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GEVREY WELL-POSEDNESS FOR 3-EVOLUTION EQUATIONS WITH
VARIABLE COEFFICIENTS

ALEXANDRE ARIAS JUNIOR, ALESSIA ASCANELLI, AND MARCO CAPPIELLO

ABSTRACT. We study the Cauchy problem for a class of third order linear anisotropic evolution
equations with complex-valued lower order terms depending both on time and space variables.
Under suitable decay assumptions for |x| — oo on these coefficients, we prove a well-posedness
result in Gevrey-type spaces.
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1. Introduction and main result

In this paper we deal with well-posedness of the Cauchy problem in Gevrey-type spaces for a
class of linear anisotropic evolution operators of the form

(1.1) P(t,z, Dy, D) = Dy + as(t, D) + as(t,z, D,) + a1(t, z, D) + ao(t, z, D,),

with (¢, z) € [0,T] xR, where a;(t, z, D,) are pseudodifferential operators of order j,j = 0,1, 2, 3
with complex-valued symbols and the symbol a3 is independent of x and real-valued. The
latter condition guarantees that the operator P satisfies the assumptions of the Lax-Mizohata
theorem (see [29, Theorem 3 page 31|), since the principal symbol of P has the real characteristic
T = —ag(t,&). Operators of the form (1.1) can be referred to as 3-evolution operators since
they are included in the general class of p-evolution operators

p—1

P(t,x, Dy, Dy) = Dy + ap(t, D) + Y _ a;(t, , D)

j=0
introduced by Mizohata, cf. [30], where a; are operators of order j,j = 0,...,p, p being a
positive integer, and a,(t,€) is real-valued. Sufficient conditions for the well-posedness of the
Cauchy problem in H* = N,,cg H™ for p-evolution operators have been proved in [5,11] for
arbitrary p, whereas in the realm of Gevrey classes the results are limited to the case p = 2,
corresponding to Schrodinger operators, cf. [8,12,22].

In this paper we consider the case p = 3 in the Gevrey setting. Third order linear evolution
equations have a particular interest in mathematics since they can be regarded as lineariza-
tions of relevant physical semilinear models like KdV and KdV-Burgers equation and their
generalizations, see for instance [21,25-27,34] . There are some results concerning KdV-type
equations with coefficients not depending on (¢, z) in the Gevrey setting, see [16-18|. Our aim
is to propose a general approach for the study of the Gevrey well-posedness for general linear
and semilinear 3-evolution equations with variable coefficients. Moreover, we want to consider
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2 A. ARIAS JUNIOR, A. ASCANELLI, AND M. CAPPIELLO

the case when the coefficients of the lower order terms are complex-valued. In this situation
it is well known that suitable assumptions for || — oo on the coefficients of the lower order
terms are needed to obtain well-posedness results, cf. [6,19]. In this paper we establish the
linear theory for the Cauchy problem associated to an operator of the form (1.1) whereas the
semilinear case is treated in [2| where we adapt to the Gevrey framework the method proposed
in [13] for hyperbolic equations and in [4] for p-evolution equations in the H> setting. There,
well-posedness for the semilinear Cauchy problem is studied first by considering a linearized
problem and then by deriving well-posedness for the semilinear equation using Nash-Moser
inversion theorem. Hence, the results obtained in this paper, apart their interest per se for the
linear theory, are also a preliminary step for the study of the semilinear case.
Let us consider for (¢,z) € [0,7] x R the Cauchy problem in the unknown u = u(t, x):

P(t,z, Dy, Dy)u(t,z) = f(t,x),
2 {u(O, 2) = (o),

with P defined by (1.1).
Concerning the functional setting, fixed > 1,m,p € R, we set

m(R) = {ue . (R): (D)"e”P¥y € [2(R)},

P30

1 1
where (D)™ and e”P)? are the Fourier multipliers with symbols (£)™ and e”©? respectively.
These spaces are Hilbert spaces with the following inner product

S

1
w, ) gm = ((DY™eP PV yu (DY™eP PP 0N 1o w,v € H™(R).
p;0

p;0
We want to investigate the well-posedness of the problem (1.2) in the space
HE(R) == Hyy(R).
p>0

This space is related to Gevrey classes in the following sense: it is easy to verify the inclusions
Go(R) C HE(R) € G(R),
where G?(R) denotes the space of all smooth functions f on R such that

(1.3) supsup b~ 1ol =|0% f (z)| < +o0
a€eN zeR

for some h > 0, and G§(R) is the space of all compactly supported functions contained in
G°(R).

The terms a;(t,z,D,) are assumed to be pseudodifferential operators with Gevrey regular
symbols; of course differential operators a;(t,z)D?, with a;(t,z) continuous on ¢ and Gevrey
regular on x, are a particular case. Let us introduce a suitable symbol class.

Definition 1. For fited m € R,u > 1, v > 1 and A > 0, we shall denote by S,TV(R%;A) (re-
spectively S’ZZV(RZ"; A)) the Banach space of all functions a € C*°(R*") satisfying the following
estimate

lalla == sup sup AlIPlarmrgIm gy |92 08 a(z, €)] < +oo,
a,ﬂENQ (m,g)eRQ

(respectively

jala = sup sup  ARIlalmrg1r () 920l a(x, €)] < +o0).
o,BEN] (z,£)ER2n
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We set S, (R?™) U S R2” ) and Sm (R?7) U Sm ]RQ” ) endowed with the
A>0 A>0
inductive limit topology. In the case yu = v we simply write SlT(]RQ”) and S’/T(RQ”) instead of
Sy (R**) and Sm L(R?™).

The main result of the paper reads as follows.

Theorem 1. Let so > 1 and o € (3,1) such that sy <
defined by (1.1). Assume that
(i) as(t,€) € C([0,T); S3(R?)), as(t, &) is real-valued, and there exists Ry, > 0 such that

Ocaz(t, &) > Co, &, t €[0,T], |€] > Ray;

(i) a; € C([0,T1; 57 ,,(R?)) for j =0,1,2;
(iii) there exists Coy > 0 such that

|3§‘8§a2(t,x,§)| < ng+5+1a!6!so<§>27a<x>707 le [O7T]7 xaf € R? aaﬂ S NO;
(iv) there exists Cy, such that
|[Im as(t,2,€)] < Cay(€)(x) 7%, te[0,T], 2,6 €R.
Then given 0 € [50, ﬁ) ,p >0, meR, and given f € C([0,T], H}y(R)) and g € H]p(R),

there exists a unique solution u € C'([0,T], H}4(R)) of (1.2) for some 0 < p' < p, and u
satisfies the energy estimate

t
(14 ot M, < € (ol + [ 157 Mg 7).

Moreover, for 0 € [so, 2( ) the Cauchy problem (1.2) is well-posed in H (R).

02 U) Let moreover P(t,z, Dy, D,) be

Remark 1. We notice that the solution u exhibits a loss of reqularity with respect to the initial
data in the sense that it belongs to Hy., for some o < p. Moreover, the decay rate o of
the coefficients imposes restrictions on the values of 0 for which the Cauchy problem (1.2) is
well-posed. Such phenomena are typical of this type of problems and they appear also in the
papers [12, 22]. In the recent paper [1] we proved the existence of a solution with no loss of
reqularity with respect to the initial data and no upper bound for 6 provided that the Cauchy
data also satisfy a suitable exponential decay condition.

Remark 2. Let us make some comments on the decay assumptions (iii) and (i) in Theorem
1. For p = 2 we know from [22] that the decay condition Ima, (t,z) ~ (x)~7, o € (0,1),
leads to Gevrey well-posedness for s < 0 < 1/(1 — o). Here we prove that for p = 3 the
decay condition a,_1(t,x) ~ (x)~7, 0 € (1/2,1), together with a weaker decay assumption on
the (lower order) term Ima, (t,x) ~ (x)7°/% is sufficient to obtain Gevrey well-posedness for
so < 0 < 1/(2(1 —0)). Comparing these results, we point out that in the present paper we
need to assume that also Reay ~ (x)~7 in order to control the term appearing in (4.4). This
assumption is crucial in the argument to obtain our result. In the recent paper [3] we proved
that for o € (0,1/2] the Cauchy problem (1.2) is not well-posed in Hg°(R) for any 6.

To prove Theorem 1 we need to perform a suitable change of variable. In fact, if we set
2
iP = 0, +ias(t, D) + Y ia;(t,x,D,),

=0

J/

-~

=:A
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since az(t,€) is real-valued, we have

d 2 _
Lt 3 = 2Re (Dput). ()

= 2Re (iPu(t),u(t)) 2 — 2Re (ias(t, D)u(t), u(t)) 2 — 2Re (Au(t), u(t)) 2
< [Pu®)lZz + lu(®)lZ2 — ((A+ A )ult), u(t)) 2.

However, A + A* is an operator of order 2, so we cannot derive an energy inequality in L2
from the estimate above. The idea is then to conjugate the operator i P by a suitable invertible
pseudodifferential operator e*(t,z, D,) in order to obtain

(iP)y = e o (iP) o {e*} ™' = 0, +ias(t, D,) + {agn + a1 p + ax p + roa}(t,xz, Dy),

with a;a(t,z,§) of order j but with Rea;x > 0, for j = %, 1,2, and roa(t, 2, D) has symbol
ro(t, x, &) of order zero. In this way, applying Fefferman-Phong inequality to as a (see [14]) and
sharp Garding inequality to a;x and ay (see Theorem 1.7.15 of [31]), we obtain the estimate
from below

Re((azn +ain +ay 2)(t, @, Dy)o(t), v(t))r2 > —cllo(t)]Z2,

and therefore for the solution v of the Cauchy problem associated to the operator Py we get

%Hv(t)Hiz < C(IEP)Av(IZ2 + [l (B)IIZ2).

Gronwall inequality then gives the desired energy estimate for the conjugated operator (iP),.
By standard arguments in the energy method we then obtain that the Cauchy problem associ-
ated with P, is well-posed in any Sobolev space H™(R).

Finally we turn back to our original Cauchy problem (1.2). The problem (1.2) is in fact
equivalent to the auxiliary Cauchy problem

(15) Pa(t,x, Dy, Dy)v(t,x) = e (t, 2, D) f(t,z), (t,z) € [0,T] x R,
' v(0,2) = 0,2, D,)g(x), x €R,

in the sense that if u solves (1.2) then v = e*(¢,x, D,)u solves (1.5), and if v solves (1.5)
then u = {e*(t,r, D,)} v solves (1.2). In this step the continuous mapping properties of
eMt,x, D,) and {e*(t,r, D,)} ! play an important role.
The operator e*(t, x, D,) will be the composition of two pseudodifferential operators of infi-
nite order, namely
1
(1.6) Mt x, D) = ") o Mz, D,)
where A = Ay + \; € Sz(l_a) (R?), k € C'([0,T];R) is a positive non increasing function to be
chosen later on and (), := \/h?+ &2 with h > 0 a large parameter. Now we briefly explain
the main role of each part of the change of variables. The transformation with A, will change
the terms of order 2 into the sum of a positive operator of order 2 plus a remainder of order
1; the transformation with A\; will not change the terms of order 2, but it will turn the terms
of order 1 into the sum of a positive operator of the same order plus a remainder of order not
exceeding 1/6. Finally the transformation with & will correct this remainder term. We also

1
observe that since 2(1 — o) < 1/ the leading part is k(t)(£)/, hence the inverse of e* (¢, z, D)
possesses regularizing properties with respect to the spaces HY, because k(t) has positive sign.
The paper is organized as follows. In Section 2 we introduce a class of pseudodifferential
operators of infinite order which includes the operator e*(¢,z, D) mentioned above and its
inverse and state a conjugation theorem. To introduce quickly the reader to the core of the

paper, we report in this section only the main definitions and results and postpone long proofs
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and collateral results to the Appendix at the end of the paper. In Section 3 we introduce the
operator eM(x, D) and prove its invertibility. In Section 4 we treat the conjugation of iP with

eM(t,x, D) and its inverse and transform the Cauchy problem (1.2) into (1.5). Finally in Section
5 we prove Theorem 1.

2. Pseudodifferential operators of infinite order

In this section we recall some basic properties of pseudodifferential operators with symbols
as in Definition 1. Moreover, we introduce the pseudodifferential operators of infinite order
which will be used to define the change of variable mentioned in the Introduction and state a
conjugation theorem. Our approach follows the same ideas used in [23] but with some minor
modifications due to the fact that we need a more explicit Taylor expansion of the symbol
of the conjugated operator (iP)u, cf. Remark 6 below. Wanting to direct the reader to the
main results of the article as soon as possible, we prefer to dedicate an Appendix at the end
of the paper to discuss these technical facts. Notice that from now on we shall use the simpler
notation D instead of D, when denoting pseudodifferential operators since time derivatives are
not involved in the expression of e’.

In addition to the symbols defined in Definition 1, fixed 8 > 1,1 < u < 0 and A,c > 0, we
will also consider the following Banach spaces:

1
p(x,€) € S;p(R*™ A c) <= |Ipllac:= sup [9805p(x,&)|ATIoHFlal=rpIr(g)lele=dd? « 4oo;
a,ﬂENg
z,£EERM

1
p(x,€) € S;5(R*™; A, ¢) <= |plac:= sup |8§‘8§p(x,§)]A_‘O‘era!_“ﬁ!_“e_cl’s'g < 00.
a,[‘iENg
z,£ER™

R2n . U RZTL R2n . U RZn

c,A>0 c¢,A>0

We set

endowed with the inductive limit topology.

Unlike Definition 1, the classes above have been defined for simplicity’s sake assuming the
same Gevrey regularity in x and £ (u = v). This choice is justified by the fact that taking pu # v
would not improve significantly the results here below. Since in several parts of the paper we
shall need more precise estimates for the z-derivatives of symbols, it is important to introduce
also Gevrey regular SG symbols, cf. [10]. Namely, given my,my € R, p > 1 and A > 0, we say
that p € SGJ""™2(R**; A) if and only if

Hpllla == sup [9£0p(x, &)|ATIPlalrgimr(g)—mitlel gy =matlFl < 4 oo,
a,BENR
(2,€)eR2n

We set SG™ (R*) = U SG™ (R?"; A) endowed with the inductive limit topology.
A>0
Remark 3. We have the inclusions S;(R*") C Si5)(R**) for every m € R and § > 1 and
SGM (R*™) € S (R*™) if my < 0.
Denote by 7?(R") the space of all functions f € C°>°(R") such that

(2.1) sup sup h~14a!=?0% f(x)| < +o0
aeN™ gecR”
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for every h > 0, and by 7§ (R") the space of all compactly supported functions contained in
7?(R™). For a given symbol p € S°%(R*") we denote by p(z, D) or by op(p) the pseudodiffer-
ential operator defined by

22) e Dyule) = [ (o, a(EE, w e (R,

where d¢ = (2m)7"d€. Arguing as in [33, Theorem 3.2.3] or [35, Theorem 2.4] it is easy to verify
that operators of the form (2.2) with symbols from l‘jfg(RQ”), with © < 6, map continuously

79 (R™) into v?(R™). However, it is convenient to work in a functional setting which is invariant
under the action of these operators. This is represented by Gelfand-Shilov spaces of type .#,
cf. [15].

Definition 2. Given 6 > 1 and A > 0 we say that a function f € C°(R™) belongs to Sp 4(R™)
if there exists C' > 0 such that
12702 f(z)] < CAlPHRlQ? 31°
for every o, B € Ny and x € R". We define
SoR") = | Spa®"), Tp(R") =[] Sp.a(R").
A>0 A>0

The norm

1fllo.a = sup |27 f(a)|ATPlal=08170 f € Sy a(R"),
aiggg]g
turns Sp 4(R™) into a Banach space, which allows to equip Sp(R™) (resp. %y(R"™)) with the

inductive (resp. projective) limit topology coming from the Banach spaces Sy 4(R").

Remark 4. We can also define, for M,e > 0, the Banach space Sy(R™; M, ) of all functions
f € C®(R"™) such that

| fllare == sup M~llal=0es#l? |92 f ()] < oo,
aeNy
and we have (with equivalent topologies)
SR = | SR M), SpR") = () So(R";M,e).

M,e>0 Me>0
It is easy to see that the following inclusions are continuous (for every & > 0)
W(R) € B(R) € Sy(RY) € GUR™),  Sy(R") C Spue(RY),
for every # > 1. We shall denote by (Sp)'(R™), (X¢)'(R™) the respective dual spaces. Concerning
the action of the Fourier transform we have the following isomorphisms
F:S(R") = Sp(R™),  F :Ep(R™) — Xg(R").

Proposition 1. Let p € SL”(]R%;A). Then for every 0 > p (resp. 0 > ), the operator
p(x, D) maps continuously Sp(R™) into Sp(R™) (resp. Lg(R™) into Xg(R™)), and it extends to
a continuous map from (Sp) (R™) (resp. (2¢)'(R™)) into itself. Moreover, there exists § > 0
such that p(xz, D) maps continuously Hg‘(;rm' (R™) into Hg}é(R”) for every m' € R and for |p| <
SATYY.
Proof. The first assertion can be proved following readily the argument in the proof of [10,
Theorem 2.2|. The second one is the content of [23, Proposition 6.3]. O
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By [23, Proposition 6.4, given p € S}7'(R**; A) and ¢ € SL”/ (R?"; A), the operator p(x, D)q(x, D)
is a pseudodifferential operator with symbol s given for every N > 1 by

s(w, &) = Z (Oé!)*lﬁgp(x,f)ng(x, &) +ru(z, §),
lo| <N
where ry satisfies
102 D27y (i, €)] < Cv a(Crv A) 1Al (a1 g1 gyt =Nl

for every z,& € R", o, f € N}, with Cy independent of A, «a, .
We shall not develop a complete calculus for pseudodifferential operators of infinite order
here since for our purposes we can limit to consider some particular examples of such operators,

namely defined by a symbol of the form eM®% for some \ € S,l/ "(R*"), k > 1. In fact, let X be
a real-valued symbol satisfying the following condition:

(2.3) 10208 (w, €)| < poAletBl(algyr(g) sl

It is easy to verify that e** € S (R*"). Let

ez, D)u(x) = op(e*™)u(z) = /n TN @L) (€) dg

We also consider the so-called reverse operator {e**(z, D)}, introduced in [24, Proposition
2.13] as the transposed of e**(z, —D), see also [23]. Namely, #{e**(x, D)} is defined as an
oscillatory integral by

e o D)ule) = Os = [ [ 209 (y) dyde
~ lim / / €Ny (e o€ )u(y) dyde
R?n

e—0

for some y € S.(R?*") such that x(0,0) = 1.
The following continuity result holds for the operators e*(z, D) and {e*(x, D)}:

Proposition 2. Let A be a symbol as in (2.3), p,m € R, 1 < 0 < k. Then:

i) If k > 0, the operators e (x, D) and "{e*(x, D)} map continuously H}%(R™) into H™ 5.,(R™)
for every & > 0; .

i) If k = 0, there exists 6 > 0 such that the map ez, D) : H7y(R") — H™;,(R") is
continuous for every |p — 8| < 6A™Y? and

0> C(A) = sup{A(z,€) /()" : (x,€) e R™}.

Moreover, "{e*(x, D)} © HIH(R") — H™50(R™) is continuous for every |6] < SA™Y and
§ > C(N).

For the proof, see |23, Proposition 6.7].

Definition 3. Let r > 1. We denote by K, the space of all p € C*°(R?*") satisfying an estimate
of the form

(2.4) |0200p(x,€)| < CletPH a1 gire=ele”

for some positive constants C, c.
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Remark 5. Operators with symbols in K, possess reqularizing properties in the sense that they
extend to linear and continuous maps from (v§) (R™) into 4*(R™) if @ > r. This can be easily
proved taking into account that the estimate (2.4) implies that for every ¢ > 0 there exists
C. > 0 such that

0805p(x,€)] < C.CPHPlalrprre==" 2. ¢ € R" 0, 5 € Ny,

Moreover the Fourier transform of an element of (7§)'(R™) is a function which can be bounded

by Ceclél’ for some C,c > 0. Hence we can prove the continuity using the same argument
of the proof of [33, Lemma 3.2.12]. We shall often refer to these operators as r-reqularizing
operators in the sequel.

In the next result we shall need to work with the weight function (¢), = (k% + [£]?)!/? where
h > 1. We point out that we can replace () by (), in all previous definitions and statements,
and this replacement does not change the dependence of the constants, that is, all the previous
constants are independent of h. Moreover, we also need the following stronger hypothesis on

A, €) -
(25) OFOIN, )] < po A+l B1e(€); 1,
whenever || > 1. This means that if at least an z—derivative falls on A\, then we obtain a

symbol of order 0(< <).

Theorem 2. Let p be a symbol satisfying
020 p(, €)] < CadlFlargrs(eyi e,
and let \ satisfy

(2.6) 192z, €)] < poAllatr(e)F ™

and (2.5) for B # 0. Then there are & > 0 and hy = ho(A) > 1 such that if py < 6A™~ and
h > hg, then

(2.7)

— 1 QL x o — X
eA(an)p(an)R{e /\(an)} :p(an)"“Op Z ?85 {age/\( ’ﬁ)Dfp(a:,f)Dme A( ,E)}
1<|atBl<N alp!

+TN(x7D) +Too(x>D)7

where )
m—(1—+)N—|a]

102001 n (2, )] < Cpy, 4 (CuA) TN qIF g1m N1 () :

_1, L
10807100 (2,€)] < Cpo,an(CA) TN I gIE N 2t emend O,

In particular, ro(z, D) is k-regularizing.

Remark 6. Notice that the operator e*(x, D)p(x, D) {e=*(x, D)} has been already treated in
[23, Theorem 6.12] (see also [32, Theorem 2.1]). Namely, Theorem 2 and Theorem 6.12 in [25]
only differ in the form of the asymptotic expansion of the symbol of e*(z, D)p(z, D)#{e~*(x, D)}.
Nevertheless, having an asymptotic expansion of the form (2.7) is crucial to perform the compu-
tations in Section 4 and formula (2.7) cannot be easily derived from the statement of [23, The-
orem 6.12]. This is the reason why we prefer to state the result in the form above. On the
other hand, the proof of Theorem 2 follows the same argument of the proof of Theorem 6.12
in [23] and the different forms of the asymptotic expansions are obtained just by applying Tay-
lor’s formula at different stages of the proofs. For this reason, in the Appendix at the end of
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the paper we propose just a sketch of the proof of Theorem 2 where we just emphasize the main
differences from the proof of Theorem 6.12 in [23].

3. Change of variables

In this section we introduce the main ingredients which define the change of variable that we
need for the analysis of problem (1.2).
For My, M7 > 0 and h > 1 a large parameter, we define

3.) ale.§) =M () [v (G )t @oew,
(3.2) w9 = (1070 [ te (&) dn @ R
where
e Jo <1 I ERNTESt
© {ﬂ@@%wm,mwﬁa, v {a|mzL

0gw(&)| < Cottalr, [90(y)| < C’g“ﬁ!“, with p > 1. Notice that thanks to assumption (i) in
Theorem 1, the function w is constant for £ > R,, and for £ < —R,,.

Lemma 1. Let M\y(z,€) as in (3.1). Then the following estimates hold:

(i) oz, €)] < Mz g)20;
(i) [0 X (2, )] < CoTalt (€))7, for a > 1;
(ili) [OgXa(, &) < CoFrali(€), * ()=, for a > 0;
(iv) |8§‘8§)\2(x,§)| < CoFBHLQIBI(E) ()=~ BD  for o > 0,8 > 1.

Proof. We denote by x¢(x) the characteristic function of the set {z € R : (z) < (£)7}. Now
note that

|| min{|z|,(£)%}
wmm§m/<wwmm=m/ ()" dy,
0 0

hence

M2 . 2(1—0o 1—0
Ao, )] < == min{(€)" 7, ()"}
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For a@ > 1 we have

ol 19 _ v _ (y)
o < (a1) [ > o 707 | 5
102 Xa(2,€)| < Mzalgga el | (h)'h /O Xe(W){y) 0% (@% dy
Oé' a1 § —a1 ‘xl
<o 3 Sl () [T
altaz=a
a2 ¢(J) <%>‘ Qs J
DD )l | LR
j=1 'y1+ A= v=1
< M, Z ozllag — O T an!(€), (R )™
altaz=a

- ||
x Cartlag (€)7o / Ye(y)(y) " dy

o]
< MyCyp g, al(€),° /O xe(y)(y) = dy

M Q —« . —0 —c
< 7O, () min{ (R (@)

For a > 0 and 8 > 1 we have

gon el < e Y S e (£ jon

051!042! 51'52'

a]tag=a

522 P2 (<x>)‘
RN
B1+B82=p—1

- Z al (B—1)! Ca1+1 Ry, Yo (€)7o Cﬁ1ﬁl!<x>*0751

aqlo! 51'52

a1+a2:a
B1+B2=8~—
ag+32 w(j) (ﬂ)’ |
<§>i Oé? /82 )\u Yo _
o) 3o T e ,A,Hro" 21107 (€)7)
7j=1 vt tyj=ag
A1t A =P

<i Y O Do nr,) gy mon i

aqlo! 51'52

a1+a2:a

B1+B2=p~-1
x Oy gl gyl () 7€),
< MyCyilit alt (8 — 1) (@) =70,
0

For \; we have the following estimates which can be proved via the same arguments used for
A2. We omit the proof for the sake of brevity.

Lemma 2. Let )\, (x €) as in (3.2). Then
(i) i, 6) < ()77
(ii) [0gA(2,)] < C*Flal(€)h=7%, for a > 1;
(iid) 98\ (z, )| < Cotlalr(e), 1 (@)1 %, for a > 0;
(iv) [0\ (2, )] < CoHlatr(e), " (z) =7, for a > 0;
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(v) (0208 N (z, &) < CotBF oI gi (€)= ()~ 2BV for a > 0,8 > 1;
(vi) 0808 N (x,€)] < CotPHlaIrBIn(g) (x) =D for a > 0,8 > 1.

Remark 7. From Lemmas 1 and 2 we conclude X2, \y € SG?L’PU(RZ), A € S77(R?) and
Xy € S277)(R2). Hence, setting A = Ay + Ay, we get e € Se (R*) N SGgoi (R?), cf. [1].
‘l1—0o

2(1—0)

To construct the inverse of e*(z, D) we need to use the reverse operator Ric=A(z, D)}. We
have the following result which expresses the inverse of eM(x, D) in terms of composition of
Rfe=2(z, D)} with a Neumann series.

Lemma 3. Let u > 1. For h > 1 large enough, the operator (x, D) is invertible and its
mverse 1s given by

{eMa, D)} = B{e™ 2, D)} o Y (—r(x, D)),

320
for some r =T + 7, where T € SG;L*U(RQ), 7 € X (R?) for every k > 2u — 1 and
~ 1 A —A —1-N,—0—0c
T — Z ﬁﬁg(eAD;e M e SG,"NTTN(R?), YN > 1.
1<y<N
Moreover, Y (—r(z, D))’ has symbol in SG%O(]R2) + 3. (R?) for every k > 2u — 1. Finally, we
have
A - —A , ~ 1 ~ ~ -
33) (e D)} = e Nw. D)} o op(1 — 0D, A — SRR — [0,AP) (0D, + ),
where q_3 € SG;S’_?’”(]RQ) + 2. (R?).
Proof. The proof follows directly from [1, Lemma 4]. O

Remark 8. Since we can choose p > 1 arbitrarily close to 1, we may assume 2u — 1 < 6.
Therefore we can take k < 0 in the above lemma.

4. Sobolev well-posedness for the Cauchy problem (1.5)

In this section we will perform the conjugation of iP in (1.1),(1.2) by the operator e* (¢, x, D,)
defined by (1.6), where k € C"([0,T];R) is a positive non increasing function and A = A\; 4 A,
with A1, Ay defined by (3.2), (3.1) respectively. Namely, we explicitly compute the operator Py
in (1.5) and prove that the Cauchy problem (1.5) is well-posed in Sobolev spaces H™, m € R.
For this purpose we shall use Theorem 2.

Before performing the conjugation, let us make some remarks. By Lemmas 1 and 2 we get

e C"~0‘+6|+1a!“5!“ ¢ 2(1*U)fa’
020N, ) < 4 et m< >,1a )
e g g)e i B> 0,

where (5 is a constant depending only on My, M, Cy,, Cy, 1, 0. Moreover, since we are assuming
2(1 - o) < § we also get

Az, €)] < C5(€)2077) = 03 ()2 70 6)F < hi—20-0 ¢y (),

therefore

B
|

o

T

N
2

sup |A(z, () ° < h

z,EER™
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which can be assumed as small as we want, provided that i > ho(Ms, My, Cg, 0, 0).~ Hence we
may use Theorem 2 to compute e*(z, D) o (iP) o {e*(x, D)} ~". First we note that e**") 08, 0
{eMx, D)}t = 0y, because A(x, &) = A\ (x, &) + \a(z,€) is independent of ¢.

e Conjugation of iag(t, D): Since a3z does no depend on x, the asymptotic expansion of
Theorem 2 reduces to (omitting (¢, x, D) in the notation)

~ ~ 1 - -
e oazo Me™} =as+op ( Z a@?{eAaDﬁe_A} + TN) + Too,

1<a<N

and since the z—derivatives of A kill the growth in & given by the integrals defining A,
we obtain ry of order 3 — N and r,, € Ky; with this simplification we get

_ . 1 N ~
e oiag o {e } = iag + Oc{iagDy(—A)} + iag{iag[Di(—A) + (DIA)Q]} + 713+ o

with rs of order zero. Composing with the Neumman series we get from (3.3):
eMiaz){e} " = op (mg — Oe(as0,A) + %ag las(02A — (0, 8)%)] + 75 + roo)
o op (1 — i0c0, A — %ag(agfx — [0,A]?) — [0:0,A]% + q3>
— gy — O (asD,A) + %ag{ag(agfx —{0,8)2)} + 4300, A — i0eaz002R
+ 0¢ (30, A) 0c0, A — %ag{ag(agA + [0.A]%) + 2[0:0.A*} 4+ 1o + 7
= daz — Oaz0, A + %ag{ag [02A — (0,A)?]} — iDas0:0> A
+i0k(as0.R) 060, A — S as{O2OA + [.AP) + 200040} + o 41

where 1o € C([0,T7]; S),(R?)) and 7 is a new regularizing term. Writing A =X+ and
observing that D,\; has order —1 we get

eMiaz){eM} ! = iay — Oeazdpha — OeasOphy + %ag{ag(agAQ — {0, 02)2)} — i0:a30:0 X

+ iag(agax)\g)ﬁgax)q — %ag{ﬁg(ﬁi)q + [a:r;)\2]2) + 2[a§ax)\2]2} + 70 + T,
for a new zero order term ry. Setting

1
di(t, @, &) = 5552{03(5§>\2 —{0:29}°)} — Deaz0:07 s

1
+ 3§(a381)\2)8§8m>\2 — 5@3{852(8‘3)\2 + [833)\2]2) + 2[8581)\2]2}
we may write
€A(ia3){€/~\}_1 = iag - 85a38$)\2 - 8§a38$/\1 + Zdl +7ro+ T,

where d; is a real valued symbol of order 1 which does not depend on A;. Moreover, we
have the following estimate

|0202d, (¢, 2,€)] < O alpI(E) = (z) ™7
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where (), is a constant dependent of A;.
e Conjugation of ias(t,z, D): for N € N such that 2 — N(1 — 5) < 0, Theorem 2 gives

- - 1 - -
et oiay(t,x, D) o B{e ™} =iay(t,x, D) 4+ op ( Z ﬁag{afeADf(iaz)DﬁeA})
1<a+B<N a.ﬁ.
—(ia2) n

+ 7o(t,x, D) + 7(t, x, D),
where 7y has order zero and 7 € Ky. By the hypothesis on ay, we obtain
« . e 1 s —[20—1]—« —c
10807 (jag)n (1, €)| < CEFTT apro(g)>-Bomtize(g) =,
Composing with the Neumann series and using the fact that 0,A; has order —1 we get

SA e} i(lg O {BA}_I == (’iag + (’iag)N + fo + R) @) (I — Zagax)\g + q_g)
= iay + (iag) N + az 0 OcO0xAg — i(iaz)n © 0cOpha + 19 + 7
== iag + (iag)N — i(iag)Nﬁgam)\g +a28§8x)\2 + To + r,

N

=:(;c:2)]\

where 7 has order zero, r € Ky and (as); satisfies
|8§‘8£(2’a2);\(t, z, §)| < Cj:f-i-lawﬁ!so <5>2_[20_1]_a<33>_0,
in particular

(4.1) |(ia2)5 (8, ,€)] < Cpy 2 (€07 27 Ha) ™.
):

e Conjugation of ia;(t,x, D

e o (iay)(t,z,D) o {e]\}_1 = (iay + (ia1)5 +m1)(t, 2, D) Z(—r)j

=tay(t,z, D) + (ia1);(t,x, D) + ro(t,x, D) + r(t,z, D),

where r¢ has order zero, r € Ky and

(4.2) (ia)z ~ Y

lo+B8]>1

1

|5ua?{af€ADf(ia1)D;e4} in §20-9)
Q0!

550

e Conjugation of iag(t, z, D): €* o (iag)(t,z, D) o {2} = ro(t,z, D) + r(t, z, D), where
ro has order zero and r is a f—regularizing term.

Gathering all the previous computations we may write (omitting (¢, , D) in the notation)

€A<Z.P){€[\}_1 = 6t + ia3 - 8§a38$/\2 - 8§a3c9x)\1 + Zdl
+ iaz + (Z.G/Q)]\ -+ agagar)\z -+ ’iCLl + (’iCL1>A + To -+ r,

where dy € S}, , di is real-valued, d; does not depend on Ay, (iag); satisfies (4.1), (ia1);

satisfies (4.2), ro € C([0,T]; S, (R?)) and r € K.
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- - 1

4.1. Conjugation of e*(iP){e*} ™! by (D), Let us recall that the function k(t) satisfies

ke C'Y([0,T];R), ¥'(t) < 0 and k(t) > 0 for every ¢ € [0,7]. In order to apply Theorem 2
1

with A(t,z,€&) = k(t)(£);, we observe that this function satisfies (2.5) and (2.6) with py = k(0)

and for some positive A. Hence, there exists 0 > 0 such that if k(0) < §A~'/?, then Theorem

2 applies. Moreover, since in this case A does not depend on x, the asymptotic expansion of
Theorem 2 simplifies into

(4'3) ek(t)<D)]11/9p(x7 D)e_k(t)<D>ilz/9 :p(x, D) +op Z —aﬁ &/ Dﬁp(x §) k() (&)1

1<|ﬂ\<N
+ TN(xv D) + Too(an)v

o (1—1
where we can say that ry + ro € Sm (=)

= =

e Conjugation of 8;: eF®(P) 0 e kDD = 9, — K (t)(D)
e Conjugation of ias(t, D): since az does not depend on z, we simply have

PSS

1
KOWI 6 jag(t, D) o o~ kOD)f ias(t, D).

e
e Conjugation of op{ias — Ocazd, A2}

ek(t)<D>E o) (iag — agagax)\g)@, xZ, D) o €_k(t)<D>E = Z.a2(t7 Z, D)
— Op(aga:;am)q) + <b2,k + TO)(t7 x, D)

1
where 7 has order zero and by (¢, x, &) € C([0,T7; S,lltoe (R%)),

(4.4) |b2o(t, 2, §)| < max{1, k(t)}Cs 1, (€ >1+9($> 7, z,§ER™
iag)x(t,x, D):

e Conjugation of

1
[
h

"D o (jay);(t, 2, D) o e HOP

:mp

= {liag) z +ro}(t,x, D),

where 7y has order zero and (iaz), ; € C([0,77; S S(()%' 1))7

10808 (iaz), 1 (t, 2, €)| < (max{k(t), 1}C,, ;)°TF alk g0 (g)~Coh=a () =o,
In particular
(4.5) |(iaz), 5 (t 2, €)| < max{k(t),1}C,, ;(&)7 7 z)™.

e Conjugation of op(ia; — Ocazdy A1 + idy + a20:0,A2): we have (omitting (¢, x, D) in the
notation)

o=

1
DD 4 op(ia; — OcazOy A1 + idy + a20:0,\2) © e~ FOD)
=1a1 — 85a38x)\1 +1d; + agagam)\Q + bl,k -+ 7o,

1

where 7y has order zero, by (t,z,&) € C([0,T7]; Sfs) and for large h we have

(4.6) bus(t, 2, €)] < K(O)C:(E)I, z€R, £ R
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e Conjugation of (iay);(t,x, D):

T =
S

"D o (jay);(t,, D) o e HODI — {(ia1), 5 +ro}(t,z, D),

where 7y has order zero, (ia), 3 € C([0,T7; Sﬁg;a)) and for large h we have

(4.7) |(ia1) 2 (t, 2, )] < CR(E™, 2,6 €R.

Finally, gathering all the previous computations we obtain the following expression for the
conjugated opeartor (assuming the parameter h sufficiently large)

e® o (iP) o {e*}! = 0, +ias(t, D)
+ op(iag — OgazOyAa + baj + (iag)kj)
+ op(ia1 — E)fag@x/\l + ’Ldl + agafax)\g)

+op(=K'(){€)h + bik + (ia1), z) + ro(t, z, D)
where by, satisfies (4.4), (iag), ; satisfies (4.5), by . satisfies (4.6), (ia1), ; satisfies (4.7) and g

has order zero.

4.2. Lower bound estimates for the real parts. In this subsection, we will derive some
estimates from below for the real parts of the lower order terms of (iP), and we use them
to achieve a well-posedness result for the Cauchy problem (1.5). We start noticing that for
€| > hR,, we have

—0caz0p Ay = [Ogas| Mz (x) ™71 (<i>2)

GE
= |O¢az| Ma(r) ™7 — |Ogaz| Ma(x) ™7 [1 - (%)} :
—Oeasdud = |Oeas| M (€7 ()5 (%)
= Okl M E); () = 10l ()7 ) |1 0 (%)] |

We also observe that

because () > 1(£)2 on the support of (1 — ) ({z)(£);?).
In this way we may write

et o (iP) o {er}y ! = 0, +ias(t, D) + ay(t, x, D) + ay(t, , D) + ag(t, z, D) + ro(t, z, D),



16 A. ARIAS JUNIOR, A. ASCANELLI, AND M. CAPPIELLO

where 7y is an operator of order 0 and
Reay = —Imay + |Ozaz|Ma(z) ™7 + Re by + Re (iaz),, i,
Imay = Reay + Imbyy + Im (a2)k,]\»
Reay = —Imay + |Ocas| My (), (#) "% + Re a20¢0: Mo,
Redy = —K(1)(€)] + Reby, + Re (iay), 5

~ okaalitae) |10 (5 )| - easboni @ |- (G5 )|

Now we decompose iIm as into its Hermitian and anti-Hermitian part:
ilmas + (ilmasg)*  ilmay — (i Imag)*
2 2

we have that 2Re (Arma,u, u) = 0, while Hp,, 5, has symbol

zImdg =

= Hima, + Aimay;

7: (6% o ~ Z 1% 6% Z o o
> 508 D3 Tm st 2, €) = > 5o 0e D Reay + > 50 De{Im by + I (az), 5}
a>1 a>1 a>1

J/ J/

-~ -~

=:c(t,x,€) =:e(t,z,£)
The hypothesis on ay implies
et 2, &) < Ce(§)(2) ™7,

with C. depending only on Reas, whereas from (4.4), (4.5) and using the fact that 2(1—0) <
we obtain

1
0

le(t,2,€)] < C, 2 (6)7 ()7,

with C,, ; depending on k(t) and A
We are ready to obtain the desired estimates from below. Using the above decomposition we
get

o (iP) o {e*} ™' = 0, +ias(t, D) + Reay(t,x, D) + Arma,(t,z, D)
+ (@1 +c+e)(t,x, D) + ag(t, z, D) + ro(t, , D).
Note that (£)2 < 2€% provided that |[£] > R,,h. Estimating the terms of order 2 we get
(4.8)

Ca
Re C~L2 Z M2 3

@)™ = Caal)i () (a)
— max{1, k(£)}Ca, ()17 — max{1, k(£)}C3 ()2 V(@)=

> (M2 02(13 — C,, — max{1, k:(t)}C’,bh_(l_%) — max{1, k’(t)}C;\h_(Q"_l)) <§)i<$)_",

For the terms of order 1 we obtain

(49)  Re(a+c+e) > M102a?’ (E)nlz)”

[N

- Cal <€>h<x>7% - Caz,)\z <§>h<x>720
— ()™ = Oy (O ()7

Clg —(1-1 -
> (Ml 5y~ Chpny = Com g™ e>) (€)n(a)5.

[N




GEVREY WELL-POSEDNESS FOR 3-EVOLUTION EQUATIONS 17

Finally, for the terms of order % we have
Redg > =K (1)(€)] — k()C3(€)7 — Cx(&n" ™" = 27Cu, Ma (€)™ — 27Ca My (€)1
> —(K'(t) + Cik(t) + C2) (&)1,
where Cy = Coh 672091 and O}, Cy depend on A but not on h. Setting
1 —e Gt

Ch

we obtain k'(t) < 0 and £'(t) + C1k(t) + Cy = 0. Note that for any choice of k(0) > 0, we can
choose h large enough in order to obtain k(t) > 0 on [0, 7.
From the previous estimates from below we obtain the following proposition.

k(t) = e “"k(0) — Cy, t€[0,T),

Proposition 3. Let k(0) be small enough such that (4.3) holds true. Then there exist My, My >
0 and a large parameter hg = ho(k(0), My, My, T,0,0) > 0 such that for every h > hy the
Cauchy problem (1.5) is well-posed in Sobolev spaces H™(R). More precisely, for any f €
C([0,T); H™(R)) and g € H™(R), there exists a unique solution v € C([0,T]; H™(R)) N
CH[0,T]; H™3(R)) such that the following energy estimate holds

ww%éc@m%+ﬁwm%mﬂ,tqu

Proof. Let k(0) > 0. Take My > 0 such that

C,
(4.10) My= = Coy > 0,
and after that set M; > 0 in such way that

C,
(4.11) M, 23 —Cyy — Cayry — Ce > 0.
Finally, making the parameter hg large enough, we obtain k(7") > 0 and
C, 1
(4.12) My= = Co, — max{l, k(t)}Ox,h~ 1) — max{1, k(t)}C;3h~ 21 >0,
Cag —(-1)

(4.13) M, 5 Cay = Cagpg = Ce = Cop g7 > 0.

With these choices Reas(t,x, &), Re (a1 + c+ €)(t,x, ), Reay(t, z, &) are non negative for large
|€]. Applying the Fefferman-Phong inequality to Re as we have

Re{Reiy(t,z, D)v,v)2 > —C||v||32, v € .Z(R).
By the sharp Garding inequality we also obtain that
Re{(ay + c+e)(t,z, D)v,v) 2 > —C||v|32, v € .Z(R)
and
Relag(t,z, D)v,v)2 > —C|v||72, v € .Z(R).
As a consequence we get the energy estimate
%Ilv(t)lliz < C'(lv®)Iz> + [GP)av()]72),

which gives the well-posedness on L?(R) and on H™(R) for every m € R for the Cauchy problem
(1.5). O
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5. Gevrey well-posedness for the Cauchy problem (1.2)

Finally we are ready to prove Theorem 1.

Proof of Theorem 1. Let us take initial data satisfying f € C([0,T], H}»(R)),g € H}p(R), for
some m € R and p > 0. Now choose k(0) < p and My, M; large enough so that Proposition 3
holds true. We have

eA(t7x= D)f S C([()?T];H;l—(k((])—i-é);G(R))’ (O z D)g € H —(k(0)+6);0 (R)

for every 6 > 0, thanks to the continuity properties stated in Proposition 2. Since k(0) < p and
k(t) is non-increasing, we may conclude e* (¢, z, D)f is in C([0, T]; H™(R)) and e*g € H™(R).
Proposition 3 gives hy > 0 large such that for h > hy the Cauchy problem associated with Py
is well-posed in Sobolev spaces. Namely, there exists a unique v € C([0,T]; H™) satisfying

Pyo(t,x) = eMt,z, D) f(t,x), (t,x) €[0,T] x R,
v(0,7) = (0,2, D)g(x), r € R,

and
t
6.1) IOl < € (Il + [ 140 Brmdr) .t 0,11
Setting u = {e*}~1v we obtain a solution for our original problem, that is

Pu(t,x) = f(t,z), (t,z) €[0,T] xR,
u(0,2) = g(z), r eR.

Now let us study which space the solution u belongs to. We have

1
U= {eA}flv _ A} Z e~ k(D ;f%

H,_/

order zero

where v € H™. Noticing that k(T) > 0 and k is non-increasing, we achieve

S gl

1
k(D) v = e DD (M -ROXDN oy e Fm o(R).
—— ’

order zero

Hence {e*(t,z,D)} v € Hyliry 54 for every 6 > 0. Moreover, from (5.1) we obtain that u
satisfies the following energy estimate

@l = {eM Oy Ol < CLlv@)]

k(T)—5;0 K(T)—5;0 H™

< ¢ (IOl + / 64077 i

t
s (Mollg, + [ 15 OBgar) . e oL

Summing up, given f € C([0,T], H},(R)), g € H]p(R) for some m € R and p > 0, we find a
solution u € C([0,T]; H}»(R)) (p" < p) for the Cauchy problem associated with the operator
P and initial data f,g.
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Now it only remains to prove the uniqueness of the solution. To this aim, assume take
ur,up € C([0,T]; H' »(R)) such that
PUj = f
u;(0) = g.

For a new choice of k(0) < p" and applying once more Proposition 3, we may find new parameters
My, M7 > 0 and hg > 0 such that the Cauchy problem associated to

Py=¢etoPo{eh}?

is well-posed in H™, where e® represents the operator corresponding to the transformation
associated with these new parameters k(0), My, My, hy. Since e} f,e*g € H™ and uj, j = 1,2,
satisfy

etu;(0) = ey,

{PAeAuj =elf

we must have e*u; = eMuy and therefore 1y = uy. This concludes the proof. O

Remark 9. In this paper we present a result in the one space dimensional case. The extension
to higher space dimension requires a more involved choice of the functions A1, Ay which must
satisfy certain partial differential inequalities, see for instance [7, 12, 22] in the case p = 2 and
the ideas in [4, Section 4] for the case p > 3. We prefer to not treat this extension for the
moment because our aim in the next future is to apply this result to semilinear equations of
physical interest defined for x € R!.

Remark 10. In Theorem 1 we assume that the symbol of the leading term as(t, D) is indepen-
dent of x. In the H* setting, it is possible to consider also the more general case as(t,z, D),
assuming for ag suitable decay estimates, see [, Section 4]. This is not possible in the Gevrey
setting using our arqguments, due to the conjugation with ek (O(D)!/*? ;indeed, if as depends on x,
even allowing its derivatives with respect to x to decay like (x)~™ for m >> 0, we obtain

cE(D)Y? (ias(t, D))e—k(t)<D>1/9 =ias(t,r, D,) + op <k(t)(9§<§>% . ax@3> + Lo.t

with k:(t)@d{)é c Opas(t, @, &) ~ (£)2F3(x)™™. This term has order 2 + 5 > 2 and cannot be
controlled by other lower order terms whose order does not exceed 2.

Acknowledgements. The authors are grateful to professor Giovanni Taglialatela for helpful
comments and suggestions. They also wish to express their gratitude to the referee for his/her
valuable criticism which helped us to improve the presentation of the results.

6. Appendix

In this last Section we explain how to obtain Theorem 2 following the steps given in the proof
of Theorems 6.9, 6.10 and 6.12 in [23]. We begin stating the following result, whose proof can
be found in the final example of |28, Section 6, Chapter 1].

Lemma 4. Let a € B¥(R"). Then for every fized x € R", the function (y,n) — e a(y)
belongs to a class of polynomially bounded amplitudes. Moreover

Os — // e~ W™ (y)dydn = Os — // e""a(y + x)dydn = a(x), =€ R™
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Theorem 2 is a direct consequence of the two following propositions and of the final Remark
11.

Proposition 4. Under the assumptions of Theorem 2, there exists 6 > 0 such that if po <

SA’%, then
eMz, D)o p(z,D) = op (e)‘(x,f)sN(x, f)) +qn(x, D) + roo(z, D),
where
1
(6.1) sn(z, &) = Z ae—)\(z,ﬁ){a?ek(x,ﬁ)}Dgp(% £),
la|<N
(62) |8§‘8§q1\/($, €)| S Cp07,4,,{(CHA)‘Q+BI+QNQ!HB!HN!2K_1<f>m_(1_%)N_‘a|,
(63 020 raa (2, €)] < Clp o (CA) TPV QUG N e R,

Proof. Arguing as in the proof of 23, Theorem 6.9|, we can write the symbol s(x,&) of the
composition e*(x, D) o p(z, D) as

s(x,€) = Os — / / MWD (4 y, E)dydn.
Applying Taylor’s formula to e*®£+" and then applying Lemma 4 we obtain

S(x,f) = Z éage)\(x’é)Dgp(%f) + TN(xa 6) = e)\(xé)sN('x7£> + TN(£>€)7

la|<N

where
1
ry(z, &) = —Os— / / “WIDp(x + y, €) / (1 —0)N1oge = dodyn.
o | v 0

Therefore

ez, D) o p(z, D) = op (e*(2,&)sn(x,€)) + rn(z, D),
where sy is given by (6.1). Take now x(t) € C2°(R) such that

, A , 1
(6.4 I < O (1<K <), () = {(1) .
and set x(&,7) = x((M{€)™"), &, n € R". Note that
3
L6 < e+ ) < 20

for every &,n € supp x(§,7n) and || < 1. We can split the operator ry(x, D) as

Z / i€x+A(z,€) Os — // my/ N 1 /\z£+9n) A(z,€)

e
x w* (A, &+ 0n)df { Dyp}(x 4y, &)dydnu(§)ds

- / €O (1 €)T(E)dE + / " )(E)E,
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where, for o, § € N" we denote w(\; z,€) := e =092 (z,€) and

riv(r,) =lim > 7 — / / / 0) 1AM (X, 2, € + O1p)df

\IN

x {Dyp}(z +y,§)x(&m)x:(y, n)dydn,

TN l'g _EE)% Z // _“719/ N 18& Awf—l—@n)de

jal= &
x {Dgp}(z +y,§)(1 — x)(& n)xe(y, n)dydn,

and x:(y,n) = x(ey)x(en), x € L (R™), x(0) = 1. It is not difficult to verify that the term
D¢p(x +y,&)e )‘("5’“977)8?6)‘(9”’5*9’7) has order m — N(1 — <) with respect to {. Applying the
same arguments used in [23, Theorem 6.9] to estimate the remainder terms of the composition,
one can split the symbol 7, into the sum of two terms satisfying (6.2) and (6.3) respectively.
The estimate (6.3) for r;/v can be obtained simply integrating by parts and using the fact that
(1 — x)(&,n) is supported for (n) > 471(¢). We leave the details to the reader. O

Proposition 5. Under the assumptions of Theorem 2, there exist 0 > 0 and ho(A) > 1 such
that if h > ho and py < dA™~ we may write the product op(e*p) o Ble =} as follows

op(e*p) o ez, D)} = syi(x, D) + qno(x, D) + roo(z, D),

where
1 (63 T x
(6.5) swi(@, &) = ) — 0 p(a, ) D9,
laj<N"
(6.6) 10202 g (2, €)] < Cp 1 p(CrA) 0BTV g1 g1 1121 gy (=Nl
(6.7) 0200, )] < Cpoa( Cd) 12N s e N/ een AR 07

Proof. We have

e D)ulw) = [ [ D00y dyag

= [ [ ey,

op(*p) o "{e (. D)}u(z / / €D MDA (., €)u(y)dyde.

which implies

In this way the symbol o(z, &) of the composition op(e*p) o #{e™*} is given by

o(z,8) = Os — / / e~ MWAEEENAEEE Dy (g, € 4 1) dydn.
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By Taylor’s formula and Lemma 4 we obtain

1
o(z,6) = D —0¢{NIp(z, Dy 9}

o/ |<N

I , .
+ N’ Z a/ (1 . H)N -1 Os — // e—lynag{e)\(x,f-‘r@n)p(m’ 6 + 977)D§‘€_’\(I+y75+9’7)}dyd77 do
| 70

al|=N'
= SN’(:L" 5) + TN’(:B7£)'

Now we observe that thanks to (2.5) we have that

e*/\(gﬁ,&+9n)6/\(z+y,£+917)aéoz{e/\(ae,§+9n)p(x7 f + 977)Dgo;€f)\(x+y,£+9n)}

has order m — N'(1 — %) (with respect to £). Applying the same argument used in the proof
of [23, Theorem 6.10], one can split the symbol 7y = gn+ + 700, Where gy and 7o, satisfy (6.6)
and (6.7) respectively. Details are left to the reader.

O

Remark 11. Shrinking 6 > 0 if necessary, we may conclude that

Too(z, D) o ez, D)} = Foo(x, D),

where Too(x, D) is still a reqularizing operator.
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