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1 Introduction

String and M-theory provide a consistent framework to describe the quantum physics of

black holes in terms of microscopic ingredients such as strings and branes. The AdS/CFT

correspondence gives an additional vantage point on this venerable research endeavor.

Asymptotically AdS black holes can be viewed through the prism of holography and their



properties can in principle be delineated using the quantum dynamics of a dual CFT.
This is best understood when the AdS black hole solution is constructed in a consistent
supergravity theory that arises as a low-energy limit of string or M-theory. This allows
to understand the black hole solution in terms of its microscopic ingredients, identify its
dual CFT, and then harness the power of holography to study the black hole itself. Su-
persymmetry can be a very useful crutch in this enterprise. It is often technically easier
to construct explicit supersymmetric AdS black hole solutions in supergravity and explore
their properties. Moreover, the recent advances in supersymmetric localization allow for
the explicit calculation of the path integral of holographic SCFTs, which in turn provides
a host of information about the physics of the black hole. Indeed, recently there has
been a flurry of activity using these methods to study the thermodynamic and microscopic
properties of supersymmetric AdS black holes and their dual QFT description, see [1] and
references therein for a review.

Our goal in this work is to contribute to these developments by studying supersymmet-
ric AdSs black holes in M-theory that arise from the backreaction of M5-branes wrapped
on a compact Riemann surface, g, of genus g. The supergravity solutions describing this
system of branes can be constructed in a two-step procedure that involves supergravity
consistent truncations. As shown in [2], reducing 11d supergravity on S* leads to the
maximal 7d SO(5) gauged supergravity of [3]. This theory admits an infinite family of
supersymmetric AdSs vacua first explored in the seminal work of Maldacena-Nunez [4] and
then generalized in [5, 6]. In addition to the number of M5-branes, N, these AdS5 solutions
are characterized by the genus of the Riemann surface, g, and a rational number z. We
show that for each value of (g,z) the 7d gauged supergravity theory admits a consistent
truncation to 5d /' = 2 minimal gauged supergravity. This type of consistent truncations
were studied previously in the literature, see [7—14], and our analysis adds several technical
details to these constructions including explicit formulae that allow to uplift any solution
of the 5d supergravity theory to 11d.

It is well-known that 5d /' = 2 minimal gauged supergravity admits supersymmetric
asymptotically AdSs black hole solutions with one electric charge and two independent an-
gular momenta [15, 16]. The sequence of consistent truncations described above provides
an embedding of these supersymmetric black holes in M-theory and associates a family of
black hole solutions to each of the supersymmetric AdS; vacua found in [5, 6]. As empha-
sized and carefully studied in [17, 18], the thermodynamic properties of these black holes
are somewhat subtle to study since they have finite entropy and on-shell action even in
the zero temperature supersymmetric limit. We build on these results and show how the
entropy, on-shell action, and charges of the black hole solution can be expressed in terms
of the microscopic parameters (N, g, z) that define the underlying M5-brane system. The
black hole solutions admit a somewhat subtle analytic continuation to Euclidean signature
which allows for rigorous calculations of their properties using the tools of holographic
renormalization which we discuss in some detail. The asymptotic boundary of these Eu-
clidean saddles points of the gravitational path integral has S' x S3 topology and points
to a description of this system in terms of the superconformal index of a dual 4d N/ = 1
SCFT.



Indeed, we show that these supersymmetric gravitational solutions can be described
by the large N limit of the 4d N’ = 1 class S SCFTs constructed in [5, 6, 19, 20]. The
different values of z that label these theories correspond to the family of topological twists
of the 6d A/ = (2,0) SCFT living on the worldvolume of the M5-branes that preserve 4d
N =1 supersymmetry. The superconformal index of the class S theories can be studied at
low values of N using the results in [21-24], however we are not aware of a detailed study
of the index at large N using these methods. Fortunately we can bypass this impasse. It
was realized recently that the superconformal index of general 4d NV = 1 SCFTs exhibits
universal properties that prove very useful in a holographic setup like ours. In particular,
it was shown in [25], see also [26], that carefully treating the superconformal index as a
complex function of its fugacities leads to a simple universal formula for it in the so-called
Cardy-like limit where the radius of the S* is much smaller than that of S3. This universal
expression for the superconformal index is entirely controlled by the 't Hooft anomalies
of the 4d N/ = 1 SCFT and as discussed recently in [27, 28] can be reproduced by a
similarly universal supergravity on-shell action for large N holographic SCFTs.! These
results have important implications for our wrapped M5-brane setup. We use the 't Hooft
anomalies of the 4d N’ = 1 class S SCFTs derived in [5, 6, 19, 20] to write the leading
N3 term of the superconformal index on “the second sheet” in terms of the microscopic
parameters (N, g,z). This expression then exactly agrees with the on-shell action of the
supersymmetric CCLP solution computed via holographic renormalization. An appropriate
Legendre transformation of this index then yields an expression for the microscopic entropy
of the dual black hole which perfectly agrees with the Bekenstein-Hawking entropy formula.
This constitutes a precision test of holography and a microscopic account of the wrapped
Mb5-brane black hole microstates in terms of the dual class & SCFT.

The rest of this paper is organized as follows. In Section 2 we summarize some results
on the dimensional reduction and consistent truncation from 11d supergravity to 7d gauged
supergravity. In Section 3 we derive a family of dimensional reductions on ¥4 from this
7d theory to 5d A/ = 2 minimal gauged supergravity. Further details on the reduction
of the supergravity action and BPS equations are given in Appendix A. In Section 4,
supplemented by Appendix B, we provide some details on mostly known results regarding
the thermodynamics of the most general known rotating black hole solution of the 5d
gauged supergravity theory and the calculation of its on-shell action. Section 5 is devoted
to the holographic interpretation of these results and their connection to the superconformal
index of the 4d N’ =1 class S SCFTs. In Section 6 we provide some concluding comments,
while in Appendix C we summarize our conventions.

! As discussed below, it is not clear to us why the large N and Cardy-like limit have an overlapping
regime of validity but the results we present here, as well as the ones in [27, 28], point to a more general
regime of validity of the “second sheet” formula for the index derived in [25].



2 7d gauged supergravity from 11d

The bosonic sector of the 11d supergravity contains the metric with line element ds3; and
a three-form A. The bosonic action of the theory is given by
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where F = dA. As shown in [2], see also [29] for some more details, a reduction of 11d
supergravity on S results in a consistent truncation to the 7d, N' = 4, SO(5) gauged
supergravity of [3]. The 7d gauged supergravity can be further consistently truncated to
its U(1) x U(1) invariant sector as described in [30]. The bosonic field content of this 7d
theory, which plays an important role below, consists of the metric with line element dsZ,
together with a three-form, two Abelian one-forms and two scalars: (S, A1, Aa, A1, A2).

We now provide some more details on how this sequence of consistent truncations
works. We parametrize the S* by the four angles: («a, 3, ¢1, ¢2), as

1
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where p is an inverse length scale, v 23 are alternative (constrained) coordinates for the
two angles («, 3):

vy =sinacosB, vy =sinasinf, v3=-cosa; 1/12+V§’+V§:1, (2.3)

and D¢y o = d¢1 2 + A1 2. The coordinates ¢ o parametrize the U(1) x U(1) isometry
directions. The 11d fields are expressed in terms of the 7d fields as

ds?, = A3 ds2 + A=23ds?
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where F o = dA; 2 and (A, U) are functions given by

A = €2>\1V% + €2>\2V§ + 6_4>\1_4>\2V§,
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The resulting 7d theory has the following bosonic action
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where we have defined Ay = A; + A2 and V is the potential for the scalars, given by
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Out of this action we obtain the following equations of motion
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where M, N, ... are curved 7d indices and we have defined F12,2MN =Foy RE ong, Sy =
SMRSSNRS, F12,2 = FI%NFLQMN, S2 = GMNRG, n. To ensure that a solution of the
equations of motion of the U(1) x U(1) invariant truncation of the 7d supergravity theory
is supersymmetric one should check that the supersymmetry variations of one spin—% grav-
itino and two Spin—% dilatini, (@Z M 51, Eg), vanish. Setting the supersymmetry variations
of these fields to zero gives the following BPS equations for the 32-dimensional 7D spinor



€ ® E, which we have split into a purely 7D part € and an SO(5) part Z:
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Here 7™ is an 8 x 8 curved 7d spacetime gamma matrix, 34 is a flat 7d Lorentz gamma
matrix, w, 2= is the 7d spin connection, I, withi =1,...,5, is a 4 x 4 flat internal SO(5)
gamma matrix, and finally 1,, is an n X n identity matrix.

3 Dimensional reduction to 5d N = 2 minimal gauged supergravity

As shown in [4-6] the 7d U (1) xU(1) invariant truncation discussed above admits an infinite
family of supersymmetric AdSs vacua. This suggests that there is a further consistent
truncation of this model to 5d N’ = 2 minimal gauged supergravity. Indeed, it is possible
to construct such a consistent truncation for each of the supersymmetric vacua studied
in [5, 6]. This type of consistent truncations arising from wrapped Mb5-branes have been
discussed in various level of detail in [7-14]. Our goal here is to rederive some of these
results in a way tailored to our goal of discussing asymptotically AdSs black hole solutions
and where needed fill in small gaps in the literature.

More concretely, our aim is to reduce the 7d U (1) xU (1) gauged supergravity truncation
on a smooth Riemann surface ¥y with genus g to arrive at 5d A/ = 2 minimal gauged
supergravity, with bosonic field content given by the metric with line element ds% and
a single one-form gauge field A. For concreteness, we take the Riemann surface to be

hyperbolic, i.e. g > 1,2 and parametrize it with coordinates (x1, x2) as:®

ds2 = (dx12 + dx22) /x3. (3.1)

We also define the one-form w = dx; /2, such that the volume form on ¥4 is given by
dw. We take the 7d scalars to assume constant values A\j o = A2 as dictated by the AdSs

2Qur results can be adapted to the AdSs vacua of [5, 6] with g = 0,1 in a straightforward way.

3To have a compact Riemann surface we have to mod out the upper half plane with an appropriate
discrete group. From now on we will assume that this discrete identification has been performed and will
work with local coordinates on the Riemann surface.



vacua of [5, 6] and define two new constants, (go, fo), in terms of them
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where AL = Aj = Ay and z is a rational number obeying z(g — 1) € Z. In this way we will
obtain a family of dimensional reductions labelled by (z, g). For the remaining 7d fields we
take the following reduction Ansatz

ds? = €20 ds? 4 29012 ds? |
S = celot200284 12 o (F A dw), (3.3)
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where ' = dA, L = 2/u is the AdS; radius, and (a, 6, ¢) are z-independent constants that
we will fix below. We present the details of the dimensional reduction based on this Ansatz
in Appendix A.1. The upshot is that to have a 5d theory with z-independent cosmological
constant one has to fix 2 = £1/4. To retain the normalization of the 5d Maxwell field
such that F = dA we need to take ¢ = b and we also found it convenient to rescale 6 as
b = x/v/3. As shown in Appendix A.1, integrating over the Riemann surface we obtain
the bosonic action of 5d N/ = 2 minimal gauged supergravity
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where x can be viewed as a normalization constant associated with the freedom? to rescale

1 12 2 3
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the gauge filed A. Importantly, the 5d Newton constant is given in terms of the 7d one by

Gr =320 2 4r(g—1)Gs|. (3.5)
The equations of motion of the 5d supergravity can be derived from the action above and
read
dxs F= “FAF,
V3
9 9 (3.6)
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where we have denoted the 5d curved indices with Greek letters. The only fermionic field in
the 5d supergravity theory is the spin—% gravitino 1,. Setting its supersymmetry variation
to zero we obtain the following BPS equation for the 4-dimensional 5d spinor e:

_ 1 a[/?\ i?C af} «

4Some common choices include: [16, 31]: x = 1, [15]: x = =2, [17]: x = 2/(v/3 g).

%(% +i \/3@4“)} e, (3.7)




where v* is a 4 X 4 curved 5d spacetime gamma matrix, 'ya is a flat 5d Lorentz gamma

matrix and W,a5 is the 5d spin connection. In Appendix A.2 we show that the three 7d

supersymmetry variations in (2.9) reduce to (3.7) provided we identify

Yu=—X1®01, Ty =x1la®o2, A =x1lu®o3, €=€® <X17> ; (3.8)
which in turn also implies that 7; 5 =114 ® o1, use the projectors
(%1;2@1“)(%@ £) = x1ER E, (18®F5)(€® )=t E, (3.9)
and set
=2 =5=" 9, () =0,,(®T)=0, (3.10)
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where y7y = =£1 is the chirality of the highest rank 7d Clifford algebra element. Note

that the choice of sign leftover in a from reducing the action is dictating which of the two
inequivalent representation of the 7d Clifford algebra one should use.

4 Thermodynamics of the 5d black hole

After showing that to each of the supersymmetric AdSs vacua constructed in [5, 6] one
can associate a distinct truncation of 11d supergravity to 5d A/ = 2 minimal gauged
supergravity we now proceed to discuss a family of rotating asymptotically AdSs black
hole solutions of this theory. Although our discussion will be in five dimensions we stress
that these solutions can be explicitly uplifted to 11d using the formulae in Section 2 and
Section 3 above. Many of the results presented below have appeared before in the literature,
in particular in [16-18, 32]. Our goal is to collect them here for completeness and clarify

some aspects of the calculations.®

4.1 CCLP solution

The 5d N' = 2 gauged supergravity with bosonic action (3.4) admits a general non-
supersymmetric black hole solution found in [16] which we will refer to as CCLP. The
solution is specified by four real parameters (a,b, g, m) which determine its two angular
momentum, electric charge and mass. For the Lorentzian black hole solutions these pa-
rameters are further constrained as

-l<ag<l, —-1<bg<1, (4.1)

0<g<—
1+ ag+ bg

where g = 1/L is the inverse of the AdS scale. The first two conditions arise from requiring
that the black hole is not over-rotating and the last condition constitutes the BPS bound.

5Most of the supergravity, holographic renormalization, and black hole thermodynamics calculations
were performed with the help of a new Mathematica package we developed which is based on xAct and can
be found at https://github.com/waskou/SolutionsX.
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The solution is specified by the following metric and gauge field
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We have also included a pure gauge term, aedt, in Accrp, which is important to guarantee
regularity of A*A, on the horizon. These coordinates cover the region outside of the black
hole and have the following ranges and identifications

—co<t<oo, TL<T<00, 0<7]<g, S ~&+2m, &~E+ 2T, (4.6)

where 7, is the largest positive root of A,.(r). The surface r = r, is the event horizon

of the Lorentzian black hole, see Appendix B.4 for further details. Sometimes, it will be

convenient to trade the parameter m for .. The explicit relation, which is obtained by

solving A,(r4) = 0, reads

(rf +a®)(r} + )1 +¢°r3) + ¢* + 2abg
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(4.7)

As emphasized in [17] the Lorentzian CCLP black hole can be analytically continued
to a Euclidean “black saddle”, which solves the equations of motion of the Euclidean theory
(B.10)5. The Euclidean metric and gauge field are given by

2 2
dsgoLp,e = dscoLp ,  Accrpz = AccLp . (4.8)
t——iT t——iT

®The term “black saddle” was coined in [33] and refers to the fact that, in general, there exist Euclidean
saddle points of the supergravity path integral that do not admit analytic continuation to sensible Lorentzian
field configurations. The CCLP black saddle is an example of an Euclidean solution that does admit
continuation to the Lorentzian black hole of [16] for some values of the parameters. We refer to this black
saddle also as CCLP and the meaning is to be inferred from the context.



Note that these metric and gauge field are both complex. One might want to work with
a real Euclidean section by, in addition to Wick rotation, also analytically continuing the
rotation parameters as: a — ia,b — ib. Once this is done the Euclidean metric is purely
real and the Euclidean gauge field is purely imaginary. In the context of evaluating the on-
shell action of this solution it is useful to work with this real Euclidean section. To interpret
the result holographically as a Lorentzian partition function the rotation parameters have
to be analytically continued back to their original values: a — —ia,b — —ib. It turns out
that this procedure gives the same final answer as simply working with the complex Wick
rotated metric and gauge field (4.8), without continuing the rotation parameters back and
forth.

In the holographic context it will be useful also to work with the conformally rescaled
boundary metric

2 R -
dsterp,s = lim g~ r " dsgerp
JAWS 1 sin?n cos?n
S dn? + S=——d&2 + ———d&? . 4.9
EaZp AW 9°Za 9*Zp (4.9)

This metric, with certain identifications of the coordinates that are discussed in detail in
[17], determines the background on which the 4d A/ =1 dual SCFT is placed.

4.2 Thermodynamic properties CCLP

In Appendix B.4 we show that to the CCLP black hole we can associate the following
thermodynamic potentials:

2rr [(r2 + a®)(r: + b?) + abq]

b= ri[1+¢%(2r1 4+ a® +b%)] — (ab+ q)?’
a(r? +b%)(1+ g*r2) + bg b(r2 +a?)(1+ g*r?) + aq

= e , o= : (4.10)
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_ V3qri
 X[0F )2 + ) + abg]

physically corresponding to: inverse temperature, angular velocities measured in a non-
rotating frame at infinity, and electrostatic potential. To obtain the entropy, via the
Bekenstein-Hawking area formula S = Area/4Gj5, one has to integrate the square root
determinant, /g3, of the induced metric on the horizon, which has topology of S3 and
metric given by

ds?; = dstcrp : (4.11)
dt—0,dr—0,r—r4
Performing this integral we obtain

72 [(ri + a2)(712F + b%) + abq]

S = ——
22,57+ Gs

. (4.12)
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In Appendices B.5 and B.7 we calculate the following charges of the CCLP black hole

25, + 25 — Z45p) + 2abg?w(E, + Zp)

E = (EAdS - E/) + m

42222G5 ’
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4225,G 42,Z; G5
0= xV/3mq
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physically corresponding to: energy, angular momenta and electric charge. Above we have
defined the constants

3 (Eq — 5p)? 5 9gmB(E2 — 2,5 + E7)
Epnas = soo | 1+ o = a bl 4.14
AdS = 3536 ( + = » G = ¢, (4.14)

=G5

where (' is the coefficient of a certain finite counterterm that we introduce to the boundary
action in the process of holographic renormalization, see Appendix B.6. In a similar cal-
culation [32] obtains the energy of the Kerr-AdSs black hole — the special case ¢ = 0, in a
renormalization scheme where E "= 0. For the quantity Faqs, which physically corresponds
to the Casimir energy of empty AdSs, we find agreement with [32]. The Euclidean on-shell
action is obtained by evaluating (B.9), on-shell, on a surface r = Ry, where Ry > 7.
Naively, one obtains divergences, scaling as R§ and R3. They can be cancelled by sub-
tracting the on-shell action of AdSs, written in suitable coordinates, in a background
subtraction procedure. The final answer reads
T

Tos = == |m— 9@ + ) (07 +17) -
4:.a:.bG5

¢*ri
(a? + 7"_%_)(()2 + ri) +abg |’

(4.15)

To obtain this answer, crucially, one has to include the gauge parameter « in (4.2) and
then set it to —® to ensure that the gauge field is regular on the horizon. This important
aspect of the calculation was not explicitly stated in the original derivation presented in
[34]. Alternatively, in Appendix B.6 we employ holographic renormalization to obtain the
following Euclidean on-shell action

T = B(Eaas = C') + Tos, (4.16)

where precisely the constants (4.14) appear. We can interpret this discrepancy between the
two on-shell action results as follows. In a non-supersymmetric setting there is no preferred
mechanism to fix the coefficient ¢’ of the finite counterterm, i.e. the value of the constant
E’ defines a choice of renormalization scheme. In particular, the “background subtraction
renormalization scheme” corresponds to setting Z’ = Fags- In a different scheme the en-
ergy acquires an additive constant factor and the on-shell action acquires the same additive
factor times .

Having collected the potentials, charges, entropy and on-shell action of CCLP we have
verified explicitly that, in any renormalization scheme, the quantum statistical relation

- 11 -



holds

IT=BE—-S5—pMNJ — BQads — PQ. (4.17)
Naively, the first law of thermodynamics
1
dE = EdS-ﬁ-QldJl—i-QQdJQ—i-(I)dQ , (4.18)

where the variations are taken with respect to the “bare” black hole parameters (a, b, r4, q),
is only satisfied in the renormalization scheme 5’ = Fags. Insisting on using the “bare”
parameters, it was argued in [32] that in a renormalization scheme where ¢! # Eags one
should use the following generalized first law

1
AE =0, F + 5dS + QdJi + QdJy + 2dQ (4.19)

where 0, F is the variation of the energy with respect to a Weyl transformation that keeps
representative of the conformal class of boundary metrics fixed. They go further to prove

that the variation of the on-shell action under this Weyl transformation is”

6,7 = ﬁd(EAdS - Z’) — B6,E. (4.20)

Using this result, we see that the generalized first law takes the form
~ 1
d(E— (EAds fg’)) = GdS+ QA+ %)y +2dQ, (4.21)

which is now trivially satisfied in any renormalization scheme, when the variation is taken
with respect to the parameters (a,b,r4,q).

The Euclidean on-shell action can be though of as minus the logarithm of the grand
canonical partition function

1(679179%(1)) = —lOgZ(ﬁ,Ql,QQ,(I)), (422)

where the grand canonical ensemble is the one in which the thermodynamic potentials
(B, 1, Qo, @) are held fixed, while the charges are allowed to fluctuate. In this setup each
state is assigned a probability

P, = %e_ﬁ(Ei—QlJl,i—QQJZ,i—<DQi) , 2= Ze—ﬁ(Ei—Q1J1,i—QzJ2,i—q)Qi) . (4‘23)

)

Then the average charges are given by

o1
E:ZBEiza—B+QlJ1+QQJ2+<I>Q,

1 07 1 0T

J1 = EZ PZJLi:_BTQI’ Jy = El sz’i:_5@7 (4.24)
107

Q= % Pz‘Qi——BaTI)-

"Technically, they only prove this in the renormalization scheme E’ = 0, but their result trivially gener-
alizes.
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The above relations can be readily seen from the quantum statistical relation (4.17) and
indicate that the potentials (3, Q;, Q2, ®) are conjugate to the charges (E, Ji, J2, Q),
respectively. We can verify these relations on the CCLP solution as follows. First, we
express the Euclidean on-shell action and the potentials solely in terms of the black hole
parameters (a, b, 74+, q). Then we solve the following system of four equations

oz 071 op
a(av b? T+, Q) a 876 a(aa b, T+, Q)
n oz o N oz 00 N (224 0P
o d(a,byry,q) 00 9(a,b,ry,q) 0P I(a,b,ry,q)

(4.25)

for the four unknowns (g—g, 68—51, 88—912, g—é). Plugging the results in (4.24) we get perfect

agreement with the charges obtained in Appendices B.5 and B.7 via holographic renormal-
ization and Komar integrals. Finally, one can view the entropy as a function of the charges
(E, J1, J2, Q) and write the quantum statistical relation as

S(E,Ji,J2,Q) = BE — B J1 — BQaJy — fPQ — L(B,8,8, D), (4.26)

where the following relations should hold

08 108 108 108
=—, Yh=———, W=——r, d=———. 4.27
PTop T TBan T Thon 50Q 427
Again, we establish their validity on the CCLP solution by solving the following system of
four equations

s 9S  0E
da,b,ry,q) 87E6(a, b,r4,q)
N as 0.J1 N as 0Jo N as oQ
0J1 0(a,b,r4,q)  0J29(a,b,ry,q)  9Q da,b,ry,q)’

(4.28)

for the four unknowns (%, g—fl, 63732, %) and plugging the results in (4.27). This analysis

shows that the entropy is the Legendre transform of the Euclidean on-shell action, in which
the charges (E, J1, J2, Q) replace the potentials (3, 1,9, ®) as independent variables.
4.3 Thermodynamics in the supersymmetric and BPS limits of CCLP

One can make the CCLP solution supersymmetric by saturating the BPS bound

m
=—\ 4.29
=7 + ag + bg ( )

In what follows it is convenient to also exchange the parameter m for
i = g ~1. (4.30)

(a+0)(1+4 ag)(1+bg)(1+ ag + bg)

We show that the resulting three-parameter family of solutions, i.e. (a, b, m), is super-
symmetric in Appendix B.8 by explicitly solving the Killing spinor equations. This three
parameter family of Euclidean supersymmetric solutions can be analytically continued to
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Lorentzian signature resulting in a family of supersymmetric black holes. These black hole
solutions are however not regular and causal outside their horizon which is manifested by
the generically complex roots of A,(r) = 0. Setting m = 0 one obtains a two-parameter
family, i.e. (a, b), of supersymmetric and extremal black holes that do not suffer from such
problems and have vanishing temperature, i.e. § — oo. This was called the BPS limit in
[17] and one can show that in this BPS limit A,(r) = 0 has a real double root given by

1
r2 = E(a + b+ abg), (4.31)

and the surface r = r, constitutes the event horizon of the BPS black hole.

To have better control over the IR divergence associated with the fact that 5 — oo
in the BPS limit, we provide an alternative description of the supersymmetric black hole.
Using (4.30) and (4.7), the supersymmetry condition (4.29) can be rewritten as

qg=—ab+7r3i(1+ag+bg) £ \/—r2(r2 —r2). (4.32)

Insisting that ¢ is real, we see that we are forced to take the extremal limit ry — r,
alongside the supersymmetric limit. In general however ¢ is complex and leads to the
following (complex) supersymmetric thermodynamic quantities

2m(a —iry ) (b —iry)(grf +iry)

P T B (Lt ag + bg) 1907 3]
2 . o
0 = g(r*;- 10:7“4,.)(1 %gm) ;o Qo= )
(gr7 +iry)(a —iry) assb
_ VBirg (1 —igry)
a(gri +iry)
P 7[3 — ¢*(a*(1 + bg) + b*(1 + ag) — ab)|[—ab + r2 (1 + ag + bg) + igr. (r2 —r?)]
4EaEb(1 - ag)(l - bg)G5 ’
g = TRat b tagl[-abtri(tagtby) Higre(i—r)] o | (4.33)
4:«1:1}(1 - ag)G5 as+b
xV3m[—ab+r2 (1 +ag +bg) +igre(r2 —r?)]
Q= — ;
4=,2,Gs
. T2 [ry (r2 + a®(1 +bg) + b*(1 + ag) + ab) + iabg(r? — r?)]
2=,EGs
7 72(a —iry)?(b —iry)2(1 + g%r?)

T 25,5 [2r (14 ag + bg) + ig(r. — 3r2)]G5

where we have defined F = E — (EAdS - Z’) andZ =7 — ﬁ(EAds - E’) As expected, the
quantum statistical relation (4.17) and the generalized first law (4.21) continue to hold in
the supersymmetric limit. We also find that the charges obey the following linear relation

\/g -
E—gJi—gJ2— TQ = Fpqs — CI- (4-34)

If the right hand side of this equation vanishes it will look like the familiar BPS constraint
of the charges obeyed by supersymmetric black holes. As explained in Appendix B the
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parameter 5/ is the coefficient of a finite counterterm in the holographic renormalization
procedure used to compute the gravitational charges. We can therefore make the right hand
side of (4.34) vanish if we choose a scheme in which ¢’ = Epqs. This choice is implemented
by the background subtraction scheme discussed above (4.15). We note that since there is
no preferred holographic renormalization scheme for 5d minimal gauged supergravity that
is compatible with covariance, gauge invariance, and supersymmetry, see for example [35],
one is in principle free to choose any other value of the finite counterterm coefficient Z’ .
From now on we will work in the E’ = Faqs scheme which implies that F = FEandZ =1.

In addition to the linear relation in (4.34), supersymmetry implies a linear relation
between the corresponding potentials that reads

B(g + O+ Q- gxV3 <I>) =2mi. (4.35)

In Appendix B.8 we show how this constraint arises from a periodicity condition on the
Killing spinor on the horizon. It is useful to define new chemical potentials which are
convenient for taking the § — oo supersymmetric black hole limit

*/§> . (4.36)

w1 =B(Q—g), we=p5(Q2-9), <p=5<<1>—?c
In terms of them the supersymmetric Euclidean on-shell action takes the remarkably simple

form

7”(3 903

T 12V3Gs wiws

(4.37)

The quantum statistical relation (4.17) and the linear constraint (4.35) can also be written
in a manifestly S-independent way

IT=-S—wJi —wedo—pQ; w +w2—gx\/§cp:27ri, (4.38)

where the energy has been eliminated using (4.34).
This presentation of the supersymmetric CCLP black hole is adapted to taking the
limit to extremality: r; — 7. Even though § diverges in this limit, the newly defined

chemical potentials assume the following finite (and complex) BPS values
(1 —ag)(b—1iry) VB w(a—ir)(b—ir)

7w:w 9 - .
rltglatbo—ir)]” T M P T anltglatb—ir)

W) = — s (439)
where we adopted the convention to denote BPS quantities in the 8 — oo limit with bold
letters. The BPS charges and the entropy become real in this limit and read

g T+ b)[3—¢*(a*(1+bg) + V(1 + ag) — ab)] Q- xV37(a +b)
49(1 — ag)*(1 — bg)*G5 ’ 4(1 - ag)(1 - bg)G5’
m(a+ b)[2a + b(1 + ag)] Jo— Ty 5= 72(a + b)r.

49(1 — ag)?(1 — bg)G's ' acsb 2g(1 — ag)(1 —bg)Gs’

(4.40)

Jy =
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while the BPS Euclidean on-shell action remains complex and is naturally expressed in
terms of the new BPS potentials

o3

I-= ,
W12

(4.41)

where we have extracted the constant pre-factor pu = 7x3/(12/3G5). The quantum statis-
tical relation and linear constraint between the potentials take precisely the same form as
in the supersymmetric case

I:—S—lel—L«JQJQ—(pQ; w1 + wo — v = 27i, (4.42)

where we have defined v = gxv/3. We again work in the grand canonical ensemble where
the potentials are held fixed and the charges allowed to fluctuate and write the entropy as

S(J1,J2,Q) = —I(wi, w2, p) —wiJi —wads — pQ — ANwi + wy — v —27i),  (4.43)

where we have included a Lagrange multiplier A multiplying the linear constraint. Taking
partial derivatives of the above with respect to the potentials one obtains three extremiza-
tion equations

0T 0T 0T
_87(‘)]_:!]1—'_)\7 —@:JQ'i_A, _%:Q—VA
J (4.44)
3 3 3 2
BT TN, pt =dat A, s =Q-vA.
wiw2 wiws wiws

In principle, to perform the Legendre transform one has to invert the bottom line above (to-
gether with the linear constraint) to express (w1, wa, ¢, A) in terms of the charges (J1, J2, Q)
and then plug the results in (4.43) to obtain the entropy. However, due to Z being a homo-
geneous function of degree 1, from Euler’s theorem one has Z = w10., Z + w20, L + @0, L,
and the expression for the entropy simplifies to

S =2mi\. (4.45)
This provides a shortcut to obtaining the entropy: by inspection we see that
1|/oT\? 0T 0T
=—|(=) -2tp—=—=| = 0= A+ poA? 4+ A3 4.46

where after the implies sign we have used the extremization equations and extracted the
coefficients in front of the A\ terms

1 27 3
po:—ﬁQg— MJ1J2, b1 = ﬁQQ_

3
v
We seek a purely real entropy in the BPS limit, so we should have a purely imaginary

27w 3 27w
—(J1 + J- =——Q— —. (447
3 (J1+J2), p2 » 3 (4.47)

root of the cubic (4.46). This is possible if pg = p1p2, which translates to the following
non-linear relation between the BPS charges:

3
2 2m _(2v3 ™ 2 \° o«
(g?c\/?:Q> + .9:37G5J1J2 - ( gx Q + 293G5> l(%Q> 793G5 (Jl + JQ) . (448)
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Then the purely imaginary roots are A\ = £i/p;. Picking the minus sign in order to have
positive entropy we obtain

T |4 m
S=_./—0Q2— Ji+ Jo). 4.49
While we have shown how to obtain the supersymmetric black hole entropy as a Legendre
transformation of the on-shell action it is also possible to verify the validity of (4.49) and
(4.48) using the explicit expression of the BPS charges and entropy in terms of the black
hole parameters given in (4.40).

5 Holography and the superconformal index

The results for the on-shell action and entropy of the supersymmetric CCLP solution
presented above can be understood from a holographic viewpoint in terms of an appropriate
supersymmetric partition function on S' x S3 called the superconformal index ZqrT, see
[36] for a review. Here we discuss how this can be done in some detail.

5.1 Anomalies and the index on the second sheet

The superconformal index of class S SCFTs has been studied for low values of N in [21-24].
We are not aware of an extension of these results valid in the large N limit relevant to our
holographic setup. Recently, building on previous results in [17, 37|, it was shown in [25],
see also [26], that the superconformal index of general 4d N/ = 1 SCFTs is given by the

following compact expression
3 or(W? + w? — 47?)
48(411(&}2

log Zqrr = krrR — kr +log |G|, (5.1)

48(.01(.02
where, w9 are the fugacities for the two angular momenta on S3, g is the U(1) R-
symmetry fugacity, G is the order of the Abelian 1-form symmetry in the theory (if any),
and (kgrrgr, kr) are the cubic and linear 't Hooft anomalies. Supersymmetry imposes the
following linear relation between the fugacities

©r = (w1 + w2 + 27ing) , (5.2)

and the expression in (5.1) is valid for ng = %1, i.e. on the “second sheet” of the complexi-
fied fugacities. This result for the index includes the contribution from the supersymmetric
Casimir energy [38, 39] and is valid up to exponentially suppressed terms of the form e ts/B
where £3 is the radius of the S® and 3 is the circumference of the S*. It is not immediately
clear that this Cardy-like limit of the index is useful for studying its large N properties.
However, it was shown in [17, 27, 28, 37] that the krrgr and kg terms in (5.1) are in perfect
agreement with the regularized on-shell action of the supersymmetric CCLP solution in 5d
N = 2 minimal gauged supergravity and its four-derivative extension. This in turn implies
that the on-shell action and entropy of the wrapped M5-brane black holes we constructed
above can be reproduced by using the index in (5.1). This is indeed possible as we show
below.
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To use the expression in (5.1) we need the 't Hooft anomalies for the R-symmetry of
the SCFT at hand. The 4d N = 1 class S SCFTs of interest here have a U(1)p flavor
symmetry in addition to the U(1)r R-symmetry. The 't Hooft anomalies for these global
symmetries can be computed as in [5, 6, 19, 20, 40] either with field theory methods or by
integrating the anomaly polynomial of the 6d V' = (2,0) SCFT over X4. For concreteness
here we focus on the type Ay_; class S theories and take g > 1® for which the 't Hooft
anomalies read

2(g—1) -1

_ 2 2 3 3 _ (g
krRR = 72722 [92 14+ (32 + 1)2} N°, krrr = zN,
-1
kRFF = —(93)\/ 32’2 + 1N3, kFFF = (g — l)ZNg, (5'3)
—1
kR:gT[zl—\/sz?H]N, kp=(g—1)zN.

We have presented the results for the leading term in the large IV expansion of the anomalies
which is all we need for our holographic discussion. The exact finite IV values can be easily
found using the results in [5, 6]. To obtain these results for the 't Hooft anomalies, as ex-
plained in [5, 6], one has to employ a-maximization [41]. As expected from a-maximization
we find that krpp is negative and that the superconformal Ward identity kr = 9kgrgrr
is obeyed. In addition, one can use superconformal Ward identities to find the following
conformal anomalies
(922 -1+ (1+ 322)%) .
= 33(9kRRR —3kr) =(g—1) 182 N7,

(5.4)

= 1(9k 5kr) = ( 1)(922_”(”322)3)
=39 RRR — OFR) = (8 — 182

Again we have presented the conformal anomalies only to leading order in the large N limit

a

c N3,

and as expected for a holographic SCF'T we find that a = ¢ to this order.

Plugging the results for krrr and kg presented above in the formula for the super-
conformal index (5.1) we obtain an explicit expression for Zgpr valid in the Cardy-like
limit and to leading order in the large N limit. To compare Zgpr with the regularized
on-shell action of the supersymmetric CCLP solution we need to employ the holographic
dictionary. As shown in [27, 42] the cubic 't Hooft anomaly is related to the 5d AdS radius

and Newton constant as
Ar L3

9G5 ’
while kp is related to the coefficients of the four-derivative corrections to the 5d supergravity

krrr = (5.5)

theory. To relate this 5d supergravity expression for krrr to the microscopic parameters
(N, g, z) one should use the relation between the 5d and 7d Newton constants in (3.5), the
expressions that define the AdSs supersymmetric vacua in (3.2), as well as the uplift of this
solution to 11d using the formulae in Section 2. As shown in [27, 42], and can be checked
explicitly using the formulae above, this supergravity calculation leads to exactly the same
result for krrpr as the one in (5.3).

8The results below have a straightforward generalization to arbitrary genus and to the type Dy theories.
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Another entry from the holographic dictionary we need is the relation between the
fugacities specifying the index and the gravitational potentials of the CCLP solution. This
was also discussed in some detail recently in [27] where it was shown that the supergravity
BPS potentials in (4.39) can be related to the field theory fugacities as follows

V3

w12 <— w12, PR < T(,O. (56)

Comparing the supergravity BPS relation in (4.42) with the field theory one in (5.2) we
see that we must set ng = —1 in order to find agreement. This choice for the sign of ng is
related to a conventional choice in the sign of the electric field in the CCLP solution.

Combining all these ingredients together we find that regularized supergravity on-shell
action Z in (4.41) precisely agrees with the kprpr term in the logarithm of the superconfor-
mal index log Zqpr in (5.1). If one would like to obtain the entropy of the supersymmetric
CCLP black hole in (4.49) one can simply take log Zqrr and repeat the Legendre trans-
formation procedure discussed above (4.49). These results constitute a precision test of
holography for the wrapped M5-brane black holes we constructed above and a microscopic
understanding of their Bekenstein-Hawking entropy in terms of the superconformal index
of the dual 4d N =1 class S SCFTs.

5.2 More general black holes?

The 4d N = 1 SCFTs in [5, 6] have a U(1)p flavor symmetry in addition to the U(1)g
R-symmetry. This means that the superconformal index can be additionally refined with
a flavor fugacity pp. The explicit form of this refined index in the Cardy-like or large
N limit has not been studied in the literature. From the supergravity point of view the
U(1)r x U(1)r global symmetry is realized by the two Killing vectors in the 11d metric in
(2.2) or alternatively by the two Abelian gauge fields in the 7d gauged supergravity (2.6).
The asymptotically AdSs black hole solutions we studied above have only one electric
charge associated with the U(1)r gauge field. Both the QFT and supergravity setups
therefore suggest that there may be more general black hole solutions with two electric
charges and two angular momenta with entropy and on-shell action that can be accounted
for by the large N limit of the refined superconformal index. While we have not calculated
the refined index or constructed these supergravity solutions we present some speculations
and educated guesses about their properties.

We begin with the following proposal for the generalized version of the “second sheet”
formula for the index of a general 4d N'=1 SCFT with a U(1) flavor symmetry

krrR ¢ + kRRF OROF + kRFF OROT + KFFF ¢ (5.7)

log IQFT - 48&)1&)2

where @R obeys the linear constraint (5.2) and we have only presented terms that involve
the cubic 't Hooft anomalies since these should be the leading contributions to the large
N limit of the index of a holographic SCFT. This proposed formula for the index is based
on the form of the supersymmetric Casimir energy for general 4d N' =1 SCFTs in [38] as
well as the holographic results for the index of N'=4 SYM in [37].
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Then, we propose the following identification between the field theory fugacities and
the supergravity BPS potentials

Wi ¢ Wi, QR VPR, PF > PP, (5.8)

where, the constants v and p should be determined by using the holographic dictionary
using the explicit putative black hole solutions.To be consistent with the form of the on-shell
action in (4.41) we expect that v = xv/3 g, such that ¢ = @g.

In the dual supergravity there should be a supersymmetric Euclidean solution with
two angular momenta and two electric charges that has the following on-shell action

_ M Ph+ p2 9her + 13 PRPT + e P
wiw?2 ’

z

(5.9)

where the real parameters p 234 should be determined by the coupling constants of the
particular supergravity theory hosting the proposed new black hole. One should then de-
rive, via the holographic dictionary, explicitly how they are related to the 't Hooft anomalies
ERRR,krRF,krFF and kppp. In order to have a holographic match between Z and log Zqpr
we need the following relations to hold

_ krrrV® _ krrrv?p _ krprvp? _ kpppp®
o = ————, p3=————, 4=

H1 = ) 48 ) 48 ) 48 )

o (5.10)

Establishing this equivalence is of course non-trivial and hinges on the explicit construction
of the black hole solution with two electric charges, the details of the holographic map, and
the validity of the formula for the index in (5.7).

If all our educated guesses (5.7)-(5.10) are correct and such a non-trivial agreement
can indeed be established one can try to proceed and perform a Legendre transform of the
on-shell action, or equivalently the large IV index in order to derive the entropy of the black
hole. This proves to be a non-trivial calculation as we now outline. First let us rewrite the
on-shell action as

4 I,.J, K
7= M:‘Q[JK(P w ™, (5.11)
where k1K is totally symmetric with its independent components given by

24 8 81z 24
K111 = = , K112 = ﬂ, R122 = Sl , K222 = bl , (5'12)
Vs ™ Vs ™

and ¢! = (¢r, @r). This rewriting of the on-shell action is inspired by the on-shell action
of supersymmetric black holes in 5d gauged supergravity coupled to two vector multiplets
studied in [18]. The only difference here is that we use a basis of supergravity BPS potentials
that explicitly singles out the superconformal R-symmetry. To find the entropy we now
follow the familiar procedure of extremizing

S=-7- QDIQ] —wiJ] —wady — )\(wl + Wy — VYR — 27Ti) , (513)
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where Q; = (Qr, Qr) and, crucially, only ¢r is on the “second sheet”. The extremization
equations read

_gi:J1+)\7 —aaizefz—i—)\, —;zol;%:QR—l/)\, —aa;oz—QF (5.14)
Together with the linear constraint w; + wy — veppr = 2mi, this amounts to a system of 5
non-linear equations that need to be solved for (wy, w2, YR, ¥r, ) in terms of the charges
(J1,J2,QRr,QF). We have not been able to solve this system of equations analytically and
have only found numerical solutions. To proceed further we resort to the shortcut outlined
in Section 4.3. We note that Z is again homogeneous of degree 1 and the extremized
entropy is therefore given by S = 27i\.
We note that the relation

0=—-k - = , 5.15
6 0! Op’ 0K 4 dwy Owo (5.15)
holds provided that x;yx obeys
! ’ 4
krixkpamkpgrg’” g~ c = 3IILEMPQ) (5.16)
where the metric and the inverse metric read
—2/3 2/3
m g_Llfm 1J
grj = 6() org, 97 =~ () o, 5.17
21 6\ 211 ( )
and consequently, the non-zero components of k//%X are given by
IS I L2 TH2 122 _ TH3 222 _ TH4 (5.18)

181 e " Thd T T

In the symmetric fugacity basis used in the supergravity analysis in [18] the relation (5.16)
holds since it ensures that the scalars residing in the two vector multiplets parametrize a
symmetric coset space. If we take this requirement imposed by gauged supergravity as a
given and use the extremization equations (5.14) together with (5.15) we find that A has
to obey the following cubic equation:

Ozpo+p1)\+p2>\2+)\3

1 3 27/11 p2 Ha
_ Aty B A
NG 3QRQ et (5.19)
1= (J1+J2) QQR+ QRQF+ 2QF7
1
p2 = ,u1 - *QR -
v3 v
Then the non-linear relation between the charges and the entropy read
po=pipz, S=2m/p1. (5.20)
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Note that these expression nicely reduce to our results in Section 4.3 when Qr = 0 and

7kRRRV37i47rL3 V3 37 T
T8 889G\ L) T 1B

where we have used our educated guess for the relation between the supergravity constant

i1 (5.21)

w1 and the SCFT anomaly krrr. More importantly, this expression for the entropy and the
non-linear constraint between the black hole charges are only valid when (5.16) is satisfied.
From the point of view of the dual SCFT the origin of this relation is far from clear. We
assume that ps is subleading in large NV, which is indeed realized by the concrete example
of the class S theories studied above, see (5.10) and (5.3) where p is assumed not to scale
with N. Using this we find that the only way to satisfy the constraint in (5.16) is if the
following relations hold

3 1
—_° = . 5.22
M3 2”1 ) Ha \/ilu’l ( )

We are not aware of any QFT reason why such a relation should be obeyed by the super-
gravity constants 1, us and puy. Indeed, using our educated guess (5.10), in terms of the
QFT anomalies these relations read

3 1
krrrp?® = _§kRRRV2 , kpppp® = ﬁkRRR’/S (5.23)

Clearly, these relations cannot hold for the explicit anomalies (5.3) for any value of p , even
if we allow it to be z-dependent.

Based on the discussion above we conclude that for general holographic SCFTs with a
U(1)r flavor symmetry, including the particular example of the S SCFTs discussed above,
one cannot find a simple compact expression for the black hole entropy in terms of the two
electric charges and two angular momenta. This points to the fact that perhaps the sought
more general wrapped Mb5-brane black holes with an additional flavor electric charge cannot
be constructed using a 5d N' = 2 gauged supergravity theory coupled to a finite number
of vector multiplets. Indeed, based on the consistent truncation classification results in
[12, 14] there are no candidates for such a gauged supergravity theory.

The situation is different for N' = 4 SYM. One can show that for this theory the 't
Hooft anomalies for the U(1)? Cartan subalgebra of the SO(6) global symmetry obey the
constraints in (5.22) and indeed, as shown in [43], there is a simple compact expression for
the entropy of the supersymmetric black hole with two angular momenta and three electric
charges constructed in [44] using the STU model of 5d N' = 2 gauged supergravity.

6 Discussion

The results presented above leave several open questions and interesting possibilities for
generalizations. Here we discuss some of them.

e As discussed in Section 5.2 it is very likely that there are more general supersymmet-
ric black holes with an additional electric charge corresponding to the U(1)r flavor
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symmetry of the class S SCFTs. It will be very interesting to construct these solu-
tions, either by using an appropriate 5d matter-coupled supergravity theory arising
as a consistent truncation of 11d supergravity, or by a judicious Ansatz for the fields
of the 7d maximal gauged supergravity. Of course it should in principle be possible
to construct such solutions directly in 11d supergravity but we expect that to be pro-
hibitively difficult since the corresponding BPS equations should reduce to a system
of coupled nonlinear PDEs.

e There are two other generalizations of the black hole solutions discussed above that
one can contemplate. For concreteness here we have focused the discussion on the
class S SCFTs associated to the 6d N = (2,0) SCFT of type Ay_1 compactified on
a smooth Xy with g > 1. Using the results in [5, 6] it is straightforward to generalize
this setup to the Dy type class & SCFTs and to g = 0,1. On the supergravity
side this corresponds to modifying the 11d supergravity solutions discussed above
to have an internal RP* space instead of the S* used in (2.2) and to modify the
metric in (3.1) to that of the torus or the two-sphere. More non-trivially, one can
attempt to find a larger class of black hole solutions arising from wrapped branes on
punctured Riemann surfaces. While it is known how to construct such AdSs vacua
with N =2 and N = 1 supersymmetry, see [19, 45, 46], it is not entirely clear how
to generalize these supergravity solutions to include a black hole. Perhaps the 7d
gauged supergravity method developed in [47] to treat some special punctures on the
Riemann surface will prove useful in this regard.

e As already emphasized in Section 5.1 it is not entirely clear to us why the Cardy-like
limit of the index used to derive the “second sheet” formula for the index in [25] has a
larger regime of validity that captures the behavior of the large N limit of the index
relevant for holography. It will be most interesting to understand this better and also
to generalize the “second sheet” formula for the index to include fugacities associated
with flavor symmetries. We have proposed such a generalization in (5.7) and it will
be interesting to check our educated guess more rigorously. Finally, it is important
to study log IV corrections to the large N class S superconformal index which should
correspond to the 1-loop contributions to the gravitational path integral of the KK
modes of 11d supergravity around the AdSs black hole solutions. Establishing this
relation rigorously will provide a stringent precision test of holography. We also
note in passing that subleading terms in the large N power law expansion of the
superconformal index are also captured by “second sheet” formula. These correspond
to higher-derivative corrections to the CCLP solution in gauged supergravity. This
was studied recently in [27, 28] where a precise agreement between the holographic
and QFT results was established. In particular a discussion on higher-derivative
corrections to AdSs black holes arising from wrapped branes was presented in [27]
based on the assumptions that such solutions indeed exist. Our results here indeed
show that this is true.

o The superconformal index for the class S SCFTs discussed above was studied in [21]
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for low values of N. It will be most interesting to understand how to extend the
results of this work to larger values of N. For gauge theories coupled to matter a
useful approach to studying the large N limit of the index is to employ the Bethe
Ansatz re-formulation, see [48, 49]. If such a formulation is possible for class S SCFTs
it will provide a concrete calculational tool to gain valuable insights into the quantum
gravity corrections to the properties of the black holes constructed in this work.
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A Details on the dimensional reduction from 7d to 5d

A.1 Reducing the action

We begin with the 7d action (2.6) and set the parameter p = 2/L, where L is eventually
going to be the AdSs radius. We define the respective volume forms

5(7) :*71, 5(5) :*517 5(2) :*21 = dw , (Al)
and use the Ansatz in (3.3) to calculate
ey =02 Adw . (A.2)

Then we express the constituents of the 7d action purely in terms of the 5d fields and 5d
Hodge star
S = C€2f0+2A+ *5 F,

x78 = —cef0T290t20 T2 P A d |

A3
Fio=a(l1%+2)L dw + pefot?M2 (A-3)
x7F1 o = aePlo720(1 & 2) L7 egg) + p 2020 T2M2 12y P A dw .
Finally, we evaluate the 7d Ricci scalar in terms of the 5d Ricci scalar

These expressions allow us to write down all the terms in the 7d action as

*7R = —2@5f05(5) Adw+ L3 5 RAdw |

— %7 V = —¢?fot2902 Ver Ndw,
1 2 2
—56_4A1’2F172 A*7Fy 9 = —% e5f°_29°_4A1’2(1 + z)2 g5) N dw — % L% FAxsF Adw

2
—%e*4A+S/\*7S = %L(%F AxsF A dw

L
~SAdS=0
4 )
L
—§F1/\F2/\S:—4a5cL%F/\*5F/\dw,

L

SANF AR AR+ (16 2)] =4aP I2ANFAF Adw .

Here we have defined LZ = e3f0+290 2 and in the last expression we integrated by parts.
The terms on the right hand side proportional to L3 £(5) N\ dw sum to

1 2f0729()72/\4r 2g0+4A+ 290 72 2 44 2 4Ao 2
~572¢ (26 (2+6 LV)+a(e (1—-2)"+e"2(1+2) )), (A.5)

where V' is the scalar potential (2.7) evaluated on the constant scalars Ao = Aj2, and
all the constants are given in terms of z as in (3.2). This combination should evaluate to
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12[% /L? if one is to find the expected z-independent 5D cosmological constant term with
the correct coefficient relative to R. Remarkably, setting

1
= 4= A.
0=+ (A.6)

achieves precisely that, where the leftover sign choice will be important later on when we
dimensionally reduce the BPS equations. Then the 7d action simplifies to

_ L8
167wGr

12\ 1
I /[*5(R—|—LQ)—(252+2b'c—cQ)F/\*g,F—i—ﬁgA/\F/\F Adw . (A7)

2

To retain F' = dA when the 5d equation of motion for F is derived we demand (262 + 26¢ — ¢?)
36%, which fixes ¢ = 6. We integrate over ¥y: [dw = 4m(g — 1), and rescale the last re-
maining constant to 6 = x/v/3. Then expressions (3.4) and (3.5) readily follow.

A.2 Reducing the BPS equations

In this section we dimensionally reduce the 7d BPS equations (2.9) to the 5d BPS equation
(3.7). We introduce the following notation: 7d curved indices are labelled by M, N, ...,
5d curved indices are labelled by p,v,..., 2d curved indices (on the Riemann surface) are
labelled by m,n, -+ = 1,29, and flat indices in any dimension carry hats. The 7d metric
decomposes as

JMN = e2fo G @ 290 1,2 Jmn s (A.8)

where g,,, and g, are the metrics originating from dsg and ds% respectively (without the
scaling factors). Then the 7D vielbeins decompose as

o~

ey M =elo euﬁ @®eLe,™. (A.9)
From the reduction ansatz (3.3) we see that the 7D gauge fields decompose as

2fo+2A 4+

1
SMNR = ce aFO‘%aﬁuup ;

Fioyn = 6282 F @ a(1£2)L (dw) (A.10)

mn’

Aoy = pefot2hi2 Ay ®a(lEz)Lwy,.
The 7d gamma matrices decompose as
FMN — o=2fo quv gy e=290 =2 3mn — FM _ o=Joqn gy o=90 =1 3m (A.11)
The 7d spin connection decomposes trivially

~Dw

-~
mab’

“MmAB T
and we note that the 2d spin connection has only one non-zero component given by

W, ~~ =yt (A.13)
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We also need the following relations between 7d gamma matrices

1 ~ ~ 1 -
X7 IeMNRABCD,YABCD , ,YMN = X7 EEMNABCDE'YABCDE (A.14)

~MNR
’)/ =

where y7 = £1 dictates which of the two conventions one uses for the 1-index 7d gamma
matrices, where the sign choice appears in the relation 7% = y77°3! ...5°. Using our metric
Ansatz we obtain

- 1 o _ 1 -
P = X1 e e g g, AN = X e e Fap T s, (A-15)

Finally, we note that dw, being the volume form on the Riemann surface, acts to lower 7d
gamma matrix index, restricted to the Riemann surface, as

" dw) yry = =V Vz120 - (A.16)

With this setup in mind, in (2.9) we set ¢ = 2/L and take constant scalars: Aj o = Aj 9.
Then, the first dilatini variation reduces to

5C = L' ( 2A1 _ _—4AL) _ E(l +o)e M gTRzg g
1= e e 1 z)e Vo1 €
€7f0 ~uv 12 ~ 51~
-5 ij{ﬁlg@F +X7c7;152®1“}e®£. (A.17)

We find that the following projectors:

ez ol)Eor) =p(seT?)Eor), (15el?)E@r)=pioEr, (AlS)
2

together with the identities (75152> = —1g and (F12)2 = —1y4, imply that the two brackets

in (A.17) vanish when:

P2 = Sas P5= —XT7Sa; a=— c:b':%, (A.19)

where s, = 1 and the latter two conditions come from consistency of the reduced action
as discussed around (A.7). The second dilatini variation automatically vanishes upon using
(A.18) and (A.19) giving no new constraints. Next, we manipulate the gravitini variation
when M = m, keeping in mind that (13 ®[?)(€® E) =pse @ E = (13 ) (€@ E) =
p5(18 &® FlZ) (€® Z)I

~ ps=1 1 _ -
0, p5= |f3m — §x2 ldmzl (75152 ®1y—4alg® I‘12)

1 _ ~ ~ ~
+5e f°+g°’ym(18 ®la+4ayy 5, ® F12) ERE, (A.20)

where we have set p; = 1, since otherwise the terms in the bracket are z-dependent, and
no projector can make them vanish. Upon using (A.18) and (A.19), with ps = 1, the two
brackets above vanish. For the whole equation to vanish we find that the spinor should be
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independent of the Riemann surface coordinates. We thus find the following constraints
between the constants defined above

X7 X ~
= — = 1' = —— = 6: —_— a f :0 A.21
D2 X7, D5 ) a 4 ¢ \/g; m(6® ) ( )

Finally, we manipulate the gravitini variation for M = pu to find:

X

8V3

1 /. ~ ~
+ ﬁ(’m — X7 \/§?CAW;:@2)]€> ®E,

_ 1 s ~ o\~
Oy = <[8u + Zwuamaﬁ + X7 (WaﬁFaﬁ —4 F#a’ya)”yglgz

where we have already imposed (A.18) and (A.21). To complete the reduction we further
split the 7d gamma matrices and spinor as
%L:’Yu®91, Yo o :14®927 €:€®77’ (A22)

T1T2

where v, and € are 5d gamma matrices and spinor, 7 is a 2d spinor and (g1, g2) are (yet
undetermined) matrices in the 2d Clifford algebra. Then the round bracket in the gravitini
variation above becomes

1 o~} X
L?u T @ O g s (as P @ gig2 — 4 Fuay™ @ 195)

1
—2L(—’Yu®gl+X7\/§7(,A,u14®92):|6®77-

This equation reduces to (3.7) if we are able to find matrices (g1, g2) in the 2d Clifford
algebra that satisfy

g =-n, g =1ix71. (A.23)
Upon using (A.21), we find consistency of (A.23) with the projectors (A.18) if
M2g=—ig, TE=¢: — FEH=F=7%3=0. (A.24)

In turn, upon using the projectors again, the latter condition demands 7 o (1, ¢7)T. Thus,
we fix the matrices (g1, g2) as

g1=—X701, g2=1i01. (A.25)

This completes the reduction of the 7d supersymmetry variations to the 5d ones.

B Details on the analysis of the 5d CCLP solution

Here we collect some calculational details related to the analysis of the 5d CCLP solution
discussed in Section 4.
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B.1 Derivation of the Euclidean 5d action

We define the e-pseudo-tensor as

S
€01234 =V —9, g2 — ) (B~1)

)

where s = —1 denotes the signature of the Lorentzian spacetime and g = det(g,,) (not to
be confused with the inverse AdS scale parameter g used in Section 4). In our conventions,
described in Appendix C, we write the action (3.4) in component form as

2 sx®
dz AV + -5 — fF/WF + 75’/(1576AVF01 F. ) B.2
/ ( 1 12\/§ BL v ( )

The Euclidean theory is obtained from the Lorentzian one by performing Wick rotation

167TG5

t— —iT. (B.3)
Under Wick rotation the components of a generic tensor transform as
Toij... = iToij.., T — —iT%~ (B.4)

where ¢, j,--- = 1,2, ... label coordinates distinct from ¢ or 7, in the respective coordinates
systems. In particular, we have

&Pr — —id’z, -g—g, R—R, F"F,, — F"F,,. (B.5)
The components of a pseudo-tensor transform involving also the sign of the coordinate

transformation. In particular, the e-pseudo-tensor transforms as

eoiht — (—1) - 1oim = cogrr, "M =i (1) - 5e"IM = 509M (B-6)

where we have included a factor of s = —1 in the upper components to ensure that the
Euclidean e-pseudo-tensor is adapted to the positive Euclidean signature

1
corass = /g, &= N (B.7)

Thus, the Chern-Simons term transforms as
5”0‘576A,,FO¢BF75 _ <5OijklA0Fiijl _ 50ijklAiF0ijl 4. )
— iS(EOijkleFiijl — EOijklAiFoijl + ... )

=ise"PA, F.5F,s, (B.8)
and the Euclidean action takes the form
1 12 %2 ix®
Ip = — d® R+ = — % FWE,, eveB A F B.9
E 167TG5 / T \/§< + LQ 4 M +t = 12 \[ C'fﬁ ) ( )

Using this action one can derive the following Euclidean equations of motion

4 x>
R;uz + ﬁg;w - o

V" 4\@ "0 5F.s=0.

2
F,°Fyo + 129WF PFas =0,
(B.10)
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B.2 Near horizon Lorentzian geometry

In the near horizon region we first perform the coordinate transformation
r=ry + 0%, (B.11)
then we expand the Lorentzian metric (4.2) for small p to obtain
dsgerp.ar = Jeo <d92 - (?{)292 dt2) + G dn® + 2712 (dfl —f dt) (d§2 - dt)
g (461 — 7t + g (dgo — 2 ) (B.12)

Here we defined the constants

5 = 2rry [(r3 + a?)(r2 + b2) + abq]
i1+ ¢2(2rd + a® + b%)] — (ab+ q)?’
w a(ri +0*)(1+g%r3) +bg

O = O = qff
1 (r2 +a?)(rl +b%) +abg ’ 1

: (B.13)

a<b

and (Goo, Gnm> G11, g22, g12) are functions of (o,7) expanded to the relevant orders in the
small variable p:

S S
eo A;",-‘r ) n AT? )
gu _ By —Za)(a?fs +2abgZap}) — (a® + 17)Za(Ea — Ep)p}
2 Z2(Eq — Ep)pt
—_ —_ / e A —_
(Ay = Za)[af1p2 — 2a(afy +baZap?) (2)'] — 201 Ba(Ba — Z)p%

- =5 /= = 0
SRR ’

g1z abfy + (V°E4 + a®Sp)qp

sicz E.Eppt (B.14)
ab|fLp2 = 2f4 (p2)'] = (P24 + a®Zp)p3 (02)
" EaZbpS e
go2 _ (Dy — Zp) (B f+ + 2abg=pp? ) + (b +13)E5(Sa — Zp)p]
& =5 (Ea — Zb)p}

(Ay — Zp) [bzfﬁrpi —2b(bfy + aqZpp?) (Pi)l] +2r By (20 — Ep)pS

+ =5 = p—
Z2(Ea — S0

where we have defined the shorthands

(ry,m), S,=sinn, (G, =cosn,

0A,

fe=Fflrem), pl=p
; of 2\ _ 892 /A
f+ - E(T%—an)? (p+) - W(T-‘r?n)a Ar,Jr - W(T'F) .
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B.3 Asymptotic Lorentzian geometry

To obtain the Lorentzian metric in the asymptotic region we perform the coordinate trans-

formation
r=r 1—|—?\2f1(’l7)+?*4f2(77) s 77:77+?74h1(n)+7§h2(77)7 (B15)

where (f12, h12) are functions of 7 that will be fixed by demanding that the asymptotic
metric takes the Fefferman-Graham form. We expand the components of the transformed
metric to (and including) the following orders:

Gt gi1 gr2 e 9% 9 9u 912 922
OF2) O(F2) O(F2) O(F %) O(F ) OF 2 O(F 2 O(F 2% O(F 2.

D~

Putting the metric in Fefferman-Graham form amounts to having g~ = g7 2 and :q\?ﬁ =0.

Demanding that the O(7~*) and O(77%) terms of g~ and the O(7~3) and O(7~°) terms
of f}r\ﬁ vanish achieves that and uniquely fixes

Fil) = = 5312~ Za = B+ Agfi)],

fa(n) = 83}4 [1 — 2¢°m — Z,sin’ j — 5y cos? 7j — cos® sin® [(Z, — Eb)ﬂ ,

(@) = == cos sind 714,(7).

ho() = _:?lfi_gﬁEb cos 77 sin? ﬁ[QEg cos? j — E4Zp + 252 sin? 7j — 3 cos? fsin’ (2, — Eb)ﬂ :

The resulting Fefferman-Graham asymptotic Lorentzian metric reads

I o, . . . SN
dséorp,a = 27 A7 + G dt* + 2 g dt A&y + 2Grp At A& + G

+ G11 d&1% + 2 Gra déy dés + Goo A&7 . (B.16)
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In the equation above (G, g1, G2, %77, J11, J12, go2) are function of (7,7), expanded to
the relevant orders in the large variable 7:

PR B(arnod)

o= —_—
ZaZp 2242

git =
~ EaSpAn (—280 (Ba+Ep)+(Ea+Ep)2+A2+8¢%m)
2 2 aEpAn (—28y(Ea+Es b)2+A2
. 247 (abg*q +m) — T652
22252 ’
2=

[1]

2
b
gn _ A, (a®bg®q + 2am + bq)

52 E25, 72 ’
g2 A, (ab’g’q +ag+ 2bm)
2 EoEp 72 ’
G — 7 Bt S - 34, N —6A, (Zq +Zp) + (S0 + Zp)” + 9AZ + 8¢%m
moA 2923 1694£ 72 )

n n n
7 2 =2 = a4A (B.17)
gu _ 7 ZaT =t Ay
S Ea 2922,

892 (4029’ mAy+4abg®q(By—Ea) +mZa(32a+5s—4)) (: 5+ A )z

Ea—= — —=a \—a T = n

a b

164752 72 ’
Gio  a’q+ 2abm + b%q
S22 EoEp 7

~

g22 r +Ea_5b_A7]
2 5 29%Z,

8¢° (4b%g%m A, +4abgq (D~ ) +mEp(Eq+35;, 1)) e ( = )2
op | = n

Za—5

* 16g4=2 72

where we have defined the shorthands

~ o~ o~

Ay =Ay(70), S, =sinn, G =cosq.

B.4 Potentials: (Q, Qo, 3, @)

The thermodynamic potentials associated with the two angular momentum parameters of
the CCLP black hole are defined as

Q=01 -0F, Q;H:@ Q?:% i=1,2. (B.18)

dt r—T4 ’ dt r—00 ’
From (B.12) and (4.9) it is easy to see that Qff = Q¥ and QF = 0, or explicitly

o _ A+ YA+ gn) +bg o b(r% +a?)(1+g*2) +ag
TR+ a4 tabg T 7 (R +a?)(r +0?) +abg

(B.19)
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The inverse temperature of the CCLP black hole can be obtained from the Wick rotated
near horizon metric

6}[
+ G11(d€1 4191 db)? + Goo(dE + i Qo dt)?, (B.20)

- 21\ 2 ~ ~ . .
dS%CLPp{z = oo <d92 + () 0 d72> + G dn? + 2 G12(déy + 101 dt)(déo + 102 dt)

where we have already implemented the relations Qf{ = ();. The above metric is a warped
fibration of S% over R?. Demanding absence of conical singularity at the origin of the R?
fixes

T~ T+ B (B.21)

Demanding that the S fibration is also well defined at the origin of the R? shows that
going around the Euclidean time circle once should be accompanied by the identifications

(7, €1, &) ~ (T4 87, & —i0B”, & —1087) . (B.22)

From (4.9) we see that the Wick rotated conformal boundary metric is regular for any
length of the Euclidean time circle (also regular for non-compact 7 for that matter). For
consistency, we translate the IR imposed periodicity on 7 to the boundary. Back in the
Lorentzian picture, the periodicity in the Euclidean time has the interpretation of inverse
temperature so we define 8 = 8%, or explicitly

2rry [(r3 + a?)(rd 4 b?) + abq]
ri[l+ 622} +a? +0%)] — (ab+q)*

B = (B.23)

The inverse temperature can also be obtained directly from the Lorentzian description as
follows. First, note the surface r = ry is an event horizon as it is generated by a Killing
vector

0 0 0
V = VHE), = N—F+Q—; V,V,+V,V, =0, B.24
Bt 1861 2852’ a a ( )

that becomes null on that surface

V,VE =0, (B.25)

T=r4

Note that contrary to the familiar similar expressions from spacetimes with flat asymp-
totics, V,V# is not normalized to unity at infinity. Using this Killing vector we calculate
the surface gravity on the horizon from

I
fo = | =5 VAVIV LY,

The inverse temperature is then given by 5 = 27 /K. Simplifying this expression we obtain

(B.26)

T—=T4

precisely (B.23). The electrostatic potential is defined as

O=VHA, - VFA, (B.27)

r=ry T—+00
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It is instructive to look at the above terms separately:

Vi3gri
VHA = + +a, VHEA =a. B.28
Mloery  xl(rd 4+ a?)(r3 + %) + abg] Mmoo (B.28)

We see that the definition of ® given above is independent of the choice of gauge parameter

«. The final expression reads

3 2
b= ;fg” . . (B.29)
x[(rf + a?)(r1 + b2) + abg]
For consistency, one needs to ensure that A*A, is regular on the horizon. However,
A“Au|r:r+ diverges as O((r —r4)~!). Demanding that the coefficient of the divergent

term vanishes fixes the gauge parameter « to

a=—-o. (B.30)
With this at hand we find that the following relations hold
AFAl =0, VHA,  =0. (B.31)
r=r4 r=r4
B.5 Charges: (Ji, J2, Q), via boundary integrals

To obtain the two conserved angular momenta (Ji,J2) we first note that the boundary
metric (4.9) has three independent Killing vectors

0 0 0

Koy =g Ken=3g0 K= 55 (B.32)
To each of them we associate a Killing form as
K.y = K{\ g dz” . (B.33)
Then, the angular momenta of the black hole are defined via the following Komar integrals
Ji = lim Tren /53 x5 dK (e, i=1,2. (B.34)
The final results read
Ji— m[2am + bg(1 + a?¢*)] T m[2bm + aq(1 + b*¢?)] . (B.35)

4=2=2,G5 42,Z2Gs
To calculate the electric charge ) one needs a conserved current arising from the Maxwell
equation. The following manipulation identifies such current

0=0 d*5F—\}§F/\F] —a[d*5F—\}§d(F/\A)] —d{a(%F—\}gF/\A)} ,

where we have included an arbitrary multiplicative parameter o. The asymptotic electric
charge is then given by

o 1 o\/3mq
= lim ——— F——FNA|=——7 ——. B.36
Q- Ji o o <*5 V3 ) 1E.EGs (B3
Consistency with the quantum statistical relation (4.17) fixes 0 = —x2. Thus, the electric

charge is given by

_ xV/3mg

= . B.37
@ 4=,2,Gs ( )
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B.6 FEuclidean on-shell action

The on-shell action can be calculated using holographic renormalization. In the Lorentzian
setting one begins by augmenting the action (B.2) with the following boundary terms

IGH:L/d‘la:\/—’yK,
d* - = B.
87TG5/ xﬁ( 39 R) (B.38)
— 4 — 112 AN 1
i = g [ Ao vA(CR? - Ry,

Ict

where the integrations are most easily performed over a spacelike hypersurface r = Ro
in Fefferman-Graham coordinates (¢,7,1,&1,&2). The induced metric on this hypersurface
is obtained from (B.16). We denote it by ~;; with indices ,j = t,7,&1, &2 running over
the boundary coordinates. The extrinsic curvature and its trace are given, in Fefferman-
Graham coordinates, by

CA aA%ﬂ’ K ="K (B.39)

>

Finally, R is the Ricci scalar calculated from the induced metric 7;;. The meaning of
these boundary terms is as follows: Igy is the usual Gibbons-Hawking boundary term, I
includes the counterterms needed to cancel the divergences of the bulk on-shell action”, It
includes the allowed diffeomorphism invariant finite counterterms with arbitrary coefficients
¢’ and ¢”. In 5d one also needs to include a non-diffeomorphism invariant conformal
anomaly term given by

Lan =

/ P (RUR” 3732—4F,~jFij> log e~ 2F0 (B.40)

N 87TG5 16 1693

If the integrated conformal anomaly is non-vanishing, generically there is a logarithmic
divergence left over that cannot be cancelled. However, on the CCLP solution it is easy to
see that, although the un-integrated anomaly does not vanish, its integral does, so I,, does
not contribute at all. Overall, the holographically renormalized Euclidean on-shell action
is given by

Ty = Ip + 15y + 15 + 1L, (B.41)

where Iz is given by (B.9) and the superscripts £ on the boundary terms signify that we
are working with the Euclideanized versions of (B.38). Performing the above integrals is
arduous and was done with the help of Mathematica. The final answer for the Euclidean
on-shell action is given in (4.16).

9Strictly speaking the quoted coefficients of the g and R terms are only valid in Fefferman-Graham
coordinates, in other coordinate systems these coefficients might change.
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B.7 Charges: (E, Ji, J2), via holographic renormalization

In the Lorentzian description, we can harness holographic renormalization, see [50] for a
review, to obtain the energy of the CCLP black hole. First, we construct the renormalized
holographic stress energy tensor as, see [32] for more details,

2 9
V= 697

_ 1

-~ 87Gs

T%j = (»CGH + ['ct + »Cfct)
1 1
Kij — v K + 3975 — %sz + @R%‘j
1
+4¢ (Rz’jR - ZmRQ =~ ViV;R + %‘ijVkRﬂ , (B.42)
where we have already set the ¢” contribution to zero since FijFij vanishes sufficiently

fast near the boundary of the CCLP solution. Then, the conserved charge associated to a
boundary conformal Killing vector K can be obtained from

27 2 /2 . .
oK)= [Tdg [T ae [ agvA TR (B.43)

In particular, for the two angular momenta we obtain

2am + bg(1 + a*¢?
Ji = Q[a&] = Tr( am4r2q:(bG5 =7 )) ;o= Q[afz] = Ji ) (B.44)
—a— —a

in agreement with our previous Komar integral results (B.35). For the energy we obtain

(22, + 25 — E45p) + 2abg*m(Z, + 5p)
42222G5 ’

E = Q[0] = (EAdS - 6’) + (B.45)

where Eaqg and ¢’ are the constants given in (4.14).

B.8 Killing spinor in CCLP coordinates

Here we show that the three parameter, i.e. (a, b, m), CCLP solution, described in Sec-
tion 4.3, is supersymmetric by explicitly verifying that the following spinor

_ i L 9 _ (o 9\]V/2
e—exp{2[g(l+\/§:(oz)t+§1 +§2}}p{mp —(1—|—m)<r —7‘*)} €0, (B.46)
solves (3.7). Here ¢ is a constant spinor that satisfies the projection condition

%(712 _ 734) €0 = €0, (B.47)

which reduces the number of independent (complex) spinor components from four to one.
We use the explicit realization of the Clifford algebra described in [51] and the following
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frames

2 ~ 2.2 2 ~
0 g Ay | (a+b)(A+m)(1 +g7r5) —2 2 P ( mp)
— (e B ) R F R | T
¢ Z.5 g3p? (g 7’) 1+m h
2 ~ 2,2 2 ~
s oo UL (2 0y ()
- . -1 q
+ [ 202 (a +T*> 1+m h &
2 ~ 2.2 2 ~
gcos®n | bla+b)(1+m)(1+ g°rs) 9 o p mp>
— (b _ (1= ]q
T ey (F*+7) - 15 n)| %

[ 2
et = Z—Tdr,

2 _ TVArp2< gA

h

[ 2
3 14
=—/—d
e . n,

sinn cos ny/ Ay p? 9(Za—S) / _ N
t= - {— - (g2+(1+m)r3—r2)dt

1 g4 S0 T qe, | o T e,

—_ —
— .—1

) (B.48)

=aZb Za =p

[1]

—
a=b

_l’_

1)~

(a® 4 (1 4 m)r? —r)dfl—i— (b2 + (1 4 m)r? —r)dfg}

In [17] a much simpler expressions for the frames in the so called orthotoric coordinates were
presented. Our expressions are merely coordinate transformed versions of their (A.4). In
these orthotoric coordinates the frame is degenerate in the interesting limits to extremality,
m — 0, and equal rotation parameters, b — a. In [31] it was explained how to take these
limits sensibly by performing accompanying field redefinitions. The benefit of working
directly in the CCLP coordinates presented here is that the frame is perfectly valid in
both the extremal and the equal rotation parameter limits. Omne can use the explicit
expressions for the spinor and frame to understand the linear constraint (4.35). It arises
from evaluating the Lie derivative along the Killing vector V', described in Appendix B.5,
on €, at the horizon

1
Lye=VH (aue + w#ab’yabe) — EVHVV’)/'M/G

:;<g+Q1+Qg+gx\/§a+2V“Au

- >e. (B.49)

We implement the regularity condition A*A, < oo, by setting o = —®. This removes the
VIA, pep, bOTTIL Now we want to ensure that

t=to—if .
Lye= %e — etbve =e Blve = _¢, (B.50)

t=to

which implies that the Killing spinor has the correct antiperiodic behavior in the vicinity
of the horizon. This is compatible with the Lorentzian signature identification in (B.22).
This results in precisely the linear constraint (4.35) between the potentials (3, Q1, Qa, D),
where ® appears through —a.
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C Conventions

We define forms with explicit factorial factors, for example a p-form w reads

1
w= ﬁw’“'““" dztt Ao Adatr . (C.1)
In particular, we have
1 v v
A=A,d2", F= iF’W det Andz” , F=dA=0,A,ds" Adx” (C.2)

where antisymmetrization is also defined with explicit factorial factors as

1 .
T[m...up] = ﬁ Z Slgn(J)T:u‘d(l)“')u’(r(p) : (0-3)

T oeS,

Thus, the components of the field strength are
F =210,A,) = 0,A, — 0,A,. (C.4)
The Hodge star in our conventions is defined to act on a p-form w as

1
. dz”' A Ada?Pe | (C.5)

*W = p'(D _ p)!wﬂl---ltpg Vi..VD—p

where ¢ is the epsilon pseudo tensor, related to the totally antisymmetric symbol 7 as

T L ()
We define the Riemann curvature tensor as
R, , =07, — 0,17, +T7 T, —T7 T, | (C.7)
and the Ricci tensor and Ricci scalar as
Rn,=R},=R,,, R=R', (C.8)

For the gamma matrices in arbitrary dimensions we use the conventions of [51], in partic-
ular, for the S and Y4, described in the main text, we use Euclidean gamma matrices,
while for the 7d and the 5d spacetimes we use the Lorentzian ones.
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