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Abstract. Any language for modelling concurrent and distributed sys-
tems features some sorts of composition and synchronization. This is
usually beneficial in the design and verification of complex models. The
focus of the paper is on events, like events in Discrete Events Dynamic
Systems, or transitions in Petri nets, in which events are labelled with
multisets of (conjugated) symbols.

We propose a novel synchronization approach that is based on a well-
grounded mathematical theory. Using a simple and intuitive pairwise
composition with regular labels, we show that the synchronization gen-
erates a set of events that is equivalent to a set of Hilbert bases of poly-
hedral convex cones. Such connection with the theory of Hilbert bases
allows us to prove several useful properties of the composition, as well
as an effective algorithm to compute such synchronizations. Finally a
calculus of events, named Hilbert Calculus of Events, is formulated, for
which basic properties are proved.

Keywords: Event synchronization - Petri Box Calculus - Graver basis
- Hilbert basis.

1 Introduction

Composition is a central aspect of Discrete Events Dynamic Systems (DEDS)
modelling. Whether it is realized through a formally defined calculus and associ-
ated properties, or whether it is just a graphical composition in a tool (or, better,
both), whether the underlying formalism are Petri nets or process algebras, it is
often essential to model and verify large systems.

Synchronization of transitions in Petri nets has often been inspired by CSP [9],
as in [5], or by the action/co-action paradigm of CCS [11], as in the Petri Box Cal-
culus (PBC) [3]. PBC actually goes beyond the standard CCS synchronization
by allowing transition labels to be multisets of (conjugated) symbols, for rea-
sons that we shall review in Section 1.1. PBC transition synchronization is given
in terms of a pairwise composition rule that, under some conditions,generates
infinite nets. A later attempt to produce a finite set is presented in [2]. The pro-
duced set is indeed finite, but it may not produce some relevant synchronization
(see[1], pag. 13, for an example).

In this paper we address the following research question:
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Is it possible to define a synchronization of events labelled with multisets
of symbols that produces a finite set of events and for which we can prove
essential properties (like commutativity and associativity) and which is
meaningful from a modelling point of view?

The main contribution of this paper is to define such synchronization through
a bounded pairwise composition of events, provide an algorithm for the compu-
tation of the synchronized events and to prove the finiteness and uniqueness of
the computed set through a parallel with the computation of the Hilbert basis
of a monoid.

To do so, the paper first reviews some previous work (Sec.1.1) and gives
the basic definitions used throughout the paper (Sec.2), and then defines the
synchronization operator hc (Sec.3). The hc operator adds to a set of events
a set of synchronized events and Sec.4 provides a finite procedure to compute
them, and proves its relationship with the Graver basis of a monoid of events.
Sec. 4 also compares the proposed hc operator with the synchronization operators
of CCS and PBC. Sec.5 defines the Hilbert Calculus of Events (HCE), which
includes parallel composition and restriction and we prove a few basic properties.

1.1 Previous work.

Although HCE deals with events independently of the high-level formalism for
defining them, our long-term goal is to define a calculus of Petri nets, therefore
this section on previous work, and the comparison in the paper, concentrates
mainly on Petri nets. Moreover we concentrate on the works for Petri net syn-
chronization that are directly connected with the presented approach. A wider
review of the net algebras proposed in the literature, also for colored nets, and an
identification of the Petri net tools that support compositionality can be found,
for example, in [1].

A first idea of algebra for Petri nets was presented in [10], based on composi-
tion of “head” and “tail” places. No transition synchronization is provided, but
a transition-based refinement is defined, in which a transition is substituted by
an expression of nets. The fundamental work on CSP [9] and CCS[11] has had a
large impact on the study of net algebras. An early proposal for CSP-like tran-
sition synchronization can be found in [5], while the main proposal of CCS-like
net algebra is PBC[4].

PBC is a complete algebra that operates on Petri net components, known
as Petri boxes, which are nets where places are labeled as either enter, exit
or internal and transitions are labelled by a multiset of actions and co-actions.
Place and transition composition operators are distinct. Places can be composed
as sequences or choices. Transitions are composed by synchronization over an
action a and its co-action G. Synchronization of an action a with its co-action a
produces the silent action 7. The operator is called sy: performing B sy a adds to
the Petri box B a new transition for each pair of transitions that include action
a and, respectively, a in their labels. Multiple nets can be composed by parallel
composition, followed by a synchronization.
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The choice of multiset labelling in PBC is motivated by the need to achieve
“multi-handshake” (or multi-way) synchronization. This synchronization is rel-
evant from a modelling point of view, as discussed in[4, Sec. 2.8 and Chap. 9],
for example to model an atomic operation on multiple variables. Although it is
enough to label transitions with a set of actions, to model multi-way synchro-
nization among three transitions requires that the label of the resulting transi-
tion is the sum (and not the union) of the labels of the transitions that have
been synchronized, which naturally gives rise to multiset labelling. As discussed
in[4, p. 21], if this is not the case commutativity of the synchronization is not
guaranteed, and (B sy a) sy b may be different from (B syb) sy a.

Unfortunately, PBC synchronization can generate an infinite number of new
transitions, as in[3, Sec. 4.5], and, although only a finite subset of them can
be enabled for a given initial marking, this is clearly impractical. The work
in [2] proposes a different definition for sy a, which is guaranteed to be finite
as it is shown to be equivalent to the computation of the minimal semiflows
of the matrix that describes the labels of the transitions. This computation,
however, may result in generating only a subset of the possible synchronizations
(particularly, not all 7 labelled transitions are generated). An example of this
problem is presented and discussed in [1, page 13].

This paper builds on our previous work [1], which proposes an open frame-
work for composition of Petri nets that can be instantiated to achieve various
patterns of composition, as, for example, CSP-like composition [5], and syn-
chronization of transitions as in PBC. Unlike PBC, in [1] the same composition
criteria is used for composing transitions and composing places. The composi-
tion algorithm in [1] exploits the ideas of [2], of modifying the Fourier-Motzkin
algorithm for minimal semiflows: proceeding by pairwise sums as PBC it ensures,
unlike the proposal in [2], that all 7 interactions are generated. Unfortunately,
the generated set is not guaranteed to be finite.

Paper’s contribution. This paper moves one step forward previous work by con-
centrating only on synchronization of a set of events, and by placing this op-
eration in the context of the computation of the Graver basis of the monoid
generated by the linear combination of the set of events to be synchronized. A
Graver basis is a union of Hilbert basis of appropriate monoides and the mathe-
matical properties of the Hilbert bases of polyhedral convex cones are exploited
to prove finiteness and uniqueness of the set of synchronized events, as well as
some properties like associativity and commutativity, as well as the presence of
all the smallest synchronized events, which include all the 7 interactions.

2 Definitions

In this section we provide the basic definitions for multisets, symbols, tags and
labels that are needed to define labelled events. Labels associated to events are
multisets of “symbols” and “conjugated symbols” (co-symbols for short). We
prefer to use the term symbol, instead of action (and co-action) as in CCS or
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PBC, since we plan to use in future work the proposed synchronization operator
to compose both Petri nets transitions and places.

Multisets. Given a discrete set A = {ay,aq,...,ar}, a multiset on A is a function
i A — N that assigns to each element a of A a non-negative cardinality value,
denoted with u[a]. Let U(A) be the set of all multisets of A.

Let ¥ = {a,b,c,...} be an alphabet of symbols. Given a symbol a € X,
a denotes its co-symbol, with & # a. As usual we define the complementary
operation 6 as a bijective function that maps symbols with their corresponding
co-symbols and vice versa, so that a = a. Given X we can define the set of
tags V as the set of all symbols in X' together with their co-symbols. So for
Y ={a,b,c,...} we have V = {a,a,b, b,c,é,.. .}. The notion of tag and co-tag
is as for symbols.

Labels. Let U(V) be the set of all natural multisets of tags. Elements of U/ (V) are
called labels. The empty label (empty multiset) is denoted by 7. A label I € U(V)
is regular iff Va € V : [[a] > 0 = [[a] = 0, i.e. a label is regular if it cannot
include simultaneously a tag and its conjugated: a + 2a + 2b is not a regular
label, while 2a + b + 2¢ is. Let U(V)"® be the set of all regular labels.

In this paper we shall consistently use plain letters to indicate multisets, and
bold letters for their representations as vectors. If we assume some indexing over
X, then any regular label [ can be represented without loss of information by a
vector 1in ZI*| according to the relation 1[a] def {[a] — ![a]. In this paper, with
a slight abuse of notation, we assume that a tag coincides with its index in the
vector, i.e. l[a] is the value of vector 1 for the index of tag a. From now on we
shall assume that labels are regular, unless otherwise stated!.

Let E*f be a set of basic events of reference, and let lab : E™f — U/(V)™® be
an event labeling function that assigns a regular label to each basic event. We
indicate with £°f the set of basic labelled events: £ = {{e,l) : e € E*f, and | =
lab(e)}.

Linear combination of events are called compound labelled event. We shall
use the term event for short hereafter to indicate both a labelled event from the
basic set £™f or a compound one, if there is no need to distinguish or no risk of
confusion. Let |E*™| = n and |X| = c. Since we assume label regularity, a basic
or compound event (e,l) can be represented by a vector [e|l] in N™ x Z¢, with
e being the composed events (or a singleton for basic events), and 1 the regular
label vector. Consequently, the set of labelled events £f can be represented in
matrix form as [E*|L**f], where E*f = Id"*", the identity matrix of size n.

Given a set of labelled events £ we can build on & the additive monoid
M C N" x Z° as the set of all possible linear combinations of the elements of £
with natural coefficients), defined by:

ME{a £ aeN?} (1)
! Non regular labels will be considered only in the context of the comparison with
PBC, that allows a transition to be labelled with both a symbol and its co-symbol.
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€ is then said to be an N-generator of M. Elements in M are also vectors of
the form [e|l] € N™ x Z¢, where e is the vector representation of a multiset over
Eref and

l=e L™ (2)

with - the standard vector-matrix multiplication. Note that if £*! C £ then any
non-negative integer vector e is in M, as long as its label 1 respects (2).

A consequence of (2) is that, for any pair [e1]l;], [e2|lz] € M: (e1 = e2) =
(1; = 13). The vice versa is obviously not true, as the same label can be assigned
to different basic events or can be generated by different combinations of basic
events.

Elements in M can also be inductively defined as elementary combinations
of basic or compound events.

Definition 1 (Elementary combination). Given two events in vector form
[e1]l1] and [ez|lz] their elementary combination, denoted as [e1]l1] + [e2|la], is
the event [e1 + ea|l; + 1o].

Obviously, elementary combinations respect Eq. (2).

We shall use &£, with || = m, to represent a set of (compound) labelled
events, and [E|L] € N™*™ x Z™*¢its matrix representation. We can also write
L as L = E-L**f. The matrices in Eq. 3 are an example of the notation used. The
basic events (left matrix) are eg and e, with the labelling fuction lab(eg) = {a}
and lab(e1) = {a,b}. The matrix on the right has three additional compound
events eg, ez and ey with coherent labelling (a labelling that respects Eq. (2)).
Note the slight abuse of notation as e; on a columns represents a basic event,
while row e; represents a labelled, possibly compound, event.

eper a b

eoT1 0]—1 0

£ £ eelof)l—alg e 0 1l 1
R R P P R P O

e es|2 1]-1 1

€4 2 0|-20

We are interested in defining synchronization of events in terms of compound
events of interest.

3 Synchronization of events

In this section we first define the synchronization set Hc(E), the set of events
generated from £ by synchronization over the whole set of symbols X, to then
define £ hc A, the synchronization of the events in £ over a set of symbols A C X
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3.1 The synchronization set Hc.

We are interested only in compound events that are the result of a sequence of
elementary combination of events with joinable labels, according to the following
definition.

Definition 2 (Joinable labels). Two labels 1y and 1y are joinable, denoted as
1, 12, zﬁﬂa € X :1lia] -1x[a] <O.

The definition is trivially extended to joinable events, as any pair of events
with joinable labels. In the following we shall use the term “combination” to
refer to a generic elementary combination of events and “composition” to refer
to an elementary combination of joinable events. Note that in the left matrix in
Eq. (3), event ey is the sum of e; with itself, so it is a result of a combination,
but it is not the result of a composition. Indeed since we assume that labelling
is regular, an events can never be composed with itself.

To define the set of synchronized events of interest, that we shall call He(E),
we need first to define the subset J (&) of M(&) that correspond to a sequence of
events compositions. We drop the £ specification when obvious from the context.
The generation of J from a set £ of events corresponds to the recursive appli-
cation of the elementary composition of pairs of joinable events. The recursion
may not be finite. To define 7 it is convenient to introduce the notion of degree
of an element.

Definition 3 (Degree). The degree of [e|l] is: deg([ell]) o Ze[i].

i=1

Note that since e € N, it holds that deg([e1|l1] + [ez2|l2]) = deg([e1]l1]) +
deg([ez2]lz]), for any pair [e1]11], [e2]la] € M. We can now define the set J of all
possible joined events: compound events that result from a sequence of compo-
sitions.

Definition 4 (Joined events). The set of joined events generated from a set
E of events is the set J = Ufil J[i], where

7 ={fell] | ell] € £ A deg(lell) = i} U
{ler]l1] + [e2]l2] | [er|li] € TV e, L] € FU2IA (4)
1<ji,ja<i A (ji+j2) =i A Lixly}

Obviously J C M, and it may not be finite.

To illustrate the construction of J let us first consider some examples. Fig. 1
shows four examples of composition of multilabelled events. Boxes represent
labelled events in vector form, identified as v; for ease of reference. Vertical
alignment indicates elements of equal degree. Arrows allows to identify the pair
of events that generate the newly composed ones. For the time being, let’s ignore
the distinction of dotted/solid boxes and lines.
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(B)
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Fig. 1: Simple composition examples.

Ezample 1. Fig. 1(A) is a case of a finite set J produced from two events ey,
with lab(e1) = a and eq, with lab(es) = 2a (thus labels appears as 1 and —2
in vy and v, respectively). Composing e; with ey (both of degree 1) produces
the labelled event represented by vector vs, of degree 2. Composition of v with
vs produces the 7-labelled event represented by vector vy, of degree 3. No more
compositions are possible, and therefore J is finite.

Ezample 2. Fig.1(B) is instead a composition example in which the J set is
infinite. The only difference w.r.t. Fig. 1(A) is the labelling of the two elementary
events (the tag cardinality is increased by one). This small difference in the
labelling is enough to produce an infinite set J, as indeed vector v; has the same
labelling as v but it is built on a larger set of events, so the same compositions
that leads from vz to v; can be repeated indefinitely, but each composition
produces an event of larger degree, so the 7 set is infinite.

Ezample 3. Fig. 1(C) shows an example of a multi-way synchronization realized
through two different tags. This is a standard example to show the need for
labels defined over sets. Assuming again that the tags are a and b, in the order,
and the events are named eq, ea, and ez, with lab(e;) = a, as depicted in vector
vi, lab(ey) = {a,b} (vector v3), and lab(es) = b (vector v3). The composition
generates the full synchronization of the three events (the 7 labelled event of
vector vg), as well as the single synchronizations over a (vector v4) and over b
(vector vs). No additional compositions are possible, so the J set is finite.
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Ezample 4. Fig.1(D) is an example of the use of a multiset over a single tag for
a three-ways synchronization. This is a standard example to show the need for
labels defined over multisets. Using a single tag there are three different ways
of obtaining a full synchronization (a 7 event), one corresponds to a real three-
ways synchronization, as in Ex. 3 (Fig. 1(C)), while the other two correspond to
synchronizing with multiple copies of the same event.

The objective of the composition is to select, among all elements of J, a
finite subset Hc which is representative of the whole set. We shall then discuss
if the choice is really representative of the whole set, both mathematically and
from a modelling point of view.

Note that Hc should not only be finite, but should be computable in a finite
number of steps: we need to identify an algorithm that generates Hc in a finite
number of steps, of course without generating the (possibly infinite) set 7.

The first step is to define a notion of reducibility of an event with respect to
an events or a set of events.

Let’s recall that the elements of M have a non-negative e component. We
can then define a notion of reducibility among two elements of M as:

Definition 5 (Reducibility among elements). Given two elements [e1|l1], [ea|lo]
of monoid M, we say that [e1]l] reduces [es|lz], written as [e1]l1] = [ea|ls], if

lerli] < fesla] & e1<es A L <[] A Lol >0

where ® is the vector Hadamard product (component-wise multiplication), 0 is
the vector of all zeros, |o| is the vector of absolute values, and a < b is true iff
ali] < b[i], for all elements i.

The trivial extension to sets is:

Definition 6 (Reducibility against a set). An element [e|l] of monoid M
is reducible by S C M if [e1]l1] € S: [e1]l1] = [ell].

Consequently, we say that an element [e1|11] is irreducible by [ez|ls], if either
1; and 1, have different signs for the same tag, or they have the same sign but
the condition e; < ey A [lj] < |lz| does not hold. To identify Hc we shall use
the following definition of irreducibility against a set. S C M as:

Definition 7 (Irreducibility against a set S). An element [e|l] € M is
irreducible in S, S C M, if there is no element [e1]l1] € S s.t. [e1|l1] < [e[l].

Obviously, if [e,]] is reducible on a set S, then it is surely reducible also on
any of its supersets. Vice versa, if [e, 1] is irreducible against a set .S, then it is
irreducible against any subset of S.

Definition 8 (Irreducible event). An event [e|l] € M is irreducible, if it is

irreducible against the whole set M: there is no element [e1]l;] € M: [e1]l;] <
[ell].
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We can now define the set Hc of the synchronized events, a subset of the set
of joined events J. In the next section we shall indeed prove that Hc is finite,
unique and computable in a finite number of steps.

Definition 9. The set of synchronized events Hc is the subset of elements of J
that cannot be reduced by any other element of J :

He={[el] € J | le'V] € T, ['[V] # [ell] A [e'V] = [e]I]} (®)

Clearly He € J C M. As for the set J, we shall write Hc(E) to make explicit
that the set of synchronized events is computed starting from the set £ of events.

Ezample 5. Let’s consider again the example in Fig. 1(B), in which only 7 ele-
ments of J are depicted. Clearly v3 reduces vz, since they have the same label
and e3 < er,e3 # ey (so the same labelling is achieved with a smaller number
of elementary events). Similarly, vs reduces vg, as ez < eg, labels have the same
sign, and |l3[a]| < |lglal|. Note that the composition of v; with v, produces
the reducible element [64/0] that can be reduced by vs. The reader can verify
that, in this example, all elements with dotted boxes are reducible and that
composition of a reducible event with another event (whether reducible or not)
produces another reducible event, so that Hc = {v1,va, V3, vy, vs}, the set of
events depicted with solid boxes.

Significance of He, part 1. The objective of the synchronization is, as in CCS
and in PBC, to create, when possible, events that are fully synchronized (7-
labelled). As in CCS and PBC, for the sake of future compositions, also partially
synchronized events are of interest. The choice of considering the Hc set as a
good representative of all possible (infinite) events that are created through
successive synchronizations is coherent with the idea of keeping the events that
achieve a smaller (or equal) label with a smaller number of event compositions.
Indeed being irreducible means that there is no other event that has a smaller
label with a fewer number of composition of the basic events. We shall later see
an additional modelling interpretation once we have established what are the
mathematical properties of the Hc set.

Note that He (that we claim is a finite set) is defined by irreducibility w.r.t.
J (often an infinite set). So the above definition is not a constructive one, and
the next section takes care of assessing finiteness and uniqueness of Hc to later
provide an algorithm that computes Hc directly from the set of events &£, without
building 7.

Synchronization of £ over a subset of labels A. Given Def.9, we can
generalize it as a synchronization of the events in £ over the set of labels A C X,
denoted as € hc A. This is simply achieved by taking the He set using a projection
of the label matrix L over the columns corresponding to the labels A.

Let ma(L) be the projection of L over the columns of A. Let m4(€) =
[E|ra(L)] denote the matrix representation of the set £ with labels projected on
A. We can then define £hc A as the set of events of M defined as follows.
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Definition 10. Let [E'|L'] = He(wa(E)), then
EhcA = [E'|E - L™ (6)

Ehc A is therefore defined over all labels, not just A, since the unprojected
matrix of labels (with all the labels, not just A) are obtained back using Eq. (2).

Ezample 6. Let’s go back to the example of Fig.1(C) and consider the effect
of the synchronization over the first tag of the label, that we have called a.
Considering

g = {V17V27V3}

we get Ehca =EU{vy}, Ehcb=EU{vs}, and (Ehca)hcb =EU{vy, Vs, vs}.
The reader can easily verify that, in this example, synchronization over a followed
by synchronization over the second tag of the label, b, is equal to synchronization
over b followed by a which it is also equal to the synchronization over the whole
set of symbols Y.

4 Computation of the synchronization set

We now connect Def. 9 with its fundamental mathematical structure, which al-
lows us to define its properties. As we shall see, Hc is the Graver basis of M.

4.1 Hilbert and Graver basis.

Let’s recall that Eq. (1) defines M as the additive monoid generated by the linear
combination with natural coefficients of the elements in £. Let’s also recall that,
for each [e|l] in M, and therefore in J, the e component is non-negative.

Let then o € {+1,—1}° be a vector of ¢ signs, and let M7 C M be the
corresponding set of elements of M in the orthant induced by o defined as:

M ={lel]eM|e>0 A 1o o >0}

Note that o only defines ¢ signs, as, by definition, the first n components of the
elements in M are non-negative. Note also that, if [e1|l;] < [ez|l2] there is (at
least) a vector of signs o such that [e1|l4], [e2]ls] € M“.

Definition 11. A subset H® C M? is a Hilbert basis of M? iff it is a N-
generating® set of M and it is minimal w.r.t. set inclusion [S], i.e., no proper
subset of HC is a generating set of M7 .

Theorem 1. For a given M, the Hilbert basis HZ (the set of irreducible com-
pound events) is finite and unique.

2 A N-generating set generates elements as linear combinations with coefficients in N.
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Proof. The proof relies on the well-known Gordan’s Lemma [13, p.315] that
states that a sufficient criteria for the finiteness/uniqueness of H? is that M
is contained in a pointed polyhedral convex cone. M is surely a polyhedral con-
vex cone, since it is N-generated, but in principle it is not pointed. Let R =
{xly] | x € RZ,, y € R° y-0 > 0} be an orthant of R, which is a pointed convex
cone. Observe that M? C R?. Now consider the set Q = span([E"f|L™f]) N R.
Such set is a pointed convex cone, since ry,ro € Q = r; +ry € Q and for any
A>0,re Q= Ar e Q. Since M7 can be alternatively defined as QNZ™" ¢, we
conclude that M7 is contained in a pointed convex cone, and thus it is pointed.
Therefore the Hilbert basis H” of M7 is finite and unique. O

When the Hilbert basis is unique, it can be equivalently characterized as the
set of all nonzero irreducible elements of the monoid [13], a property that we
recall in the following.

Property 1. (From [13]). For a given M2, if the Hilbert basis 7 is unique, then
H7 = {[el] : [e|]l] is irreducible in M7}

Using an orthant decomposition [6] of M, we can define the Graver basis [6]

G of M as
¢6= |J #n° (7)

oc{x1}m

i.e., for every orthant R?, the set G N R is the unique Hilbert basis for M.
Moreover, we can define the Hilbert basis H° as the set of all the irreducible
elements with 1 = 0, defined as:

H= () H° (8)

oc{xl}™

The set H° is therefore the N-generating set for the submonoid of M consisting
of all the elements of M having 1 = 0.

4.2 An algorithm to compute Hc as the Graver basis of M

Before proceeding to present an algorithm for the computation of He, let us go
a bit more deeply on the relationship between Graver bases and Hilbert bases.
A Graver basis G is a notion associated to a lattice £ which is Z-generated from
a set of vectors (as in (1) but with a defined over Z™). The projection over an
orthant of a lattice is not a lattice any longer, but a monoid, and the Graver
basis of a lattice is defined as the union of the Hilbert bases of the monoids
generated by projection over all orthants. Properties are typically defined for an
Hilbert basis (as we shall soon see), but the algorithms in the literature address
the Graver basis computation (since the latter is more efficient than computing
the Hilbert basis of each orthant separately) from which the Hilbert basis of
a specific orthant can be obtained by intersection. The definition in Eq. (7) is
therefore slightly more general than the usual one, since we consider a Graver
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basis of a monoid, and not of a lattice. In our context we call Graver basis of a
monoid M the union of the Hilbert basis of the orthants of M.

Consider Alg. 1, which is a modified version of the Pottier Fuclidean algorithm
in n-dimensions [12] for the computation of the Graver basis.

Algorithm 1: Computation of He(€)

Let & be a finite set of irreducible elements that are a N-generators of M;
Define a set F' that initially contains £
for increasing values of d > 0 do
Consider all pairs [e1]11], [e2|l2] € F with 1; 0 15 and
deg([e1|l1]) + deg([ez2]12]) = d , i.e. have joinable labels and the
elementary sum is d.
5 If there is no element [e'|l'] € F : [€'|l'] < [e1 + e2|l1 + L2], then add
[e1 + e2]l1 + L] to F' and continue searching pairs.
6 Once all elementary sums of degree d have been tested, increase d by one
and continue.
7 The cycle ends when d > 2 - max(deg([e[l]) | [e[l] € F)

AW N =

return F

®

Alg. 1 differs from the Pottier algorithm because it considers a set of N-generators
(instead of Z-generators) and considers a graded order [7] for the loop. Therefore,
we prove again a set of properties for this algorithm.

Consider a set £ that is assumed to be initially irreducible. Let F(E) be the
set returned by Alg. 1 on input £.

Theorem 2. F(£) C J(€).

Proof. Trivial, since F(€) is initialized by £ and any element that is added to
F' at line 5 has joinable labels, as checked at line 4. O

Theorem 3. G = F(&).

Proof. This proof is an adaptation of the proof (ii) in [12, pag. 41]. We want to
prove that any element [e|l] € M\ {0} can be written as a sum of elements

ell] = [erllh] +...+ [ex|lk], [e1|l1],- .., [ex|lk] € F(E) (9)
such that
Vi <k:[ell] X [ell] (10)

which, by Prop.1, is equivalent to stating that G C F(£). We shall later take
care of proving equality.

Since & is a N-generator of M, and £ C F(€) by line2, it is always possible
to find a sum that satisfies (9). Consider one such sum.
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With (1>+ we denote the vector of non-negative elements of 1, and with (l) B
the opposite of the non-positive elements of 1. Then [e|l] = [e] (1)+ — (1) "]. Given
asum (9),if ()7 = (1) " +...+ (k)" (and consequently (1)” = (1) +...+
(1) ), then (10) holds and we are done, since we are assuming that the & terms
belong to F ().

Therefore let’s consider the case when there exists two terms, say [e1]1;] and
[e2]12], for which:

fes +exf (l +12) "] < fer + ez ()" + (12) ) (11)

and
deg([e1|l1]) + deg([ez2[l2]) < deg([e[l]) (12)

(we only write the plus side, since the minus follows). We then have two cases:

— k > 2: the inequality of degrees in (12) is strict.
— k = 2: the (12) is an equality, but the quantity (11 + 12)+ is strictly smaller
than (L) " + (1)

In both cases, we can proceed by induction on [e; + es|l; + 1o] and rewrite it as
a new sum for which (9) and (10) hold. Let

le1 + el + 1] = [ept1|let1] + ... + [en|ln] (13)
be such rewriting. Since (10) holds, we have
L+L) =)+ + )" (14)
Therefore we have a new rewriting of [e|l] that satisfies (9)
ell] = [es|ls]+ ...+ [en|ls] (15)
and by Eq. (11) and Eq. (14) we conclude that
M < W'+ . +0)" < W+ +1)"

This chain of rewritings is therefore finite, and it terminates with a rewriting
(15) satisfying also (10). In that case:

1. either k > 1, hence [e[]] is reducible and can be written in terms of elements

of F(E);
2. or k =1, hence [e|l] was added to F' by Alg. 1, either because [e|l] € £ (line
2) or because [e|l] = [e1]11] + [e2]l2] (line 5).

We now prove that G = F(£), so there is no element of F(€) that is not in
G. We recall that there are no reducible events in the input set £. Assume by
contradiction that there is instead a [e,1] in F(€), but not in G, which means
that [e, 1] is reducible. Let [€/,1'] be the event that reduces [e,1] ([¢/,1] < [e,]1]),
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with [e/,1'] # [e,]]. By definition of <, deg([e,1]) < deg([e,1]). Let’s consider
first the case deg([e’,1]) < deg([e,]1]). Since Alg.1 proceeds in a graded order,
and since the operation at line 5 generates new elements with grade d, when
[e,1] is added to F (line 5) all irreducible elements of G with a degree strictly
smaller than d are already in F, and therefore a reducible element [e,1] would
not pass the test at line 5 and it would not be added to F, which contradicts
the hypothesis.

We consider instead the case in which deg([e’,1']) = deg([e,1]), and [e,]] is
tested at line 5 before [e/,1] is inserted in F. By definition of <: €’ < e and, by
hypothesis, their degrees are equal, so ¢’ = e. But this implies that also 1’ = 1,
so the vectors are equal, which, again, contradicts the hypothesis. O

We can now state the relation between the set of irreducible joined events
He(€) and the set F(E) computed by Alg. 1 that forms the Graver basis of M.

Theorem 4. Hc(€) = F(E).

Proof. By Def.9, Hc(€) is the set of irreducible events of J w.r.t. J itself.
By Th.3 F(&) is the Graver basis of M, that is to say the set of irreducible
elements of 7 w.r.t. M. But if an element is irreducible against a set, it is also

irreducible against any subset. Therefore, since F(£) C J by Th.2, it follows
that He(€) = F(€). O

Corollary 1. He(€) = G. Therefore, by Th. 1, He(E) is finite and unique.

Corollary 2. £ C He(E) when € is irreducible.

Significance of He(E), part 2 . The fact that He(E), the set of synchronized events
of interest, is a Graver basis for M leads to another interesting interpretation of
this set. By definition (Def.11) any element of M? can be expressed as a sum
of elements of H7, that is to say with labels of the same sign. As a consequence
the events in H? can be used to “emulate” the synchronization behaviour of
any element in M?. We illustrate this concept through a simple example: let
vy : [100]10], vo : [010[01], and vg : [110|11] = vi 4 vq. Clearly v; and vo
are irreducible, while vg is not since vi,vs =< v3. They all belong to the same
orthant. Now consider the synchronization of these events with a new event vy :
[001]-1-1]. Clearly v3 does not add anything to the resulting set, since the same
result can be obtained by synchronization (i.e. by the elementary combination)
(V14 v4) + va, or vice versa by (va + vy4) + V1.

4.3 Comparison with CCS and PBC.

We shall now compare the hc operator for event composition with the action and
co-action synchronization of CCS [11] and of the Petri Box Calculus (PBC) [3].
The reason of the choice of CCS and PBC for comparison is that synchronization
in CCS and PBC, as with hc, is by pairs (pairs of action and co-action in CCS,
pairs of transitions in PBC and pairs of events in hc).
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In CCS an agent may evolve through an action a, or its co-action a, or
through the silent action 7. With the terminology of this paper we can say that
events in CCS are labelled with a single tag or with 7. The result of composing
an agent that can do a with an agent that can do a is a new agent that can do
either a, a, or 7.

PBC goes beyond the CCS synchronization by allowing to label transitions
with multisets of tags, with the additional freedom that both a symbol and its
co-symbol can appear in the label of a single transition, possibly with different
cardinalities. Let’s recall that, instead, hc assumes that all events are labelled
with regular labels.

In PBC events are labelled with multisets of tags, and the composition of an
event labelled 2a with one labelled 2a also result in a 7 event, with no further
composition possible, but the composition of an element labelled 2a with one
labelled 3a results in an element labelled a that can be further composed with
the already generated events. When more tags are present in a single label,
the composition may lead to an infinite number of new events. The reader can
find in [3, sec. 4.5] the PBC definition of transition synchronization that can be
intuitively be described as:

Repeatedly choose a, a—pairs of labeled transitions, and each time create
a new composed transition from them. Label this new transition with the (16)
union of their labels minus a single a, a—pair.

In PBC, when composing over a symbol a, only the portion of the label that
refer to a or a is affected. Moreover e; and e; may actually be the same element,
if such an element is labelled with both a and @ (i.e. if it has a non-regular
label). In contrast hc sums up the labels: in {[e1]1;], [e2]l2]} hca is the label a
that drives the synchronization: so a new event is created only if 13[a] > 0 and
I[a] < 0, or vice versa, but the label of the new event hc is the sum over all
symbols. Note that when PBC and hc work on labels of the form a (or @) as in
CCS, the result for CCS, PBC and for hc is the same.

The composition of PBC may result in a finite (Ex.7) or an infinite set
of new transitions. The latter happens every time there is a single transition
labeled with both a and & (Ex.8), or when composing two transitions that are
labelled, respectively, with n copies of tag a and m copies of tag @, with n,m > 1
(Ex.9). Even when a synchronization over a produces a finite set, it is possible
that some of the composed transitions become labelled with a label b and its
conjugated, leading to an infinite set of composed transitions if at a later stage
another PBC synchronization over b is performed (Ex.11). In the examples we
shall indicate with &r = {(¢;,1;)} the set of labelled transition on which the
synchronization is applied, and with &p sy a the set of transitions produced by
the PBC synchronization over the symbol a.

Ezample 7. If Ep = {(t1, a), (t2,a)}, then Ep sy a = EpU{(t1 + t2,7)}. The same
set is computed by the hc operator.
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Ezample 8. It Er = {(t1,a + &)}, the PBC synchronization of transition ¢; com-
poses with itself producing 2t;, labelled again with a 4+ a. The set £ = Ersya
is therefore the infinite set {(ctl, a+ a) ‘ c> 1}, because any c1t; can compose
with any cot; resulting in (c; + co2)t1, always with label a + a. This example is
not possible for hc because the label of ¢; is not regular.

Ezample 9. It Er = {{t1,2a), (t2,24)}, then Ersya is the infinite set Ep U
{(t1 + ta,a + @), (t1 + 2t2, 2a), (2t; + t2,2a), ...}, i.e. containing all elements

(c1t1 + cata, (c1 —ca+1)a+ (ca — 1+ 1)a), with ¢1,c0 € Nand |e; — o] <1

The set computed by hc is instead the finite set E U {(t; + t2, 7). Note that no
T-labelled transition is ever created by the sy operator

Ezample 10. We now consider a three-ways synchronization as in Ex. 3. Let &7 =
{(t1,a), (t2,a + b), (t5,a)} then (Er sya)sybdb = {{t1,a), (t2,a + b), (t3,b), (t4,]),
(ts,a), (te, ) }. Therefore hc and sy produce the same set of transitions/events.

The same is true for the variant in Ex. 4.

Ezample 11. If Ep = {{t1, a+b), (ta,a+b)}, then Epsya = Ep U {(ty+t2, b+b)}.
This means that a successive composition over b will lead to an infinite net.
For Erhca we get instead Er U {(t1 + ta,7)}. To compare this case with PBC
from a practical point of view, let us consider a synchronization over action
a followed by a synchronization over b. If we interpret a and b as a single re-
quest of two distinct resources, and a and b as the availability of such resources,
then hc produces a single 7 transition, while sy of PBC produces first a sin-
gle transition labelled with both a request for a resource b and its availability,
and the successive synchronization over b produces an infinite set. Note that in
this example (Erhca) = (Erheb) since even if it is a that drives the compo-
sition, the full label of the two events are summed (the same for b). Moreover
(érhca)hcb = (Erhecb)hca = (Erhca).

The observation that, in PBC, a single transition with a non-regular label
always generates an infinite composition set, is what lead us to the choice of
defining hc only over events with regular labels and to ensure that the applica-
tion of the operator only produces events with regular labels. As we have seen,
regularity is a necessary condition for finiteness, but it is not sufficient, and this
justifies the notion of irreducibility introduced for the hc definition.

5 A Hilbert calculus of events

We now complete the synchronization operator with a parallel composition and
a restriction to get a calculus of events, that we name the Hilbert Calculus of
Events (HCE). Note that the calculus does not have a sequential composition,
since the focus of this paper is only on synchronization, a required basis for later
defining, in future work, a calculus for Petri nets.
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E n= gret set of basic events
|£]| €  concurrent union
| Ehc A synchronization
| Ers A restriction

(17)

Basic events £7°f. A set of basic (non composed) events, expressed in matrix
form as [E™|L"*f] and having Ef = Id.

Concurrent union & || €. Given & = [E1|L] and & = [Eq|Lg], defined over
the same set of symbols X and disjoint sets of events. £15 = &1 || & is the new
set of events defined (in matrix form) as

ref
L 1

E, 0L, Eif 0
Lgef (18)

R R e e B 1 I e

Synchronization £hc A. The set of events defined by Eq. (6)

Restriction £rs A. The restriction operator removes from £ all the events
whose labels include either a or a, for any a € A.

Ers A= {(e)]) ‘ (e,) € £ and Va € A :1ja] = 0}
In matrix form, restriction eliminates the rows of [E|L] having at least a non-zero
entry in the columns of the tags in A.
5.1 Basic properties of the Hilbert calculus of events

Concurrent union properties.

Ei & = & & [commutative]
&l (&2 &3) &1l &) | & [associative]

Synchronization properties.

(E1hc A)he B = & he (AUB) [associative over tags]
(E1hcA)he B = (& heB)hc A [commutative]
(EhcA)hcA = EhcA [idempotent]
EhcA C Ehc(AUB) [synchronization over subsets]

Restriction properties.

(ErsA)rsB = (ErsB)rs A [commutative]
(ErsA)rsA = ErsA [idempotent)
(E1]|E)rsA = (E1rsA) || (Ears A) [distributive over ||]
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Composition properties.

(&1 | €&2)hc A = ((E1hc A) || (E2hc A))hc A [propagates through ||]

(EhcA)rs B = (ErsB)hc A such that V]ell] € £,
(Ja € A:1[a]#0 = Vb € B :11b]=0) and (3b € B : 1[))#0 = Va € A : 1[a]=0)
[non-interfering synchronization and restriction commute]

Fundamental property of HCE. HCE operators are deterministic and pre-
serve finiteness and irreducibility.

We now proceed to prove the above properties. Some are trivial (like the ones
for the concurrent union, which is akin to a set union), but others require more
formal proofs.

Theorem 5 (hc is associative w.r.t. tags).
Let A,BC X. Then (Ehc A)hc B = Ehc(AU B).

Proof. The proof stems from the idea illustrated by the “project and lift” ap-
proach of Hemmecke [7], that the computation of the Hilbert basis of a monoid
can be performed “one variable at a time”, by working on a sequence of increas-
ingly larger projections of the monoid. Let M be a monoid on Z"*¢, and let o
be a vector of n+c signs. Let m;(M?7) be the projection of M7 over the first
j variables of the orthant of sign o, the first j signs of o, and H; the Hilbert
basis of m;(M77).

Lemma 2.2 of [7] ensures that, when j is greater than the rank of the gener-
ator matrix of the monoid®, G411 = Ulep,jen;, (€l [j+1] is a generator set for
i1 (M) if 11 is chosen such that [e[l}, ;1] € 741 (M3+1). Such choice
of l;41 is trivial in our context since it is uniquely determined by e using (2).
We can therefore compute the Hilbert basis of mj4q(M7i+1) starting from G;.
By iterating over j, and considering all possible o, when j + 1 = n + ¢ what we
get is an iterative method for computing the Graver basis of M one variable at
a time. Of course in our context we can start with j = n, that is to say with
the Hilbert bases of 7, (M), to compute G,,41. Since n is the upper bound of
the rank of the generator matrix (because of Eq.2), we can apply Lemma 2.2 as
reported above.

To show the application of Lemma 2.2 of [7] on our context, for ease of nota-
tion, let us now assume that there are only two tags a and b, with A = {a} and
B = {b}. As usual n is the number of columns, so we can start with j =n + 1,
and can compute the Hilbert basis of m,11(M?"+!) and obtain from it the set
G2 of generators for m,1o(M"+2) which is exactly M. Since the Hilbert
basis of M corresponds to the set of vectors obtained by synchronization over
all tags, we get (Ehca)hcb = Ehc(aUb). The extension over label sets and for
all orthants thus unfolds. O

3 The expression for G is different when 5 is smaller than the rank of the generator
matrix, but this is not reported here since it is not of interest for our proof.
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As a consequence of Th.5, the hc operator is commutative w.r.t. the order
of application to subsets of symbols:

Corollary 3. Let A,B C X. Then (Ehc A)hcB = (£hc B)hc A.

Proof. Trivial, since (Ehc A)hc B = Ehc(AU B) and (Ehc B)hc A = Ehe(B U
A) O

Corollary 4. Let A, BC Y. Then Ehc A C Ehc(AU B).
Proof. Immediate consequence of the proof of Th. 5. O

Theorem 6 (Synchronization propagates through ||).
(&1 ]| &2)hc A = ((E1hcA) || (E2hc A))hc A

Proof. Let S;, = (& || £&2)hc A, and let Sg = ((£1hc A) || (E2hc A)) he A. Since,
by Cor.2, &; C (€1hc A) and & C (E3hc A), it easily follows that S, C Sg.

We now prove that Sr does not have more elements than Sy,. Suppose that an
element [e|l] € Sg \ SL exists. Surely, such element [e|]] is irreducible w.r.t. the
columns A and it is not present in (& || &) hc A (i.e. Sr). But Cor.1 ensures
that Sp, is a Graver basis with all the irreducible elements w.r.t. the columns A,

resulting in a contradiction. O

Theorem 7 (Non-interfering synchronization and restriction commute).
Given that there are no two elements of € that are labelled with both an element
from A and an element from B, formally stated as: V[e|]l] € &€, (Ja € A :
l[a]£0 = Vb € B : l[b]zO) and (Hb € B:10#0 = Va € A : 1[a1=0), we have
that (Ehc A)rs B = (ErsB)hc A

Proof. The proof stems from the fact that the set of events over which hc A
operates is disjoint from the set of events over which rs B operates, and hc A
does not add B labels, as well as rs B does not remove A labels. O

Theorem 8. HCE operators preserve finiteness and irreducibility.

Proof. The only operation of the calculus that generates new elements (elements
that are not already part of the operands) is the synchronization. But the set
produced by hc is an union of Hilbert bases, which by Th.1 is surely finite,
unique and made by irreducible events, proving the statement. O

Theorem 9. HCE is a finite and deterministic calculus of irreducible events.

Proof. Basic events are irreducible by definition, because E**f = Id. Concurrent
union treats the set of events as disjoint. Restriction only removes events. As
before, the only operation of HCE that generates new elements is the synchro-
nization, and it may only generate irreducible elements (see Cor. 2) and is unique
(i.e. deterministic), proving the theorem. O

From Th. 8 and Th. 9 follows the fundamental property of HCE.
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6 Conclusions

In this paper we propose a novel approach for event synchronization that works
by combining pairs of multilabelled events to match symbols and co-symbols.
The objective of the synchronization is to produce a finite set of irreducible
synchronized events. The rational behind irreducibility is the need to minimize
the number of unmatched tags (non 7 tags in the label of the synchronized
events), through the minimum number of event compositions. We have provided
an interpretation of the proposed synchronization from a modelling point of
view, also through a number of examples of basic synchronization patterns.

We establish a direct connection between the pairwise synchronization pro-
cedure and the theory of Hilbert bases. We prove that the synchronization al-
gorithm that performs such pairwise compositions under the constraint of irre-
ducibility and following a graded order is actually computing a set of Hilbert
bases (i.e. a Graver basis) for the monoid representing all possible combinations
of events.

This connection allows us to formulate several properties for the composition,
and for a novel calculus of events that we named Hilbert calculus of events. A
brief comparison of HCE with the well known compositional calculus CCS, PBC
and the calculus of Anisimov, is also provided.

The Hilbert calculus of events only deals with event synchronization and
misses, for instance, sequential compositions of events. Therefore in this form it
is useful as a sub-calculus inside other formalisms. As a future work, we plan
to propose a calculus of Petri nets where nets are composed over places and
transitions following the rules defined for HCE. The well-grounded mathematical
structure of the Hilbert bases should ease the task of proving relevant properties
for the Petri net calculus.
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