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Abstract

In this article, densities (and their derivatives) of sub-
ordinators and inverse subordinators are considered.
Under minor restrictions, generally milder than the
existing in the literature, employing a useful modi-
fication of the saddle point method, we obtain the
large asymptotic behaviour of these densities (and their
derivatives) for a specific region of space and time and
quantify how the ratio between time and space affects
the explicit speed of convergence. The asymptotics is
governed by an exponential term depending on the
Laplace exponent of the subordinator and the region
represents the behaviour of the subordinator when it is
atypically small (the inverse one is larger than usual).
As a result, a route to the derivation of novel general
or particular fine estimates for densities with explicit
constants in the speed of convergence in the region
of the lower envelope/the law of iterated logarithm is
available. Furthermore, under mild conditions, we pro-
vide a power series representation for densities (and
their derivatives) of subordinators and inverse subordi-
nators. This representation is explicit and based on the
derivatives of the convolution of the tails of the cor-
responding Lévy measure, whose smoothness is also
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investigated. In this context, the methods adopted are
based on Laplace inversion and strongly rely on the the-
ory of Bernstein functions extended to the cut complex
plane. As a result, smoothness properties of densities
(and their derivatives) and their behaviour near zero
immediately follow.

MSC 2020
60G51 (primary), 60G22, 60K50 (secondary)
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1 | INTRODUCTION

Subordinators are Lévy processes, that is, cidlag stochastic processes with stationary and indepen-
dent increments, whose paths are almost surely non-decreasing. For this reason, they constitute
a special class of Lévy processes of fundamental interest in probability theory. In this paper,
wherever possible, we consider potentially killed subordinators, that is to say that for any proper
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30f58 | ASCIONE ET AL.

subordinator o := (0(x)),0, we allow for killing at an exponentially distributed random variable
e,,q > 0(ey = oo) that is independent of o, by setting o(x) = oo, provided x > e, and keeping the
original process until e,. With each potentially killed subordinator, one defines the (right-)inverse
process through the passage times L := (L(t)),,. In this work, our main aim is to offer a detailed
study of the densities of L. In more detail, under mild and natural conditions, we prove that such
densities are smooth in both variables and we provide for them and their derivatives a series rep-
resentation and precise non-classical Tauberian asymptotics (with explicit speed of convergence).
The latter is obtained by means of Laplace inversion, as, indeed, the Laplace transform of the den-
sity of L(t) with respect to the variable ¢t admits a simple form in terms of the Laplace exponent
of the subordinator o. Furthermore, we also extend the results to densities (and their derivatives)
of the subordinators themselves. Our results expand uniformly the existing knowledge on these
quantities and allow for specific applications. We shall discuss the literature, offer motivation for
our study and outline our methodology below.

We first mention that, in recent years, the interest in subordinators and their hitting times has
grown fast and has reached an increasingly larger audience also outside the probability commu-
nity, involving many areas of mathematics. This is due, in particular, to the connection with the
so-called anomalous processes (or anomalous diffusion) and semi-Markov processes. Indeed, if
we take a Markov process X = (X(t)),5, and consider the time-changed process Y = (Y (¢));50,
with Y(t) := X(L(t)), for any ¢t > 0, then the process Y has intervals of constancy, induced by the
time change, that are distributed according to the jumps of o (which are not necessarily exponen-
tials). Under suitable assumptions, these time-changed processes are prototypes of semi-Markov
processes (e.g. [19, 37, 51, 63]). The importance of these processes arises in several applications in
very different fields, among others: they are scaling limit of continuous time random walks (e.g.
[5, 8, 48, 51]), they are useful to model anomalous diffusion and fractional kinetics (e.g. [2, 9, 30,
33,41, 42, 49, 52, 55, 62, 63, 67, 70]), they appear in economics and mathematical finance (e.g. [35,
64, 65, 69]) and recently also in neuronal modelling (e.g. [3, 4]). Furthermore, the relation between
these processes and solutions of some time-non-local equations is now well established (see [7,
15] for the most modern recent theory, [49] for a review of applications and [31] for analysis of
fractional-type equations). It is clear that in this context, the one-dimensional distributions of the
random variables L(t) play a central role. For instance, if we assume that X admits as a state space
R4, for some d > 1, and we denote by p(x,y,t) the transition densities of X, then one can show
that

B®RY S E > PY(t) € E | Y(0) = x) = /
E

/ p(x,y,8)f(s;t)dsdy,
0

where, foranyt > 0, f(s; t) is the density of L(t) and B(R?) is the Borel o-algebra of R¢. In practice,
the time-changed process admits a density that can be written in terms of the one-dimensional
distributions of L(t). Hence, in order to determine some features of the one-dimensional dis-
tribution of Y, it may be necessary to rely also on some specific properties of the ones of L(t)
itself. Therefore, a more detailed study of the main features of the densities of inverse subor-
dinators is needed. This point of view inspired several other works on this topic (e.g. [20, 43,
44, 50, 71]). The asymptotic behaviour of the density of subordinators and inverse subordinators
already revealed to be a strong tool, for example, to study solutions of time-non-local equations.
Two-sided estimates for densities of subordinators and inverse subordinators and their derivatives
have been obtained, by different means, for instance, in [16, 17] under restrictive scaling condition,
where they have been employed to provide a two-sided bound for the fundamental solution of a
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time-non-local Poisson equation. Similarly, small-time asymptotics of the derivative of the den-
sity of inverse subordinators has been employed in [2] to derive the regularity of the fundamental
solution of a time-non-local heat equation with a moving boundary. Furthermore, asymptotics of
the distributions of subordinators and inverse subordinators have been used in [39, 40] to deduce
the spectral heat content of some time-changed processes, which play a role in the stochastic
representation of the solution of time-non-local partial differential equations.

Two of the key objectives in the study of the one-dimensional distributions of random pro-
cesses are to understand the asymptotic behaviour in time and space of their tails and to find
representations for their densities and those of related quantities, for example, such as passage
times. This information is usually in the form of explicit asymptotic terms at zero and/or at infin-
ity, series expansions, integral representations, and so on. In this work, we provide results for
densities (and their derivatives) of inverse subordinators and, via interchangeability, of subordi-
nators. These include the derivation of precise, universal and explicit form of the large asymptotic
behaviour with speed of convergence and general series expansions. The results go well beyond
the current state-of-art which we briefly review below.

On the large asymptotics, the first papers, see [29, 36], offered results for lower tails of sub-
ordinators. They have been subsequently refined for densities with the most up-to-date results
contained in [22, 32]. General upper and lower bounds with conditions in the spirit of [22] are
derived in [32]. Particular cases of estimates on densities for a class of subordinators can be found
in the recent work [18]. Asymptotic results that are similar to ours (without speed of convergence)
are contained in [60] which deals with densities (and their derivatives) of spectrally negative Lévy
processes with necessarily positive Brownian component. Overall, at asymptotic level, our results
in Theorem 3.10(i) relax the assumptions of the general [32, Theorem 3.3] and [22, Theorem 3.2
(iii)]. In the setting of Theorem 3.10 (iii), our general condition is of different nature than those
in [32, Theorem 3.3] and [22, Theorem 3.2 (iii)], whereas in the case of Theorem 3.10(ii), our con-
dition is slightly more restrictive but easier to verify than [22, Theorem 3.2 (iii)]. However, in all
cases, we provide uniform results with explicit speed of convergence that deal not only with den-
sities but with all their derivatives too. Besides, all results for densities of subordinators have their
counterparts for densities of inverse subordinators. Detailed discussion is given in Section 3.1.1.
To derive our large asymptotic results, we use the saddle point method, as applied in [54], with
a modification which allows us to measure the speed of convergence. We must emphasise that
the very precise general asymptotic results with speed of convergence coming from an applica-
tion of the classical saddle point method, see [56, 57], are not directly applicable in our setting for
two reasons: firstly, the integrals we study do not have separation of variables as z and ¢ in [57,
(1.0.1)] and second the contour we integrate on varies, whereas it is fixed in [57, Condition (ii)].
Also, the steepest descent as described in [57] requires very precise knowledge on locations of real
values of differences of Bernstein functions. This is usually unavailable. Continuing the discus-
sion of our results, note that the obtained speed of convergence depends on the ratio of time and
space, thatis, t /x, in P (L(t) € dx;o(L(t)) > t) = f(x, t)dx, as it ranges between the drift of o and
E [0(1)], and the closer ¢ /x is to the drift the faster the speed of convergence is. As a result, under
conditions generally milder than the existing in the literature, we present in Theorems 3.2, 3.6,
3.8 and 3.10 explicit expressions for the aforementioned densities (and their derivatives) which
are dominated by rather explicit exponential terms stemming from the Laplace exponent of o. It
is important to highlight once again that these representations are valid for t/x < E[c(1)] and
therefore capture non-typical slow growth of o or equivalently fast growth of L. For example,
when the subordinator has a finite second moment, our results capture the region below that
of the central limit theorem, see Section 6 for more details. If E [g(1)] = oo, then our estimates
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50f58 | ASCIONE ET AL.

capture the region of the lower envelope of subordinators, and therefore, one can obtain more
precise local estimates for densities including explicit constants in the speed of convergence and
hence furnish estimates for the probabilities that lead up to the law of the iterated logarithm as
in [11, 29], see Section 6. One is also able to study particular classes of subordinators for which
our main results can be further specialised. Also, given the nature of the saddle point method,
we can derive under milder assumptions concrete bounds for fixed times as in [18, 32]. These are
directions for further investigations.

On representations of densities with series expansions, the literature is mainly concerned with
subordinators and, in general, Lévy processes. Series representations for stable laws can be found,
for example, in [25, Chapter XVIL.6]. In the more specific case of the stable subordinator, a series
representation for its density has been provided in [61]. It is clear that such a representation can be
extended to the density of the inverse stable subordinator by means of the relation that links the
two quantities, as, for instance, highlighted in [47, Corollary 3.1]. A similar result has been proved
for the inverse tempered stable subordinator in [44], while a further integral representation for
the density of the inverse gamma subordinator has been provided in [45] and further improved in
[20]. To the best of our knowledge, these very last contributions are the only ones, which provide
series representation for the density of (very specific) inverse subordinators. We remark that in
both cases, the results have been widely used, especially in applications regarding anomalous
diffusion (see, e.g. [53] and references therein) and in the context of governing equations of time-
changed processes (see, e.g. [70] and references therein). Differently from the case of the inverse
subordinators, series expansion and small-time asymptotics of general Lévy processes have been
widely studied. The more recent paper [26] provides small-time polynomial expansions of the
distribution of a general Lévy process (later extended to some stochastic volatility models [27, 28])
under some technical assumptions concerning the regularity of its Lévy measure and density.
In [14], the authors obtained explicit representations for some subordinators of the Thorin class.
Despite, in general, such explicit representations do not provide power-series expansions, some of
them can be still rewritten in this way, as we do in Subsection 6.2. In [38], the authors provide some
small-time bounds and ‘bell-like’ estimates for the density of Lévy processes under a technical
condition on the characteristic function. Following the proof, one can observe that the authors
employ a preliminary estimate in terms of a compound kernel estimate, which is indeed expressed
in terms of a series of convolution powers.

Here, under mild assumptions on the Laplace exponent of the subordinator, we obtain an
explicit power series representation for the density (and its derivatives) of the inverse subordina-
tor, in Theorem 3.15, and of the subordinator itself, in Theorem 3.20. We highlight that our power
series representation holds, in particular, when the Laplace exponent of ¢ is a complete Bernstein
function, thus covering also the cases discussed in [44, 61], for which comparison is carried on
in Subsection 6.2. The assumption on the completeness of the Laplace exponent is sufficient, but
not necessary, as the power-series representation can be applied on a wider class of subordinators,
as discussed in Section 3.2.1. From the point of view of polynomial expansion, we use our series
representation to obtain a result for inverse subordinators which is similar to that in [26] men-
tioned above: precisely, we provide the asymptotics for small x, uniformly for ¢ in compact sets,
for the density of inverse subordinators and its derivatives (under quite general and easy-to-check
conditions).

As already mentioned, both the asymptotic behaviour and the power-series representation are
obtained via Laplace inversion. On the one hand, the assumptions used to derive the asymptotic
behaviour first lead to the absolute convergence of the integral involved in the Laplace inversion
(see [1, Theorem 4.1.21]). On the other hand, the assumptions adopted to obtain the power-series
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representation allow us to consider a suitable keyhole-type contour, on which the inversion inte-
gral becomes absolutely convergent. Furthermore, as a consequence, we get the smoothness of
the involved densities starting from any of the two sets of assumptions. Finally, let us remark that
the proofs of the main results presented in Section 3 are given separately in Sections 4 and 5, while
Section 6 offers examples and further discussion for the two sets of results.

2 | PRELIMINARIES

We assume everywhere that we work on the standard (for subordinators) probability space,
namely the space of cadlag functions on [0, co] endowed with the Skorohod topology, the sigma-
algebra generated by it and a suitable probability measure on the latter. Also, because our paper
focuses on the inverse subordinators, we use ¢ for its time variable and x for its space variable.
This choice of notation imposes that for the subordinator ¢ is the space variable and x is the time
variable, which is unusual, but still in line with the main focus of the paper.

Let o = (0(x)),0 be a potentially killed one-dimensional subordinator, that is to say that there
exists a conservative subordinator ¢* := (UA(x))x>0 and an independent exponential random
variable e, with parameter g > 0 (where, if ¢ = 0, we set e, = o0) such that o(x) = o(x) for any
x < ey, while o(x) = oo for any x > e,. Each o is uniquely determined (in law) by a Bernstein
function in the following manner:

—logE [e_zg(l)] =¢(z)=q+bz+ / (1 = e uy(dy)
o @1
—qrbziz [ PR, Re@) 20,
0

where g, b > 0, 4y is a Radon measure on (0, co) satisfying f0°° min{y, 1} u4(dy) < oo (called the
Lévy measure of o) and fig() = py (£, 00)) = ft°° u(dy), t > 0, is the tail of u,. In fact, the right-
hand side of (2.1) serves as an equivalent definition of Bernstein functions, and thus, they are in
bijection with the potentially killed subordinators. Due to their importance in other areas of math-
ematics, Bernstein functions have been studied in detail. An exposition on the current knowledge
of their properties can be found in [66] and some additional information is scattered in references
such as [6, 58, 59]. Classical references for Lévy processes and subordinators, in particular, are the
books [10, 11, 46].
With each o one defines the (right-)inverse subordinator L := (L(t)),, via the passage times

L(t) :=inf {x > 0 : o(x) > t}. (2.2)

Note that P (L(t) = c0) = 0 for every t € [0, o), even if g > 0, since for ¢ > o(e,—), the process
L(t) remains stuck in the position e,. Also, note that the paths of L are almost surely continuous
if and only if b # 0 or 14(0) = oo, that is, ¢ is not a pure-jump compound Poisson process. When
g=b=0and ;1¢(0) = o0, it is well known, see [48, Theorem 3.1], that, for any ¢t > 0, L(t) admits
density on (0, o0) and the requirement q = 0 is immediately seen to be unnecessary. Indeed, it is
not hard to check, by a conditioning argument using the independence between e, and o* that

PLA) < x) = 1—e ¥ + e PP(LA1) < x) =1— e PP(c*(x) < 1), (2.3)

A ‘T 'v202 ‘98612502

wouy

}IpUOD PUe SWie L 3y} 885 *[1202/2T/90] Uo Akiq18ulluo A8iim * ARiq1 AsieAiun aBpLqueD - 0pfeo L ounig AJ y000L WIH/ZTTT OT/I0p/woo A8 im A

oy

85UB0|7 SUOLILLIOD aAEa.D 3|gealjdde auy Ag pausenoh ae s L. O ‘8sn Jo sajn. oy Areiqi auljuo A8|im uo



7 of 58 | ASCIONE ET AL.

where L* stands for the inverse of o*. Furthermore, if ¢ = 0, then o* = ¢ and L* = L, and the
measure P (LA(t) € dx, o®(LA(t)) > t) has a density on (0, t/b), where we set t/0 = oo (see [21,
Lemma 11] and [22, prior to Theorem 2.3]), given by the relation

t
P(LA(t) € dx,0®(LA(1) > t) = / fig(t — YIP(c%(x) € dy)dx =: fg(x, Hdx. 2.4
0

However, since P (O’A(LA(t)) > t) < 1 if and only if b > 0, see [11, Propositions 1.7 and 1.9], we
observe that if b = 0, then, for t > 0, fg(-, t) is the density of L~(¢). Otherwise, if b > 0, fg(-, t)
stands for the density of L*(t) on the event that o jumps across t. On the event that o creeps
up across t, that is, on {o(L*(¢t)) = t}, L*(t) does not necessarily admit a density. However, it has
been shown in the proof of [22, Lemma 3.3], that if c*(x) admits a density gﬁ(x, ) on (bx, ),

then, on the event {o*(L*(¢)) = t}, L*(t) admits a density in (0, t/b) given by

f;’A(x, Hdx :=P(LA(t) € dx,0*(LA(1) = t) = bgqf(x, Hdx. (2.5)

Plugging (2.4) and (2.5) into (2.3), we get on [0, ¢ /b)

X t
PLE)<x) = 1—e ¥+ e_q"/o [/0 Rt = y)gg(s,y)dy + bgq?(s, )| ds. (2.6)

Furthermore, if 0% (x) admits a density gg(x, -) on (bx, 00), so does o(x) with density given by
gp(x, )dt := P(o(x) € dt) = e™%* gg(x, Hdt. (2.7)

Differentiating (2.6) in x, we get that L(¢) admits a density on (0, ¢ /b), which is given by

P(L(t) € dx) = qP(o(x) < t)dx =: f};(x, t)dx (2.8)
t

+ ( /0 Pt = ¥)gg(x, y)dy> dx =: fy(x,0)dx (2.9)

+ bg,(x, 1)dx =: f;(x, t)dx, (2.10)

where we have used (2.3) to identify the double integral in (2.6). The functions f, f }; and f; are
defined on the set

D::{(t,x)e[R{Z: t>0,0<x<%} (211)

and then extended to 0 outside D.

Our main results focus on the quantities in (2.7) and (2.9), but the extension of such properties
to (2.8) and (2.10) will be clear.

Despite the fact that the formulations of f }; fpand f ; in (2.8),(2.9) and (2.10) are quite implicit,
their Laplace transforms in the variable ¢ can be expressed in terms of ¢ in a simple way. Indeed,
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 8 of 58

for any z € C with Re(z) > 0, we have

/ fyx, e dt = - 1 x4, /0 " f40x, e dt = b= (212)
and
/ fx, e dt = 9@ ( ) ~x9(2) (213)
where
¢'(2) 1= ¢(2) — g — bz. (214)

Expression (2.13) is the starting point of our study.

Let us now fix some notation. Here and hereafter, we use C for the complex plane and we
write z = a + ib = Re(z) + iIm(z). Foranya € R,wesetH, :={z € C : Rez > a}.Foranya, €
(—m, ] with 8 < a, we put

Cla,B) :={zeC: B <Arg(z) <a,|z| > 0}

and C(a) :={z € C : |Arg(z)| < a,|z| > 0} when «a > 0.

Throughout the paper, we use C to denote any constant whose value is inessential. If needed,
we underline the dependence of C on some parameters p;, p,, ... by using C(p;, ps, ... )

We use o(-),0(-) in the standard fashion with, for example, o (g(x)), as x — a, denoting
a generic function f such that lim,_,, |f(x)|/|g(x)| = 0, while O (¢(x)), as x — a, meaning a
generic function f with limsup,_,, |f(x)|/]g(x)] < co. The same notation is also reserved for
functions on regions of C. Furthermore, we say that f < g, as x - a, if f = O(g(x)) and g =
O (f(x)),as x — a.For any two functions f, g : [0, +c0) — R, we denote the convolution product
of f and g as

t
(f * g)0) = / F$gt - )ds, £ 30
0
Furthermore, we denote the convolution powers as

f0=8 fo=f© O=¢ 0,22

The next lemma collects well-known properties of Bernstein functions used throughout this
paper.

Lemma 2.1. Let ¢ be a non-zero Bernstein function. Then,

(1) ¢ is non-decreasing on [0, co) with ¢(c0) = 00 < 14(0) = c0 or b > 0;
(2) foranyz e [I-TO, we have that Re¢(z) > 0 and

Re(¢(2)) > ¢(Re(2)); (2.15)
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9 of 58 | ASCIONE ET AL.

(3) ¢’ is completely monotone on (0, %), that is, for all n > 1, (=1)""1¢™(x) > 0 on (0, ), and
xh_)ngo ¢'(x) =b;asaresultp” <0and ¢’ > 00n(0,00)and ¢'(0%) < 0 <= ]0°° Yug(dy) <
o,

(4) forall x > 0, it holds that x¢' (x) < $(x) and —x>¢"(x) < 2¢(x);

(5) forany z € Hy and any n > 1, it holds that | (2)] < [¢™(Re(2))];

(6) for any ¢, it holds that |¢(z)| = b|z|(1 + o(1)), as z — oo uniformly on I]-TO, and if $(0) = g >
0, $(ug) = 0, where uy is the first zero of ¢ on (—c0, 0) and ¢ extends analytically (continuously
at the boundary) at least to m, then |¢(z)| = b|z|(1 + o(1)), as z — oo uniformly on the same
region I]-I]_%;

(7) if¢,, ¢, are two Bernstein functions, then z € [0, +00) — ¢;($,(2))) € R isa Bernstein function;

(8) if($)ns0 is a sequence of Bernstein functionsand ¢ : [0, +00) — Rissuchthatlim,_,  ¢,(z) =
¢(z) for any z > 0, then ¢ is a Bernstein function;

(9) foranya > 0,b € R, it holds that

In(a( + i) #'(a)
<Jb <Ibl,
s S Iblagry <P @)

Re(¢(a(l +ib))) — ¢(a@) _ b2a? =¢"(@) _,
T2 ¢la)
(2.16)

Remark 2.2. Ttems (1), (3), (7) and (8) are standard and can be found in [66]. Item (2) is [58, Propo-
sition 3.1, Item (9)]. Item (4) can be located in [58, (3.3) of Proposition 3.1], whereas Item (5) is
contained in [6, (3.11) of Proposition 3.3]. Item (6) is taken from [58, Proposition 3.1, Item (4)].
Item (9) is the content of [59, (4.25), (4.26)] combined with a¢’(a) < ¢(a) and a |¢”(a)| < 2¢(a)
from Item (4).

We will always make use of the following property.

Proposition 2.3. For any Bernstein function ¢ and for any a > 0,b € R, it holds true that

¢(a(l + ib))

) < 3max {1,b%}. (2.17)

Proof. Using |1 + z| < 1+ |Re(2)| + |Im(2)| and (2.15), we get

$la(l +ib))| _ ‘1 4 Re(¢(a(l + ib))) — ¢(a) + l.Im(qb(a(l + ib)))
¢(a) $(a) $(a)
<14 Re(¢(a(l + ib))) — ¢(a) N | Im(¢p(a(l + ib)))I.
¢(a) ¢(a)
This together with Item (9) of Lemma 2.1 gives (2.17). O

In this paper and its examples, we use the class of complete Bernstein functions. Recall that a
Bernstein function ¢ is said to be complete if the Lévy measure 1, admits a completely monotone
density. The next lemma collects some well-known facts on complete Bernstein functions.

Lemma 2.4. The following properties hold true.

(1) A non-negative function ¢ : (0,+o00) — [0,+00) is a complete Bernstein function if and
only if it admits an analytic continuation on C\ (—o0,0] (that we still denote by ¢)
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS | 10 of 58

such that Im(z)Im(¢(z)) >0 for any z € C\ (—c0,0] and such that limg 4 )5,-0 $(2)
exists.

(2) A non-negative function ¢ : (0,+00) — [0, +00) is a complete Bernstein function if and only if
it admits an analytic continuation on C(0, ) (that we still denote as ¢) such that Im(¢(z)) > 0
forany z € C(0, ) and such that lim g 4 )50 $(2) exists.

(3) If¢,, ¢, are two complete Bernstein functions, then z € [0, +0) — ¢;($,(2))) € Risa complete
Bernstein function.

(4) If ($)ns0 is a sequence of complete Bernstein functions and ¢ : [0,+00) — R is such that

lim,_, o ¢,.(2) = ¢(2) for any z > 0, then ¢ is a complete Bernstein function.
$@ _p

(5) If ¢ is a complete Bernstein function, then for any a € (0, 7), one has lime (g5, o0 =~

Remark 2.5. All the items of the previous lemma can be found in [66, Chapter 6 and 7].

We give here a further characterisation of complete Bernstein functions, which is a direct
consequence of the previous lemma.

Proposition 2.6. Let ¢ be a Bernstein function and denote for any a € (0,1), ¢,(z) := ¢(z%) for
z > 0. Then, the following two properties are equivalent:

(i) ¢ is a complete Bernstein function;
(ii) There exists a sequence (a,),so in (0,1) with a, — 1 such that ¢a,, is a complete Bernstein
function forany n € N.

Proof. Clearly, (i) implies (ii) by Item (3) of Lemma (2.4). To show that (ii) implies (i), observe that
¢(z) =lim,_, , o qban (), and then, we obtain the desired result by Item (4) of Lemma 2.4. O

3 | MAIN RESULTS CONCERNING DENSITIES AND THEIR
DERIVATIVES

In this section, we present results concerning f¢> (x,t), see (2.9), which in the case of b =
g = 0 is the (entire) density of L(¢). The results are in two directions — series expansion and
behaviour at zero, and large asymptotics together with speed of convergence for f, (x,) and
its derivatives. We complement the latter results by providing information about f g(x, t) and
f ;(x, t) (see respectively (2.8) and (2.10)). We also furnish results for the density of o(x) and its
derivatives.

3.1 | Behaviour at infinity of densities and their derivatives of the
inverse subordinator and of the subordinator itself

In this part, we offer results concerning the large asymptotic behaviour of densities (and their
derivatives) of inverse subordinators and subordinators themselves. Since, via the saddle point
method, we prove the results for all derivatives simultaneously, we impose a condition which
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11 of 58 | ASCIONE ET AL.

may not be optimal but is general enough and easy to implement. For this purpose, we set
1

A(x) := /ox Y2 ug(dy), x > 0, B

for the truncated second moment of the unkilled and driftless version of o. Then, the main
condition in our work is

x2A(x)
im =L € (0, 0] (A
i—w In(x) !
The mild requirement
— x¢///(x)
xll)oo —5 () =K< (A,)

plays a role only in some results. We discuss these conditions in Section 3.1.1, where we present
alternative formulation of (A,) and demonstrate that they are generally milder than those in the
literature. The proofs of all the results in this section are given in Section 4. First of all, let us
underline that condition (A, ) is related to the regularity of the function f P defined in (2.9) with
domain D, see (2.11), which is the content of our first result.

Theorem 3.1. Let ¢ be the Laplace exponent of some potentially killed subordinator and assume
that condition (A,) holds. Then, for any n > 0, there exists xo(n L) > 0 such that, for any k,1 >0

with k + 1 < n, and for any x > xy(n,L) and (x,t) € D, ﬁﬁfqb(x, t) is well defined and for any
a>0,

gl ak v [T ¢T(a+ib)(@la+ b)) by rbtatin)
S et = D /_m @t i) e db, (3.2)

where the integral is absolutely convergent. If L = oo in (A,), then for any n > 0, xy(n, o) =

Theorem 3.1 is needed for the study of the asymptotic behaviour of f4. The next theorem is the
first result in this direction and considers the behaviour of f4(x,¢) when t/x | b, as x — oo.

Theorem 3.2. Let ¢ be the Laplace exponent of some potentially killed subordinator and assume that

conditions (A,) and (A,) hold true. Let also t(x) be such that t(x)/x € (b, qb’(0+)) and lim t(x)/x =
X—>00

b. Consider

0 1= a,(x) = <¢')-1<“x)) € (0,0), (33)

that is well defined since ¢’ is decreasing. Define also the set

D' ={(t,x) : xb<t<t(x)<x¢'(0+)} (3.4)
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 12 of 58

and, for (t,x) € D, letc := c(t,x) = (¢')'(t/x) > a,. Then, forany k > 0,1 > 0, as x — oo,

n <C\/—¢>”(c)x>
= 0| sup
cza,(x) cy/—¢"(c)x

_ In(x)
- O(V xln(a*(x)))

‘ [ — A
sup ( l)k\/E ¢ (C)x —ct+x¢(c) a a

xb<t<t(x) ¢ (e)gk(e) dxkar!

() -1

(3.5

Furthermore, 1/a, = o(t(x)/x —b), as x - .

Remark 3.3. In Section 3.1.1, we show that (A,) and (A,) are generally milder than those in [22].
(A) holds for some compound Poisson processes, for example, when uy(dy) = e™dy and cannot
be deduced from (A;) which implies ¢(c0) = 0. (A;) often holds with L = oo as in the example
in Section 3.1.1.

Remark 3.4. For this theorem and all others concerning the large asymptotic behaviour, one can
labouriously track the constants in the speed of convergence, see (3.5), and thereby obtain strict
upper bounds on the densities and its derivatives in line with [18, 32]. For lower bounds, the saddle
point method is expected to work too. For more information, see the discussion in Section 3.1.1.

Next, for the sake of clarity, we formulate a corollary which deals with the most usual case, that
is, whenb=g=0and L = o0 in (A;).

Corollary 3.5. Let ¢ be a Laplace exponent of a subordinator with b = q = 0, let (A,) hold and (A,)

be valid with L = co. Then, f4(x,t) is infinitely differentiable on R* x R*. Furthermore, fixt, > 0
and consider

0 = a,(x) = (@) (%) 36)

which is well defined since ¢’ is decreasing. Define the set
D' ={(t,x): 0<t<t, <x¢'(0+)}

and, for (t,x) € D/, let ¢ :=c(t,x) = (¢')"1(t/x) > a,. Then, 1/a, = o(1/x) as x — oo, and, for

anyk > 0,1 >0,as x — oo,
= <\/I> (3.7)
X

sup |- yar e YO s 80

0<r<t, Pr+1(c) dxkot lf¢(x H-1

Next, we consider the case when t/x does not converge to b or ¢'(0™).
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13 of 58 | ASCIONE ET AL.

Theorem 3.6. Let ¢ be the Laplace exponent of some potentially killed subordinator and assume
that (A)) holds. For all [t,,t,] C (b,$'(0%)), define correspondingly

D' ={t,x)€ED: xt; <t<xt)}, and c:=c(tx)= () t/x), for(x,t) eD.

( In(x) > (3.8)
X

Remark 3.7. For f, only, such a result is contained in [22, Theorem 3.2]. It will be discussed in
detail in Section 3.1.1.

Then, for any k > 0,1 > 0, we have, as x — o

sup (-0 var e IO o S0

i<, FTOF() axkar#000~

Finally, we consider case when t/x converges from below to ¢’(0%). Then, we need a local
condition which is a modification of (A,), namely

x¢///(x)

m
=0+ =4 ()

=K < 0. (A)

In this case, we can prove the following result.

Theorem 3.8. Let ¢ be the Laplace exponent of some potentially killed subordinator and
assume that conditions (A,) and (A’Z) hold true. If t = t(x) is such that t(x)/x € (B, ¢’(0+)) and
xlim t(x)/x = ¢'(0%). Assume further that a, := a,(x) = (¢')"1(t(x)/x) satisfies

1
lim —x¢"(a,)a’ = o, lim La*) <oo, and V8>0 lim e*x¢"(a,)a®=0. (3.9)
X—00

X—00 X—00 X

Then, for any k > 0,1 > 0, we have, as x — oo,

Vi (av=F7@)

_ i k
aa];il 1f¢( ( 1)* T pant—x4(a,) fl(a*)(ﬁ (a.) 140 (3.10)
t \/E a* V _¢N(a*)x a* V _¢N(a*)x

Remark 3.9. Condition (3.9) is not so restrictive, as will be observed in Section 3.1.1. We also men-
tion that if ¢"/(0%) < oo, then (A;) holds true and the last two conditions in (3.9) follow from the

first, which actually becomes lim xai = 0.
X—>0

Next, in the spirit of Theorem 1 in [22], we use the results above to obtain information for the
densities of the subordinators themselves. Recall that P (o(x) € dt) = g,(x, t)dt, provided that g,
exists (see (2.7)). Furthermore, set G4(x,t) = P (0(x) < ). The proof of the next result uses the
relation

e~ X$(2)

/Ooo e—ZtG¢(x’ [)d[ ¢} ) / f¢(x [)e_tht
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS | 14 of 58

and is therefore identical to the ones of Theorem 3.2, Theorem 3.6 and Theorem 3.8 including the
existence of g which is the derivative of G¢ in ¢, and its derivatives. We only state the following
result.

Theorem 3.10. Let ¢ be the Laplace exponent of some potentially killed subordinator and assume
that condition (A,) holds. Then, for any n > 0, there exlsts Xo(n,L) > 0 such that, for any k,1 >

with k + 1 < n and (x,t) € D with x > xy(n, L), Fa azl G¢(x t) is well defined. IfL o0 in (Al)

then xy(n, o0) = 0. In particular, the density gy is well defined for x > x,(1,L) and ﬁﬁgqb(xv t)is
well defined for x > xy(k + 1 + 1, L). Furthermore, the following three statements hold true.

(1) Under the conditions and the notation of Theorem 3.2, set t = t(x) with t(x)/x € (b,¢'(0+))
and t(x)/x — b, as x — oo. Then, as x - oo,

akal (x, 1) \/ln (C\/—¢”(C)X>
o N 0xkarl Gy In(x)
sup | (C)—akal 1| = O] sup - =0 g )
xb<t<t(x) e katlfqb(x, t) cza,(x) cvV/—9"(c)x *

(3.11)
where
D' ={(t,x) : xb<t<t(x)<x¢(0+)}, ¢ :=c(t,x) = (¢)'(t/x), for(t,x) e D’

and a, := a,(x) = c(t(x), x).
(ii) Under the conditions of Theorem 3.6 for all [t,,t,] C (b,¢'(0+)) it holds, as x — oo,

akg! 1) 1
sup |¢7(c )M—l =O< w), (3.12)

kol
R :

where
D' ={(t,x) : xt; <t<xt,}, and c :=c(t,x) = (¢')7'(t/x) for (t,x) e D'.

(iii) Under the conditions of Theorem 3.8, set t = t(x) with t(x)/x € (b,¢'(0+)) and t(x)/x —
¢'(0+) as x — co. Then, as x — oo,

gka! 1 gka! In(x)
dxkatl Cp(x.1) = ¢t ( ) 0x k6t1f¢(x t)<1+0< V xln(a*(x))>>’ (3.13)

where a, = a,(x) = (¢")(t(x)/x).

In particular, under (A,;), we have f};(x, t) = qGy(x,t) and f;(x, t) = bgy(x,t), see (2.8) and

(2.10). Hence, the conclusions of Theorem 3.10 can be transferred to f ; and f g

Corollary 3.11. Under the conditions of Theorem 3.10, the asymptotics given in (3.11),(3.12) and
(3.13) hold for q_lf}; and B_lf;, provided b,q > 0.
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3.1.1 | Discussion and comparison to existing results

Firstly, we consider general asymptotic results in the literature for which we need the following
lemmas. Recall the definition of A(x) in (3.1).

Lemma 3.12. Let ¢ be a Bernstein function. Then, for any x > 0, it holds that
-1 1" el _ 1
eAR) < —¢"(0) <A + S5y < )- (3.14)
x? X

Introduce the condition

2A A -1
lim 2 ) _ lim o)

— = - >0, 3.15
PR 0T e YE0) B.15)

which implies ¢(c0) = oo and resembles the well-known positive increase condition, see [54, eq

(6)].
Lemma 3.13. Let ¢ be a Bernstein function with ¢(o0) = 0. If

lim £/C)
P P

then (A,) holds true. Condition (3.15) implies the validity of (A}), (A,), (A) with L = oo and the
existence of a § > 0 small enough such that

A Al
fim 2% S o fim 20
oo X2HR ioe XT2HR

>0 (A3)

> 0and A(x) < —¢''(x), as x — co. (3.16)

The lemmas above are proved in Section 4.4.

Now we are ready to compare the conditions and the results of Theorem 3.10 to the ones in the
literature. The conditions, of course, match those in the theorems concerning densities and their
derivatives of inverse subordinators but those seem to have not been studied in such detail prior
to our work. All results below relate to subordinators.

One of the most general results in the literature is [32, Theorem 3.3] which contains the
following non-uniform version of (3.11), (3.12) and (3.13) of Theorem 3.10

1

V-2nx¢"(a,)

where a, = (¢')~'(t/x) and t, x are admissible as in our claims. The main condition of [32, The-
orem 3.3] implies via the notion of almost increasing functions, see [32, p.6] and [32, Lemma
2.8] that, for some a > 0, —x?~%¢"'(x) is almost increasing and all claims of (AY) and (3.16) hold.
Hence, our (A,), (A;) with L = oo are satisfied, and thus, (3.11) and (3.12) require less restrictive
conditions and yield uniform estimates with speed of convergence. For (3.13), we cannot derive
(A’z) from the condition in [32, Theorem 3.3]. Also [32, Corollaries 3.5 and 3.7] offer uniform
asymptotic equivalences for gy.

Next, we discuss the results in [22, Theorem 3.2 (iii)] which correspond to the claims of (3.11),
(3.12) and (3.13) of Theorem 3.10. We note that the asymptotic results in [22, Theorem 3.2 (iii)]

gg(x, 1) = e®1=x#(a.)(1 4 o(1)),
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS | 16 of 58

are uniform but lack speed of convergence. The main condition in the setting of (3.11), that is,
t(x)/x | b, is (3.15), which from Lemma 3.13 implies our (A,), (A;) with L = c0. On the other
hand, choosing p4(dy) = ylln (y‘l) lyyeo,1)dy, we see that (3.15) is not satisfied, whereas (A;)
and (A,) hold since at infinity x¢""’(x) < x~2 In(x) < —¢"’(x) and x*>A(x) < In(x), as x — co. In
the regime (3.12), [22, Condition H] is implied by our (A,) but we offer explicit asymptotic speed
of convergence and results for all derivatives. For (3.13), the conditions in [22] may not be matched
with ours as they concern (3.15) at zero. Finally, we highlight that [22] employ as a main tool the
Escher transform which although very powerful may not be directly used for the derivatives.
For complete Bernstein functions with b = g = 0 with Lévy measure that admits density my
with asymptotic at zero of the type my(y) = ¢y~ +¢;y™* + --- and yango e my(y) = 0,0 > 0,

[24, Theorem 3.6 (ii)] offers, for fixed t and x — oo, asymptotic representation as (3.11) with an
explicit speed of convergence. The assumptions are much more restrictive and only fixed space
is considered.

Next, we present some results representing the state-of-the-art for two-sided bounds for g4 and
f4- Under the conditions of 32, Theorem 3.3], the authors present explicit upper bounds for g4, see
[32, Theorem 4.7], whereas with some further restrictions, they obtain clear lower bounds, see [32,
Theorem 4.11]. Neat two-sided bounds for gy, f4 are deducted in [17, Theorem 4.4] by seemingly
very simple, clever approach but under more restrictive assumptions. Two-sided bounds for g4 are
also obtained in [18, Theorem 1.3] and their form is precisely as the asymptotic term fork =1 =0
in Theorem 3.10. Again, the restrictions are not mild. It is worth noting that other than [32] the
other papers demand the existence of Lévy density and impose some conditions on it. Bounds are
also presented in [38].

3.2 | A power series representation of densities and their derivatives
and their behaviour at zero

Here, we discuss our results concerning the power-series representation of the density of the
inverse subordinator and its derivatives. These will be obtained by assuming that the Laplace
exponent ¢ of the involved potentially killed subordinator satisfies the following assumptions:

There exists 6 € (0, 7) such that ¢ admits a holomorphic extension

_ (B;)
on C(n - %) which is continuous on C(n - g)
. (2 : . 6
ZEIPW - = b uniformly in C( = — 5 ) (B,)

We remark that (B,) and (B,) are very general, since they are satisfied by a wide class of Bernstein
functions (see the discussion in Section 3.2.1 below). The proofs of the results of this section are
provided in Section 5. Upon the validity of (B,) and (B, ), we have the following regularity result.

Theorem 3.14. Let ¢ be the Laplace exponent of a potentially killed subordinator satisfying
assumptions (B,) and (B,). Then, forany n > 1, p;” belongs to C*(0, +o0) and f¢ € C*(D).

Furthermore, under the same conditions, the following power series representation holds.
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17 of 58 | ASCIONE ET AL.

Theorem 3.15. Let ¢ be the Laplace exponent of a potentially killed subordinator satisfying
assumptions (B,) and (B,). Then, for any k,1 > 0

o)

Fae,0) = Zj—j ® (LpeD, (317)

Jj=0

aka!
dxkat!
where

(k + ])' Ky pky dl+k2+k3 ﬁ*(k3+1)
kylkylks! dtltka+ks "¢

L) o= (1)
ky+ky+ky=k+j

) (3.18)

and the series is absolutely convergent.

Remark 3.16. Note that the series (3.17) which contains the tail of the Lévy measure, its con-
volutions and their derivatives is similar to the series expansion for the potential density of a
subordinator with drift, see [23].

Remark 3.17. Observe that f4(x,t) = 0forany x < Oand ¢ > 0, hence the previous theorem shows
that, for fixed ¢t > 0, f ¢(x, t) coincides, for 0 < x < b/t, with an entire function, that is, the right-
hand side of (3.17) fork = [ = 0.

The series representation (3.17) yields information about the behaviour at 0 of fy and its
derivatives.

Theorem 3.18. Under the assumptions of Theorem 3.15, forany k,1 > 0 and any [t,,t,] C (0, +0),
we have

sup

X,t X,t R X;ty,t 3.19
s axkatlqu( )= Past)| € o RaCit ) (319)

where

n

xJ
Ppci(x,t) = Z 7 k(D) (3.20)

j=0
and SUPefo,x, ] R, (x;t;,t,) < oo forall x; € (0, t—l).

Though conditions (B,) and (B,) depend on suitable 6 € (0, ), the series representation (3.17)
isindependent of 6. Indeed, the result follows once one recognizee some special integral represen-
tations for both the function f4 and the convolution powers ,a*” Note that the series provides an
explicit representation of f, whenever the convolution powers &;" can be evaluated. On the other
hand, there could be some cases in which the integral formulation of ;1;” can be used to provide
such an evaluation. This is the case, for instance, when we can extend ¢ on the whole complex
half-plane C(0,7) = {z € C : Im(z) > 0}. Let us underline that such a property is not necessarily
verified by all complete Bernstein functions, as, for instance, ¢(z) = log(1 + z) cannot satisfy this.
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS | 18 of 58

Proposition 3.19. Let ¢ be a complete Bernstein function and assume that ¢ can be extended with
continuity on C(0, 7r). Denote by ¢ such extension. Assume further that

lim #:(2)

Z—+00 A

= 0 uniformly in C(0, 7).

Then, forany e,t > 0,r > 0 and n > 1, denoting by y, the parametrised curvey, : z = ceié foré e
[—7, 7], we have that

r ) T (—n))n + n
Caro=1 [ [ B gy LB e
€ Ve

W’u V.4 27i zh=r

Similarly to what we did for the asymptotic behaviour at infinity, we can use the relation

e—¥9(2)
(3.22)

+0o0
/ e Gy(x,t)dt =
0

to obtain, with the same method, results on G¢(x, t) (see (2.7)). This is stated in the following
theorem.

Theorem 3.20. Under (B,) and (B,), Gy € C*®(D) and foranyk > 1,1 > 0and (x,t) €D

+00 .
J
Gylx.t) = e+ Y %s 0000, (3.23)
=1
+oo

a! xJ
5700 = JZ{ 3500, (3.24)

and

gl ok < x
ﬁﬁgqb(x, t) = Z st’k’l+1(t), (325)
=R

where

(k + j)! kigks dketks+l 41y

ke ey (ks + 1)! Tt O (320

k+j+1
G @) = (=D
ky+ky+ky=k+j—1

In particular, all the series are absolutely convergent.

As in the previous section, under (B;) and (B,), we know that f;(x,t) = qGy(x,t) and
f ;(x, t)="> g¢(x, t), see (2.8) and(2.10). Hence, the results of Theorem 3.20 can be transferred to

k C
f¢andf¢.

Corollary 3.21. Under the conditions of Theorem 3.20, (3.23) holds for f}; up to a multiplicative
factor q. Furthermore, (3.24) and (3.25) hold for f; up to a multiplicative factor b.
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19 of 58 | ASCIONE ET AL.

3.21 | Discussion and comparison to existing results

Our Theorem 3.20 is strongly related with some known results on the small-time polynomial
expansion of the distribution of Lévy processes. More precisely, in [26, Theorem 5.1], the authors
proved that for any (non-killed) Lévy process Y(¢) and all n > 0, the following polynomial
expansion holds:

n+1

P(Y(x)> 1) = Y di()= + R,(x, 1), 0 < t < t,, (3.27)
= J! !

X
(n+1)
where dj(t), Jj =1,...,naresome t-dependent coefficients and R ,(x, t) is bounded for 0 < x < x,.
Their result is true provided that:

(i) the Lévy measure uy of Y admits a density (that we still denote here by uy-);
(ii) foranyd > 0 and any k =0,...,2n + 1, it holds SUp|s|>s I%ﬂy(t” < 0;

(iii) for a fixed § >0 and for all k =0,...,2n + 1, it holds sup;.,.., Sup>s |%px(t)| < 00,
where p, (t)dt = P(Y(x) € dt).

The theorem also provides an explicit formulation of the remainder term R ,(x, t). Furthermore,
in [26, Section 6], the authors discuss some sufficient conditions for (iii) to be satisfied. In particu-
lar, the statement of [26, Theorem 5.1] holds for stable and tempered stable processes, as observed
in [26, Remark 6.4, Example 6.5 and Proposition 6.7]. The results in [26], when applied to subordi-
nators, are less powerfull than ours in the following sense. On the one hand, we do not have any
restriction on x in Theorem 3.20, once one observes that if (x, t) € D then Gy4(x, t) is constant. On
the other hand, conditions (ii) and (iii) are typically hard to be verified, as pointed out also in [26,
Section 6]. Clearly, Theorem 3.20 also provides a polynomial approximation given by, for g = 0,

n xn+1

J
1-Gy(x,t) = Z{ %(—Sj,o,o(t)) + mRn(xa 1),

where

S (n+1)!
Ru(x,t)= Y ==X (=S ().
j=n+1 )

This gives an alternative representation for the remainder R, (x, t) in (3.27), provided that we are
under the assumptions of [26, Theorem 5.1], together with (B,) and (B,). While these polyno-
mial approximations have been generalised to several other processes (see, e.g. [27, 28]), we are
not aware about results similar to Theorems 3.15 and 3.18 for inverse subordinators except that in
specific cases. It is worth noticing that the latter provides a (locally uniform) polynomial approxi-
mation for small space of the density of an inverse subordinator if g = b = 0 and can be combined
with Corollary 3.21 to find polynomial approximations for small space in the general case. Due to
the exchange of the roles of time and space when passing from a subordinator to its inverse, these
results are in line with the ones proved in [26]. Let us underline, in particular, that assumptions
(B,) and (B,) cover a wide class of Bernstein functions, and then of subordinators. Indeed, if ¢ isa
complete Bernstein function, then Item (1) of Lemma 2.4 guarantees that assumption (B, ) is sat-
isfied, while (B,) follows from Item (5) of the same lemma. However, we can find some Bernstein
functions that are not complete but still satisfy (B;) and (B,) for some 6. Indeed, if we consider a

A ‘T 'v202 ‘98612502

wouy

}IpUOD PUe SWie L 3y} 885 *[1202/2T/90] Uo Akiq18ulluo A8iim * ARiq1 AsieAiun aBpLqueD - 0pfeo L ounig AJ y000L WIH/ZTTT OT/I0p/woo A8 im A

oy

85UB0|7 SUOLILLIOD aAEa.D 3|gealjdde auy Ag pausenoh ae s L. O ‘8sn Jo sajn. oy Areiqi auljuo A8|im uo



REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS | 20 of 58

Bernstein function ¢ that is not complete, we know by Proposition 2.6 that there exists a € (0, 1)
such that ¢, is not a complete Bernstein function (but it is still a Bernstein function by Item (7)
of Lemma 2.1). Now, if we consider 6 € (0, 7) so that (7 — g)a < % that exists since a < 1, then

z € C(r — %) —z% e C((mr — %)oc) C Hy is holomorphic. Furthermore, ¢ is holomorphic on H,

and thus the composition ¢, is holomorphic on C(z — g). The continuity of ¢, over C(m — g)
follows similarly, thus obtaining (B,). The uniform limit condition (B,) follows from Item (6) of

Lemma 2.1 and the fact that z* € I]-T0 whenever z € C(7 — g), since

¢a_(Z) = @ZO‘_I —

z z4

0.

Thus, if we consider, for example, the Bernstein function ¢ whose Lévy measure is given by (6.1),
then there exists a § € (0,1) such that ¢, satisfies (B,) and (B,) and it is not a complete Bern-
stein function. Let us stress that there are functions satisfying (A;) and (A,) but not (B, ) and (B,)
and vice versa. For instance, we have already shown that if u4(dy) = y! log(y‘l)[l{ye(o,l)}, then

¢ satisfies both (A;) and (A,). Furthermore, we have ¢(z) = % /01 e~% log?(y)dy, which can be

clearly extended to the whole complex plane; thus, it verifies (B, ). However, let us consider any

A > 0 and the sequence z,, = —4A7nn + i47n, so that, for n big enough, since cos(47ny) > % for
11

1 1
anyy € (3 -3t o)

2 1 24n 4

1
27 12n

1+Ln ATt
Im(@) > 1 /2 1 Ty cos(4mny)log’(y)dy > ¢ log® (3) — 00.
" _

Since 4 > 0 is arbitrary, this implies that (B,) cannot be verified for any 6 € (0, 7). On the hand,
if we consider ¢(z) = 1 — e~ ?, then we know that ¢, (z) := ¢ (z%) satisfies (B,) and (B,) for some
@ € (0, 7). However, it does not satisfies (A ) since it is a bounded Bernstein function. Indeed, in
Proposition 4.2, we will show that (A;) implies that ¢ is unbounded.

4 | PROOFS OF RESULTS IN SUBSECTION 3.1

Here, we prove the results contained in Subsection 3.1

4.1 | Proofof Theorem 3.1

In order to prove Theorem 3.1, we need some preliminary results. We first show a general con-
dition under which the density f4 is smooth in D for x large enough, and at the same time, we
provide an integral representation of f, and its derivatives by means of Laplace inversion. Recall
the definition of ¢ in (2.14).

Proposition 4.1. Let ¢ be the Laplace exponent of a potentially killed subordinator. Assume that
forn >0, there exist a > 0 and x, > 0 such that, for any x > x,,

/ |b|te~*Redla+ib)gh < oo. (4.1)

e8]
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21 of 58 | ASCIONE ET AL.

Then, forany k,l > Owith k +1 < n, %:—;lfd,(x, t) is well defined for (x,t) € D with x > x, and

ol ok K [ ¢T(a+ib)(@la+ b)Y in)-xpasiv)
o o #000 = 1 /_oo (@+iby-l b, 42

where the integral is absolutely convergent.

Proof. By using (2.13), we compute the inverse Laplace transform as in [1, Item a), Theorem 4.2.21].
Precisely, we have, for all fixed x > 0 and for almost all ¢t > 0, up to a subsequence,

a+ir T
fe(x,t) = C- lim L e?! ¢T(Z)e‘x¢(z) dz, (4.3)

r—+00 271 J iy

where a > 0 is arbitrary and we denote by C-lim the Cesaro limit, that is,

C- lim o e?t @e—)@(z) dz := lim —/ /a+lr 2t ¢I(Z) e %@ dz dr.

r—+oo [ .. z R—>+o0 R

In particular, it holds by [1, Theorem 4.1.2] that

a+ir T a+ir +
C- lim e?t ¢—(Z)e_x¢(z) dz = lim et <¢>—(Z)e_’c"5(z) dz, (4.4)
z

. e .
r=+e Joa_ir z r=+o Ja_ir

provided the limit on the right-hand side exists. We set about to prove the latter by noting that

/a”’ ot ¢T(z)e_x¢(z) dz = i/ (a+ivy $'(a +ib) e~ x$(a+ib) gp
. Z _r a+ib

—ir

However, by Item (6) of Lemma 2.1, we know that the function |¢(a + ib)|/|a + ib| is continuous
and bounded and then by employing (4.1) for n = 0, we get

+ t . +

/ [ (aflb)| et(a+ib)—x¢(a+ib)|db < Ceta/ ooe—xRe¢(a+ib)db < oo
o |a + ib| —o0

Using (4.4) into (4.3), we get (4.2) for k,l = 0 and (x, t) € D with x > x,. Next, forany k + [ < n

k 1
and any (x, t) € D with x > x,,, we prove that 667 % fp(x,t) is well defined and given by (4.2). Let
t € [t,t,], x € [x;,x,]. Without loss of generality, we choose x; > x;, and x, < t; /b. Then, we
have

¢T(a +ib)(¢(a + ib))¥
(a +ib)t-!

¢ (a + ib)(¢(a + ib))¥ ot(a+ib)—xe(a+ib)
(a+ib)t-!

atz—lee¢(a+ib)

since Re¢(a + ib) > 0 by Item (2) of Lemma 2.1. Furthermore, recall by Item (6) of Lemma 2.1
that

b—+o| a+ib

and that |¢(z)| = b|z| (1 + 0 (1)) uniformly on H,. Hence,

¢ (a + ib)(¢(a + ib))¥

ot i < Cla+ib|*! < C(a" + |b|™),
a l -
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 22 of 58

for some C > 0. Hence, (4.2) follows by noting that

+00
/.

Since k,l > 0 with k + | < n are arbitrary, the last inequality implies that we can differentiate

under the integral k times in x and [ times in ¢ for (x, t) € D with x > x,, starting from (4.2) for
k=1=0. U

¥ : ih))k +00
¢'(a -|(- zlz(f)()cll -:- ib)) eal—xiRe(a+ib) gp C/ (a" + |b|")etzxiRed(@+ib) g < oo
a +ib)!- _

o)

To prove Theorem 3.1, it is clear that we have to show (4.1) for some x, = xy(n,L) when
assumption (A;) holds. To do this, we need a preliminary result.

Proposition 4.2. Let ¢ be the Laplace exponent of a potentially killed subordinator and (A,) holds
forsome L > 0. Then, ¢(c0) = oo and we have, forany M € (0, L),

lim ——x2¢”(x) > Me™ !, lim —x(qb ) - b)

> Me™L. (4.5)
e In(x) ow  In(x)

Proof. We note from (3.14) that —x?¢"'(x) > x?e~'A(x) and the first claim of (4.5) is valid. The sec-
ond follows by integration of the first inequality and ¢(c0) = oo is a consequence of the integration
of the second expression in (4.5). O

Now we are ready to show the smoothness of f, under Assumption (A;).

Proof of Theorem 3.1. Firstly observe that integrability in (4.1) needs to be established only in
neighbourhood of infinity. We have from the inequality 1 — cos(y) > cy?,y € [0,1],¢ > 0, that

Re(¢(a + ib)) — ¢(a) = /Ooo (1 = cos(by))e™ ug(dy) > cb?e” b ,/oE Y uy(dy) = cb?e 5 A(D).

Clearly, from Assumption (A,), for any M € (0, L), we have, for all |b| > |b,| > 1, that

/ |b|ne—xRe(¢(a+ib))db < e—x¢(a)/ |b|ne—xce7W bZA(b)db
[b]>]by| [b]>]byl

a
— —_xce 1bol
<e x¢(a?/ |b|ne xce %0 Mlnlbldb‘
[b[>1bg|

The latter is finite for xce ™IM > n + 1. Since |by| and M € (0,L) are arbitrary, we have
integrability of (4.1) for x > nc_le =: Xy(n,L) with 1/co =0. Theorem 3.1 then follows by

Proposition 4.1. Ll

4.2 | Proof of Theorem 3.2

We start with a preliminary result.
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Proposition 4.3. Let ¢ be the Laplace exponent of a potentially killed subordinator and (A,) holds
forsomeL > 0. Let t(x) besuch thatt(x)/x | b,t(x)/x < ¢'(0M) and a,(x) = (¢’)_1(%) € (0, ).
Then, lim, _, , a.(x) = oo and for any fixed M > 0, it holds for all x large enough

Me™!

X

a,(x) >

Proof. Note that, since t(x)/x | b and ¢’ is decreasing with lim,_ ¢'(z) =5, then
lim,_, , a,(x) = oo. Furthermore, for any 0 < C < L, using the second inequality of (4.5) in
Proposition 4.2, we get

L a@@@an-b)  am(2-b)
Ce " £ lim = lim ———~
oyt Ina,(x) oo Ina.(x)

This shows that for all x and therefore a,(x) large enough

a*(x) 9 e_l
Ina,(x) " 21 _y
X

Since lim Ina,(x) = oo, this concludes the proof. O
X—00

Now, we are ready to prove the main theorem concerning the asymptotic behaviour.

Proof of Theorem 3.2. Fix k,l > 0 and assume that x > x,(k + [, L), see Theorem 3.1. Then, for any
a > 0, by (3.2), it holds, for any ¢ /x > b, that

akal _ (_1)k oo ¢T(a + lb)¢k(a + lb) e—x¢(a+ib)+t(a+ib)db = I(X, l').

1) = 4.7
axkor 900 = 50 | (a + ib)'™! “r

Let t(x) be as in the statement of the theorem and a,(x) = (¢’ )_1([(x—x)), which is well defined
because ¢’(x) is decreasing with lel‘l;lo ¢'(x) = b, see Item (3) of Lemma 2.1. Since by assumption
t(x)/x | b, we get from Proposition 4.3 that leIEO a,(x) - oo.Recall that in this theorem, we have
set D' ={(t,x) : xb <t < t(x) < x¢'(0")}, see (3.4), and

ci=c(t,x) = (¢')—1(§), for (t,x) € D' (4.8)

From now on, we work with (¢, x) € D’ such that x > x,(k + L, L). Since (¢')! is decreasing, for
fixed x, c(-, x) is decreasing in ¢ on D’ with c(t(x), x) = a,(x). For (t,x) € D/, use (4.7) witha = ¢
to get

I(x’ t) _ (—1)k ect—x¢(c) /‘00 ¢}(C + lb)¢k(c + ib)eibt—x(¢(C+ib)—¢(C)db’ (49)
2 —o0 (c+ib)'!

where ¢ minimises a € (0, +o0) — (at — x¢(a)) € R. Next, set

(c,x)
g(c,x) 1= \/2 In(cv—¢"(c)x and g :=¢le,x) = 5oy (4.10)
( ) CcA /_¢N(C)x
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We split the region of integration by setting I, : = [—cg, ce]. Put

k
IL(x,t) := ED per-x00 / J(c, b)elbt=x(#le+ib=¢(©) gp (4.11)
€ ’ 271_ IE B >
where
(¢ +ib)pk(c +ib
Jeb) = ECHIDP fcl ), (4.12)
(c +ib)
Using Taylor’s formula and the definition of ¢ in (4.8), we get
b2
x(¢(c + ib) — ¢(c)) = ibt — x?qb”(c) — U(c, b), (4.13)

where

b v w
U(c,b) :=ibt — x(¢(c + ib) — ¢(c)) — xb;qb”(c) = ix/ / / ¢"'(c + ip)dpdwdv.
o Jo Jo

Then, recalling (4.10), we have for the integral in (4.11)

U(c,b)
/ J(C, b)eibt—x(¢(c+ib)—¢(c))db — / J(C b) 2 x¢//(C)(1+2—b2¢”(c))db
1 1

€ €

(4.14)
g(e,x)

u
\/W[q(cx) < © \/W)Z

where we have used that ¢"(y) < 0,fory > 0, see Item (3) of Lemma 2.1. Here, we need (A,), that
is, ylim y¢""'(y)/(=¢"(¥)) = K < oo, which together with |¢"/(2)| < ¢""(Re(2)), for Re(z) > 0, see

Item (5) in Lemma 2.1, and the definition of U(c, b) yields that for all x large enough

_u? 1—2_U(c’“/‘;¢”(“)")>
u
du,

V(e,x):= sup V(e,x,u):= sup i Ul e, —%
lul<g(e,x) ul<g(c,x) U V=¢"(c)x
(4.15)
X{u 2K g(c, x) 2K
< Sup - | | - ¢/N( )< R A—— TE(C x)
lul<s(e) 33 (~¢/"(c)> (O
Next, setting
- J(c,u)
Jleu) = -1 416
2 7(c,0) (4.16)
we get from (4.14) that
/ Je, byett—eriv-g@rgp = TG0 D L 1avieaw) gy,
L V=9 (c)x J—glcx)
(4.17)

_J(e,0) o

J C,#
\/—qb”(c)x —g(e.x) < V—¢"(c)x

u2
>e_7(1+v(c’x’”))du =: H,(c,x) + Hy(c, x).
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25 of 58 | ASCIONE ET AL.

Clearly, from (4.12) and (4.15),

J(c,0)

Hye. )~ Va2 0| o
V— Cc)Xx

glex) 2 © 2
/ e—T(l+V(C,x,u))du _ / e 7 du’
—g(c,x) —00

(4.18)
~ 2
< \/271'ﬂ eV 1 4 —/ e_Tdu>.
vV —=¢"(c)x V27 Jlul>g(ex)
From the definition of J, see (4.12), we easily get that
TV . ' .
‘ilogJ(c,u) I CADA G ) B LA G D) BT 1|‘ 1L | kAirll=1 449
du $f(c+iu) o(c + iu) + iu c

where we have used that for any Bernstein function ¢ and ¢ > 0,u € R,

(c + lu)

¢(c +iu)
which, in turn, follows from the chain of inequalities

$(c) < Reg(c + iu) < ‘¢(c+iu)
S o c h c

|¢'(c +iw)| < ¢'(c) <

which come from subsequent application of Items (5), (4) and (2) of Lemma 2.1. From (4.19), we
get that
J(c,u)
1 1+ -1
°g< (J(c,o> ))

sup In|l+J(c,wl|| <k +1+|l-1)De(c, x).
< gen in] I (4.21)
V—¢" (©)x

<k+1+ |l—1|)|1:—|. (4.20)

[In |1+ J(c,w)|| < [log(1 +J(c,w))| =

From (4.20) with (4.10),

ul<

However, ¢ > a,(x), hm a,(x) = oo and 11m xy/—¢"(x) = 0, see (4.5), imply that

lim &(x) := lim sup e(c,x)=0. (4.22)

X—00 X—00 c;a*(x)
Thus, for all x large enough, (4.21) yields that, for some C = C(k, 1),

sup  |[J(c,u)| < Ce(e, x). (4.23)
|M|< g(e,x)

S V=¢(ox
Hence, from (4.15), (4.16) and (4.17) for all x large enough,

_J0) v f<c L) e
\/W —g(c,x) ’ \/W

J(c,0) (e, x).

V=¢"(0)x

H,(c,x) < eV 2 du

(4.24)
27CeV (X
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 26 of 58

Combining (4.15), (4.17), (4.18) and (4.24), we obtain for all large x

J(c,0)
H,(c,x)— \V2r—— + H,(c,
e, x)—v n\/w + H,(c, x)

<V 271M ce” (e, x) + e/ -1+ —— / (4.25)
V=¢"(c)x V2 Jul>gle, x)

J(c,0)

u2
RGN o> E(cx)a(c xX)+e Seex) _ 1+ L/ e 7du ).
V=¢"(c)x V2 Jul>glex)

<Vor

Applying (4.25) and (4.22) in (4.17), we get with some C’ = C(k,l,K) > 0 that for all x large
enough,

sup
cza,(x)

1/_457/(c)x / J(c, b)eibt=x@ctib)—¢©) gp _ 1
\/E "~ J(c,0) g

(4.26)
<C'é(x) +

1 w2
sup / e 2du.
V2w cza.(x) JSul>g(e.x)

Plugging this in (4.11), we get for all x large enough

(=D V=¢"(e)x

_ 1 2
sup e (x, 1) — 1| < C'&(x) + sup / e 2 du.
bx<t<t(x) | /27 J(c,0) ‘ V27 eza.(x) J |ul>g(e.x)
(4.27)
Using (4.12), we proceed to investigate
k
T.(x,0) = ﬂect—xqﬁ(c) $'(c + ib)g*(c + ib) oibt=x($(c+ib)-4(c)) gp
2 ¢ (c +ib)!
k
_ (—21) oCt=X$(0) / J(c, b)eldi=x@(e+ib)—4©) g,
T
ec<|b|<de (4.28)

k
+(—1) ) / J(c, b)elbt—x(@(ctib)=¢(e) g,
bl>dc

. (_l)k ct—x¢(c)
= 76 (Jl(c’ x) +J2(C’ x))’

where d = K~!. Firstly, we estimate J;(c, x). We use the Taylor expansion (4.13) to the expo-
nent in J,(c, x), |Im¢"”'(2)| < |¢""(2)| < ¢ (Re(2)), ylim y¢"" )/ (=¢" (¥)) = K < oo to get after
-0
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27 of 58 | ASCIONE ET AL.

a change of variables b — cb, for all x and therefore ¢ > a,(x) large enough

xb2c?

'“C”‘)'@/ eSO Oap < 20 / e, cb)e™ ¢ O(1-%5) g

T( (1+ b)) k b22 "
=2c/ |¢c ¢ =5 ¢ ©Ogp.

11+ ib|'™

To carry on further, we note from (2.17) that |¢(c(1+lb))| < 3max{1, b%}. Then, we have with the
form of ¢, see (4.10), and d = K~! that

d xb2c2
yIEX0) T,(e,%)| < 3k+2., /_¢H(C)x/ max {1,b2k+2+l}e 5 ¢’(c)db
5 €
¢ 220 (4.29)
< 32 max {1,d* e /—¢/" (0)x / e s 2 dp -
1

5 o uz
< 33 max {I,K_zk_z_l}/ . e~z du.
372 g(c,x)

(c(1+1b)) I

For J,(c, x), we change variables b — cb and use again |¢ 3max{l, b?} to get

2k+2
o <3 ey/SHOx ° max {1,b%+2} o~ X(Re($(c(1+ib)~4(0) gp,
¢

bl=d |1+ ib|7*!

©
< CIC‘ /_¢//(C)x-/d b2k+1+le—x(Re(¢(C(l+ib)))—¢>(c))db

= Cd?k+2H, \/W / ® p2kH1H g x(Re($(e1+ibd)~$(e) gy
1

Ty(e

where C; > 0 is some constant. Then, with some absolute constant ¢, > 0, we have that

Re(é(c(1 + ibd))) — $(c) = /O (1 — cos (bdey))e u(dy)
(4.30)

1
> cée_% bzdzcz/bdC y2u(dy) = cge_ﬁbzdzczA(bdc).
0

1
Since lim y?A(y)/In(y) = L > 0, we choose M < L. Set M" = Mcle d.On b > 1, we get that for
y—o00

x and ¢ > a,(x) large enough such that M'x > 2k +2 +1

J(c,0)

C. d2k+2+l cv/—ad()x M/’ x—2k—2—1
1 ¢ ( ) <C K \/—c__M/ ’

T Mx—2k—2-1 (cdMx  *(M'x—2k—2-1)

©
JZ(C! X) < C1d2k+2+lc\/W/ b2k+1+le—M’x ln(bdc)db
1

(4.31)
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS | 28 of 58

where C, > 0 is some constant, we have fixed d = K~! and we have used —y?¢"'(y) < 2¢(y) =
O (y), see Item (4) of Lemma 2.1. Collecting (4.27) and employing (4.29) and (4.31) in (4.28), we
get that, since ¢ > a,(x), (4.9) has the following form for all x large enough:

R v AL OL

7.0) ) —1

sup
bx<t<t(x)

uZ
<CE(x) + L sup / e zdu
27 cza,(x) J ul>g(c,x)

5 e u? M’ x—2k—2-1
+ 33 max {1,K‘2k—2_l} sup / ) e 2du+C, /K \/_(a*)'_M x
c2a,(x) /372 g(e,x) M'x —2k—-2-—

Next, recall that g(c,x) = \/ 21n(cy/—¢"(c)x) which converges to infinity thanks to Proposi-
tion 4.3 and the form of e(c, x), (x), see (4.10) and (4.22). We then yield asymptotically

VoY= OX sy -1

k
Y 7c.0)

sup
bx<t<t(x)

=0| sup \/In <C _¢”(C)X) + su /oo/ —e_gdu + KM (a, @)
cza,(x) cv/—¢"(c)x c;a*I()x) éln (m/W) \/; ‘

However, since lim —x%¢’'(x) = oo, see (4.5), and [~ e ¥’ /2dy = O(x~le=*"/2), we further get
X— 00

\/_ V—¢' '(0)x —ct+x¢(c)I(

k —_
bxi}gt)(x) ( 1) J( 0) [) !

\/ln (V=FT@X) e aptse
= 0| sup .

+
cza,(x) cv/—9"(c)x \/E

Since —y%¢"”"(y) < 2¢(y) = O (¥), see Item (4) of Lemma 2.1, we check that the first expression in

1
the speed of convergence cannot be faster than (xa,(x))” 2. Therefore, we conclude that

\/ln (cx/—qﬁ”(c)x)
ST e |

( 1)k\/_ \4 _¢ ( —Ct+x¢(C)I(

7(c,0) 0=

sup
bx<t<t(x)

which establishes (3.5). Finally, from the first relation of (4.5) of Proposition 4.2, we have for all x
large enough that cy/—¢"(c) > Me~'In(c) > Me~'Ina,(x), M < L, which yields

inf cv/—¢"(c) > Me ! In(a,(x)).

cza,(x)
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29 of 58 | ASCIONE ET AL.

Employing this and again —y?¢"'(y) < 2¢(y) = O (y), we arrive at

sup |(—1)ey/am Y2 OX errxsp gy _In&x)
bx<r<t(x) J(c,0) xIna,(x)

Substituting in the latter the expression for J(c, 0), see (4.12), concludes the proof of (3.5). Relation
1/a, = o(t(x)/x — b) follows from Proposition 4.3. O

4.3 | Proofs of Theorems 3.6 and 3.8

Once the proof of Theorem 3.2 has been established, similar arguments will lead to Theorems 3.6
and 3.8. For this reason, we will be economical with the next proofs, as we will refer to the previous
arguments while highlighting the necessary changes and adaptations. We proceed with the proof
of the next main theorem.

Proof of Theorem 3.6. We follow closely the proof of Theorem 3.2 using in particular J(c, b) defined
in (4.12). By assumption (¢, x) € D’ = {(t,x) : xt, <t < xt,}and since (¢')! is decreasing, then

ci=ct,x) = (¢)7'(t/x) € [ (1), @) (t)] =1 V.

From Theorem 3.1, we can write for all x large enough and t/x € [t,t;]

gka! ( l)k
2

kg e /_oo J(c,b)e~¢(cribiriletibgy = [(x,t).

We use g(c,x) := \/ 21In(cy/—¢"(c)x) as defined in (4.10). Since ¢ € V, we can repeat the argu-
g(c,x)

cy\/—¢"(c)x

ments leading up to (4.14) with the same definition of e(c) : = e(c, x) = and the estimate

%E(C, X), (4.32)

> 2 u
V(e,x) := sup V(c,x,u):= sup — U<c, —> <
V=9"(Ox

lul<g(e,x) lul<g(ex) U2
where C = C(t;, t,) since in the upper bound prior to (4.10), we can employ
¢ () <" (@) t), c<@)N), and  —¢"(c) = (@)1,
hence we do not need Assumption A,. Since (4.22) is valid with the modification

lim &(x) := lim supe(c,x) =0, (4.33)

X—00 X—0 oy

we similarly arrive at

sup (1)k\/£”_¢'() e O] (x, 1) —

<C'E(x) +
Xty <t<xt, J(c,0) )

1 u
sup / e 2du.
V2 €V Jul>g(c,x)

(4.34)
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 30 of 58

The same remainder as (4.28), that is,

—1)k . .
Lo t) = (27'[) oC1—x3(0) / J(c, byelb—x(#(e+ib—9(@) g
I;

k
_ =D ect—m#(c)/ J(c, b)elt=x(@(c+ib=¢(©) gp
27 e(c)e<|bl<de (4.35)

k
+ ED erxso) / J(c, beibt—x@(e+ib)-p) g
21 |b|>dc

. (_l)k ct—x¢(c)
= 76 (Jl(c’ x) +J2(C’ x))’

is studied similarly with d = C~1, see (4.32). Firstly, following the same computations, one gets

/=" (c)x 5 o 2
¢—()J1(c, x)| < 393 max {1,c7%271} / . e zdu (4.36)
J(c,0) 372 g(c,x)

For the second term, we get

V=9 (e)x

J(C, 0) JZ(C’ X)

< Clc—zk—z—l C\/W / ® p2k+1+ g —x(Re($(c(1+ibd))—$(0) g
1
with as in (4.30)

Re(¢p(c(1 + ibd))) — ¢(c) > cge‘% b%d?c*A(bdc) > Ab. (4.37)

for some A > 0 because bdc > (¢')71(t,)d > 0. As in (4.31) for x large enough

A A
0 < C,C7 2oy [~ (e)xe™ 2 F < €722 2cxe ™2,
c,

Jy(c, x)

Collecting the estimates above and noting that, as ¢ ranges in the bounded set V, &(x) =

vV ln(x)x_%, see (4.10) and (4.22), we deduce
o ( 1n(x)>_
X

This concludes the proof of the theorem. O

(1 Var Y OX e, 1y -1

P 7(c.0)

Xty <t<xt,

Finally, we only need to provide the proof of Theorem 3.8.

Proof of Theorem 3.8. Since t/x — ¢'(0%), then from (3.3), we have that lim a, = 0, wherea, :=
X—00

a,.(x). Then, using (3.2) for x > x,(k + I, L) we write, for any t/x > b,

gko! Falx t)z(—l)k otui—x$(a,) / + / J(a,, b)elP=*@@+ib)-4(a.) gp (4.38)
axkor” #T Ton o Je )" ’
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310f 58 | ASCIONE ET AL.

where I, = [—¢(a,)a,,(a,)a,],J defined asin (4.12) and £(a, ) as in (4.10). The latter makes sense
due to the first assumption in (3.9), that is, )cll—>Il;>10 —x¢"(a,)a? = c.

We appeal to the proof of Theorem 3.2 with the minor difference that we do not work with
a region for ¢t and respectively with ¢ > a, but we use t = t(x) and a, = a,(x). Absolutely, the
same estimates hinging on (A,), (/-\’2) and (4.10) and employing g(a,, x) = \/ 21In(a,\/—¢"(a,)x),
which drifts to infinity thanks to the first assumption in (3.9), lead as in the proof of Theorem 3.2
to

/ J(a,, b)et=x@a.+ib)—¢@)gp = @M(l + O<M>>, (4.39)
1. V _¢”(a*)x a, V _¢"(a*)x

Next, we again decompose for some d > 0 the remaining term on I{ to yield

1) , .
J.(x,t) := %ea*t—xd’(a*)/ J(a*,b)elb[_x(¢(a*+lb)_¢(a*))db

e(a,)a,.<|b|<da,

k
N D" a,t-x(a) / J(a,, b)el—*@a.+ib)-4(@) gp (4.40)
2 |bl>da,

. (_1)k a,t—x¢(a,)
= 7(3 * »(J(a,, x) + J5(a,, x)),

and get the same way J,(a,, x) estimated as in (4.29). Also, in the same fashion,

I(a,,0)

V—=¢"(a,)x el .
—*Jz(a*, X) — Cld2k+2+la* —¢”(a*)x/ b2k+1+le_x(Re(¢(a*(1+lbd)))_¢(a*))db,
1

where C’ > 0is a constant. Here, however, there is a difference in that a, — 0; hence, we estimate
the exponent in two different ways. Pick A > 1. Thenon 1 < b < A/(da,), we have as in (4.30)

Re(¢(a.(1 +ibd))) — ¢(a,) = /0 (1 —cos (bda,y))e™ " u(dy)

1

1 bda, _1

> cée_wbzdzai/bd y>u(dy) > cée bd bzdzaiA(A).
0

Since the right-hand side of the latter is bounded from below by a constant then, for some a >
0,C >0,

A
/ day p2kt1+lp=x(Re(¢(a,(1+ibd))~¢(@.)) g < Co—X,
1

Next, for any M < L, see (A,), choose A such that, for b > A/(da,), as in (4.30),

Re(¢(a,(1 + ibd))) — $(a,) > c2b?d*a’e 1 A(bda,) > MA%c2e™ 4 In(bda,).
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS | 32 of 58

Therefore, for all x large enough and hence a, small enough, we get with some M’ as large as we
wish

/oo b2k+1+le—x(Re(¢r(a*(1+ibd)))—¢(a*))db < /:o b2k+1+l(bda*)—Mlxdb

day day

o0
k] ! A AT 3] N 1
=a; 2k—1 Zd M'x u2k+1+lu M Xdu = a; 2k—1 Zd 2k—2 lA M'x )
) A ' M'x—-2k—-1-2

d

Plugging this and the estimate above, we arrive thanks to the second and third requirement of
(3.9), with some C, > 0 and @’ > 0, at the bound which settles the claim

V—=¢"(a,)x 2 —M'xIn(A)+(2k+14+2)In (L)
— < Coa\/—¢"(a)x| e + ——e @
J(a,,0) 0 ¢(a.) M'x
<2Cya,\/ —¢/"(a,)xe” " < 2C0e_a”x. 0

4.4 | Proofs of Lemmae 3.12 and 3.13

JZ(a*’x)

We now prove the lemmas that we used in Subsection 3.1 to compare our results with the existing

1
ones. Recall that A(x) := /;* y*u(dy), x > 0, see (3.1).

1
Proof of Lemma 3.12. Since —¢"'(x) = [, e Vy?uy(dy), we get that —¢"(x) > ™! [* y?uy(dy)
and the lower bound in (3.14) follows. Then, using ve™ < e~ !, for v > 1, upper bound follows
from

x 1 o _ -1 _ 1
—¢"(x) < / Vug(dy) + — / ey y(dy) < A + Sy (3
0 ¥ XX O

Proof of Lemma 3.13. From Item (3) of Lemma 2.1, ¢'" is positive and non-increasing, and
therefore,
2x
—¢"(x) > ¢"'()dy > x¢"" (2x).

X

Hence, (A7) implies (A,). Let us show that (3.15) triggers (A3). From (3.14) and (3.15), we get at
infinity —¢"'(x) =< A(x). Also, from [22, eq. (3.3)], we have that

A(%) < 2/0x wig(w)dw = A(%) + x2ﬂ¢(x), (4.41)

and we arrive from (3.14) that for small x, we have

/x wigw)dw =< —¢"(x7") < A(x™). (4.42)
0
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33 0f 58 | ASCIONE ET AL.

However, from the assumption [SC’] at [22, Page 8], we have, for any 1 > 1, somec > 1 and @ €
(0,2],

—a

Ax Ax
wiz(wydw wity(w)dw
—/0 i < lim —/0 He <cA?

1< lim — < - <
=0+ [y whg(w)dw — *=0+ fo wig(w)dw

Setting A = 2 and using (4.42) with x — 1/2y, we deduce that at infinity

-¢"(y) < —¢"(2y),

that is, (A7) holds and hence (A,) follows. From [12, Definition, eq(2.0.7), p. 65] and (4.42), we
get that —¢'/(x) is O-regularly varying at infinity, see [12, Corollary 2.0.5]. Then, from [12, 2.1.9
of Theorem 2.1.8], the lower Matuszewska index of —¢"'(x) is larger or equal to a — 2 > —2 and
the upper index is not greater than 0. Therefore, —¢"’(x) is of bounded decrease as in [12, p.71],
and from [12, Proposition 2.2.1], we get that —¢"'(x) > x~27%~¢ for all 0 < ¢ and x large enough.
Therefore, from (4.42), we obtain that

A(x) > Cx—2+oc—€

for some C > 0 and all x large enough and (A;) holds with L = co. Also the stronger (3.16)
holds. O

5 | PROOFS OF RESULTS IN SUBSECTION 3.2

Here, we prove the main results contained in Subsection 3.2 based on Assumptions (B, ) and (B,).

5.1 | Proofof Theorem 3.14

To prove Theorem 3.14, we will make use of the following integral representation, which is a
consequence of the Laplace inversion formula of Proposition 4.1. Recall the definition of D in
(2.11).

Proposition 5.1. Let ¢ be the Laplace exponent of a potentially killed subordinator satisfying
Assumptions (B,) and (B,) for some 6 € (0, 7). Fix any € > 0 and let y. g be the circle arc in C

parametrised asy g : z = ceié for€ e [g -7, 7T — g]. Then, on D,

Im| -
I 27i z

i <p ei<ﬂ_z>> )i :
Fax,t) = %[ —e—x¢(p€ >+tpe do + 1 /VLS ¢_(Z)e—x¢(z)+tzdz‘

(5.1)
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C(R) Tn >\\,B<R>

R
’\%X @l N,
AN 7

£ J

,/»/'A(R)

M_(R)

Ami(r)

FIGURE 1 Sketch of the keyhole-type contour.

Proof. Again, by (4.3) and (4.4) for fixed a > 0 and for almost any (x,t) € D

a+ib T
fs(x,t) = lim L e ¢'@ (Z)e_x¢(z) dz,
b—+o00 27Ti a—ib Z

provided that the limit on the right-hand side exists. Here, we compute the limit by using Cauchy’s
theorem. For R > a, let b(R) = VR2 — a2. Set A(R) := a — ib(R), B(R) := a + ib(R) and observe
that |A(R)| = |B(R)| = R. In particular, note that

a+ib T B(R) ¥
lim et ¢—(Z)e‘x¢(z) dz = lim / e?t ¢—(Z)e_x¢(z) dz. (5.2)
b—+o0 a—ib z R—+ A(R) zZ

Now define C(R) := Rei(ﬂ_§> and F(R) := Rei(ﬂ%) Furthermore, let ¢ > 0 and define D(¢) :=
sei<ﬂ_§) andE(e) := eei ™ ; ) . Welet I‘E be the anticlockwise oriented circular arc joining B(R) to
C(R), while we define I'; the anticlockwise oriented circular arc joining F(R) to A(R). Denote also
¢ to be the oriented segment connecting A(R) to B(R), ¢, the oriented segment connecting C(R)
to D(¢) and 75 the oriented segment connecting E(¢) to F(R). Finally, let —y, o be the clockwise
oriented circular arc joining D(¢) to E(¢). Let 0D be the closed contour obtained by connecting,
in this order, ¢, F;g, £ ~Yepr €3 FE (see Figure 1). Such a contour is the boundary of an open set
D of the complex plane in which by assumption

f zZ
D3z F(z;x,t) 1= <i’—()e“"“ﬂz) €C, x>0,t>0,
A
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35 of 58 | ASCIONE ET AL.

is holomorphic and continuous at the boundary. Hence, we can apply Cauchy’s theorem to
get

/ F(z;x,t)dz = 0.
0D

This implies that
B(R) +
/ et $® e X% g4z (5.3)
A(R) Z
= —/ F(z;x,t)dz — / F(z;x,t)dz + / F(z;x,t)dz — / F(z;x,t)dz—/ F(z;x,t)dz.
th 4, Veo [ Ty
(5.4)

Now we deal with various terms separately. To deal with the first integral, let M+(R) = Ri and
split the curve FE into 1“112 connecting B(R) to M*(R) and 1“122 connecting M*(R) to C(R) so that

/r+ F(z;x,t)dz = /1 F(z;x,t)dz + /2 F(z;x,t)dz. (5.5)

R IﬂR I‘R

We begin with Fllz. Note that by the Estimation Lemma [34, Theorem 5.24],

/ F(z;x,t)dz
r

1
R

< length(T'y) max |F(z; x,1)|, (5.6)
zel“llz

where, with an abuse of notation, we denote by lez also the image of the parametrised oriented
curve. To evaluate the maximum appearing in (5.6), we parametrise 1“112 as follows:

1“112 = {z eEC:z :Reig,g € [§B(R), %] },
where £3(R) = arctan(@). Then, for z = Re'¢ € 1“11(, it holds

| we®)

|F(z;x,0)| = R Rt cos§—xReg(Re'®),

Without loss of generality, we can assume §3(R) > %. Firstly, observe that Re(Re'$) = Rcos £ >

0, for any & € [£5(R), %], and thus, by Item (2) of Lemma 2.1, we have that Rep(Reé) > 0.
Furthermore, it holds that R cos § < Rcos {3(R) = a, for any & € [£5(R), %], Hence, we get

max |F(z; x,1)| < e'* max

zerl T
R 56[4,2]

¢'(Re')
Reié |

and thus, by Item (6) of Lemma 2.1 and the definition of ¢7, see (2.14), it holds

lim max |F(z;x,t)| = 0. (5.7)
R—+00 Zerllz
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 36 of 58

Furthermore, it is not difficult to check that
. 1 _
Rl_l)I_'I_loo length(T) = a. (5.8)
By combining (5.7) and (5.8) with (5.6), we have that

lim F(z;x,t)dz = 0. (5.9)

R—+o0 J11
R

Now, we deal with the second term in (5.5), that is, the one on rzze' Recalling that (x,t) € D, let
d =t —bx > 0 and choose p > 1 such that é —bx > %, which exists since lim,_,; é —bx =24.

Let also p’ > 1 be the conjugate exponent of p > 1, that is, % + i = 1. Then, we have

=6
/2 e~ REsnO/p g
0
p'me™4
= “—— [ max
t zeré

where in the second inequality, we have used Jordan’s inequality [13, eq (2), page 262]. Now,
consider

zZ

¢'(2) )

< R| max
zeFé

!

T
sp— max

t zeFé

/ F(z;x,t)dz
T

¢'(2) o5
Z

$'(2) e< é —bX)z—xqu(Z)
z

)

(5.10)

L ey
9(2) = 57%)7® (5.11)

and observe that, by hypothesis, g is holomorphic on C(%, T — %) and continuous on C(%, m— g).
Furthermore, for z = iR, we have

|g(iR)| = e~ Fed"(R) < 1,

. 6
since Re¢'(iR) > 0 by Item (2) of Lemma 2.1. For z = Rel(”_i), we have instead

g(Rei<”‘§)> ’ = e_R<ﬁ“”‘)°°s (§>_xRe¢'l'<Rei<”§)>'

8
Now let us show that for R big enough, | g(Re'™2))| < 1. Indeed,
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Once we observe that

<
R h R ’
and we use (B,) to state that
. 2]
o7 (Rel(ﬂ_i) > ‘
lim =0,
R—+ R

we know that there exists a constant C(¢, x, p) such that for R > C(t, x, p),

Reg <Rei(ﬂ_§ >>

L bx + d z é
p cos (9) R 4
2
Hence, for R > C(t, x, p),
i(ﬂ_g> 5Rcos<§)
On the other hand,
. 6
Re[0,+00) ~ |g (Rel<ﬂ_5)> eR

is continuous and then the latter inequality implies that there exists M = M(x, t, p) such that
lg(z)] < Mforanyz € aC(%, - %). Furthermore, observe that, for z = Re'$ with £ € (%, T — %),
we have, by (B,), |Rep(2)| < |¢(2)| < C|z|, for |z| > 1. Hence, for |z| > 1, transferring through
(2.14) ¢" to ¢ and using that Re(z) < 0, we get that

19(2)| = eéRez+xq—xRe(¢(Z)) < oXa+x[Re($(2))] < e1*exClzl,

The continuity of the function z € C(%, T — %)  |g(z)|e*€1?l € R guarantees that there exists a
constant M, = M;(x,t, p,q) > 0 such that

lg(2)| < Mye¥Vl, vz e c(%,ﬂ _ g)

Since 7 — % - % < %, we can use Phragmen-Lindel6f theorem (see [68, Chapter 4, Exercise 9,

Item (b)]) to obtain |g(z)| < M for any z € C(%, T — %). Thus, from (5.10), we have

/ F(z;x,t)dz >
r2

R

¢'(2)

z

<

max
zeFé

M(x,t, p)p/ me =>4 <
t

A ‘T 'v202 ‘98612502

wouy

}IpUOD PUe SWie L 3y} 885 *[1202/2T/90] Uo Akiq18ulluo A8iim * ARiq1 AsieAiun aBpLqueD - 0pfeo L ounig AJ y000L WIH/ZTTT OT/I0p/woo A8 im A

oy

85UB0|7 SUOLILLIOD aAEa.D 3|gealjdde auy Ag pausenoh ae s L. O ‘8sn Jo sajn. oy Areiqi auljuo A8|im uo



REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 38 of 58

Taking the limit as R — +o0, we finally have

lim F(z;x,t)dz = 0, (5.12)
R—+o0 Flzz

which, combined with (5.9), leads to

lim F(z;x,t)dz = 0. (5.13)
R—+oo fp+
R
In the same spirit, it is possible to see that
lim F(z;x,t)dz = 0. (5.14)

R—=+00 J1—
Iz

We consider now the integral on Z,. We have that

R ¢T <Pei(7r—5>> —x¢<pei(z_%))+tpei(ﬂ_%)
/ F(zix,0dz = = / - 5, ¢ dp. (5.15)
£ € P

Choose p, p’ > 1 as above so that, recalling that

" <pei<”‘§)>‘

<C
P
for p > € by (B,), we have
i(m-2
- ¢T<pe< 2)) _x¢<pei(ﬂ—%)>+tpei(n—%)
—e dp
L=
. 6 .
o |¢>T<pe’(”_5>>l Re<¢>+<,0el<7r 2)> L
=e_qx/ - &Xp —pcos<€> L—Bx+x e_pgcosidp
e P 2Jlp pcos@)
© _ptoos(@
<CM 4 °°S<2)dp < +00, (5.16)

where we have also used that ﬁ —bx > g > 0. Hence, we can take the limit in (5.15) to get

i(7-2 0 0
oo 8 <pe< 2)> —x¢<pei(”_7))+tpei(”_7)
lim F(z;x,t)dz = —/ — e

dp =: —I,(¢).
R—-+o 5 c P !
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39 of 58 | ASCIONE ET AL.

Analogously, on 75, we have that

o8 (6] {0t

lim F(z;x,t)dz = / e —] dp =: Lie). (517)
l3 €

R—+00 9

Furthermore, by using the fact that ¢(z) = ¢(z) by Schwartz reflection principle (see [68, Theorem
5.6]), we know that I,(g) = I,(¢). Hence, taking the limit as R — +oo in (5.3) and using (5.13),
(5.14), (5.17) and (5.17), we get

a+ib ¢T(Z)
lim e I e dz = 1,(e) — I,(e) + / F(z;x,t)dz = 2il,() + / F(z;x,t)dz,
b—+co a—ib z Yeo Veo
where we denote

w [#(e) 8 )

L) := / Inj ———e dp. (5.18)

This proves (5.1). O

Remark 5.2. Under the hypotheses of Proposition 5.1, if furthermore

Img' <pei(”‘§ ) > '

0 P

1

dp < 400, (5.19)

then we can send € — 0 in (5.1), wherein by the estimation lemma, the second term converges to
zero, hence getting

w [#(e ) o8 )

1
fole) = — /0 Inf ———e

dp.

A similar integral representation holds also for ;1;". The proof is similar to the one of Propo-
sition 5.1, where we substitute the term @e‘m@ with (@)”. For such a reason, we only

underline the parts of the proof that are actually different.

Proposition 5.3. With the same notation of Proposition 5.1, under (B,) and (B,), for n > 1, it holds
that, forany t > 0,

. 9 n
N n
oy e ) D e
“¢(t)=;/a Im T—é’) e( )e”’ dp+ﬁ/yse[< ~ >dz.
‘oe 2 £,

(5.20)
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS | 40 of 58

.
Proof. Setting F,(z;t) = (¢T(Z))”e‘z, the proof follows as the one in Proposition 5.1. The main
differences concern integrals over F12z and ¢, Firstly, by Jordan’s inequality [13, eq. (2), page 262],

/ F,(z;t)dz| < (
12 t zel“2

R
where the limit holds by assumption (B,). Concerning the integral over ¢,, observe that

¢T( )

>—>0, asR — oo,

¢T<pei(ﬂ_g>> '

o ; 8. o i o i

/ |Fn <p€l(ﬁ_z’t>;l’>|dZS/ e-Plcos(;) N S dp < C/ e—PtCos(E)d‘o < 400,
€ € €

e

where we have used the fact that

is bounded for p > ¢ by assumption (B,). O

Now we are ready to prove Theorem 3.14 by using the previously obtained integral representa-
tions.

Proof of Theorem 3.14. Let us first prove that it ‘;” € C*°(0,+0). To do this, fix e >0, let [ >

.
and [¢,,t,] € (0,+00). Let F,(z;t) = (¢T(z))”etz.Then, BtlF (z,t) = zl(¢ (Z))”e‘Z is continuous for
(z,1) € y. o X [t1,1,], where, with an abuse of notation, y, ¢ is the image of the parametrised curve
defined in Proposition 5.1. Then, we have

+ n

z
Zl <¢ ( )) etz
z

where the right-hand side is constant, hence integrable over Yo Next, let

¢T<pei(n—§)> ' (=2) D)

G,(p,t) =Im|| ———| e
" D)

~7Fu(2, )‘ max , (5.21)

(z.0)€yoX[11,15]

E}

and observe that

(pele-9) "
a! ¢ <,oe plei(Hl)(ﬂ_%)e[pei(r%) .

3 lG (p,t) = Im pei(ﬂ—§>
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41 of 58 | ASCIONE ET AL.

Forp > eandt € [t,t,], we have

-G, 1)| < Ce 1P i, (5.22)

¢t <pei(”_§)> !

I

=

since

is bounded for p > ¢ by assumption (B,). Observe that the right-hand side of (5.22) is integrable
over (g, +0). Hence, by (5.21) and (5.22) and the fact that [ > 1 is arbitrary, we can differentiate [
times inside the integrals in (5.20), getting

(5.23)

(qb+ (pei<ﬂ_§) > >n

+o0 i(z-¢ ¥ z "

- _;n( )= / Im : e‘f’e( ?) do + L - / e‘z—(¢ }E_z) dz.
dt € pn_rei(n—r—1)<7r—5) 27i Yeo z

This proves that /:t;” € C*(0, + ).

Now let us prove that fy € C*(D). To do this, fix any k,1 > 0,0 <t <t and 0 <x; <x, <
t, /b, recalling that any (x, t) € D admits a compact neighbourhood of the form [x;, x,] X [t;, ¢,]
specified before. Let F(z; x,t) = (z) e *¢(@)+1z and observe that

ok o . L 2T (2)(p(2)k —xp(2)+tz
QEF(z,x,t) =(-1) -, ¢ )

The latter is continuous over y, g X [x, X,] X [t1,1,] and then

ok

3xk 3t ZI¢T(Z)Z(¢(Z—))I{ e~xe@Hz), (5.24)

F(z;x, t)‘ max
(2,%,0)€y¢ o X[x1,%,1X[t1,t5]

where the right-hand side is a constant, and then, it is integrable over y, . Now set

(e ) (Yt

G(p;x,t) = Im| ——— ¢
)

and observe that

ok 4!

G”
3k 371 (o5 x, 1)

5 <pef(ﬂ—%>>(¢(pei<ﬂ-§>>>"pl+k )oY |

pk+1

= (=1)*Im
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 42 of 58

Recall that

o (s D) (s (el 0))

pk+1

isbounded as p > ¢, and set p, p’ > 1 asright after (5.9). Arguing as in the proof of Proposition 5.1,

we know that there exists M > 0 such that |g(z)| < M forall z € C(%, T — %), where g¢ is defined
in (5.11) with ¢, and x, in place of ¢ an x. Hence, we have

gk gl _Pt_’1 6
QEG(‘O;X’O <CMe ¢ %72, (5.25)

where the right-hand side is integrable on (e, +o0). Hence, since k,l > 0 are arbitrary, we can
differentiate k times in x and [ times with respect to ¢ in (5.1), to get that f ¢ € C*(D) and

gk g
ﬁﬁf&x,t)
i(z=2 i( =2 k

e G ) e=)) a8 JaeeH)

Tz / n 1(=-2) € dp  (5.26)
¢ pl-le 1773

GV - CCCI) e

* 27i /yz’e Z1-1 € dz. o

5.2 | Proofof Theorem 3.15

In order to prove Theorem 3.15, we employ the integral representations given in Propositions 5.1
and 5.3.

Proof of Theorem 3.15. As in the (5.26), we have

gk 4l
a?ﬁfd)(x’t)
o) i(n—f k , )
o PN iy,
B i € P (527
T € pl_le—il(ﬂ'—§>

n (—1)-k / ¢T(Z)(¢(Z))k e—x¢(z)+tzdz‘
Ve

27l z1-1
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Writing e=*#(2) as a power series and assuming that we can exchange the series with the integral,
we have

axk atlqu( )—2( 1>k+f—

o D))

0 pl—le_”(”_§>

dp

e'?dz
Z1-1

1 ¢’ (2)(p(2)H
+ —_— —_—
/ys ]

+oo .
_ Z (k+ e+ g )k+] klbkz
ey s il q
J=0ky+hy+hy=k+j 172

tZdZ

(# (=)
© (-8 il ks
1 / o ) ol / @ @)t

pl_l_kze—i(l+k2)<7r—§) gk

-y (k+j)'( )k+}] g6k

1k,
J=0ky+ky+ks=k+j ey they s !

L (#1(ec 1)) e

d
g K+ 1—(kytes ) g1 ks =UHa ) (75 ) P
k3 2ti3the 2
RO
27fl Veo Zk3+1—(k2+k3+l)
< (k + j) dlatks+
= Z J ~ (1 )k+j qklbk a—="- *(k3+1)(t)

\k k! il ky+ks+1
120k, +ey T Ricr Ktk thes J: direths

where we used (5.23) in the last equality. Now we only have to prove that we can exchange the
series with the integrals. This is clear for the integral over y, o, thus let us only consider the one
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 44 of 58

over (g, +o0). Indeed, we have

o T L

2 (_1)k+j
j=0

dp

k

$' <pei(ﬂ_§>> ¢(pei<”_§)> . ~tpeos?

) 4’<Pei(ﬂ_g )) 2
— I+k
B /s pk+1 pe 4

+ i(m=2 i(m=2
+oo ¢ (Pe < 2)) ¢<Pe ( 2>> xbpcos(g>—tPCOS§+¢#(P€i(n_%))
<eXd / e oltke do. (5.28)
€

It is clear that we have to check integrability in the right-hand side of (5.28) only in a neighbour-
hood of infinity. To do this, set § = t — bx and p, p’ > 1 as in the proof of Proposition 5.1. By (B,),
we know that there exists K big enough such that

o () ()

pk+1

k

is bounded and

¢ (pei(”_§)>

pcos(6/2)

9
< -,
4

whenever p > K. Hence, we get

()

/+oo Il e—ﬁpcos(%)
K P

’W <,oei<”_§)>’
C] t
x exp|—p cos <5> > —xb————— " |ldp

[SIIuY

too —chos<
<C / pltle ¥
K

This concludes the proof. Ll
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45 0f 58 | ASCIONE ET AL.

5.3 | Proofof Theorem 3.18

The behaviour at zero provided in Theorem 3.18 can be shown as a direct consequence of the series
representation given in Theorem 3.15.

Proof of Theorem 3.18. Let [t;,t,] C (0, +00) and observe that for ¢ € [t,t,], we have by (5.23)

j+k

b
|Zj,k,l(t)| < ;/ pl_l e—t1pcos<5>d‘o

(5.29)
¢l ”‘g ) o

tos / 67 (ce!?)||p(ee®)| I THrect2l 5@l g,
T g_ﬂ

Hence, for 0 < x < % and t € [ty,t,], recalling the definition of P, ,(x,t) given in (3.20), we
have

+00

xJ
‘a %ar 1 0) — Z Fllj,k,l(t)l
j=n+1 7"
jt+k+n+1
, ¢ (pe H¢ pe' _5>>
< xh+l “i"x_j l/+<>0 e—tlpcos@)d‘o
(n+1)! =0 e pt!
a 3 T epl ipN [ j+k+n+1 ety | cos(ep)
+ o [, 18T Ee®liglee) el cs@lde | | (5.30)
-7
2

where, in the last step, we used (5.29). The convergence of the series in (5.30) can be ascertained
as in (5.28). Taking the supremum in [¢,, t,] in (5.30), we get (3.19). O

5.4 | Proof of Proposition 3.19

A slight modification of the arguments used in the proofs of Proposition 5.3 and Theorem 3.14
leads to the desired result.

Proof of Proposition 3.19. Since ¢ is a complete Bernstein function that can be extended by con-
tinuity over C(0, ) with extension ¢, then, by using the relation % = ¢(z), it is clear that it
can also be extended by continuity over C(—x,0). If we denote such an extension ¢_, for any
z € C(0, ), we get

$.(2) = ¢_(2).

The proof is then carried on exactly as in Proposmons 51and 5.3, by setting 6 = 0 (see Figure 2),
where we use ¢’ when we integrate over fl, , [y and —y,, ¢ 4 over £, and ¢! over ;. O

A ‘T 'v202 ‘98612502

wouy

}IpUOD PUe SWie L 3y} 885 *[1202/2T/90] Uo Akiq18ulluo A8iim * ARiq1 AsieAiun aBpLqueD - 0pfeo L ounig AJ y000L WIH/ZTTT OT/I0p/woo A8 im A

oy

85UB0|7 SUOLILLIOD aAEa.D 3|gealjdde auy Ag pausenoh ae s L. O ‘8sn Jo sajn. oy Areiqi auljuo A8|im uo



REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 46 of 58

Nty (R)
Ty >\\’B(R)

s

s
s

N
/’A(R)
M_(R)

Nav

\ |

Y

FIGURE 2 Sketch of the keyhole contour.

5.5 | Proof of Theorem 3.20

In order to prove Theorem 3.20, we first need to provide an integral representation for Gy, g4 and
its derivatives, analogously to what we did for Theorems 3.14 and 3.15. This is done in the following
proposition, whose proof is almost identical to the one of Proposition 5.1 and thus is omitted.

Proposition 5.4. Let ¢ be the Laplace exponent of a potentially killed subordinator satisfy-
ing assumptions By and (B,) for some 0 € (0,7). Fix any € > 0 and let y. o be defined as in
Proposition 5.1. Then, on D,

. <] . °]
—x<¢7<pel(ﬂ_7>>+t,:zel(ﬂ_§>
1 +oo e 1 e—x¢(z)+tz
Gylx,t) == Inm do+— | £ dz. (5.31)
T Je Ve

In particular, Gy € C*(D), g4 € C*(D) is well defined and for any k,1 > 0, we have

) - SRl P
%:_tllgqb(x,t) Z%/"' In <¢<pel<ﬂ_g)>> plell<n_§)e P +tp 0
| (5.32)

1 k| —x¢(z)+tz
+ 2711'/ (p(z))*z'e dz.

Yeo

We employ the latter together with Proposition 5.3 in the following proof.
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47 of 58 | ASCIONE ET AL.

Proof of Theorem 3.20. Let us first consider Gy. Starting from (5.31), we have, assuming that we
can exchange the order of the series and the integral,

. 0 J
i1 <¢<’° et(ﬁ))) (x-9) 1 [ @Ry
Gyp(x,t) = Z( l)Jx —/ Im etre s ? d,o+2—m_/ T ef2d
€ Ve

Je z

i(n’—g) J
p N <¢<p ) (9 L[ @@y,
+Z(‘1)JT —/E Im el® dp+—/m ———e'’d

I} 27i

. J
X kpk
vty X D PATRICAE

J=1 kg +ky+ks=j—1

( v i(n’—g) k3+1
) e
+o0 i(n-8 T k3+1
X 1 Im : etpe( :) dp + L Metzdz
T Je pk3+1—(k2+k3)el(k3—(k2+k3)) 2mi Yeo Zka+1—(ky+k3)
i(=2))’
too . +oo <q + bpe 2 > (8 .
+2(_1)j£ l/ Im etpe( ?) dp + L/ @+ P2 gy ,
= " J P 27i Ves z
(5.33)

. 6 .
where in the last step, we used the multinomial theorem, for j > 1, to expand (c;b(pel(’Z ) =

e N
(q + 50" ™™ + ¢T(0e!™3)))J. Incorporating the first summand of (5.33) into the last summa-
tion, we achieve

. 0 J
q+bpel(ﬂ_5>> ‘
j +0o0 < i ﬂ_g b J
Gylx,1) = Z( o —/ In e 2 dp+i/ @t g
Jj=0 3 Yeo

I 27i z

+00 :
x/
1 g x kl[)kz
+> X D Kl !(s + D1 2

J=1 ky+ky+ky=j—1
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X e'?dz

) 9 ks+1
PN A
1 [ < ( (e (3) 1 (¢ (2))
—/E Im p e d,o+—/y

T k3 +1—(ky+k3) pilks—(ky+k3)) 27 o Zha+1—(ky+ks)

i(n—g) J

+o00 <q + bpe ? ) i ﬂ_g j

_2( 1)Jx_J _/ Iml efP@< 2) dp+L/ wetzd
Jj=0 Veo

I 27i z

+00 dkz ks
+z z (- 1)1— kipka 2~ sty

G Rkl + Ik dt

( b) zo‘j 2 (-1)/ xJ ki gk dkatks *es+1)(p)
=:S.(x,t;9,b) + -1 q b2 UL,
S kgl + D) dt

We now evaluate S,. Consider the function F;(z;t) = @e‘z , that is holomorphic on C \ {0},
Hermitian and admits a simple pole in 0 with residue g/. We have that

i(ﬂ—§> J

+o0 <q+bpe 2 > (e ® Jj
l/ Im etpe( 2) dp_,_L'/ Metzd
T J. I 27i Voo z

+oo . 0 . 0 +oo . ] . ]
= % l/ F; (pel<ﬂ_2);t>el(n_2)dp —/ F; <pel(ﬂ+2>;t>el<”+z)dp +[] Fj(z§ t)dZ]-
c € )

Taking into account the notation in Figure 1, denote by —I'y 5 the clockwise oriented circular
arc joining F(R) and C(R), —¢, the oriented segment joining D(¢) to C(R) and —¢ the oriented
segment joining F(R) to E(g). Denote by Dy 5 the domain whose negatively oriented contour is
given by y, g, —=¢,, —I'pg and —¢5. Then, since F; is holomorphic on D g, which is a simply
connected domain, we have, by Cauchy’s theorem,

/ Fj(z; t)dz = 0. (5.34)
—0Dpg

On the other hand, if we denote by I'; and y, the counterclockwise oriented circles of radius,
respectively, R and ¢, we have by Cauchy’s residue theorem

L/ Fj(z;t)dz: L,/Fj(z;t)dz:qj.
27l Jr, 27i Jy,

Hence, denoting by Ag . the annulus delimited by the images of I'; and y,, we have

/ F(z;t)dz=0= / Fj(z; t)dz, (5.35)
—0AR, —0Dgp
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49 of 58 | ASCIONE ET AL.

where —0Ag  is the negatively oriented contour of A .. If we use the parametrisation of —#, and

f__86
tyasz = pel<ﬂ+5> for p € (&, R), (5.35) implies

R i(;‘r—g) i(rf—9>
/ F(z;t)dz+/F(z;t)dz:/ Fj<pe 2 ;t>e 2/dp
_FR Ye €

R i<7r+€) i<7r+§)
—/ Fj<,oe 2 ;t>e 2 dp+/ Fj(z;t)dz+/ F(z;t)dz. (5.36)
€ Yeo _FR,e

Furthermore, if we denote by —FL P the clockwise oriented circular arc joining C(R) to F(R), it is

clear that
/ F(z;t)dz — / F(z;t)dz = / ~ F(z;t)dz
I —Tre -,

R6

hence (5.36) leads to

/ F(z;t)dz + / F(z;t)dz
_r"' y

R6 €

R . 0 . 0 R . 6
=/ Fj(pel<ﬂ_5);t>el<n_5)dp—/ Fj<pel(ﬂ+5>;t) l<ﬂ+ )dp+/ Fi(z;t)dz. (5.37)
€ € Veo

By the estimation lemma, we have

‘ / F(z;t)dz| <

hence, taking the limit as R — +o0 in (5.37), we get

6
eR max |F(z 1] < 6(q + bR)/e ”"S(f)R,

Zﬂiqf=/F(z;t)dz

Ve

= /OOFJ. <pei(n_§>;[>ei(ﬂ_§>d‘o_/OoFj<pei<ﬂ+§);t>ei(n+§)dp+/ Fj(Z;t)dZ. (5.38)
€ € Yeo

Substituting this value into S,(x, t; g, b), we get (3.23).
The other two series (3.24) and (3.25) are obtained analogously, once one notices that for any

j> 0’
1 [ (7=2) Y ipeil=2) 1 /
- I 2 pe d J tzg
71/5 m<<q+bpe e o+ = yae(q+bz)e z

/ (q + bz)e?dz =

271’1

since (q + bz)/e'? is holomorphic in the disc {z € C : |z| < ¢}. Finally, the fact that one can
actually exchange the series with the integral is proven exactly as in the proof of Theorem 3.15. []

A ‘T 'v202 ‘98612502

wouy

IPUOD pUe SWB | 3Y) 89S *[1202/2T/90] Uo ARIgITBUIIUO AB|IM * AR 1T AISIBAIUN 9BPLIGUID - 0P[R0 L ouNnig AQ 7000L €W H/ZTTT OT/I0p/LOY A3 | A}

oy

85UB0|7 SUOLILLIOD aAEa.D 3|gealjdde auy Ag pausenoh ae s L. O ‘8sn Jo sajn. oy Areiqi auljuo A8|im uo



REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 50 of 58

6 | EXAMPLES AND FURTHER DISCUSSION

Here, we provide computational examples and further discussion of our results.

6.1 | Examples for the results in Section 3.1

We start with examples concerning Section 3.1.
Take a Bernstein function with ¢ = b = 0 and a Lévy measure with a compactly supported
density that is regularly varying at 0 with index —1 — « for some a € (0, 1), as, for instance,

Hp(dy) = mly, 1dy,  m(y) ~y™* asy = 0. (6.1)
We can opt for general regular variation and b, g > 0 but we leave it to the interested reader. Then,
¢ (x) ~ C3x* 3 and — ¢’ (x) ~ C,x* %, asx = o
for positive constants C,, C;. Clearly, (A, ) is satisfied. Also, due to the finite support of x4, we have

that |¢"'(0%)] < c0,¢”’(0%) < o0 and (AY) is valid too. Furthermore, for some C > 0,

1
x?A(x) = xz/x y’m(y)dy ~ Cx%, as x — oo,
0

and (A;) holds with L = 0. It is clear that, actually, assumptions (A, ) and (A,) hold for any Bern-
stein function ¢ that is regularly varying at co with index o € (0, 1). Going back to the example,
let t(x)/x | 0. Using —¢""(x) ~ C,x%2, as x — oo, we establish, for any k,[ > 0, as x — oo,

GG 2t | o D)

C10<+1 ck+l+1—% dxkat!
where we used Theorem 3.2 with ¢(y) = ¢ (y) ~ Cy¥%, as y — oo, and the monotonicity in ¢ of
the first asymptotic term in (3.5). Finally, employing that ¢/(y) ~ C;y*!,as y — co, we get from
(3.6)

sup
0<t<t(x)

fele, ) =1

1
1 t(x)\ !
asx - o0 &= a,~|=——= , asx — oo,

1 tx)
Craf™ ~ == C x
1

and we can plug in this expression in (6.2). The speed of convergence of the first asymptotic

term in (3.5) is hence (t(x)/x)*/ (20-)x~3 which offers faster decay when a approaches 1 and
we note that it is faster than the second term of the asymptotic in (3.5) which in this case is of
order O (x~1/2).

We continue the example above with an illustration of Theorem 3.6, for which only (A;) is
required. Take t(x) = x and then a, = a,(x) = (¢')~!(1). Hence, from (3.8), we deduce that the
explicit in x

—_1kapT k x(a,—p(a,
ol CU @) v (@)
Y e N= TS MV ;
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51 of 58 | ASCIONE ET AL.

Since x¢'(x) < $(x), see (4) of Lemma 2.1, we double check that a, — ¢ (a,) < 0.
Finally, for this example, consider the case when lim #(x)/x = co = ¢/(0%"). Then, as above
X—00

1
a, ~ C(t(x)/x) 1=« and x = o (t(x)), as x — oo, thus
a 1
—a2¢"(a,)x ~ Ca%x ~ C't"T=a(x)xT==, asx — oo,
1
which goes to infinity if t(x) = o(x=) and the first requirement of (3.9) holds. Also, for any § > 0,

a 1
lim e %%t 1= (x)x1-= = 0,

X—00
1
for t(x) = o(x=«) and the third condition in (3.9) holds. Under the same restrictions, In(1/a,)
is at most of logarithmic growth and the second imposition of (3.9) is valid and Theorem 3.8
is applicable.

Let us discuss the route to the derivation of new fine local estimates in the region of the lower
envelope. We use the example above with @ = 1/2. In this case, one has to consider

%2
P <a(x) <c >,
log, x

x2

log, x

where log, x = loglogx, c > 0, see [10, Chapter III]. Set t(x) = c Clearly, t(x)/x — oo and

from above (A,),(A,) and (A) hold. Also,
t(x) logg X

¢a,)=—=>a,~C ,  asx — oo.
x x2

Furthermore, the first requirement of (3.9) is fulfilled since as x — oo,

_1
—xa,$"(a,) ~ Cxa,? ~ Clogy(x) - .

The second and third impositions of (3.9) are then obvious and Theorem 3.10 holds true, and
by virtue of its claims, it yields local estimates for the densities and all derivatives of the
probabilities above.

Assume that |¢”"(0")| < co and hence ¢’(0*) < oo. Let us determine the speed by which ¢(x)/x
may approach ¢’(0%) so that our results hold. Firstly, we note that since a, — 0 then, as x — oo,

~a,4"0%) ~ /)~ @) = ¢/0) - *2.

From Remark 3.9, we have to ensure that lim a, \/_ = o0. Hence, from the last relation, we must
X—00

have
. vx
I vo - ="

Thus, \/x = 0 (x¢/(0) — t), as x — oo, or alternatively t < x¢'(0) — K+/x, forall K > 0, and all x
large enough. This captures the region below that of the central limit theorem for the density gy,
see Theorem 3.10, and therefore, we can approximate with high precision, as x — o0, quantities
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REGULARITY AND ASYMPTOTICS OF DENSITIES OF INVERSE SUBORDINATORS 52 of 58

of the type

b
P(o(x) € [a,b]) = / gg(x, t)dt.

6.2 | Examples for the results in Section 3.2

Firstly, we develop some explicit examples for Section 3.2. It is clear that the representation (3.17)
provides some completely explicit result if we evaluate the derivatives of the convolution powers
p;". For instance, this is doable for stable subordinators in which case the tail of the Lévy measure
of ¢(z) = z% is given by

t—O{

fg(t) = m,

where we use the subscript « instead of ¢ to underline the dependence on the single parameter.
For these specific tails, it is well known that

. j—(+Da
g0y = :
FG+1—-((+ Da)
and then,
dl s tTjeml el .
—_— t) = = ra+ ,
0=t sin(je)T(1 + jao)

where we have used Euler’s reflection formula, provided that a ¢ Q, while for « € Q, we have to
pay attention to the case in which ja is an integer, for which it can be simply proven that /1:/ ()
is a monomial of degree less than j and thus (% /Zt;j (t) = 0 as expected. For [ = 0 substituting this
into (3.26) and then into (3.24), we get that

+0o . .
. J t—Jja—1
gu(x, 1) = Z(—l)fﬂ%tT sin(7ja)T'(1 + ja). (6.3)
j=1 '

This series expansion is well known in literature, see, for example, [61, Equation (7)]. The same
argument can be also adopted to obtain the series representation of f,. Indeed, with the same
arguments as before

d’ t—U+Da

Eﬂz‘””m = 7 D SN + DI + 1)+ 1)

for any j > 0 and o € (0, 1). Thus, by using (3.17), we get

N,y LU+ + Da) sin(ra(j + 1))
fa<x,t)—j§)( Y —G+Di

xlgeU+D, (6.4)

Such a series can also be deducted by combining (6.3) with the relation

t -1 1
fc((x7t)=ax ago{(lytx “)7
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53 of 58 | ASCIONE ET AL.

see [50] for more details. The series representation (6.4) has also been obtained by means of a limit
argument in [44, Remark 2.3].

A similar approach can be used to deduce some information on the relativistic (or tempered)
stable subordinator, that is, when ¢(z) = (1 + z)* — 1%. In [44], the authors provide both an inte-
gral and a series representation for the density f, ; of the inverse tempered stable subordinator.
In the proof, they exploit the possibility to extend ¢ to the whole complex half-plane C(0, ), and
then, they integrate on a keyhole contour centred in —A. This seems to be slightly different from
our contour, which is not really a keyhole contour and it is always centred in 0. However, Propo-
sition 3.19 lets us extend the approach to a full keyhole contour. Furthermore, if we choose € < 4,
then for any j > 0, we get

JRCC
Ve z

since the integrand is holomorphic on the disc {z € C : |z| < €}. Since ¢, (p) is real for p > —A4,
we can rewrite

dit 29 = 1 /+oo Im[we_m] dp = et /+oo Im[(¢+(/1 — p))it! el
T Ja 0

dtj+17¢ P Vs p+A
This leads to
—p F® .t y- j+1
frn= S0 Y Sy [ il BB g,

T = j! 0 p+A
X%t ¥R j e A—p))+t «

— e Z L(_l)j/ Im[(¢+( P)) e_x(_p) —tp] dp

T = ! 0 p+Aa
B eXA%—tA /+°° eXp% cos(am)—tp
oo 0 p+A

X [p% sin(ar — xp% sin(iar)) + A% cos(ar) sin(xp® sin(icr))]dp,

where the last equality follows by simple algebraic manipulations. It is the integral representation
of [44, Theorem 2.1], and thus, arguing as in [44, Proposition 2.1], we get the series representation

ay +00 IR
folx,t) = il D %A“U“)[F(l +a(j + 1)I(—a(k + 1), At)sin((j + Dar)
T i ) (6.5)

T+ aj)l(—aj,At)sin(jar)],

where I'(x, y) is the upper-incomplete Gamma function.

With the same arguments, we can use Proposition 3.19 to obtain the integral representation
of the density of the inverse Gamma subordinator (i.e. the case ¢(z) = log(1 + z)), as in [45,
Proposition 1].

In [14], the authors studied a special class of Thorin subordinators. Let us consider now
an example taken from this paper. Fix a € (0,1), let us consider the subordinator ¢ whose
Laplace exponent is given by ¢(z) = ¢(z) — ¢(0) — z, where ¢(z) is the unique solution of
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@(2) — (p(2))* = z for z > 0. Clearly, $(0) = 0 and then g = 0. Furthermore, by [14, Theorem 1],
we know that b = 0 and, by [14, Proposition 5], we get that g, is well defined. We can rewrite [14,

Equation (21)] in the following form, for x,t > 0,

+0o0

CHED ’%(A (O + B0 +C,(0), ©6.6)
=R
where

+0o0
Ait)=j Z(—l)"ﬂw sin(zrna)t """

n=1 :

+o0
n 1(n+1)F(1+noc) na+n—1

B;(t)=j(— 1);( nt — sin(zna)t "+

0, j=12

C(t) = J ]' +o00 nal 1"(1+na)
! n+1 : —na+n—2—k .
! Tl t . Jj=3

,ZB G =k n:zk:+1( ) <k - 2) ar sin(ena) j

In particular, comparing (3.24) and (6.6), we get, by means of (3.26),

d. _*]

P ¢(t)_A(t)+B(t)+C(t) t>0,j=1

For j = 1, we get again [14, Equation (22)]. Moreover, setting

i (1 + na)
Z‘ £ =i —_1)" . t—noz+n+l
M= nz=:1( ) nl(n —na+1) sin(zna)
+00
Bn=j(j-1 Z(—l)”mll)r‘w sin(zna)t ™"
“~ n!(n — na)
0, Jj=12,
c.n=3L 1 = I
j J! nfn+1 (1 + no) : —na+n-1-k
" -1 t , J=3
kz;a(j_k)! n;}-l( ) <k+2> nl(n —na—1-—k) sin(znar) /
we have
dj f<j+1 B ¢ 0.i>0
dﬂ ¢ (t) - j+1(t)+ j+1(t) + ]+1(t) t>0, J =z

and then, we achieve the density of the inverse subordinator L, by means of (3.17).

Finally, we show a specific application of Theorem 3.18 to the context of time-non-local

equations. For example, in [2], the following assumption is used to prove the main result.

* Forany 0 < a < b, there exists §,;, > 0 and a function F, ;, : (0,6, ;) — (0, +00) such that

5a,b 1
/ X 2F,p(x)dx < 0
0
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and, for any x € (0,6, ) and ¢ € [a, b],

s
0x

(x,1)

< Fop(x).

It is clear that we can Theorem 3.18 for n = 0 and since the remainder is locally uniform in ¢,
the latter condition is verified with F, , being independent of x if ¢ satisfies (B,) and (B,). In
particular, the latter holds whenever (but not exclusively if) ¢ is a complete Bernstein function,
as discussed in Section 3.2.1.
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