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Abstract
The Maximum Diversity Problem (MDP ) requires to extract a subset M of given cardinality from a set N , maximising the sum of the pairwise diversities between the extracted elements. The MDP has recently
been the subject of much research and several sophisticated heuristics
have been proposed to solve it. The present work compares four local
search metaheuristics for the MDP, all based on the same Tabu Search
procedure, with the aim to identify what additional elements provide the
strongest improvement. The four metaheuristics are an Exploring Tabu
Search, a Scatter Search, a Variable Neighbourhood Search and a simple Random Restart algorithm. All of them prove competitive with the
best algorithms proposed in the literature. Quite surprisingly, the best
ones are the simple Random Restart algorithm and a Variable Neighbourhood Search algorithm with an unusual parameter setting, which makes
it quite close to random restart. Though this is probably related to the
elementary structure of the MDP, it also suggests that, more often than
expected, simpler algorithms might be better.
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Introduction

This paper compares a number of local search metaheuristics for the Maximum
Diversity Problem (MDP ) [22]: given a set N of n elements, an integer number
m and a matrix D = {dij } expressing the diversity between each pair of elements
i and j in N , find a collection M ⊂ N of m elements such that the sum of their
pairwise diversities is maximum. Without loss of generality, it is commonly
assumed that the diversity matrix is symmetric (dij = dji for all i, j ∈ N ) and
that dii = 0 for all i ∈ N .
The MDP can be formulated as the following quadratic programming problem, where xi = 1 when element i ∈ N belongs to M and xi = 0 otherwise:
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Besides the specific applications of the MDP, which are discussed in Section 2, our interest in the problem is motivated by its peculiar combination of
computational N P-hardness [30] and extreme simplicity: its feasible solutions
are generic subsets, which must only satisfy a cardinality constraint; all elements
are equivalent with respect to this constraint and contribute to the objective
function by interacting with all other elements. This leaves little foothold to
devise problem-specific “tricks”, such as ad hoc neighbourhoods, the use of unfeasible solutions as a bridge between feasible ones, the identification of specific
relevant elements and so on (see, e.g., [34, 19, 20, 16, 1]). In our opinion, these
features make the MDP an interesting environment to explore the influence
of design decisions on performance. As we refer to local search metaheuristics, we mean to compare different general-purpose methodologies exploiting
the same fundamental search procedure: in detail, we consider exploring Tabu
Search (XTS ) [13], Scatter Search (SS ) [32], Variable Neighbourhood Search
(VNS ) [26] and Random Restart (RR), all of them based on a common Tabu
Search module [25].
Indeed, all the heuristic approaches proposed in the literature for the MDP
have a basic design much similar to our algorithms, mainly differing for the
sophisticated strategies used to periodically reinitialise the search (see Section 2
for details). None of them exploits problem-specific features, thus supporting
our previous remark on the difficulty to identify such features.
Section 2 surveys the state of the art algorithms for the MDP. Section 3
describes the algorithms here proposed. Section 4 compares their performances
to the best published results and to each other. The first comparison aims
to prove that these algorithms have been implemented to the best of our capabilities and that they are competitive with the state of the art; the second
comparison aims to support the unexpected result that the more sophisticated
strategies are dominated by those which periodically restart the search with
a random subset of elements chosen trivially from the whole set N or simply
excluding those in the current best known solution. The former approach corresponds to random restart, the latter to a degenerate parameter setting of VNS.
Such a result, though probably due to the simple structure of the MDP, poses
the following intriguing doubt: on how many “simple” problems a random or
nearly random restart might outperform very refined and complex strategies?
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Survey on the MDP

The MDP models several practical problems: when building work teams, student classes and juries it is a common aim to gather individuals with strongly diversified characteristics. Work teams take advantage from including the largest
possible range of skills, classes should encourage the exchange between students
with different backgrounds, juries should represent the widest variety of points
of view existing in a community. Most of the time the number of individuals in
a team is fixed, and the diversity between individuals i and j can be expressed
by coefficient dij . Other interesting applications concern project financing [23],
data mining [29], exam scheduling, medical treatment, the selection of diversified individuals from a population of solutions in evolutionary algorithms [36],
the location of obnoxious facilities [10], and so on.
The MDP has been introduced by Glover [22], who proposed two integer
linear programming formulations, which can be solved only for small instances
(n ≤ 40) because of the quadratic number of binary variables and the weakness
of the continuous relaxation. The quadratic formulation reported in the introduction has been used to solve instances of approximately the same size in [21].
Recent exact approaches are a combinatorial branch-and-bound algorithm [35],
which solves all instances up to 50 elements and some Euclidean instances up to
150 elements, and a branch-and-bound algorithm based on semidefinite bounds,
which solves instances of approximately the same size, but provides a gap lower
than 10% even on instances with n = 2 000 [3].
The size m of the solution influences the computational hardness of the
problem: lower ratios m/n yield harder instances, both for the exact and the
heuristic algorithms. In fact, as reported in Section 4.1, the benchmark instances
proposed in the literature have gradually shifted from larger ratios, with m/n
up to 40%, to smaller ones (m/n = 10%).
The first heuristic approaches to the MDP are greedy and stingy heuristics [24, 41]. The former start with an empty subset, choose an element at a
time with a suitable criteria and add it to the current solution; the latter start
with the whole set of elements, choose an element at a time with a suitable
criterion and remove it. Both terminate as soon as the correct cardinality is
reached.
All following heuristic approaches are based on local search. They nearly all
adopt the straightforward neighbourhood provided by the swap of an element
i ∈ M with an element j ∈ N \ M , since the cardinality constraint makes it
quite difficult to design different neighbourhoods. This neighbourhood includes
exactly m (n − m) solutions. All of the algorithms restrict the visit to feasible
solutions. Notice that any feasible solution may be reached from any other one
by repeated swaps, without visiting unfeasible solutions. Moreover, in general
the optimal solution for a given value of m is not close to the optimal one with
a larger or lower value, so that visiting unfeasible solutions does not appear to
give any advantage. Most of these heuristics explore the whole neighbourhood
and choose its best solution as the new one. As a consequence, most of the
attention focuses on reinitialisation mechanisms of the basic local search.
3

The earlier algorithms adopt the Greedy Randomized Adaptive Search Procedure methodology (GRASP ) [17]. They apply very sophisticated methods to
build high quality randomised starting solutions and perform the subsequent
improvement phase by a standard local search technique. Ghosh [21] proposes
a greedy procedure based on a lower and an upper estimate of the contribution
brought by each element to the solution. Andrade et al. [2] use a restricted
candidate list and select the first and the last half of the elements with two different greedy criteria. Silva et al. [40] introduce a reactive mechanism to tune
the GRASP parameters on the basis of the solutions found; one of their algorithms adopts a different neighbourhood, though similar, swapping two pairs of
elements at a time. A hybrid GRASP with Data Mining, is proposed in [38];
this is based on the identification of good “patterns”, i. e., subsets of elements
frequently appearing in good solutions. A GRASP with path relinking is described in [39]. The instances solved range from 40 to 500 elements and the
larger ones require hours of computing time.
A second group of local search metaheuristics follow the Tabu Search framework. These solve instances from 500 to 2 000 elements in a time ranging from
seconds to few minutes. The Tabu D-2 algorithm, proposed in [15], initialises
the search with a stingy heuristic introduced in [24], but modified to take into
account the average value and the number of all previously built solutions including each element. This adaptive mechanism has the purpose to guide the
search towards regions surrounding good known solutions and away from the
already visited solutions. Tabu D-2 explores a subset of the standard neighbourhood, including only n − m solutions: in fact, for each element potentially
added to the solution, only one element is tested for removal. Moreover, Tabu D2 implements the first non tabu improving move found, instead of the best.
The eXploring Tabu Search algorithm XTS-MDP described in [7] initialises the
search with a simple greedy criteria. Contrary to Tabu D-2, it adopts a sophisticated Tabu Search mechanism with two lists, adaptively tuned tenures (getting
shorter when the solution improves, longer when it worsens) and a periodic
reinitialisation based on a list of promising solutions found during the search.
The Iterated Tabu Search algorithm (ITS ) proposed in [36] first turns the
fractional solution xi = m/n for all i ∈ N into a feasible integer one with a steepest ascent algorithm based on the mathematical programming formulation (1).
Then, it applies a Tabu Search algorithm with a single tabu list, which forbids
to revert the more recent swaps. The search restarts periodically by performing
a small random number of swaps (at most 0.1n), chosen at random from a short
list which includes the 5 − 10 most improving ones.
The Scatter Search algorithm presented in [18] applies an improved version of
Tabu D-2 with two tabu lists instead of a single one, in order to build a reference
set made up of best solutions and diverse solutions. The latter are defined
as solutions strongly different from each other and from the best ones, where
the difference between two solutions is measured by the number of elements
belonging to only one of them. Periodically, all pairs of solutions in the reference
set are combined to provide new starting solutions for Tabu D-2.
Finally, the Variable Neighbourhood Search described in [10] initialises the
4

search with a random subset of elements and applies pure local search, adopting the standard neighbourhood and always accepting the first improving swap
found. After reaching a local optimum, it builds a new starting solution by
swapping k pairs of elements in the best known solution. The “shaking” parameter k is set to 1 at the beginning and it is increased by 1 at each restart. If
k exceeds min (m, n − m) or if the best known solution improves, k is set back
to 1.

3

Four local search metaheuristics for the MDP

Our experience on the MDP started with the implementation of a simple Tabu
Search procedure, which is the basic local search module embedded into the
algorithms described in the following. We chose Tabu Search because most
previous algorithm adopted a very refined construction phase followed by an
elementary improvement phase, consisting of a standard local search. On the
other side, the fact that any feasible solution may be reached from any other one
by repeated swaps suggested that a local search algorithm might be an effective
solving approach, provided that it were refined enough to cope with the large
number of local optima characterising the MDP.
Section 3.1 introduces some notation and the common elements of these
algorithms: the greedy algorithm used to find the starting solution and the
basic Tabu Search procedure. The differentiating elements of each approach are
presented in Section 3.2 for XTS, Section 3.4 for SS, Section 3.3 for VNS and
Section 3.5 for RR.

3.1

Greedy initialisation and basic Tabu Search

GivenP
a subset M ⊂ N , a relevant role in all algorithms is played by coefficients
Di = j∈M dij for i ∈ N , which can be interpreted as the (actual or potential)
1P
Di .
contribution of element i to the objective function. In fact, z =
2 i∈M

Greedy algorithm All the algorithms proposed build a feasible solution
starting from the pair of elements (i, j) with the largest diversity dij . Let
M (0) = {i, j} ⊂ N and z (0) = dij . At each step, add the element with the largest
diversity with respect to the already chosen ones: k (h) = arg maxi∈N \M (h−1) Di ,

so that M (h) = M (h−1) ∪ k (h) and z (h) = z (h−1) + Dk(h) . After the addition,
all coefficients Di can be easily updated by summing the value dik(h) . Since
each step requires O (n) time, the overall procedure takes O (mn).
Tabu Search Starting from a given feasible solution M of value z, the basic
Tabu Search procedure tries to produce an improved solution M new by exchanging a single element s in the current solution with a single element t out of it,
so that M new = M ∪ {t} \ {s}. It is possible to efficiently evaluate the value
z new of M new by simply subtracting from z the total contribution of the old
5

element s, that is Ds , and adding the total contribution of the new element t,
that is Dt − dst . More formally, z new = z − Ds + Dt − dst . The neighbourhood
is completely explored before choosing one of its elements as the current solution. As each move is evaluated in constant time, a complete exploration of the
neighbourhood takes O (mn) time.
To avoid looping over already visited solutions, the procedure exploits a
finite-length list of forbidden moves, named tabu list [25]. The distinguishing
element of this Tabu Search with respect to the previous literature is the definition of two independent tabu lists, in order to avoid both the inclusion of a
recently removed element and the removal of a recently included element [7].
This feature has been independently adopted by other recent algorithms [18].
To implement it, we store for each element i ∈ N the last iteration in which i
was swapped in or out of the solution. A move (s, t) is tabu, i. e., forbidden,
when the outgoing element s has entered the solution less than `out iterations
ago or the ingoing element t has exited less than `in iterations ago. The length
of the prohibition (tabu tenure) is larger for the insertion than for the removal,
in order to guarantee that the two tabus have a comparable strength. In fact,
since m ranges from 0.1n to 0.4n in all benchmark instances, the number of
elements out of the solution is from 1.5 to 9 times larger than the number of elements inside it. Correspondingly, the former elements have on average a lower
probability to be involved in each move.
At each step, the procedure performs the non tabu move which yields the
largest z new . However, if the move providing the largest z new improves the best
known solution, it is performed even if it is tabu (aspiration criteria). After
applying such a move, the value of Di is updated as follows for all i ∈ N :
Di = Di − dis + dit .

3.2

An eXploring Tabu Search algorithm

We extend the basic Tabu Search by adding a short-term and a long-term memory mechanism. The resulting algorithm is denoted as XTS-MDP [7].
Short term memory
The short-term memory mechanism tunes the two tabu tenures depending on the
recent results of the search: it decreases them after Ti consecutive improving
iterations and increases them after Tw consecutive worsening iterations. The
purpose of the decrease is to intensify the search in those regions which provide
improving solutions, and therefore appear more promising. The purpose of the
increase is to speed up the departure from those regions which provide worsening
solutions, and therefore probably surround an already visited local optimum.
Of course, the decrease and the increase rate must be tuned to avoid both
over and under-reacting to the
of the objective function. In detail,
 variations

M
the tabu tenure `in varies in `m
,
`
:
at
the beginning of the algorithm, it is
in in

(0)
M
set to the middle point of this interval `in = `m
in + `in /2; after Tw consecutive
worsening iterations, it increases by ∆`in , whilst it decreases by ∆`in after Ti
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consecutive improving iterations. The same occurs for `out , which starts from

 m M 
(0)
M
`out = `m
out + `out /2 and varies in `out , `out by steps equal to ∆`out . For the
specific values adopted in our computational experiments, see Section 4.2.
While the use of a variable tabu tenure is quite common in the literature, the
amount ∆` is commonly fixed to 1. Our experience is that, when the tabu tenure
reaches the maximum value of its range, thus pushing the search away from the
current region of the solution space, the number of improving iterations is often
insufficient to reduce it in order to intensify the search in the newly reached
region. A similar behaviour can be observed when the tabu tenure decreases
down to its minimum value: the number of worsening iterations is insufficient
to increase it enough to diversify the search. To counterbalance this effect, we
adopt a variable self-adapting variation step ∆`, which becomes larger when the
tabu tenure approaches the lower or the upper limit of its range. Once again,
for the specific values adopted see Section 4.2.
Long term memory
The long-term memory mechanism allows the search to stop exploring unpromising regions of the solution space. This mechanism is known as eXploring Tabu
Search [13]. Its basic idea is to focus on the second-best solution computed
during each neighbourhood exploration and to maintain a set of the best ones.
These solutions, which are not used by standard Tabu Search, could on the
contrary be good starting points to guide the search toward promising regions.
Therefore, under suitable conditions, the search restarts from one of them.
To implement this mechanism, when exploring the neighbourhood of M , its
best solution M 0 becomes the incumbent, while the second-best solution M 00 is
inserted into a list M. This list also saves the tabu lists and all the values of
the parameters for the short-term mechanism which would result by choosing
M 00 as the incumbent. The purpose is to exactly reproduce the whole state of
the computation, so that, if necessary, the algorithm might backtrack to this
point and proceed as if a different choice had been made. List M has a limited
length: when that length is exceeded, its worst element is removed. Duplicate
solutions are removed, as well.
The search restarts from the best solution in M every time any of the following conditions is verified: either the best known solution does not improve
for I ∗ iterations or the length
of one

 of the
 two tabu lists resides in the upper
half of its range, that is `m + `M /2; `M , for Iup consecutive iterations. The
first condition suggests that the currently explored region is not promising, the
second one that the short term mechanism is insufficient to diversify the search.
When any of these conditions holds, the best solution is extracted from M, it
becomes the new incumbent and the corresponding state of the computation
is fully retrieved. The whole algorithm terminates after a limit number I of
neighbourhood explorations.
The pseudocode in Figure 1 summarises Algorithm XTS-MDP, denoting as
z(M ) the value of solution M . The greedy procedure builds a starting best
7

M
m
M
∗
XTS-MDP(N, m, d, `m
in , `in , `out , `out , I , Iup , I)
M ∗ := Greedy(N, m, d); M := {M ∗ };
Li := −∞ for all i ∈ N ;
{Initialise the tabu list}
M
m
M
`in := (`m
in + `in )/2; `out := (`out + `out )/2;
Ti := 0; Tw := 0; i := 0; i∗ := 0; iup := 0;
while i ≤ I do
M := ExtractBest(M);
{Short-term Tabu Search procedure}
while i ≤ I and i ≤ i∗ + I ∗ and iup ≤ Iup do
(M 0 , M 00 ) := FindBestNeighbour(M, N, m, d, L, `in , `out , i, z(M ∗ ));
{Update the number of consecutive improvements or worsenings}
if z(M 0 ) > z(M ) then Ti := Ti + 1; Tw := 0; end if
if z(M 0 ) < z(M ) then Ti := 0; Tw := Tw + 1; end if
{Update the tabu tenures}
M
m
M
(`in , `out ) := UpdateTenures(`in , `out , Ti , Tw , `m
in , `in , `out , `out );
{Update the number of iterations with longer tabu tenures}
M
m
M
if `in ≥ (`m
in + `in )/2 or `out ≥ (`out + `out )/2 then
iup := iup + 1 else iup := 0;
end if
{Update the best known solution}
if z(M 0 ) > z(M ∗ ) then M ∗ := M 0 ; i∗ := i; end if
{Update the current solution}
M := M 0 ;
{Update the list of the second-best solutions}
M̄ := ExtractWorst(M);
if z(M 00 ) > z(M̄ ) and M 00 ∈
/ M then
M := M ∪ {M 00 }
else
M := M ∪ {M̄ }
end if
i := i + 1;
end while
end while
return M ∗ ;

Figure 1: Pseudocode of Algorithm XTS-MDP.
known solution M ∗ , which also becomes the only candidate starting solution of
list M. All parameters are initialised, and in particular the iteration Li of the
last swap for each element i is set to −∞ in order to label all moves as non
tabu. Then, we draw from M the best solution M to initialise the short-term
Tabu Search procedure, which will terminate when reaching the maximum total
number of iterations or when satisfying either of the two conditions discussed
above. At each step, the Tabu Search explores the neighbourhood of the current
solution M and returns its best and second-best solutions which are non tabu
or satisfy the aspiration criteria, respectively denoted as M 0 and M 00 . Solution
M 0 determines the update of the number of improving or worsening consecutive
iterations, of the tabu tenures and of the number iup of consecutive iterations
8

with a long tabu tenure. It possibly updates the best known solution M ∗ and replaces the current one M . Solution M 00 possibly updates the list M of candidate
starting solutions.
Notice that the basic Tabu Search can be easily obtained from XTS-MDP
M
m
M
by keeping the tabu tenures to fixed values (`m
in = `in and `out = `out ) and
∗
enabling only the global termination condition (I = Iup = I). This allows to
ignore most of the update operations.
Our computational experience with Algorithm XTS-MDP, though impressive with respect to the previously published algorithms [7], revealed the existence of some hard instances, which could not be solved to the optimum with
the standard parameter setting, even in a huge number of iterations, but required specific settings. A certain degree of randomisation often improves the
robustness of an algorithm, as it avoids the deterministic repetition of mistakes
forbidding to reach the optimum [28]. This led us to experiment with alternative
approaches in which randomisation plays a role.

3.3

A Variable Neighbourhood Search algorithm

The VNS approach systematically exploits the idea of neighbourhood change,
to overcome the limits posed by the use of a single neighbourhood. It requires
a hierarchy of size-increasing neighbourhoods. Our implementation, denoted as
VNS-MDP, defines the k-th neighbourhood Nk (M ) of solution M as the set of
all solutions obtained from M by replacing k elements in the solution with k
elements out of it. An equivalent definition would be
Nk (M ) = {M 0 ⊂ N : ρ (M, M 0 ) = k}
where function ρ (M, M 0 ) = |M \ M 0 | expresses the distance between solutions
M and M 0 as the number of elements included in one and not in the other.
Notice that, since M and M 0 have the same cardinality, function ρ is symmetric:
ρ (M, M 0 ) = ρ (M 0 , M ). Also notice that larger values of k correspond to larger
neighbourhoods and that, though these neighbourhoods are clearly related to
one another, they are all pairwise disjoint, since swapping a larger number of
elements simultaneously cannot yield the same solutions obtained by swapping
a smaller number.
A pseudocode of VNS-MDP is given in Figure 2. At the beginning, the
greedy procedure described in Section 3.1 generates a starting best known solution M ∗ , which is also used as the current one M , and the neighbourhood index
k is set to its minimum value kmin . Starting from M , the basic Tabu Search
runs with fixed tabu tenures for IT S iterations, and returns the best solution
M̃ found in the current run. Then, if M̃ is judged more promising than M ∗ as
a starting solution, index k is set back to kmin and procedure Shaking selects
a new current solution M from its k-th neighbourhood; otherwise, k increases
and procedure Shaking selects a new current solution M from the k-th neighbourhood of M ∗ . In the end, M̃ possibly updates the best known solution M ∗ .
When index k exceeds a threshold kmax , it is forced back to kmin . The algorithm
9

terminates after a given total number of iterations I. Several variants of this
algorithm have been tested by tuning its numerical parameters and by suitably
defining procedures PromisingStartingSolution and Shaking.
VNS-MDP(N, m, d, `in , `out , IT S , α, I)
M ∗ := Greedy(N, m, d); i := 0; M := M ∗ ;
while i ≤ I do
k := kmin ;
while i ≤ I and k ≤ kmax do
M̃ := TabuSearch(M, N, m, d, `in , `out , IT S );
{Update the starting solution}
if PromisingStartingSolution(M̃ , M ∗ , α) then
k := kmin ; M := Shaking(M̃ , k);
else
k := k + δk; M := Shaking(M ∗ , k);
end if
{Update the best known solution}
if z(M̃ ) > z(M ∗ ) then M ∗ := M̃ ; end if
i := i + IT S ;
end while
end while
return M ∗ ;

Figure 2: Pseudocode of Algorithm VNS-MDP.

Variants of Algorithm VNS-MDP
In a first phase, we considered the three versions of VNS denoted in the literature
as basic VNS, skewed VNS and guided VNS [27]. All of these algorithms set
kmin and δk to 1 for the sake of simplicity, and tune kmax by experiment in a
range of small values. These are common assumptions in the literature of VNS,
based on the idea that the restart solution M should be close to a promising
solution, either M̃ or M ∗ , suggested by local search.
The basic VNS implements procedure Shaking by swapping k elements in the
solution and k elements out of it, chosen at random with a uniform distribution.
Procedure PromisingStartingSolution simply checks condition z(M̃ ) > z(M ∗ ).
Thus, if the current run of the Tabu Search improves the best known solution,
k gets back to 1 and M̃ is selected; in other words, the search restarts from a
solution very close to the new best known one. If it fails, k increases and M ∗
is selected: the search restarts from a solution neighbour to the old best known
one, but farther and farther away as the failure repeats.
The skewed VNS applies the same shaking procedure used by the basic VNS,
but it restarts from M̃ also in case of failures, provided that M̃ is sufficiently
distant from M ∗ to avoid falling back into it. This is obtained by implementing procedure PromisingStartingSolution with the more complex and weaker
condition:
z(M̃ ) + αρ(M̃ , M ∗ ) > z(M ∗ )
10

where α > 0. If this condition fails, not only M̃ is worse than M ∗ , because
z(M̃ ) ≤ z(M ∗ ), but M̃ is also close to M ∗ , because ρ(M̃ , M ∗ ) is small. In other
words, solution M̃ is rejected only when it is neither improving nor diversifying.
The rationale of this approach is that, since Tabu Search is more effective than
standard local search as a basic procedure, the local optima closer to the best
known result have probably been already explored and therefore it might be
more effective to restart from solutions farther away.
The guided VNS adopts the simple condition z(M̃ ) > z(M ∗ ) used by the
basic VNS, but its Shaking procedure is deterministic and based on the number
of iterations during which each element i has been included in the current solution (frequency). The procedure removes the k elements of the solution with the
highest frequencies and replaces them with the k elements out of the solution
with the lowest frequencies. The rationale of this approach is to focus on diversification by forcing into the initial solution the elements which have been less
frequently considered so far. It is also an attempt to use deterministic adaptive
tools instead of simple randomisation.
The very good performance of the VNS algorithm proposed in [10], published when we were completing these experiments, led us to perform some
additional analysis. This algorithm, in fact, adopts the unusual setting kmax =
min (m, n − m), which is the maximum possible value, much larger than the
ones tested in our first experiments and commonly used in the literature. Such
a value makes the restart mechanism gradually evolve from a random generation in the standard neighbourhood to a nearly random generation in the whole
solution space. The difference is that, when k = kmax , the shaking procedure
removes all current elements, whereas a pure random restart would probably
keep some of them. With such a parameter setting, the common sense assumption that the restart solutions should be close to the best known one is satisfied
only by a few first restarts. To pursue this line of research, we introduced other
two variants of VNS.
The accelerated VNS modifies the basic VNS by setting kmax =
min (m, n − m). Moreover, the use of Tabu Search as the core search procedure makes restarts much less frequent in our algorithm, so that the increase
of k would be much slower. To obtain a comparable behaviour, we decided to
correspondingly increase δk and kmin .
In the end, the random VNS sets kmin = kmax = min (m, n − m), thus always
restarting the search in the largest neighbourhood, instead of gradually enlarging
the neighbourhood used. This approach corresponds to a nearly random restart,
which only forbids the elements belonging to the current best known solution.
The rationale of this approach is to specifically test whether the use of the largest
neighbourhood might explain the effectiveness of the VNS algorithm proposed
in [10].
The numerical values assigned to all parameters are given in Section 4.2.
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3.4

A Scatter Search algorithm

Scatter Search is an evolutionary method which uses strategies for search intensification and diversification [32]. A pseudocode of our Scatter Search algorithm,
SS-MDP, is given in Figure 3.
SS-MDP(N, m, d, `in , `out , IT S , I)
(M ∗ , R, i) := GenerateReferenceSet(N, m, d);
while i ≤ I do
R0 := R;
for each (M1 , M2 ) ∈ R0 do
M := CombineSolutions(M1 , M2 );
M̃ := TabuSearch(M, N, m, d, `in , `out , IT S );
{Update the reference set}
R := UpdateReferenceSet(R, M̃ );
{Update the best known solution}
if z(M̃ ) > z(M ∗ ) then M ∗ := M̃ ; end if
i := i + IT S ;
end for
if R0 = R then (R, i) := ModifyReferenceSet(R, i, N, m, d); end if
end while
return M ∗ ;

Figure 3: Pseudocode of Algorithm SS-MDP.
The algorithm first generates a set of solutions R, named reference set, by
suitably applying, as explained in the following, the greedy procedure and the
basic Tabu Search procedure. The reference set is composed of two subsets B
and D: B contains the best solutions found, whereas D contains those solutions which have the largest sum of distances with respect to the other solutions
in R. The distance function ρ is the same used in VNS-MDP and defined in
Section 3.3. The reference set evolves by combining each pair of its members
to obtain a new starting solution M : the combination of two solutions in B
intensifies the search, while the diversification is given by combining two solutions in D or one in B and one in D. Starting from M , the basic Tabu Search
procedure returns an improved solution M̃ , which might enter either the best or
the diverse subset of the reference set and which might update the best known
solution. Notice that the combinations are always performed on the original
reference set, which is replaced by the new one only in the end. If the reference set is unchanged by a whole loop of combinations, the diverse subset D
must be regenerated. The algorithm terminates after a given total number of
iterations I.
Management of the reference set
The initial reference set is generated repeating the following procedure until R
reaches the desired size. First, the greedy procedure selects at random a pair
of elements and builds a solution starting from them. The used pair is marked
12

to avoid selecting it again. Then, the basic Tabu Search procedure with fixed
tabu tenures returns an improved solution. We try to insert this solution first
in B, then in D, provided that it is not a duplicate. If B has reached its desired
size and the solution is worse than all the ones in B, it is rejected. As well, it
is rejected from D when D has reached its desired size and the solution is not
different enough from the ones in the reference set. This means that the sum of
the distances between the solution and all current elements of R is lower than
that between each of those elements and the other ones. If both insertions fail,
the solution is neither good nor different enough from the reference set. Then, it
is randomly modified in order to improve the diversification, by exchanging the
elements which have so far belonged more frequently to a solution with the less
frequent ones. The resulting solution is once again tested for insertion into R.
The update of R is based on the combination of two solutions M1 and M2
drawn from R into a new single one M . Although it would be possible to combine
three or more solutions, the combination of pairs usually proves sufficient to
(1)
obtain good results while keeping a reasonable running time [31]. Let Di
(2)
and Di denote the Di coefficients for solutions M1 and M2 . We compute the
auxiliary coefficients:
 (1)
(2)
Di + Di
if i ∈ M (1) and i ∈ M (2)



D(1)
if i ∈ M (1) and i ∈ N \ M (2)
i
D̄i =
(2)

D
if i ∈ N \ M (1) and i ∈ M (2)


 i
0
if i ∈ N \ M (1) and i ∈ N \ M (2)

and we build the new initial solution M by selecting the m elements with the
largest values of D̄i .
Notice that the reference set R in general is only partly modified by the combination phase, because each combined solution might be accepted or not. For
the sake of efficiency, the first combination phase involves all pairs of solutions,
whereas the following ones involve only the pairs with at least one new solution.

3.5

A random restart algorithm

Our random restart algorithm RR-MDP (see Figure 4) builds a starting solution
with the greedy procedure and improves it with IT S iterations of the basic
Tabu Search procedure, with fixed tenures. As long as the limit number I of
neighbourhood explorations has not yet been reached, the algorithm restarts
periodically the search by simply building a new current solution M with m
elements chosen at random and improving it with the basic Tabu Search.
Algorithm RR-MDP derives by an experimental application to the MDP of
the Ant Colony Optimization approach [14]. Our preliminary results were quite
encouraging, as the algorithm performed remarkably well on all benchmark
instances [6]. While tuning its parameters, however, we realised that the best
parameter set corresponded to a very high evaporation rate, that is to a pure
random restart. The direct implementation of this algorithm confirmed this
unexpected remark.
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RR-MDP(n, m, d, `in , `out , IT S , I)
M := Greedy(N, m, d);
M ∗ := TabuSearch(M, N, m, d, `in , `out , IT S );
i := IT S
while i ≤ I do
M := RandomRestart(N, m);
M̃ := TabuSearch(M, N, m, d, `in , `out , IT S );
{Update the best known solution}
if z(M̃ ) > z(M ∗ ) then M ∗ := M̃ ; end if
i := i + IT S ;
end while
return M ∗ ;

Figure 4: Pseudocode of Algorithm RR-MDP.

4

Computational results

In this section we discuss the computational results of the proposed algorithms.
First, we introduce the computational environment and the benchmark instances (Section 4.1). Then, we introduce the specific values used for their
parameters. Then, we compare the results of the algorithms to each other, in
order to draw some conclusions about the most effective design decisions, and
to the best known results, in order to show that they are all competitive with
the state of the art. Note that, in the following, when we refer to best known
result we always consider the one obtained from the literature.

4.1

Computational environment

All the algorithms proposed are coded in C standard and compiled by gcc. They
run on a 2.2 GHz 2 Dual Core AMD Opteron(tm) Processor 275, with 3 GB of
memory.
For our experiments, we have drawn from the literature five sets of benchmark instances, which are all available at website http://www.di.unito.it/
~aringhie/benchmarks.html:
• benchmark APOM [2] includes 40 instances with n ranging from 50 to
250 and m from 0.2n to 0.4n, subdivided into:
– type A: the elements are points on a plane, with random coordinates
extracted from [1, 9]; the dij values are Euclidean distances;
– type B: all dij values are random integers uniformly drawn from
[1, 9999];
– type C: the values are random integers; half of them are uniformly
distributed in [1, 9999], the other half in [1, 4999];
– type D: the values are random integers; half of them are uniformly
distributed in [1, 9999], the other half in [5000, 9999];
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• benchmark SOM [40], consists of 20 instances with n ranging from 100
to 500 and m from 0.1n to 0.4n; the dij coefficients are random integers
uniformly distributed in [0, 9];
• benchmark DM1 [15], consists of 60 instances with real numbers generated
from a [0, 10] uniform distribution; 20 instances have n = 500 and m = 200
(DM1a), 20 instances have n = 2000 and m = 200 (DM1b), 20 instances
have n = 500 and m = 50 (DM1c);
• benchmark DM2 [15], consists of 20 instances with real numbers generated
from a [0, 1000] uniform distribution; they have n = 500 and m = 50
• benchmark GKD [15] consists of 20 instances with n = 500 and m = 50, in
which the elements are points in a 10-dimensional space with coordinates
randomly generated in [0, 10]; the dij values are Euclidean distances.

4.2

Parameter tuning

In this section, we briefly list the values adopted for the parameters of the proposed algorithms, which were obtained in a preliminary experimental campaign.
It must be remarked that the range of values tested for most of these parameters was suggested by common sense and base on our experience [12, 8, 9, 4]:
a small number of alternative settings were investigated and the ones with the
best average performance were applied to all benchmark instances, without any
fine tuning to improve the results on specific classes of instances.
With the explicit purpose to guarantee a fair comparison among the alternative approaches, the basic Tabu Search procedure embedded in all algorithms
adopts the same parameters; in the case of XTS-MDP, which applies variable
tabu tenures, instead of fixed ones, the range of the variable tenure is centred
on the value of the fixed one.
To generate pseudo-random numbers for all randomised algorithms, we have
tested both the classical ran1 generator described in [37] and the RngStream
generator proposed in [33]. Since the results only exhibited slight differences,
we decided to use the more recent generator, RngStream. This has been initialised with its default predefined random seed, in order to obtain a deterministic version of the algorithm. A preliminary test, consisting of 10 runs with
different random seeds, confirmed that the differences are statistically insignificant according to Wilcoxon’s matched-pairs signed-ranks test [42], even when
considering the two runs with the best and the worst average performance.
In order to compare all the approaches in the fairest way, we have imposed
the same number I = 100 000 of basic iterations (i. e., neighbourhood explorations) to all of them. This value is largely sufficient to obtain the best known
result on most of the benchmark instances, while requiring a reasonable computational time.
XTS-MDP In our computational experiments, the tabu tenure `in varies
M
m
M
between `m
in = 8 and `in = 14, while `out varies between `out = 3 and `out = 7.
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These values were obtained after some tuning in the range between 3 and 20,
by keeping into account, as observed in Section 3.1, that the tabu tenure for
insertion should be larger than that for removal, because the elements out of the
solution exceed those inside. The starting values for the tenures are trivially set
(0)
(0)
to the middle point of the corresponding range: `in = 11 and `out = 5. Both
tenures are updated after Ti = 3 improving iterations or Tw = 5 worsening
iterations with the following variable step:
(
(
M
M
2 if `in = `m
or
`
=
`
2 if `out = `m
out or ` = `out
in
in
∆`in =
and
∆`
=
.
out
M
M
1 if `m
1 if `m
out < `out < `out
in < `in < `out
which simply corresponds to a larger update when the tenure hits an extreme
value of its range. Finally, the parameters tuning the long-term exploring restart
mechanism are |M| = 15, I ∗ = 1 000 and Iup = 300. With few exceptions, most
of the restarts are triggered by parameter I ∗ , so that each of them performs at
least 1 000 iterations.
VNS-MDP The two tabu tenures of the basic Tabu Search have been fixed
to `in = 11 and `out = 5, that are the starting values and the middle points of
the ranges adopted in XTS-MDP. The number of basic Tabu Search iterations
has been set to IT S = 2 000 for all variants of VNS-MDP, because larger values excessively limited the number of restarts, thus reducing VNS to the basic
Tabu Search procedure. On the other side, smaller values yielded consistently
dominated results according to Wilcoxon’s test, probably because they terminate prematurely the search while it is still vital. Moreover, the same value of
IT S = 2 000 has been adopted for RR-MDP, which exhibited a similar dependency, and we have already remarked that each restart of XTS-MDP terminates
after I ∗ non-improving iterations, that is at least 1 000 overall iterations. Notice that the literature on VNS usually adopts standard local search as the
core search procedure, so that the number of iterations before restart is not a
parameter and is often much smaller than the value chosen here. This is true
in particular for the MDP, whose instances typically exhibit a huge number of
local optima.
As introduced in Section 3.3, the basic VNS, the skewed VNS and the guided
VNS assume that the restart solutions should be close to the best known one M ∗
or to a promising solution M̃ provided by local search. Consequently, kmin = 1
and δk = 1, while kmax , has been tuned by experiment in the range between 5
and 20. Slightly better results suggested to set kmax = 10. For reasons discussed
in detail in Section 4.3, we unexpectedly found out that the large value of IT S
makes parameter α almost uninfluential on the performance of the skewed VNS.
We remind that α allows to accept non improving solutions as new starting
points, provided that they are far away from the current best known one.
The accelerated VNS sets kmax = min (m, n − m). In order to achieve a
speed in the increase of k similar to that of the VNS algorithm by Brimberg et
al. [10], while at the same time considering a hierarchy of exactly 10 different
neighbourhoods as in the first three variants, we set kmin = kmax /10 and δk =
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kmax /10. In other words, the neighbourhood used gradually increases in 10
steps up to the largest possible one.
The random VNS has a trivial degenerate parameter setting, with kmin =
kmax = min (m, n − m) and δk = 0. In practice, its only difference with respect
to RR-MDP is that, while building a random restart solution, it forbids the
elements of the current best known one.
SS-MDP After some tests with lower values (5, 10, 15), which consistently
provided worse results, we set the size of the best subset and the diverse subset
composing the reference set to |B| = |D| = 20. Larger values would excessively
increase the number of restarts, since each of the 40·39/2 = 780 pairs of solutions
in the reference set must be used to generate a new starting point. Given a total
of I = 100 000 iterations, we set the number of basic Tabu Search iterations to
IT S = 50 to allow some repetitions of the whole mechanism on the updated
reference set. As usual, the tabu tenures of the basic Tabu Search have been
fixed to `in = 11 and `out = 5.
RR-MDP The tabu tenures of the basic Tabu Search have been fixed to
`in = 11 and `out = 5 as in the other algorithms. As in the VNS algorithms
and for the same reasons, the number of basic Tabu Search iterations for each
restart has been set to IT S = 2 000.

4.3

An “equal-effort” comparison

The use of an equal number I of basic iterations (i. e., neighbourhood explorations) for all the approaches has the purpose to compare them in the fairest
way, focusing on the effectiveness of their distinctive elements, rather than on
the implementation details. On one side, the algorithms applying the more refined mechanisms will have an advantage, since the additional time required,
for example, to select and combine solutions from the reference set in SS-MDP
or to generate starting solutions based on frequency in the guided VNS, will be
ignored. On the other side, the results are unaffected by the more or less careful
implementation of such mechanisms, thus providing a clearer estimation of their
contribution to the overall quality of the results.
Since I = 100 000, algorithms RR-MDP and all versions of VNS-MDP
restart exactly I/IT S = 100 000/2 000 = 50 times. As for XTS-MDP, since the
restart condition on Iup seldom occurs and since any improving solution affects
the condition on I ∗ , the number of restarts is ≤ I/I ∗ = 100 000/1000 = 100.
On the other side, SS-MDP restarts I/IT S = 100 000/50 = 2 000 times.
Comparing different design of VNS
First, we compare the results obtained by the five different variants of VNSMDP. Unexpectedly, the skewed VNS obtained exactly the same results as the
basic VNS on all instances for all tested values of parameter α. We remind that
the skewed VNS accepts the best solution M̃ found in the last Tabu Search run
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as a promising starting point not only if it improves the best known solution
M ∗ , but also if it is sufficiently distant from M ∗ . Parameter α tunes the weight
of distance in this decision: with a sufficiently large value of α, M̃ is always
accepted. However, the combination of a large value for IT S , that is a strong
exploitation of Tabu Search, and a small value for kmax , that is a restart not far
away from M ∗ , implies that in practice M̃ is either better or identical to M ∗ ,
and therefore the basic and the skewed variants behave in the same way. When
IT S is small (e. g., IT S ≈ 100), the two variants differ, but their performance
degrades. As well, they differ when k is large, but then the skewed VNS would
first select a promising solution M̃ far away from M ∗ , and then produce with
the shaking procedure a starting point far away from M̃ , thus making the first
choice rather meaningless.
Benchmark
APOM
SOM
GKD
DM1a
DM1b
DM1c
DM2

(n, m)
(250, 100)
(500, 200)
(500, 50)
(500, 200)
(2000, 200)
(500, 50)
(500, 50)

GapBK
0.00%
0.26%
0.02%
0.00%

basic VNS
#BK
40
20
20
16
0
18
18

CPU
5.96
19.78
22.92
59.78
375.22
22.37
22.19

guided VNS
GapBK #BK
CPU
40
5.76
20
19.45
20
22.55
0.00%
15
60.96
0.26%
0
372.62
0.02%
19
22.55
0.00%
17
22.92

Benchmark
APOM
SOM
GKD
DM1a
DM1b
DM1c
DM2

(n, m)
(250, 100)
(500, 200)
(500, 50)
(500, 200)
(2000, 200)
(500, 50)
(500, 50)

accelerated VNS
GapBK
#BK
CPU
40
5.77
20
19.43
20
22.16
0.00%
19
60.18
0.11%
0
398.10
0.00%
19
22.40
20
22.27

random VNS
GapBK #BK
CPU
40
5.78
20
19.51
20
22.67
20
60.56
0.08%
4
403.56
20
22.20
20
22.40

Table 1: Comparison between the results of four variants of Algorithm VNS-MDP
on seven benchmarks for the MDP (average gap, number of best known results found
and computational time).

Table 1 therefore reports only results for the other four variants described
in Section 3.3. Each row refers to one of the seven benchmark sets; benchmark
DM1 is divided into three subbenchmarks including instances of homogeneous
size. The first column reports the names of the benchmarks, the second column the size of their instances (for the first two, the size of the largest ones).
The following triplets of columns report for each of the variants the following
information: the average percent gap with respect to the best known solution
(GapBK ), the number of best known results found (#BK ) and the average
computational time in seconds. Concerning the gap, label 0.00% represents an
average gap lower than 0.005%, whereas a dash marks the benchmarks on which
all best known results have been found; in this case, the number of best known
results is also marked in bold. We remind that all benchmarks include 20 in-
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stances, apart from APOM, which contains 40 instances. As it will be discussed
in the next section, all best known results derive from the Iterated Tabu Search
algorithm ITS proposed by [36] and confirmed by the VNS algorithm reported
in [10]; they were also confirmed by our experiments. As for the computational
times, they correspond to the whole run: the time strictly required to find the
best known solution is often much smaller.
Notice that the computational times are more or less the same for all variants,
with an 8% increase for those in which kmax is large, corresponding to the
larger number of elements to select and swap. They can also be approximated
quite precisely with the expression γIm (n − m), where I = 100 000 is the total
number of explorations and γ is a machine-dependent coefficient; in our case,
γ ≈ 1.05 · 10−8 seconds. This supports the hypothesis that most of the time is
devoted to the neighbourhood exploration, whose complexity is proportional to
m (n − m), while the other elements of the algorithms introduce a secondary, if
not negligible, overhead.
basic VNS
W−
p
0
0
0
0
5
0.03%
0
0
-

Benchmark
APOM
SOM
GKD
DM1a
DM1b
DM1c
DM2

W+
0
0
0
10
185
3
3

Benchmark
APOM
SOM
GKD
DM1a
DM1b
DM1c
DM2

accelerated VNS
W+
W−
p
0
0
0
0
0
0
1
0
97
113
1
0
0
0
-

W+
0
0
0
15
178
1
6

guided VNS
W−
p
0
0
0
0
6.25%
12
0.09%
0
0
-

random VNS
W+
W−
p
0
0
0
0
0
0
0
0
53
157
5.45%
0
0
0
0
-

Table 2: Statistical analysis with Wilcoxon’s test of the comparison between RRMDP and four variants of VNS-MDP on seven benchmarks: the algorithm is worse
than RR-MDP when W + is in bold, better when W − is in bold; p is the probability
that the observed difference be due to random sampling.

The random VNS outperforms the other three variants: it finds the best
known result on all instances up to n = 500 and on four of the largest instances.
On benchmark DM1b it achieves a better percent gap: 0.08% as opposed to
0.11% for the accelerated VNS and 0.26% for the other two competitors. In
order to estimate the validity of these conclusions, we have used the Wilcoxon
matched-pairs signed-ranks test [42]. This is a well-known nonparametric test to
compare two paired populations of values, such as the results provided by two
competing algorithms on different instances of a problem. It analyses the differ-
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ences between the paired measurements on a sample of instances and computes
the probability p that, assuming the median difference of the two populations
to be zero, i. e., the two algorithms to be equally effective, random sampling
would lead to a sum of ranks as far apart as observed, or more so. If p is
small, the difference is probably not a coincidence and a large difference between W + and W − indicates that the first population is significantly larger or
smaller than the second, i. e., that the first algorithm is better or worse than
the second. We have decided to compare the performance of all our algorithms
to that of Algorithm RR-MDP, which is the simplest one, as it adopts pure
random restart.
Table 2 reports W + , W − and p for this comparison between RR-MDP and
the four variants of VNS-MDP on the seven benchmarks. Label “-” corresponds
to values of p larger than 10%, that is to statistically insignificant differences; a
bold value for W + indicates that the algorithm performs worse than RR-MDP,
a bold value for W − that it performs better. It can be observed that all variants
are equivalent to each other and to random restart on most of the benchmarks.
The basic VNS and the guided VNS are more or less equivalent to each other
and both dominated by random restart on the largest instances, whereas the
accelerated VNS is approximately equivalent to random restart and the random
VNS is slightly better, with a 5.45% probability that such a result might be
due to sampling. This supports the conclusion that randomisation and a strong
diversification are effective tools while solving the MDP.
Comparing our algorithms for MDP
Table 3 summarises the internal comparison between the four approaches considered in the paper, namely XTS-MDP, VNS-MDP, SS-MDP and RR-MDP. By
VNS-MDP we denote in the following the random VNS variant, which proved
to be the best performing one. It has the same structure as Table 1, reporting
for each benchmark and for each algorithm the average percent gap with respect
to the best known solution, the number of best known results found and the
average computational time in seconds.
The computational times confirm the previous remark on the predominance
of neighbourhood exploration over all other elements of the algorithms and consequently on the good approximation provided by expression γIm (n − m). It is
remarkable that Algorithm SS-MDP, though requiring a much larger number of
restarts, actually has a lower computational time on average. This is probably
due to the efficiency of the procedure which recombines the reference solutions.
Algorithm VNS-MDP outperforms the other three, with the partial exception of RR-MDP : it finds the best known result on all instances up to n = 500
and on four of the largest ones; the average percent gap on the largest instances
is 0.08% as opposed to 0.12% for RR-MDP, 0.23% for SS-MDP and 0.24% for
XTS-MDP. As in the previous discussion, we have used Wilcoxon’s test to estimate the validity of these conclusions. Table 4 reports W + , W − and p for
the comparison between Algorithm RR-MDP and the three other ones on the
seven benchmarks. The structure of the table is the same as for Table 2 and
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Benchmark
APOM
SOM
GKD
DM1a
DM1b
DM1c
DM2

(n, m)
(250, 100)
(500, 200)
(500, 50)
(500, 200)
(2000, 200)
(500, 50)
(500, 50)

XTS-MDP
GapBK #BK
0.00%
39
0.02%
19
20
0.00%
15
0.24%
0
0.15%
9
0.08%
12

Benchmark
APOM
SOM
GKD
DM1a
DM1b
DM1c
DM2

(n, m)
(250, 100)
(500, 200)
(500, 50)
(500, 200)
(2000, 200)
(500, 50)
(500, 50)

GapBK
0.00%
0.28%
0.00%
0.01%

SS-MDP
#BK
40
20
20
19
0
19
18

CPU
5.51
19.07
21.90
61.43
432.17
21.88
21.90

VNS-MDP
GapBK #BK
40
20
20
20
0.08%
4
20
20

CPU
5.81
19.68
23.48
60.61
390.70
23.41
23.47

GapBK
0.12%
-

CPU
5.78
19.51
22.67
60.56
403.56
22.20
22.40

RR-MDP
#BK
CPU
40
5.26
20
18.10
20
21.06
20
58.70
0
406.29
20
21.03
20
20.97

Table 3: Comparison between the results of algorithms XTS-MDP, VNS-MDP, SSMDP and RR-MDP on seven benchmarks for the MDP (average gap, number of best
known results found and computational time).

Algorithm RR-MDP is once again assumed as a reference, so that the results
in the two tables are homogeneous. The four algorithms are equivalent on the
smaller benchmarks, but on the larger ones and especially on DM1b Algorithm
XTS-MDP and SS-MDP are significantly worse than random restart, whereas
VNS-MDP is better, though with a 5.45% probability that such a result might
be due to sampling. Once again, the simpler strategies, based on randomisation
and diversification exhibit a stronger effectiveness.
Benchmark
APOM
SOM
GKD
DM1a
DM1b
DM1c
DM2

XTS-MDP
W+
W−
p
1
0
1
0
0
0
15
0
6.25%
204.5
5.5
0.02%
66
0
0.10%
36
0
0.78%

W+
0
0
0
0
53
0
0

VNS-MDP
W−
p
0
0
0
0
157
5.45%
0
0
-

W+
0
0
0
1
207
1
3

SS-MDP
W−
p
0
0
0
0
3
0.02%
0
0
-

Table 4: Statistical analysis with Wilcoxon’s test of the comparison between RRMDP and the other three algorithms on seven benchmarks: the algorithm is worse
than RR-MDP when W + is in bold, better when W − is in bold; p is the probability
that the observed difference be due to random sampling.
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4.4

Comparison with the state of the art

In this section, we will compare the performance of the proposed algorithms to
the best ones introduced in the literature. The aim of the comparison is not to
claim their predominance on the other algorithms, but mainly to support our
claim that they were carefully implemented, and that general conclusions can
be drawn from the study of their performance. Indeed, they all perform worse
than the VNS algorithm reported in [10], but comparably to or better than the
other algorithms recently proposed in the literature, which are Tabu D2 [15],
ITS [36] and the Scatter Search algorithm presented in [18].
Benchmark
SOM
DM1a
DM1b
DM1c
DM2

XTS-MDP
0.2
4.3
277.5
11.5
595.9

Benchmark
SOM
DM1a
DM1b
DM1c
DM2

20 sec
0.0
0.1
115.3
0.0
25.9

VNS-MDP
0.0
0.0
86.4
0.0
0.0

SS-MDP
0.0
0.1
320.2
0.2
44.2

VNS

RR-MDP
0.0
0.0
132.9
0.0
0.0
ITS

200 sec
0.0
0.0
30.6
0.0
0.0

20 sec
0.0
4.2
264.8
1.0
97.4

200 sec
0.0
0.8
104.3
0.0
0.0

CPU
≈ 20 sec
≈ 60 sec
≈ 400 sec
≈ 20 sec
≈ 20 sec
Tabu D2

SS

4.2
39.8
599.8
7.4
516.2

6.8
695.4
126.3

Table 5: Comparison between the results of the proposed algorithms and the four best
performing ones in the literature on five benchmarks for the MDP (average absolute
gap between the best known result and the best found by each algorithm).

The use of different programming languages, different compilers and different
computers makes the fair comparison of algorithms a very hard task. Table 5
attempts to provide a meaningful comparison along the lines of [10]. Each row
corresponds to one of the five benchmarks for which results are available for the
algorithms compared; benchmarks APOM and GKD have not been used, as
they are indeed easier than the others. The upper half of the table refers to our
four algorithms: a column reports the average absolute gap between the best
known value and the best solution found by each of them; the last column reports
the average computational time, which is much similar for all of them. The lower
half of the table refers to the four best algorithms proposed in the literature. The
results for VNS and ITS, taken from [10], refer both to a single run, with a time
limit of 20 seconds, and to 10 independent runs, with a total time of 200 seconds.
As for Tabu D2 and SS, no computational time is reported in [10] together
with the results. Finally, we remark also that the use of randomness makes
difficult a fair comparison among different algorithms since different random
number generators can show different accuracy and computational efficiency.
For instance, this is the case of the two generators employed in our tests, i.e.,
ran1 [37] and RngStream [33].
A comparison referring to different time limits and different machines is not
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completely fair. A comparison performed gathering all the competing algorithms
and running them on the same machine for the same computational time, both
with shorter and longer runs, is an ongoing work of other authors, accessible
online [11]. We have cooperated to this work by making our algorithms available.
However, the machines here involved are not strongly different: a 2.2 GHz AMD
Opteron for our algorithms, a 1.8 GHz for VNS, a Pentium M 1.733 GHz for
ITS and a 3 GHz for Tabu D2 and SS. Hence, we feel at least authorised to
draw the rough conclusion that all algorithms tested are competitive with the
state of the art, though they are not the best. In particular, the VNS algorithm
proposed in [10] is the best of these algorithms; VNS-MDP and RR-MDP are
comparable to ITS, the performance of SS-MDP and XTS-MDP is between ITS
and SS, while Tabu D2 is worse.
Benchmark
APOM
SOM
GKD
DM1a
DM1b
DM1c
DM2

(n, m)
(250, 100)
(500, 200)
(500, 50)
(500, 200)
(2000, 200)
(500, 50)
(500, 50)

Gap UB - BK
1.18%
5.69%
1.08%
8.99%
13.46%
13.45%

Table 6: Average percent gap between the best known results and the best known
upper bounds reported in the literature of the MDP.

For reference purposes, Table 6 reports for each of the seven benchmarks the
average percent gap between the best known results reported in [36] and [10]
and the upper bounds computed by Semidefinite Programming and branch-andbound in [3]. This information expresses, at least partly, the relative hardness
between the benchmarks.
A common point between our best performing algorithms (the random variant of VNS-MDP and RR-MDP ) and the VNS algorithm proposed in [10] is
a restart mechanism based on solutions generated most of the time nearly at
random and, in the case of VNS-MDP and partly of VNS, far away from the
current best known solution. Our statistical tests seems to support the conclusion that most refinements of the restart mechanism have a negative influence
on the performance, with the remarkable exception of diversification.
A relevant difference between the best algorithm proposed in the literature
and ours is the use of pure local search as the core procedure, instead of Tabu
Search. Consequently, each restart is certainly less effective, but far more efficient: it terminates in local optima, but the number of restarts is much higher.
It is certainly hard to analyse the interaction between these two conflicting
effects.
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5

Conclusions

This paper presents four local search metaheuristics for the MDP : an Exploring
Tabu Search, a Variable Neighbourhood Search, a Scatter Search and a Random
Restart algorithm. All these algorithms are competitive with the state of the
art, as they hit most of the best known results published in the literature, while
keeping a small gap even in the worst cases. All these algorithms are based on
the same basic Tabu Search mechanism with the same parameter setting, with
a slight exception for XTS-MDP, which allows the tabu tenures to vary around
the values adopted by the others. When run for the same number of iterations
(i. e., neighbourhood explorations), the best performing algorithm are the ones
based on random restart (RR-MDP ) or a nearly random restart in which the
elements of the current best known solution are forbidden (the random VNS
variant of VNS-MDP ). In our opinion, this is related to the extremely simple
structure of the problem, which has no specific feature to be exploited by a
sophisticated strategy. Of course, we do not suggest that this result holds on
all problems, but it is intriguing to wonder for how many problems complex
algorithms might be dominated by much simpler ones, largely based on random
restart. The best algorithm available in literature for the MDP is the VNS
proposed in [10]: though we could not fully reproduce their results on the hardest
instances of the benchmark, our computational experience reported for both
VNS and random restart algorithms, suggests that the good quality of their
results strongly might depend on the use of a large neighbourhood to restart
the search – which exploits the advantages of a nearly random restart – instead
of using the VNS methodology per se.
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