strings
of [38, 39]. However, the existence of solutions with generic horizon geometry (6.1) remains
an open question.

Recently, in [40, 41] a classification of supersymmetric black holes in minimal gauged
supergravity that admit an SU(2) or a U(1)? isometry was performed. Starting from these
results, unique theorems were then proven for AdSs black holes with spherical horizon or
toric symmetry. Following a similar strategy, an extension of these classifications could be
attempted, considering Nil and SL(2,R) as symmetry groups.

A further point concerns the static Nil black hole of [16]. We conjecture that, similar
to (3.24), it arises as a scaling limit of a static anisotropic spherical black hole yet to be
constructed.

Lastly, as we already mentioned, we expect that novel nonextremal Nil black holes
could be obtained applying the scaling limit of subsection 3.2 to the spherical, charged and
rotating solutions of [28]. In a similar way, new solutions to the matter-coupled theory
could arise employing an analogous prescription to the supersymmetric multi-charge black
holes constructed in [42].

We hope to come back to these points in a forthcoming publication.
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A Homogeneous manifolds

Let (M, g) be a (pseudo-)Riemannian manifold with isometry group G. M is said to be
homogeneous if G acts transitively on M, i.e., if V p, ¢ € M there exists an isometry ¢ € G
such that ¢(p) = ¢. If the element ¢ is unique we say that G acts simply transitively on
M; this is equivalent to saying that dim G = dim M. In this case, M is said to be simply
transitive too.

For simply transitive manifolds, since dim G = dim M, the Killing vectors 4 (A =
1,...,dim M) form a basis of the tangent space. However, it is possible to construct a
G-invariant basis X4 [43] such that

,CgBXA = [fB,XA] =0 VAB, (A.l)

where L¢, X4 is the Lie derivative of X4 along the direction of {g. The description of
a homogeneous manifold in terms of an invariant basis is particularly simple since the
components of the metric gap are group invariant, and hence constant, and it is possible
to write the metric in the form

ds? = gapoio? . (A.2)

where the Jf form the dual basis of X 4. The dual basis is G-invariant as well, L¢, Uf =0,

and satisfies

1
dot = §CABCJJL3 ANo$ (A.3)

with C“5 the structure constants of the Lie algebra of G.

There are nine three-dimensional Lie algebras, the Bianchi cosmologies, labelled from
type I to type IX. The Bianchi cosmologies are in correspondence with the eight Thurston
model geometries, that play an essential role in the Thurston conjecture [44].

Below we list the metrics of nilgeometry (type II) and SL(2,R) (type VIII) in terms
of the G-invariant dual basis Jf together with the nonvanishing structure constants of the
corresponding Lie algebras. We use the same one-forms and structure constants that are
used in [2] in the near-horizon analysis.

o Nilgeometry

CPp = —C%; = 1, (A.4a)
dr — xd
ok =dz, o2 =dy, U%:dz—l—w, (A.4b)
dr — zdy\ 2
ds® = da® + dy? + (dz + W) , (A.dc)
o SL(2,R)
C'123 = —0132 =1, 0231 = —0213 =1, 0312 = —0321 =-1, (A.5a)
1, .2 e’ . 3 dy

O'L+7/O'L—?(d$+ldy), O'L—dZ‘f—;, (A5b)

da? + dy? dy\ >
ds? = W, (dz + y) | (A.5c)

x x
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