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REGULARITY AND DECAY OF SOLUTIONS OF NONLINEAR
HARMONIC OSCILLATORS

MARCO CAPPIELLO AND FABIO NICOLA

ABSTRACT. We prove sharp analytic regularity and decay at infinity of solu-
tions of variable coefficients nonlinear harmonic oscillators. Namely, we show
holomorphic extension to a sector in the complex domain, with a corresponding
Gaussian decay, according to the basic properties of the Hermite functions in
R?. Our results apply, in particular, to nonlinear eigenvalue problems for the
harmonic oscillator associated to a real-analytic scattering, or asymptotically
conic, metric in RY, as well as to certain perturbations of the classical harmonic
oscillator.

1. INTRODUCTION

The harmonic oscillator H = —A + |z|? in R? represents one of the simplest and
yet more useful models for several physical phenomena, and its relevance both in
Mathematical Analysis and Physics is well-known. Its eigenfunctions, namely the
Hermite functions h,(x), are given by the formulae h,(z) = pa(.r)e_“”z/z, a € N9,
where p, is a polynomial of degree |a| (see e.g. [29]). Two remarkable features
of the Hermite functions are their Gaussian decay at infinity, and their very high
regularity. In fact, we have

(1.1) ha(z)] < e for z € R, \ﬁ;(&ﬂ < e kP for ¢ € R

for every ¢ < 1/2, where ﬁ;@ ) denotes the Fourier transform of h,. The functions
he in fact extend to entire functions h,(z + iy) in the complex space C? and, for
every 0 < € < 1, we have the estimates

(1.2) lha(z + iy)| < e** in the sector |y| < e(1+ |z|),

for some ¢ > 0.

In this paper we wonder to what extent these properties continue to hold for non-
linear perturbations of the harmonic oscillator, possibly with variable coefficients.
Relevant models are equations of the type

(1.3) —Au+ |2[*u — M = Flu), AeC,
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2 MARCO CAPPIELLO AND FABIO NICOLA

with a nonlinearity of the form Flu] = Zla\ < Capr?0%u”, k > 2. Cappiello,
Gramchev and Rodino in [7] showed by a counterexample that generally, even in
dimension d = 1, there can exist Schwartz solutions of (1.3) which do not extend
to entire functions in C. In fact, a refinement of their argument (see Section 5
below) shows that a sequence of complex singularities may occur, approaching a
straight line at infinity. On the other hand, as a positive result, it was proved in
7] that every solution u € H*(R?), s > d/2+ 1, of (1.3) extends to a holomorphic
function u(z +iy) on the strip {z € C?: [Im z| < T'} and satisfies there an estimate
of the type |u(x + iy)| < Ce=*” for some ¢, C, T > 0. Similar results, namely,
holomorphic extension to a strip and super-exponential decay, were proved in [7, 10]
for more general classes of elliptic operators with polynomial coefficients.

The above mentioned negative result as well as the estimates (1.2), valid in a
sector in the linear case, suggest the possibility, even in the presence of certain non-
linear perturbations, of a holomorphic extension of the solutions to a sector, rather
than only a strip, with a corresponding Gaussian decay estimate. In this paper
we show, for a large class of equations including (1.3), even with non-polynomial
coefficients, that this is in fact the case. The techniques developed here actually
will apply to much more general differential (and pseudodifferential) operators.
To motivate the class of operators we will consider, we first discuss a special yet
important example.

Consider the equation Pu = F'[u], with

(1.4) P= Z aaHZbk )0 + V (),

jk=1

where the functions ¢/*, b, and the potential V are real-analytic in R?, and satisfy
the following conditions.

We suppose that the matrix (gjk) is real and symmetric and that there exists a
constant C' > 0 such that

d
(1.5) > )8 > O Ve L eRY,
4k=1
as well as
(1.6) 10%g7% ()| + |0%b(x)| < ClFal(z) 7l Vo e RY o € N

where (z) = (1 + |2|?)'/2. Moreover we assume that

> -1 2
(17) {ReV(x) > C x| for |z| > C,

100V (2)| < Ol lal(z)?lel Vo € RY, o € N¢
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We consider a nonlinearity of the form

(1.8) Flul= > Fu(z)u"(0u),
2<h+I<N
1<j<d
for some N € N, where
(1.9) 0% Fjpi(z)] < ClelH gl (g)t-mintlii=lel yy e RY o € N9,

Then, we claim that

Under these assumptions, every solution u € H*(RY),s > d/2 + min{1,l}, of
the equation Pu = Fu], extends to a holomorphic function u(x + iy) in the sector
{z=x+iyeC?: |yl <e(l+|z))} of C? for some ¢ > 0, satisfying there the
estimates [u(x + iy)| < Ce 1 for some constants C' > 0, ¢ > 0.

Notice that if V(z) satisfies (1.7) then also V() — A\, A € C, satisfies it, so that
the above result applies to the corresponding eigenvalue problem as well. In the
linear case (F'[u] = 0) this result intersects the wide literature on the decay and
regularity of eigenfunctions of Schréodinger operators, c¢f. Agmon [1], Nakamura
23], Sordoni [28], Rabinovich [25], Rabinovich and Roch [26] and many others.

We also remark that suitable perturbations of the standard harmonic oscillator
fall in this class of equations, as well as the harmonic oscillator associated to a
real-analytic scattering, or asymptotically conic, Riemannian metric in R? (see
Section 5 below). For a detailed analysis of these metrics and their important role
in geometric scattering theory we refer to Melrose [20, 21], Melrose and Zworski
[22].

Let us now state our main result in full generality. We consider nonlinear equations
whose linear part is a differential or even pseudodifferential operator

(L10)  Pule) = ple. D)ule) = (20)* | e*p(a (6) de,

R
with symbol p in the class I (R?),m > 0, defined as the space of all functions
p € O%°(R??) satisfying the estimates

(1.11) 0807 p(x, &) < CIHPFLABI(L + || + €]y ()~

for all (z,¢) € R*, o, 3 € N and for some positive constant C' independent of
a, 3. This class is particularly suited to study harmonic oscillators with variable
analytic coefficients and it is inspired by the class considered by Shubin [27] and
Helffer [16] which was in fact modelled on the harmonic oscillator and its real
powers. However, a differential operator belongs to that class only if its coefficients
are polynomial, which is an unpleasant limitation. With respect to [16], [27], we
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overcome this restriction by assuming the less demanding estimates (1.11), which
at the same time imply that the symbol p is real-analytic. For example, a function

p<x>€) = Z Coz(x)ga
loe|<m
belongs to I'™(R?) if the coefficients ¢, satisfy |0%c, ()| < CIAF1B1(x)ym=lal=I5],
We shall assume moreover the symbol p of our operator to be I'-elliptic, in the
sense that, for some constant R > 0,

(112) Lt (1 fa] +[€) bl )] > 0.

This is clearly a global version of the classical notion of ellipticity. For example,
by (1.5)-(1.7), the symbol of the operator in (1.4) belongs to I'2(R?) and satisfies
(1.12) with m = 2.

We moreover consider a nonlinearity of the form

l

(1.13) Flu) = Z Fh,l?pl_.,m(x)Hapku,

hyl,p1,..,p1 k=1

where the above sum is finite and h,l € N,I > 2, p1,..., p; € N? satisfy the condi-
tion h + max{|px|} < max{m — 1,0}. We assume that the functions Fy,,. ()
satisfy the following estimates

(1'14) |86thl7pl~-ﬁl ($)| < C|ﬁ\+1ﬂ!<$>h—\ﬁ|,

for some positive constant C' depending on h,l, p1,...,p; and independent of j3.
Our main result is the following.

Theorem 1.1. Let p € I'™(RY),m > 0, satisfy (1.12) and let F|u] be of the form
(1.13), (1.14) (possibly with some factors in the product replaced by their conju-
gates). Assume that u € H*(R?), s > d/2+max;{|px|} is a solution of the equation
Pu = Flu]. Then u extends to a holomorphic function u(x + iy) in the sector

(1.15) {z=a+iyeC: |yl <e(l+|z|)}

of C2, for some € > 0, satisfying there the estimates

(1.16) lu(z + iy)| < CeP,

for some constants C' > 0, ¢ > 0. The same holds for all the derivatives of u.

The linear case F'[u] = 0 deserves a special interest and will be treated in detail
in Section 5. We emphasize the fact that the form of the domain of holomorphic
extension as a sector is, in a sense, completely sharp, even for the model (1.3) (see
Section 5).
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Let us briefly compare our result with those in the existent literature. Several
papers were devoted to the problem of holomorphic extension to a strip and ex-
ponential decay of solutions of certain semilinear elliptic equations arising in the
theory of solitary waves or bound states, whose model is —Au + u = |ulP~'u,
cf. Beresticky and Lions [2], Bona and Grujic’ [4], Bona and Li [5], [6], Biagioni
and Gramchev [3], Gramchev [12], Cappiello, Gramchev and Rodino [8], [9] and
the references therein; see also our recent paper [11] for the extension to a sec-
tor. However, as it is clear from our model (1.3), we consider a different class of
equations here, and in fact we deal with Gaussian, rather than exponential decay.
Instead, as already mentioned, a class similar to the present one was considered in
[7], where the problem of the extension to a strip, combined with super-exponential
decay, was addressed. The main novelties of the present work are the possibility
of treating non-polynomial coefficients and nonlinearities, and the achievement of
the optimal extension result, namely to a sector. Finally, we stress the fact that
the machinery developed in the present paper should hopefully apply to evolution
counterparts of the above equations, in the spirit of Hayashi et al., see [13], [14].
It seems interesting, in particular, to find lower bounds estimates on the width of
the above sector, depending on time. We do not consider these topics here, but we
plan to devote a future paper to them.

The paper is organized as follows. In section 2 we list some known factorial and
binomial estimates and we collect some basic properties of the pseudodifferential
operators introduced before, which will be instrumental in the proofs of our results.
In Section 3 we introduce a suitable space of analytic functions which exploits the
two properties (1.15) and (1.16). Section 4 is devoted to the proof of Theorem 1.1
which is based on an iterative scheme on the space defined in Section 3. Finally, in
Section 5 we give some concluding remarks. In particular, we read our results on
the models introduced above and treat in detail their application to the Schrodinger
operator in R? with a scattering metric. Finally, we discuss the sharpness of our
results for what concerns the shape of the domain of the holomorphic extension as
a sector of C%.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Factorial and binomial coefficients. We use the usual multi-index nota-

tion for factorial and binomial coefficients. Hence, for a = (ay,...,qq) € N¢ we
set ol = a;!...ay! and for B, € N¢, 8 < o, we set (g) = Wlﬁ)'

The following inequality is standard and used often in the sequel:

(2.1) (g) < gl
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Also, we recall the identity

> (2) - (‘j) i=0.1,.. |al

lo/|=j
o' <a

which follows from [, (1 + t)* = (1 +t)!*/, and gives in particular

(2.2) (g) < (:gD a,3eN, g<a.

The last estimate implies in turn, by induction,

al la|!

2.3 < =0 +...4+9;
(2:3) S o S e T T
as well as

al la|!

2.4 < , < a.

20 (=001 = Ja— 1T
Finally we recall the so-called inverse Leibniz’ formula:

—1)hga!

(2.5) 200u(z) = Y M (a) 87 (2P ().

v<B,7<a (B=2"\y

2.2. Pseudodifferential Operators. We collect here some basic properties of the
class I (R%) defined by the estimates (1.11) and of the corresponding operators
(1.10). Actually, for our purposes it is not necessary to develop a specific calculus
for the analytic symbols of I'™(R?). We shall deduce the properties we need from
those of the larger class I'™(R%) defined as the space of all functions p € C°°(R??)
satisfying the following estimates: for every o, 3 € N? there exists a constant
Cy 3 > 0 such that

(2.6) 1070 p(,€)] < Cap(1+ || + €)1 ()7

for every x,& € R% Clearly I(RY) C I'"™(R?). We shall denote by OPT™(R?)
(respectively OPT™(R?)) the class of pseudodifferential operators with symbol in
'™ (RY) (respectively in T (R%)). We endow I'™(R?) with the topology defined by
the seminorms

rm e —m-+|a
%" = sup  sup {|8880p(x, €)|(1 + || + [¢]) " Hel @)Y N e N,
la|+]BI<N (z,£)eR2d

The properties of I'™(RY) follow from the general Weyl-Hérmander’s calculus in
[18, Chapter XVIII]; with the notation used there, T™(R?) = S(M,g), with the
weight M (z,€) = (1 + |z|? + |¢]?)™? and the metric

AP P
Lt z? - T4 [+ [

Gze(y,m) =
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We also refer the reader to [24, Chapter 1] for an elementary and self-contained pre-
sentation; with the notation in [24, Definition 1.1.1] we have I'™(R?) = S(M; ®, ¥),
with M(z,&) as above and

O(z,€) = (z),  U(x,8) =1+ |z + ¢

Now, if p € I'"™(R?) then p(x, D) defines a continuous map S(R?) — S(R?)
which extends to a continuous map &'(RY) — S'(R?). The composition of two such
operators is therefore well defined in S(R?) and in &’(R?); more precisely, if p; €
™1 (RY) and py € I'™2(RY), then py(z, D)pe(z, D) = p3(z, D) with p3 € [™1+m2(RY)
and the map (py, p2) — ps is continuous I'™1 (R?) x I'™2(R4) — I'™3(R%). Moreover

we have that [ I'™(R%) = S(R??). In particular, operators with Schwartz symbols
meR

are globally regularizing, i.e. they map continuously &'(R¢) into S(R%).

Operators in OPI'™(RR?) are also bounded on certain weighted Sobolev spaces.
We consider, for simplicity, the case of integer positive exponents (we will only
need this case, see [27] for the general case). For s € N, we define

(2.7) @R ={ue PR |lulo- = Y [e"0ullz2 < oo}

o +[B|<s

We recall that [ Q*(RY)S(RY). Now, if P € OPT™(R?), m € Z, m < s, we have

seN

P: Q*(RY) — @Q* ™ (R?) continuously with

Fm
lp(z, D)l 5@e0-m) < Cllplly

for suitable C' > 0, N € N depending only on s, m and on the dimension d; see [24,
Proposition 1.5.5, Theorem 2.1.12]. Moreover, for m € Z, m < s, there exists an
operator T € OPT~™(R?) which gives an isomorphism Q*~™(R?) — Q*(R?).

We will also need the following Schauder’s estimates for the weighted Sobolev
spaces Q*(R?) in (2.7).

Proposition 2.1. Let s € N, s > d/2. There exists Cs > 0 such that

vllgs  Yu,v € QF(RY).

@ < Cllul

[uv] Q°

Proof. We have

o= 3 Prw)e= S Y (7>||xﬁaa—wu.@vv||p

laf+]8]<s lo|+|8]<s <

S D S et P A 1

la|+|B]<s Y<o

[[uv]
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Where1gp,qgooarechosentosatisfy%+%:%,and%<§—|—%,%<%+8_TM.

This is possibile because s > g. Then, by the Sobolev embeddings we have

o <Co Y Y 2P0 ull o 070 e

o] +]B8]<s 7<a

(2.8) ||uv]

On the other hand,

(2.9) 270l g =< > 0% (2°0° ) |2 < Clllullg.
lul<Il
Similarly,
(2.10) 1070]| o1t < CJull e
Combining (2.8), (2.9) and (2.10) we get the desired result. O

As a technical tool, we will also use the scale of weighted Sobolev spaces
(2.11) H v 2(RY) = {u € S'(RY) : ||ul|grsrse := ||{x)*2ul|s, < o0},

defined for sq,s2 € R. In particular, we need the following result (see e.g. [24,
Definition 3.1.1 and Theorem 3.1.5]).

Proposition 2.2. Consider a symbol p(x,§) satisfying the estimates
(212)  [970¢p(x, )] < Capla)" Pl (g)™ 1o Va, B e N, 2 e RY.

Then the corresponding operator p(z, D) is bounded H**2(R?) — H®~ms27n(R%)
for every si,se € R, with operator norm estimated by an upper bound of a finite
number of the constants C, 5 appearing in (2.12).

By using Schauder’s estimates in the standard Sobolev spaces and the inclusion
He52(RY) < H*1(R?), valid if s, > 0, one also gets
d

(2.13) luvllzeree < Coysollullmmsellollose 51> 5, 5220,

A symbol p € I'™(R?) (and the corresponding operator) is said to be I-elliptic if
it satisfies the condition (1.12).

The notion of I-ellipticity for an operator in OPT™(R¢) will be crucial in the
subsequent arguments because it guaranties the existence of a parametrix F €
OPI'"™(R%). Namely we have the following result, see [24, Theorem 1.3.6] for the
proof.

Proposition 2.3. Let p € T™(R?) be I'-elliptic. Then there exists an operator
E € OPT™™(RY) such that EP = I + R and PE = I + R', where R, R are
globally regularizing pseudodifferential operators, i.e. R and R’ are continuous
maps S'(R?) — S(R?). The operator E is said to be a parametriz for P.
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Finally we point out for further reference the following formulae, which can be
verified by a direct computation: for o, 3 € N4 u € S(R?) :

(2.14) e D)u= 301 () (03 . D)),

v<B8 v

(2.15) 0“p(x, D)u = Z (?) (0%p)(x, D)0 u.

3. A SPACE OF ANALYTIC FUNCTIONS

We introduce a space of real-analytic functions in R%, which extend holomorphi-
cally on a sector in C? and display there a Gaussian decay.

Definition 3.1. We denote by Heeet(R?) the space of all functions f € C*°(R?)
satisfying the following condition: there exists a constant C' > 0 such that

(3.1) 12°0° f ()| < Ol M (o, B),  for all a, 3 € N,
where
(3.2) M(a, ) = |oz|!1/2 max{|al, \5|}!1/2.

It is easy to verify that the space Hsect(Rd) is closed under differentiation.

Theorem 3.2. Let [ € Heeet(R?). Then f extends to a holomorphic function
f(z +iy) in the sector

(3.3) C.={z=a+iycC: |yl <e(1+|z|)}
of C? for some € > 0, satisfying there the estimates

(3.4) |f @+ iy)| < CemF,

for some constants C' > 0, ¢ > 0.

Proof. First we show the estimates

(3.5) |2°0° f(z)] < ClH alle™ el for |8] < |al.
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Indeed, since |z|*™ < k™ D lyl=n |#?7| for a constant k& > 0 depending only on the
dimension d, by (3.1) we have (assuming C' > 1 in (3.1))

P abor f(a) = 30 A s )

n=0
< ek » |,|w5+2”8“f( o)

n=0 Iyl=n

S V(o + 2y
< (Ck’)n 02|a|+2|’y|+1 |Oé|

2" 2. Bl

<D (k)" Y (20 qf,

n=0 Ivl=n

where in the last step we used the inequality (a4 2|v|)! < 2+ |l]y[1?, which
follows by applying twice (2.1). Since the number of multi-indices v satisfying
|v| = n does not exceed 27" we get (3.5) for a new constant C, if ¢ is small
enough. Now, (3.5) and the estimate |a|! < d*a! give

(3.6) |0°f(z)] < ClaHla!(x)_‘a'e_CMZ’

for a new constant C' > 0. By considering the Taylor expansion of the function
f centered in any x € R? and using the estimates in (3.6) we obtain the desired
extension property in a sector of the type (3.3) together with the estimates (3.4).
O

In the sequel we will use the following characterization of the space H..:(R?) in
terms of ()*-based norms.
Set, for f € S'(RY),

lal+18]
(3.7) 5= Y 1rag e
o, BENd ’

where M(a, ) is defined in (3.2).

Qs

Proposition 3.3. Let f € Hyeet(RY). Then for every s € N there exists € > 0 such
that S5°[f] < oc.

In the opposite direction, if for some s € N there exists € > 0 such that S2[f] <
00, then f € Heer(RY).

Proof. Assume f € Het(RY). We have
1290 fllgs = Y [12°07 (&0 f) | 2.

6] +[vI<s
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Now, if M € N satisfies M > d/4 we have
(3.8) 12207 (2°0°f) || 2 < C'||(1 + |z>)M 2207 (2P0 f) || oo
By Leibniz’ formula, (3.1) and (2.1) we get

[270° fll: < C M e, B)

for some constant Cs > 0. Hence S5°[f] < oo if e < C71.

In the opposite direction, we may take s = 0; hence assume S%°[f] < oo for
some € > 0. Then ||2%0f(z)||z2 < C1*HIBFIN (o, B) for all o, B € N If M is an
integer, M > d/2, we have

12707 fllw < C Y 1107 (270 f) Il 2,

[vI<M

and similarly one gets that f € Heet(R?). O

4. PROOF OF THE MAIN RESULT (THEOREM 1.1)

In this section we prove Theorem 1.1. In fact we shall state and prove this result
for the more general non-homogeneous equation

(4.1) Pu= f+ Flul,

where P and F[u] satisfy the assumptions of Theorem 1.1 and f is a function in the
space Hsect(Rd) defined in Section 3. Moreover we can restate our result in terms
of estimates in Mt (R?). Namely, in view of Theorem 3.2, it will be sufficient to
prove the following theorem.

Theorem 4.1. Let P = p(z, D) € OPT™(R?),m > 0, be [-elliptic, that is (1.12) is
satisfied. Let Fu] be of the form (1.13) (possibly with some factors in the product
replaced by their conjugates) and f € Heet(R?). Assume moreover that u € H*(R?),
s > d/2 + maxp{|px|}, is a solution of (4.1). Then u € Heer(RY).

In fact we always assume that F'|u] has the form in (1.13), and we leave to the
reader the easy changes when some factors of the product in (1.13) are replaced by
their conjugates.

The first step is to show that, under the assumptions of Theorem 4.1, the sum
Sx°[u] is finite for every N € N and for some ¢ > 0. In particular, we prove the
following preliminary result.

Lemma 4.2. Under the assumptions of Theorem 4.1, we have u € S(R?).

Proof. The proof is based on a bootstrap argument in the scale of weighted Sobolev
spaces defined in (2.11). Notice that H*(RY) = H*°(R?) and that [\ H*>*2(RY)

s1,82€R
= S(RY). To prove the lemma it is then sufficient to show that if u € H*12(R?),
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s; > d/2+ M, with M = max{|px|}, s2 > 0, then u € H* 75277 with 7 =
min{m/2,1/2}, and to iterate this argument. We first consider the case m > 1.
Let E € OPT~™(R?) be a parametrix of P (Proposition 2.3). Applying F to both
sides of the equation (4.1), we get

u=—Ru+ Ef+ EF]ul,

where R is globally regularizing. In particular, we have Ru € S(R?) and Ef €
S(R?) because f € S(RY). Concerning the nonlinear term, we observe that, since
—m < —M — h — 1, then the symbol e(z, ) of E satisfies the following estimates

0¢07e(x, )] < Cap(L+[a| + [¢))~ M1l () 710
< Caﬁ<5>—M—1/2—la\<$>—h—1/2—|ﬁ\.

It follows from Proposition 2.2 that £ : H51=Ms2=h(R%) — fs1+1/25241/2(R4) con-
tinuously for every s1,s2 € R. In particular, in view of (1.14), we have

l

HEF[U” Hs1+1/2,50+1/2  — HE Z Fh,l,pl...pl (33) H é?"ku] Hs1+1/2,50+1/2
h,l,p1,...,p1 k=1
l
< C Y N Fhiprn @) [0 ullgon-sean
hl,p1,...,p01 k=1

by < 00,

l
< | [] o7 wllger-20se < C"|luf
k=1

by Schauder’s estimates (2.13), because s; — M > d/2. The case 0 < m < 1 is
completely similar, considering that in this case h = M = 0 and the symbol e(z, )
of F satisfies the estimates

|00 e(x,€)] < Cap(€) ™21 )21,
so that E maps continuously H*2(R%) into H*+m/2s2+m/2(Rd), a

In order to prove Theorem 4.1 it suffices to verify that S5°[u] < oo for some
s > 0,e > 0, in view of Proposition 3.3. This will be achieved by an iteration
argument involving the partial sums of the series in (3.7), that are

clal+1Bl

(4.2) S¥Ufl= > m||$55af|
o +B1<N ’

Q%

where M (v, 3) is defined in (3.2).
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4.1. Proof of Theorem 4.1. We need several estimates to which we address now.

Proposition 4.3. Let R € OPT"Y(R?). Then for every s € R there exists a
constant Cy > 0 such that, for every e >0, N > 1 and u € S(R?), we have

o]+
Z g

- B9« L < 8, .
| Rl < Gt
0<|al+|BI<N

Proof. We first estimate the terms with 3 = 0, hence a # 0. Let k € {1,...,d}
such that ay # 0. Since R o 9, € OPI''(RY) is bounded on Q*(R?¢) we have!

€‘a| 1

||' arr |

On the other hand, when § # 0, hence 3; # 0 for some j € {1,...,d}, we use
the fact that Roz; € OPTY(R?) is bounded on Q*(R%). We get

HR((?C“ )|

Q5<C€

clol+18) RGP0 o £ I
— 27 0%)||gs < Cye———||x""% 0%
M(a, ) “ =T M(a, )
Since M (o, ) > M (o, B — €;), this gives the desired result. O

Proposition 4.4. Let P = p(z, D) be a pseudodifferential with symbol p(z,§)
satisfying the estimates (1.11), with m > 0. Let E € OPT'"™(R%). Then for every
s € R there exists a constant Cs > 0 such that, for every e small enough, N > 1
and u € S(RY), we have

(4.3) >

0<|a|+|BI<N

€|O‘H‘|B|

——||E[P, 2°0%ul|os < CeS5,[ul.
M(a,ﬁ)” [ Jullg N_1lul

Proof. We estimate separately each term arising in the sum (4.3). We write
[P, 2°0] = [P, 2"]0" + 2°[P,0"].
Hence, using (2.14), (2.15), we get

(4.4) [P,2°0%u = Z (—1)|7°|+1(ﬁ>(D2°p)(x,D)(x5_7°8au)

070<f o
— Z ( ) 27 3%p(z, D)O*u.

0#£6<a

We denote by ej, the kth vector of the standard basis of R%.



14 MARCO CAPPIELLO AND FABIO NICOLA

Given 3, 8, let & be a multi-index of maximal length among those satisfying 0] < ||
and & < 8 (hence, if |§| < |[§] then 8 — & = 0). Writing 2° = 2°2°% in the last
term of (4.4) and using again (2.14) we get
(4.5) )

o B—=0\ [\ ; 5 na
(P20 lu=>)" > (—1)%“( 5 2 (DP0p)(x, D) (x070 0 Ou).

Y0

0 49<p-§
(6,70)#(0,0)
We now work out this formula to obtain a useful representation of the commu-
tator [P, 2%0%]. Namely, we look at the operator x#~=109%%. Given v, «, 9, let
Ao be a multi-index, to be chosen later on, satisfying || < |y| and 5o < o — 0.
We write, by the inverse Leibniz formula (2.5),

(4.6) 2P0 _ 18— gloga—i—Go _ gio o pB-0=10ga—0-750

+ Z (_1)‘71(& —0- 70)! (f%) oo ¢ lﬁ—g—vo—’naa—é—%‘
(B=6=2-—m) \n

0#71 SBjS*’Yo
1<%

We now look at the operator gB=8-w-nge=5-%_ We denote by 41 a multi-index,
to be chosen later on, satisfying |31| < |71], 1 < @ —d — 0. Applying again the
inverse Leibniz formula we have

(4.7) P00 ga=d=t0 — pB=0—0-mgnga—d—o—n
=9 o xﬁ_‘;_WO_Wl@a—‘S—%—%

+ Z (_1>|72l(ﬁ —0— % — fh)! (f%) o2 g xﬁ—g—’m—’h—waa—é—’m—’h.

(5—5—70—71—72)! Y2

0#v2 Sﬁ—gj"/o—’n
Y2<T

Continuing in this way and substituting all in (4.5) we get

@8) (P20 = >3 NS 3 N Cassnemenn

0Sa J=0  4<p—§ 0#y1<B=8—n0 0#v;<B—F—v0— 1
(6770)#(0,0) M=% v <Hj-1

Xpol,ﬁ,ts,’m,’yh...,’yj (iL‘, D) (xﬁfgf'yof...ffyjaaféffyof...f%u)’
where 4; satisfy [3;| < |v;[ and 5 <a =6 =50 — ... = Fj-1,

(49) poaﬂ,é;yo,’n,...,'yj (l’a 5) = 1:6 (Dgoagp) (Z’, 5){%_71—’—%_“._%_‘_%’ ] Z 07
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and
1Co.6 | = O‘!(ﬂf 0)! ﬁ (%—1)
B850, 5% (=) (B—=0—v— =) 5 \ W%
(410) ’Oé|"ﬁ~— 5" 2|’~70++’~ij1|
P B B SO ——T

cf. (2.4) and (2.1). (If 5 = 0 in (4.10) we mean that there are not the binomial
factors, nor the power of 2). Observe that, since we have v; # 0 for every j > 1,
this procedure in fact stops after a finite number r of steps.

We now study separately the terms with || > |5] and |5] > |a.

Case || > |3].

We use the formula (4.8), where now we choose 7y satisfying, in addition, |jo| =
|70|. Such a multi-index exists, because |a| > |5]. Similarly, at each subsequent
step we can choose 7;, j > 1, satisfying in addition |7;| = |v;].

Now we observe that, by (1.11), (2.1), and Leibniz’ formula, for every 6, o € N¢
we have

(411)  [O207Papbn0m ey (2, €)] < CIOPHFLAGISI(L 4+ Ja] 4 [¢])™ 171 a) =1,

for some constant C' depending only on 6 and o. In fact, |0] < |6], [0 — 11 +
¥ — .. — % + % = %] = ||, and the powers of || and |yy| which arise can be
estimated by CholTl1+1 for some C' > 0.

We now use these last bounds to estimate £ o pags+01...7 (x,D). To this
end, observe that this operator belongs to OPT?(RY), and therefore its norm as a
bounded operator on Q*(R?) is estimated by a seminorm of its symbol in T'°(R%),
depending only on s and d. Such a seminorm is in turn estimated by the product
of a seminorm of the symbol of £ in I'"™(R?) and a seminorm of Pa,B,6790 7157y 111
I'™(R?), again depending only on s,d. Hence, from (4.11) we get

(412) 1 D pnan s (5 D) ey < CIOFO1 L1,
Since |k = ||, 0 < k < j, we have

6 =0t =8 = Fo — ... = Il _

_ <1
=813 =5 =0 — !

(4.13)

Y

(recall that if 0] < 6] then B =0 =7 =...=v =F =...=7; = 0).
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By (4.10), (4.12) (4.13), we get in this case

(4.14)
clal+18l 8§ oy bAoA
W|Ca,ﬁy5,'yoﬁlw-,‘m’”E O Pa,B,6,70,715-7; (QJ, D)(x TN T 7JU)HQS

5115 s . 5|0“+|5|*|5|*|S|*|'YO+~--+’YJ'|*"~Y0+...+'~Yj‘
< Cs(Cs€)| [+16]+]|v0+.. 45 |+ Yo+ +75]

@ —0—F0— . 3]
% ||xﬁ—5—wo—---—vjaa—é—%—---—%m

Qs.
Now, the assumption |a| > |3| and the choice of § and ¥j, § = 0, imply M(«, 3) =

laland [ —0—v — ... — 7| <|la—0 -7 — ... —7;|. Hence
We can therefore rewrite (4.14) as
(4.15)

€|O‘|+|B| -

d—0—- = aaﬂsf’%*m*’%’u) HQS

m|ca,ﬁ,6ﬁoﬁ1,..-,'yj ’ ||E opa,g,a,ﬂ,o,wl’_“ﬁj <x7 D)(:L’ﬂf
< Oy (Cle) BB+t o+t o

elal 1811818 = o+ 45— Fo+...+7;] <

% - . _ Hmﬁféfﬁmfu-ﬂjaa*J*%fm*%uHQs.
Ma=6—9%—...=9,8—=60—7%— .. —7j)
We now perform the change of variables a = o —6 — 39— ... — 7, f=B—6—
Yo — ... — ;. In fact, the map (o, 3,6, 5,70, V15 ---,7j) — (d,ﬁN,(S,j;, Y05 Y1y - -5 V5)
defined in this way is not injective, because of the presence of §,7,...,%; (of

course, one should think of § as a function of a, 3,9, and to every 7;, 7 > 0, as a
function of a, 3,3, vk, k < j). Anyhow, since |0 < || and |%;| = ||, the number
of pre-images of a given point is at most 2/°Thol+-+1sl+dlG+2) ~ Hence we deduce
from (4.8) and (4.15) that, if € is small enough,

laf+]3]
€ (0%
(16) > e gl EPa O lulle: <

lor| 48| <N ’

>3]
JalHd o 5

24, Z — ||xﬂaau||Q522d(j“)Z Z(QCS€)| |+l
|&|+]BI<N-1 (@ 6) j=0 5 71707 #0

70 (8,70)7#(0,0)

< Syalu] Y (Cley™ < CleSie [u).

J=0
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Case || > |a|. Here it is convenient to get separate estimates when |z| is large
or small at the scale |3|'/2. To make this precise, consider a function ¢ € C§°(R?),
o(x) =1 for |z] <1 and ¢(x) = 0 for |x| > 2. Let then

o(0) = (137

(notice that 5 # 0, because of our hypothesis |3| > |«a|). Hence ¢g(z) = 1 for
|z| < |B]Y? and ¢g(z) = 0 for || > 2|B|'/2. Moreover, we have

4.17 N pa(z)| < C.|8)17172, veN? zeR?
B v
for constants C, > 0.
We write

[P,2"9°] = p(2)[P, 2”0 + (1 — ps(2)) [P, 2”07,
and we split consequently the terms in (4.3).
lal+18]
M(ev, 5)
We use the expression in (4.5) for [P,2%9?], and we split the second sum, by
considering separately the terms with | —0 — 70| < |a—§] or |B—3 — | > |a—|.
This is equivalent to saying |3 —~o| < |a| or [8—"0| > |a| because 3] > |a| implies
|0| = |0]. Moreover we apply the iterative argument at the beginning of the present
proof to the terms with |3 — 70| < |a|. We obtain

Estimate of 1E((1 = pp(z))[P,2"0%u)|

QS.

5|a|+‘:6|
4.18 ——|E((1 = pa(x))[P, °0%u)||gs < (I)+ (IT
(4.18) i g1 E (0 = es@)IP a0 u) - < (1) + (1)
where
clel+18l (5_5) (a>
4.19 I = _—
A VD U L AT
S Y0<B—4:
(6770)7&(070)7 |ﬁ_70|>‘a|
X ||E(2°(1 = @a(x)) (D 0p) (x, D) (27070 %u)) | s,
whereas
(4.20)
r clal+l8l
m-Yy Y Y Y
§< j=0 = = = (Oé,/B)
S Yo <B—0: 0#v1<B—5—0 0#7;<B=0—y0——Vj—1
(6,70)#(0,0), 18—v0l<lal 1150 v <A1

’Ca,ﬂ,éﬁom,mm ‘ HE((1_905(m))pa,ﬂ,éﬁom,mw (z, D) (xﬁﬂsi’mimiw aaiéi%imi%u)) ‘

Qs>
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where the multi-indices 4; will be chosen later on, satisfying |7;| < |v,| and 4; <
a—06 =59 —...—7j—1; the constants Cy g,5+,7....y; Satisfy (4.10), and (4.9) holds.

Estimate of the terms in (1) (hence |3 — | > |al)
Since |§| = ||, by Leibniz’ formula, (1.11) and (2.1), for every 8,0 € N¢ we have

(4.21)  |0£07(2° (DPAp)(x, €))| < CHOFIHLAI1(1 + [a] + ||y Do) ()17

for some constant C' depending only on 6 and o.
Since 1— ps(x) is supported where |x| > |3]'/2, using Leibniz’ formula again and
(4.17) we get

007 (2 (1 — () (D 0p) (,€)) | <
CoRIoE g0 1815 (1 + fa] + fel) ™ ()
for some constant C' depending only on 6 and 0. As a consequence,
(422)  [|E o (2"(1 — pp(2))(DPp)(x, D)) |lsiqe) < CLOHIH 15151 3]
On the other hand, we have

|“/0|

) _Salt
(4.23) (ﬂ %({)S 18— 8!
Yo /N0 T B =8 —ol!la = !!d!
as well as
—Slal -
(4.24) ! 16 = [l 18— 6 — yo|!Y/2|a — S1M/2| B[ ol

18|12 [a!Y2 15 — § — 4|l — 4!

Bl 2 1B =2
_<W> (W—WW) <L

<1 <1

By (4.22), (4.23) and (4.24) we obtain

142) o (O (O)IE (0~ et mpane D) e

clal+181-218 ol
o= 311213 = § — 5] 172

Since [G] > |a| and |3 — 70| > ||, then we have M(a, 3) = la|1/2|31/2 and
M(a— 08,8 —6 —o)|a— 8|!V2]8 — § — 70)!"/2, so that (4. 25) can be rephrased as

< 08(055)2|5|+|70| Hmﬂfgf'yoaaféu‘

o
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it E1H18I=2=Tol A
Py o S LU
— 60T U070

Estimate of the terms in (1) (hence |3 — 70| < |a|).

(4.26) gw ) (V1B (1 - sl DPOR) @ DYl
M(a,5)
<

Qs.

In the iterative argument which led to (4.20), we choose the multi-indices 7;, j > 0,
in the following way: 4 is a multi-index satisfying, in addition, | — § — 79| =

la — 6 — A|. Such a multi-index exists, because |§| = |d], |3] > |a| and | —
Y| < |a|; moreover |yo| — |F0| = |8| — |a|. Similarly, we can choose 74, satisfying
B —0—v — 7| = |a— 3 —F0 — Ml; in particular |31 = |y1|. In general we can
choose ; such that

(4.27) B=6—q0—... =yl =la=d—F0—...=Fl;

hence [y;] = || if j = 1.

Notice that now in (4.9) we have |3 = |6 and |50 —v1 +51 — ... = + 35| = |F0].
Hence, since |vo| — |%0| = |B] — ||, by (1.11), (2.1), and Leibniz’ formula, for every
0,0 € N* we have

(4.28) |0£07Pas 50y (2, €) < CPOTIGIGI(L - Jar| - | IOl () =l

for some constant C' depending only on # and o.
Since 1 —g() is supported where |z| > |3]'/2, using Leibniz’ formula again and
(4.17) we get

0207((1 = 9a(2))Pa 30y (2, E))] < CIORT 51750161
X (L [a] + Je)™ )7

for some new constant C' depending only on # and 0. We obtain

18l=la| Ia\

(4.29)  [|1E o (1 = 95(2))Papino...n (@ D) lsge) < CLOHT 1811 6)~

Moreover we have

(4.30)

1 la!|3 = 4! 18l-o] !B = 6INV2 (18 =01 g\ Y2
|a11/2] B|11/2 m—5u|| Qa—éMﬂJ Qa—aMm ) =1

-~

~—
<1 <1

S

By (4.10), (4.29), (4.30), we get
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clel+8l
W Caﬂﬁﬁo:’h,.--ﬁj’

< 1 E((1 = 95(2))Pa,ss00031,0mm (T, D) (@007 70907070070y )|
I +1B1=181 13 —l0-+-.+7; |~ o+

(4.31)

Qs

< Cy(Cye) Bl 43+t +3] :
X ||xﬂ_5—'}/0—...—’yjaa_é‘_;}/o_m_:yju‘

Qs.

Since |G| > |al, we have M(a, ) = |a|!"/?|3]!"/?, whereas from (4.27) we see that
Ma—6—3—...—9,—6—%—...—7) =|F—0—7—...—;|!. Hence we
deduce from (4.31) that

lal+15]
€
———|Cy ,
M(&, /6)’ 75767707717~~~7'Yj‘

X E((X = 08(2)Papsnom . (@ D) (@007 709070707y )|
clal+181=181—18| = [yo+-47;] = [0+ +7;]

(4.32)

Qs

< C«s(CS€>\6|+\8|+\’70+...+’Yj\+|’~Yo+...+’~7j| _ . _
Ma—6—%—...—3,8—0—v—...— ;)
% ||xﬁ_5_70_---_7j806_5_:70_---_:7ju|

Qs.

We now use (4.18), (4.19), (4.20) (4.26), (4.32) to conclude, by the same argu-
ments as in the case |a| > ||, that

clel+18]

(4.33) a;ﬂ Va1 E (L= es(@)P.2"0%u) llor < CieSy7y[ul
181> ]|
lal+18]
Estimate of WHEQ%(Q:) [P, 2°0°]u) || =

We now start from the formula (4.4). For any fixed a, 3,4, we choose 6 <8
such that |8 — 0| = [a — |, which is possible because here [3] > |a|. Writing
2P = 292779 in (4.4) and using (2.14) we still get the formula (4.5) (notice however

the choice of 4 is different from the one we made there). We now apply the iterative
argument detailed at the beginning of the present proof, which led to (4.8), where
the coefficients Co 5549,11,....,; satisfy (4.10) and (4.9) holds. The multi-indices 7;,
J > 0, are chosen here to satisfy, in addition, |J;| = |v;|, which is possible because
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|6 — | = |a — 6|. Hence, we can rewrite (4.10) as
(4.34) ’Cag(; | < — |Oé|' 2W0+"'+:¥j*1|.
Aot S SgllF =5 =2 — . — gl
Now, on the support of s we have |z| < 2|3|"/?; moreover we have |3 = |G| —

|a| 4 |0]. Hence it follows from (1.11) and (4.9) that

5 18] || m— e
10205 (05(2)Pa,b,57091,0; (2, €)) | < CTPOHF L0151 81727 (1 || + [€]) ™19 () 1]

for some constant C' depending on o, #. As a consequence,

5 161=lal
(4.35) 1E © (¢5(2)Passnom .. (@ D))lsi@e) < CLoHPFyglat 5 7=
Now we see from Stirling’s formula that, for some C' > 1,
181=lal
jat72]53] 2 Bl-lal < (18]
By applying (4.34), (4.35) and (4.36) we obtain
6|O‘H’|ﬂ|
(4.37) BREERE CaBsr01,m7
X ||E(95(2)Pa,ps0mein; (@, DY@ 0720771907070 7"y ) ) | s
. 3 _ eladH1BI=181=161 =0+ A |~ [Fo ..+
< Cs(CSE)|5|+|5|+|70+..-+7j|+ho+...+w\ _
[ T ———T
x Hlﬂ*S*’YO*m*'Yjaa*‘s*’NYO*m*:YjuHQS.
Since |G| > |a| we have M(a, ) = |a|!'/?|8|!"/2, whereas our choice of § and 7,
implies that [« =6 — 3% — ... = 9| = [# —06 — v — ... — ;. Then we have
Ma—6—%—...—%,0—=0—%—...—7) =10—0—v—...— | and we can

rewrite (4.37) as

clal+8]
m |Ca’6’6’70’717--~77j ‘

X 1 (5(2)Pa.s.sm000 s (@, D) (@070 770000707000 ) |
lal+HBI=181=181~ o+ IS0+ +]

(4.38)

< Cs(ng)\5|+\6|+w0+...+7]~\+|vo+...+w|

M(a—é—%——%,ﬁ—g—%——%)
% Hxﬁféfvrmfwaaféf%f..f%uHQs.
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It follows from (4.8) and (4.38), by the same arguments? as in the case |a| > |3,
that

8‘a|+|ﬂ‘ 8 a0 , o
(4.39) > WHE(%(@[RJ" 0°u)[lq- < CheSyZy[ul.
lal +161<N
|B1>ex]
This estimate, together with (4.16) and (4.33), implies (4.3), which concludes the
proof. a

We now turn the attention to the nonlinear term. We first treat the case when
m > 1.

Proposition 4.5. Let E € OPT"™(R%), m > 1,h € N,py,...,; € N2, with
h + max{|px|} < m — 1. Let g be a real-analytic function on RY satisfying the
estimates

(4.40) 10%g(z)| < ClF ) (g)hlel reRY e N

for some C' > 0 independent on . Then for every integer s > d/2 + maxg{|pk|}
there exists a constant Csy > 0 such that, for every e small enough, N > 1 and
u € S(RY), the following estimates hold:

(4.41) > 1B ("0 (g(x) [[ 0 0)) o < Cucl(S37 u])

o<iairen M@ B) ko1

Proof. We first treat the terms with 5 # 0 in the sum (4.41). Let j € {1,...,d}
such that 3; # 0. By Leibniz’ formula, we have

(g H@pku YD 50'51(!)‘"“51 9% ()2 Haéﬁpku

do<a—e; 61+...+d=a—do k=1

clal+18] !

Let now &y be a multi-index of maximal length among those satisfying |50| <
00| and 6y < B — e;. Write 2/~¢ = 2% zf~¢=% and observe that the symbol
xjx‘%@‘;og(a:) belongs to I'"*1(R?), with every seminorm estimated by Al%/+15,!
for some positive constant A independent of §;. Then E o 93]-:)3508509(3:) belongs
to OPT—™+H1(R9).  Consequently, it is continuous Q*~M(RY) — Q*(R%), with
M = max{|pg|}, since —m + 1+ h < —M and its operator norm is bounded by

2To be precise, here we do not have longer 16| < |8, but rather |§] = |8 — |a| + |d], so that
the number of multi-indices § which may arise is estimated by 2lBl=lel+1d1+d=1 "anq this factor is
absorbed by the power el?l = glfl=lal+o] in (4.38).
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AlPol+151 for a new constant A independent of §,. Then we have

clal+18] a

clal+8 4 !

[d0]+1 : B— 6j—50 O+
<C ) A }: e []o%*ul

do<a 61+...+6=a—dg k=1

Qs M.

We can now write
o !
B—e;j—b Skt _ Okt
P¢i OHak Pryy — 2RO PRy,

where v, +. ..+, = f—e;—dp and, if | 3] < o], with |y < [6k| for 1 <k < I (which
is possible because in that case |8 — e; — do| < |a — do|; observe that if [dy| < |do|
then 3 —e; —do = 0), whereas, if |3| > |a|+1, with || > || for 1 < k <[ (which
is possible because in that case |dy| = |do| and |8 — e; — do| > | — do|). Moreover,
if |8] < |a|, (then M(a, B) = |a|!), we have by (2.3) the following inequality

1 al 1

4.42 : <
(442) IR AT T

whereas, for |3| > |a| + 1, (then M(«, B) = |a|!V/?|3]!1'/?), we have

1 al 1

4.43 : < ,
(4.43) 2[00 " 5,05 = (o (el )2

which also follows at once from (2.3). Hence by Proposition 2.1 we get

clal+18]
@M)M@fﬂEﬁm [m%

AR
c Hﬁwaw@w.

< C,e Z(A5)|50|5\50| Z ﬁ

do<a S14..+6=a—08y k= 1

Let now T € OPT'~(R?) be any operator which gives an isomorphism Q= — Q*,
and write 279 TPry = 9P+ (27 9% ) + [27% 0%, OP+]u in the last term of (4.44). We
get

|27 Q%P gonr < |2 D% gs + || T[27*0%, OPF]ul

where we used the fact that 9°* is bounded Q*(R?) — QM (R).

Q%
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Using this last estimate we obtain

clal+18] !

WHE(x%“ (9(2) [T o)) llo- < Coe Y (Ae)2IS ol

k=1 o< Soﬁﬁ—ej

Lo e+l

X Z H M0 { |27 0%

01+...+o=a—dg k=1

o+ > T, 07

[v|<m—1

(recall that the 74’s depend on «, 3, 00,01, ...,0; and the choice of e;). We now
sum the above expression over |a| + |3] < N, a # 0. When « and [ vary but §
and dy are fixed, every term in the above sum also appears in the development of

{x o}

|G|+|6] <N -1
and is repeated at most d times (corresponding to the possibile choices of e;).
Hence, taking e sufficiently small, we obtain

D

0<|a|+|BISN
BF#0

gc;’e{ 5 clal+13]

{Ilz?6%]
ate en1 M (@)

< CLe{ Sy lu] + CYeSyylul} < Oe(Sy7 4 [ul),

clal+3)

G o+ Y |ITlP9%, 0]

[y|[<m—1

{0

clal+3]

- 50 k
T ke Haﬂ“

o}}

ot Y |IT%0%, 0]

[y|<m—1

where we used Proposition 4.4 applied with 07 and T in place of P and F respec-
tively, and we understand S*7[u] = 0.

We now treat the terms with § = 0 in the sum (4.41) (recall, M(«,0) = |af!).
Let a # 0 and j € {1,...,d} such that a; # 0. By writing 0% = 0;0°% and using
Leibniz’ formula we have

l
x) H 8’)’“ Z Z 5<‘Oé5—860 H 9Ok tP g,
k=1 do<a—ej 61+...+0=a—e;—dg 0:¥1

Observe that Ed; o 9% g(z) € OPI' "™ *"(R?) is bounded Q*~(RY) — Q*(R?),
with M = max{|px|}, because —m + 1 4+ h < —M, and its operator norm is
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estimated by Al%I+150! for some positive constant A independent of 6,. Hence

clal !

B9 (o) T o)l

k=1

lol (o — o)1 o
|80]+1 el (a —¢))! O+
<G ), A > |ay!5l!...5l!”Hak "l
k=1

do<a—e; O01+...+d=a—e;—do

QS—NI .

Using the inequality
_ e
1 (a—¢) < 1 7
lafl oitooo) = |yt |oy)!
Proposition 2.1 and the boundedness of 97 : Q* — Q*M we get

||
° ’Eaa H@p’“ Qs < Cszf Z (A{f)ISO‘ Z H |5 |‘ ’a6ku“Q

| do<a—e; 01+...+6=a—e;j—do k=1

By the same arguments as above we obtain

‘ l

> I (o T[]

0<|a|<N k=1

o < Cue(SyZy [u))'

which concludes the proof. a

We are now ready to conclude the proof of Theorem 4.1.

End of the proof of Theorem 4.1 (the case m > 1). From (4.1) we have, for
a,f €N >0,

5\Oé|+|5\ ﬂa p 6|O¢|+|5| ﬁa f g|a‘+|ﬁ| ﬁa F[ ]
——270°Pu= ————2"0°f + ————2"0°F|u],
M (v, B) M (e, B) M (e, B)
so that
clel+8] glal+18] glal+18] clel+8l
o — B qa B qa B qo
M s = w T  ant ae g

We now apply to both sides the parametrix E of P. With R = EP—I € OPI'}(R9)
we obtain

g|a|+|ﬂ| ﬁa 5‘O‘|+‘m ( Ba ) g|a|+|ﬁ| E[P ﬁa ]
——2P0% = “U) + ——— L 0%u
M (e, B) M(a, B) M(a, 3)
clal+18| clal+16]
+ E(x + E(2°0*Fu))
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Taking the @* norms and summing over |a| + |3] < N give

5\Of|+|5\
4.45 Syl < ullos + — _|R(zP0%) || os
(4.45) v [u] [ullg 0<a§8§NM(a’ﬁ)H ( e
clal+1B]
Y Tl ER e
0<|al+|B|<N ’
5‘a|+‘5‘
&£ 8aa .
+ Z M(a,ﬁ)HE(x 2“Nllq
0<]al+|BI<N
5‘”""‘/6‘ 8 na
+ Y WHE@U O Flul)| q--
0<|al+|8|<N ’

The second and the third term in the right-hand side of (4.45) can be estimated
using Propositions 4.3 and 4.4 while the term containing f is obviously dominated
by S22[f]. For the last term we can apply Proposition 4.5. Hence, we have that,
for € small enough,

Sy [u] < lul

o= + Cs S22 f] + C’Ss(Sf\}s_l[u] + Z(SJSV:[UW)

Iterating the last estimate and possibly shrinking e, we obtain that S%f[u] < oo,
which implies u € He:(R?) by Proposition 3.3.
O

4.2. Proof of Theorem 4.1: the case 0 < m < 1. In this case the nonlinearity
(1.13), due to the restriction h+max{|px|} < max{m—1,0} reduces to the following
form

(4.46) Flu] =) F(x),

the above sum being finite, with [ € N, [ > 2, and F(x) real-analytic functions
satisfying the following estimates

(4.47) 10°Fy(z)| < CloHal(z) 1ol r€R% a €N

for some C' > 0 independent of .

We follow the same argument used for the case m > 1, so that we only sketch the
proof. For technical reasons which will be clear in the sequel, here it is convenient
to work in the framework of the usual Sobolev spaces, i.e. by defining

(4.48)
5|a‘+|ﬂ|

SKlfl= Y. ————llx%0f]
! iimen M@ f)

5\a|+\ﬁ|

Hes §§f[f]= Z m”ﬂﬂﬁaafHHS-
o, BENT ’




NONLINEAR HARMONIC OSCILLATORS 27

It is easy to see that the results in Propositions 3.3, 4.3 and 4.4 continue to hold
with S3°[u] and S%¢[u] replaced by S57[u] and S%[u] and with the spaces Q°
replaced by H* everywhere (operators in OPI''(R?) are bounded on every H® by
Proposition 2.2 with m = n = 0). It remains to estimate the nonlinear term. On
this point we observe that although this term is more elementary than before, the
action of the parametrix gives a lower “gain”, since 0 < m < 1. Then we have to
modify slightly our technique. We have the following result.

Proposition 4.6. Let E € OPI™(RY),0 < m < 1, and let | € N, | > 2 and g
be a real-analytic function on RY satisfying the same estimates as in (4.47). Then,
for every integer s > d/2 there exists a constant C, > 0 and, for every T > 0, there
exists C. > 0 such that, for every ¢ small enough, N > 1 and u € S(R?) we have

(449) >

0<|a+B|<N

clal+1Bl

M(Cl/, 6) IIJSIS]S\}E[U]

1E(z°0%(g(x)u'))|

Hs S TC;HU'

+ Ci(eCr + 7+ &) (SyTa[ul)".
Proof. We first consider the terms with § # 0. We can write

B o« I __ Baa, l al 50 ﬁ 4
xa(g(x)u)—g(x)x8u+§ E A 8 ||8’€
0+d1+...+op=c
500

Let do be a multi-index of maximal length among those satisfying |do| < |do|.
b0 < . The operators F o g(z) and E o 2%9%g(z) belong to OPI'""(R%), and
the symbol of the second one has each seminorm estimated by Al%/*1§)! for some
positive constant A independent on dy. Hence, by the continuity properties on
weighted Sobolev spaces (Proposition 2.2 with n = 0) we have

1E@ 0% (g(@)u)lms < Cull ()™ ;277 0% (u)|

Hs

l
I B
Olol+1__ Xy 8-60 TT oo
+ s 511...5l!||x 1}_[1

50+81+... 46 =
5070

Now, since [3; # 0 for some j € {1,...,d}, we have
)20 (W) e = Y 107 ()"0 0% (u) | e

lv[<s

< 3 ) a0 (2P0 () | oo

lv|<s

> Z( 107 1o i )l

[v[<s 07" <vy
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Now, for every 7 > 0 there exists C > 0 such that

(4.50) ()| < 7l + CL.

Using this inequality and commuting x; with 97 we get

> )0 (2P0 (w))llze < 7Y 1207 (27 0% |2 + Cor 2”07 () |+

[vI<s vI<s

< 7C 270 ()| ms + O N7 0% () |+

We notice moreover that for 7/ # 0 we have 07 ((z)"™x;) € L®(R?), so that

> > ( )Hm z) ") (2790 )| < Clla® 0% e

[v|<s 07 <7

Hence we have obtained that

(4.51)||E(:B580‘(g(3:)ul)]Hs < TC’SHxﬁﬁa(ulﬂ s

‘50|+1 650 s
+ Yl 5 5'||x ’Ha

50401+ 8=
59 #0

me + CQT!\$ﬁ_ej0a( Ol

Let us estimate the three terms in the right-hand side of (4.51). To treat the first
one we observe that

l
|
Bao(, N _ 7,1-1_Baa e "k A0
2?0%') =l 2”0 u+(S Z_ (51!”'51!1_[90 k0%,

14t =a k=1

S AavVk
where, as before, we can choose ~,...,7 € N% such that v, + ...+ = 3 and
|vj] < 16;] (respectively (|v;| > |9;]) if |8] < |a| (respectively if |5] > |a|). Then,
using the same arguments as in the case m > 1, we obtain

(4.52)  7C; Z Hl’ﬂaa( WMire < 7ICull g S [l + 7C(SYA[ul)'
\a+ﬁ|<N
B#0

Similarly, we easily prove that

€|a+,8| B—e;qa/, 1 O8,E l
(4.53) > a0 @)l < Ce (S )’

la+6| <N
B#0

Concerning the third term in (4.51) we can write gP=% = ka:l 27 where v1,...,v

satisfy v1 + ... 4+ v = 8 — 0y and 1751 < 10| (respectively (|;] > 16;]) if |5] < |o]
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(respectively if |G| > |a]). Then, the same arguments as in the case m > 1 yield
(4.54)
8‘()4"!‘6'

l
a! 5 5
S ot P T] 0 ulle < Cu(SYE [u))!
e M(Oz, 6) S0t 5o (51' .. 5[' ]H
5#0 2070

for ¢ > 0 sufficiently small. The estimate of the terms in (4.49) with 5 = 0 (hence

a # 0) is very similar but easier, relying on the inequality

(4.55) € mE < Tlgl + Cr

in place of (4.50). We omit the details for the sake of brevity. O
End of the proof of Theorem 4.1 (the case 0 < m < 1). Using the same argument

as in the case m > 1, by the variants of Propositions 3.3, 4.3 and 4.4 with SY°[f]

and S5°(f] defined in (4.48) in place of S¥°[f] and S%°[f], and with the spaces Q*
replaced by H®, and by Proposition 4.6 we obtain

S lu) < |ul LS ]

e+ CLSSELf] + CleS [u + Y (Tc;y\u\
l

+ CUeCs + 7+ &) (S ul)!)

for every N > 1 and ¢ small enough. Now, choosing 7 < (2>, C/|jul[5™)~! we
obtain

S¥elu] < 2||ul

e + 2082 ] + 2153 ] + Y (261(Cs + 7+ 2) (B [u])').
l

Then we can iterate the last estimate observing that, shrinking 7 and then ¢, the

quantity eC;; + 7 4 € can be taken arbitrarily small. This gives S%[u] < oo and
therefore u € Heer (R?).

5. EXAMPLES AND CONCLUDING REMARKS

5.1. Some remarks on the analyticity estimates. Let us say a few words on
the estimates

(5.1) 0% f(z)| < 1o al ()l Va € N% 2z € R?

which are assumed for the coefficients of the metric in (1.6), (cf. also the nonlin-
earity in (1.8), (1.9), and (1.13) (1.14)).

Locally they are exactly the usual estimates of real-analyticity. To better un-
derstand the meaning of the decay for |r| — 400, let us consider the following
important class of examples. Consider a real-analytic function f in R? satisfying,
in polar coordinates r,w, r > 0, w € S,

f(rw) = h(r - w), for r > 1y, w € ST,
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for some 79 > 0, where h is an analytic function on [0,75") x S~ hence analytic
up to 0 in the first variable. Let us verify that then f satisfies the estimates (5.1).

Clearly, it is sufficient to check the estimates (5.1) for large |z|. Now, by as-
sumption we have

o0 1 o0
F0) = flra) = 3 g = ute). el > o
=0 =0

where ¢, are analytic functions on S*™!, and @y (z)5¢k(w)r™*. Observe that the
functions @ () are real-analytic functions for z # 0 and positively homogeneous
of degree —k. Moreover, by the very definition of ¢y, for every Z, |Z| > 1o, we have
the estimates

(5.2) 10°@p(x)| < Clalthtlg)

for some constant C' > 0, in some neighborhood of Z (this is easily verified in polar
coordinates and then one uses the analyticity of the change of variables). Hence,
by compactness, the estimates (5.2) hold, say, for |z| = 2ry. By homogeneity we
deduce that

—k—|a|
(5.3) 0%, ()| < ClelHh+igr| 2 .z #o.
27’0
Hence we obtain
00 oo —k—|o
o < %G < Cal < C(2roC) ot |z| 1o
Fi@l < L awl a3 |3 < Ceno) el

if |z| > 4roC. This concludes the proof of (5.1).

As another remark, we observe that the estimates (5.1) are in fact equivalent
to requiring that f(z) extends to a bounded holomorphic function f(z + iy) in a
sector of the type (1.15) (see e.g. [11, Proposition 5.1]). This is very useful to check
the estimates (5.1) in concrete situations, as we will see below.

5.2. Metric Laplacians. Consider a smooth Riemannian metric g;z(z) in R%
The corresponding Laplace-Beltrami operator has the form

=3 o (Vi

Ji:k=1 g

d d
Z ¢*(2)0;00u — g% (z) Z Fé-k(x)alu> :
=1

7,k=1
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where ¢7% is the inverse matrix of g;x, ¢ = det (g;1), and the Christoffel symbols
are defined by

d
1
l kl
I = 5 Zg (Oigrj + 9;9ir — Okgij) -
k=1
Let us assume that the metric is real-analytic and satisfies the estimates

(5.4) 0% gju(x)| < CFHlal(z) 7, g(a) > O,

for some C' > 0, and every a € N¢, x € R%. Then the matrix ¢g/* satisfies (1.5) and
the estimates in (1.6). If in addition we consider V(z) and F[u] as in (1.7), (1.8),
then the equation

(5.5) —Lu+ V(zx)u — I = Flul, AeC,

is a special case of (1.4). Hence, by Theorem 1.1, every solution u € H*(R?),
s > d/2+ 1, of (5.5), extends to a holomorphic function u(x + iy) in the sector
of C% in (1.15), satisfying there the estimates in (1.16) for some constants C' > 0,
c>0.

As a model for the above type of metrics, one may consider the hyperboloid

Rd—i-l:
S={(z,t) ER'xR: t =+/1+ |z},

parametrized by € R? The Riemannian metric induced on S by the Euclidean
one then satisfies the estimates (5.4), as one can easily veritfy.

More generally, we can consider real-analytic scattering metrics in R?. They
play an important role in geometric scattering theory, see [20, 22], [21, Chapter
6], and have received particular attention in the last years (see e.g. [15] and the
references therein). Indeed, natural perturbations of the Euclidean metric fall in
that category.

A real-analytic metric in R is of scattering type if for any coordinate chart
V C S ! and for some 1 > 0 it has the form

(5.6) h(r=t, n; dr,rdn), for r > g,

where r = |z|, n = (71,72, . .., Na—1) are real-analytic coordinates on V', and h is a
positive definite quadratic form in the last couple of variables, whose coefficients
are analytic functions on [0,75') x V. Moreover one requires that h(0,n;dr, dn) is
positive-definite.® Notice that this metric approaches the conic metric h(0, n; dr, rdn)
as r — 400, which explains the terminology, sometimes used in the literature, of
asymptotically conic metric. Notice, by comparison, that the Euclidean metric
|dz|?* in polar coordinates reads in fact dr? 4+ r2h/, where I’ is the usual metric on

St

30f course, this is equivalent to saying that h(0,n; dr,rdn) is positive definite for every r > 0.
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Now, using the remark in Subsection 5.1 one sees that, in Euclidan coordinates,
such a metric satisfies the estimates (5.4). In particular, the bound from below in
(5.4) is satisfied because h(0,w; dr, rdw) is positive definite, and this last metric in
Euclidean coordinates has coefficients which are homogeneous functions of degree 0
(in fact, each n; is a real-analytic function of z on Ry x V, positively homogeneous
of degree 0).

5.3. The linear case. This above result for the equation (5.4) seems interesting
even in the linear case (F[u] = 0), namely for the eigenfunctions of —L + V(x).
That equation appears naturally, for example, when looking for standing wave
solutions (i.e. solutions of the type v(t,z) = e*u(x)) of the Schrédinger equation
10w — Lv 4+ V(z)v = 0 for scattering metrics (cf. [15]).

In the linear case we can even assume u € S'(R%). In fact, the existence of
a parametrix for —£ + V' (z) (Proposition 2.3), shows that such a solution is au-
tomatically in S(RY). Moreover, if V(x) is in addition real-valued, we know e.g.
from [17] (see also [24, Theorem 4.2.9]) that the operator —L£ + V(x), regarded
as a symmetric operator in L*(R?, ,/gdz) with domain S(R?), is essentially self-
adjoint and L*(R¢, ,/gdx) has an orthonormal basis made of eigenfunctions?. Also,
dimKer (=L + V(z) — ) < oo, which implies that the width e of the sector in
(1.15) can then be chosen uniformly with respect to the solutions.

5.4. Sharpness of Theorem 1.1. We recall that in the case of a differential
operator with polynomial coefficients the solutions u € S'(R?) of the equation
Pu = 0 extend to entire functions on C? satisfying estimates (1.16) in a sector of
the form (1.15), cf. [7, Theorem 1.1]. Very simple examples show that, even in the
linear case, in Theorem 1.1 we cannot expect an entire extension for the solution
u. For example, consider, in dimension d = 1, the equation
(5.7) —u" + V(z)u =0,
where V(z) = 22 + 3 + é"ﬁQT’l?Q. A solution is given by u(z) = I%He_ﬁ/z, which
does not extend to an entire function on C.

The following example shows that, in fact, infinitely many singularities can occur
along any fixed ray in the complex domain. Let 6 € (—7 /2, 7/2), and consider again
the equation (5.7), with

V(z) =2? — 1 —2e % + de 2 tanh(e “x) + 6e %’z tanh? (e ).

By applying the remark at the end of Subsection 5.1 to the function tanh(e~“x)
it is immediate to check that V' (z) satisfies the estimates in (1.7). On the other

4Since the eigenvalues of the metric are bounded from below and from above, L2(R?, dx) =
L?(R%,/gdz) as normed space.
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hand, the function

u(z) = cosh™? (e ¥z)e*"/?
is a solution of (5.7) and extends to a meromorphic function in the complex plane
with poles at z = e'®*™/2)(2k + 1)7, k € Z.

This shows that in Theorem 1.1, even in the linear case, the form of the domain
of holomorphic extension as a sector is sharp in general. The following example
shows a similar phenomenon in the nonlinear case, even for the standard harmonic
oscillator.

Consider the following nonlinear perturbation of the harmonic oscillator, in di-
mension d = 1, at the first eigenvalue A = 1:

{u”—x2u+u: (L —2)ub, k>2

It was shown in [7] that the solution of (5.8) is given by

(5.9) u(e) = e % [\t VIR~ 2Erte(y/ L]

w(k—1)

with A = up ™% — 5

by

, where we used the complementary error function defined

+o00 )
Erfe(t) = / e dv.
¢

Here and in the following, roots are defined to be positive for positive numbers,

with continuous extension to the complex domain, i.e., we take principal branches.

1
Suppose now A > 0, that is 0 < ug < (@) 2=2k In this case, since

kE—1
0</\</\+\/2k‘—2Erfc< 5 x),

the solution u(x) in (5.9) is well defined analytic in R and
12

0 <u(x) < ATFe T,

Similar estimates are valid for «/(z), v”(z). Hence we have u € H?*(R), and The-

orem 1.1 applies, implying the desired holomorphic extension u(z) to a sector.

However, as observed in [7], u(2) is not entire, but has a singularity at zy € C when

k—1
(5.10) A+ V2k — 2Erfc( 5 zo) =0,

where Erfc(z) is the entire extension of Erfc(z). Such singularities in fact occur,
because the great Picard theorem in the complex domain grants the existence of
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infinitely many solutions 2y of (5.10) for all A € C, but for a possible exceptional
value, see [30].
Indeed, we now prove the following more precise result.

Proposition 5.1. For every A > 0, but for a possible exceptional value, and every
e > 0, u(z) has a sequence of singularities which tends to infinity in the sector
w/d<argz <m/d+e orindn/i—c < argz < 3m/4.

Proof. Using the great Picard theorem as above and the reflection properties
Erfc(z) = Brfe(z), Erfc(—%) = v/7 — Erfe(z) = /7 — Exfc(z),

which can be verified directly from the definition, it is sufficient to prove that
(5.11) Erfc(z) — 0 as z — oo in the sector |arg z| < /4,
and that, for every € > 0,
(5.12) |Erfc(z)| — 400 as z — oo in the sector /4 4+ ¢ < argz < /2.
Now, (5.11) follows at once from the expansion

L R() with R < 2
2z V2|z|?

valid when |arg z| < 7/4; see e.g. [19, pages 18-20].
The property (5.12) can be verified directly as follows. Observe that, for z =
r+1y, x >0,y >0, we can write

Erfe(z) = —/e“Qdu,
v

where the path ~ is given by the hyperbola through z = x+iy with parametrization
u=y(t) == 4it, t € (0,y]. Then

Erfe(z) =

22

, Yo 222 o Ty .
|Erfe(z + iy)| = ‘/O e~ @ T <_t—2—|—z> dt‘

Yy 2242 o
2/ e” 2 Tt
0

Let 0 < p < 1 be a number to be chosen later. We have

a2y? —2,.2

y
|Erfe(x + iy)| > / e g > (1 — p)ye H#+my’,
Ry

Now, if z belongs in addition to the sector in (5.12), we have 0 < x < £y, for some
€ < 1. We obtain then

|Exfe(z +iy)| > (1 — p)ye

2 2

—&u" %)y
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If we choose p > V&, we get |Erfe(z + iy)| — +oo as y — +oo, which gives the
desired conclusion when = Re z > 0. The case when x = 0 is immediate, because

Y 2
Erfe(iy) = —/ e dt + \/T%
0

Property (5.12) is then proved. O
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