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ABSTRACT

Instabilities in relativistic magnetized jets are thought to be deeply connected to their energy dissipation properties and to the
consequent acceleration of the non-thermal emitting relativistic particles. Instabilities lead to the development of small-scale
dissipative structures, in which magnetic energy is converted in other forms. In this paper we present three-dimensional numerical
simulations of the instability evolution in highly magnetized plasma columns, considering different kinds of equilibria. In fact,
the hoop stresses related to the azimuthal component of magnetic field can be balanced either by the magnetic pressure gradient
(force-free equilibria, FF) or by the thermal pressure gradient (pressure-balanced equilibria, PB) or by a combination of the
two. FF equilibria are prone to current-driven instabilities (CDI), while PB equilibria are prone to pressure-driven instabilities
(PDI). We perform a global linear stability analysis, from which we derive the different instability properties in the two regimes,
showing that PDI have larger growth rates and are also unstable for high wavenumbers. The numerical simulations of the
non-linear instability evolution show similar phases of evolution in which the formation of strong current sheets is followed by
a turbulent quasi-steady state. PDI are however characterized by a faster evolution, by the formation of smaller scale dissipative

structures and larger magnetic energy dissipation.
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1 INTRODUCTION

The study of current-driven kink instabilities in relativistic jets
has recently gained a lot of attention because of the possible role
in the dissipation of the jet magnetic energy that results in the
energization of relativistic particles emitting high-energy radiation.
In fact, the evolution of these instabilities may lead to the formation of
reconnection layers where particle acceleration can be very efficient,
as shown by particle-in-cell (PIC) simulations (Guo, Sironi &
Narayan 2014; Sironi & Spitkovsky 2014; Werner & Uzdensky
2017). Several papers have been devoted to the linear analysis
of the instability (see e.g. Bodo et al. 2013, 2019; Kim et al.
2017, 2018; Sobacchi, Lyubarsky & Sormani 2017) and to its non-
linear evolution (Mizuno et al. 2009; Bromberg et al. 2019; Bodo
et al. 2022) through relativistic magnetohydrodynamic (RMHD)
simulations. RMHD simulations have been also performed in order
to study the properties of the reconnection layers (Kadowaki et al.
2021; Medina-Torrejon et al. 2021) and the observational signatures,
using simplified models for the accelerated emitting particles (Zhang
et al. 2016; Bodo, Tavecchio & Sironi 2021). Particle acceleration
resulting from the instability evolution has been recently also studied
using PIC simulations (Davelaar et al. 2020).

Most of these studies have focused on force-free (FF) equilibrium
configurations. This was motivated by the fact that relativistic jets,
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originating in the proximity of a central compact object (in most cases
a black hole) through an interplay of rotation and magnetic processes
(see e.g. Komissarov et al. 2007), are predicted to be Poynting
dominated. However, at larger distances, the longitudinal component
of magnetic field decays faster than the azimuthal one, and other
forces, like the thermal pressure gradient, may come into play to
determine the equilibrium jet configuration. In the case of relativistic
jets, only few studies have considered these more general equilibria
(see e.g. O’Neill, Beckwith & Begelman 2012; Alves, Zrake & Fiuza
2018; Ortufio-Macias et al. 2022). In particular, O’Neill et al. (2012)
performed RMHD simulations comparing different kinds of equilib-
ria in which either the pressure gradient or rotation act to balance the
hoop stresses of the azimuthal magnetic field component. When the
outward pressure gradient contributes to the force balance, in addition
to current-driven instabilities (CDI), also pressure-driven instabil-
ities (PDI) take place (Kruskal & Schwarzschild 1954; Kadomt-
sev 1966; Freidberg 1982; Kersalé, Longaretti & Pelletier 2000;
Longaretti 2008), which belong to the large class of interchange
instabilities.

In Bodo et al. (2022) (hereinafter Paper I), we examined the
evolution of current-driven kink instabilities, comparing several
different FF equilibria and focusing on the dissipation properties.
In this paper, we extend that analysis to cases where the pressure
gradient contributes to the force balance and to understand, for these
cases, the interplay of current and PDI. As a preliminary step, we
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also present the results of a linear analysis for these more general
equilibria.

The paper is organized as follows: in Section 2 we introduce
the relevant equations and describe the equilibrium configuration; in
Section 3 we do the linear analysis and present its results; in Section 4
we describe the numerical set-up; in Section 5 we present the results
of the numerical simulations; and, finally, in Section 6 we give a
summary of our findings.

2 PROBLEM DESCRIPTION

Our aim is to study instabilities in a highly magnetized, relativistic,
plasma column. The governing equations are the equations of
relativistic MHD:

0/ (yp) +V-(ypv) =0,

0 (y'wv+E x B) + M
V. (y*wvv— EE — BB+ (p + uen)I) =0, )
3 (Y*'w—p+item) + V- (y’wv+ E x B) =0, 3)
3B+VxE=0, )

where p is the proper density, p is the thermal pressure, w is
the relativistic enthalpy, y is the Lorentz factor, v, B, and E
are, respectively, the velocity, magnetic field, and electric field 3-
Vectors, ., = (E? 4+ B?)/2 is the electromagnetic energy density,
I is the unit 3 x 3 tensor and the electric field is provided by the
ideal condition E 4+ v x B = 0. In addition, we have to specify an
equation of state relating w, p, and p, for which we consider an I'"-
law with constant I' = 5/3. As it is shown below and also discussed
in Paper I, the choice of the equation of state has a little impact on
the results. The units are chosen such that the light speed is ¢ = 1
and the factor «/E has been absorbed in the fields E and B.

2.1 Equilibrium configuration

We consider an axisymmetric plasma column in the cylindrical
coordinates (r, ¢, z), which is uniform in the azimuthal ¢ and
longitudinal z coordinates. It has zero velocity, constant density oo,
and a radially varying magnetic field consisting of azimuthal, B,
and longitudinal, B., components, i.e. B = (0, B,(r), B.(r)). The
equilibrium condition in the absence of velocity reads
dp 1 d, , ., 1d _,
o= g B g B )
Equation (5) leaves the freedom of choosing the radial profile of
all the flow variables except one, which is determined by the previous
ODE. In this work we will consider the profiles introduced by Bodo
et al. (2013), where the azimuthal and longitudinal components of
magnetic field are given, respectively, by

2 pa? rt
B,(r)= By {1 —exp (‘;)] ; ©)
and
B} P? r?
B = B 0 piymer (7> . @)
a a

From equation (5) we can then derive the profile of the thermal
pressure as

BZ 2
Pr) = pa+ X °2ﬁ [pm(%)}, ®)
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where By characterizes the strength of the magnetic field, p, is the
value of the pressure at large radii, erf() is the error function, and a
is the magnetization radius, i.e. the radius inside which most of the
magnetic energy is concentrated. The above equilibrium depends on
four parameters: the pitch on the central axis defined as

; ©)

¢

the average jet cold magnetization, from which we can determine the
value of By, is defined as

2
o= <B > (10)

poc?

where the radially averaged magnetic field magnitude squared {(B?)
is given by

Ji (B2 -+ B2 rar

B*) = 11
(B) [ rdr a1
In addition, we have the parameter
pu = paz 5 (] 2)

PocC

which defines the ambient pressure in terms of poc?, and, finally,
the parameter x € [0, 1] that allows us to switch from a pure FF
case (x = 0), in which the magnetic tension associated with the
azimuthal magnetic field component is completely balanced by the
gradient of the magnetic pressure associated with the longitudinal
field component, to a pure pressure-balanced (PB) one (x = 1),
where the magnetic tension is instead completely balanced by the
thermal pressure gradient. In the first case, the thermal pressure is
constant, while in the second case B, is constant. For intermediate
values of x, we have hybrid equilibrium configurations. The PB
equilibrium is referred to as Z-pinch in the plasma physics literature,
while the others are known as screw-pinch. In the following text, we
will use the magnetization radius a as the unit of length (henceforth
putting a = 1), the initial uniform density py as the unit of density,
and, as mentioned above, the speed of light ¢ as the unit of velocity.
As a result, the unit of time is the light-crossing time over the
magnetization radius, a/c, the unit of the magnetic field is /poc,
and the unit of pressure is poc?.

It follows from equation (7) that for a given y, there is a minimum
value of P, for which an equilibrium solution is still possible:

PL‘Z.min = _X)\/Ea (13)

while for pitch values lower than this, Bf becomes negative and
hence the equilibrium cannot exist. In the simulations, we consider
three different values of x, namely x = 0, 0.6, 1, with P. = P,
being equal to 1.33, 0.84, 0 (for a = 1), respectively. In Fig. 1
we show, for these three cases with the same cold magnetization
o = 10, the radial profiles of the two magnetic field components, the
pitch and thermal pressure. The green and blue curves correspond
to the limiting cases FF (x = 0) and PB (x = 1), while the red
curve represents the intermediate case (x = 0.6). In the FF case,
the pressure is constant p,, while in the PB case B, = 0. In the
intermediate case the equilibrium is maintained by a combination of
the gradients of thermal and magnetic pressure.

3 LINEAR ANALYSIS

Before analysing the simulation results, it is insightful to perform a
linear stability analysis of the system. Linear analyses of plasma col-
umn configurations in which PDI are present have been performed,
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Figure 1. Plots of the initial radial profiles of the longitudinal component of the magnetic field B; (top left panel), of the azimuthal component B, (top right),
of the pitch (bottom left), and of the thermal pressure p (bottom right). The green, red, and blue curves refer, respectively, to the FF, CHIO6, and PB equilibria.
In the PB case, B, = 0 and P. = 0, so blue curves are absent in the left top and bottom panels.

in a local approximation, in the relativistic case by Begelman (1998)
for a static configuration and by Nalewajko & Begelman (2012) in
the presence of a longitudinal velocity shear. More recently Das &
Begelman (2019) performed a global analysis for a non-relativistic
configuration. Here we present a global analysis in the relativistic
regime.

We consider small perturbations p;, p;, v, B; to the equilibrium
state defined by equations (6)—(8) and linearize the system (1)—(4)
assuming the perturbations to be of the modal form o exp(iwt —
img — ikz), where w is the complex frequency and m and k are,
respectively, the azimuthal and longitudinal wavenumbers. After
lengthy algebraic manipulations, we arrive at a system of two first-
order ordinary differential equations in the radial coordinate for the

radial displacement &;, = —iv;,/w and the perturbed total pressure
I1; = B - B; + p;, which can then be written as
d§,
L= Ang, 4+ Aplly, (14)
dr
drT,
O = A&y, + Aplly, 15)

where the coefficients Ay, Az, Az, and Ay are given in Ap-
pendix A. These two equations, supplemented with appropriate
boundary conditions near the jet axis 7 = 0 and at large radii » — oo
(derived in Appendices B and C), represent an eigenvalue problem
for w. In the absence of mean velocity, w? is a real number and hence
w can be purely real or imaginary, in the last case there is instability.

Following Bodo et al. (2013), the eigenvalue problem is solved by
means of a shooting method, using the complex secant method for
finding the root w?. At r = 0, which is a singular point of equations
(14) and (15), we impose a regularity condition, while at infinity the
solutions have the form of radially outward propagating waves that
gradually decay with radius. In particular, at » = 0, we begin the
integration at a small distance from the origin where the solution is
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obtained through a series expansion of the equations, as described
in Appendix B. Similarly, we start a backward integration from a
sufficiently large radius, where the asymptotic solution is obtained
as described in Appendix C and then we match the two numerical
solutions at an intermediate radius.

This system can have two instability drivers (see e.g. Begelman
1998; Boyd & Sanderson 2003; Das & Begelman 2019): the current
parallel to the magnetic field, which leads to CDI, and the pressure
gradient, which leads to PDI. The relative importance of these
two drivers depends on the parameter x. In addition, while for
CDI primarily the m = 1 kink mode is dominant, for PDI, the
axisymmetric m = 0 mode can be also relevant and comparable to
the m = 1 mode (Begelman 1998; Das & Begelman 2019).

Fig. 2 shows the behaviour of the growth rate of the m = 0 (left
panel) and m = 1 (right panel) modes as a function of the longitudinal
wavenumber k. In each panel the different curves refer to different
values of y. Note that for each y we choose the minimum possible
value of P, from equation (13). It is seen in this figure that when
x = 1 (i.e. P. = 0), the growth rate first increases as a function of k
and then reaches an almost constant value (plateau). In this case, there
is only PDI and the values of the growth rate are similar for m = 0
and m = 1. As x is lowered, the growth rate and the limiting value
of k above which there is stability gradually decrease. This decrease
is more pronounced for the m = 0 mode, since, for this mode, the
stabilizing effect of the longitudinal field B, is more effective (see e.g.
Begelman 1998). For m = 0, there is a minimum value of x ~ 0.5
below which the mode is stable. By contrast, the m = 1 mode is
unstable for any value of x and, in particular, for x = 0 it becomes
a pure CDI.

Fig. 3 shows the behaviour of the growth rate as a function of
k for those three cases for which we performed the simulations.
From top to bottom, the three panels report the growth rates for

20z 1snBny 20 U 159NB Aq 86EYZLLI0L8Y/Y/ZES/IOIIE/SEIUL/WOY dNO"0IWSPED.//:SAY WOy PapEOjUMOQ



1.00 - T T TTT01T T TTTTIT T T \\\.\I‘ —]
S P
i x=0.95 -
| — x=0.9 a|
|| — x=0.8 i

o x=0.7
§— 0.10 1 — —
£ = f— 3
| - 7]
0.01 - m :
L1 1L 1 1 L1l 1 LA L] \I‘ .

0.01 0.10 1.00

k

10.00

Evolution of CDI and PDI in relativistic jets

4813

—

1.00 T T T TTTIT
—x=1
x=0.95
— x=0.9
|| — x=0.8
x=0.7
— x=0.6
—— x=05
— x=04 |
x=0.2
=0

0.01/
1z L1l Il \\\\IH‘ 1 1

0.01 0.10 1.00
k

——

—Im(w)
o
[
o

10.00

Figure 2. Growth rate, —Im(w), as a function of the longitudinal wavenumber k for different values of x € [0, 1] for axisymmetric m = 0 (left) and non-
axisymmetric m = 1 kink (right) modes. With increasing y, a pure CDI at x = 0 gradually transforms into PDI at x = 1.
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Figure 3. Plot of the growth rate of m = 0 (blue curves) and m = 1 (black
curves) modes as a function of k in the FF (x = 0, top), CHI06 (x = 0.6,
middle), and PB (x = 1, bottom) cases. The m = 0 mode is stable in the FF
case (hence not shown), whereas it has a similar growth rate as the m =1
mode in the PB case.

x =0, 0.6, 1, respectively, at the chosen corresponding minimum
pitch P. = 1.33, 0.84, 0. The blue curve corresponds to m = 0,
and the black curve to m = 1. As we expect from the results
discussed above, in the top panel at y = 0, the blue curve is absent,
since the m = 0 mode is stable in the FF case. With increasing
X, the maximum growth rate increases and moves towards larger
wavelengths, with the m = 0 mode also becoming more prominent.
For x = 0.6, the m = 1 mode is still dominant and the maximum
growth rate occurs at k ~2 —3. For x =1, both modes have
similar growth rates which become almost constant for large values
of k.

Finally, for a comparison with previous related linear stability
analyses of jet columns, we note that the dependence of the growth
rate on the longitudinal wavenumber k for the PB case (with B, = 0)
obtained in our global analysis, as shown in Figs 2 and 3, is in good
agreement with that given by the radially local dispersion relation of
PDI in the presence of a dominant azimuthal magnetic field derived in
Begelman (1998) (see also Das & Begelman 2019). In both cases, the
growth rate exhibits a similar behaviour: (1) monotonically increases
with k at small and intermediate values and forms a plateau at high &,
where it reaches a maximum, and (2) this maximum growth rate at the
plateau is nearly independent of m, which is a typical feature of PDI,
contrary to CDI which is more sensitive to m. Das & Begelman (2019)
also performed global linear analysis of PDI, however, for a set-up
different from ours — a cylindrical annulus with rigid/impenetrable
boundary conditions — that likely resulted in the high-k cut-off
of the PDI growth rate and hence stability at high k, similar to
that in our CHIO6 case, instead of the plateau observed in our PB
case.

4 NUMERICAL SET-UP

All the simulations were performed on a Cartesian domain with
coordinates (in unit of a) in the range x € [—50, 50], y € [—50, 50],
z € [0, 17] and resolution N, x N, x N is 768 x 768 x 264, except
for one run (PB1) with a lower resolution 384 x 384 x 132. We
adopted a uniform grid in the central region x, y € [—13, 13] and
z € [0, 17], while a geometrically stretched grid was used in the
remaining regions. The length of the domain in the z-direction, L, =
17, is chosen to be approximately twice the wavelength A, = 27 /k,,
of the CDI mode with the maximum growth rate in the FF case,
which has the smallest wavenumber k,, &~ 0.7 compared to the most
unstable wavenumbers in the CHIO6 and PB cases, as seen in Fig. 3.

MNRAS 532, 4810-4825 (2024)
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Table 1. List of the simulations with the respective parameter. The first column is the name
of the simulation, the second column is the value of y, the third is the value of P, the fourth
is the value of magnetization o, the fifth is the final time of the simulations, the sixth column
is the numerical resolution in the computational box, and, finally, the seventh column specifies

the equation of state used.

Simulation X P, o Lstop Ny x Ny x N, Eq. state

PB 1 0 10 125 768 x 768 x 264 TI'-law

PB1 1 0 10 125 384 x 384 x 132 TI'-law

PB2 1 0 10 125 768 x 768 x 264 Taub—Matthews
CHIO6 0.6 0.842 10 250 768 x 768 x 264 TI'-law

FF 0 1.333 10 550 768 x 768 x 264 TI'-law

As done in Paper [, initially at = 0 the equilibrium configuration
is perturbed with a small radial velocity of the form

N
v, = &r exp (—r4) Zsin (? + ¢n) , (16)

n=1

where ¢ is an amplitude, chosen as ¢ = 0.01, N is the number of
modes with different longitudinal wavenumbers, chosen as N = 25,
and ¢, are random phases.

We consider three different cases corresponding to three different
values of x, namely x = O (FF, this case has already been presented
in Paper 1), x = 0.6 (CHIO6, hybrid, or mixed case), and x =1
(PB). In the three cases, we have different values of P., which, in
each case, is set equal to the corresponding P, ., implying B, — 0
at large r — o0. In all the cases, we employ the same magnetization
parameter o = 10, which, as defined above, represents the cold
magnetization. If we consider the hot magnetization

) i
(w)
its corresponding values will be different for the different cases, more
precisely, o, &~ 1.667 for the PB case, o, &~ 2.5 for the CHIO6 case,
and o3, =~ 10 for the FF case. These differences can be equivalently
expressed in terms of the standard plasma B parameter

2(p)

p= gy (18)
which is thus equal to 8 ~ 0.38 for the PB case, =~ 0.23 for the
CHIO6 case, and B ~ 0.01 for the FF case. We also performed two
additional simulations: the above-mentioned PB1 case that has half
the resolution of the reference case PB and the PB2 case that uses
the Taub—Matthews equation of state (Mignone, Plewa & Bodo
2005), which is an approximation of the exact Synge equation of
state. Table 1 summarizes all the simulations performed with the
corresponding parameter values.

To better keep track of the magnetized column evolution, we
augment the RMHD system of equations with the evolution of a
passive tracer f,

oypf)
ot

The passive tracer serves as a coloured fluid, allowing us to better
study the mixing between the magnetized column and the external
medium. At¢ = 0, we set f to 1 inside the magnetization radius and
to 0 outside. During the evolution, f will take values between 0 and
1 as a result of the mixing process.

The simulations were performed with the PLUTO code (Mignone
et al. 2007), using a parabolic reconstruction, HLL Riemann solver,
and a constrained transport method (Balsara & Spicer 1999; Lon-
drillo & del Zanna 2004) to keep the V - B = 0 condition under

+ V. (yofv)=0. (19)

MNRAS 532, 4810-4825 (2024)

control. The boundary conditions for all the simulations are standard
outflow conditions in the x and y directions and periodic in the z
direction.

5 RESULTS

5.1 Instability evolution

In Fig. 4 we show the instability evolution for the considered
three cases by displaying the 3D composite views of the jet at
three different times. Each panel shows an isosurface of the tracer
distribution (light blue), a two-dimensional section of the density
distribution in the x — z plane, and a set of representative magnetic
field lines. Each column refers to a different case: left column to the
PB, the middle column to the hybrid CHIO6, and the right column
to the FF cases, while each row to a different time. As discussed
in Paper I, the instability evolution proceeds in two phases: first the
helicoidal perturbations grow and saturate, leading to the formation
of strong current sheets (see also the left panels of Fig. 7), where
the magnetic energy is dissipated, corresponding to a peak in the
energy dissipation rate (see also Fig. 8). Afterwards, quasi-steady
turbulence sets in and the current sheets become more fragmented
and irregular (see the right panels of Fig. 7), continuing to dissipate
magnetic energy, but at a smaller rate. In each row of Fig. 4,
the snapshot times for the instability structures from the different
simulations are not the same but chosen such that they correspond
to similar key phases of the instability evolution. Specifically, in
the top row the time is chosen to be close to the maximum (peak)
of the dissipation, in the middle row the time is chosen at the
end of the peak and beginning of the turbulent phase, and in the
bottom row the time is taken during the fully developed turbulent
phase.

The instabilities that arise in the FF and PB equilibria have
a different physical origin — current-driven for the first one and
pressure-driven for the second one. As discussed in Section 3, this
is reflected in the different properties of these instabilities, like the
maximum growth rate and the corresponding dominant wavelength.
Our linear analysis has shown that the dominant PDI modes have
shorter wavelengths and larger growth rates than the dominant
CDI mode . For PDI, also the m = 0 mode is unstable and has a
growth rate comparable to that of the m = 1 mode. Specifically,
it is seen from Fig. 3 that, in the PB case, the growth rates for
the m = 0 and m = 1 modes are comparable and almost constant
for k = 10; in the CHIO6 case, the m = 1 mode is dominant and
the growth rate has a flat maximum over the range 1 < k& < 3 (but
still somewhat higher at k & 1.1), and, finally, in the FF case, the
m = 0 mode is stable and the growth rate of the m = 1 mode has
a peak for k ~ 0.7. These results from the linear analysis are in
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Figure 4. Evolution of the instability from the linear growth to non-linear saturation and turbulence. In each panel, we display a three-dimensional isocontour
of the tracer distribution (in light blue) with representative magnetic field lines in red and a cut of the density distribution in the x — z plane at y = 0. For all the
simulations the limits of the displayed box are —12 < x, y < 12 and 0 < z < 10. The left column displays the evolution for the PB case, the middle one for the
hybrid CHIO6 case, and the right one for the FF case. Snapshots in each row represent a specific stage of the evolution: maximum of the dissipation (top row),
end of the peak and beginning of the turbulent phase (middle row), and the final, fully turbulent phase (bottom row). Each stage depicted in a given row occurs,
however, at different times in these three cases due to the differences in the corresponding instability growth rates.

fact confirmed by the simulations: in the first row of Fig. 4 we
see that the dominant wavelength of the instability increases as
we move from the PB to FF cases. Indeed, in the PB case, we
observe a superposition of short-wavelength modes, whereas in the
CHIO6 and FF cases, we observe the larger helicoidal deformations
with m = 1 and clearly noticeable longitudinal wavelengths about
A=1L;/3 and A = L. /2, respectively. These wavelengths in fact
correspond to the wavenumbers k,, =~ 1.1 and k,, =~ 0.7 of the
highest growth rate in the CHIO6 and FF cases, respectively, as
obtained from the above linear analysis (Fig. 3). Therefore, we can
associate the structures seen in Fig. 4 for the CHIO6 and FF cases
with the dominant most unstable modes (this comparison between
the linear analysis and simulation results is further addressed in
Appendix D).

As the instability develops into the non-linear regime, the size
of spatial structures tend to increase as it is shown by the middle
and bottom panels of Fig. 4. By comparing the times of each
snapshot, it is evident that the instability growth rate and the
corresponding evolution are much faster in the PB case than those
in the FF one. At later times, the contours of the passive tracer f
become more corrugated and the magnetic field lines more aligned
to the helicoidal shape of the tracer contours. The progressively
corrugating shapes of the isocontour surfaces indicate that a mixing
process is going on between the magnetized column and the ambient
medium, which proceeds with different intensity in these three
cases. This is seen in Table 2, giving the values of the tracer

Table 2. Summary of the tracer f values for each image in Fig. 4. Note that
due to the different mixing ratios for each case, the displayed value of the
tracer is case-dependent.

PB hybrid FF
Top row f=0.1 f=0.1 =038
Middle row f=0.1 f=0.1 f=07
Bottom row f=0.05 f=0.1 =05

isocontours at three stages of the evolution illustrated in Fig. 4;
note how these values are different in the PB, CHIO6, and FF
cases.

A more quantitative measure of the mixing process is presented
in Fig. 5, showing the fraction M ((¢)/M ;(0) as a function of time,
where M/ is the total mass for the tracer f larger than a given
threshold f,

Mg, f > fth):/ yofdv, (20)

Sf>fin
for two different values of the threshold, f;, = 0.1 (in black) and
fin = 0.5 (in green), for all the three cases: FF (solid line), CHIO6
(dashed line), and PB (dot—dashed line).

As the evolution proceeds, the tracer acquires values between
0 and 1 as a result of the mixing between the column and its
environment. The value of the tracer in a given cell indicates the
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Figure 5. Plot of the tracer mass fraction for f > f;;,. Here we consider two
different thresholds for the tracer variable, f;, = 0.1 (black) and f;;, = 0.5
(green). The solid line refers to the FF case, the dashed one to the CHIO6
case, and the dot—dashed line to the PB case.

percentage of the material that originally was inside the magnetized
column. In the initial phases, the sharp transition at the jet interface
is smoothed out by numerical diffusion and this leads to the initial
slow decrease of M, observed mainly for the CHIO6 and FF
cases. The decrease is more pronounced for the higher value of
the threshold (f;, = 0.5). At later times, the instability evolution
leads to the development of turbulence and hence to a faster
turbulent mixing, resulting in the steeper decrease of M, seen in
this figure. In the PB case, the evolution is very fast, so that the
early exponential growth phase of the instability cannot be captured
and already at ¢ ~ 100 the initial jet column has been dispersed
in the ambient medium. The more efficient mixing in the PB case
can be related to the growth of short-wavelength modes due to PDI
(Fig. 3).

The evolution of the instability leads to the energy conversion
between electromagnetic, kinetic, and thermal energies, in particular,
we observe the formation of dissipative structures in which the
magnetic energy is converted mainly into thermal energy. To study
this quantitatively, we split the total energy into three parts:

Eiot = Ex + Evp + Eep, (21)
where
Ex=py(y — 1), Ej=y*w—p)—p, and

1
Eom = E(Bz + Ez)

are, respectively, the kinetic, thermal, and electromagnetic energy
densities. In Fig. 6 we plot the quantities AEy, AE,;, and AE,,
as a function of time, which represent, respectively, the integrals of
Ey, Eyy, and E,, over the computational domain, subtracted their
corresponding initial values at ¢+ = 0, and normalized by the initial
total electromagnetic energy E., ; within the bulk (i.e. for r < a)
of the jet column. The three panels refer to the evolution of these
quantities in the PB, CHI06, and FF cases.

We can observe that the electromagnetic energy decreases and
is being converted mainly into thermal energy and, to a smaller
fraction, into kinetic energy. After an initial readjustment phase, in
which the kinetic energy may grow faster than the thermal energy
(CHIO6 and FF cases) and the thermal energy may even decrease
(CHIO6 case), the dissipation reaches a peak and then continues
at a smaller rate in the subsequent turbulent phase. This energy
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Figure 6. Evolution of the normalized, kinetic, thermal, and electromagnetic
energies integrated over the computational domain with their initial values
subtracted, AEy, AE;,, and AE,, (see the text). The top panel refers to
the PB case, the middle panel to the CHIO6 case, and the bottom panel to
the FF case. In the PB case, we also show the results of the simulation PB1
with half the resolution (dashed curve) and the simulation PB2 that uses the
Taub—Matthews equation of state (dash—dotted curve).

conversion process is most efficient in the PB case where, at ¢ = 130,
we observe the conversion of about ~ 3.5E,,, ; of electromagnetic
energy into 70 per cent of thermal and 30 per cent of kinetic energies.
Both the efficiency of electromagnetic energy conversion and the
percentage that goes into kinetic energy decrease as we move towards
the FF case. Specifically, in the CHIO6 case, at t ~ 250, we have a
conversion of ~ 2E,,, ; of electromagnetic energy into 75 per cent
of thermal and 25 per cent of kinetic energies and, finally, in the
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Figure 7. Two-dimensional sections of the current density distribution in the y — z plane at x = O for all the cases, at two different times. The top row refers
to the PB case, the middle row to the CHIO6 case, and the bottom row to the FF case. The panels on the left correspond to a time around the dissipation peak
and are, respectively, at = 11.6 for the PB case, ¢t = 70 for the CHIO6 case, and ¢t = 80 for the FF case. The panels on the right correspond to a time when the
quasi-steady turbulent phase has already developed and are, respectively, = 90 for the PB case, t = 225 for the CHI06 case, and r = 250 for the FF case.
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Figure 8. Evolution of the integral of j 2 in the current sheet regions in the PB (left), hybrid CHIO6 (middle), and FF (right) cases.

FF case, at t ~ 500, we have a conversion of about ~ 1.5E,,, ; of
electromagnetic energy into 87 per cent of thermal and 13 per cent
of kinetic energies.

For the PB case we also show the results for the two additional
simulations PB1 and PB2 (Table 1) in Fig. 6 that have been performed
in order to investigate, respectively, the dependence of AEy, AE,,
and AE,, on the resolution (dashed curve) and on the equation of
state (dash—dotted curve). It is evident that the differences in the
evolution of these quantities both for PB1 and PB2 cases with the
reference case PB are very small. First of all, this evolution in the
PB2 case shows that the choice of the equation of state has a little
impact on the results (see also Paper I). As for the dependence on the
resolution, different quantities behave differently with resolution,
as we already showed in Paper I for the FF case. Comparing the
evolution in the PB and lower resolution PB1 cases shown together
in the top panel of Fig. 6, we conclude that the convergence is
reached for all three quantities plotted in this figure and hence the
amount of dissipated energy. By contrast, other quantities, such as
the strength of currents within the current sheets, keep increasing

with resolution, as shown below. However, this is compensated by
a reduction of the volume (mostly thickness perpendicular to its
surface) of current sheets as the resolution is increased, so that
the total amount of dissipated energy (above a certain threshold)
does not depend on the resolution, as also shown in Paper I for FF
case.

5.2 Current sheets

The instability evolution leads to dissipation of electromagnetic
energy, which is primarily localized in current sheets. The formation
and evolution of the current sheets are demonstrated in Fig. 7,
showing the y — z section of the current density distribution for
all the three PB, CHIO6, and FF cases at two different times. The
panels on the left correspond to the time at which dissipation reaches
a peak (see also Fig. 8), while the panels on the right refer to the
turbulent quasi-steady state. Note that in the PB case, smaller and
stronger current sheets form in the early phases than those in the
CHIO6 and FF cases due to the small-scale nature of PDI, while at
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later times, in the turbulent phase, similar disordered smaller scale
current sheet structures are observed in all three cases.

To analyse the properties of the current sheets, we should first
identify them. To this end, we follow the same approach already
used in Paper I, defining the local steepness parameter

jé
=7
where j and B are, respectively, the magnitudes of the current density
and the magnetic field, while § is the cell size. s represents a measure
of the steepness of magnetic field gradients; the larger the s is,
the smaller is the number of grid points that locally resolve the
magnetic field gradients. We then identify as cells belonging to a
current sheet those cells that are characterized by a value of s larger
than a given threshold, s > sy,. Based on the results of Paper I, we
choose sy, = 0.2 (a different choice of this threshold may change the
results only quantitatively but not qualitatively). We also remark that
the current density is computed as j = V x B, neglecting all the
relativistic corrections, since the velocities are mildly relativistic.

We can now examine in a more quantitative way the properties of
the current sheets. In Fig. 8 we show the temporal behaviour of j2
integrated over the current sheet regions, specifically

1, s>
2 _ )L s=sa
/Va] v, a= {0, otherwise . (23)

The three panels refer to the three different cases. If an explicit
resistive term was present in the equations, then the energy density
dissipation rate would be given by nj2, where n is the plasma
resistivity . Although our model considers an ideal plasma, we can
still take j2 as a proxy of the energy dissipation rate and therefore
the plots in Fig. 8 can give an estimate of the temporal behaviour of
the dissipation rate (see Paper I and Makwana et al. 2015, for a more
detailed discussion of the use of j2 as a proxy for the dissipation
rate in an ideal simulation). It is seen in this figure that in all three
cases the dissipation rate reaches a high peak due to strong current
sheets, which are of smaller scale in PB case, but of larger scale in the
CHIO6 and FF cases (left panels of Fig. 7), and then decreases more
slowly. This peak is much stronger for the PB case and decreases
towards the FF case. Eventually the flow settles down into a quasi-
steady turbulent state characterized by small-scale irregular current
sheets (right panels of Fig. 7). The magnitude of j in these current
sheets in each case and hence the resulting total dissipation rates are
smaller than those during the corresponding saturation phases and
are nearly constant with time. Note, however, that the relaxation in
the PB case takes somewhat longer time and the constant dissipation
rate is reached much later.

As seen in Fig. 7, the decrease in the current sheet strength is
related to the widening of the dissipation region as the instability
evolves. In Fig. 9 we analyse more quantitatively the evolution
of the current sheets strength by plotting the histograms of the
volume fraction occupied by these current sheets as a function of
the current density for the different cases (the integral of the volume
fraction is normalized to unity for all the curves). The three different
curves, shown at three different times, correspond to the same main
evolutionary stages — near the peak of the dissipation, end of the
peak, and finally the fully developed turbulent phase — represented in
Fig. 4 (the exact time moments are different from those in the latter
figure though). The volume fractions, after reaching their maximum,
decrease with an exponential tail. During the evolution, both the
maximum and the extent of the tail move towards lower values of
the current, in agreement with the overall decrease in strength of the
current sheets mentioned above. Comparing the different cases, we

s (22)
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Figure 9. Histograms of the volume fraction of current sheets as a function
of j for three different times: around the dissipation peak (black), at the end
of the peak (green), and in the final quasi-steady saturated turbulent phase
(red). The top panel refers to the PB case (the dashed curves are for the low
resolution PB1 case), the middle panel to the CHIO6 case, and the bottom
panel to the FF case.

notice that at early times both the current at the maximum and the
extent of the tail are largest in the PB case, and gradually decrease
when moving to the CHIO6 and FF cases. In the panel for the PB case,
we also show the results for the low-resolution PB1 run indicating
the effect of lowering (or increasing) resolution on the values of the
current. In particular, an increase of resolution leads to an increase
in the current density inside the current sheets, which in turn become
thinner. An additional point to note is that the highest values of
the peaks in the FF case imply that the histograms in this case are
more concentrated around the peaks. At later times, the maxima are
found for similar values in each case, but the tails reach the largest
values in the PB case and progressively decrease their extent towards
the CHIO6 and FF cases. This is consistent with the above results
reported in Figs 7 and 8 that the strength of the current sheets and
hence dissipation rate therein decrease moving from the PB to FF
cases.
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5.3 Late time evolution — turbulence

As we have seen in the above subsections, after the initial burst of the
instability, the system settles down into a quasi-steady turbulent state
where the dissipation rate is almost constant with time and decreases
from the largest value in the PB case to the smallest one in the FF
case (Fig. 8). To better understand the non-linear saturation of CDI
and PDI and to characterize the properties of the resulting turbulence,
here we analyse its spectral dynamics in the three cases. The system
is periodic in the longitudinal z-direction with a period L,, so we
Fourier transform the variables in z,

1ot
gx, y, k1) = f/ g(x, y, z, 1) exp(—ikz)dz, 24)
0

Z

where g = (A, B), A = E; = +/py(y — 1) is the square root of
the relativistic kinetic energy, and B is the magnetic field. Due to
the periodicity in z of the computational domain, the wavenumber &
is discrete in the simulations, in contrast to the linear analysis, and
is determined by the domain size L, i.e. k = 27n/L,, where the
integer n = 0, =1, &2, .... Following Paper I, we define the kinetic
Eyin and magnetic E‘mag energy spectra integrated over the entire
x — y plane of the domain:

_ _ _ 1 E
Bt 1) = / APdxdy,  Enaglks 1) = = / BPdedy.  (25)

2

The temporal evolution of these spectra in the PB, CHI06, and FF
cases is shown in Fig. 10 at those times that overall correspond to
the main stages in Fig. 8 (see also Figs 4 and 9). Specifically, the
black curves correspond to the exponential growth phase of CDI,
PDI, and their mixture in the linear regime, somewhat earlier the
dissipation peak, respectively, in the FF, PB, and CHIO6 cases, the
green curves to the end of the dissipation peak and the beginning of
the non-linear saturation phase, and the red curves to the final, fully
developed turbulent regime. In the first linear regime, the spectra have
a ‘spiky’ irregular shape, being composed of independently growing
unstable modes with different growth rates and wavenumbers. This
is in accordance with the dispersion relations for these three cases in
Fig. 3, which show that moving from the FF to PB cases, the growth
rate of higher k modes gradually increases due to the increasing
role of PDI. As a result, as seen in Fig. 10, in the linear stage of
evolution, the kinetic and magnetic energy spectra, being mostly
concentrated at smaller k£ and the steepest at high & in the FF case,
become gradually shallower with increasing x, reaching comparable
magnitudes from smaller to intermediate 1 < kL,/27 < 40 in the
PB case (larger kL,/2m 2 40 are possibly affected by numerical
dissipation and hence cannot grow as fast as lower £ modes). In
physical space, this trend is manifested in the prevalence of larger
scale structures in the FF and CHIO6 cases compared to those in the
PB case, as seen from the left panels of Fig. 7. The wavenumbers
at which the spectra reach the peaks in the CHIO6 and FF cases
approximately coincide with the respective maxima of the growth
rates, that is, with the most unstable modes, in these cases (Fig. 3).

The exponential growth phase ends when the dissipation reaches
a maximum (peak) and subsequently the instability enters the
non-linear saturation phase (Fig. 8). As discussed in the previous
subsection, the peak in the dissipation is due to the formation of
ordered larger scale current sheets, where the majority of magnetic
dissipation takes place. As seen in Fig. 7, in the PB case, the current
sheets are the smallest, whereas the magnitude of the current density
therein is highest. The size of the current sheets and current density
decrease when moving to the CHIO6 and FF cases. At this time, the
role of non-linearity is crucial: it ensures interaction and efficient
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energy exchange among different (unstable) modes, so that the
energy spectra become smooth (green curves in Fig. 10). Larger
current sheets start to gradually break up into smaller ones, which
correspond to the drop in the total dissipation rate after the peak in
Fig. 8. In Fourier space, this process corresponds to direct cascade of
energy from small and intermediate unstable & to higher ones due to
non-linearity and therefore to the increase (fill-up) of power at these
high wavenumbers, hence the spectra appear less steep compared to
those in the linear regime.

After the saturation phase, a quasi-steady turbulent state is es-
tablished where only small-scale disordered current sheets are left
dissipating most of magnetic energy (right panels in Fig. 7). The
corresponding smooth kinetic and magnetic energy spectra (red
curves in Fig. 10) are quite close to the spectra during the saturation
phase and exhibit a typical signature of a turbulent spectrum — a
power-law dependence at intermediate wavenumbers in the inertial
range. Specifically, the kinetic energy spectra obey the scaling k=!8
and the magnetic energy spectra the scaling k=2 at kL./2m < 30,
which, interestingly, are the same in all three cases and are consistent
with those obtained only for the FF case in Paper I. This indicates
that, regardless of the initial configuration of the jet column, FF,
PB, or hybrid, in the final turbulent states the spectra at small and
intermediate wavenumbers appear to have a similar form and differ
only quantitatively, with the FF case having the smallest energies.
(This is also supported by nearly similar appearance of turbulence
structure in physical space in these three cases on the right panels
of Fig. 7). At higher kL, /27 2 40, the kinetic and magnetic spectra
are steeper due to intensive dissipation in small-scale current sheets
at these wavenumbers, scaling as k= for the kinetic and k=*> for the
magnetic energies. These scalings are the same in these three cases
and consistent with those of the turbulent spectra for the FF case
from Paper 1.

To examine the effect of numerical resolution on the spectral
properties, in the top panels of Fig. 10 for the PB case, we also show
the kinetic and magnetic energy spectra in the late turbulent state
from the lower resolution run PB1 (Table 1).! These energy spectra
coincide with those of the main higher resolution simulations PB run
at small and intermediate k£ within the inertial range, but decrease
steeper at higher k, which are affected by resolution (i.e. numerical
dissipation). A similar behaviour also holds for the lower resolution
spectra in the CHIO6 case, so we do not show those spectra here.

6 SUMMARY AND CONCLUSIONS

In this paper, we have analysed the non-linear evolution of insta-
bilities in highly magnetized relativistic plasma columns of jets,
by means of three-dimensional numerical simulations for different
equilibrium configurations, focusing on the formation of dissipative
structures responsible for magnetic energy dissipation. As discussed
in Paper I, also in the cases presented in this paper dissipation occurs
through the formation of thin current sheets and, as we argued there,
its rate appears to depend only on the large-scale characteristics of
the flow and not on its small-scale dissipative properties. This is
demonstrated by a comparison of the cases with different resolution
that, despite their different dissipative properties, show similar
dissipation rates. In connection with this it would be important to test
this hypothesis by performing simulations with explicit resistivity.
Our analysis is relevant for high-energy astrophysical sources since
the current sheets that are formed during the instability evolution may

'A detailed resolution study for the FF case is presented in Paper L.
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Figure 10. Evolution of the magnetic (left column) and kinetic (right column) energy spectra integrated in the x — y plane and represented as a function of k in
the PB (top), CHIO6 (middle), and FF (bottom) cases. The black curves correspond to the linear regime, when modes grow exponentially with different growth
rates, as a result of PDI, CDI, and their mixture in the PB, FF, and CHIO6 cases, respectively. The green curves refer to the end of the dissipation peak and the
beginning of the non-linear saturation phase, and the red curves refer to the final state of the fully developed quasi-steady turbulence. For reference, the dashed
lines show the power laws k2 for the magnetic and k'8 for the kinetic energy spectra For comparison, in the PB case, we also show the kinetic and magnetic
energy spectra in the late turbulent state from the lower resolution run PB1 (orange curves).

be sites of magnetic reconnection, where acceleration of relativistic
non-thermal particles is likely to occur, as shown by PIC simulations
(see e.g. Guo et al. 2014; Sironi & Spitkovsky 2014; Werner &
Uzdensky 2017; Petropoulou et al. 2019). These simulations show

MNRAS 532, 4810-4825 (2024)

that the acceleration efficiency increases with cold magnetization
used here, but it depends also on the plasma S, i.e. hot magnetization,
as shown by Ball, Sironi & Ozel (2018). This non-thermal particle
population can give rise to the observed high-energy emission and
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thus understanding the dissipation properties becomes of utmost
importance for the interpretation of these astrophysical objects (see
e.g. Zhang et al. 2016, 2018; Bodo et al. 2021).

The considered equilibrium structures are characterized by dif-
ferent balances between three main radial forces acting on the jet
column: the tension due to the azimuthal component of the magnetic
field, the magnetic pressure gradient, related to the longitudinal
component of the field, and the thermal pressure gradient. We
compared the results obtained in Paper I for the FF case with
configurations in which the thermal pressure gradient plays a role in
the equilibrium force balance. We have different kind of instabilities
in the different cases. Specifically, in the FF case, the instability
driver is the current parallel to the field and we have CDI, while,
in the PB case, the instability driver is the current perpendicular
to the field and we have PDI. As a complementary result to the
numerical simulations, we performed the linear stability analysis of
the above equilibria and characterized the properties of CDI, PDI,
and their mixture in the hybrid case. Our analysis showed that the
growth rate of PDI increases with the wavenumber until it reaches a
plateau for sufficiently large k, both for the axisymmetric m = 0 and
non-axisymmetric m = 1 kink modes, for which the growth rates
are comparable. The decrease in the thermal pressure gradient in
the force balance results in the decrease in the growth rate of the
instability and the appearance of a cut-off at high wavenumbers.
In this case, the axisymmetric m = 0 mode gradually disappears
and becomes completely stable in the FF equilibrium, which is thus
subject only to the non-axisymmetric m = 1 kink mode of CDI.

Our results from the non-linear simulations are in general agree-
ment with those of O’Neill et al. (2012), Striani et al. (2016), and
Ortuiio-Macias et al. (2022). The non-linear evolution of both CDI,
PDI, and their combination in the hybrid case proceed in general into
two phases. At first, the jet undergoes helicoidal deformation, with
the formation of strong current sheets, where substantial dissipation
of magnetic energy occurs. The peak of dissipation is then followed
by a quasi-steady turbulent state, where energy dissipation still takes
place, but at a much lower rate. Among the three equilibria, the
evolution in the PB case is the fastest and most energetic, as also
indicated by the linear analysis. In this case, the current sheets,
resulting from the instability evolution, are characterized by the
strongest current density and the shortest length-scale and yield the
highest dissipation rate. PIC simulations performed by Alves et al.
(2018), Davelaar et al. (2020), and Ortuno-Macias et al. (2022) have
shown that the Z-pinch configuration (our PB equilibrium) is most
effective in the particle acceleration process and this is consistent
with our finding of a stronger dissipation for this case.

On the contrary, in the FF case, we observe at the beginning of the
CDI evolution a dominant unstable mode of larger wavelength, in
agreement with the linear analysis. As a result, the current sheets that
develop at this stage are the weakest and hence the dissipation rate
the smallest. The hybrid case (CHI06) lies between the two extreme
FF and PB cases, in terms of the time-scale of evolution, the initial
dominant wavelength of the instability, and the amount of dissipation.
All the cases share a similar subsequent evolutionary path — the
development of quasi-steady turbulence with a characteristic power-
law behaviour for the spectra of the kinetic and magnetic energies.
In this turbulent state, disordered small-scale, weaker current sheets
form via turbulent cascade, or fragmentation of the larger scale ones
present at the earlier stage of the non-linear development of the
instability and are mainly responsible for energy dissipation, but at
a much slower rate.

These results are relevant for the interpretation of the phenomenol-
ogy of high-energy astrophysical sources. As already pointed out,
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magnetic reconnection is thought to be an important mechanism for
the acceleration of the relativistic particles that are at the origin of
the observed non-thermal emission in those sources. The evolution
of both current and PDI provides a natural stage for the formation of
current sheets that may be sites of magnetic reconnection. In addition,
we may have particle acceleration also in the steady turbulent phase.
The different properties of the current sheets in the three cases
may have consequences in terms of the emission and polarization
characteristics of the observed emission. The strength of the current
sheets may be directly connected to the intensity of the observed
radiation, while the dominant wavelength may have consequences
for the polarization signatures. In order to obtain detailed predictions
to be compared with the observational data, one needs to introduce,
in the RMHD simulations, sub-grid models for treating particle
acceleration and their emission, since these processes occur at a
much smaller scale that cannot be reached by RMHD simulations
(see e.g. Vaidya et al. 2018). As a first step one can use rather crude
sub-grid models like in Zhang et al. (2016) and Bodo et al. (2021).
We plan however to introduce, in the next stage of investigation,
more refined models (Nurisso et al. 2023). Another limitation of this
work is the absence of the jet velocity and we plan to overcome this
limitation also in our subsequent investigations.
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APPENDIX A: COEFFICIENTS OF THE LINEAR
SYSTEM

In the linear analysis based on equations (14) and (15), we normalize
displacement &, by the magnetization radius a of the jet (which
is the unit of length in the paper). For convenience, in the linear
equations below we use the equilibrium profiles of the magnetic
field components B, and B, divided by By and pressure p divided
by B2,
B(r) =

)] ,%?(r) = PL.2 — (=) Jrerf (rz) ,
JT

+XT [1 —erf( )]
In terms of these normalized equilibrium profiles, the coefficients
in the system of linear equations (14) and (15) can be derived with
lengthy algebra and have the form

[1 —exp(

B’ = %3, + B2, P(r) =

1 dky 14% 1 m 1 ko1
Ap=—(—0 “)-=— — (5, (Al
! (K” ar "B Tr) T30 Tk B z(AL)
I ko1
Ap=—— —Ci— ——Cy, (A2)

}”KHEB } K”%
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? B
Ay = B? (* -K ) 2—2¢, (A3)
VA r
Axn = —2—“’63, (A4)
r
where we used the following definitions:
1 1dP 2T %2
Cl=——— |98 -9
' 20,0, 2"’7)( 'Par +%2r>
%ZQI (2&) —®2J||>:| s
o 1dP 2T B2
= DBP|D=—+ 55— | =
2T wm, | *'P( ]Pdr+‘32r>
BB,
% @ 2(0 (1 +S) ®2J||
1 CIK}
C3 = m @2 o2 ‘B(p +$K”Kl%z©| .
1 CA?K”2
C4:W©2 D, (1— e B, - SK|K.B,9|,
LIP CIK o
s=1+ oS8 as(2ok),
Ky — kB, +mB,/r kB, —mB,[r
= B ’ 1= B B
with S characterizing the magnetization as a function of radius,
B2B?

T+ TBP/(T—1)
the sound speed squared
2 _ I'B}P
oo+ TB¥P/(C —1)
and the Alfvén speed squared
B;B? S
B¥B2+po+TBP/(C—1) 1+S’

Vi=

where I" is the adiabatic index.
The projection of the current parallel to the background magnetic
field is
0'B,
-8 ~.

Y or

B,
Ji=B,3, +B.3, = —

% (r%q,)

APPENDIX B: ASYMPTOTIC SOLUTION AT
SMALL RADII

B1 The m # 0 case

In this section, we derive boundary conditions at small radii » — 0
first for non-axisymmetric, m # 0, modes by expanding the coef-
ficients Aj1, A2, Az, A from Appendix A around the origin
r = 0. Before that, we expand the equilibrium quantities around
r = 0, keeping only the terms up to order 2,

B, = —r <0,B, = P. — — X > O(pitchispositive P. > 0),

Da JT kB, —m m

Pa VT k=i T g = T~ o
P=gptxg —xr kK B, L=

With these expansions we derive Cy, C;, Cs, C4 to leading order in
small r,
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Using these expressions, we can compute now the coefficients
Ay, A, Az, Ay from expressions (Al)-(A4) also to leading
order in r,

2m VjK" 1 apy
An = W (2 _V2ZK2)Y U
B, (w?> — VAK”) o 7 r
mZVj 1 [251)
A = M22 _ V2K2) 2T T2
BLw? — ViK| o " r
? 4V2K?2
A21=535<*—K2)—7” = ayi,
vi V)@= ViKi|
ZmKH V: 1 ar
An=— i =
B (0> — ViK)) o 7 r
r=
where we have introduced the auxiliary coefficients

ay,, ap, dy;, dyp, which are all calculated at » =0 and are
finite, in order to better separate out the dependence of the original
coefficients A1, A1z, Az, Ay on small r. These new coefficients
will be convenient in the following derivations. Using these notations
equations (14) and (15) become

dg,,

S g, 4 G2, B1)
r r r

dIm, an

O = ané, + —T. (B2)
r r

We look for solutions to this system in the form
&, = Ar®, T} = Bret!,

where A and B are the arbitrary coefficients and « is some exponent
to be determined. Substituting this solution into equations (B1) and
(B2) yields the quadratic equation for o:

2
a” —alan +an — 1) +anap —apay —ay; =0,

which after some algebra simplifies to
o> +20+1-m*=0

with the roots

o ==xlm|l—1.

A solution must be regular (finite) as » — 0, therefore we choose
only the root with a plus sign, @ = |m| — 1, (Jm| > 1). These roots
for o and hence the behaviour of solution near r = 0 are similar to
those derived in appendix C of Bodo et al. (2013) in the case of a
cold jet. As a result, for the ratio of A and B coefficients in &, and
1) near r = 0, we get
2

B__an  _ 3 [sign(m)%z (“’—2 - Kf) - 2K”} ,
A m| —axn m Vi =0

with @ = |m| — 1, which determines the solution at small radii. This
solution is then used in the shooting method to integrate &, and IT;

farther from r = 0 along radius and connect to the solution coming
from large radii.

Evolution of CDI and PDI in relativistic jets

4823

B2 The m = 0 case

For axisymmetric m = 0 modes, the leading order terms in the
expansion of K| and Cs in r that are proportional to m vanish and an
expansion to the next order is necessary, while in K and C4, which
also depend on m, we simply put m = 0,

252
&,Cz;: 1 1- €Ki
%z %291 ? -0

S w? rp c?
[/ Ry ¢ r.
T 80,9, {vf’ I (‘Bﬁ V,%)LO ’

Taking this into account, for the coefficients Aj;, Az, Azj, Ay to
leading order in r, we get

K =k K, =k

An=—t Ap= L, i =b
n=-"An= 29, o2 70— 125

? 4V2iK?2
Ay = B2 <* —K2> - = by,

\vi Y@= ViKP|

28 »? rp c?
Ap=— | = +K|[— - = r=by-r.
2= "9, [V/%+ ”(%% V/%)Lo e

In these expressions, we have again introduced the auxiliary constants
b2, by, by calculated at r = 0 for the convenience of the following
derivations. With these notations we write equations (14) and (15) as

d r r
S B, (B3)
dr r
dIl
7drl = by &1, + byr Iy (B4)

Expressing &, from equation (B4), substituting into equation (B3),
and keeping only the leading order terms in r, we get a single second-
order ordinary differential equation for IT; only:

d’m, 1dI,

— —(2b biaby)II; = 0.
o T (2b2 + b12by)TT,

This equation has the form of the modified Bessel equation

EM AL
dr? Far K ER

where p? = 2by + bisby;. Its solution which is finite and well
behaved at r — 0 is given by the modified Bessel function of the
first kind Io(ur),

2,2 4,4
M, = Blo(ur) = B (1 +E B ) :

4 64

where B is an arbitrary constant. Next, expressing the displacement
from equation (B4), we get

%_ 1 dl'[, b n B b]g i
= — _ r = —r
Y ar ! 2 16b2,

These expressions for I1; and &, are used for setting boundary
conditions for axisymmetric m = 0 modes at small r.

APPENDIX C: ASYMPTOTIC SOLUTION AT
LARGE RADII

Here we derive the boundary conditions at large radii, » — oo.
For this we first calculate asymptotic behaviour of each term
Ay, A, Agr, Ay given in Appendix A at large radii. For the
equilibrium quantities at » — oo, we have

K”zk7KL=—m/}’,%(ﬂ=0,
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B =9, =P~ (- )J/1.P = p./B. J; =0,

which except for K, do not vary with r. Using these expressions, we
find Cy, C,, C3, C4 up to terms of order 1/r,

Smk 1 1 C2k?
C,=0,0=0,C3=— - —,C4 = 11—
! : T e, T 8.9, ( w? )
and therefore for the coefficients Ay, Az, Azy, Ay we get
1 S m? 1 C2?
Ay=—Ap= — = 1-— =
TSR T i, 2 329, ( w2 )

o2
Ay =B] (7 —kz) s A =0,
2\ v2
where all the quantities in these expressions are taken at » — oo.
Substituting them into equations (14) and (15), we obtain

d r r

S S )
dr r
dIl
— = Ay i (€2
dr

Expressing &, from equation (C2) and substituting into equation

(C1), we arrive at a single second-order differential equation only

for IT 1s

d’r,  1drm,
dr? r dr

or after substituting explicit expressions for A, and Ajy,

— ApAy Il =0, (C3)

This equation has the form of Bessel equation

d2n1 ldl'll 2 m2
oz e T\ ) h=0 ©

where the complex constant S is given by

2 2.2
2:L Qe I_Csk .
@1 Vj (U2

Solution of equation (C4) corresponding to propagating waves that
vanish at infinity is given by Hankel function of the first kind, [T, =
H((Br), with the leading term of asymptotic expansion at 7 — 00

M, = HO(Br) ~ ,/niwexp (-5 -7)] (C5)

Note that this solution is, in general, valid both for non-axisymmetric,
m # 0, and axisymmetric, m = 0, modes.
The complex parameter 8 can have both signs:

==+ (2 ) (-G
a @1 V/% a)2 ’

The wave perturbations should decay at large radii, therefore g with
a positive imaginary part, Im(8) > 0, should be chosen. These waves
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dem, 14, 1 [o? 22\ m?
et — ==K [1=-= —— |, =0.
dr? +r dr + {@1 (V} >< w? ) rz} !

originate in the jet and propagate radially outwards in the form of
outgoing waves at large radii. This means that the real parts of B

and o should have opposite signs, Re(w)Re(B) < 0 (Sommerfeld
condition), resulting in the phase velocity directed radially outwards.

The asymptotic behaviour of &, can be readily obtained from
equation (C2):

1 dr, % o
=S " (- \nm C6
Sir= A, dr Bw? — VK2 =5, )M (€6)

The asymptotic solutions (C5) and (C6) are used as an initial
condition at large radii in our linear eigenvalue code, which is
integrated backwards and connected to the solution coming from
small radii.

APPENDIX D: COMPARISON WITH THE
RESULTS OF THE LINEAR ANALYSIS

Here we compare the results of the numerical simulations in the
linear regime with the growth rate derived from the linear analysis.
More precisely, in Fig. D1 we display, for the three cases PB, CHIO6,
and FF, a log-lin plot of the kinetic energy Ex (normalized to the
initial jet electromagnetic energy) as a function of time together with
a straight line whose slope corresponds to the growth rate derived
from the linear analysis in Section 3. Note that since we do not
perturb the system with the exact eigenfunction at the beginning of
the evolution, there is a transient phase during which the evolution
is determined by the superposition of different modes. After this
transient phase, the mode with the highest growth rate eventually
prevails, so that we can observe its exponential growth until it reaches
the non-linear regime. The time interval where this exponential
growth takes place is therefore limited by the initial transient stage
at the beginning and by the non-linear stage at the end, so it can
be relatively short. For the FF and CHIO6 cases, there are well-
defined large-scale modes (see Figs 3, 4, and 7), in particular, the
dominant mode in the FF case has k & 0.7 and in the CHIO6 case has
k =~ 1.1 with the growth rates —Im(w) = 0.21 and —Im(w) = 0.37,
respectively. More complex is the situation for the PB case, since
for this case there is no well-defined dominant large-scale mode,
but the growth rate reaches the highest values and becomes almost
flat at large wavenumbers k (Fig. 3), implying that many small-scale
modes should dominate instead in the simulations, as evident in
Figs 4 and 7. On the other hand, at larger k numerical dissipation
can hinder the growth of the instability; however, it is difficult to
characterize this dissipation and the associated critical wavenumber
beyond which it becomes important. The slope that best fits the
numerical results corresponds to a value of k & 4. Overall, the
results of this comparison give a fairly good agreement between
the numerical results and the growth rates obtained from the linear
analysis.
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Figure D1. Log-linear plot of the square root of the kinetic energy normal-
ized by the initial electromagnetic energy within the jet as a function of time
for the PB (top), CHIO6 (middle), and FF (bottom) simulations. The dashed
lines have a slope corresponding to the expected growth rate associated with
the most unstable dominant mode retrieved from the linear analysis for the FF
(ky, = 0.7) and CHIO6 (k,,, = 1.1) cases. The slope in the PB case corresponds
to the linear growth rate at k = 4.
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