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ARTICLE INFO ABSTRACT

Editor: G.F. Giudice We present the even-N moments N < 20 of the fourth-order (N*LO) contribution ng)(x) to the quark-to-gluon
splitting function in perturbative QCD. These moments, obtained by analytically computing off-shell operator
matrix elements for a general gauge group, agree with all known results, in particular with the moments N < 10
derived before from structure functions in deep-inelastic scattering. Using the new moments and the available
endpoint constraints, we construct approximations for Pg(j') (x) which improve upon those obtained from the lowest
five even moments. The remaining uncertainties of this function are now practically irrelevant at momentum
fractions x > 0.1. The resulting errors of the convolution of P, at N3LO with a typical quark distribution are
small at x > 10~ and exceed 1% only at x S 10~* for a strong coupling a, = 0.2. The present results for ng)(x)
should thus be sufficient for most collider-physics applications.

Next-to-next-to-next-to-leading order (N>LO) radiative corrections in QCD form an essential ingredient for precision physics at the Large Hadron
Collider (LHC) [1] and the future Electron-Ion Collider [2]. Almost a decade after the pioneering computation of the total cross section for Higgs-
boson production via gluon-gluon fusion [3], N>LO partonic cross sections are becoming available for an increasing number of LHC processes. Besides
the partonic cross sections, fully consistent N>LO calculations of collider-physics observables require the fourth-order contributions to the splitting
functions for the scale dependence (evolution) of the parton distribution functions (PDFs). These N>LO splitting functions are not fully known yet,
but substantial progress towards their determination has been made over the past years.

The N3LO flavour non-singlet quark splitting functions Pn(:)(x) are fully known in the limit of a large number of colours n, [4]. Analytic results
for their x-dependence in full QCD are known for the leading [5] and next-to-leading [6] contributions in the limit of a large number of flavours #_;
recently the QED-like C ;n contribution has also been completed [7]. For all other colour factors, only the first eight even- or odd-N moments have
been published [4]; in the meantime those calculations have reached N =22 [8].

So far, the situation is less favourable for the evolution of the flavour-singlet PDFs,

4 (%)= (qu Fog ) ® (%) with Pyxa) = a" P, M

dlnp2 \ g 2q tee g =0

where a, = o, /(47) = g? /(4x)* denote the strong coupling, q, = Zz ) (g, + g,) and g are the singlet quark and gluon PDFs, and ® represents the
Mellin convolution in the momentum variable x. Only the n ; leading large-n ’ part of the splitting-function matrix in eq. (1) is fully known at N3LO

2
f

moments of Pﬂ(f)(x) have been computed to N =12 for ik = qq and to N = 10 for all other entries in eq. (1) using structure functions in deep-inelastic
scattering (DIS) [11,12].

[6]; recently the n? contributions to the initial-quark quantities PP(SS)(x) = Pq(;)(x) - Pn(s3)+(x) and Pg(q3)(x) have been derived in refs. [9,10]. The even
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Up to a conventional sign, these even-N moments are identical to the anomalous dimensions of the twist-2 operators of spin N,

1

Yy (N)=— /dx NP, ry(Nsa) = al™ (), 2
0 n=0
which can be computed efficiently by renormalising off-shell operator matrix elements (OMEs) A;, = (k(p)|O;|k(p)), where O; indicates the quark
(i=q) or gluon (i = g) twist-2 operators. yé*:) and yé*;) were recently determined in this manner up to N =20 in refs. [13,14]. Here we report on the
corresponding results for yég).
In the non-abelian flavour-singlet cases, the renormalisation of the OMEs involves a mixing between gauge invariant and unphysical operators,
also known as aliens [15-20]. Following ref. [19], the aliens entering the calculation of y,, were organised as follows. The first class is given by

0! = n(N) (D.F* + gy £1°y) (0N 24,), O = —n(N) @2 (aVc,) . 3)

where A is a lightlike vector, A, = A, A}, 0=A, 0% and D.F* = A,(0,6% + gsf‘“bA;) F#vb_We have determined n(N < 20) to order a? and found
agreement with ref. [20]. Next we need

0l =g ree (DF +gghiy) Y, w0, (0m4,)(0m4,,), “
ny,np >0
ny+ny=N-3
ol =—g romm=@cy Y, b, (ama,)(0m"e,). 5)
ny,np >0
ny+ny=N-3

After picking a basis of independent constants ;1(,,11),,2 and x,(,ll),,z under the relations imposed by BRST and antiBRST symmetry [19], we have de-

termined all the required two-loop mixing constants up to N = 20. The calculation of the renormalisation constants has been performed using a
specifically adapted implementation of R* [21-23] which will be described in detail in a future publication. We found complete agreement for those
renormalisation constants which were given in ref. [20]. In contrast to refs. [13,14], we now also require the class-III aliens

il =g2rerfosst (DF 4 gpfToy) Y, w0, (0ma, ) (0m4,,) (0% A, ) ©)
ny,ny,n3 >0
ny+ny+n3y=N-4
Ol =gk (D sggftow) ¥l (074,) (07 A,) (07, ). @
ny,ny,n3 >0 ’
ny+nmy+ny=N-4
OCIII — _gSZfaaleaza3x (069 Z ’,I(nll)nzn3 <anlAal ) (an2A02> (an3+lca3) ) (8)
ny,ny,n3 >0

ny+ny+n3=N-4

We have computed a basis of independent mixing constants K'I(jllz at one-loop order, finding agreement with ref. [20]. While the gluonic and ghost

parts were already presented in ref. [19], the quark contributions to the operators in eq. (6) are presented here for the first time in this form.
Additional operators will be required for the determination of the gluon-gluon splitting function.

The calculation of yé}? requires the OMEs A, to four loops and A, to three loops. In addition, the OMEs A;, for all alien operators i are needed
at the third order. The Feynman diagrams for the OMEs have been generated using QGRAF [24] and processed, see ref. [25] using a FORM [26-28]
program that classifies them according to their colour factors [29] and topologies. The calculation of the two-point functions has been performed
by an optimised in-house version of FORCER [30]. By renormalising the OMEs computed in 4 — 2e dimensions, we have obtained the anomalous
dimension yéz). For QCD, i.e., the gauge group SU(n, = 3), this results in the numerical values

YN =2) = ~16663.2255 +4439.14375 n, — 202.555479 n2 — 637539072} ,

~

y(;q)(N =4) = —6565.75315 + 1291.00675 n, — 16.1461902 n} —0.83976340 n; ,

~

yg;(N =6) =—3937.47937 + 679.718506 n, — 1.37207753 n} —0.13979433 n; ,

~

y<g3q>(N =8) = —2803.64411 +436.393057 n, + 1.81494625 n} +0.07358858 n; ,

~

yf;])(zv =10) = ~2179.48761 + 310.063163 n, +2.65636842 n} +0.15719522 nf3 ,
y(;q)(N =12)=-1786.31231 +234.383019n, +2.82817592n7 +0.19211953 nf3 ,
YO(N = 14) = —1516.59810 + 184.745296 n, + 278076831 n +0.20536518 1} ,
YO)(N =16) = —1320.36106 + 150.076970 1, + 2.66194730 n} +0.20798493n ,
yg(N =18) = —1171.29329 + 124.717778 n + 252563073 n} +0.20512226 n;. ,
y<g3q>(N =20) = ~1054.26140 + 105.497994 n +2.39223358 n} +0.19938504 n; . 9

The nj? and n ; parts of egs. (9) agree with the all-N expressions of refs. [6,10]. The values at N < 10 agree with those obtained in refs. [11,12] from
structure functions in DIS - a conceptionally much simpler but computationally much more involved approach. Our new exact results at N > 12,
expressed in terms of rational numbers and values of Riemann’s {-function, can be found in egs. (A.3) - (A.7) in the appendix for a general compact
simple gauge group.
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The all-N expressions of the N"LO anomalous dimensions in the MS scheme include ¢,, up to m max = 2 — 1 (but not ¢), powers of simple
denominators D, and harmonic sums S; (V) [31], see also ref. [32]. Up to three loops (N2LO) [33,34] the anomalous dimensions (2) have the form

2n+1-m2n+1-m—p 1

(n) — (n) p -
7)) = ; p;ﬂ ZB Chapa D Su(N) where D, = s, 10)
< I < 1
Sem (V) = 2, GV <0 S, (V) = X, 5 5,,0). an
j=1 j=1

with {, =1, offsets a=—1, 0, 1, 2 and minimal powers Py = 0 for i=k and py=1 for i#k. S, (IN) in eq. (10) is a shorthand for all 2 —1 harmonic
sums of a given weight w — defined as the sum of the absolute values of the indices m; (m; = —1 does not occur) — with .S,(N) = 1. The coefficients
c,f,'gpw are integer, modulo small-prime denominators that can be readily removed. Thus Diophantine equations can be used for their determination
from a limited number of N -values.

On top of the above contributions, terms with D_, (in special combinations with sums .S, as there is no pole at N =2) occur in the coefficient
functions for inclusive DIS already at two loops [35-37]. At the third order in «g, positive powers of N enter the DIS coefficient functions with a
special weight-5 combination of sums and Riemann-¢ values [38],

FN) = 50, —28_5+40,8_ —4S_5 3 +88_y 51 +4S5_, — 4S8, +255. (12)

If such additional contributions are present in y; (V) beyond three loops, then they are visible already in the terms with ¢, in the case of D_, by
the appearance of delta-function contributions §(N — 2). The comparatively simple ¢, terms can thus provide useful information about the most
complex parts of the functions, the non-¢ contributions.

Up to terms in addition to eq. (10), we expect the {5 contributions to 7?31) to resemble the {3 parts of ygl). In particular, .S; = 5, (V) should enter
with the leading-order combination of 1/(N + a) denominators, Poq = 2/(N—=1)—2/N +1/(N + 1). The available 10 moments are then sufficient

(3)

for a direct determination of the coefficients CSup

. DY systems of linear equations, resulting in

3) — 4 2 2
8 (N)|CS - 160CF<(N+2)/12—28 D_, —239/3 Dy +473/6 D, +52 D2 +26 D2 + 14y, Sl)

+160C3C, ( —(N +2)/6+44D_, +442/3 Dy —428/3D; - 92D —46 D} — 22 p,, Sl)
+80CAC; ((N +2)/6—44D_, —548/3 Dy + 1007/6 D, —8/3 D, + 102 D; + 51 D}
—8D2, +25p,, Sl) +80/3C,C3 (261)_l +224/3 Dy — 166/3 Dy +16/3 D, — 24 D?
—12D2+ 16D~ 19p,, S1> +32044bed g abed ( —10D_, —202/3 Dy +391/6 D,

2 2 2 3 2
~8/3Dy =8 D2 +42DZ +21 D} +8pyq Sy ) + 3201, C} pyy = 160/3n, C3C, pyq

+160/9n,C,C3 ( ~26D_; +62Dy—49 D, — 24 D — 12D12>
+640/3n, d el d @ fn, (64 Dy —68D; +8D_, —48 D2 — 24 Df) . 13)

The contributions of the two quartic colour factors, see egs. (A.1) and (A.2), have been obtained before [39], the remaining terms are new. The
c )’; Cj*k contributions at k > 2 indeed include terms beyond eq. (10); these numerator-(N + 2) terms hint at the appearance of the function (N +

2)f(N) in the ”j(") -part of y g;. This situation is completely analogous to y é:;)

between the off-diagonal yi(s) in ref. [39]. In both cases these extra contributions vanish for C. = C4, which is part of the choice of the colour factors
that leads to a N' = 1 supersymmetric theory, for lower-order discussions see refs. [40,41].

The ¢, parts of y;, are special, as all 7% terms — see ref. [42] for first five-loop results that include also ¢,  z%. Using the three-loop DIS coefficient
functions of refs. [38,43], the ¢, part of yéi) can be predicted from the no-r2 theorem [44-461; the result is given by eq. (11) of ref. [47].

Ten N -values are not sufficient for all-N determinations of the more complex nfo ¢y and n fl {3 contributions to yég)

é? [14]. For one colour factor, n > C ;, the diagrams are simple enough to allow
3)

the extension of our FORCER calculations to N = 30. This was sufficient to obtain and check the corresponding coefficients Cup
system of Diophantine equations. We hence find

in ref. [14], where these terms are of the form (N — 1)(s, cf. the relation

— except for the quartic colour
factors, which are very closely related [39] to those occurring in y

» iDL eq. (10) by a

ygq(N)L3 = 12849 gabed /p, ({7/12+ 33/27— 965, n+328,v—245_, 65, n*
+10S_,n—165_,v+4387n—16S2v—8(S_y; =S| ) +8S, S_, =S5} pyq
—{40+245, - 725 , 1082 +72(S_5, = S) )+ 728, S, +36S;} D_, D0D1>

+32/9n,C} ( —10/38(N —2) - 1372/3 D_; —2233/2 Dy + 6049/4 D, —20/3 D,
—16D? +1477 D +305 D} +32 D7 — 186 D} —87 D} +216(Dy — D) {30D_,
—856 Dy + 725D, — 32D, — 96 D? +288 D7 +300 D} — 108(2D; — D;))} S,

+{60S_,-785) +7252}pgq) +256n, d e @ /n, ({ —7/12-88, 2 +85 o1

3
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=30} pgq +{4-165_,} D_; D, D1> +64/27n; C (52 D_,—89Dy+76D, +4D,
+12D% + 42D +9D} =65, pyy ) +32/9n7 CC, (3N =2)/3 = 103/3D_, +63 D,
-54D;-8/3D,-8D? —28D; —12D] +6 5, pgq) ~128/27n} Cpppgq + ... a4
with

Peq = 2D_ =2Dy+Dy, n=Dy—D;, v=D_-D,. (15)

As above, we have omitted also the argument N of the sums for brevity. A very considerable effort would be required to find the contributions,
indicated by ‘+...°, that are still missing in eq. (14).

Also eq. (14) includes a structure that did not occur in the anomalous dimensions up to the third order in a, but was mentioned above: Both
the n fC ; and nﬁC C 4 terms receive a §(N — 2) contribution. In the latter case, which is fully known [10], this arises from the non-{ contribution

(N =2)"! S_,(N —2), corresponding to x2 H_;p(x) = x 2 [In(x)In(1 + x) + Liy(—x)] [37,48]. Exactly the same function occurs in the two-loop
coefficient functions for inclusive DIS [35-37] and in the n}C '»C 4 contribution to yéz)(N ) recently determined in ref. [9].

The above partial all-N results are not relevant to N>LO analyses of LHC processes. Until the complete functions Pﬂ(f)(x) become known, such
analyses will have to rely on approximations based on the available moments and information about the large-x (threshold) and small-x (high-

energy) limits. With egs. (9) we are now in the position to improve upon the N < 10 based approximations of ref. [12], thus putting Pg(cf) on the

same footing as Pp(:) and Pq(; ) in refs. [13,14].

Up to the presence of a leading-logarithmic BFKL small-x contribution [49,50], the endpoint structure of Pg(q3)(x) is the same as that of Pq(s)(x)
given in egs. (10) and (11) of ref. [14]. So far the next-to-leading logarithmic (NLL) small-x correction has been calculated [51,52] and transformed
to the MS scheme [53,54] only for P,,. At order as3, the NLL BFKL contributions to Py, and P,, are related by Casimir scaling in the large-n, limit. In

88

QCD the breaking of this relation is small, amounting to less than 0.5% at n = 3,...,6 [34]. We have checked that, due to the very large uncertainties

of the unknown NNLL x ~! In x terms, no relevant bias is generated by assuming Casimir scaling for the x ! In? x term of Pg(q3). Under this assumption
the known endpoint contributions analogous to eq. (15) of ref. [14] are, to eight significant figures, given by [43,49-57]

p;{o) (x) = —3692.7188 Ly /x — (47516.440 + 442.83691 n,) L /x
+(52.235940 — 7.3744856 n,) L{ - (292.21399 — 1.8436214n ) L
+(7310.6077 — 378.87135 n, — 32.438957 n}) L +(13.443073 — 0.54869684 n /) L3
+(375.39831 — 34.494742 n, +0.87791495n7) L{ + (22.222222 — 0.54869684n,) x, L]
+(662.42163 — 47.992684 n, +0.87791495n) x, L] , 16)

where we have used the abbreviations x, = 1 -x, Ly =In(1 — x) and L, =Inx. The coefficient of Lg /x in the first line of eq. (16) will be referred
to as bfkl; below.

Our procedure for the construction of approximate expressions for Pg(;)(x) is identical to that used for its counterpart Pq(;) (x) in ref. [14]. Also
here it is not possible, even with ten moments, to make a ‘direct fit’ for the coefficient of x ~! Inx. In fact, knowing five additional moments on top
of those employed in ref. [12] leads to considerable improvements elsewhere, see below, but does not enable us to assign a smaller uncertainty to
this important coefficient.

The coefficients of In'?? (I =x), In x, (1 —x)/x are determined from the ten moments for 10 choices of a two-parameter polynomial in x
and 8 (di-)logarithmic ‘interpolating functions’. The approximations selected from the resulting 80 functions to represent our error bands for the
physically relevant numbers n = 3, 4, 5 of light flavours read (with bfkl; as defined below eq. (16))

12,3

(n.=3)
Pg(i)A(n =33 =p,, (0)+6bkl Lo/x —744384x /x 42453640 — 1540404 x(2 + x)
+1933026 Ly + 1142069 L + 162196 L) —2172.1L; — 93264.1L7 — 786973 L, + 875383 x, L7,

(n.=3)
Pg(;)B(nf =3,x)= pg:fo (x) +3bfkl, Lo/x + 142414 x, /x — 326525 + 2159787 x(2 — X)
~289064 L — 176358 L2 + 156541 L] +9016.5 L3 + 136063 L3 + 829482 L, — 2359050 Ly L, , 17)

(n,=4)
Pg(i)A(n =43 =p, ) (0)+6bkl Lo/x —743535x /x +2125286 — 1332472x(2 + x)
+1631173 Ly + 1015255 L3 + 42612 L) — 1910.4 L — 80851 L} — 680219 L, + 752733 x, L7,

=
q,0

—245963 Ly — 171312 Lg + 163099 Lg +8132.2 L? + 124425 L% +762435 L, — 2193335 L L, (18)

(n.=4)
Pg(:)B(n ,=4x)=p,/ (x)+3Dbfkd; Lo/x + 160568 x; /x — 361207 + 2048948 x(2 — x)

(n,=5)
Pg(;)A(n/ =5.x)=p, /g (x)+6bfld; Ly/x — 785864, /x +285034 — 131648 x(2 + x)
—162840 Ly + 321220 L] + 12688 L) + 14234 L3 + 1278.9 LT —30919.9 L, + 47588 x, L],

=
q,0

—52985 L — 87354Lg + 176885 Lg +4748.8 L‘? +65811.9 L% +396390 L, — 1190212 Ly L, . (19)

(n,=5)
Pg(:)B(n =5, =p, " (X)+3Dbfkd; Lo/x+ 177094 x, /x — 470694 + 1348823 x(2 — x)

4
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X X

Fig. 1. Two sets of 80 trial functions for the four-loop (N>LO) contribution to the quark-to-gluon splitting function at n, = 4. The two cases selected for eq. (18) are
shown by the solid (red) lines. Also shown, by the dashed (blue) lines, are the selected approximations of ref. [12] based on only the first 5 even moments.

01k o i ® |
I X[qu qlx) i
]
0.08 Los |-
0.06 3
1 e
~
0.04 I~ |
L 3 4
=== NLO, ./NLO
0.95 , AB -
i 1 I 0g=02, n;=4
0 ool vl vl 0.9 oo vl vl vl
w* 10 10?10 o107 10t 107 10?1t
X X

Fig. 2. Left: the perturbative expansion of the splitting functions P,, to N3LO for n = 4 and a, = 0.2, using eq. (18) for the four-loop contribution. Right: the resulting
N2LO and N3LO convolutions with the reference quark distribution (21) normalised to the NLO results.

At N =22 we predict, with the brackets indicating a conservative uncertainty of the last digit:

—ygl)(szz) = 662.7981(3), 549.2876(3), 426.6266(2) for n, =3,4,5. (20)

The selection procedure and its results are illustrated in Fig. 1 for n, = 4; the two functions in eq. (19) are shown by the red (solid) lines. A
comparison with the corresponding N < 10 results of ref. [12], shown by the blue (dashed) lines, reveals an impressive improvement down to
x=~ 1072, Pg(q3 )(x) can now be considered as sufficiently well constrained at x-values above 0.1.

The uncertainties of Pg(;)(x) ‘as such’ are still rather large at 107> < x < 10~!. However, as shown in the left panel of Fig. 2, the resulting
uncertainties of the expansion of the splitting function P, to N3LO appear to be perfectly tolerable also in this range, down to (for LHC purposes)
rather low scales. Of course, the splitting functions enter physical quantities only via the convolution with the respective quark or gluon PDF. This
convolution is illustrated in the right panel of Fig. 2 using a sufficiently realistic order-independent model input [34] for the singlet quark PDF in
eq. (1),

xqy(x, ) =0.6x 702 (1 = x> (14+5.0x%%) (@3]

together with a strong coupling of 055(!402) = 0.2 corresponding to a scale ;45 ~ 30...50 GeV?. Here the uncertainties of Pg(q3)(x) do not appear to
have a relevant impact at x > 1073, An overall uncertainty of +1% of the NLO result for Py, ® g, is reached only at x » 1074,

To summarise, we have computed the even-N moments N < 20 of the fourth-order (N>LO) quark-to-gluon splitting function ng)(x) in the
framework of the operator-product expansion. These results facilitate the determination of the all-N form of the {5 contribution and of parts of the

corresponding {3 terms. These expressions show deviations from the functional form of the anomalous dimensions up to three loops which should
be of interest to future research.
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Together with (approximately) known endpoint constraints at x — 1 and x — 0, our additional moments — only the results up to N =10 had
been obtained before [11,12] — have been employed to construct improved approximations for Pg(s)(x) that should be sufficiently accurate for a
wide range of phenomenological applications in collider physics. Their uncertainties are still large at x < 1073, A drastic improvement in this region
would be obtained if the next-to-leading and next-to-next-leading small-x contributions, x~! In> x and x~! In x, became known.
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Appendix A. Mellin moments of Péi)

The exact results for the four-loop anomalous dimensions ygl)(N ) ateven 2 < N < 10 have already been presented, for a general compact simple
gauge group, in egs. (11) - (13) of ref. [11] and egs. (9) and (10) of ref. [12]. We agree with the results given in those articles, which were obtained
in a different theoretical framework. Here we report the corresponding results at 12 < N <20. The numerical values for QCD, i.e., SU(n, = 3), have
been given in egs. (9) above.

The quadratic Casimir invariants are C = ne and C = (nc2 —1)/(2n,) in SU(n,). The quartic group invariants are products of two symmetrised
traces of four generators T7 of the fundamental (R) or adjoint (A) representation,
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FORM files with the results for y gq(N ) at even N <20 and the partial all-N expressions in the main text have been deposited at the preprint

server http://arXiv.org together with a FORTRAN subroutine of our approximations for the splitting function Pg(g)(x) in egs. (16) - (19). These

files are also available from the authors upon request.
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