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Abstract

An important result of Bilu deals with the equidistribution of the
Galois orbits of a sequence (αn)n in Q∗

. Here, we prove a quantitative

equidistribution theorem for a sequence of finite subsets in Q∗
which

are not necessarily stable by Galois action. We follow a method of
Mignotte.

AMS Classification: 11J68, 11G50

1 Introduction

Let X be a metric space. For a finite subset T ⊂ X, the discrete probability
measure on X associated to it is given by

µT,X =
1

|T |
∑
α∈T

δα,X ,

where |T | denotes the cardinality of T and δα,X the Dirac measure on X
supported at α. In the special case X = C∗, we put µT = µT,C∗ .

We say that a sequence (µn)n of probability measures on X converges in
distribution to µ if for every bounded continuous function f : X → C, we
have

lim
n→+∞

∫
X
fdµn =

∫
X
fdµ.

An important example of such a sequence was given by Bilu, see Theorem
1.1 below. If the limit above holds for all compactly supported continuous
functions, we say that µn weakly converges to µ.
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Throughout this text, we define h : Q → R to be the (logarithmic,
absolute) Weil height and λ to be the Haar probability measure on the
complex unit circle. We also denote by µ∞ the set of roots of unity in Q.

Theorem 1.1 (Bilu, [9]). Let K be a number field, and let (αn)n be a
sequence of Q∗ such that h(αn) → 0 and [K(αn) : K] → +∞. Then µSn

converges in distribution to λ, where Sn is the Galois orbit of αn over K.

This theorem (which was originally formulated with K = Q) was inspired
by a previous work of Szpiro, Ullmo and Zhang who studied the equidistri-
bution of points of small Néron-Tate height on abelian varieties [27]. These
two well-known results have been largely generalized to other heights and
places, see for instance [30, 25, 5, 7, 23, 17, 8, 12, 28, 19, 13, 11, 14, 6].
Roughly speaking, each one of these results contains an equidistribution
theorem à la Bilu, that is, a statement of the form “Let K be a number
field, and let Sn be a Gal(K/K)-invariant subset of X such that the average
of height of α, with α ∈ Sn, goes to 0 and |Sn| → +∞. Then µSn,X weakly
converges to some Haar measure”.

Here we prove an equidistribution theorem for a sequence of finite subsets
in Q∗ which are not necessarily stable by Galois action. After posting this
paper on ArXiv, Fili informed us that the qualitative version (but not the
quantitative one) of our result partially follows from a recent preprint [15],
of which we were unaware.

The first avatar of equidistribution theorems is a result of Langevin [20]:
Given an open set ∆ ⊂ C intersecting the unit circle, the algebraic integers
whose Galois conjugates all lie outside ∆ cannot have a Weil height arbi-
trarily small. The idea of Langevin’s proof is to show that the transfinite
diameter of the complement of ∆ in the unit disk has transfinite diameter
less than 1. He then concludes by applying a theorem of Fekete [18] which
asserts that there are only a finite number of algebraic integers whose Galois
conjugates all belong to a set of transfinite diameter < 1.

Soon after, Mignotte [22] gives an entirely different proof of Langevin’s
result, see [21, Chapter 15] for an excellent expository text. Equidistribution
theorems, stated in the modern language of weak convergence of probability
measures, follow from radial and angular distribution of Galois conjugates
of algebraic numbers with small height. Here, radial distribution means that
“most of” these conjugates have absolute value close to 1. It is easily estab-
lished from the definition of the Weil height. The angular distribution deals
with the distribution in [0, 2π] of arguments of these conjugates modulo 2π.
It is the hardest part of Mignotte’s proof. The first idea is to apply a result
of Erdős and Turán [16] (see Theorem 2.3 in Section 2) which asserts that
the arguments of roots of a polynomial Q(X) =

∑D
i=0 qiX

i with complex
coefficients are well distributed in [0, 2π] if the ratio

L(Q)√
|qDq0|

(1.1)
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is “not too large”. Here, L(Q) =
∑D

i=0 |qi| denotes the length of Q. Unfor-
tunately, the coefficients of the minimal polynomial of an algebraic number
α can be very large, even if the height of α is small. This is when the second
ingredient of the proof comes in. A classical result in diophantine approxi-
mation, the Siegel Lemma, shows that there exists a polynomial Q ∈ Z[X]
of “small” degree vanishing at α such that q0qD is non-zero and its coeffi-
cients are “not too large” if the height of α is small. The quantity in (1.1)
is therefore “not too large” since |q0qD| ≥ 1.

In the nineties, Mignotte pointed out to the first author that to obtain
the angular distribution, we do not need to have an auxiliary polynomial
with integer coefficients, but only with |q0qD| not too small. This innocent
remark was one of the starting points of our investigation.

In this article, we apply Mignotte’s method to deal with the radial and
angular distribution of sets S with large cardinality and made of algebraic
numbers with small height. The novelty is that our sets are no more as-
sumed to be stable by Galois action. This prevents us from using the stan-
dard Siegel Lemma, which makes the study of the angular distribution more
complicated. Fortunately, there is an absolute version of this lemma, which
follows from deep results of Zhang [29, Theorem 1.10]. This absolute Siegel
Lemma can be applied to our situation, but it provides us an auxiliary poly-
nomial Q ∈ Q[X] whose coefficients (which can be assumed to be algebraic
integers) cannot be controlled. In particular, |q0qD| can be as small as possi-
ble, but its absolute norm has to be a positive integer. This naturally leads
us to consider the arithmetic mean of the radial and angular discrepancy of
the conjugate sets of S. We prove that both of them are small.

Let r > 1 be a real. We write Ar for the closed annulus centred at the
origin with inner radius 1/r and outer radius r. We also denote by h(S) the
(arithmetic) mean of h(α) with α ∈ S, that is,

h(S) =
1

|S|
∑
α∈S

h(α).

We finally set

h
∗
(S) = 24

(
h(S) +

log(2|S|)
|S|

)1/3

.

Theorem 1.2. Let S ⊂ Q∗ be a finite subset.

(1) For any r > 1, we have

1

[Q(S) : Q]

∑
σ : Q(S)↪→C

|σ(S)\Ar|
|S|

≤ 2h(S)

log r
.

(2) For any sector ∆ of angle θ ∈ [0, 2π] based at the origin, we have

1

[Q(S) : Q]

∑
σ : Q(S)↪→C

∣∣∣∣ |σ(S) ∩∆|
|S|

− θ

2π

∣∣∣∣ ≤ h∗(S).
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When S is Galois invariant, we recover Mignotte’s results [22]. The
following example is a good illustration of what happens when we drop the
assumption of Galois invariance on S. Let p be a prime number, and let
ζp = exp(2iπ/p). We choose S = Sp as the set of p-roots of unity ζkp with
1 ≤ k ≤ [

√
p], where [x] denotes as usual the integer part of x ∈ R. Thus

h
∗
(Sp) = 24

(
log(2[

√
p])

[
√
p]

)1/3

→ 0

as p → ∞. We fix a sector ∆ of angle θ ∈ [0, 2π] based at the origin with
1 6∈ ∆. Then Sp ∩∆ is empty when p is sufficiently large; whence∣∣∣∣ |Sp ∩∆|

|Sp|
− θ

2π

∣∣∣∣ =
θ

2π
.

However, by Theorem 1.2(2) (and as it can be directly verified),

1

p− 1

∑
σ : Q(ζp)↪→C

∣∣∣∣ |σ(Sp) ∩∆|
|Sp|

− θ

2π

∣∣∣∣→ 0

as p → ∞. This means that there are a ”small” number of Q-embeddings
σ : Q(ζp)→ C for which the ratio |σ(Sp) ∩∆|/|Sp| is ”far” from θ/(2π).

Theorem 1.2 allows us to prove new results on points of small Weil
height. Following Bombieri and Zannier [10], we say that a set S of algebraic
numbers has the Bogomolov property, or short property (B), if there exists
a positive constant c such that the Weil height of an element in S is either 0
or bounded from below by c. Property (B) was established for the maximal
totally real extension Qtr of Q by Schinzel, see [26]. Note that it is also
an immediate consequence of Theorem 1.1. The following corollary can be
viewed as a generalization of this result.

Corollary 1.3. Let L be an algebraic field. Then for any α in the group
product L∗(Qtr)∗ such that h(α) < 5 · 10−6, we have [L(α) : L] < 4 · 106.

Proof. Assume by contradiction that there exists α ∈ L∗(Qtr)∗ such that
h(α) < 5 · 10−6 and d = [L(α) : L] ≥ 4 · 106. We write α = yz with y ∈ L∗
and z ∈ (Qtr)∗. Define S as the Galois orbit of α over L. Thus, for any
Q-embedding σ : Q(S) → C, we have σ(S) ⊆ σ(y)R. Hence, for any sector
∆ based at the origin,

|σ(S) ∩∆|
|S|

=

{
1 if σ(y) ∈ ∆;

0 otherwise.

Thus, choosing for ∆ any sector of angle π, the value of the left-hand side in
Theorem 1.2(2) is 1/2. On the other hand, |S| = d and log(2d)/d < 4 · 10−6

since d ≥ 4 · 106 by assumption. Moreover, h(S) = h(α) < 5 · 10−6. In
conclusion, h

∗
(S) = 24(h(S) + log(2|S|)/|S|)1/3 < 1/2, a contradiction.
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The maximal abelian extension Qab of Q also satisfies property (B),
as it has been conjectured by Zannier and proved in [2]. However, the
compositum of Qtr and Qab does not satisfy property (B) since its subfield
Qtr(i) does not satisfy (B), see [1, Theorem 5.3]. Nevertheless,

Corollary 1.4. The group product G = (Qab)∗(Qtr)∗ satisfies property (B).

Proof. Assume by contradiction that there exists a sequence (αn)n belonging
to G\µ∞ such that h(αn)→ 0. By [4, Theorem 1.1], [Qab(αn) : Qab]→ +∞.
We then apply Corollary 1.3 with L = Qab.

Theorem 1.2 can be formulated in terms of convergence in distribution,
as it was expected in [21] (see the paragraph therein around equation (15.9)).
Let r > 1, and let f : C∗ → C be a function that is Lipschitz on Ar. We
define Lipr(f) to be the Lipschitz constant of f on Ar. The infinite norm of
f on a set T ⊂ C∗ is denoted with ‖f‖∞,T . Finally, given a subset S ⊂ Q∗,
we define S

Gal
as the smallest Gal(Q/Q)-invariant set containing S.

Theorem 1.5. Let S ⊂ Q∗ be a finite set, let r > 1 be a real number, and
let N ≥ 2 be an integer.

(1) For all functions f : C∗ → C that are Lipschitz on Ar, we have

1

[Q(S) : Q]

∑
σ : Q(S)↪→C

∣∣∣∣∫
C∗
fdµσ(S) −

∫
C∗
fdλ

∣∣∣∣
≤ 4rπLipr(f)

N
+(‖f‖∞,SGal\Ar

+2‖f‖∞,Ar)
2h(S)

log r
+2N‖f‖∞,Arh

∗
(S).

(2) Let ε ∈ (0, 1), and let L be a number field. Then there exists a set
Λ = Λ(S, r,N, ε, L) of L-embeddings L(S) ↪→ C with cardinality at
least (1− ε)[L(S) : L] such that∣∣∣∣∫

C∗
fdµσ(S) −

∫
C∗
fdλ

∣∣∣∣ ≤ 4rπLipr(f)

N

+(‖f‖∞,SGal\Ar
+2‖f‖∞,Ar)

4[L : Q]h(S)

ε log r
+

4[L : Q]N2

ε
‖f‖∞,Arh

∗
(S)

for all σ ∈ Λ and all functions f : C∗ → C that are Lipschitz on Ar.

Theorem 1.5 implies a quantitative version of Bilu’s equidistribution the-
orem. Such versions already exist in the literature, see [23, 17, 13, 6]. In
all these articles, the estimations are stronger than ours, but they can only
hold for much more restrictive functions. For instance, in the first three ref-
erences, f must be at least bounded and differentiable on C∗ and in the last
one, f has to be Lipschitz onAr, continuous on C∗ and satisfy |f(z)| ≤ log |z|
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when |z| ≥ r as well as |f(z)| ≤ log |z|−1 when 0 < |z| ≤ 1/r. Regarding
the test functions of Theorem 1.5, they must be Lipschitz on Ar, but can
be unbounded and totally discontinuous outside.

Theorem 1.5 has the following qualitative consequence:

Corollary 1.6. Let (Sn)n be a sequence of finite subsets of Q∗ such that
|Sn| → +∞ and h(Sn) → 0. Let V ⊂ C∗ be a neighbourhood of the unit
circle. We consider the class of test functions f : C∗ → C satisfying

f is continuous on V and h(Sn)‖f‖∞,SGal
n \V → 0, as n→∞. (1.2)

Then

(1) We have

1

[Q(Sn) : Q]

∑
σ : Q(Sn)↪→C

∣∣∣∣∫
C∗
fdµσ(Sn) −

∫
C∗
fdλ

∣∣∣∣→ 0

for all functions f : C∗ → C satisfying (1.2).

(2) Let ε ∈ (0, 1), and let L be a number field. Then for all integers n ≥ 1,
there is a set Λn of L-embeddings L(Sn) ↪→ C with cardinality at least
(1− ε)[L(Sn) : L] such that for all (σn)n ∈

∏
n Λn, we have

1

|Sn|
∑

β∈σnSn

f(β)→
∫ 1

0
f(e2iπt)dt

for all functions f : C∗ → C satisfying (1.2).

Note that every bounded continuous function f : C∗ → C satisfies (1.2).
Thus, the second assertion of this theorem implies:

Corollary 1.7. Let (Sn)n be a sequence of finite subsets of Q∗ such that
|Sn| → +∞ and h(Sn)→ 0. Let L be a number field. Then for all integers
n ≥ 1, there is a set Λn of L-embeddings L(Sn) ↪→ C with cardinality at least
(1− ε)[L(Sn) : L] such that for all (σn)n ∈

∏
n Λn, the sequence of discrete

probability measures µσnSn converges in distribution to λ.

Corollary 1.7 partially follows from [15, Theorem 3.17]. More precisely,
under the same assumptions on Sn (which corresponds to a very special case
of [15, Theorem 3.17]), Doyle, Fili and Tobin obtained the same conclusion
than ours, but for the weak convergence. Their proof is based on potential
theory, which is the other classical approach to deal with equidistribution.

Theorem 1.1 does not hold anymore if we relax the assumption “K is a
number field” to “K is an algebraic field”. Indeed, put αn = (1−e2iπ/nn

)1/n.
Let Sn be the Galois orbit of αn over Q(µ∞). Clearly, h(αn) ≤ (log 2)/n
and αn /∈ µ∞ for all integers n ≥ 1. Hence, h(αn) → 0 and |Sn| → +∞.
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Moreover, each element of Sn has absolute value |αn|. The series expansion
of the exponential implies αn → 0, and so the sequence µSn cannot converge
in distribution to λ. This elementary example shows that the conclusion of
the next corollary is somehow optimal.

Corollary 1.8. Let K be an algebraic field, and let (αn)n be a sequence of
Q∗ such that h(αn) → 0 and [K(αn) : K] → +∞. Let L be a number field.
Then there is a set Λn of L-embeddings L(Sn) ↪→ C with cardinality at least
(1− ε)[L(Sn) : L] such that for all (σn)n ∈

∏
n Λn, the sequence of discrete

probability measures µσnSn converges in distribution to λ, where Sn is the
Galois orbit of αn over K.

Proof. Take for Sn the set of conjugates of αn over K in Corollary 1.7.

Plan of the article

The plan of the article is as follows. In Section 2, we implement our gener-
alisation of Mignotte’s method to treat the radial and angular distributions,
then we prove Theorem 1.2. In Section 3, we deduce Theorem 1.5 from
Theorem 1.2 and Corollary 1.6 from Theorem 1.5.

Acknowledgement

We thank Fili, Sombra and Weiss for their fruitful discussions. The second
author sincerely thanks the Laboratoire de Mathématiques N. Oresme of
Université de Caen Normandie for housing him on May 2023 so that he
can work face-to-face with the first author. He was also funded by the
Morningside Center of Mathematics, CAS.

2 Radial and angular distribution

The proof of Theorem 1.2 is based on arguments due to Mignotte, which are
well highlighted in [21, Chapter 15]. We will follow the exposition of this
book. Throughout this section r denotes a real number greater than 1 and
S ⊂ Q∗ a finite set.

2.1 Radial distribution

The goal of this subsection is to establish that the mean of the number
of elements belonging to σ(S)\Ar, where σ ranges over all Q-embeddings
Q(S) ↪→ C, cannot be “too large” if h(S) is small. Recall that δx is the
Dirac measure on C∗ supported at x. Let us start by the following lemma.

Lemma 2.1 ([21], Theorem 15.1). For all α ∈ Q∗, we have∑
τ :Q(α)↪→C

δτα(Ar) ≥ [Q(α) : Q]

(
1− 2h(α)

log r

)
.
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We can now prove the “radial part” of Theorem 1.2.

Proof of Theorem 1.2(1). Since |σ(S) ∩ Ar|+ |σ(S)\Ar| = |S|, the inequal-
ity in Theorem 1.2(1) is equivalent to

1

[Q(S) : Q]

∑
σ : Q(S)↪→C

|σ(S) ∩ Ar| ≥ |S|
(

1− 2h(S)

log r

)
,

which we now prove. The set σ(S) ∩ Ar has cardinality
∑

α∈S δσα(Ar) for
all σ : Q(S) ↪→ C. Thus,∑

σ : Q(S)↪→C

|σ(S) ∩ Ar| =
∑
α∈S

∑
σ : Q(S)↪→C

δσα(Ar).

Then, each Q-embedding τ : Q(α) ↪→ C can be extended in [Q(S) : Q(α)]
different ways to a Q-embedding from Q(S) to C, which leads to∑

σ : Q(S)↪→C

|σ(S) ∩ Ar| =
∑
α∈S

[Q(S) : Q(α)]
∑

τ :Q(α)↪→C

δτα(Ar).

By Lemma 2.1, the right-hand side is at least [Q(S) : Q]
∑

α∈S

(
1− 2h(α)

log r

)
.

Theorem 1.2(1) now arises from a small calculation.

2.2 Angular distribution

This subsection aims to show that the elements of σ(S) are, in average,
angularly well distributed when h

∗
(S) is small. Concretely, if ∆ is a sector

of angle θ based at the origin, then the mean of number of elements belonging
to σ(S)∩∆, where σ runs over all Q-embeddings Q(S)→ C, is approximately
θ|S|/(2π) when h

∗
(S) is small.

Remark 2.2. The left-hand side in Theorem 1.2(2) is obviously bounded
from above by 1. Hence, the theorem is trivial unless h

∗
(S) ≤ 1. Moreover,

if h
∗
(S) ≤ 1, then the definition of h

∗
(S) implies 24(log(2|S|)/|S|)1/3 ≤ 1,

and so |S| ≥ 3. To summarize, we can reduce the proof of Theorem 1.2(2)
to the case that h

∗
(S) ≤ 1 and |S| ≥ 3, what we now assume.

The proof of Theorem 1.2(2) is mainly based on two ingredients. The
first one is a result due to Erdős and Turán [16], see also [3] for a more
modern proof of something slightly sharper.

For any region ∆ ⊂ C and any polynomial Q ∈ C[X], we denote by Z∆,Q

the number of zeroes of Q (with multiplicity) lying in ∆.
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Theorem 2.3 (Erdős-Turán). Let ∆ be a sector of angle θ ∈ [0, 2π] based
at the origin, and let Q(X) =

∑D
i=0 qiX

i ∈ C[X] be a polynomial with
qDq0 6= 0. Then ∣∣∣∣Z∆,Q −

θ

2π
D

∣∣∣∣2 ≤ 256D log

(
L(Q)√
|qDq0|

)
,

where L(Q) =
∑D

i=0 |qi| denotes the length of Q.

Write PS ∈ Q(S)[X] for the polynomial
∏
α∈S(X−α). Thus |σ(S) ∩∆| =

Z∆,σPS
. The natural idea to get Theorem 1.2(2) would be to apply Theo-

rem 2.3 to Q = σPS with σ running over all Q-embeddings Q(S) ↪→ C. But
the mean of log(L(σPS)) might be too large, spoiling our chances of getting
what we wish. This is when the second ingredient comes in: the absolute
Siegel’s lemma.

Let F (X) =
∑L

i=0 fiX
i ∈ Q[X] be a polynomial. The height of F ,

denoted with h(F ), is the Weil height of coefficients of F , that is,

h(F ) =
1

[E : Q]

∑
v

[Ev : Qv] log max{|f0|v, . . . , |fL|v},

where E is any number field containing f0, . . . , fL and where v ranges over
all places of E. It is well-known that this definition does not depend on the
choice of such a field E.

Theorem 2.4 (Absolute Siegel’s Lemma). Let L be a positive integer with
L > |S|. Then there exists a non-zero polynomial F , with algebraic integer
coefficients and degree < L, vanishing at S such that:

h(F ) ≤ |S|
L+ 1− |S|

(
3

2
log(L+ 1) + (L+ 1)h(S)

)
+

log(L+ 1)

2
.

This statement improves the main result of Roy and Thunder, see [24,
Theorem 2.2]. It is an easy consequence of [29, Theorem 5.2], see [4, Propo-
sition 4.2] for details1.

Define L as the round up to (1 + h
∗
(S)/6)|S|. By Remark 2.2, we have

L ≤ 2|S| − 1. By Theorem 2.4 and using the inequalities(
1 +

h
∗
(S)

6

)
|S| ≤ L+ 1 ≤ 2|S|,

we find a non-zero polynomial F (X) =
∑D

i=0 fiX
i, with algebraic integer

coefficients and degree < L, divisible by PS such that

h(F ) ≤ 6

h
∗
(S)

(
3

2
log(2|S|) + 2|S|h(S)

)
+

log(2|S|)
2

. (2.1)

1In op.cit. the relevant height is h2(F ), with the L2-metric at archimedean places, but
obviously h(F ) ≤ h2(F ).
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Dividing F by a power of X if needed, we can assume that fDf0 6= 0. We
now choose a number field E containing Q(S) and all coefficients of F .

To prove Theorem 1.1 via this approach (see [21, Chapter 15]), S is
the set of all Galois conjugates of some α ∈ Q∗. Thus, PS is the minimal
polynomial of α over Q and the classical Siegel’s lemma asserts that we can
take F with integer coefficients, which implies |fDf0| ≥ 1. Unfortunately,
in our situation, we can have |fDf0| 6= 0 as small as possible. Nonetheless,
fDf0 is an algebraic integer and therefore its norm

∏
σ : E↪→C |σ(fDf0)| over

Q is a positive integer.

Lemma 2.5. Let ∆ be a sector of angle θ ∈ [0, 2π] based at the origin. Then

1

[E : Q]

∑
σ : E↪→C

∣∣∣∣Z∆,σF −
θ

2π
D

∣∣∣∣2 ≤
(

2|S|h∗(S)

3

)2

.

Proof. Let σ : E ↪→ C be a Q-embedding. Then,

L(σF ) =
D∑
i=0

|σfi| ≤ (D + 1) max{|σf0|, . . . , |σfD|}.

By (2.1), we get

1

[E : Q]

∑
σ : E↪→C

log(L(σF )) ≤ log(D + 1) + h(F )

≤ 3

2
log(2|S|) +

6

h
∗
(S)

(
3

2
log(2|S|) + 2|S|h(S)

)
≤ 12

h
∗
(S)

(
log(2|S|) + |S|h(S)

)
because D < L ≤ 2|S|−1 and h

∗
(S) ≤ 1. By definition of h

∗
(S), we conclude

1

[E : Q]

∑
σ : E↪→C

log(L(σF )) ≤ 12|S|
h
∗
(S)

(
h
∗
(S)

24

)3

=
|S|h∗(S)

2

27 · 32
.

Finally, Theorem 2.3 applied to Q = σF gives

∑
σ : E↪→C

∣∣∣∣Z∆,σF −
θ

2π
D

∣∣∣∣2 ≤ 29|S|
∑

σ : E↪→C
log(L(σF ))

since
∑

σ log |σ(fDf0)| ≥ 0 by the foregoing. The lemma follows.

Proof of Theorem 1.2(2). Note that the left-hand side in Theorem 1.2(2)
remains unchanged if we replace Q(S) with a finite extension. So, it is
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enough to prove Theorem 1.2(2) by replacing Q(S) with E. Let σ : E ↪→ C
be a Q-embedding. The triangle inequality gives∣∣∣∣Z∆,σPS

− θ|S|
2π

∣∣∣∣ ≤ |Z∆,σPS
− Z∆,σF |+

∣∣∣∣Z∆,σF −
θD

2π

∣∣∣∣+

∣∣∣∣θD2π − θ|S|
2π

∣∣∣∣ .
Recall that PS divides F . Thus, Z∆,σF−Z∆,σPS

= Z∆,σ(F/PS). In particular,
it is bounded from above by the degree of F/PS , namely D− |S|, and so by
L− 1− |S| ≤ |S|h∗(S)/6. Thus,

1

[E : Q]

∑
σ : E↪→C

∣∣∣∣Z∆,σPS
− θ

2π
|S|
∣∣∣∣ ≤ |S|h∗(S)

3
+

1

[E : Q]

∑
σ : E↪→C

∣∣∣∣Z∆,σF −
θ

2π
D

∣∣∣∣ .
From Lemma 2.5, we have

1

[E : Q]

∑
σ : E↪→C

∣∣∣∣Z∆,σF −
θ

2π
D

∣∣∣∣ ≤
√√√√ 1

[E : Q]

∑
σ : E↪→C

∣∣∣∣Z∆,σF −
θ

2π
D

∣∣∣∣2

≤ 2|S|h∗(S)

3

and the second assertion of Theorem 1.2 follows.

3 Convergence in distribution

Let S and r be as in Theorem 1.5. By Theorem 1.2, we obtain that in av-
erage, the cardinality of σ(S)∩∆∩Ar, with σ : Q(S) ↪→ C a Q-embedding,
is approximately θ|S|/(2π) when h(S) and h

∗
(S) are small enough. This as-

sertion is stronger when θ is small. For this reason, it makes sense to cut Ar
into a large number of small annulus sectors, apply Theorem 1.2 to deduce
that in average, there are around θ|S|/(2π) elements of σ(S) in each of these
annulus sectors, and put it all the information together to conclude that in
average, the set σ(S) is equidistributed around the unit circle. Formalizing
this process leads to the proof of Theorem 1.5(1). A slight modification of
these arguments shows the second part.

We start with an easy lemma. Given r > 1 and t0, t1 ∈ [0, 1] with t0 < t1,
we consider the compact region

Vr,t0,t1 = {ρe2iπt | ρ ∈ [1/r, r], t ∈ [t0, t1]}.

Lemma 3.1. Let f : C∗ → R be a real function that is Lipschitz on Ar for
some r > 1, and let T be a finite set of non-zero complex numbers. Choose
t0, t1 ∈ [0, 1] with t0 < t1 and put V = Vr,t0,t1. If θ = t1 − t0 ∈ (0, 1/2], then∣∣∣∣∣∣ 1

|T |
∑

β∈T∩V
f(β)−

∫ t1

t0

f(e2iπt)dt

∣∣∣∣∣∣ ≤ 2rπθ2Lipr(f) + ‖f‖∞,Ar

∣∣∣∣ |T ∩ V ||T |
− θ
∣∣∣∣ .
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Proof. Let f+, resp. f−, be the supremum, resp. infimum, of f(z), where z
ranges over all elements of V . Then

f−|T ∩ V |
|T |

− f+θ ≤ 1

|T |
∑

β∈T∩V
f(β)−

∫ t1

t0

f(e2iπt)dt ≤ f+|T ∩ V |
|T |

− f−θ.

We write

f±|T ∩ V |
|T |

− f∓θ = f±
(
|T ∩ V |
|T |

− θ
)

+ (f± − f∓)θ.

Combining the last two displayed equations, then using the triangle inequal-
ity, we get∣∣∣∣∣∣ 1

|T |
∑

β∈T∩V
f(β)−

∫ t1

t0

f(e2iπt)dt

∣∣∣∣∣∣
≤ (f+ − f−)θ + ‖f‖∞,Ar

∣∣∣∣ |T ∩ V ||T |
− θ
∣∣∣∣ . (3.1)

The fact that V is compact implies that f+ = f(x) and f− = f(y) for
some x, y ∈ V . Each point z ∈ V expresses as rze

iαz with rz ∈ [1/r, r] and
αz ∈ [2πt0, 2πt1]. Hence,

f+ − f− = |f(x)− f(y)| ≤ Lipr(f)|rxeiαx − ryeiαy |

= Lipr(f)
√
r2
x + r2

y − 2rxry cos(αy − αx).

As θ ∈ (0, 1/2], the cosine is decreasing on [0, 2πθ]. Thus cos(αy − αx) ≥
cos(2πθ), and so

|f+ − f−| ≤ Lipr(f)
√

2r2(1− cos(2πθ)) (3.2)

since rx, ry ≤ r. The lemma follows by combining (3.1) and (3.2), then using
the inequality 1− cos(x) ≤ x2/2, which is true for all x ∈ R.

Fix from now a finite subset S ⊂ Q∗ as well as an integer N ≥ 2. For
x ∈ R and j ∈ {0, . . . , N − 1}, we denote by ∆j(x) the sector based at
the origin containing 0 and all non-zero complex numbers whose argument
belongs to [x+2πj/N, x+2π(j+1)/N ] up to 2kπ. It is a sector of angle 2π/N .

The Galois closure S
Gal

of S being finite, we can then find x ∈ R satisfying

the following property: for all α ∈ SGal
, there is (a unique) j ∈ {0, . . . , N−1}

such that α lies in the interior of ∆j(x). We fix from now such an x and in
order to ease notation, we put ∆j = ∆j(x).
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Let σ : Q(S) ↪→ C be a Q-embedding, and let f : C∗ → C be a function
that is Lipschitz on Ar. We have

∣∣∣∣∫
C∗
fdµσ(S) −

∫
C∗
fdλ

∣∣∣∣ =

∣∣∣∣∣∣ 1

|S|
∑

β∈σ(S)

f(β)−
∫ 1

0
f(e2iπt)dt

∣∣∣∣∣∣
≤ |σ(S)\Ar|

|S|
‖f‖∞,SGal\Ar

+

∣∣∣∣∣∣ 1

|S|
∑

β∈σ(S)∩Ar

f(β)−
∫ 1

0
f(e2iπt)dt

∣∣∣∣∣∣ . (3.3)

As each element of σ(S) lies in ∆j for a unique j ∈ {0, . . . , N − 1}, we get

1

|S|
∑

β∈σ(S)∩Ar

f(β)−
∫ 1

0
f(e2iπt)dt

=
N−1∑
j=0

 1

|S|
∑

β∈σ(S)∩∆j∩Ar

f(β)−
∫ (j+1)/N

j/N
f(e2iπt)dt

 .

The real and imaginary parts of f are two real-valued functions which
are Lipschitz on Ar since f is. Moreover, their Lipschitz coefficients and sup-
premums on Ar are bounded from above by those of f . Applying Lemma 3.1
twice to the real part (for the first time), then the imaginary part (for the
second one) and with t0 = j/N , t1 = (j+ 1)/N and T = σ(S) in both cases,
we conclude thanks to the triangle inequality that∣∣∣∣∣∣ 1

|S|
∑

β∈σ(S)∩∆j∩Ar

f(β)−
∫ (j+1)/N

j/N
f(e2iπt)dt

∣∣∣∣∣∣
≤ 4rπLipr(f)

N2
+ 2‖f‖∞,Ar

∣∣∣∣ |σ(S) ∩∆j ∩ Ar|
|S|

− 1

N

∣∣∣∣ .
We now infer that∣∣∣∣∣∣ 1

|S|
∑

β∈σ(S)∩Ar

f(β)−
∫ 1

0
f(e2iπt)dt

∣∣∣∣∣∣
≤ 4rπLipr(f)

N
+ 2‖f‖∞,Ar

N−1∑
j=0

∣∣∣∣ |σ(S) ∩∆j ∩ Ar|
|S|

− 1

N

∣∣∣∣ . (3.4)

Since |σ(S) ∩∆j ∩ Ar| = |σ(S) ∩∆j |−|σ(S) ∩∆j\Ar|, the triangle inequal-
ity gives∣∣∣∣ |σ(S) ∩∆j ∩ Ar|

|S|
− 1

N

∣∣∣∣ ≤ ∣∣∣∣ |σ(S) ∩∆j |
|S|

− 1

N

∣∣∣∣+
|σ(S) ∩∆j\Ar|

|S|
.

13



Since C is the union of all ∆0, . . . ,∆N−1 and each element of σ(S) lies in
the interior of ∆j for a unique j ∈ {0, . . . , N − 1}, we get

N−1∑
j=0

|σ(S) ∩∆j\Ar| = |σ(S)\Ar|.

Thus,

N−1∑
j=0

∣∣∣∣ |σ(S) ∩∆j ∩ Ar|
|S|

− 1

N

∣∣∣∣ ≤ |σ(S)\Ar|
|S|

+
N−1∑
j=0

∣∣∣∣ |σ(S) ∩∆j |
|S|

− 1

N

∣∣∣∣ . (3.5)

By (3.3), (3.4) and (3.5), we get:∣∣∣∣∫
C∗
fdµσ(S) −

∫
C∗
fdλ

∣∣∣∣ ≤ 4rπLipr(f)

N
+(‖f‖∞,SGal\Ar

+2‖f‖∞,Ar)
|σ(S)\Ar|
|S|

+ 2‖f‖∞,Ar

N−1∑
j=0

∣∣∣∣ |σ(S) ∩∆j |
|S|

− 1

N

∣∣∣∣ . (3.6)

Proof of Theorem 1.5(1). It now arises from Theorem 1.2 (applied to the
sector ∆ = ∆j of angle 2π/N) and from (3.6) that

1

[Q(S) : Q]

∑
σ : Q(S)↪→C

∣∣∣∣∫
C∗
fdµσ(S) −

∫
C∗
fdλ

∣∣∣∣
≤ 4rπLipr(f)

N
+ (‖f‖∞,SGal\Ar

+ 2‖f‖∞,Ar)
2h(S)

log r
+ 2N‖f‖∞,Arh

∗
(S),

which is the first inequality of the theorem.

Proof of Theorem 1.5(2). We now prove the second assertion. Note that in
the arithmetic means of Theorem 1.2, we may replace Q(S) with any of its
finite field extensions. Thus, the first assertion of Theorem 1.2 easily implies
that the set of Q-embeddings σ : L(S) ↪→ C satisfying

|σ(S)\Ar|
|S|

≤ 4[L : Q]h(S)

ε log r
(3.7)

has cardinality at least
(
1 − ε

2[L:Q]

)
[L(S) : Q]. Let j ∈ {0, . . . , N − 1}.

Similarly, the second assertion of Theorem 1.2 (with ∆ = ∆j) provides at
least

(
1− ε

2N [L:Q]

)
[L(S) : Q] field embeddings σ : L(S) ↪→ C for which∣∣∣∣ |σ(S) ∩∆j |

|S|
− 1

N

∣∣∣∣ ≤ 2N [L : Q]

ε
h
∗
(S). (3.8)
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Thus, there exists a set Y = Y (S, r,N, ε, L) of Q-embeddings σ : L(S) ↪→ C
with cardinality

|Y | ≥
(

1− ε

[L : Q]

)
[L(S) : Q] = [L(S) : Q]− ε[L(S) : L]

such that any σ in this set satisfies (3.7) and (3.8) for all j ∈ {0, . . . , N −1}.
We can moreover find a set Λ ⊆ Y of L-embeddings with cardinality at least
(1− ε)[L(S) : L]. Otherwise, the cardinality of Y would be less than

(1− ε)[L(S) : L] + ([L : Q]− 1)[L(S) : L] = [L(S) : Q]− ε[L(S) : L],

a contradiction. We choose such a subset Λ and we fix σ ∈ Λ.
Theorem 1.5(2) follows since by (3.6), (3.7) and (3.8), we get∣∣∣∣∫
C∗
fdµσ(S) −

∫
C∗
fdλ

∣∣∣∣ ≤ 4rπLipr(f)

N

+ (‖f‖∞,SGal\Ar
+ 2‖f‖∞,Ar)

4[L : Q]h(S)

ε log r
+

4[L : Q]N2

ε
‖f‖∞,Arh

∗
(S)

for all functions f : C∗ → C that are Lipschitz on Ar.

Proof of Corollary 1.6. We only prove the second assertion, the proof of
the first one following similar lines. Given an integer n, a Q-embedding
σ : Q(Sn) ↪→ C and a function f : C∗ → C, we let for short

un,σ(f) =

∣∣∣∣∫
C∗
fdµσSn −

∫
C∗
fdλ

∣∣∣∣ .
Let f : C∗ → C be a function satisfying (1.2). Obviously, there exists

r > 1 such that f is continuous on Ar. Since f is not necessarily Lipschitz on
Ar, we use a standard density argument. Thanks to the Stone-Weierstrass
theorem, we know that f restricted to Ar is the uniform limit of a sequence
of polynomial functions (fm)m. We extend fm to a function on C∗ by setting
fm = f on C∗\Ar. Thus fm is Lipschitz onAr for all m and (fm)m uniformly
converges to f on C∗.

From our assumptions, we have h
∗
(Sn) → 0. The second assertion of

Theorem 1.5 with S = Sn and N = [h
∗
(Sn)

−1/4
] proves that there is a set

Λn of L-embeddings σ : L(Sn) ↪→ C, depending only on Sn, r, ε and L, but
not on the test function f , such that |Λn| ≥ (1− ε)[L(Sn) : L] and

un,σ(fm) ≤ Un,m =
4rπLipr(fm)

[h
∗
(Sn)

−1/4
]

+(‖fm‖∞,SGal
n \Ar

+2‖fm‖∞,Ar)
4[L : Q]h(Sn)

ε log r

+
4[L : Q][h

∗
(Sn)

−1/4
]2

ε
‖fm‖∞,Arh

∗
(Sn) (3.9)
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for all m. For each n, we choose one of these L-embeddings, say σn. We
want to show that un,σn(f)→ 0, which would show the corollary.

Let m be an index. As f = fm outside Ar, we deduce by assumption
that h(Sn)‖fm‖∞,SGal

n \Ar
→ 0, and so (3.9) leads to Un,m → 0 as n→ +∞.

Let n be an index. Using the reverse triangle inequality, then the triangle
inequality, we get

|un,σn(fm)− un,σn(f)| ≤
∫
C∗
|fm − f |dµσnSn +

∫
C∗
|fm − f |dλ

for all m. As fm uniformly converges to f on C∗, we deduce that un,σn(fm)
uniformly converges to un,σn(f) as m → +∞. The Moore-Osgood theorem
for interchanging limits leads to un,σn(f)→ 0 as n→ +∞.
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